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. Indien in HAMILTONS tijd de vierdimensionale Euklidische meetkunde al
algemeen bekend was geweest onder wetenschapsbeoefenaren, dan had
HAMILTON waarschijnlijk met behulp van isokliene rotaties ontdekt dat
zijn pure unit quaternions, in het bijzonder i, 7, k, in de 3D-ruimte halve
slagen voorstellen, en had hij niet verder de idee nagejaagd dat zij, eve-
nals het complexe getal ¢ in het platte vlak, slechts kwart-slagen zouden
kunnen voorstellen. Dit geldt mutatis mutandis voor alle schrijvers die
eenheidsquaternionen met scalair deel 0 associéren met kwart-slagen.

. De constructie van de quaternionen als geordende paren complexe getal-
len verschaft niet het inzicht in de structuur van de quaternionenalgebra
dat door de constructie als sommen van scalaire grootheden en 3D-
vectorgrootheden geboden wordt. De reden hiervoor is dat alle met
de complexe getallen isomorfe deellichamen van het niet-commutatieve
lichaam der quaternionen onderling geconjugeerd zijn.

. Het is aannemelijk dat EULER zijn rationale uitdrukkingen voor de
elementen van 3D- en 4D-rotatiematrices verkreeg door in hun uit-
drukkingen in de sinus en cosinus van drie, respectiefelijk zes hoeken
goniometrische functies van de halve hoek in te voeren.

Dit proefschrift, hoofdstuk 6: geschiedkundige aantekening over EULERs artikel Problema
algebratcum ob affectiones prorsus singulares memorabile uit 1770

. WHITTAKER en APPELL beperken zich in hun behandeling van de
PoINsOT-rotatie van een drieassig vast lichaam onnodig tot de klasse
van gevallen van de doorgaande rotatie om de lange as en de oscillerende
rotatie om de korte as.

PauL APPELL: Traité de mécanique rationnelle. Paris: Gauthier-Villars, 1904
E.T.WHITTAKER: A treatise on the analytical dynamics of particles and rigid bodies. First

edition: 1904; first American printing by Dover Publications, New York, 1944 by special
arrangement with the Cambridge University Press and The Macmillan Co.

. De directe methode voor de simulatie van bewegingen onder invloed
van bekende krachten uitgevoerd op de gemiddelde Personal Computer
A.D.1994 paart een nauwkeurigheid van 1 op 10% aan een draaitijd van
circa vijf minuten, in welke tijd men een goede indruk krijgt van de
beweging onder studie.

Dit proefschrift, hoofdstuk 11: "Dynamical Simulation”

. De beschrijving van spintoestanden van elementaire deeltjes door middel
van draaiende tollen is onvolledig.



10.
11.

12.

13.

14.

15.

. ledere keuze van een holonoom systeem van drie snelheden om 3D-

rotaties om een vast punt te beschrijven leidt tot singulariteiten in de uit-
drukkingen voor die snelheden en voor de bijbehorende veralgemeende
codrdinaten.

. Deinvoering van driedimensionale analytische meetkunde (en van vierdi-

mensionale voorzover nuttig om de quaternionvoorstelling van driedi-
mensionale rotaties te begrijpen) in curricula in de informatietechnolo-
gie is onder andere met het oog op ontwikkelingen in de virtual

reality zeer gewenst.

ARCHIMEDES’ uitroep Fureka kan beter vertaald worden met Ik héb het
dan met Ik heb het gevonden.
Dr FrIEDRICH LORENZ (Nederlandse bewerking door T.H.WINK): Tk heb het gevonden. Ams-

terdam: Andries Blitz, jaar van uitgave niet vermeld; oorspronkelijke titel: Viter der Masch:-
nenwell - Levensschetsen van Europese uitvinders uit de 15° tot en met de 19 eeuw

De term zero-trace matriz is te verkiezen boven de term traceless matriz.

De EINSTEIN-conventie, die bestaat uit het weglaten van het somteken
bij onder andere scalaire producten van componentsgewijs gegeven vec-
toren, beperkt de uitdrukkingskracht van de wiskundige formuletaal en
is om deze reden ongewenst. Een tekort aan X-letters bij de zetter van
wiskundige teksten is anno 1994 geen geldige reden om de EINSTEIN-
conventie nog toe te passen.

Specificatietalen zijn niet nodig om programmatuur duidelijk, afdoende
en ondubbelzinnig te specificeren; natuurlijke taal, ge€igende vaktermen
en algemeen wiskundig formalisme zijn gezamenlijk toereikend.

Te vaak gebruikt men in geschreven tekst metaforen om zich van de
plicht te ontslaan een betere term te bedenken dan de gekozene. Het
gebruik van aanhalingstekens is in dezen geen rechtvaardiging.

Het ballet La Fille Mal Gardée kan beter La Fille Bien Gardée genoemd
worden wanneer men inhoudelijke getrouwheid boven ironie stelt.

La Fille Mal Gardée: komisch ballet in 3 scénes. Choreografie: JEAN DAUBERVAL; muziek:
FERDINAND HEROLD. Premiére: Bordeaux, Frankrijk, 1789. Het vroegste ballet dat heden
(1994) nog regelmatig wordt uitgevoerd.

Pas een gezichtskring van 720° (47) doet recht aan theorie en toepassin-
gen van de quaternionen.

Dit proefschrift: hoofdstuk ” Introduction and Overview”
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SAMENVATTING

De kern van dit proefschrift is het ARTIBODIES-systeem voor de modellering
en afbeelding van ruimtelijke gelede lichamen met behulp van digitale com-
puters. Het ARTIBODIES-systeem wordt behandeld in Hoofdstuk 9 en de
programmatuur is gedocumenteerd in Hoofdstuk 12.

Ruimtelijke rotaties en oriéntaties worden in het ARTIBODIES-systeem voor-
gesteld door quaternionen. Algemene ruimtelijke verplaatsingen worden voor-
gesteld als een rotatie gevolgd door een translatie. Hoofdstuk 2 bevat een groe-
pentheoretische behandeling van de begrippen locatie, positie en oriéntatie.
Hoofdstukken 3 - 6 bevatten een opbouw van de theorie van de quaternionen
die gericht is op de voorstelling van ruimtelijke rotaties door quaternionen.
Enige toepassingen van het ARTIBODIES-systeem op orthopedie, dans en
ballet en gebarentaal worden behandeld in Hoofdstuk 10.

De toepassing op dynamische simulatie, in het bijzonder op de simulatie van
de rotatie van een vast lichaam om een vast punt, wordt uitvoerig behan-
deld in Hoofdstuk 11. In dit hoofdstuk wordt een directe methode voor de
numerieke berekening van ruimtelijke rotaties geintroduceerd. In de conclusie
van dit hoofdstuk wordt melding gedaan van de precisie en de snelheid van
deze methode.

" Een toepassing van quaternionen in computer graphics, namelijk op het vraag-
stuk van de voortbrenging van een vloeiende ruimtelijke rotatie door gegeven
oriéntaties op gegeven tijden, het rotatie-animatieprobleem, is het onderwerp
van Hoofdstuk 7. In Hoofdstuk 8 wordt een kinematische interpretatie van
één van de meetkundige aanzichten van Hoofdstuk 7 gegeven.

Waar toepasselijk zijn enige geschiedkundige aantekeningen toegevoegd.

Het proefschrift wordt geopend met de beweegredenen voor het onderzoek en
een brede inleiding. Het wordt in Hoofdstuk 13 besloten met een gedétailleerde
vermelding van de resultaten en enige aanbevelingen voor toekomstig werk.



SUMMARY

At the heart of this thesis is the ARTIBODIES system for computer-aided
modelling and visualisation of spatial articulated bodies. The ARTIBODIES
system is treated in Chaper 9; the software is documented in Chapter 12.
Spatial rotations and orientations are in the ARTIBODIES system represented
by quaternions. General spatial displacements are represented as a rotation
followed by a translation. Chapter 2 contains a group-theoretic treatment of
the concepts of location, position and orientation. Chapters 3 - 6 contain a
construction of the theory of quaternions aimed at the representation of spa-
tial rotations by quaternions.

Some applications of the ARTIBODIES system to orthopaedics, dance and
ballet and sign languages for the deaf are treated in Chapter 10.

The application to dynamical simulation, in particular to the simulation of the
rotation of a rigid body about a fixed point, is treated extensively in Chap-
ter 11. In this chapter a direct method for the numerical calculation of spatial
rotations is introduced. In the conclusion to this chapter mention is made of
the precision and speed of this method.

An application of quaternions to computer graphics, viz. to the problem of the
generation of a smooth spatial rotational motion passing through prescribed
orientations at prescribed times, the rotation animation problem, is the sub-
ject of Chapter 7. In Chapter 8 a kinematical interpretation of one of the
geometrical aspects of Chapter 7 is presented.

Some historical notes were added where appropriate.

The thesis is opened with a broad introduction, including an account of the
motivations leading to this research. In Chapter 13 the thesis is concluded
with a detailed account of the results and with some recommendations for
future work.
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Preface

Most notations used in this thesis are standard. Some notations might need
explanation.

N denotes the set of positive integers.

Points in space are denoted by Latin capitals. Lines, planes and hyperplanes
are denoted by lower case Latin letters. Angles are denoted by lower case
Greek letters, preceded by the / sign where clarity might be enhanced.

Zero vectors are denoted with a superscript specifying the vector space: 0° is
the zero element of the vector space S.

The inner product of vectors is always denoted by {. , .).

Quaternions represented by their scalar and vector parts are denoted by (., .).

Multiplication of vectors by scalars is often denoted by the period sign ”.”.
The sign ::= means s defined as and is borrowed from the BACKUS-NAUR
notation for syntax of formal languages. (See J.W.BACKUS et al., editor
PETER NAUR: Revised Report on the Algorithmic Language ALGOL 60, Nu-
merische Mathematik 4, 1963, 420-453. For the very first publication on the
language later to be christened ALGOL, see [BACK 1959].)

Items bearing a direct relation to software are set in typewriter font.
Physical units without a specified scale are denoted by their conventional
physical dimension denotation; e.g. [l1~1] denotes the unit of linear velocity

corresponding to the actual units of length and time.

Historical notes are enclosed by a pair of O O 0O O O signs and are set
in a smaller font.






