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SUMMARY 

Fracture scaling of concrete under multiaxial compression 

The influence of specimen size on measured material properties in solid heterogeneous 
materials, such as concrete and rock, has been an issue of research and discussions for a 
few decades. A thorough understanding of the size effect phenomenon and the physical 
processes involved is imperative. An appreciable amount of experimental data on size ef-
fect can be found in literature, which mainly focuses on direct and in-direct tension, 
bending, and uniaxial compression. These data are used for developing and validating 
numerical material models of fracture and size effect. To date, however, only few and 
limited experimental data exists for size effect in the biaxial and multiaxial compressive 
regimes. 

Size effect experiments under multiaxial stress conditions require three-dimensional scal-
ing, which are experimentally challenging. For such experiments, the hollow-cylinder ge-
ometry lends itself for providing permutations of various multi-axial states of stress 
around its inner-hole depending on the stress path applied to its boundaries. Under ex-
ternal hydrostatic stress, it allows for a gradual and stable pre-peak failure development 
(in case of quasibrittle materials) across the wall thickness from the inner-hole outwards. 
Hollow-cylinder tests are commonly used in the oil and gas industry as model experi-
ments for perforation and wellbore stability studies. 

In this thesis, series of scaled hollow-cylinder tests were carried out on two model (ce-
ment-based) materials with varied maximum aggregate size. The objective of these tests 
was to enhance the knowledge about size effect and fracture processes in multi-axial 
compressive failure of quasibrittle materials. The focus was to get insight into the physi-
cal mechanisms underlying the observed size effect. In addition, the deformation behav-
iour and fracture characteristics were closely examined and analyzed. 

For this purpose, a high-pressure test cell was developed that enables testing of hollow-
cylinders with dimensions up to 200 mm outer-diameter and 300 mm length. The cell 
was equipped to accommodate smaller specimens in a size range 1:4. The set-up was 
supplemented with novel measuring device for monitoring the deformations taking place 
inside the inner-hole, both in radial and axial directions for all sizes. Impregnation ex-
periments were performed on all tested specimens using fluorescent epoxy resin. Ob-
tained crack patterns were examined using both optical microscopes and Environmental 
Scanning Electron Microscope (ESEM). 

 



vi Summary 

Numerical analyses using the distinct element program PFC2D were conducted in order 
to obtain a more thorough understanding of the phenomenon and experimental results. 
Modelling took place through firstly, developing a synthetic material that is calibrated 
for its (micro-) parameters using a set of laboratory mechanical tests. Afterwards, a 
model was developed to simulate the hollow-cylinder test in two-dimensions. Analyses of 
the hollow-cylinder test and its size dependence using the simulated model material and 
test procedure were performed. In addition, size effect simulations were performed for 
uniaxial compression and Brazilian splitting tests. 

Size effect was observed in the strength of the hollow-cylinders with a consistent de-cease 
of strength with size. The experimental/numerical results and the performed analysis re-
vealed the size effect in hollow-cylinder tests as a result of complex combination of struc-
tural factors (e.g. stress gradients), mechanical processes of failure including deformation, 
and material characteristics in terms of heterogeneity and fabric. Emphasizing only one 
factor in a model or hypothesis and neglecting others brings an error to the model, which 
could be significant. Observed size effect was dependent on aggregate size, being stronger 
for the mixture with smaller aggregate size. 

The onset of size effect in the experiments was observed linked to the commencement of 
nonlinearity in the stress-strain response. Microscopic examination of fracture processes 
at this stage showed small boundary cracks to exist with barely any crack interaction or 
propagation activities. This implies that material related factors contributing to onset of 
size effect should be linked to processes taking place at crack initiation, which are largely 
due to heterogeneity and distribution of defects. The predicted size effect according to 
Weibull theory described with reasonable success the obtained size effect trends near 
crack initiation levels. 

 

        Delft, December 2005 

        Ahmed S.K. Elkadi 

 

 



 

 vii 

SAMENVATTING 

Schaaleffecten bij breuk van beton onder meerassige druk 

De invloed van de grootte van het proefstuk op gemeten materiaaleigenschappen in vaste 
heterogene materialen, zoals beton en rots, is reeds tientallen jaren onderwerp van onder-
zoek en discussie. Een diepgaand begrip van het fenomeen schaaleffect en van de bijbe-
horende fysische processen is noodzakelijk. In de literatuur is een aanzienlijke hoeveel-
heid aan experimentele gegevens te vinden. Deze spitsen zich vooral toe op directe en in-
directe trek, buiging en eenassige druk. De gegevens worden gebruikt voor de ontwik-
keling en validatie van numerieke modellen voor breuk en schaaleffecten. 

Experimenten voor schaaleffecten bij meerassige spanningstoestanden vereisen een 
driedimensionale schaling; dit is experimenteel bezien een uitdaging. Experimenten met 
holle cilinders lenen zich voor dit doel; afhankelijk de van extern aangebrachte belastin-
gen kunnen uiteenlopende meerassige spanningstoestanden rondom de holte verkregen 
worden. Een externe hydrostatische druk maakt een geleidelijke en stabiele breuk-
ontwikkeling tot falen mogelijk (voor het geval van quasi-brosse materialen). Deze breuk-
ontwikkeling begint aan de holtezijde van de cilinder en plant zich over dikte van de van 
de cilinderwand voort. Experimenten met holle cilinders zijn gebruikelijk in de olie- en 
gasindustrie. Ze dienen als experimentele modellen in studies omtrent de stabiliteit van 
boorgaten en perforaties. 

In dit proefschrift worden verschillende series van schaalexperimenten met holle cilinders 
uitgevoerd. Hierbij zijn twee (cementgebonden) modelmaterialen gebruikt met een ver-
schillende grootste korrelafmeting van het toeslagmateriaal. Het doel van deze experi-
menten was het versterken van de kennis over schaaleffecten bij breuk van quasi-brosse 
materialen bij meerassige druk. De nadruk lag op het inzicht krijgen van de fysische 
mechanismen die ten grondslag liggen aan de gemeten schaaleffecten. Bovendien wordt 
het vervormingsgedrag en de breukkarakteristieken nauwlettend onderzocht en geana-
lyseerd. 

Met dit doel werd een drukcel ontwikkeld waarmee holle cilinders met een maximale di-
ameter van 200 mm en een maximale lengte van 300 mm onder hoge druk getest kunnen 
worden. De drukcel was zodanig toegerust dat de grootte van proefstukken kan variëren 
van 1:4. De proefopstelling was aangevuld met een nieuwe meeteenheid om de vervorm-
ingen aan de binnenzijde van de cilinder te registreren; de vervormingen werden voor alle 
afmetingen van de proefstukken zowel in radiale als in axiale richting gemeten. Op alle 
proefstukken werden experimenten uitgevoerd met impregnatie van een fluorescerende 
epoxyhars. De verkregen scheurpatronen werden onderzocht met zowel optische micro-
scopen als met een Environmental Scanning Electron Microscope (ESEM). 



viii Samenvatting 

Voor een meer diepgaand begrip van het fenomeen en de experimentele resultaten zijn 
numerieke simulaties met het “distinct element”-programma PFC2D zijn uitgevoerd. Het 
modelleren vond plaats door eerst uitgaande van een synthetisch materiaal en een bijbe-
horende reeks mechanische laboratoriumexperimenten de (micro-)parameters te kalibre-
ren. Hierna werd een numeriek model ontwikkeld om een experiment met een holle cilin-
der tweedimensionaal te simuleren. Er zijn numerieke analyses uitgevoerd voor de ex-
perimenten met de holle cilinders en het bijbehorende schaaleffect. Ook werden nu-
merieke simulaties uitgevoerd voor het schaaleffect bij eenassige druktesten en de Bra-
ziliaanse splijttesten. 

Voor de sterkte van de holle cilinders werd een schaaleffect waargenomen waarbij de 
sterkte consequent afnam met de grootte van het proefstuk. De experimenteel-numerieke 
resultaten en de uitgevoerde simulaties onthulden dat het schaaleffect in experimenten 
met holle cilinders het resultaat zijn van een complexe combinatie van structurele effec-
ten (zoals bijvoorbeeld een verlopende spanning), mechanische breukprocessen, inclusief 
vervormingen, en materiaalkarakteristieken in termen van heterogeniteit en structuur. 
Het benadrukken van slechts een van deze factoren in een model of hypothese en het 
verwaarlozen van de andere factoren leidt tot fouten; deze fouten kunnen significant zijn. 
Het waargenomen schaaleffect was afhankelijk de korrelafmeting van het toeslagmate-
riaal, waarbij een kleinere korrelafmeting leidt tot een grotere sterkte. 

Het is waargenomen dat de aanzet van schaaleffecten in de experimenten gekoppeld was 
met het begin van niet-lineariteit in het spannings-rekgedrag. Microscopisch onderzoek 
van het breukproces in dit stadium toonde het bestaan van kleine oppervlaktescheuren 
die nauwelijks interactie hebben of scheurgroei vertonen. Dit betekent dat de factoren die 
aan het materiaal gerelateerd en welke bijdrage aan de aanzet van schaaleffecten gekop-
peld moeten worden aan processen rondom scheurinitiatie; deze worden voornamelijk 
bepaald door heterogeniteit en de verdeling van defecten. De voorspelling van het 
schaaleffect volgens de theorie van Weibull beschrijft met redelijk succes de waargenomen 
tendensen in het schaaleffect in het stadium van scheurinitiatie. 

 

Delft, december 2005 

Ahmed Said Kamal Elkadi 
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Chapter 1 

INTRODUCTION 

1.1 GENERAL 

The work reported in this thesis was formulated as a subproject in the research pro-
gramme ‘A Combined Experimental and Numerical Approach to Crack Propagation in 

Concrete and Rock’. The programme is primarily financed via grants form the Dutch 
Technology Foundation (STW-DCT3923) and the Research School Structural Engineer-
ing (OSBOUW). The goal of this research project is to develop a rational procedure for 
the determination of material parameters, which would enhance the predictive capabili-
ties of numerical models concerned with cracking in quasibrittle materials such as con-
crete and rock. Phenomena like the size effect that is commonly observed in fracture ex-
periments and strength tests ought to be inherent in these models as well. In this con-
text, the development of accurate experimental procedures for providing the necessary 
material parameters undertakes an important role. The experiments are thought to con-
sider realistically the complex and various loading conditions that exist in real concrete 
and rock structures. The current subproject was intended to experimentally study the 
size/scale effect in thick-walled hollow-cylinder tests. 

Size effect is a salient property of fracture of quasibrittle heterogeneous materials such as 
concrete and rock. An appreciable amount of experimental data on size effect can be 
found in literature, which mainly focuses on direct and indirect tension, bending, and 
uniaxial compression. These data are used for developing and validating numerical mate-
rial models of fracture and size effect. To date, only few and limited experimental data 
exists for size effect in multiaxial compressive fracture of concrete and rock. The effect of 
confining pressure on the size-strength relations and fracture propagation is missing sub-
stantial experimental background. Conversely, most of the loading states of concrete and 
rock structures lie in the biaxial and triaxial compressive domains, e.g. stresses around a 
wellbore, and therefore the importance for quantifying size effects in this loading range. 
In this perspective, a thorough understanding of the size effect phenomenon and the 
physical processes involved is imperative. Laboratory experiments using model openings 
such as scaled hollow cylinders are suited for such an investigation. The hollow cylinder 
geometry lends itself for providing permutations of various multiaxial states of stress 
around its inner-hole depending on the stress path applied to its external boundaries. 



2 Introduction 

In the oil and gas industry, stress induced instabilities of wellbores are of great economic 
significance. The concern is due to the increase in drilling horizontal and deviated wells 
in unique geological environments as well as drilling intricate hydrocarbon reservoirs, 
which follow the quest for new energy resources. Difficult reservoirs include for instance, 
unconsolidated or poorly consolidated sediments, shales, complex geometries, and over-
pressured or naturally fractured reservoirs. A wellbore is a particular type of excavation 
considering the various loads involved, including in-situ stresses, drilling fluid pressure, 
temperature induced forces, and mechanical work, which create conditions for rock fail-
ure that are different from those in other types of underground openings. Therefore, 
unlike other types of excavations, the state of stress in the rock adjacent to a wellbore is 
highly indeterminate. In terms of failure, quasi-brittle rocks, e.g. sandstones, at moderate 
or no drilling fluid pressure commonly fail in the form of an enlargement of the size of 
the wellbore. Furthermore, the failure mechanism and failure strength are observed to be 
size dependent in laboratory model tests, hollow-cylinders. This size/scale effect renders 
difficult the extrapolation of small-scale laboratory tests to large field-scale wellbores. 

 

1.2 RESEARCH OBJECTIVES 

The purpose of this study is twofold. Firstly, to experimentally investigate the size/scale 
effect on strength in hollow-cylinder tests. The three-dimensional size effect experiments 
performed in this research are thought to enhance the knowledge about size effect in 
multiaxial compressive failure of quasibrittle materials. Moreover, the effect of material 
heterogeneity, represented by the maximum aggregate size, on size effect and fracture 
behaviour is examined. Structural effects from test geometry and set-up are to be evalu-
ated and considered as well. Secondly, to gain more understanding of the mechanical and 
fracture behaviour of weak rock-like materials under simulated in-situ conditions as those 
encountered during drilling for oil and gas. It is intended that this understanding include 
the deformation and strength characteristics of those materials under non-uniform stress 
state; provided by the hollow-cylinder geometry, and the observation of their failure 
mechanisms under these conditions. 

This research is a fundamental investigation into the size effect and fracture behaviour of 
weak quasibrittle materials subject to multiaxial compressive stresses. The results are be-
lieved of interest to many disciplines including, concrete fracture mechanics, petroleum 
engineering, and geomechanics. However, as inherent to any experimental investigation, 
certain boundary conditions are applied in the experimental design that ought to be con-
sidered in view of the applicability of results. Those employed in this research could be 
outlined as follows: 

− Axisymmetric cylindrical openings are considered (thick-walled cylinders). 

− Hydrostatic external pressure with zero inner-hole pressure is applied. 

− Weak quasibrittle (cement-based) materials are tested. 

− Tests are performed under normal temperature conditions (±20° C). 
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1.3 RESEARCH APPROACH 

A combined experimental and numerical programme was introduced in order to achieve 
the abovementioned research goals. In view of that, two main aspects could be distin-
guished in the research methodology of this thesis: 

1– Carefully designed laboratory experiments simulating as closely as possible the fun-
damental processes encountered in real structures. 

2– Modelling and numerical simulation of the underlying mechanical processes with re-
spect to size effect and failure. 

The experiments are conducted on scaled thick-walled cylinders from tailored quasibrittle 
materials. Mixtures of similar qualities and differing maximum aggregate size (namely, 
2 mm and 4 mm) were investigated. This is to account for the influence of the heteroge-
neity of the material on size effect and fracture behaviour. Next, the main characteristics 
of this experimental work are outlined: 

− Development of synthetic quasibrittle model materials. 

