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Abstract 

For the generation of second-order random waves in a flume the control signal for the 

wave board has to be correct up to second order. An expression for this control signal 

is derived with the perturbation method of multiple scales. It is much less complex and 

requires less computation time than the expressions obtained from the ful l second-order 

theory. A verification of the new method for second-order subharmonics is provided for 

bichromatic and continuous first-order spectra. The data are analysed with the complex-

harmonic principal-component analysis to reduce the influence of noise. The validity of 

the new method is confirmed. 
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1. INTRODUCTION 

The generation of second-order random waves is important for laboratory experiments 

in which the problem under investigation is sensitive to second-order effects in the wave 

field. For instance, second-order subharmonics are important for studies of the surf-beat 

mechanism, the generation and evolution of sand bars and the slow-drift motion of 

moored vessels. The second-order superharmonics sharpen the wave crests and flatten 

the wave trougths and are important for sand transport, among others. 

Sand (1982) and Bathel et al. (1983) calculated the second-order wave-board motion for 

the correct generation of second-order subharmonics, the bound long waves. They base 

their work on the transfer function for these low-frequency waves in absence of a wave 

board, as first given by Ottesen-Hansen (1978). Sand & Mansard (1986) did the same 

thing for the generation of superharmonics. The transfer function for the superharmonics 

in absence of a wave board is given by Dean & Sharma in 1981. 

The expressions obtained for the control signal of the wave board are exact to second 

order. To obtain this signal a convolution-type integral has to be performed. The 

integration is in the frequency domain and the integrand is a combination of products 

of the Fourier components of the first-order surface elevation at two different 

frequencies and the transfer function. In this way the nonlinear interactions of all 

first-order spectral components are taken into account. 

A first look at the resulting equations for the wave-board movement reveals the 

disadvantage of their use: they are very complex, and it requires considerable computing 

time to obtain a second-order signal for the wave board, mainly due to the convolution. 

When the first-order spectrum is narrow, this procedure seems unduly expensive. This 

is because only the frequency components near the peak frequency will give rise to 

substantial sub- and superharmonics. 

I f the first-order spectrum is narrow the first-order waves can be described by an 

oscillation with a slowly-modulated frequency and amplitude. This was the motivation to 
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use the method of muUiple scales to describe the water motion. The same method is 

used by Mei (1983) to calculate the second-order waves in absence of a wave board. The 

modulation acts on a longer time and length scale than the periods and wave lengths of 

the first order waves. To incorporate these slow modulations new time and length scales 

are introduced to describe these phenomena. So a cascade of new variables is introduced, 

hence the name of the method. 

In this method the calculation of the second-order surface elevations is reduced to a few 

multiplications in the time domain. In principle, the theory is valid for narrow first-order 

spectra, but it can even be applied to a Pierson-Moskowitz spectrum. For a detailed 

discussion of the applicability of this method the reader is referred to Klopman & Van 

Leeuwen (1990). 

In this paper we will give simplified expressions for the control signal for the wave board 

for the generation of second-order waves in a flume based on the method of multiple 

scales. This control signal will be such that, in theory, it wiU produce the second-order 

surface elevations away from the wave board as found by Mei (1983). The use of the 

multiple-scales method to find the wave-board motion to second order resembles the use 

of the same method by Agnon and Mei (1985), who determine the slow-drift motion of 

two-dimensional bodies in beam seas to second order. 

The structure of this report is as follows. In the next section the method of multiple 

scales is briefly dicussed. The boundary-value problem for the water movement is 

formulated and the control signal for the wave board is presented. Then the experimental 

setup is described together with a short explanation of the method of data analysis. This 

is followed by an experimental test of the new control signal for bichromatic and 

continuous first-order spectra. The report is closed with some conlusions. 
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2. PROBLEM FORMULATION AND SOLUTION 

2,1 Problem formulation 

In this section the boundary-value problem for the water movement is given followed by 

a short outline of the method of multiple scales and the resulting expressions for the 

wave-board movement. Details on the method of multiple scales can be found in i.e. Mei 

(1983), see also Klopman and Van Leeuwen (1990). 

In figure 1 a sketch of the situation is given. The flume is equipped with a translating 

and rotating wave board. The effective centre of rotation is at a distance / from the 

flume bottom. The water depth in absence of waves is h. 

[figure 1] 

The basic equations for the velocity potential 0 are the following. With the assumption 

of incompressibility and irrotationallity the continuity equation reads 

A(t)=0 (1) 

in which A is the Laplace operator. The kinematic free-suface boundary condition reads 

C,-cDX=(j)^ onz = C (2) 

in which C is the surface elevation and the lower index indicates partial differentiation 

to the index variable. The equation states that the particles at the surface have to follow 

the surface displacements. The dynamical boundary condition at the free surface is given 

by 

5C+4>,4(*'^*?)=0 onz=C (3) 

It states that the pressure at the surface should equal the atmospheric pressure, which 
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is taken zero here. The boundary condition on the horizontal rigid bottom reads 

<l>rO onz = -h (4) 

and states that the vertical velocity of the particles is zero on the bottom. The boundary 

condition at the wave board reads 

(|),cos6 -(j)^sine =Az)—^l +tan20 onx = f(z)X (5) 

in which X is the wave-board position at the water surface and 0 is the angle between 

the wave board and the vertical (see figure 1). The factor f(z) is given by 

Condition (5) states that the particles on the wave board should follow the wave-board 

motions. Finally, far from the wave board the solution must describe the first-order waves 

with the bound second-order waves as given by Mei (1983). Free second-order waves 

should not occur. 

2.2 Perturbation expansions 

Because the free-boundary conditions are nonlinear, perturbation techniques are used 

to reduce the nonUnear boundary-value problem to a set of linear boundary-value 

problems. To this end the surface elevation C, the velocity potential </> and the wave-

board position X are expanded in a non-linearity parameter e, which is equal to the 

wave steepness. Because the amplitudes of these variables are finite but small, Taylor 

series expansions are carried out at the free boundaries. 

In the conventional method the variables are decomposed in their Fourier components. 

The first-order problem is solved for each frequency component separately. To solve the 

second-order problem all non-linear interactions of the first-order waves have to be 

taken into account. As argued before, this is an unduly complex method for a narrow 
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