Chapter 1

INTRODUCTION and
OVERVIEW

Subject

This thesis is a report on the author’s research on applications of quater-
nion algebra to the solution of spatial, kinematical and dynamical problems
from several distinct disciplines. A personal-computer software system named
ARTIBODIES was constructed as a part of the thesis work. It is a general
system for the modelling, manipulation and visualisation of articulated bodies
and it may find its place as a kernel system in dedicated systems for diverse
applications. ARTIBODIES is an open-ended system which is in a continual
state of development.

Quaternion algebra is the tool par ezcellence for the treatment of three- and
four-dimensional (3D and 4D) rotations. Obviously only 3D and by impli-
cation 2D rotations have an everyday practical meaning, but the theory of
4D rotations turns out to offer the easiest road to a full understanding of the
representation of 3D rotations by quaternions.

In passing we remark that biquaternion or dual-number algebra is an excellent
means for the represent- ation of general 3D displacements, but in the author’s
opinion it has to offer only few additional practical advantages once one has
adopted ordinary quaternion algebra to represent 3D rotations. Biquaternion
algebra is neither used in this thesis nor in the software.

All practical subjects treated in this thesis pertain to articulated bodies and
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have a predominant spatial and kinematical/dynamical aspect. In this thesis
an articulated body is assumed to consist of one of more rigid bodies or links
which are connected by flexible joints. Each joint is assumed to connect two
links. A joint connecting N links is regarded as consisting of N —1 coincident
two-link joints. In this thesis joints are not represented in the traditional me-
chanical way, but in an abstract and purely geometrical way, namely by the
location of the successor link with respect to the predecessor link.

Composition

The thesis consists of four parts.

The first part is devoted to a group-theoretical treatment of the concepts of
position and orientation and to quaternion algebra and its connection with
3D and 4D Euclidean geometry. The main subject of the first part is an
ezplanatory proof of the famous formula of HaAMILTON and CAYLEY for the
representation of 3D rotations by quaternions, i.e. a proof in which this for-
mula is not simply verified, but rather derived from the principles of 3D and
4D Euclidean geometry.

The second part treats the design and the implementation of the ARTIBODIES
system and its infrastructure. Special attention is paid to conceptual issues.

The third part is devoted to applications of the ARTIBODIES system. Some
of them were at least partly realised, others are in a preliminary state and the
discussion in this thesis is confined to deliberations on positioning these ap-
plications in their area along with rough design and implementation sketches.
This part culminates in a validation of dynamical simulation based on ARTI-
BODIES by comparison with known analytical solutions.

The fourth part contains a software-technical description of the ARTIBODIES
software and its infrastructure. It is intended as a reference for persons who
want to design and develop ARTIBODIES-based software systems.

Motivation

This research originated from two desires, the first being the desire to con-
struct a computer implementation of a specific motion of the human arm,
known among folk dance experts as the Philippine wine dance or Binasuan
and performed by the late physicist RICHARD P. FEYNMAN during his DIRAC



Memorial Lecture 1986 ([FEYN 1987]) to show that a single rotation (2r) is
not equivalent in all respects to no rotation at all, whereas a double rotation
(4rm) is.

The second desire was to construct and run simulations of the fascinating
problems of rigid-body dynamics, especially of the rotation of a weightless
rigid body about its mass centre without the influence of external and in-
ternal torques (POINSOT rotation). As is explained fully in the appropriate
chapter, the consistent use of quaternions leads to a well understandable and
rather fast simulation program with good numerical performance.

The ARTIBODIES kernel system offers within its current limitations nearly
any conceivable visualisation, not only of the moving object itself but also of
its linear and angular velocity vectors, its linear and angular momenta and
the forces and torques acting upon it.

But let us describe first the Binasuan and tell how the connection of quater-
nions and articulated systems originated in the author’s mind.

Starting with a filled wine glass on your hand stretched out horizontally for-
ward, palm upward, you perform the Binasuan on eight not too fast beats of
music as follows:

Retract your arm and bend the hand inward, keeping it horizontal (1/8).
Next pull up your elbow and move your hand underneath your upper arm
by rotating the forearm (2/8). Then stretch your arm, contorted as it is
now, way long outward and sideward (3/8). Then lift your entire arm
forward and upward and let the fingers point forward, as they did at the

outset ({/8).

In this stage your hand carrying the wine glass has performed a complete
rotation about the vertical. Your arm is contorted, so the relation of your
hand to its surroundings is different. The second half goes thus:

Turn your forearm from the elbow until the hand is right above your head
(5/8). Now turn the forearm further backward (6/8), meanwhile start-
ing rotating the shoulder (7/8). Now you again have fully extended your
arm sideward, but no longer contorted. Finally turn your outstretched
arm forward, thus completing one cycle of the Philippine wine dance

(8/8).

During the last four beats your wine glass has performed a second complete
turn about the vertical, but remarkably your arm was not contorted further,
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but instead returned to its original state.
The reader may refer to [BERN 1981] for a series of photographs of a dancer
performing the Binasuan.

Rotation and entanglement

The Binasuan illustrates the fact that a solid body attached to its surround-
ings by a flexible connection assumes a different relation to its surroundings
after a single complete rotation about an arbitrary axis and does not assume
the original relation until it has performed a second complete rotation, regard-
less of its azxis and its sense.

In [MISN 1973] this phenomenon is described in terms of the so-called rotation-
entanglement relation. One may describe it thus:

One attaches a solid body S to its surroundings by three elastic chords
extending from distinct points at the surface of § to distinct points fived
in the surroundings facing the corresponding points on S. When one
rotates S through a complete turn about some axis the chords will get
entangled. One cannot disentangle them, no matter how one puts them
around S and around each other. One rotates S twice instead of once
and the chords will get entangled to a greater ertent. But now one can
disentangle them completely by putting them around S and around each
other without having to rotate S anymore. In general an odd number of
turns never can be undone by disentanglement, while an even number
always can be undone in that way.

One might think that simply using an entanglement variable E(R) with the
values +1 (a parity variable) along with the rotation matrix R (or expressed
differently: using the direct-product group C; x SO(3)) would specify the
entanglement, but this turns out to be false: for example, one may compose
a single complete turn from successive right-handed half-turns I, J, K about
three mutually orthogonal rotation half-axes, which should constitute a right-
handed system when taken in this order. The change of the entanglement
relation shows that it is indeed a single turn. (Observe it and try and prove
it by topological means.)

The required result is E(IJK) = —1 and it can be only be obtained by
assigning the value —1 to an odd number of the quantities E(I), E(J), E(K).
Now perform again these three half-turns while interchanging any two of them:
then the entanglement relation will not change, so we must have E(IKJ) =
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E(KJI) = E(JIK) = 1. This conflicts with E(I)E(K)E(J) = —1 and the
conclusion is that simply adding a parity variable leads to an inconsistency.

The role of quaternions

A quaternion is a hypercomplex number composed from one real component
an three imaginary components. The absolute value of a quaternion is the
square root of the sum of the squares of its four components. Quaternions
with absolute value unity are called unit quaternions. They constitute a non-
commutative group under quaternion multiplication.

Three-dimensional rotations may be represented by unit quaternions. This
representation has the property of being two-to-one: any pair of opposite unit
quaternions represents a 3D rotation, any 3D rotation is represented by a pair
of opposite unit quaternions. It is a known fact that this representation is
free from singularities and numerically well-behaved. In kinematics the four
components of a unit quaternion representing a 3D rotation are also known
as its Fuler parameters.

The two-to-one property of the unit quaternion representation is closely re-
lated to the rotation-entanglement phenomenon and in fact the multiplicative
unit. quaternion group S faithfully represents the rotation-entanglement re-
lation.

The topological aspects of the rotation-entanglement phenomenon are treated
in [HANS 1989]. A semi-axiomatic treatment, very much in the spirit of Eu-
CLID, is found in [HART 1979]. The physical-historical notes at the end of this
chapter refer to more literature on the rotation-entanglement relation and on
the interesting question whether physical phenomena exist in which a single
full turn is different from no turn at all.

Articulated bodies

How could one prepare a computer performance of the Binasuan? How would
one calculate the location of the hand carrying the wine glass from the avail-
able data? It is convenient and conventional to subdivide the structure of the
moving arm into the upper arm, the forearm, the hand and where need arises:
the fingers. In the context of the Binasuan one needs to go only as far as the
hand (see Fig. 1). For this moment we do not bother about what measures
have to be taken in a computer simulation in order to keep the hand horizontal
and the wine glass upright. So we may perform forward kinematics, i.e. we
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Fig. 1: The Binasuan at the sizth beat

start at the shoulder joint, we proceed forward along the arm and we shall
see where we come. Forward kinematics clearly conflicts with goal-oriented
motions. The determination of motions required to attain a predetermined
goal or to obey predetermined constraints is known as inverse kinematics.

The mentioned components are modelled as rigid bodies connected by the
elbow and the wrist joints. The torso does not enter explicitly the description
of the Binasuan and stands apart, playing the réle of an absolute reference.
The entire arm structure is connected to this absolute reference by the shoul-
der joint.

One introduces Cartesian coordinate systems, to identical scales and with
identical orientations (in the straight-image/mirror image sense of the word),
one fixed to each mentioned link and one fixed to the torso. Then one may
proceed as follows:

Assume we know the absolute location of the upper arm and the relative
location of the forearm with respect to the upper arm. This relative loca-
tion is readily interpreted as the displacement necessary to get from the
upper-arm to the forearm coordinate system. It is natural to associate
this displacement with the elbow joint.



When we perform this displacement we obtain the absolute location of
the forearm. When repeating this operation for the forearm and the hand
“via the wrist joint we obtain the absolute location of the hand and we
have finished.

To complete this picture we consider, as indicated above, the torso as
an absolute reference and associale the shoulder joint with the relative
location of the upper arm with respect to the torso, i.e. the absolute
location of the upper arm. In this way no distinction of the shoulder
joint from the other joints is needed and we can construct algorithms
with uniform treatment of joints.