− Characterization of the developed materials through uniaxial compression, triaxial 
compression, and Brazilian splitting tests. 

− Development and debugging of a high-pressure test cell for the size effect tests. 

− Conducting size effect experiments on specimens from the designed mixtures. 

− Performing verification experiments to clarify the influence of both structural effects 
and intrinsic material factors thought to affect the results of the size effect experi-
ments. 

− Impregnation experiments are then utilized to preserve the fracture patterns ob-
tained after the size effect experiments. 

− Finally, post-mortem examination of the fractured specimens took place using both 
optical microscopy and scanning electron microscopy techniques. 

Numerical tools were employed in designing the experiments at different stages and in 
analyzing their outcome. Non-linear Finite Element (FEM) simulations were utilized in 
the experimental design phase to elucidate some possible effects from the test set-up and 
applied boundary conditions. Important factors considered were, end effects, load con-
figuration, thickness of the rubber sleeve that separates the specimens from the pressur-
izing oil, and stress path. Moreover, Distinct Element (DEM) analyses were carried out 
using the Particle Flow Code (PFC2D) in order to improve the understanding and inter-
pretation of the experimental results. This mesoscopic modelling approach was consid-
ered useful in explaining the experimental observations in terms of fracture processes due 
to its large-deformation capacity and unrestricted crack-nucleation capability. The mod-
elling scheme pursued in this approach comprised the following main steps: 

− Develop a numerical model-material with desired macro-parameters through an it-
erative calibration procedure using laboratory mechanical test results. 

− Parameter study for the influence of model-parameters on the analysis outcome. 

− Development of model assemblies in order to simulate the experimental tests; uniax-
ial and triaxial compression, splitting tensile, and hollow-cylinder. 

− Interpretation of the results of simulations in comparison with experiments. 



4 Introduction 

1.4 OUTLINE AND CONTENTS OF THE THESIS  

This thesis comprises eight chapters, which describe the work and results carried out in 
this study. The structure of the thesis is shown graphically in Figure 1.1. 

In Chapter 2, a literature survey is presented to establish the current state of under-
standing and theoretical background of the main aspects of this research. A comprehen-
sive description of the compressive failure process in concrete and rock is given. The fac-
tors affecting this process are highlighted such as confinement, aggregate size of the ma-
terial, and aggregate concentration. The size effect phenomenon is then introduced with 
a focus on the current state of knowledge regarding size effect in compressive failure. Fi-
nally, the wellbore stability problem is reviewed. 

Chapter 3 presents the development process of the two model-materials used for testing. 
Moreover, a description of the materials and their behaviour are given. The description 
concerns the meso-structure of the materials as well as their physical and mechanical 
properties. The behaviour relates to mechanical performance and fracture behaviour un-
der various loading conditions such as uniaxial compression, triaxial compression, and 
Brazilian splitting.  

Chapter 4 describes in detail the experimental facilities and adapted experimental tech-
niques. The construction of the hollow-cylinder test cell is explained. Furthermore, meas-
urement devices, data acquisition, and test control are described. The sample manufac-
turing and preparation for testing is explained as well. Thereafter, the verification ex-
periments are presented with emphasis on specimen homogeneity and isotropy, end ef-
fects and effect of test boundary conditions. Later, the size effect test procedure is de-
scribed with focus on stress path, and testing scheme. Finally, the impregnation experi-
ments and the adapted post-mortem techniques are highlighted. 

In Chapter 5, the results of the scaled hollow-cylinder experiments are given. The stress-
strain behaviour and size effect in the failure process of the two tested mixtures are ac-
centuated. The other emphasis of the chapter is put on the failure mechanisms and frac-
ture patterns during the hollow-cylinder tests for the different specimen sizes from both 
materials. 

Chapter 6 deals with the numerical meso-mechanical modelling using the distinct ele-
ment code PFC2D. First, the concept of the distinct element method and model used is 
introduced. The modelling procedure is then described with emphasis on model prepara-
tion, calibration processes, and parameter study. The hollow-cylinder test is then ana-
lyzed using the developed model. Moreover, the suitability of the model to predict size 
effects is thoroughly investigated. 

Chapter 7 presents a synthesis for both the experimental observations and numerical 
outcome. A detailed interpretation of the various processes engaged in the experimental 
observations of size effect is illustrated. Attention is paid to both structural and statisti-
cal aspects as well as the onset of size effect. Moreover, a phenomenological model is de-
veloped and presented regarding the failure mechanism in hollow-cylinders, which ac-
counts for the effect of specimen size and heterogeneity. The wellbore stability problem is 
analyzed in view of the hollow-cylinder test results. The results are interpreted using 
commonly used constitutive models and failure criteria to examine their validity against 
the experimental results. Furthermore, numerical results concerning failure mechanisms 



1.4 Outline and contents of the thesis 5 

and stress-strain response from the hollow-cylinder simulations are compared with data 
from experiments.   

Finally, Chapter 8 summarizes the major results and findings obtained in this study. The 
need for further research into certain aspects of the problem is suggested. 

 

Background

Groundwork

Core work

Chapter 1.

Introduction

Chapter 2.

State of the art

Chapter 3.

Material development

Chapter 4.

Experimental setting

Chapter 5.

Experimental results: Analysis

Chapter 6.

Micromechanical modelling

Chapter 7.

Synthesis

Chapter 8.

Conclusions & Recommendations

Background

Groundwork

Core work

Chapter 1.

Introduction

Chapter 2.

State of the art

Chapter 3.

Material development

Chapter 4.

Experimental setting

Chapter 5.

Experimental results: Analysis

Chapter 6.

Micromechanical modelling

Chapter 7.

Synthesis

Chapter 8.

Conclusions & Recommendations

 

Figure 1.1: Outline representation of the structure of this thesis. 



6 Introduction 

1.5 SIGN CONVENTION 

Compressive stresses are reckoned positive throughout this thesis. Likewise, strains are 
regarded positive when they are contractile and negative when they are extensile. All pa-
rameters used are presented in SI units. A list of symbols with units and abbreviations is 
included at the end of this thesis. 

 

 



 

 7 

Chapter 2 

SCALING OF COMPRESSIVE FRACTURE 

In this chapter, a brief review is attempted regarding size effect and compressive failure 
in quasibrittle materials such as concrete and rock. Attention is given to stress-strain re-
sponse and cracking behaviour under uniaxial and multiaxial compressive loading. Some 
focus is provided for the influence of meso-scale material structure such as aggregate size 
and grain density on the overall behaviour. The size effect phenomenon in the compres-
sive domain is discussed afterwards with outline of related theories and models. Finally, 
the hollow-cylinder test is presented regarding stress and strain distribution, failure be-
haviour, and observed size dependency. 

2.1 MATERIAL STRUCTURE AND OBSERVATIONAL SCALE 

In order to gain a better understanding and more realistic description of the complex be-
haviour of composite materials such as concrete and rock core, their heterogeneous struc-
ture should first be comprehended. It is thus sensible to classify the material structure 
based on a multi-scale observational level of heterogeneity. In contemporary concrete 
fracture research, it is common to adapt a three-level approach; presented first by Witt-
mann (1983), which distinctly defines micro-, meso-, and macro-scales. This concept pro-
motes a multi-scale modelling approach of the material’s constitutive behaviour. More-
over, the interaction between material constituents at one scale and its impact on ob-
served material behaviour at one higher scale could be established. To illustrate this con-
cept, a cascade plot is presented in Figure 2.1, which incorporate the three-scales and 
their mutual interaction. In the figure, it is indicated that knowledge about material 
structure and its interaction at one scale aggregates necessary information to explain ob-
served material behaviour at one scale higher. In turn, the feedback from a higher-scale 
to one scale below would represent the imposed extrinsic factors or boundary conditions. 
The horizontal scale in Figure 2.1 represents the phenomena that takes place and could 
be either intrinsic or extrinsic processes of mechanical, chemical, physical, or combined 
nature, e.g. cement hydration and size effect. The vertical scale describes the spatial 
scale, which distinguishes the evolution of observational scale. 
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Figure 2.1: Cascade plot illustrating the three-levels of scale in concrete. 

In this classification, the micro-scale covers the physical and chemical processes from the 
atomic level of cement and aggregate grains (10-8 m) to un-hydrated cement grains and 
portlandite (10-3 m). The meso-scale is that of individual fine and coarse aggregates as 
well as relatively large air voids (10-3–10-1 m). The macro-scale assumes a homogenous-
continuous material structure and ranges from the scale of laboratory specimens (10-1 m) 
to the scale of buildings and structures (100–10+3 m). This study focused mainly on proc-
esses at the meso- and macro-scales with links established to the micro-scale when neces-
sary. 

2.2 COMPRESSIVE STRENGTH 

2.2.1 Stress-strain relation 

When discussing mechanical strength of concrete or rock materials, structural and ge-
omechanical engineers generally refer to the uniaxial compressive strength (fc or UCS) 
measured through testing an intact rock or a plain concrete specimen. This attributes 
largely to a fact that the majority of concrete structures are subject to compressive 
stresses and that large compressive fields exist within the rock mass and around under-
ground structures e.g. tunnels and deep boreholes. In addition, until recently it was 
thought easier to conduct uniaxial compression tests as compared with tensile or bending 
tests. Contemporary experimental research on compressive failure of concrete (Van Mier, 
1984; Vonk, 1993), however, have elucidated that a stress-strain curve of concrete is not 
a material property, but a mix of structural and material behaviour. Much attention 
should be paid to factors such as end conditions, specimen size and shape effects when 
performing compression tests. 
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Figure 2.2: Schematised stress-strain response of concrete and rock in uniaxial compression 

The uniaxial compressive strength is determined during a uniaxial compression test 
where a representative specimen, in terms of shape and size, is axially compressed while 
recording its load-axial deformation response. This observed load-deformation behaviour 
is then translated to a stress-strain curve, which is commonly considered as an essential 
input parameter in most of the current standards and design codes, e.g. Finite Element 
design packages. In Figure 2.2, a typical stress-strain curve for concrete and rock is sche-
matised, which could be obtained from a deformation-controlled uniaxial compression 
test. Generally, it is well established that this stress-strain curve can be subdivided into 
several characteristic regions (I-VI in Figure 2.2). These regions represent the stages dur-
ing the specimen’s failure process. Those suggested stages (regions) could be summarized 
as follows (e.g. Bieniawski, 1967): 

− Region I: closure of pre-existing cracks (in rocks) producing an inelastic, concave-
upward stress-strain section. This region is observed in rock, whereas in concrete the 
stress-strain curve in this section is more or less straight. This could be due to the 
denser nature of normal strength concrete as compared to sedimentary rocks with 
probably less defects and flaws in the initial state prior to loading. 

− Region II: a nearly linear elastic relation between the axial stress and both the axial 
and the lateral strains. The end of this region represents the initiation of new micro-
cracks accompanied by an increase in the lateral strain rate relative to the axial 
strain rate (increase in Poisson’s ratio). 

− Region III: crack growth and sliding on existing crack interfaces. The crack propaga-
tion in this region is considered ‘stable’. The end of this region indicates a rapid in-
crease in the micro-crack density and the end-point corresponds to the onset of 
nonlinearity termed as “yield point” in rock literature. 

− Region IV: unstable fcrack propagation where a system of intersecting, coalescing 
cracks is developed. Rapid increase in the micro-crack density up to many folds at a 
stress level 75-90% of the peak stress. The end of the region represents the peak 
stress corresponding to a strength failure. 

− Region V: formation of a macroscopic fracture plane accompanied by a drop in the 
load bearing capacity. This process is known as softening. 

− Region VI: sliding along macroscopic fracture planes with increasing deterioration 
and crushing accompanied by friction and interlocking between the cracked sections. 
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The material may still possess load-carrying capacity, referred to as the residual 
strength. 

The stress-strain response in Figure 2.2 characterizes the macro-scale behaviour in labo-
ratory scale specimens when subject to a uniaxial compressive stress. Processes occurring 
at the meso- and micro-scales are of significant impact on this behaviour. In addition, 
external factors such as type of loading, rate of loading, structural effects, temperature, 
and time dependency are of notable effect. This complexity and ambiguity of the stress-
strain behaviour triggered many researchers to try understanding and clarifying these 
observations. To our interest, the effect of the type of loading together with meso-scale 
material structure and fracture processes are to be further discussed in the following sec-
tions. Extensive information on factors influencing stress-strain behaviour of concrete 
and rock under compressive loading and a more comprehensive review are referred to in 
the literature (e.g. Paterson, 1978; Jaeger and Cook, 1979; Hoek and Brown, 1982; An-
dreev, 1995; Van Mier, 1997). 

Under compressive loading, elastic deformation is usually limited to the first 40% of the 
maximum applied load. Cracks develop progressively as the material is loaded above this 
level and at higher loads, time dependent crack interaction and coalescence become in-
creasingly more important. Albeit the load carrying capacity may decrease considerably 
with deformation in the post-peak region (i.e. material softens), behaviour in this phase 
can be critical to the overall performance of rock or concrete structures in practice. If 
lateral deformations are inhibited through confinement, the peak load is increased and 
the rate of softening will be decreased. Under sufficient lateral constraint, softening may 
change to hardening and the load will continue to increase (higher bearing capacity) 
rather than decrease. 

2.2.2 Influence of confinement 

In general, compressive strength and strain capacity of concrete and rock materials in-
crease under confinement. When confining pressure is applied simultaneously with axial 
pressure, the material becomes subject to a biaxial or multiaxial stress state and a divi-
sion of these stresses into two parts is commonly considered useful (Goodman, 1980). 
First part is a mean stress (

m
σ ) known as the hydrostatic stress, which is equal compres-

sion applied in all directions. The other part is a deviatoric stress (
dev

σ ), which is the 
normal and shear stress remaining after subtracting a hydrostatic stress from each nor-
mal stress component. A motivation for this is that deviatoric stresses produce destruc-
tion to the material with shape change, whereas non-deviatoric (hydrostatic) stresses 
generally result in volume change/compaction. 

Under hydrostatic compression, first, bulk material compression consisting of pore de-
formation and grain compression takes place at an almost linear rate. The slope of the 
hydrostatic pressure-volumetric strain curve is known as the material‘s bulk modulus 
(see Figure 2.3a). Further, an increasing deformation occurs with hardly increasing the 
stress, which is generally explained by pore collapse. The level of pressure where pore 
collapse occurs is highly dependent on the structure of the material in terms of its poros-
ity. Finally, when all of the pores are closed (locking), grain compressibility takes place 
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Figure 2.3. (a) Volumetric compressive response under increasing hydrostatic pressure. (b) Con-
fined triaxial compression tests (

2 3
σ σ= ) for concrete (After Jamet et al., 1984). 

and the bulk modulus becomes progressively higher. Burlion et al. (2001) performed 
compaction tests on mortar and reported a coupling between the hydrostatic and devia-
toric responses with the former being largely influenced by the latter  

Applying a deviatoric stress would generally produce the material response discussed in 
§ 2.2.1, which is applicable for uniaxial compression and multiaxial compression under 
low confinement levels. As confinement increases, depending, among others, on the struc-
ture of the material (dense or porous), the strength and strain at peak stress substan-
tially increases. This strengthening is accompanied by a transition in the behaviour of 
the material in a process known as the brittle-ductile transition. At certain pressure, the 
brittle-ductile transition pressure, the material behaves fully plastic with continued de-
formation without any increase in the stress (expected between 25 and 50 MPa in Figure 
2.3b). Afterwards, hardening takes place with an increase in stress with increasing de-
formation. In rocks, the transition pressure is generally observed at 

3 1
/σ σ  

(σ1=maximum principal stress and σ3=minimum principal stress) approximately 
equals 0.30 depending on the rock type (Paterson, 1978). For normal strength concrete, a 
ratio equals 0.20–0.25 is commonly reported (Van Mier, 1997). For fine-grained dense 
materials, the transition is observed at higher pressures as compared to porous coarse-
grained materials. For the majority of concrete structures and near surface rock con-
structions, reaching high levels of confinement close to the brittle-ductile transition and 
higher might not be feasible. However, other structures such as deep mines or deep bore-
holes are subject to high pressures, hence consideration of transition pressures and be-
yond would be of relevance. 

In the above discussion, the effect of confinement is treated in a more general sense and 
largely based on experiments from standard triaxial experiments on cylinders. In such 
experiments, confinement is applied through pressurising a fluid around the cylinder’s 
circumference with 

2 3
σ σ=  (σ2 =intermediate principal stress), which is in reality a bi-

axial state of stress. A true triaxial stress state, also known as the ployaxial stress state, 
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would be the case if 
1 2 3

σ σ σ≠ ≠  and is experimentally obtained by loading a rectangu-
lar parallelepiped or a cube across its three pairs of mutually perpendicular surfaces or in 
hollow-cylinder tests. True triaxial testing enables identifying the influence of intermedi-
ate and minor principal stress, load-path, and strength anisotropy on the stress-strain 
behaviour of the material. The influence of the intermediate principle stress has been a 
controversial matter in the field of rock mechanics for quite some time. Recently, it be-
came obvious that 

2
σ  would influence the strength of the material under controlled test 

conditions with minimal end effects resulting, generally, in an increase in peak stress. 
Van Mier (1984), carried out stable displacement-controlled true triaxial tests on normal 
strength concrete cubes to investigate, among others, the influence of 

2
σ , 

3
σ , and 

strength anisotropy on the stress-strain behaviour. From his results, at a constant stress 
ratio 

3 1
/σ σ =0.05, and varying ratio of 

2 1
/σ σ , a clear strengthening effect was observed 

with increasing 
2

σ  in terms of peak stress and strain capacity. A strengthening of the 
peak stress of about 2 times was observed for a 

2 1
/σ σ  ratio between 0 and 0.33 (Figure 

2.4). More remarkable was the post peak response, where he observed that specimens 
tested under a stress configuration close to the compressive meridian, i.e. 

2 3
σ σ=  (test 

with 
2 1
/σ σ =0.10 in the figure), were behaving more ductile as compared to other stress 

configurations. Similarly, the effect of intermediate principal stress has been reported in 
rock mechanics (Mogi, 1967). Moreover, it is observed that under constant σ3, increasing 
σ2 increases the value of σ1 at failure, but only up to a point. Further increase in σ2 after 
this point results in either constant or slightly decreasing σ1 with the latter more pro-

nounced at low σ3 levels (Takahashi and Koide, 1989). It is reported that the point where 

the effect of σ2 diminishes or reverses occurs roughly at 
2 1
/σ σ =0.5 for a wide variety of 

sedimentary rocks. 
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Figure 2.4: Effect of intermediate principal stress in triaxial constant stress-ratio tests on concrete 
with σ3/σ1=0.05 and σ2/σ1=0, 0.10, and 0.33. (After van Mier, 1984). 
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2.2.3 Influence of material structure 

Heterogeneity of concrete constituents could possibly be best described in a three-phase 
system consisting of hardened cement-paste, aggregates, and interface between aggre-
gates and cement-paste known as the Interfacial Transition Zone (ITZ). The hardened 
cement-paste and part of the fine aggregates constitute together what is termed as ce-
ment-matrix. The ITZ, established to be the weakest link in concrete, has a typical 
thickness of 20 to 60 µm, but depends largely on the aggregate type, among others. The 
ITZ is characterized by a clearly open structure with severe porosity gradient, being 
higher close to aggregate contacts. The influence of the ITZ on the compressive strength 
is less than on the tensile strength, but measurable effects still exist in the order of 10 to 
15 % of the compressive strength. According to Mindess et al. (2003), the properties of 
the ITZ does affect the compressive response of concrete, but it is overshadowed by the 
properties of the cement paste and aggregate constituents of concrete and the heteroge-
neous nature of the composite. 

Regarding the aggregate size, as the maximum aggregate size (dmax) increases, for given 
cement content and w/c ratio, the higher the localized stress concentrations leading 
eventually to strength decrease. Under compressive loading, localized stresses and strains 
around aggregates are observed, using photo-elastic coatings on the surface of concrete 
specimens, in the order of 2 and 4.5 times the average values from nominal applied 
stresses and strains, respectively (Mindess et al., 2003). However, the w/c ratio has a 
measurable effect on the influence of dmax on compressive strength. Experimental results 
also suggest an increase in the elastic modulus of concrete under compression with in-
creasing dmax (Issa et al., 2000). With regard to material softening, the aggregate size in-
fluences the post-peak material behaviour in both tension and compression by altering 
the contribution of the various toughening mechanisms active in the region. This reflects 
in the value of the residual strength, which mainly depends on these mechanisms. 

In rocks, much finer aggregates are available, yet a dependence on the grain size has 
been observed as well. Eberhardt et al. (1999), reported an inverse relation between grain 
size and strength and Young’s modulus in three crystalline rocks under uniaxial compres-
sion. He reports also that increasing grain size reduces the crack coalescence and propa-
gation threshold, whereas little or no influence on crack initiation thresholds. The de-
creasing strength of these rocks with grain size, therefore, seems due to lower coalescence 
stresses rather than inducing earlier crack initiation. 

Aggregates make up 60–80% of the concrete volume and thus of noticeable contribution 
to its mechanical behaviour. Aggregate concentration by volume could be of an influence 
in determining concrete strength. This is shown for tensile loading by Prado and Van 
Mier (2003) in numerical lattice analyses of a three-phase particle model. Tasdemir and 
Karihaloo (2001), found the compressive strength of concrete to decrease with an in-
crease in the aggregate volume fraction up to a ratio of 0.5 and remains practically con-
stant afterwards. On the other hand, they showed the modulus of elasticity and the split-
ting tensile strength to increase with the aggregate volume fraction. Wittmann et al. 

(1993), however, showed experimentally that a critical threshold exists for aggregate con-
tent in mortars (2 mm maximum aggregate size), after which, sudden decrease in the 
elastic modulus arises. Most of the cited literature on the effect of aggregate volume 
tends to support the fact that strength decreases with an aggregate volume increase. 
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2.3 COMPRESSIVE FRACTURE IN CONCRETE AND ROCK 

2.3.1 Crack initiation 

It is rather established that the basic crack initiation mechanism in heterogeneous multi-
phase systems such as concrete and rock is tensile or extensile (Slate and Hover, 1984; 
Einstein and Dershowitz, 1990). This is regardless of the macroscopically applied stress, 
whether being of compressive or tensile nature. In compression, the cracks nucleate at 
initial material defects, such as grain boundaries or crack-like low aspect-ratio cavities. 
When no lateral restraint is present, these (micro)cracks are observed almost parallel to 
the direction of maximum compression. The micro-mechanism responsible for the forma-
tion of these cracks is not fully understood. In concrete and rock, (micro)cracks or crack-
like voids do exist in the material prior to the application of external load, which are 
primarily bond cracks (as shown by e.g. Hsu et al., 1963). Several other processes are 
known that promote microcrack initiation by mechanical loading. Most recognized are 
stress concentrations in the neighbourhood of grain boundaries and cavities and the elas-
tic mismatch between different material phases. 

         
  (a) (b)  (c) 

Figure 2.5: (a) Example of bond crack-pattern found in concrete from a polished specimen sur-
face with cracks enhanced by thicker black line. The section is horizontal and perpendicular to 
compressive load on a 10 cm diameter cylinder at pre-load state (zero strain). (After Hsu et al. 
1963). Particle interactions under (a) uniaxial and (b) biaxial compression. 

2.3.2 Crack growth and interaction 

Given the existence of microcracks in the material prior to loading, it is important to 
understand how they respond to stress changes. Crack growth, coalescence, and interac-
tion with other cracks are responsible for failure. In compression, a distinction between 
hydrostatic and deviatoric stresses is convenient for their differing impact on crack proc-
esses. Hydrostatic compression likely decreases the magnitude of stress concentrations 
near crack tips and increase frictional resistance between contacting crack surfaces. This 
results in an increase in the stress requirements for crack propagation and makes crack 
interaction less favourable. It is generally considered that hydrostatic compression should 
have no significant effect on crack nucleation, yet will inhibit crack growth and interac-
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tion activities (Kranz, 1983). Deviatoric stresses on the other hand are responsible for 
crack processes observed in compression tests. This is due to a microscopically complex 
stress state that result from the differential stress condition applied on specimen bounda-
ries. Under these conditions crack coalescence and interaction mechanisms are more fa-
vourable. 

Laboratory testing on rocks subjected to differential compression have revealed many dif-
ferent mechanisms for extensile crack growth, including pore crushing, sliding along pre-
existing cracks, elastic mismatch between grains, dislocation movement, and hertzian 
contact (Kemeny and Cook, 1991). They assert that because of the similarity in rock be-
haviour under compression in a wide range of rock types, it is not surprising that micro-
mechanical models have many similarities and this may explain the success of models 
based on certain micro-mechanisms (such as the sliding crack and pore models) in spite 
of the lack of evidence for these mechanisms in microscopic studies. Einstein and Der-
showitz (1990), in an experimental/theoretical study report that three types of cracks are 
associated with fracturing in compressive stress fields. Namely, individual tensile frac-
tures, tensile fractures connecting to shear fracture, and directly created shear fractures. 
Tensile fractures upon stress increase coalesce to form shear fractures ‘en echelon’ or are 
connected by shear fractures.  

In concrete, similar mechanisms are recognized and several studies have contributed to 
the understanding of fracture mechanisms of concrete under compression. In this, the 
structure of concrete is commonly assumed to resemble that of a particulate granular 
material, e.g. sands, with cohesion. The particles made to represent the various material 
phases like cement and aggregates (Figure 2.5b). Slate and Hover (1984), Vonk (1993), 
and Van Mier (1998), among others, discuss possible failure mechanisms under compres-
sion in view of this aforementioned particle representation of concrete. Characteristic for 
concrete is the relatively weak ITZ that acts as favourable site for crack nucleation. If a 
particle stack is assumed to represent a concrete structure subject to uniform compres-
sive field, upon loading stress concentrations will appear and the weak bonding (ITZ) 
will lead to interfacial cracks. At higher stresses, more cracks are formed and existing 
cracks start to grow around aggregates. This is associated with region III in Figure 2.2, 
§ 2.2.1. In region IV, new cracks appear through the mortar (cement-matrix), which are 
regarded as ‘unstable’ meaning that the energy release rate exceeds the crack resistance. 
At this stage, failure would proceed without load increase and crack interaction takes 
place. At further stress increase, more mortar cracks develop and further crack coales-
cence and interaction occur. At this stage dilation or increase of volumetric strain is re-
corded. In this case, crack propagation is hindered or completely prevented when the 
crack tip meets an aggregate, a void, or when cracks run into areas of lower stress or 
higher strength. 

Under uniaxial compressive loading conditions with free (low-restraint) end-conditions, 
axial splitting cracks are expected that run parallel to the direction of the maximum 
stress. With the application of confinement (biaxial or triaxial), a counteracting force de-
velops against the compression induced splitting mechanism. This results in higher local 
splitting strength of the material, which in turn reflects on the material’s macroscopic 
strength. This simple mechanism could be applicable for crack initiation mechanisms ob-
served in multiaxial compression. Crack growth and interaction, however, is more com-
plex when compared with uniaxial compression. In this case, depending on the stress 
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path and stress ratio, failure mechanisms are observed that range from uniaxial splitting 
cracks to discrete inclined shear cracks. Van Mier (1984), discusses failure under multiax-
ial stresses from his experimental results and graphically presents an overview of differ-
ent failure modes observed (Figure 2.6). 
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Figure 2.6: General overview of failure modes under multiaxial stress (After van Mier, 1984). 

2.4 THE SIZE EFFECT PHENOMENON 

A characteristic of quasibrittle materials is the dependence of their mechanical proper-
ties, stiffness and strength, on the size or volume of tested specimens. This phenomenon 
is known as scale or size effect. Differentiation between size and scale effects was intro-
duced with developments in fracture mechanics with the former related to the represen-
tative volume element of material and supposed to vanish once this volume has been 
reached. In this context, scale effects describe the Weibull type statistical volume effect 
due to the fact that with increasing volume the number of weak spots in the material in-
creases. For three-dimensional size effect investigations as pursued in this study it is real-
istic to define both scale and size effects in unison as the variation of material parame-
ters with the material volume and is followed henceforth. 

Curiosity about size effect could be traced back to work from Leonardo da Vinci in the 
sixteenth century and Galileo Galilei a century after (see Bazant, 2002, for more detailed 
historical review on size effect). Over the last three decades, numerous studies concerning 
size effect have been performed on concrete using various specimen geometries and load-
ing configurations. Main focus of these tests was uniaxial tension and three-point and 
four-point bending testing. With less intensity, tests have been performed using Brazilian 
splitting tensile and uniaxial compression (centric and eccentric) tests (Rilem, 2004). 
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Much of these tests were conducted to try verifying size effect models such as the Size 
Effect Model (SEL) from Bažant and co-workers (Bazant, 1984, 1999) and the Multi-
Fractal Scaling Law (MFSL) from Carpinteri and co-workers (Carpinteri and Chiaia, 
1995; Carpinteri et al., 1995). These models are of phenomenological nature and must be 
fitted to experimental data for different material types, specimen geometry, and test 
type. Peculiarly, no test data are reported in literature regarding size effect under biaxial 
and multiaxial loading types despite their vital constitutive role for the behaviour of real 
structures. This is except few size effect tests on hollow-cylinder specimens of rock mate-
rials, which are representative for multi-axial compressive state of stress (§ 2.5). 