The ideas behind the ARTIBODIES system

At this point in the author’s deliberations the idea arose of systematically
assoctating joints with displacements and not bothering yet about the specific
mechanics of joints. Together with the insight that forward kinematics is rea-
dily implemented by a recursive algorithm and that a single arm is only a part
of the human body, the second main idea of ARTIBODIES arose, namely to
repeat the calculation originally carried through for a single arm for the other
arm and for the head and the legs. The algorithm is correspondingly extended
to an iterative-recursive algorithm, or to a parallel-recursive algorithm if one
wants to calculate the limbs and the head in parallel instead of the one after
the other. This extension is not limited to the torso: the fingers and toes
may be calculated in the same way departing from their respective hands and
feet. The key idea is to represent our body by a rooted-tree graph in which
the vertices correspond to links and the edges to joints; the root vertex corre-
sponds to the torso, the absolute reference from which the calculation starts.
See Fig. 2.

One difficulty is left: the torso is still immobile. We can simulate all con-
ceivable flexions of the joints but locomotion and rotation of the body as a
whole are not yet possible. This difficulty is overcome by the third main idea,
namely by introducing a fictitious so-called outside-world link and a fictitious
joint, the outside-world joint which connects the torso to the outside-world
link. In the tree graph representation the torso is no longer the root vertex,
but has become a vertex at the first level. The outside-world link is repres-
ented by the root vertex.

The outside-world link acts as an absolute reference and therefore it is assumed
to have a fixed location. The outside-world link has no material identity and
therefore needs no visualisation.
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Fig. 2: Graph picture of the human body

The outside-world joint is represented by the relative location of the torso with
respect to the outside-world link, i.e. the absolute location of the torso. The
outside-world joint needs no visualisation because one perceives the location
of the body as a whole in the computer picture. One also perceives the links
and their relative locations, so the physical joints also need no visualisation.

Final remarks to this subject: First, the tree representation sketched above is
not restricted to the human body but has more general applications. Further-
more it allows multiple objects to be represented simultaneously because the
outside-world link allows, like any link, multiple joints, which are all outside-
world joints of distinct objects. Second, articulated systems with kinematic
loops (for instance a flexible closed polygon) are represented by graphs with
cycles. The relatively simple tree algorithm sketched above cannot be applied
to such systems and has to be replaced by general and relatively complicated
graph algorithms.

Mathematical aspects

The author’s research on quaternions and their applications to geometry and
kinematics gave rise to some fundamental mathematical considerations, re-



sulting in a treatment of the classical subject matter of quaternions and 4D
and 3D rotations which differs in some respects from the traditional presen-
tations.

The main difference with tradition is the consistent emphasis on an intrinsic,
coordinate-independent presentation as much as possible and deemed useful.
It is reflected in the subjects constituting the first part of this thesis:
group-theoretic definitions of the concepts of location, position and orienta-
tion; 4D Euclidean geometry as far as is necessary to understand the relation
of 4D and 3D rotations; an intrinsic construction of the quaternion algebra;
representation of 4D and 3D rotations by means of quaternions; an explana-
tory proof of the famous HaMiLTON-CAYLEY formula z — gzq~! for the 3D
rotation of a point z by the unit quaternion g; space-fixed versus body-fixed
coordinate systems and order of factors in quaternion multiplications; EULER
angles.

A special topic is a solution of the rotation-interpolation problem in com-
puter graphics by means of 4D stereographic projection. A nice by-product
is a treatment of line-symmetric or KRAMES rotational motions by means of
quaternions and 4D geometry.

Software engineering aspects

Quaternions: Robustnessand optimal numerical behaviour of mathematical
software are always requirements or at least strong desires. Maintainability
and consequently understandability are also always required. Last but not
least speed and economical utilisation of storage space are strongly desirable
and often required. In the light of these issues it is natural to represent 3D
rotations by quaternions, for this representation is free from singularities, is
numerically well-behaved in its entire domain and lends itself very well for
implementations in high-level programming languages. Speed and economical
storage utilisation are in the bargain because calculation of rotations from
their unit quaternions and composition of rotations involve exclusively rational
operations and because one needs to store only the four components of the
quaternion instead of the nine elements of the rotation matrix.

Tree representation and verbal-linguistic interface: Rooted trees and
context-free non-regular (CFNR) formal languages maintain a close relation
by nature. This observation raises the expectation that one can construct
a CFNR language for the representation of arbitrary loop-free articulated
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systems. Such a language was indeed constructed. Sentences of a formal
language are easily generated and manipulated; therefore the verbal-linguistic
interfaceis a viable, albeit somewhat old-fashioned alternative to more modern
and sophisticated graphical user interfaces.

New issues

The following issues treated in this thesis are new to the best knowledge of
the author:

1. the derivations of several known results in quaternion algebra;

2. the description of the relation of quaternion algebra to 4D Euclidean
geometry;

3. the design of the ARTIBODIES system and the consistent and system-
wide use of quaternion algebra;

4. the degree of accuracy of dynamical simulation in relation to the amount
of rotation per integration step;

5. the solution of the 3D rotation animation problem by 4D stereographic
projection.

Furthermore several established results are presented and derived in a way
somewhat different from the traditional one, but the differences are too small
to deserve mention here.

noooo
Physical and historical notes

The rotation-entanglement phenomenon is the macroscopic counterpart of certain
properties of spin % particles.

DIRAC’s famous scissors demonstration from the 1930s illustrates the rotation-
entanglement relation.

Y.AHARONOV and L.SUSSKIND describe a Gedanken experiment to observe the sign
change of spinors under 27 rotations ( The Physical Review 158, 1237-1238 (1967)).



The neutron interference experiments of HELMUT RAUCH, ULRICH BONSE and their
collegues at the Institut Laue-Langevin at Grenoble (Phys.Lett. 54A, 425 (1975))
and an American team headed by SAMUEL A. WERNER at the University of Missouri
(Phys.Rev.Lett. 35, 1053-1055 (1975)) demonstrate that the LARMOR precessions of

neutrons through an even and an odd number of full turns are physically distinguish-
able.

In 1959 Y.AHARONOV and D.BOHM proposed an electron interferometry experiment
to observe the effects of the presence of a magnetic potential (The Physical Review,
2™ series, Vol. 115, No. 3, 485-491 (1959)). This experiment does not explicitly
address the 27 — 47 question but rather the more general topic of the fiber bundle
model of physical 3D space.

A survey article on these subjects is [BERN 1981), an in-depth memoir is
[WEIN 1982]. An excellent quantum mechanics textbook which extensively treats
these subjects is [SAKU 1985].

oooao
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Chapter 2

Position and orientation

In this chapter the concepts of position, rotational orientation, location and
orientation in the straight image - mirror image sense of the word are defined
within the framework of the group representation theorem of CAYLEY.

2.1 The group representation theorem of Cayley

A fundamental theorem in general group theory is the representation theorem
of CAYLEY: Each group is isomorphic to a permutation group. It is proved in
[FRAL 1973]. The essence of the proof is the observation that each abstract
group acts upon itself as a permutation group G by left-multiplication. This
permutation group is regular or sharply I-transitive, i.e. for any two objects z
and y a unique permutation exists in G which transforms z into y. The group
G is by construction isomorphic to the original abstract group.

This representation is called the left regular representation. ( Remark: By us-
ing right-multiplication instead of left-multiplication one also obtains a re-
presentation as a regular permutation group, the right regular representation,
which is essentially identical to the left regular representation.)

Conversely, whenever one has a set A of objects on which a regular per-
mutation group G acts, one may render A as an abstract group of which G
is the left regular representation: one chooses an arbitrary object e € A and
identifies each permutation ¢ € G with the object g(e). The object e of course
corresponds to the group identity. A convenient way of looking at this situa-
tion is to consider A as the set G, i.e. G deprived of its group structure, and
then to restore the group structure of G’ to A as explained above. See Fig. 3.

13
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Fig. 3: Left-multiplication - No preference for choice of identity element
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2.2 The concepts of position and orientation

Position and orientation are concepts from everyday life. We perfectly know
how to treat these concepts in relation to going along with our physical world.
Mankind knows about placement and motion, separation and overlap and di-
rect and mirror-image congruence at an informal and operational level. Classi-
cal geometry and kinematics are formal theories about these pieces of everyday
experience, and as such they have a firm logical and mathematical foundation.
However, the concepts of position and orientation are often not clearly defined
and theorists make an appeal to the everyday physical experience. In the au-
thor’s opinion the main cause of this unsatisfactory situation is the fact that
mathematics cannot make a proposition about what exactly is left and right,
of what exactly are standard position, orientation, location in space. The
only thing mathematics can do is to distinguish between left and right, and
to distinguish different positions, orientations, locations in space.

Below a theory of position, orientation and location will be built from the
departure point of the group properties of isometries and displacements. The
left regular group representation of CAYLEY describes precisely the situation
at hand when considering the concepts of position and orientation.
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There exist two distinct but related orientation concepts. The first one per-
tains to rotational orientation, the second one to direct and mirror-image
congruence in Euclidean spaces (and by the way: also in elliptic spaces of
odd dimension and in hyperbolic spaces). Where confusion might arise we
will borrow the term chirality’ from crystallography to address the direct-
and mirror-image congruence issue. Rotational orientation and chirality are
both related to the isometry group of the space under consideration, but in
different ways.

First, consider rotational orientation. Let the 3D rotation group SO(3) play
the role of G in the previous section, then the set A is SO(3) deprived of its
group structure. We call the elements of A orientations and the set A itself
ortentation space. Once we have chosen an arbitrary standard orientation Og:
we have an identification of rotation space SO(3) and orientation space A by
O, == r(Oy) for all r € SO(3). We must be well aware of the fact that
orientation space has no group structure of its own and can be turned into
a group only after one has chosen in an artificial and non-canonical way an
arbitrary element to play the réle of identity element. In the plane we have
the strictly analogous situation of §1, the unit circle with centre O. All points
of S are geometrically equivalent, and it is only after the introduction of a
'special point to play the réle of the complex number 140i that §! acquires the
properties of the multiplicative group of complex numbers of unit modulus,
which is by abuse of notation also denoted by .

We might say: a rotational orientation or orientation in space is an element
of SO(3) deprived of its group structure. This means that on this occasion
S0O(3) is considered as just a set. In the same way: a position in space is an
element of the 3D translation group considered as just a set, and a location in
space is an element of the 3D displacement group considered as just a set.