Compression failure of quasibrittle materials, similar to tensile failure, exhibits size effect 
on strength and failure characteristics. However, the compression failure in general and 
its size effect in specific are more complex and less understood. In rock mechanics, the 
most investigated scale effects have been those in uniaxial compression tests using differ-
ent types of rocks despite some emphasis on coal (Jaeger and Cook, 1979). The outcome 
of such tests has been commonly described using power laws or the Weibull statistical 
size effect with some debate on the applicability of the latter in compressive failure for 
its progressive nature (Brown and Gonano, 1975). Stress gradients due to non-uniform 
loading and stored strain energy were argued, among others, as causes for observed scale 
effects. Scaling in rock is more complex as compared with concrete and other geomateri-
als for the high uncertainty (e.g. stress history), heterogeneity, and anisotropy of rock 
structures on the rock mass scale. Despite some contradiction, most of the experimental 
data points out that a strength reduction occurs with the increase of specimen size and 
the same applies to the scattering of results (ISRM Commission on Scale Effects in Rock 
Mechanics, 1995). 

Baecher and Einstein (1981), reported size effect test results on gypsum model material 
under uniaxial and biaxial compression. These are the only tests in literature, as known 
to the author, regarding size effect in biaxial tests. They examined the size effect on the 
deformation process represented by the inflection points in the stress-strain response 
(end-points for regions III and IV in Figure 2.2). They also examined size effect in uniax-
ial test results and showed the specimen size to affect all these stress levels, but differ-
ently. A strong size effect was observed at peak stress and a milder and constant size ef-
fect over region III. In the biaxial tests, they report no dependence of peak stress on 
specimen size, whereas stresses in region III showed a decrease in stress with size. How-
ever, both stresses showed no dependence on confining pressure. No explanation was pro-
vided for the disappearance of size effect on peak stress with confinement, but this ob-
servation could suggest an influence of the failure mechanism on size effect at this stage. 
The effect of confining pressure on failure mechanism is well known and is more tangible 
in region IV of unstable crack propagation. 

Advancements and increased interest in fracture mechanics of concrete structures led to 
the development of size effect models of which the SEL and the MFSL are most com-
mon. In addition to these, the Weibull theory of statistical size effect is well considered 
and widely applied. This theory will be treated with more detail in § 7.1.3. Bažant 
(1984), presented the Size Effect Law (SEL) with energy balance considerations for sta-
ble crack growth in geometrically similar concrete members. Basically, the theory bridges 
between strength/plasticity limits used for small sizes and Linear Elastic Fracture Me-
chanics (LEFM) size effect used for large sizes. The SEL is found as, 
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where ft is the tensile strength or a strength parameter, Dc is a characteristic dimension 
of the member, ASEL and BSEL are model constants to be determined by fitting of experi-
mental data. Equation (2.1) was derived for quasibrittle structures failing after large sta-
ble crack growth and is referred to as a deterministic size effect. Bažant and co-workers 
carried out further refinements that led to the so-called Universal Size Effect Law 
(USEL) (see Bazant and Planas, 1998). 

Another form of the SEL in Equation (2.1) was proposed for size effect in compressive 
fracture of quasibrittle materials (Bazant et al., 1993). The model is centrally based on 
the assumption that compressive fracture proceeds through laterally propagating axial 
splitting cracks with a spacing between the cracks that is not dictated by material inho-
mogeneity leading to the form, 

 2/5
N SEL c SEL

C D Dσ
−

= +  (2.2) 

where CSEL and DSEL=constants. In Equation (2.2), the spacing between splitting cracks 
is assumed to minimize σN and in the case of borehole breakout to increase with borehole 
size increase. If this spacing is dictated by material inhomogeneity and not varying, then 
the model reverts to the LEFM formulation with a power exponent of –1/2 (Bazant and 
Xiang, 1997). The equation was presented to describe size effect in the borehole breakout 
phenomenon for intermediate values of hole sizes. 

Carpinteri presented the MFSL approach for size effect in 1992, which is based on the 
assumption of multifractility for the damaged material microstructure. The model is ex-
pressed as, 
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where AMFSL and BMFSL are constants to be determined from a best fit to experimental 
data. The term lch=BMFSL/AMFSL separates the disordered regime from the ordered homo-
geneous regime and is proportional to dmax in concrete. The strength term fMFSL=(AMFSL)

1/2 
represents the positive deviation from a limit nominal strength for infinitely large sizes. 
The concept could be compared with the variation of the fractal dimension with the 
scale of observation. The fractal dimension increases with increase of material disorder or 
material inhomogeneity and therefore it transforms from a high fractal dimension for 
small sizes/scales to a constant value for large sizes. Carpinteri et al. (1999), argued that 
the failure mode of compressed concrete specimens could be considered resulting from 
micro tensile mechanisms and therefore the model in Equation (2.3) could be used for 
size effect in compressive fracture. 

In concrete, a boundary layer or wall effect is considered to be a contributing factor for 
observed size effects, which is due to the relatively smaller content of large aggregates 
adjacent to the surface layer (mould or formwork side) as compared with the interior. 
The layer has different elastic properties and its thickness is dependent on the maximum 
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aggregate size used and is independent of the member size. The size effect is expected in 
this case due to the fact that in smaller members, the boundary occupies a large portion 
of the cross section as compared with large members. Other factors such as particle dis-
tribution, shrinkage cracking, and differential hydration are recognized to contribute to 
size effect but have not been systematically studied. Global effects, including structural 
effects, such as stress and strain gradients and moisture gradients are identified as well 
for being an important factor (e.g. Van Vliet, 2000). 

2.5 THICK-WALLED HOLLOW-CYLINDER TESTS 

The hollow cylinder test is an important means of assessing the stability and failure of 
circular openings, which is a problem common to many disciplines, including geotechni-
cal, mining, and petroleum engineering. For its economical significance, the problem of 
maintaining a stable wellbore during drilling and production of hydrocarbons received 
prominent interest over the last few decades. The fundamental developments for under-
standing the environment around a deep wellbore were established by Westergaard 
(1940). This classical theory postulates that when a hole is drilled in rock under triaxial 
stress, the horizontal stress is relieved and the load is transferred around the hole as 
hoop stress. If the hoop stress exceeds the elastic limit, the hole starts to collapse. De-
pending on the confining stresses and rock strength, the deformation behaves either brit-
tle or ductile. In 1941, Biot extended these considerations and clearly explained the role 
of pore pressure and fluid flow. Since then, numerous authors have contributed to the 
state of the art and today, research and engineering efforts have been accelerated due to 
the need of drilling deviated and horizontal wellbores that are non-co-linear with the 
principle stress directions. 

For the laboratory study of wellbore stability, it is more appropriate to perform experi-
ments on model openings, such as hollow cylinders. The hollow cylinder geometry lends 
itself for providing permutations of various multiaxial states of stress around its inner-
hole depending on the stress path applied to its external boundaries. Several studies are 
reported in literature with regard to hollow-cylinder tests for wellbore stability analysis 
purposes on different types of rocks (e.g. Santarelli, 1987; Perie and Goodman, 1989; 
Ewy and Cook, 1990a, b; Kooijman et al., 1991; Van Den Hoek et al., 1992; Ringstad et 

al., 1993; Tronvoll and Fjaer, 1994). Investigations into the constitutive behaviour of ma-
terials have been performed as well (e.g. Robertson, 1955; Hoskins, 1969; Gay, 1973). 

Robertson (1955) in a study of rock strength tested different types of rock, mainly lime-
stone and marble. He performed experiments on hollow-cylinders mostly with different 
ratios of external to internal radii and loaded under hydrostatic compression up to fail-
ure. He observed that specimens with radius ratios of less than three failed by shear 
showing equiangular spiral fracture shape, what he termed “trap door” collapse. Those 
with ratios greater than three failed by spalling. Among his observations he noted that 
small samples were stronger than the larger ones. In the discussion he regarded this ef-
fect to either unrecognized differences in processing the cylinders or to fewer imperfec-
tions of gross dimensions than in larger cylinders but not to size effect on strength. 
Hoskins (1969) performed series of experiments on thick-walled hollow cylinders for dif-
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ferent isotropic rocks. He used rock specimens of 50 mm outer diameter, 25 mm inner di-
ameter and 120 mm long. All specimens were jacketed internally and externally with soft 
rubber tubing. He controlled the frictional restraints at the ends by using sheets of dry 
paper and a thin layer of graphite between the papers and the anvils. Internal, external, 
and axial pressures were applied and controlled separately with variable stress paths cal-
culated using elastic theory. Hoskins showed that failure always started at the inner sur-
face and propagated outward into the cylinder wall. Depending on the stress path used, 
he observed fractures occurring upon conical, spiral or helical surfaces. 

Gay (1973) carried out a series of experiments to study the growth of fractures around 
holes (circular & elliptical) cut in isotropic, homogeneous sandstone and anisotropic 
quartzite under hydrostatic compression. He used samples of 76 mm outer-diameter, 
22 mm inner-diameter, and 127 mm long. His examination suggested that initial frac-
tures around all the openings have the same geometry and probably the same origin. He 
observed spalling to take place at two opposite ends of a diameter of the opening and 
having begun at these points, spalling then continued from this locus. He pointed that 
increasing the hydrostatic pressure or holding it for long sufficient time, a second set of 
conjugate shear fractures appear and extension cracks tend to form. In addition, the 
growth of the fracture zone depends both on the inhomogeneous stress distribution and 
on the relative size of the openings. Fracturing in specimens with circular holes continued 
along spiral surfaces until the fracture approached close enough to the outer surface with 
resultant collapse of the specimen. 

Santarelli (1987) presented a closed form solution for the stresses and displacements in-
duced around an axisymmetric wellbore with an elastic modulus function of the mini-
mum principal stress. An experimental program accompanied the study using sandstone 
hollow-cylinders with 204 mm long, 25 mm inner-diameter, and 102 mm outer-diameter 
under various confining pressures. He showed that the tangential stresses at and near the 
inner-hole may be much lower than those predicted by constant modulus linear elasticity 
(§ 2.5.1). Also the maximum tangential stress could be induced some distance from the 
wellbore wall and strains at the wall will vary non-linearly with the normalized far field 
stress. Ewy et al. (1988; 1990a; 1990b) investigated the failure process around highly 
stressed holes in thick-walled hollow cylinders of Berea sandstone and Indiana limestone 
with a hole diameter of 25.4 mm, 89 mm outer-diameter, and 152 mm long, tested under 
axisymmetric stresses in plane strain loading. In what they described a first scenario, 
they showed that the fundamental fracture mechanism is the growth of small splitting 
cracks oriented parallel to the tangential stress around the hole, starting close to the hole 
and progressing deeper with increasing stress. The cracks coalesce to form macroscopic 
splitting fractures with en echelon patterns that meet the inner-hole’s wall. They found 
out that the apparent strength of rock adjacent to unsupported holes is 2-3 times the 
uniaxial compressive strength and attributed this to a possible size effect. 

2.5.1 Linear-elastic solution of stresses in hollow-cylinders 

In order to examine the stresses surrounding an axisymmetric wellbore, the geometry of 
a hollow cylinder (Figure 2.7) is usually considered. 
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Considering a linear elastic stress-strain relationship, the stresses at a point identified in 
the cylindrical coordinates r, θ, and z are denoted σr, σθ, σz, τrθ, τrz, and τθz with σr=radial 
stress, σθ= tangential stress, σz=axial stress, τrθ, τrz, and τθz are shear stresses, and ρ is 
the material density. These stresses are calculated through solving three sets of equations 
(Jaeger and Cook, 1979), 

− The equations of equilibrium in cylindrical coordinates: 
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In case of a hollow cylinder with inner radius Ri, inner diameter Di, outer radius Ro, 
outer diameter Do, pressure on outer surface σo, and on the inner surface σi, with neglect-

ing the body forces and assuming that all quantities in (2.4) are independent of θ and z, 
the three partial differential equations degenerate into one ordinary differential equation, 
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Figure 2.7: Geometry and boundary conditions of the axisymmetric hollow-cylinder geometry. 

− The compatibility equations that relate displacements and strains. If u and w are the 
radial and axial displacements, respectively, 



22 Scaling of Compressive Fracture 

 

r

z

du

dr

u

r

dw

dz

θ

ε

ε

ε

=−

=−

=−

 (2.6) 

− The constitutive material behaviour that is here assumed isotropic, linear elastic as 
described by Hook’s law, 
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Where E and ν are the Young’s modulus and Poisson’s ratio, respectively. 

By solving equations (2.5), (2.6), and (2.7) with considering a plain strain condition 
(εz=0) and introducing the boundary conditions for the radial stress in case of a finite 
hollow-cylinder: σr=σo for r=Ro and σr=σi for r=Ri. 

The stresses and radial displacement around the inner-hole in a hollow-cylinder with re-
spect to the radius r from the cylinder axis could then be described as, 
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For the case of testing under external hydrostatic stress and zero inner-hole pressure 

(σi=0) and for cylinder with an outer-/inner-diameter ratio of 4, the equations (2.8)-
(2.11) could be evaluated at the inner wall and further simplified to, 
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2.5.2 Hollow-cylinder stability and size dependence 

Failure around wellbores and hollow-cylinder models from natural rocks has been well 
documented and studies have shown that final fracturing generally occurs on two oppo-
site sides of the hole subject to the highest compressive stress concentration. The result-
ing failure then elongates the cross-section of the hole in a more or less elliptical shape, 
termed as wellbore/borehole breakout. Guenot (1989), in an analysis of the parameters 
involved in producing breakouts distinguishes four factors, which are: 

− In situ stresses that will be redistributed during the drilling of the borehole and con-
centrated in its vicinity. 

− The presence of a fluid in the voids of the rock that is usually different from the 
pressure in the borehole and there will be a pressure gradient. 

− Thermal gradients due to the cooling of the wall by the drilling fluid, which are able 
to generate additional stresses. 

− Chemical reactions between the drilling fluid and the rock surrounding the borehole. 

Among these factors, the in situ stresses appear to be of utmost significance where most 
of the research activities on borehole failure have been directed. It is established that 
failure initiates around underground excavations inside the rock and not at the excava-
tion wall, but the mechanism by which failure propagates is unclear and may be shearing 
or splitting tensile. In addition, a puzzling phenomenon for comprehending the behaviour 
of circular openings and their failure mechanism in laboratory tests is an observed size 
effect with definite strengthening when decreasing hole size (e.g. Haimson and Herrick, 
1989; Carter, 1992; Van Den Hoek et al., 1992; Ringstad et al., 1993). These studies, 
however, did not apply inner-hole measurements, except for the study by Ringstad et al. 