The concept of chirality is somewhat more complicated. This concept exists
in each finite-dimensional real vector space and in each Euclidean, hyperbolic
and odd-dimensional elliptic geometry. It originates from the fact that in all
these cases the group G of all isometries contains a subgroup H of isometries of
index 2. The only coset of H in G is both a left and a right coset, therefore H
is an invariant subgroup of G and its factor group G/ H is of course isomorphic

!Literally: handedness, i.e. right- or left-handedness, from the Greek x¢eip = hand; chiral
means not superposable on its mirror image.
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to Cy, the cyclic group of order 2. The subgroup # is called the displacement
group, the the elements of the coset of H in G are called enantiomorphisms,?
a term borrowed from crystallography.

(Remark: In the case of N-dimensional real vector spaces (N € N) one consid-
ers groups of isometric linear transformations; they correspond to groups of
isometries of N-dimensional Euclidean space with a fixed point. The subgroup
H is called the N-dimensional retation group or special orthogonal group, the
entire group is called the N-dimensional (full) orthogonal group, the coset el-
ements are often called improper rotations, but in the author’s opinion one
should avoid this term simply because they are no rotations at all.)

It is well-known from everyday life that displacements preserve left and right
and that reflections interchange them. What exactly are left and right? We
know how they behave under isometries, but we do not know what they are,
or should one write: "what” they "are”. The best one can do is to invoke
the help of mathematics. In this case it is the mathematical fact that the
3D displacement group M? is an invariant subgroup of index 2 of the full 3D
isometry group I3.

As always in group theory, if one wants to abstract from certain properties
of the group elements and to establish a coarser equivalence relation without
abandoning the entire group structure, then one must do so by finding the
appropriate invariant subgroup and proceeding with this subgroup and its
cosets. They constitute a group in a natural way, the factor group. It is the
structure of the factor group which is retained upon the abstraction process.
Application of this method to I3, M3 and I*/M? = C; means in effect that
we concentrate on the mirror-image aspect of isometries (that is anyhow what
experience tells us), meanwhile abstracting from their displacement aspect.
Therefore the factor group C; governs the behaviour of ... what? Now we
invoke the thought world of the left regular representation, where C; acts as
a regular permutation group upon itself as a set by left-multiplication. The
conclusion is that we must denote the elements of the set C; as left and right
chirality, that we must accept that they are strictly equivalent as mathematical
entities, and that their permutation or non-permutation is the only occasion
on which they manifest themselves as elements of the group Cj.

2From the Greek *evavrioc = opposite: an enantiomorphism reverses left- and right-
handedness.



Chapter 3

Four-dimensional rotations

The ultimate goal of this and the next few chapters is an ezplanatory proof
rather than a straightforward verification of the HAMILTON-CAYLEY formula,
z — qzq~! for the rotation represented by the quaternion g of a point z in
3D space. This formula is the fundament on which all practical applications
of quaternions rest.

Expansion of the HAMILTON-CAYLEY formula into 3-by-3 matrix form yields
the EULER-RODRIGUES formulae for 3D rotations. They are needed only to
actually calculate the rotation of specific points; composition and inversion of
rotations are entirely performed by quaternion multiplication and inversion.
Chapter 6 (page 51) is devoted to this subject matter.

The theory of 4D rotations appears to offer the easiest road for an expla-
nation of the connection of 3D rotations with quaternions and eventually an
aesthetically satisfactory proof of the HAMILTON-CAYLEY formula.

At first sight this is paradoxical, but one should be aware that quaternions by
their very nature are related to 4D space, and furthermore one will see that
rotations in a 3D subspace of 4D space may be composed from 4D rotations
in a natural way.

This chapter gives a summary of the theory of 4D rotations. Therefore it
is not a treatise with all theorems, propositions and proofs which would then
be necessary. Chapter 5 (page 41) gives an algebraic treatment with all nec-
essary proofs.

For expositions of 4D geometry in textbook style the reader is referred to
the existing literature, especially to [MANN 1914] for a synthetic treatment

17
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of 4D geometry (very much in the spirit of EvcLip) and to [SOMM 1958]
for a mainly algebraic treatment of N-dimensional geometry. [WONG 1977]
is purely algebraic and contains some general N-dimensional theory, but 4D
geometry is the main subject.

3.1 Orientation, displacements, rotations

Like the 2D and 3D Euclidean isometry groups the 4D isometry group I*
contains an invariant subgroup M* of index 2, which is called the 4D dis-
placement or motion group. The factor group 1 4/M* is of course isomorphic
to the multiplicative group Cy = {1,—1}. Therefore a distinction between
left- and right-handed orientations exists not only in 2D and 3D space, but
also in 4D space.

Any displacement in 4D space is either a translation or has at least one fixed
point O, in which case it is called a rotation with centre O. The rotations of
4D space about a fixed point O form a group under composition, called the
4D special orthogonal group over the reals or 4D rotation group and denoted
by SO(4) or more completely by SO(4,R).

Theorem: The identity transformation or non-rotation I and the central rever-
sion —I, by which each point is transformed into the diametrically opposite
point with respect to the rotation centre, are the only 4D rotations which
commute with each 4D rotation. In group-theoretic language: they constitute
the centre of the group SO(4).

Definition: Two planes a and b are said to be completely orthogonal if each
line in a is orthogonal to any line in b.

Theorem: Two completely orthogonal planes in 4D space intersect in a single
point. (See Fig. 4.)
Remarks:

1. Orthogonal lines I C a and m C b need not intersect; in case l and m do
not intersect they are contained in a unique flat 3D subspace in which
they are skew-orthogonal in the ordinary 3D meaning of the term.

2. Two planes in 3D space cannot be completely orthogonal.

3. From 5D onward completely orthogonal planes need not intersect.
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Fig. 4: A pair of completely orthogonal planes in 4D space:
imagine that they do not intersect along an entire line.

4D Rotation composition theorem: Any 4D rotation about O has at least one
pair of completely orthogonal invariant (but not necessarily point-wise invari-
ant) planes intersecting in Q.

Theorem: All 4D rotations with a common pair of completely orthogonal
invariant planes form a maximal commutative subgroup SO(2) x SO(2) of
SO(4). None of these groups is an invariant subgroup of SO(4).

Non-zero rotations with centre O in 4D space are of two types: a) rotations
which leave a plane a through O point-wise fixed: so-called simple or single
rotations about the plane-azis a; b) rotations which leave only the rotation
centre O fixed: compound or double rotations about the point O.

Let a be the plane-axis of a simple rotation S. Take an arbitrary point p € a
and consider the plane b, through p completely orthogonal to a. Then the
restriction of ' to any of these planes b, (rotation planes) is an ordinary 2D
rotation about p through an oriented angle o which is the same for all points
p € a. The angle « is called the rotation angle of the simple rotation. Any
point in the plane-axis can be taken to be the rotation centre. See Fig. 5.
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Let a and b a pair of completely orthogonal invariant planes of a given com-
pound 4D rotation R about a fixed point O. Then none of them is point-wise
invariant, but R is the product in either order of two simple rotations A, B
about a and b respectively. These planes are called the plane-azes of R, while
the rotation angles of A in b and of B in a are called the rotation angles of R.

Theorem: If the rotation angles have different magnitudes, then there are
no other invariant planes through O. (Magnitude: amount of rotation irre-
spective of sense and reduced to the interval [0, 7])

T

/4>\
e S

Fig. 5: Simple rotations in 3D and in 4D space

3.2 Isoclinic rotations

Theorem: Let the rotation angles of a compound 4D rotation about O have
identical magnitudes, say Z¢. Then all half-lines from O are rotated through
the same angle Z¢. Such rotations are called ¢soclinic.

Remark: A 2D rotation about O rotates by nature all half-lines from O
through the same angle, therefore in two dimensions isocliny is not a dis-
tinguishing property. In spaces of odd dimension only the identity transfor-
mation is isoclinic. In all spaces of even dimension isoclinic non-zero rotations
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exist.

Theorem: An isoclinic rotation has an infinitude of pairs of plane-axes. (But
beware: not every plane through O is an invariant plane.)

Construction

Isoclinic rotations in 4D space are constructed as follows:

Let [ be an arbitrary half-line extending from the rotation centre O.
Let @ be an arbitrary plane through ! and let b the plane through O
completely orthogonal to a. Now perform simultaneous simple rotations

in a and in b through the same angle ¢. Denote the resulting rotation
by R.

One sees easily that all 4D isoclinic rotations can be obtained in this way.

Left- and right-isoclinic rotations

Adopt an arbitrary standard orientation in 4D space, defined by the class of
even permutations of an arbitrary set of four mutually orthogonal half-lines
extending from some point 0. Let in the construction of isoclinic rotations an
arbitrary positive sense of rotation be defined in plane a. Then the standard
orientation induces a positive sense of rotation in b as follows:

Let R be ab isoclinic 4D rotation. Let I C @ and m = R(!) in this order
define the positive rotation sense in . We must assume for a moment
LlOm < n. Let uw C b be an arbitrary half-line in b from O and let
v = R(u). Then the rotation in b from » to v is denoted as positive or
negative according to whether /,m,u, v are oriented like the standard
orientation or like the opposite orientation.

One sees that there are two kinds of isoclinic rotations, namely with identical
and with opposite rotation senses in a pair of rotation planes. For reasons to
become apparent later they are denoted as left- and right-isoclinic rotations
respectively. See Fig. 6.

Remark: Stricty speaking one has to make sure that the left or right kind of
isocliny thus defined is independent of the particular pair of rotation planes.

One sees easily that left- and right-isoclinic rotations through ¢ are differ-
ent unless ¢ = 0 or ¢ = w. Only the zero rotation I and the central reversion
—1I are both left- and right-isoclinic.
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Fig. 6: Left- and right-isoclinic rotations

Theorem: An isoclinic rotation R of either kind is completely determined by
any half-line [ from O and its image R(l), or, what amounts to the same:
by any point p € $3 and its image R(p), also € 53, where $3 denotes the
hypersphere with centre O and unit radius.

Theorem: The isoclinic rotations of either kind form isomorphic groups 53, S3
under composition. Both of them act on $3 as a regular permutation group,
therefore once one has chosen an arbitrary point p € S* to play the role of
group identity, one can turn $3 into the left- or the right-isoclinic 4D rotation
group by identifying each point p’ € §2 with the left- (right-) isoclinic rotation
which transforms p into p’ (by CAYLEY’s theorem).

Theorem: The groups S, 52 are invariant subgroups of SO(4) with factor
group SO(3).

Further structure theorems:

1. 50(4) is a 6-parameter LIE group; SO(3) and S are 3-parameter LIE
groups.

2. The centre of S x 52 is {I,—T} x {I,-TI}.
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3. (S3 % S3)/{I,—I} = S0(4).
4. (53 x S3)/({I,~I} x {I,-I}) = SO(3) x SO(3).
5. SO(4)/{I,~I} = SO(3) x SO(3).

3.3 General 4D rotations

Isoclinic composition theorem: Any 4D rotation can be composed from a left-
and a right-isoclinic rotation in two ways, differing by a central reversion.

Proof: Let R be a rotation about O with plane-axes a and b, composed from a
simple rotation R,(a)in a about b through Za and a simple rotation R;(3) in
b about a through /3. Let the positive rotation senses in @ and b be induced
by the standard 4D orientation.

One has!

R.(a) = Ra(%(a+ﬁ)) Ra(%(""a_ﬁ))’

Ry(B) = Re(3(a+B)) Ro(3(—a+5)).

Any R, rotation commutes with any R, rotation, therefore we can interchange
factors and write

R = Ru(3(e+5)) Ry(z(a+8)) Ru(3(+e = ) Re(3(—a + B)).

We see that R is the product in either order of the left-isoclinic rotation
Ri = Ra(3(a+ B)) Ry(3(e + B)) through (e + B) and the right-isoclinic
rotation R, = R.(3(a - B)) Ry(3(—a + B3)) through 1(a - B).

Bissecting angles introduces an indeterminacy of 7 in the result. In this con-
text this means a central reversion. Therefore we have the two decompositions
R = RiR, = (—R;)(—R,) of R into isoclinic rotations. a

3.4 3D rotations

Theorem: Any 3D rotation, say through /8 can be composed from a right-
and a left-isoclinic rotation through equal angles %ﬁ. Conversely: Any 4D
rotation composed from a left- and a right-isoclinic rotation through equal
angles Z¢ is a simple rotation through £2¢, which yields a 3D rotation when

'(+a — B) is printed instead of (o — 3) solely for a better layout.
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restricting 4D space to a 3D subspace containing the rotation plane.

Fig. 7: A 3D rotation is extended to a simple 4D rotation.

Proof: According to EULER’s theorem on rotations any 3D rotation R about
a fixed point O is a rotation about a pointwise fixed azis [ through a certain
angle 4.

Now we apply the standard construction of the direct sum of flat spaces to
extend ordinary 3D space E3 to 4D space E*: we postulate the existence of
4D space (it is nearly a Gedankenezperiment) and erect in O the line m per-
pendicular to the flat space E3. In this way E is the direct sum of m and
E3.

Next we construct the direct sum of the rotation R in E® and the identity
mapping I of m onto itself: take an arbitrary point p € E*, project it or-
thogonally on m, yielding p,,, and on E3, yielding pgs; rotate pgs to Pgs by
R; determine the unique point p’ € E* which has p!, = p,, and Pgs as its
orthogonal projections.

This direct sum, by abuse of notation also denoted by R, is a 4D rotation
with the special property of leaving [ (its 3D axis in E3) and m pointwise
invariant. Therefore R is a simple rotation about the plane-axis /m and has
rotation angles 0 in the plane Im and 8 about Im. See Fig. 7.
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From the isoclinic composition theorem it follows that R is composed from an
l-isoclinic and an r-isoclinic 4D rotation, both through angle -12-B or T+ %ﬂ.

To prove the converse, apply again the isoclinic composition theorem. The
resulting simple rotation acts as a 3D rotation in any 3D subspace containing
the rotation plane. The plane-axis of the 4D rotation intersects the 3D sub-
pace along the 3D rotation axis. m]






Chapter 4

Construction of the
quaternion algebra

In this chapter we develop the theory of quaternions from the departure point
of general elementary theory of groups, finite-dimensional real inner-product
. spaces and algebras. We give a coordinate-independent or intrinsic develop-
ment in two main steps, namely, an intrinsic definition of the outer product
in 3D real vector space, and a definition of the quaternions, using the inner
and outer product in 3D real vector space. In the past GREUB [GREU 1981
took the same approach, but followed a different path. Relevant parts of the
general theory of algebras are supplied as background subject matter.

The outer product in 3D real vector space is defined in the following three
steps: first, the concept of volume function is defined; second, the GRAM-
ScHMIDT orthonormalisation process is recalled and a proof of the representa-
tion theorem of F.R1EsZ for linear functionals is given; third and last, the outer
product in the 3D real vector space is defined in a coordinate-independent way
by applying the representation theorem of F.RIESZ to the volume function,
and its main properties are derived.

The quaternions are defined by a stepwise enrichment of the mathematical
structure: from just a Cartesian product of sets the quaternions are consecu-
tively turned into a 4D real vector space and into an algebra, which is proved
to be a non-commutative associative division algebra over the reals with iden-
tity element.

27
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4.1 Outer product in 3D real vector space

General terminology
Definition: An N-argument function on a domain D into an image set E is a

mapping from the Cartesian Nth power of D into E.

Remark on notation: Let X = {z1,...,2N} an ordered set of N arguments,
then we will interchangeably use the notations F(X) and F(z,...,zn) to
denote the value of the N-argument function F' for the given arguments.

Definition: An N-linear functional on a vector space S over a field £ is an N-
argument function of § into F’ which is linear in each of its N arguments.

Definition: An alternating N-argument function on a domain D into a vector
space W is a function which takes the opposite value when any two argument
values are interchanged.

Volume function; orientation

Definition: A wvolume function on a finite-dimensional real vector space S of
dimension N is an alternating N-linear functional on .§ which is not identically
zZero.

Theorem: On any finite-dimensional rteal vector space S volume functions
exist; they are all non-zero multiples of any one of them.

Proof: Let dimS = N and let {e;,...,en} be a basis of §. Then an N-linear
functional V on S is completely determined by the values

V(eiyy eyt =1...N,...,ixn=1...N.
If moreover V is alternating, then
1. V(ei,,-.-,€iy) = 0 whenever any two of the ,..., iy are equal;
2. V(ay,...,an) = 0 for any linearly dependent arguments ay,...,an.
The preceding does not preclude the possibility that V(e,...,en) = v # 0,
but then V(e;,,...,ey) = v for even permutations (i1,...,in) of (1,...,N)

and = —v for odd permutations. So a volume function V on § is completely
determined by its value for a basis of 5. This implies the theorem. o
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Definition: A volume function normalised with respect to a basis A, denoted
by V4, is a volume function normalised such that V4(A) = 1.

Theorem: Let A = {ay,...,an} be a basis of S, let B = {by,...,bx} any
ordered set of elements of § and let V' be any volume function on S. Then
the quantity

Det(B, A) = V(B)/V(A)

is independent of the choice of V' and is equal to the determinant of the com-
ponents of by,...,bx with respect to the basis A.

Theorem: Det(B, A) = Va(B).
Proof: By the preceding theorem we have
Det(B, A) = Va(B)/Va(A);

by definition of the volume function we have

Va(Ad) =1
a

Theorem:
Det(C, A) = Det(C, B).Det(B, A) for any three bases A, B,C of §.
Proof:

Det(C, A) = V(C)/V(A) = (V(C)/V(B))-(V(B)/V(A)) =

= Det(C, B).Det(B, A)

for any volume function V on 9. a

Remark: The orientation concept presented below is identical to the concept
of chirality in Chapter 2, but for the convenience of the reader it is presented
here in the usual context of real linear algebra.

Definition: Two bases A = {aj,...,an},B = {b1,...,bn} of § are said
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to have the same orientation (opposite orientations) if the determinant of B
with respect to A is > 0, respectively < 0.

Theorem: To have the same orientation is an equivalence relation which splits
any set of bases of § into at most two equivalence classes.

Proof:

a) The reflexivity follows from Det(A, A) = 1.

b) The symmetry follows from Det(A, B).Det(B, A) = 1.

¢) The transitivity follows from Det(A,C) = Det(A, B).Det(B,C).

d) Let T be a set of at least two bases of S. If Det(A, B) > O forall A,B €T,
then all bases have the same orientation. If Det(4, B) < 0 for some A, B € T,
then any C € T has either the same orientation as A or as 5. 0O

The Gram-Schmidt orthonormalisation process

The GRAM-SCHMIDT orthonormalisation process is a construction process for
orthonormal bases of finite-dimensional real inner-product vector spaces. Let
S be the vector space in question, dimS§ = N, N > 1. Denote the inner prod-
uct by (., .). The process is best explained by departing from a complete
ascending chain of subspaces (CAC)of S, i.e. an ordered set {S;|i=1...N}
of subspaces §; of § such that dimS; =1, Sx = S, and every S; is a subspace
of S;y1,i=1...N — 1. The process runs as follows:

1) Choose a non-zero vector f; € Sy. Then for € = HlV (f1, fL) we

have (ey,e1) = 1.

2) If N > 2, then choose a vector f; € §2 linearly independent of
e;. Then for g, = fo — {fa,e1).e1 we have (g2,e1) = 0, and for
e2 = g2/+/(92, g2) we have (e3,€2) = 1 and (ez,e;) = 0. .... in general:

j) If N > j, then choose a vector f; € S; linearly independent of
et,...,ej—1. Then for g; = f; =30, cic;1{fi, €i).€i we have (fj,ei)=0

fori = 1...7 — 1 and for ¢; == g;/1/(gj,9;) we have (ej,e;) = 1 and
(ej,e;) =0fori=1...5~1

After the j-th step the result is an orthonormal basis {e1,...,e;} of §j, i.e.,
(e;,ex) = 1 for i = k and (e;,ex) = 0 for ¢ # k. The overall result is an
orthonormal basis {e1,...,en} for the entire space §.
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Remarks:

1. At each step one may choose to add —e; instead of e; to the basis under
construction. Previous choices of basis vectors have no influence on the
pair of possible basis vectors found in the current step, therefore the
ascending chain of subspaces gives rise to a set of 2"V orthonormal bases
in the N-dimensional space. This set consists of two equivalence classes
with respect to orientation, both of them containing 2V~ elements.