(1993), and therefore little information is revealed on the deformation process and its 
link to the observed size effect. In these tests, generally, the collapse stress was used, 
which is a best estimate based on observing spalling activities or inner-hole observations 
using endoscopes. No studies are reported in the literature as well, to the best knowledge 
of the author, which tried to trace the fracture process in hollow-cylinder tests by e.g. 
testing to different levels of load and then unloading while freezing the fracture pattern 
and closely examining it afterwards. This procedure, rather than the final fracture pat-
tern, could possibly shed light on the disputed failure mechanisms and its relevance to 
size dependence. 

Quantification of the risk of failure during drilling or production requires the calculation 
of stress and/or deformation fields around the wellbore and a comparison with accepted 
criteria of failure. These calculations can be performed with varying degrees of sophisti-
cation and with varying prediction limitations. Most of the existing work on borehole 
stability is based on perfectly elastic/plastic models that are calibrated with test data 
taken from conventional triaxial compression experiments. In elastic analyses, failure is 
assumed to occur when the stresses reach the elastic limit that is usually set at the peak 
of the experimental stress-strain curve. Knowing the stress field associated with the well-
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bore/hollow-cylinder configuration, various failure mechanisms can be assessed. The re-
sults of such analyses are frequently found conservative, which is probably due to their 
inability to account for pseudo-stable states associated with progressive failure and stress 
redistributions. In addition, such analyses ignore micromechanics of failure while focusing 
only on the strength of materials. Inelastic analyses take into account the existence of in-
tact (elastic) and failed (plastic) zones, using appropriate constitutive relations. A major 
drawback of such procedure, and the elastic analysis as well, is its shortage to describe 
some observed failure modes such as cleavage fractures or splitting tensile failure. 

Alternative solutions with higher sophistication and mathematical complexity based on 
the bifurcation theory were utilized as well (Vardoulakis and Papanastasiou, 1988; Var-
doulakis and Sulem, 1995). The theory suggests that the critical bifurcation stress corre-
sponds to the short wavelength limit that is affecting a vanishing narrow ring of material 
in the vicinity of the wellbore/hollow-cylinder wall. If surface instabilities are not possi-
ble, then the dominant failure mode is shear-band formation. Incorporating an internal 
length in the constitutive equations for such an approach enables modelling scale effects. 
This was done using a deformation theory for rigid-plastic material with microstructure 
(Cosserat material) by e.g. Mühlhaus and Vardoulakis (1987); Van Den Hoek et al. 

(2000). Zervos et al. (2001), used gradient elasto-plasticity to model the progressive fail-
ure and scale effect in hollow-cylinder tests. His simulations show a scale effect with 
strength increase as the hole radius decreases and that this effect is less pronounced for 
larger hole sizes. 
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Chapter 3 

MODEL MATERIAL 

3.1 INTRODUCTION 

Two synthetic model-materials were developed in order to investigate the influence of 
micro-structural parameters such as aggregate size on the size effect and fracture behav-
iour in the hollow-cylinder tests. A synthetic material was chosen since natural rocks are 
highly heterogeneous in terms of their property distribution and it is hardly possible to 
obtain samples that are homogeneous and isotropic. The model material needed to be 
similar to weak reservoir rocks, mostly weak sandstones, where borehole instabilities of-
ten occur. Several methods exist for developing synthetic model materials, most of which 
are sophisticated, costly, and time consuming. The key to our work is that the method 
needed to be economic and simple enough for ease of control and reproducibility of re-
sults. 

In this chapter, the model materials, their fabrication, and physical and mechanical 
properties are presented and discussed in detail. Afterwards, the material behaviour in 
terms of stress-strain response, failure, and fracture mechanisms is explained. 
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3.2 BACKGROUND 

In this research, target characteristics for the model material were set as two fold, first, 
to generally represent a class of weak sedimentary rocks, e.g. weak sandstones such as 
Castlegate sandstones, exhibiting quasibrittle behaviour. Second, to accentuate the effect 
of microstructure, e.g. heterogeneity, on the material behaviour. 

According to Stimpson (1970), suitability of a model material is often founded on the 
success with which one property only satisfies similitude since it is practically impossible 
to attain perfect similitude for a particular rock. When failure around boreholes is stud-
ied, this is often based on either the uniaxial compressive strength or the shear strength. 
It has been empirically demonstrated that a design criterion based on uniaxial compres-
sive strength would broadly satisfy similitude conditions for triaxial strength in the com-
pressive domain (Stimpson, 1970). A model material of this class can be fabricated from 
sand combined with a cementing agent, e.g. plaster, cement, clay, epoxy resin, oil or wax. 
Amongst, plaster and cement are the most advantageous binding agents for their cheap-
ness and ease of fabrication. Cement-based materials are distinctive for their brittleness 
and therefore, cement was selected. 

In the context of petroleum engineering and constructing models that simulate oil reser-
voirs, Wygal (1963), adapted a non-mixing approach through a particle distributor to 
produce a cement-sand pack that was subsequently consolidated by imbibing water. 
Heath (1965), modified the this technique through pouring the mixed sand and cement 
in a special distributor for producing a uniform mixture. Maloney and Kaiser (1989), de-
veloped an artificial sedimentary rock for borehole-breakout simulation tests using a mix-
ture of sand/cement/water, which comprises 10% cement by weight and sand of the size 
70-140 µm and 20-40 µm at a ratio 3:1 by weight respectively. The uniaxial compressive 
strength of their material is 3.14 MPa, Young’s modulus of 1.35 GPa, porosity of 26%, 
and tensile strength of 1.2 MPa. 

3.3 MATERIAL DEVELOPMENT 

A trial and error procedure was employed for the mixture design and preparation of the 
model material. Considering the maximum safe capacity of our pressure test cell being 
40 MPa and due to the often-observed strength enhancement during hollow-cylinder tests 
(§ 2.5) it was expected that if the material strength exceeds one-fourth the cell capacity, 
failure would not commence. Therefore, a target strength of 10 MPa uniaxial compres-
sive strength was set for the model material, which is within the range of definition of 
weak sandstones (Dobereiner and De Freitas, 1986) 

Commercially available river sand was used in a gap-graded sand mixture comprising two 
grain sizes at a grain diameter ratio approximately 6:1 and a ratio of large to small 
grains of about 3:1 by weight. Ordinary Portland Cement (OPC) of type CEM I 32.5 R 
(ENCI, Heidelberg Cement Group) was used at a content of about 200-330 kg.m-3 and a 
water/cement ratio ranging between 0.6-0.8. Several mixtures were developed with 
maximum grain sizes (dmax) of 1, 2, 4, and 8 mm. The absolute volume method was 
adapted in the design, while taking into account the assumed proportion values. In the 
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calculation, specific gravity values of 2.60 and 3.15 were used for the sand and cement, 
respectively. An overview of these mixtures, i.e. their proportions and compressive 
strengths, are given in Table 3.1. The presented compressive strength values were deter-
mined experimentally using portions of a beam, which is broken in flexure. This method 
was intended as a research tool for determining the relative compressive strength values 
of the various concrete mixtures. For each mixture, at least 3 beams of size 
40x40x160 mm were cast and cured under water at room temperature for 28 days. At 
that age, the beams were tested for flexural strength using a three-point loading test. Af-
ter visually confirming that fracturing occurred within the middle third of the beam 
span, the two broken portions were then tested in compression. In the compression test, 
the same set-up was used after changing the loading platens, so that the contact faces 
are basically square, with the same dimensions as the nominal width of the tested beam, 
i.e. 40 mm. 

Table 3.1: Overview of mixing proportions for the trial mixtures 

Mix Proportions (kg.m-3) 

River sand and gravel (mm) 
fc ±SD* 

ID 

4-8 2-4 1-2 0.5-1 0.25-0.5 0.125-0.25

Cement
(kg) 

w/c 
(MPa) 

Am --- 1071 --- 187 170 --- 200.0 0.60 13.9±1.2 

Bm --- 1071 --- 119 119 119 200.0 0.60 18.3±1.0 

Cm --- --- --- 1353 --- 451 220.0 0.80 2.10±0.7 

Dm --- --- --- 1320 --- 440 220.0 0.80 2.90±0.5 

Em 690 690 --- 172.5 172.5 115 230.0 1.00 8.20±0.4 

Fm --- --- --- 1265 --- 460 230.0 1.50 3.00±0.3 

Gm --- 1412.5 --- 236 236 --- 258.5 0.80 9.00±1.4 

Hm --- --- 1412.5 236 236 --- 258.5 0.80 6.30±0.7 

Im 709.6 709.6 --- 173.5 173.5 173.5 236.5 0.80 11.7±0.6 

Jm --- --- --- 1489 241 241 265.0 0.65 2.50±0.5 

Km --- 1175 --- 376 376 --- 235.0 0.80 9.20±0.4 

Lm --- --- 1413.5 255 255 --- 258.5 0.65 3.50±1.1 

Mm --- --- --- 176.2 176.2 118.7 258.5 0.80 10.3±1.0 

Nm --- --- 1412.5 236 236 --- 258.5 0.80 6.50±0.8 

Om --- --- 1291.1 233 233 --- 329.0 0.80 8.60±0.7 

Pm --- --- 1409.5 216 216 --- 282.0 0.80 7.50±0.6 

*SD = standard deviation from tested samples (three samples minimum) 

From Table 3.1, it is realized that only mixtures with a dmax greater than 2 mm could at-
tain the target strength of 10 MPa. An aspect usually considered in concrete technology 
is the ratio between the smallest dimension of a structural element and dmax. Various 
standards specify this ratio to be at least 3-5 with a value of 5 being more widely consid-
ered. If we consider our smallest hollow-cylinder specimen (§ 4.2.1) of Di=12.5 mm and 
Do=50 mm, its least dimension is the wall-thickness (W) and is equal to (Do–
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Di)/2=18.75 mm. This suggests dmax not to exceed 4 mm for which the ratio W/dmax for 
the smallest specimen is equal to 4.70. 

Two materials were selected form the trial mixtures for use as model materials in the 
hollow-cylinder tests. The mixtures identified as Gm and Om in Table 3.1 (outlined in the 
table) with dmax value of 4 mm and 2 mm respectively were chosen as they practically 
satisfy the design target strength. The difference in aggregate size, being double for Gm 
as compared with Om, would serve in emphasizing the influence of microstructure on 
scaling and fracture properties. For convenience, in the remaining of this thesis the mix-
tures are named as M2 and M4 for mixtures Om and Gm respectively. The grading size-
distribution of the aggregates used in both mixtures is given in Table 3.2 and their grad-
ing curves are shown graphically in Figure 3.1. 

Table 3.2: Grading size-distribution for the selected mixtures (% passing) 

Sieve (mm) 4 2 1 0.50 0.25 

M2 100.0 100.0 26.50 13.25 0 

M4 100.0 25.00 25.00 12.50 0 

0

10

20

30

40

50

60

70

80

90

100

0.1 1 10

Grain size (mm)

%
 P

a
ss

in
g
 -
 C

u
m

u
la

ti
v
e

M4 M2

 
Figure 3.1: Grading curves of the two selected mixtures M2 and M4. 

3.4 MATERIAL PROPERTIES 

3.4.1 Physical properties and microstructure 

For both mixtures, the density (skeletal and bulk) and effective porosity (interconnected 
pore space) were determined using Helium-pycnometry (Penta-pycnometer) and buoy-
ancy techniques. The results from these tests are presented in Table 3.3. 
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Table 3.3: Physical properties of materials from laboratory experiments 

 Penta-pycnometer Buoyancy method 

Mixture 
Bulk 
volume 

Skeletal 
volume* 

Skeletal 
density* 

% 
Porosity* 

Bulk 
density 

Dry 
density 

% 
Porosity 

M2 55.48 44.24 2.62 20.25 2.22 2.06 16.32 

M4 40.60 34.09 2.61 16.04 2.28 2.10 17.07 

*Value based on average of three measurements 

The results in Table 3.3 suggest that porosity determination using the Buoyancy method 
is reasonably accurate when compared to the gas-displacement method used in the He-
lium pycnometry. Therefore, the Buoyancy technique could suffice for applications where 
detailed information on pore structure is not a main concern. 

It is eminent that the properties of any heterogeneous system, e.g. concrete, depend upon 
the mechanical and phyisco-chemical interactions between its different phases. In cemen-
titious materials generally and OPC concrete particularly, the aggregate-matrix interface, 
(ITZ), is a weak zone and have shown to be the weakest-link in the system allowing for 
crack nucleation and propagation. In Figure 3.2, the morphology of aggregate-matrix in-
terface in a fracture surface from M4 is revealed using the secondary electron (SE) tech-
nique in an Environmental Scan Electron Microscope (ESEM) model Philips XL30 
ESEM. The interface bond with its porous nature is identifiable, which is not so surpris-
ing for this mixture with a w/c=0.8 and its scanty content of fines. 

The backscattered electron (BSE) imaging technique was utilized for more insight on the 
composition and distribution of the microstructure. The basic principle of BSE technique 
is that electrons from the incident beam in ESEM are of higher energy as compared with 
secondary electrons and so are detected from greater depths. The intensity of the BSE 
signal is a function of the average atomic number of the investigated spot (Scrivener, 
2004). A 400-day old specimen from M2 material was prepared for BSE examination 
with a size 33x17x10 mm. The specimen was vacuum dried, impregnated using a low-
viscosity fluorescent epoxy-resin, and then cut to size. The specimen was then hand-
ground on a lap-wheel with moderate-speed using p320, p500, and p1200 sand papers. 

  
(a) (b) 

Figure 3.2: ESEM-micrographs showing (a) the morphology of aggregate-interface, and (b) the 
aggregate-interface bond. 
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Figure 3.3: Micrograph from a 400-day old M2 specimen viewing an overview of aggregate layout 
and in-between the hydrated microstructure. 

Diamond pastes were used afterwards for polishing the surface with a paste fineness of 6, 
3, 1, and 0.25 µm correspondingly. The micrograph in Figure 3.3 was taken at a rela-
tively low magnification to illustrate the different features of the hydrated microstructure 
of the M2. Shown are the sand grains, relatively large in the graphs 200-400 µm in size 
and labelled as aggregate, with the hydrated cement paste amid. Appreciable amount of 
pore space is visible in the graphs distinguished by its dark (black) appearance—labelled 
as pore space in Figure 3.3—due to the low atomic number of the epoxy resin filling 
those spaces. Air voids are differentiated from other pore space through their circular 
shape in two-dimensions (2D) as they are essentially spherical in three-dimensional (3D) 
space (Diamond, 2004), e.g. labelled as air void in Figure 3.3. In the same figure, unhy-
drated clinker particle is indicated, which is distinctive for their bright appearance in the 
BSE images. Darker hydration product-shells of different thicknesses closely surround 
these unhydrated cores. The particle layout in Figure 3.3 gives an impression of the high 
particle density used in the mixture (75%), which resulted in particles being of close 
proximity of one another (10-100 µm). The contact areas between the particles in these 
2D views appear limited in size, but it should be mentioned that the 3D picture could 
differ from this. In BSE technique, the section through cement particles and aggregates 
is generally not equatorial—does not cut through the center—resulting in the thickness 
of features being overestimated (e.g. Scrivener, 2004). 