2. In general any two orthonormal bases of S are transformed into each
other by an isometry A and its inverse; if the bases have the same
orientation, then det A = 1, and A is a rotation about the origin of
S; if the bases have opposite orientations, then det A = —1, and A is
an enantiomorphism with the origin as a fixed point. Now consider the
results from the GRAM-SCHMIDT process applied to two different CACs
of S. Then one can always select two orthonormal bases of .S, one from
each CAC, with the same orientation. Therefore, given any two CACs, a
rotation exists which transforms an orthonormal basis belonging to one
of the CACs into an orthonormal basis belonging to the other CAC.

F.Riesz’ representation theorem

F.RIESZ’ representation theorem for finite-dimensional real vector spaces: (see
[HALM 1967]) ’

Let § be an N-dimensional real vector space with inner product (., .). Then
for any linear functional F on .S there exists a unique f € S with the property

Yo € S§: F(v)=(f,v) (4.1)
Proof:
a) Existence:

1. Let F(v) = 0 for all v € 5. Then Eq. 4.1 is fulfilled by f = 0%, the zero

vector in 5.

2. Let F(v) # 0 for some v € .9, and let U be the null space of F. Then
dimU = N — 1. Construct an orthonormal basis {e3,...,ex} in U and
extend it to an orthonormal basis {e1,e2,...,en} of the entire space S.
The GrAM- SCHMIDT orthonormalisation process can be used.
Proposition: Eq. 4.1 is fulfilled by f = F(eq).e;.
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Proof: v = vy.e1 + u, where u € U;

consequently F(v) = v1.F(e1) + F(u) = v1.F(e1), (U is the null space
of F);

finally (f,v) = F(e1)-{e1,v) = F(e1).v1. w

b) Unicity:

Let (f,v) = (g,v) for all v € S. This is equivalent to (f — g,v) = 0 for
all v € S. The positive-definiteness of the inner product implies f — g = 05.
a

Outer product and triple products in 3D real vector space

Now consider the vector space R3. Let (., .) be an inner product on R3 and
let E ::= {e1,eq,e3} an orthonomal basis of R3. Let V be the normalised
volume function Vg. To settle unicity questions we need the following propo-
sitions.

Proposition: Any two orthonormal bases with the same orientation yield the
same normalised volume function.

Proof: Let E, F be bases with the same orientation.
Then Vg(F) = VE(E).Det(F,E) =1.1=1= Vp(F). 0

Proposition: Any two orthonormal bases with opposite orientations yield op-
posite normalised volume functions.

Proof: Let E, F be bases with opposite orientations.
Then Vg(F) = VE(E).Det(F, Ey=1.-1=-1= ~Vr(F). Q

The conclusion is that the normalised volume function is uniquely determined
by the orientation of the orthonormal basis chosen.

Consider V(u,v,w) as a function of w: it is a linear function by definition.
So according to F.RIESz’ representation theorem there exists a vector ¢ with
the property that V(u,v,w) = (t,w) for all w € R3. The mapping (u, v) — 1
thus defined is an alternating 3D vector-valued bilinear function on R3. It is
called the outer product in R3, written here as t = u X v.

The familiar formula for the components of the outer product is easily de-
rived once one knows the outer products of the vectors of an orthonormal
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basis: we begin with computing e; X e;. This vector is orthogonal to e; and
e2 and is therefore a multiple m.e3 of e3. Here the 3D property is essential.
What is the value of m? We have

1=V(e1,ez2,e3) = (€1 X €3,€3) = (m.e3, e3) = m{esz,e3) = m.1 = m,

so we have proved e; X e; = e3. In the same way we obtain e; X e3 = €
and e3 X e; = e;. When one expresses u,v,w € R3 as u = Y icics i€,V =
Do1<i<a Vi-€is W = Do <ic3 Wi.€i, the inner product and the normalised volume
function take the familiar forms

(u,v) = vy + ugvy + u3vs,

V(u,v,w) = (ugv3 — uzvz)wy + (uzvy — wyvsz)we + (ugv2 — ugvy )ws,

and the outer product is obviously expressed as

UX V= ('1/,2'2)3 - ?1,31)2).81 + (u3’l)1 — ’lL]’U3).62 + (u1v2 — U2'l)1).63,

which may also be obtained by component-wise multiplication using e; x e; =
e3 etc. Once the expression above for the outer product has been firmly es-
tablished, it is easy to prove the well-known expressions for the scalar and
vector triple products:

Scalar triple product: (u x v,w) = (v X w,u) = (w X u,v) = V(u,v,w)
Vector triple product: u x (v X w) = (u, w).v — (u, v).w

Remark: See [FEKE 1985] for a remarkably elegant proof of the formula for
the vector triple product. It begins with proving the special case w X (v x
w) = (w,w).v — (w,v).w, which is easily established by applying the GRaM-
ScHMIDT orthonormalisation procedure to the vectors v and w, and by noting
that (e1 X e3) X e; = e3 X e; = ey. The general case is then solved by putting
u = av + bw + ¢(v x w) and performing some algebra, meanwhile noting that
(v,vx w) = {w,v x w) = 0.

It is important to remark that all these reasonings and formulae are indepen-
dent of the specific orthonormal basis, and furthermore, are invariant under
3D rotations. Therefore all results obtained by means of the complete set of
the abovementioned formulae are coordinate-independent.
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4.2 General theory of division algebras

This section presents background material on division algebras in general as
far as useful for the present purpose. A more extensive treatment may be
found in [CURT 1963]. All vector spaces in this section are finite-dimensional.

Definitions:

1) Definition: An algebra over a field F is a vector space § over F' in which
an operation § x § — S :(a,b) — a = b, called multiplication in § is defined
with the properties

a)a*(k.b)=(k.a)xb=rk.(axb)forall k€ Fandalla €S, (" being
the scalar multiplication in F’)

b)ax(b+c)=(a*b)+ (axc)forallab,celb,

¢) (a+b)xc=(a*xc)+ (bxc)forall a,b,ceSs.

Proposition: For any a € §,a 0% = 0% xa = 05. (05: the zero vector in S)
Proof: 05 = a*05~ax0% = ax(05+05)—a*0° = a+054a+05—a*05 = ax05;
analogously 05 xa = 0°. a

2) Definition: A commutative algebra A is an algebra with a commutative
multiplication: for all a,b € A,axb="bx*a.

3) Definition: An associative algebra A is an algebra with an associative
multiplication: for all a,b,c € A,{(axb)*c=ax*(bx*c).

4) Definition: A normed algebra A is an algebra for which there exists a
mapping N from A into R, called a norm, with the properties a) that for all
a,b€ A, N(axb) = N(a).N(b), and b) that for all non-zero a € A, N(a) > 0.
A unit element a of A is an element with norm unity: N(a) = 1.

Proposition: N(04) = 0.
Proof: Let a € A,a # 0. Then N(04) = N(0# *a) = N(04) * N(a). We have
N(a) # 0, therefore N(04) = 0. o

5) Definition: An algebra with identity element is an algebra A containing
a multiplicative identity e: for all a € A,a*e=e*a = a.

Proposition: If an identity element exists, then it is unique.

Proof: Let f be any element and e be an identity element. Then fxe = ex f =
f. Let f also be an identity element. Then f+e = ex f = e. Thereforee = f. O



4.3. INTRINSIC DEFINITION OF QUATERNIONS 35

6) Definition: A division algebra is an algebra A in which the equations
?z:a*z =band 7y :y*a = bhave solutions whenever a # 04.

Theorems:

1) Theorem: Any normed algebra A is a division algebra.

Proof: Let N(a*b)= 0. Because N(a*b) = N(a).N(b) and N(a) = 0 implies
a = 04, at least one of the elements a,b must be 04. This implies that the
linear transformations L, : ¢ — a* 2z and R, : y — y * @ have an inverse
whenever a # 04. Therefore the equations ¢ * z = b and y *a = b have a
unique solution whenever a # 04. 0O

2) Theorem: Let A be an associative normed algebra with identity element
e. Then the non-zero elements of A form a group G under the multiplication
7*7 which implies that each g € G has a unique left- and right-inverse g~!
with the property that g7l x g = g+ g~ ! = e. G is called the multiplicative
group of A.

Proof: The set G ::= A\ {0} is closed under the multiplication ”*”. ”*” is
associative. By 1) there exist a unique left-inverse and a unique right-inverse
to any element of G. So G is a group under ”*”. The rest of the theorem is
standard group theory. , a

3) Theorem: Let A be as in 2) above. Then the unit elements of A form
an invariant subgroup U of the multiplicative group G of A, called the unit
group of A,

Proof: The norm function is by definition a homomorphistn H of G into the
multiplicative group R of positive reals. U is the kernel of H. a

4.3 Intrinsic definition of quaternions

In this section the quaternions are introduced as elements of a Cartesian
product of sets. Subsequently this product is turned into a 4D real vector
space. Finally this vector space is turned into an algebra which is proved to
be a non-commutative associative division algebra over the reals with identity
element.
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The set

The set H of quaternions is defined as the Cartesian product of the set R of
reals and the set R3 of 3D real vectors. A generic quaternion is written thus:

Q = (s,v), (4.2)

where s € R (scalar part), v € R3 (vector part).
Notation: Following HAMILTON one often writes s = SQ, v =V Q.

The vector space

The following definitions of addition and scalar multiplication turn H into a
vector space over R:
Addition: Let Q1 = (s1,v1), @2 = (s2,v2), then

Q1+ Q2 = (81 + 82,01 + v2) (4.3)
Scalar multiplication: Let k € R,Q = (s,v), then
kQ = (ks, kv) (4.4)

H contains in a natural way the reals and the 3D real vector space as sub-
spaces, namely by the natural injections s — (s,0%), where 02 is the zero 3D
real vector, and v — (0,v). By abuse of notation these subspaces are also
denoted by R and R3, respectively. In this chapter they are called the scalar
and the vector subspace of H, respectively. In accordance with this, the (s, 0?)
are called scalar quaternions and the (0, v) vector quaternions. ( Remark: the
customary term for a quaternion (0, v) is pure guaternion, but the term vector
quaternion is preferred because it is more informative.) Clearly H is a 4D real
vector space.