In order to estimate the detected pore space in the cement paste, 9 micrographs were 
taken at higher magnification values (500X). In Figure 3.4a, an example from these im-
ages is shown. The image analysis program OPTIMAS 6.5 was used for this purpose. 
The image analysis started by image segmentation using threshold technique in grey 
level ranging from 0 to 255. A standardized contrast and brightness setting were used 
and pores were set from solid components at a grey level of 50 (Sahu et al., 2004). The 
resulting image after the application of the threshold was binarized and afterwards fil-
tered to remove pixels produced by noise. An automated procedure was employed in 
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(a) (b) 

Figure 3.4: A typical BSE image used for porosity analysis (a), and its matched binary image 
with a 50/255 threshold (b). Black defines the pore (capillary) space in the image. 

OPTIMAS to estimate the area occupied by the pore space. This resulted in an average 
estimate for this area equal to 55.3% with a standard deviation of 4.3%. Figure 3.4b 
compares the binary image obtained after applying the threshold 50/255 and filtering 
with its BSE image in Figure 3.4a. The high porosity obtained from the image analysis is 
in line with the premise that capillary porosity is primarily dependent on the w/c ratio. 

3.4.2 Uniaxial compression tests 

Two types of uniaxial compression tests were performed in this research. Firstly, a series 
of tests was performed on cylindrical specimens, for both mixtures, in a stiff testing ma-
chine with 500 kN load cell under a displacement-controlled mode. These were performed 
for material characterization purposes during its development phase. Secondly, routine 
cube tests were performed for quality control on casting and quality assurance for repro-
ducibility of results. Results of these cube tests, which accompanied each series of size ef-
fect tests, are presented in § 5.3.1. In this paragraph, the uniaxial compression tests on 
cylindrical samples and their results are considered. 

In all tests, cylindrical samples were used of height/diameter (h/d) ratio equals two. All 
samples were cored from 150 mm cubes, which were cast and then cured for 28 days in a 
climate room at 95-99% relative humidity (RH) and 20°C temperature (T). After the 
cores were drilled, they were cut to length, ground flat, and then dried in an oven at 
105°C for two days, which were sufficient for equilibrium. For the M4, samples of 60 mm 
diameter were tested, whereas for the M2 samples of 54.1 mm diameter (NX size) were 
used. During testing, forces were measured by means of a calibrated load cell with 
500 kN capacity. Two Linear Variable Differential Transducers LVDT of 5 mm stroke, 
which were mounted on the loading platens, were used for measuring the axial deforma-
tions. Lateral deformations were monitored as well with an MTS circumferential (chain) 
extensometer. A deformation control-rate of 4 µm.s-1 was used during all tests. 

An overview of the tests performed for both mixtures and their outcome is given in Ta-
ble A.1, Appendix A. In Table 3.4, the average mechanical properties calculated from the 
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individual results given in table A.1 are presented. These properties include the uniaxial 
compressive strength (fc), the Young’s modulus (E), and the Poisson’s ratio (ν). 

Table 3.4: Average properties from uniaxial-compression tests 

Mixture 
fc 
MPa 

E-modulus 
GPa 

Poisson’s ratio 
ν 

M4 9.07±0.64 7.70±0.58 0.15±0.01 

M2 12.56±2.52 6.77±0.85 0.12±0.02 

The higher scatter in the strength value for the M2 as compared with the M4 could be 
explained owing to the extra difficulty in casting and compacting the 2 mm mixture as 
compared with the 4 mm. The finer structure of the mixture allows particles to float eas-
ier in the mix water recognizing the high w/c used. In addition, the standardized com-
paction style of vibrating on different layers, used in the cubes from which test results 
are shown in Table A.1, was not effective in our case with high w/c ratio. Interrupting 
the vibration during casting caused excess water and air to be trapped within the speci-
mens causing the higher scatter and relatively large air voids after hardening. This as-
pect was later improved through adapting a continuous vibration style that forces excess 
water to travel to the surface while, however, observing not to lose much fines in the car-
ried-away water. 

3.4.3 Triaxial compression tests 

Sets of triaxial tests were performed using the Hoek cell, which is a commercial triaxial 
cell designed to determine the triaxial strength of cylindrical cores of rock or concrete. In 
the Hoek cell, radial pressure is applied via a regular hydraulic pump through a thick 
(2.85 mm) urethane membrane. The axial load is applied directly to the flattened sample 
ends via a hydraulic ram through a pair of steel spherical seats. The tests were servo-
controlled using the axial displacement whereas the confining stress (

2 3
σ σ= ) was manu-

ally controlled with the help of a hydraulic jack. 

Cylindrical core samples were used for testing, which were drilled form the same cubes 
used in the uniaxial compression tests (§ 3.4.2). The cylinders had a height/diameter ra-
tio of ≅1.80 and a diameter of ≅55 mm (NX size). During testing, axial forces were meas-
ured by means of a calibrated 500 kN load cell. Two 5 mm stroke LVDTs were used for 
measuring the axial deformation and their average signal was used to control the tests at 
a deformation rate of 4 µm.s-1. 

Two sets of tests were performed for M4 and one set for M2. An overview of the tests 
and their results is provided in Tables 3.5-3.6 for M2 and M4 respectively, which include 
dimensions of specimens, confining pressure, biaxial strength f2c, and the peak strain. 
The first set for M4 and the tests for M2 were performed at an age of 28 days, whereas 
the second set for M4 was performed at an age of 180 days. The values of f2c in Tables 
3.5 and 3.6 were calculated by dividing the maximum load carried by the specimen dur-
ing the test by the original cross-sectional area. Complete stress-strain diagrams are pre-
sented and discussed in § 3.5.2. 
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Table 3.5: Mechanical properties of M2 from triaxial-compression test results 
Diameter 
mm 

Length 
mm 

2 3
σ σ=  
MPa 

f2c =σ1 
MPa 

Peak strain ε1 
x 10-3 

54.2 106.9 3.00 23.9 16.2 

54.2 106.9 8.00 40.2 25.1 

54.2 106.7 20.0 70.9 28.0 

54.2 107.9 30.0 101.0 36.2 

 

Table 3.6: Mechanical properties of M4 from triaxial-compression test results 

Mixture 
Diameter 
mm 

Length 
mm 

2 3
σ σ=  
MPa 

f2c = σ1 
MPa 

Peak strain ε1

x 10-3 

M41 54.2 104.3 0.50 10.9 4.00 

M41 54.2 102.5 1.00 15.1 10.0 

M41 54.2 104.9 2.10 25.6 21.9 

M41 54.2 104.5 2.10 24.0 17.1 

M41 54.2 104.7 5.00 35.9 17.5 

M42 54.1 107.2 2.50 37.5 13.5 

M42 54.3 106.6 3.70 45.1 17.6 

M42 54.4 107.7 5.00 51.1 18.1 

M42 54.4 106.0 5.00 50.6 17.8 

M42 54.4 106.7 7.50 55.8 19.2 

M42 54.4 107.9 10.0 67.6 24.9 

1tests performed at 28 days of age. 2tests performed at 180 days of age. 

3.4.4 Brazilian splitting tensile tests 

In order to explore the strength properties of the material under indirect tensile-loading 
conditions, a series of Brazilian splitting tests was carried out. It was not considered vi-
able to perform direct tensile tests in the material characterization phase due to its com-
plexity in execution and interpretation. Besides, from pilot tests and literature, it was 
recognized that cracking in hollow-cylinders owes probably to an extensile failure mode 
driven by the compressive forces around the inner-hole. Therefore, information from 
splitting tests would suffice to supplement the results from cylinder compression tests.  

A total of 20 disk-shaped specimens were tested for their Brazilian splitting strength 
(fspl). The disks were sawn from cores, which were drilled from the same cubes used in 
uniaxial and triaxial compression tests. All disks were 60 mm diameter with a thickness 
of around 25 mm. The coring direction was parallel to the casting direction and the load-
ing direction during testing was perpendicular to it, which resembles the situation in the 
cylinder tests. All tests were force controlled using a manual pump, which resulted in 
rapid crack growth accompanied by sudden failure at peak load. 
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The indirect tensile strength was calculated according to the following formula: 

 
2 spl

sp

F
f

t dπ

=  (3.1) 

where Fspl=load at failure, t=thickness of the specimen, and d=diameter of the specimen. 
The average splitting strength from these tests was 1.13±0.20 MPa for the M4. Accord-
ingly, the ratio fc/fspl is around 8.0 after 28 days, which is close to the lower boundary of 
the range generally observed for concrete between 9-14 (Mindess et al., 2003). 

3.5 MATERIAL BEHAVIOUR 

3.5.1 Strength-time relation 

Due to the high w/c ratio used in the mixtures, it is expected that a notable increase in 
strength with age would occur. Figure 3.5 shows the relative gain of strength with time 
for both mixtures M2 and M4. The strength results have been determined from cube 
compressive tests on 15x15x15 cm cubes, which were cast and then cured until test date 
in a climate room at RH of 95-99% and T=20°C. As seen in the figure, the strength de-
velopment rate form both mixtures is fairly constant up to 28 days with the strength 
measured at 7 days being approximately 57% of the strength at 28 days. Afterwards and 
up to 56 days, the M2 gains strength at higher rate as compared with M4. After that, 
the strengthening rate appears same for both mixtures and up to an age of 196 days for 
M4 and 308 days for M2. 
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Figure 3.5: Relative gain in cube strength as compared to the 28 days strength with time for 
both M2 and M4 mixtures. 
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The reason for a higher rate in M2 during the period 28-56 days is not understood fully. 
For M2 the strength after 308 days is nearly two times that at 28 days, whereas for M4 
the strength after 196 days is 1.5 times that at 28 days. The gain in strength with time 
is considered vital in connexion with the size-effect testing programme. The effect should 
be minimized to avoid introducing a fallacious factor that could produce an apparent size 
effect, which is not a true index of material behaviour. Also, the influence of dmax on size 
effect would be more factual if such effects are taken into account and prevented from af-
fecting the experimental results. Accordingly, the time period up to 28 days appears op-
timum in this regard and is considered in the experimental design as discussed in § 4.3.1. 

3.5.2 Stress-strain response 

Uniaxial compression 

As discussed in § 2.2.1 the stress-strain response is a combined structural and material 
behaviour and not a sole material response. However, the stress-strain curve reveals in-
formative data and material indices, rather than properties, and is presented and dis-
cussed hereafter. Figure 3.6 shows the stress-strain diagram from uniaxial compression 
tests on cylinders from M4 (§ 3.4.2). The top graph in the figure represents the axial 
stress versus the axial and lateral strains, whereas the bottom graph shows their volu-
metric strain response. 

In principal, all the stages schematized in Figure 2.2 (§ 2.2.1) concerning the stress-strain 
relation with failure development are recognized. When applying axial stress, an ascend-
ing branch is observed that is slightly curved indicating a non-linear response of the ma-
terial. During this stage, the lateral strains are smaller than the axial strains with Pois-
son’s ratio; the ratio of lateral to longitudinal strain, in the order of 0.15 at a stress level 
nearly 50% of the peak stress. At a stress level close to 80% of the peak, larger lateral 
deformations took place and the Poisson’s ratio increased. By examining the volumetric 
strain curves, initial compaction is observed up to about 80% of the peak stress, after 
which volume increased since dilatancy took place. The dilatancy and rapid increase in 
lateral strains are generally attributed to unstable crack propagation and coalescence 
(see definition region IV, Figure 2.2). Similar behaviour is observed for the mixture M2, 
but with a higher scatter in the results (Figure 3.7). As seen in the figures, the mixtures 
show a high degree of stiffening during the initial loading, which is rather characteristic 
for porous materials such as sandstones due to their higher compressibility as compared 
with denser materials. 
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Figure 3.6: Axial stress (top) and volumetric strain (bottom) versus axial and lateral strains from 
uniaxial compression tests on mixture M4. 
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Figure 3.7: Axial stress versus axial and lateral strains from uniaxial compression tests on mix-
ture M2. 
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Triaxial compression 

During triaxial testing and due to the application of a small confinement, remarkable 
strengthening occurred for both mixtures. In Figures 3.8-3.9, the stress-strain relations 
are presented from tests on M4 at different levels of confinement. Results from two sets 
of experiments are included in the figures, which were performed at different age of the 
material (§ 3.4.3). The first set tested after 28 days was confined at 0.5, 1.0, 2.1, and 5.0 
MPa (Figure 3.8), whereas the second set tested after 180 days was tested under con-
finement equal to 2.5, 3.7, 5.0, 7.5, and 10.0 MPa (Figure 3.9). The tests with a confin-
ing pressure of 2.10 MPa in the first set and 5.0 MPa in the second set were performed 
twice for checking reproducibility. In the figures, the axial stress includes the initially 
applied hydrostatic pressure; therefore, the stress values in the curves do not start from 
zero. By examining the results in Figure 3.8, an increase in the load carrying capacity of 
the material is observed. At a confining stress of 0.50 MPa, which is nearly 5% of the fc 
value of the mixture, a peak could still be distinguished with a smooth descending post-
peak response. As confinement slightly increased to about 1.0 MPa, a strength plateau is 
observed indicating apparent ductility of the material. This confinement appears to be 
close to the brittle-ductile transition since the peak is almost concealed, leaving a smooth 
elastic-plastic transition. At higher levels of confinement, 2.1 and 5.0 MPa, stress harden-
ing is observed as the stress increases with increasing deformation. 

The behaviour of the mixture M4 after 180 days is much alike after 28 days. A seeming 
difference between the two is a less stiffening effect in the tests after 180 days 
(Figure 3.9) as compared with those after 28 days (Figure 3.8), which is probably owing 
in part to a continued hydration process leading to a denser structure with time 
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Figure 3.8: Axial stress versus axial strain curves recorded during triaxial tests on specimens of 
M4 mixture after 28 days. The numbers next to the curves are the confining pressure. 
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Figure 3.9: Axial stress versus axial strain curves recorded during triaxial tests on specimens of 
M4 mixture after 180 days. The numbers next to the curves are the confining pressure. 

In Figure 3.8, the slope of the initial linear portion of the stress-strain curves increase 
with confinement suggesting that the specimens were compacting during hydrostatic 
loading prior to application of the deviatoric stress. The compaction and pore crushing 
will probably continue during deviatoric loading, as recently observed in uniaxial con-
fined experiments on mortars with w/c=0.8 (Burlion et al., 2001). 

Noteworthy as well is a rather extended strain-hardening region in the curves, which is 
recognized as the part between the onset of nonlinearity (yield point) and the peak. 
Figure 3.10 shows a plot of the relation between the values of the ratio of the axial stress 
at onset of nonlinearity to peak stress versus confining pressure for the two sets of tests. 
It can be seen that this ratio decreases rapidly with confining pressure for tests after 28 
days indicating an increase in the strain-hardening region with increase in confinement. 
As a result, the load applied in the strain-hardening region increases with confinement 
since the peak strength increases with confining pressure (Figure 3.8). For the tests after 
180 days, the ratio appears initially constant up to 3.75 MPa and then decreases gradu-
ally. This shows less sensitivity at low confining pressures for the tests after 180 days as 
compared with the tests after 28 days. 

Figure 3.11 shows the triaxial test results on M2 at confining pressures equal to 3.0, 8.0, 
20.0, and 30.0 MPa. At a confining stress of 3.00 MPa, which is nearly 30% of fc value, a 
plateau is observed indicating apparent ductility of the material. This confinement ap-
pears near the brittle-ductile transition since the peak is almost concealed, leaving a 
smooth elastic-plastic transition. At higher levels of confinement up to nearly 30 MPa, 
stress hardening is observed with increase in ductility. 
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Figure 3.10: Variation of the normalized value of onset of nonlinearity with confining pressure 
measured during triaxial tests on mixture M4 after 28 days and 180 days. 
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Figure 3.11: Axial stress versus axial strain curves recorded during triaxial tests on specimens of 
M2 mixture after 28 days. The numbers next to the curves are the confining pressure. 

3.5.3 Failure observations and fracture patterns 

Uniaxial compression 

In general, the specimens from both mixtures failed in a quasibrittle manner under uni-
axial compression. The failure patterns revealed after completion of the tests, showed 
several distributed vertical cracks mostly intensified in the mid third of the specimens. 
The cracks were parallel to the direction of the maximum axial compressive stress with 
no distinct single macro crack (Figure 3.12). 
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Figure 3.12: Example of fractures observed in M4 after uniaxial compressive tests. Fractures that 
were visible to naked eye are highlighted in black. 

Triaxial compression 

After each test, the specimens were carefully extracted and examined for failure pattern 
and cracking. Shear-like failure planes were observed in all of the performed tests and for 
all applied confining stresses. The failure was generally located within the mid-third of 
the specimens’ height and with clear inter-granular cracking along the failure plane. 

As discusses above (§ 3.5.2), the brittle-ductile transition for M4 was observed at a nota-
bly low stress, namely for (σ2 =σ3)/σ1=0.07. In normal strength concretes, this transition 
occurs commonly for σ3/σ1≅0.20-0.25 (Van Mier, 1997), whereas for rock materials a 
value of ≅0.30 is expected, but depends on the type of rock. However, this low transition 
ratio appears to be in agreement with the observation that coarse-grained porous mate-
rials tend to have a lower transition ratio when compared with fine-grained materials 
(Paterson, 1978). This is also in accord when considering the result from the finer mix-
ture M2 with its transition at a ratio of 0.14, which is higher than that of M4 but still 
lower than common values for normal concrete. More noteworthy is that the brittle-
ductile transition for M4 appears to take place at a σ3/σ1 value, which is not affected by 
specimen age or strength. From  

Table 3.6 and Figure 3.9, this transition takes place for specimens tested after 180 days 
at σ3/σ1=0.07, which is identical to the value obtained from specimens tested after 
28 days. This indicates that the material structure is rather decisive for the brittle-
ductile transition in relation to its strength. 
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Figure 3.13: Linear Mohr-Coulomb failure criterion fitted to the triaxial test data after 28 days 
for M4  

A linear Mohr-Coulomb (M-C) failure criterion was fitted to the M4 test data after 
28 days (Figure 3.13), which could be expressed as: 

 
1 3

9.75 5.60σ σ= +  (3.2) 

and resulted in the values 1.9 MPa and 44° for the cohesion (c) and internal friction an-
gle (ϕ), respectively. Based on these values and assuming shear failure during triaxial 
confinement, the expected orientation of the shear plane (β) with respect to the major 
principal stress can be predicted theoretically by the model of Mohr as: β=45 -ϕ/2, re-
sulting in an orientation of the failure plane of 23°. From the tested specimens, failure 
bands ranging between 75° to 84° were measured for all specimens (Figure 3.15). 
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Figure 3.14: The Bieniawski failure criterion fitted to the triaxial data after 180 days for M4. 
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For the test data after 180 days, the linear M-C criterion could poorly represent the 
nonlinearity in the peak-strength data and instead a non-linear failure criterion proposed 
by Bieniawski (1974) was fitted by least squares linear-regression (Figure 3.14). The 
value of the coefficient of regression 0.98 and Figure 3.14 shows the good quality of the 
fit of the Bieniawski criterion, which could be expressed as: 

 0.57

1 3
15.97(1 4.12( /15.97))σ σ= +  (3.3) 

Predominantly a single major crack was observed after the experiments regardless of the 
confinement level (see Figure 3.15). In triaxial testing on sedimentary rocks, a pair of 
conjugate shear-fractures rather than one is frequently observed under increasing con-
finement towards the brittle-ductile transition (Santarelli, 1987). However, according to 
Paterson (1978), this is influenced by end conditions, i.e. the type of end platens used in 
testing. In our testing, the use of Hoek cell with spherical seats on both ends seems to 
favour the formation of a single shear fracture as compared with tests reporting conju-
gate shear fractures performed using flat rigid steel-platens. The spherical seats seem ca-
pable of counter acting the bending forces associated with the formation of a shear frac-
ture on one side of the specimen and hence allowing it to further develop. Similar 
mechanisms are observed in uniaxial tension tests with the initiation of secondary cracks 
when using fixed ends, which is largely reduced when using flexible (hinged) ends (Van 
Vliet and Van Mier, 2000). 

The triaxial data for the M2 was fitted as well using the M-C failure criterion 
(Figure 3.16), which could be expressed as: 

 
1 3

16.0 2.97σ σ= +  (3.4) 

and resulted in the values 3.4 MPa and 33° for c and ϕ, respectively. Based on these val-
ues and assuming shear failure during triaxial confinement, the expected orientation of 
the shear plane β with respect to the major principal stress can be predicted theoreti-
cally by the model of Mohr as: β=45 -ϕ/2, resulting in an orientation of the failure plane 
equals 28.5°. The inclination of the failure planes as measured after testing was in the 
range 65-72° from the direction of σ1. 
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Figure 3.15: Types of fractures in M4 seen after triaxial tests at various confining pressures  
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Figure 3.16: Linear Mohr-Coulomb failure criterion as fitted to the triaxial test data for M2. 

Brazilian splitting test 

The facture patterns and testing set-up are shown in Figure 3.17. Generally, the failure 
was rapid since tests were performed under force control. The visual detection of the 
failure mechanism indicated a longitudinal extensile crack traversing diametrically across 
the specimens. Occasionally, two cracks developed parallel to one another with crack-tip 
overlap near the centre of the specimen (Figure 3.17a). 

 

 

   
(a) (b) 

Figure 3.17: The Brazilian test set-up (a) and the types of fractures after testing in M4 
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3.6 SUMMARY 

This study is concerned with fundamental aspects of size dependency and fracture be-
haviour of hollow-cylinders, and therefore any representative type of material, natural or 
synthetic, could have been considered for the experimental work. An advantage of syn-
thetic material is in its isotropic and reproducible qualities as compared to most natural 
rocks and in particular weak sandstones. Two cement-based mixtures were developed in 
this work as model testing materials. Target characteristics for both mixtures were set to 
firstly, generally represent weak sedimentary rocks, e.g. Castlegate sandstone, exhibiting 
quasibrittle behaviour. Secondly, to accentuate the effect of microstructure, e.g. hetero-
geneity, on material behaviour under complex loading conditions and its size dependency. 

Microscopic examination of the microstructure of the mixtures using ESEM revealed 
their high capillary porosity and porous bond between the aggregates and mortar matrix. 
The SE technique was used for identifying the morphology of the material and ITZ from 
fractured surfaces. The BSE technique in combination with image analysis was employed 
for investigating the microstructural details from flat fine-polished surfaces. 

The overall behaviour of the mixtures, despite their low strength, observed in laboratory 
experiments could be described as quasibrittle under uniaxial compressive loading and 
plastic-strain-hardening when subjected to low or moderate confinement. 

In uniaxial compression, the observed failure pattern was mainly axial splitting, with mi-
cro-cracks parallel to the direction of the maximum axial compressive stress and mostly 
intensified in the middle part of the specimens. During triaxial testing, the brittle-ductile 
transition was depicted at remarkably low confining stress, at approximately (σ2 

=σ3)/σ1=0.07 for the 4 mm mixture and 0.14 for the 2 mm mixture. Mainly a single ma-
jor crack was observed after the triaxial experiments with angles ranging from 75 to 84 
degrees oblique to the maximum principle stress. 

 



 

 45 

Chapter 4 

EXPERIMENTAL PROCEDURES 

4.1 INTRODUCTION 

Hollow-cylinder test specimens are versatile in use and applications ranging from study-
ing the behaviour of geomaterials under a variety of stress paths to simulating stress 
situation around underground openings in the laboratory. However, they are little util-
ized due to the lack of standard testing facilities and the considerable time and effort 
needed in building such test equipments and developing test procedures. A challenging 
aspect of the hollow-cylinder tests, used for studying the stability of circular openings, is 
the measurement of the deformations at the inner-hole using an accurate and reusable 
system. 

In this research, a multi-scale high-pressure hollow-cylinder test cell was built, debugged, 
and intensively utilized in testing. In addition, a novel measuring device was developed 
for monitoring the radial deformations taking place at the inner-wall of the hollow-
cylinders. Boundary conditions of the experiments were investigated and verification 
tests were performed to evaluate their effect on the results. Further, impregnation ex-
periments were designed to investigate the fracture pattern after testing. 

This chapter presents in detail the development and operation process for the test cell 
and measuring devices. Verification experiments and analyses performed to determine 
the influence of boundary conditions and test procedure on the results are discussed. 
Further, specimen preparation, stress path, test procedure and control, and test data 
processing are explained. Finally, the methods used in the impregnation experiments are 
described and an overview of the hollow-cylinder test scheme is given. 

 

 

 



46 Experimental Procedures 

4.2 TEST FACILITIES 

4.2.1 Multi-scale hollow-cylinder test cell 

In order to experimentally investigate the size effect phenomena with least structural ef-
fects, great attention should be paid in making test conditions much alike for all sizes. 
This could be best achieved in testing hollow-cylinders by using one test cell, which 
could accommodate the size range of interest. A triaxial pressure-cell was therefore de-
veloped in this research that is capable of accommodating and testing hollow-cylinders of 
a size range 1:4. 

The pressure cell is capable of simulating underground conditions comparable to a geo-
static stress at depth of about 2200 m. The samples are hollow-cylinders with inner-
diameters of 12.5, 25, and 50 mm and with a ratio of inner-diameter/outer-
diameter/length equal to 1:4:6. In the remaining of this thesis, samples with inner-
diameter of 12.5, 25, and 50 mm are referred to as A, B, and C, respectively. The axial 
and radial pressures could be applied independently on the samples and up to 40 MPa 
each (maximum safe pressure) under process temperature of ±20 C. 

Figure 4.1 shows a cross-sectional view of the cell with its main components while con-
taining a C type specimen. The main parts of the cell include: housing, top and bottom 
safety platens, specimen stack, and seals. The axial pressure is exerted by pumping oil 
into the cell through an upper connection in the top safety-platen. The resulting pressure 
is then transmitted onto the sample using the plunger. The radial pressure is applied by 
pumping oil via one of the two oil inlets in the housing wall of the cell. The oil pressure 
is transmitted as radial stress via a 2 mm NBR (Nitrile-Butadiene Rubber) sleeve on the 
sample’s outer-circumference. A 90 mm hole in the lower safety-platen allows measuring 
devices to be installed for monitoring the axial displacement of the sample and radial de-
formation at the inner-wall during testing. The design and accreditation activities for the 
pressure-cell were carried-out by Ing. A. Hoving from the Dietz-laboratory of the de-
partment of Geotechnology, Delft University of Technology. The design followed the 
specifications for apparatus under pressure of the Dutch assessment and certification au-
thority (Stoomwezen). The manufacturing took place at the central workshop of Delft 
University of Technology. 

The housing of the pressure cell is constructed from massive heat-treatable steel 
(Böhler V155; German standards DIN code 34 CrNiMo6). Two radial holes with sealing 
NPT-thread are present in the housing for use as oil inlets/outlets. The housing is at-
tached to the top and lower safety-platens using 8 safety-bolts M42 mm from heat-
treatable steel (Böhler V320; DIN code 42 CrNiMo4). The top and lower safety-platens 
are manufactured from the same steel used for the housing. A hole with NPT-thread is 
present in the centre of the top safety-platen to allow the use of lifting eyebolt in trans-
porting the platen and for transmitting the axial pressure during the tests. The plunger 
(heat-treatable steel Böhler V155) transfers the axial pressure onto the sample. An L-
shaped hole exists in the plunger for enhancing the link of axial and radial pressures in 
case hydrostatic pressure is applied. If independent pressures are used, a thread at the 
top end of this hole is used to seal the connection with a bolt. 
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Figure 4.1: Sectional drawing of the developed triaxial pressure-cell including specimen C. 

Almost all seals used in the pressure-cell are spring-energized polymeric EnerSeals™. The 
material offers low-friction characteristics and high degree of chemical inertness. The use 
of a high-grade internal spring ensures positive sealing under low pressure. Under high 
pressures, the internal hydrostatic pressure of the contained fluid energizes the seal and 
supplements the spring force, which increases contact pressure and eliminates potential 
leakage. Only one rubber O-ring is used at the contact between the lower safety-platen 
and bottom-platen near the central hole to prevent leaking of the radial pressurizing oil 
(Figure 4.1). 

In order to place and test all three sizes in the cell, modifications in the specimen stack 
(plunger and bottom platen) are introduced. They were adapted to the size of each 
specimen to avoid any additional stress concentrations or unbalanced moments. For C 
type specimens, the assembly fits precisely in the housing of the cell with a controlled 
tolerance. For the A and B sizes, hollow aluminium-cylinders are used as fill blocks to 
compensate for the increase in volume of the pressurized oil in the cell. This volume in-
crease is due to the decrease in specimen size. For safety reasons, the volume of pressur-
ized oil is maintained at controlled levels as that used for size C. 
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Figure 4.2: Image of the pressure-cell and three schematic cross-sectional views for the cell pre-
pared with the three sizes A, B, and C. 
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In Figure 4.2, sectional views from all three sizes are shown together with an image for 
the pressure-cell. The plungers for sizes A and B are divided into inner-platen and outer-
ring with an EnerSeal in-between. This is to allow the application of independent axial 
and radial pressures, while maintaining the size of the plunger proportional to the speci-
men size. In case hydrostatic pressure is applied, as in our tests, the outer-ring could be 
omitted or the inner- and outer-seals could be left out during testing. For specimen C, 
the plunger is designed as one piece. 