The algebra

The next step is to turn the vector space H into an algebra. We want to define
a multiplication which involves the inner and outer products and in which as
many properties of ordinary algebra as possible are preserved. The ordinary
multiplication in R and the scalar, inner and outer multiplications in R3 may
serve as building blocks because they have already the required properties of
linearity and distributivity.

The following definition of multiplication turns the vector space H into an
algebra over R :
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Quaternion multiplication: Let Q1 = (s1,v1), Q2 = (s2,v2), then
Q1+ Q2 == (5152 — {v1,v2), S1v2 + S2v1 + V1 X v2) (4.5)

Here (., .) and . X . denote the ordinary inner and outer products of 3D real
vectors.

By the guaternion multiplication of Eq. 4.5 H becomes a non-commutative
associative normed algebra with identity element over the reals. (Proofs are
below.) The quaternion identity element, also called quaternion unity ele-
ment, is (1,0%). Quaternion multiplication is reduced to scalar multiplication
when at least one of the factors has a zero vector part; in other words: one
may consider quaternion multiplication as an extension of scalar multiplica-
tion. Therefore one need not maintain a separate symbol ("*”) for quaternion
multiplication.

Remark: The definition of quaternion multiplication as given above seems
to come out of the blue, but in the light of history one may appreciate it
as an intrinsic re-synthesis of the inner and the outer vector product. The
inner and outer vector products emerged from HAMILTON’s quaternion al-
gebra, expressed initially by component-wise formulae and later by intrin-
sic, coordinate-independent formulae. Furthermore the quaternion multipli-
cation is unigue in the sense that according to the theorem of MAZUR (1938)
([EBBI 1983)) all associative non-commutative normed algebras over the reals
with identity element are isomorphic.

Non-commutativity and associativity

Theorem: The quaternion multiplication is non-commutative.

P’!‘OOf.’ If Ql = (81,1)1), Q2 = (82,1)2), then Q]Qz — QQQ] = 2.1)1 X Vg, which
is in general different from zero. O
Remark: Q1 and Q2 commute if and only if their vector parts are proportional.

Theorem: The quaternion multiplication is associative.
Proof: A straightforward and tedious calculation using the properties of the
scalar and the vector triple products a

Elementary existence proof of the multiplicative inverse

We prove the existence of the multiplicative inverse of non-zero quaternions
by elementary means, i.e. the proof does not rely upon general theorems from
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the theory of algebras, but uses only vector space theory, particularly the the-
ory of 3D real vector spaces.

Theorem: Any non-zero quaternion has a unique multiplicative left- and right-
inverse.

Proof:

We solve the equation @1Q2 = 1 for the unknown ;. We present a solution
based on [HAME 1949], where the more general equation @1Q2 = Q3 is solved
for ¢J;. It runs as follows:

Represent ()1, 2 by their scalar and vector parts:
Q1= (s1,11), Q2 = (52,72)

By the definition of quaternion multiplication Q;Q2 = (1,0%) is transformed
into the equations in sy and v,

$182 = (v1,v2) = 1, (4.6)

S102 + S2v1 + v X vy = 0° (4.7)

Take the inner product of LHS and RHS of Eq. 4.7 with v, :
s1{v2,v2) + s2{v1,v2) = 0 (4.8)

Rewrite Eq. 4.6 as
<’U1,’U2) = 8189 — 1 (49)

Substitute {vy,v;) in Eq. 4.8 by RHS of Eq. 4.9:
$1{v2,v2) + 8281 — 89 = 51(s3 + (v2,12)) —52 = 0 (4.10)
Provided Q2 # (0,0%), s; may be computed from Eq. 4.10 as
51 = s2/(82 + (vg,v2)) (4.11)
A rearrahgement of Eq. 4.7 is
V] X Uy + 8901 = —8102 (4.12)
Take the outer product of LHS and RHS of Eq. 4.12 with v :

vy X (01 X v2) + s9(vg X v1) = 03 (4.13)
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With the well-known expression for the triple outer product Eq. 4.13 becomes
(’Uz,’l)2>’v1 — (’02,’Ul>’l)2 + 32(’02 X '01) = 03 (414)

Eq. 4.14 is a linear relation among v;, w2 and v1 X vo. Now any pair of 3D real
vectors vy, v is lineary independent if and only if vy, v and v; X v5 are linearly
independent. Now assume that vy, v, are independent. Then the only way to
satisfy Eq. 4.14 is by {vp,v2) = 0 and {v3,v;) = 0 and s, = 0. On the other
hand, v; and v, are both # 03. Then {(vy, v2) # 0, and we have a contradiction.
So in Eq. 4.14 vy and vy are always linearly dependent, i.e. proportional.

In Eq. 4.14 we have

(va,v1) = (v1,v2) = s189 — 1 = —(v2, 02}/ (3 + (2, v2)),

(use Eq. 4.11)
so Eq. 4.14 is rewritten as

(v, v2)(v1 + v2 /(83 + (v2,v2))) + s2(v2 X v1) = 03 (4.15)

Remember: v; and vy are proportional, therefore v; x v, = 0%, and Eq. 4.15
is reduced to

(v2, v2)(vy + ”UQ/(S% + (v2, 1)) = 0° (4.16)
Therefore, if v, £ 0, then v, is necessarily
v = —vy/ (55 + (vg,v2)) (4.17)

which of course is also valid for v; = 03. Therefore the left-inverse of Q = (s, v)
is (s, —~v)/(s*+ (v, v)). A nearly identical computation yields the same result
for the right-inverse. a

Conjugation

Definition: The conjugate Q of a quaternion Q = (s,v)is Q = (s, —v).

Theorem: The conjugation is an involutive anti-isomorphism of H, i.e. 5 =q
for all Q € H, and PQ = Q.P for all P,Q € H.

Proof: a) Q = Q: trivial; b) the anti-isomorphism property follows from
the anti-commutativity of the outer product in 3D real vector space. a

Remark: The conjugation restricted to the scalar subspace is the identity;
the restriction to the vector subspace is the reflection in the origin, which is in
real vector spaces of odd dimension a prototype of enantiomorphic isometry;
altogether the conjugation is an enantiomorphism of H considered as a 4D
real vector space.
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The conventional existence proof of the multiplicative inverse

First we prove that the quaternions constitute an associative normed algebra
with identity element. This is done using conjugation. The next step consists
of applying the general theory of algebras, specifically the abovementioned
theorems 2) and 3).

Theorem: With the norm N(Q) = s? + (v,v), where @ = (s,v), His a
normed algebra.

Proof: It is easily verified that N(Q) = QQ :__@_(l and that Q,Q, =
Q2.Q1. Finally N(Q1Q2) = Q1Q2.Q1Q2 = 1Q2.Q2.01 = Q1.N(Q2)-Q1 =
Q1Q1.N(Q2) = N(Q1)N(Q2). a

Remark: This theorem is the coordinate-independent version of the famous
Four- Square Identity of EULER, which reads thus: [EULE 1770]

e+ @ +a+@)rd+ri+ri+r))=

(goro — 171 — Gar2 — a73)° + (goT1 + Q1o + q273 — @ar2)*+
(qor2 — @173+ @270 + gam1)% + (go73 + qir2 — @271 + g370)%.

Theorem: The non-zero quaternions form a non-commutative group under
quaternion multiplication. (Multiplicative group M of the quaternion al-
gebra); the unit quaternions (i.e. quaternions of unit norm) form a non-
commutative invariant subgroup of M, conventionally denoted by .$3, because
as a manifold it is the 3-sphere.

Proof: We have already proved that H is an associative normed algebra with
identity element. The general theorems 2) and 3) above then say that H\ {03}
is a group under quaternion multiplication, which is is non-commutative,
as we saw above, and that $3 is an invariant subgroup which is also non-
commutative, as is easily verified. 0

Theorem: For any quaternion @ # 0_3_, Q'=Q/N(Q).
Proof: QQ' = QQ/N(Q) = QQ/QQ = 1. o



Chapter 5

Quaternions and 4D
geometry

In this chapter the relation of quaternions with 4D Euclidean geometry is es-
tablished. The 4D Euclidean space is provided with Cartesian coordinates, to
the effect that one may apply matrix algebra. The main results are a quater-
nion representation of 4D rotations and a proof of the HAMILTON-CAYLEY
formula for 3D rotations.

5.1 Matrix form of quaternion multiplications

The algebra of quaternions H is represented as the real column vector space
R* provided with a basis in the usual way:

1=(1,0,0,0)7,4=(0,1,0,0)7, j = (0,0,1,0)7, k = (0,0,0,1)7.

Let = (o, %1,22,23) be a quaternion variable. Left-multiplication by a =
(ag, a1, az,as) yields the product

az = (apTo — @121 — ATy — A3T3, ATy + A1T0 + A2T3 — aA3T2,

apTy + axo + azcry — 173, Gor3 + azro + a1 T2 — A1),
so it is a linear transformation of R% with matrix

ay —a; —a3 —ag
ay ap —as a2
a9 a3 ap —ay
az —ag ay ag

41
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L k
J )
i z j /
; i
1 1

Fig. 8: Left-multiplication by i and by i~!

It appears natural to represent the quaternion variable z no longer by a single
column vector, but by a complete matrix like above:

To —T1 —T2 —I3
I o —I3 I3
T2 I3 g —I1
T3 —I2 T To

One checks easily that all matrices of this special form constitute a subalge-
bra of the algebra of all real 4-by-4 matrices which is a faithful representa-
tion of the algebra of quaternions. Matrices of this form are called type-
L SOUILLART matrices because this form originates from quaternion left-
multiplication. We propose to attach the name of the 19**-century French
mathematician C.SOUILLART because he was presumably the first to consider
matrices of this type and of the closely related R type (see below) in their
own right. SOUILLART used them to prove the Four-Square Identity of EULER
([SOUI 1860], see also [MUIR 1911}, p.287-288).

Now consider right-multiplication of x = (zo, 1, z2,23) by p = (po, 1, P2, P3),
yielding

rp = (poTo — p1T1 — PaZy — P3T3, PoT1 + P1To — P2Z3 + P32,
Poz2 + PaZo — P3x1 + P1T3, PoTs + P3To — P1Z2 + P2Ti).
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Of course one can represent quaternion right-multiplication by matrix right-
multiplication using the abovementioned scheme, but we are interested in
quaternion right-multiplication as a linear transformation of R4, therefore we
have to derive a matrix left-multiplication. The result is

bPo —P1 —pP2 —p3
p=| Pt P P3 —P2
P2 —p3 Po P1
P3 P2 —M Po

This pattern is a little bit different from the left-multiplication pattern, but by
using it to extend column vectors to complete 4-by-4 matrices we get again a
faithful representation of the algebra of quaternions by an algebra of real 4-by-
4 matrices. These matrices are called type-R SOUILLART matrices. Strictly
speaking, this representation must be called an anti-representation because
matrix left-multiplication corresponds to quaternion right-multiplication.

Fig. 9: Right-multiplication by i and by i

One checks easily that left-and right-multiplications by a unit quaternion are
rotations about O, and that left-and right-multiplications by a general non-
zero quaternion are rotation-dilations with centre O, i.e. products in either
order of a rotation about O and a uniform dilation with centre O.



44 CHAPTER 5. QUATERNIONS AND 4D GEOMETRY

5.2 Isocliny and quaternion multiplications

Theorem: Left- and right-multiplication by a non-zero quaternion are isoclinic
rotation-dilations.

Proof: Let ¢ — az be the quaternion left-multiplication. Represent it by
its SOUVILLART matrix, which has the form aol + B, where [ is the 4-by-
4 identity matrix and B is an antisymmetric 4-by-4 matrix. Consider the
inner product (z,az) = ag(x,z) + (z,Bzr). Because B is antisymmetric,
(z, Bz) = 0, therefore we have {z,azx) = ag|z[*. The angle ¢ = /(z,az) sat-
isfies cos¢ = (z,az)/|z|.lax| = (z,az)/|z||al.lz| = ao.|z[*/|al.|z* = ao/|al,
which is independent of z: left-multiplication has the isoclinic property. A
nearly identical computation shows that right-multiplication is also isoclinic.
We already know that left- and right-multiplications are rotation-dilations.
Therefore, left- and right-multiplication are isoclinic rotation-dilations. ]

We have the following converse of this theorem:

Theorem: [BALL 1889] An isoclinic isometric transformation of 4D real inner-
product vector space is represented by a type-L or a type-R SOUILLART ma-
trix with unit determinant, and therefore by a left-multiplication or a right-
multiplication by a unit quaternion when representing the 4D vector space by
the algebra of quaternions. Only the non-rotation I and the central reversion
—1I are both type-L and type-R.

Proof: Let R € O(4) and ¢ = /(z, Rz) independent of z, z # (0,0,0,0).
We have cos¢ = (z, Rz)/|z|.|Rz| = (z,Rz)/|z|* = (z, Rz)/(z,z). (R is an
isometry.) The quantities (z, Rz) and (z,z) considered as functions of the
components Zo, Ty, T3,z of ¢ are proportional. In formula:

(z,Rz) = Z LT = E razt + Z (ri; + Tji)TiT5,

0<i,j<3 0<i<3 0<i<j<3

(z,z) = Z z?.

0<i<3

A playground for all this is the real function vector space with the set of
constant, 1%¢-degree and 2"?-degree monomial functions {¢ — 1; 2 — z;, i =
0...3; ¢ — z;z,,4,7 =0...3} as a basis. In this vector space the functions
z — {(z,Rz) and = — (z,z) are linearly dependent, therefore corresponding
coefficients are proportional; as a consequence the r;; are equal to each other
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and the 7;; + r;; with j # i are zero. The conclusion is that the matrix of
R necessarily has the form R = al + A, where a/ is a scalar multiple of the
4-by-4 identity matrix / and A is an antisymmetric matrix:

a -b —¢c —-d 0 -b —c —d
R = b a —e ~f A= b 0 —-e —f
c e a —g c e 0 -—g
d f g a d f g O

Columns 1 and 2 of R are unit vectors, therefore ¢+ d? = e?+ f2; in the same
way from columns 3 and 4 we have ¢?+e? = d?+ f2. From these two equalities
we infer d? = €? and ¢? = f%. From column 1 we see that 6 = 1 —a? —¢? —d?
and from column 3 that g2 = 1 —a? — ¢? —e?. But €2 = d?, therefore, b? = ¢2,
and A depends upon three parameters only.

We proceed with a discussion of all possible cases and subcases, directly based
on the equalities (1): ¢ = b2, (2): f2 = % and (3): €2 = d2.

Equality (1) yields the cases

1): g:+b,g#0ab7ﬁ0,
2): g:_bag#o’b¢07
3): g=b=0.

Likewise, equality (2) yields the cases

0): f=+e f#0,c£0,
b): f:—C,f?éO,C#O,
¢): f=c=0.

At last, equality (3) yields the cases

P): e=+d,e#0,d+#0,
N): e=—-d,e#0,d#0,
0): e=d=0.

These trichotomies are independent. Together they yield 3 = 27 mutually
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disjoint subcases, exhausting all possibilities. The subcases are readily de-
noted by laP (shorthand for 1 Na N P), 1aN,1a0, 1P, etc. We freely use
set-theoretic notation for unions and intersections of these cases.

An inspection shows that type-L matrices correspond to the cases 16P, 100,
1¢P, 1c0O, 3bP, 3b0, 3cP,3c0, and that type-R matrices correspond to the
cases 2aN, 2a0, 2¢N, 2¢O, 3aN, 3a0, 3¢N, 3cO. Case 3cO appears twice,
therefore we have 15 subcases which together correspond to SOUILLART ma-
trices. (Remark: the case 3¢cO corresponds to matrices which are of type L
as well as of R; only scalar multiples of the 4-by-4 identity matrix are both L
and R). We want to show that the remaining 12 cases are in fact impossible.
This is easily checked directly, but we may also proceed as follows:

Consider the combinations of the case unions 1U3:¢g =56,2U3: ¢ = —b,
aUc: f=cand bUc: f = —c. They are four in number. We express for each
of these four cases all inner products of all pairs of different column vectors of
Rin a,b,c,d,e. They equal zero because of the orthogonality of R. From this
we infer certain relations between a,b,c,d,e. Then we discuss the subcases
P, N, O induced by the equality e? = d2. These things are done in each of
the four cases. The results are as follows:

Case AA ::= 1laU3aUlcU3c,org=b, f=c:

a b —c —d

b a —-e -—c

k= ¢c e a -=b

d c b a
be=0Abd—-€e)=0Ac(d+e)=0 (5.1)

In subcase AA N P we have d + ¢ # 0, therefore by Eq. 5.1: ¢ = 0, therefore
AANP C BBNP. (BB : see below.) In subcase AAN N we have d — e # 0,
therefore by Eq. 5.1: b = 0, therefore AANN Cc CC N N. (CC : see below.)
The subcase AANO has as the only condition be = 0, therefore it is equivalent
to 3a0Q U3bOU1¢0U2¢0U3cO. This union contains type-L as well as type-R
matrices.
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Case BB ::=1bU3bU1cU3c,org=0b, f= —c:

a —=b —c¢ —d
b a -e c
k= c e a b
d —c b a
c(d—e)=0Abd—e)=0 (5.2)

The subcases BB N P and BB N O contain type-L matrices. In the sub-
case BB N N we have d — e # 0, therefore by Eq. 5.2: b = ¢ = 0, therefore
BBNN C CCN N, which contains type-R matrices. (CC : see below.)

With € = d we have

a ~b —-c¢ —-d
b a -d c
k= ¢c d a -b

d -c¢ b a

which is a type-L SOUILLART matrix.

Case CC :=2aU3aU2cU3c,org=-b, f=c:

a -b —-c¢ -d
b a —-e -—c
k= c e a b
d ¢ —b a
bd+e)=0Ac(d+e)=0 (5.3)

Like case BB above, the subcases CC N N and CC N O contain type-R ma-
trices, and in the subcase CC N P we have d + € # 0, therefore by Eq. 5.3:
b= c =0, therefore CCN P C BB N P, which contains type-L matrices.

With e = —d we have

a —b —c —d
b a d —c
k= ¢c —d a b
d c —-b a

which is a type-R SOUILLART matrix.
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Case DD ::=2bU3bU2cU3c,0rg=-b, f=—c:

a =b —c¢ —d
b a -—e c
k= ¢c e a b
d —¢c b
bc:OAc(d—e):OAb(d+e)=0 (5.4)

The subcase discussion is here nearly the same as for case AA. In sub-
case DD N N we have d — e # 0, therefore by Eq. 5.4: ¢ = 0, therefore
DDNN CCCNN. (CC : see above.) In subcase DDN P we haved+e # 0,
therefore by Eq. 5.4: b = 0, therefore DDN P C BB N P. (BB : see above.)
The subcase DDNO has as the only condition ¢ = 0, therefore it is equivalent
to 3a0 U 360 U 1¢0 U 2¢0 U 3c0. 1t is identical to the case AA N O above.

To summarise, we have distinguished two generic cases, namely the types
L and R SOUILLART matrices, and a lot of specific cases, which are all shown
to lead also to SOUILLART matrices. a

5.3 General 4D rotations

A well-known theorem of general finite-dimensional linear algebra states that
for N > 1 a rotation R of a real 2N- or (2N + 1)-dimensional vector space has
N mutually completely orthogonal invariant (but not necessarily point-wise
invariant) planes through the origin in each of which R acts as a plane rota-
tion. In the case of odd dimension R has furthermore a point-wise invariant
line through the origin.

As a consequence, a general rotation of Euclidean 4D space about a rotation
centre O has a pair of completely orthogonal invariant planes through O.

In this way we have an algebraic proof of the 4D rotation composition theorem
of Section 3.1.

According to the isoclinic composition theorem (Section 3.3) a general 4D
rotation is the product in either order of a left- and a right- isoclinic rotation.
In the present chapter we saw that left-isoclinic rotations correspond to quater-
nion left-multiplications p — qp (¢ € $3) and right-isoclinic rotations to
quaternion right-multiplications p — pg, (g € S°); we conclude that general
4D rotations are represented by p — qipq, (¢, ¢ € 52).