As explained in § 5.2, a large borehole-simulator was used in pilot testing to possibly ex-
tend the size range to 1:8. The set-up is to a great extent similar to the test cell devel-
oped in this research and described above. The main difference is that the borehole-
simulator is capable of testing cylindrical samples of outer-diameter equal to 400 mm 
and length of 600 mm (size D). Description of the design principles and operation proce-
dure for this borehole-simulator are described elsewhere (i.e. Rouschop et al., 1989). As it 
turned out not viable to prepare the specimens of size D in the same manner and time 
frame as for the other sizes (§ 4.3), its use was limited for pilot testing. The main obsta-
cle was the unavailability of precise machinery within a close perimeter of the University 
(testing) premises, which is capable of delivering high quality end conditions for these 
large specimens in terms of flatness and paralleling of ends. 

4.2.2 Inner-hole instrumentation 

Generally, measurement of deformations in a hollow-cylinder is known to be experimen-
tally challenging. A review by Santarelli (1987), describes most of the techniques used for 
such measurement as rudimentary. These varied from placing a steel disk of very low 
yield-strength in the hole after testing to measuring the volume of expelled oil from the 
hole during failure. The latter technique is used as indication for hole volume change 
that if combined with axial displacement measurement enables computing the radial dis-
placement at the inner wall as used and reported by e.g. Ewy et al. (1988). Santarelli 
(1987), tried using a measuring device based on a cantilever principle where strain 
gauges measure the deflection of beams produced by the displacement of the wall. He 
abandoned using this device after some calibration tests that revealed a pressure and 
time dependence and suggested that it would be unrealistic to try to instrument a hole 
less than 50 mm in diameter with a reusable measuring device. Later, he used strain 
gauges that were glued onto the surface of the inner-hole (25 mm diameter), which he 
reported to provide satisfactory results. 

Gluing strain gauges onto the surface of the inner-hole bears some problems including 
difficulty in positioning the gauges and the quality and effect of the gluing process. For a 
porous material as used in our tests with sizable air voids, the chance is high to fail in 
obtaining a good contact between the specimen and the gauge. In addition, the proce-
dure would have been highly complicated for the size A with a hole-diameter of 12.5 mm. 
Alternative solutions were therefore investigated that could provide more reliable meas-
urements and preferably reusable. The device should be extremely sensitive for measur-
ing small deformations, few micrometers, and flexible enough at the same time to ac-
commodate the variation in the diameter of the hole and its associated difference in 
maximum deformations that could be attained. 
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Tronvoll et al. (1992), reported using a two-arm calliper (cantilever) in measuring hole 
deformations for three different sizes, i.e. 10, 20, and 40 mm diameter. The principle 
used in their testing is similar to that initially tried by Santarelli (1987). 

A novel measuring device was developed in this research that was used in measuring the 
radial deformation at the inner-wall. A single device was used for the three tested sizes 
with only a minor adaptation of minimal effect on accuracy and performance. In addi-
tion, a second device was developed to measure the axial displacement, but this was only 
limited to specimen size C due to lack of space in the two smaller sizes (A and B with 
12.5 and 25 mm diameter, respectively). The preference was therefore made for the ra-
dial measurement as it leads to the tangential strain value, which is the maximum prin-
cipal strain value under the chosen and applied stress path. 

The basic operational principle of the measuring device used for radial deformation is a 
two-arm system that transmits the displacement at two opposite measuring points at the 
wall, positioned about mid height of the specimen, through a pivot to a Linear Variable 
Differential Transducer (LVDT) with ±1 mm stroke (Figure 4.3a). The arms contact the 
wall through semi-circular steel plates, which are glued to the arms. The device is 
mounted on the bottom fixation plate of the cell (detail A in Figure 4.3a). 
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Figure 4.3: Overview of the measuring device developed for monitoring the radial displacement at 
the inner-wall. (a) Schematic for the device in operation inside the cell with a size C specimen. 
(b) Schematic for the adaptation procedure of the device for the three sizes and a schematic for 
the vertical measuring device. 
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The length of the arm is designed to fit at mid height of the specimens. Basically, the 
device is equipped for specimen type A plus two extra sets of arms that are used to ex-
tend it for use when testing specimens’ type B and C (Figure 4.3b). 

In Figure 4.3a, the schematic shows the measuring device during operation for a speci-
men size C. The two arms are hold in place using a rubber band placed above the 
LVDT, which acts as a low-stiffness spring. By this, measuring the radial deformation at 
the wall is possible in two directions (inward or outward) provided the capacity of the 
LVDT. The two arms are attached using bolt and nuts and with three rings of 1 mm 
thickness as a spacer in-between. All contacts between these connection pieces (detail A 
in Figure 4.3a) are separated using Teflon sheets of 100 µm thickness to minimize any 
contact frictional resistance during operation of the device. 

Another feature of this design is it allowed using one LVDT for all sizes with their con-
siderable difference in deformation range. The use of a pivot in transferring the deforma-
tion to the LVDT resulted in a scale factor for each size, which is the ratio of the length 
of the arms above and below the pivot. The measuring ranges for the different sizes 
based on this scale factor are: ±2.52, ±3.12, and ±3.68 mm for A, B, and C, respectively. 
These were sufficient to cover the deformations attained in the tests. 

Measurement of the axial displacement was performed using a steel rod (3 mm diameter) 
screwed to the bottom-face of the plunger from inside the hole. The other end is fixed to 
a steel plate positioned at the bottom of the cell. An LVDT of ±5 mm stroke, mounted 
vertically outside the cell, is then attached to that steel plate (Figure 4.3b). During test-
ing, the downward displacement of the plunger caused by the axial compression in the 
specimen is directly translated through the steel rod to the LVDT. The axial displace-
ment measurement was performed for size C specimens only. 

0

1

2

3

4

5

6

7

8

9

10

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Micrometer reading (mm)

O
u
tp

u
t 

si
g
n
a
l 
(V

o
lt

)

 
Figure 4.4: Calibration diagram for the radial displacement measuring-device using a manually 
operated micrometer calliper. 
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The calibration of the radial-deformation transducer took place by mounting its arms be-
tween the measuring rods of a screw micrometer-calliper with 2 µm accuracy. The cali-
bration of the transducer was done simultaneously with the amplifier and data acquisi-
tion system. During calibration, the output signal was collected in a data scan by a 
measuring program running on a PC (see § 4.5.1 for overview on test control). The cali-
bration took place for the complete measuring range of 10 Volt corresponding to ±1 mm 
of the LVDT. Initially, the system was set so that at zero micrometer reading, a signal of 
5 Volt is obtained from the LVDT. The micrometer was then manually displaced in steps 
of 0.5 mm within the range ±2.5 mm and the procedure was repeated three times. The 
linearity was rather good (Figure 4.4) and minor nonlinearities were recorded close to the 
ends of the measurement range. The transducer has an accuracy of 20 µm over the full 
range. The calibration parameter obtained was used together with the scale factor of the 
measuring arms to calculate the final parameters for the three sizes, which were then 
used in calculating the deformations. 

4.3 SPECIMEN AND TEST PREPARATION 

4.3.1 Casting and curing 

A Zyklos mixer (forced-flow mixer) of capacity 120 litres was used for the preparation of 
the mixtures. The volume of the batch used for a test series with sizes A, B, and C was 
constant at 60 litres. In addition to the three specimens, 12 cubes of 150 mm were cast 
and used as control cubes. Six cubes were tested for uniaxial compression and splitting 
tensile (three cubes each) after 28 days. The other six cubes were tested similarly at the 
time of the hollow-cylinder experiments. This was fixed at 14 days of age for the princi-
pal test series as described in Chapter 5. 

The gap-graded nature of the mixtures together with their high w/c ratio rendered diffi-
cult to obtain good repeatability of their characteristics. After hardening, sizable air 
voids were frequently observed at the outer surface of the cylinders causing notable 
strength heterogeneity and sleeve rupture during testing (if not treated). Several solu-
tions were tried for solving this problem or at least bring it to a minimum. A major in-
fluence appeared to be the compaction style during casting. This was finally resolved to 
the use of a vibration needle in compacting specimen C and the cubes, whereas a small 
vibration table of low energy was used for specimens A and B. All specimens and cubes 
were cast and compacted simultaneously in a way to try forcing the excess water from 
the bottom to the cast surface without losing much cement slurry. The use of a vibration 
needle of any size in compacting the specimens A and B was practically impossible due 
to the limited size of their moulds. The effect of using two different compaction methods 
was investigated through comparing average strength of two sets of cubes. The first was 
compacted using a vibration needle only, whereas the second was partially compacted us-
ing a vibration needle and partially using a vibration table. In terms of average strength, 
the difference between the two sets was in the order of 4% and assumed minor. 

After casting, all specimens and cubes were kept in the laboratory (20 C and 60% RH) 
for two days before they were de-moulded. During these two days, the top surface of the 
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cylinders and cubes (exposed surface) was sealed with Sullivan sheets. Afterwards, they 
were cured in a climate room (20 C and 99% RH) until five days before their testing 
date to allow for sample preparation. Special steel moulds were developed and used for 
the preparation of the hollow-cylinder specimens. A central steel-rod bolted to the bot-
tom plate of the mould was utilized to create the inner-hole. The inner surface of the 
moulds and cubes were lubricated with de-moulding oil, except for the mould of speci-
men C and all central rods. These were lubricated using two layers of white Vaseline and 
a sheet of plastic foil (10 µm thickness) in-between. This was to minimize friction and fa-
cilitate extraction of the rod without disturbing the specimen around the inner-hole area. 

4.3.2 Surface treatment 

In order to apply the radial confining pressure to the specimen, the outer surface should 
be lined to prevent oil to penetrate into the specimen thus relieving the applied pressure 
and terminating the test. The lining should be rigid enough to withstand the applied 
stresses and flexible enough to accommodate the resulting deformations without rupture. 
A rubber sleeve is commonly used for this purpose and experience developed at the pe-
troleum laboratory of Delft University suggested the use of NBR rubber for its resistance 
to oils and petrochemicals in addition to its suitable mechanical properties. 
 
 
 

   
Figure 4.5: Images of specimen C with (left) air voids as found on specimen surface before surface 
treatment (some are indicated with white arrow) and (right) specimen contaminated with oil af-
ter sleeve rupture, even though was treated with gypsum paste. 
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A 2 mm NBR sleeve was used to enfold the specimens at their outer surface for protect-
ing them from contact with the hydraulic pressurizing oil. The use of the sleeve gave sev-
eral practical problems since it was easily ruptured under pressure at the locations of air 
voids on or adjacent to the surface of the specimens (Figure 4.5). This was costly in 
terms of time and planning since tests were stopped when sleeve ruptured and the whole 
size series had to be ignored. Much effort was therefore exerted in order to avoid such in-
cidence. Firstly, a steel brush was used to scrub the surface of the specimens and try to 
reveal as possible from the air voids adjacent to the surface. All air voids were then care-
fully filled with a low-stiffness epoxy resin. Finally, the surface was smoothed using a fine 
sand paper. Before using the epoxy, several trials were performed using gypsum paste 
and poor cement-paste for filling the voids, but these mostly failed and rupture occurred 
(see Figure 4.5a).  

Another important aspect of the surface treatment was the grinding and flatness of the 
top surface of the specimens. The ends of all specimens were ground flat and parallel to 
an accuracy of ±100 µm to minimize end effects and to ensure good contact between 
loading platens and specimen. This was not possible using direct method for specimens 
type C for their large size with regard to the available facilities. A layer of castable two-
part epoxy resin (epoxy gietmortel 2030, Masterbuilders) of ≅5 mm thickness was used 
for capping the top surface of the C specimens. The bottom surface was considered flat 
and perpendicular to the longitudinal edges based on the accurate dimensions of the steel 
mould. A procedure was developed for this purpose by preparing a flat and levelled sur-
face with an open cylindrical basin of 10 mm height fixed on top of the surface. At time 
of preparation, the specimen was hanged upturned right on top of the basin using a spe-
cial support system and with its bottom surface levelled. The specimen basin was then 
filled with the epoxy compound and the specimen was directly placed inside under own 
weight (≅21.0 kg) and kept for at least 12 hours at laboratory conditions. This time was 
sufficient for hardening of the epoxy and the specimen was then ready to be placed in 
the specimen stack. 

4.3.3 Specimen stack 

A specimen stack consists of the specimen together with the top and bottom loading 
platens and the sleeve. Friction reducing pads were used at the contact between the plat-
ens and specimen (§ 4.4.2). Figure 4.6 shows an image of specimen stacks prepared for 
testing. The specimen assembly was prepared as follows: 

− A Teflon pad is placed on top of the bottom platen and then the specimen is posi-
tioned above. 

− The sleeve is pulled along the specimen from top to bottom using air pressure to 
ease its sliding. The sleeve is next fitted to the assembly using an external 
ring, which meets the bottom platen at an angle with the sleeve amid (Figure 4.1). 
The ring is fixed to the bottom platen using nuts and bolts. 

− The second Teflon pad is placed on top of the specimen and then the top platen. 

− The sleeve is fitted at the top similar to the way it is fixed to the bottom platen. 
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Figure 4.6: Image of specimen assemblies for sizes A, B, and C and a set of prepared specimens. 

− The assembly is fastened together using a steel rod screwed to the top platen from 
within the inner-hole. The rod is tightened at the bottom using an external plate 
slightly larger than the central opening in the bottom platen. 

− A lifting eyebolt is fitted to the top platen to allow transportation of the assembly 
and for placing or extracting the assembly in and out of the pressure cell. 

4.4 VERIFICATION EXPERIMENTS AND TEST CONDITIONS 

4.4.1 Strength (in)homogeneity in test specimens 

In order to obtain an accurate interpretation of the fracture mechanism(s) around the 
hole, it is essential that all of the factors contributing in such a process to be identified 
and quantified. One of the important factors possibly associated with size effect in hol-
low-cylinder tests is the stress gradient along the cylinder wall. Anisotropy of strength 
inside the specimens could be a logical explanation for the commonly observed borehole 
elongation (breakout) along two opposite directions of the hole even if the cylinder is 
subject to an isotropic stress (further discussion in § 5.4). Therefore, it was decided to 
try minimizing the uncertainty associated with the specimens’ manufacturing procedure, 
in terms of internal strength distribution, that might be misleading when interpreting 
the experimental results. A specimen size D was used for providing quantitative values 
over the strength distribution inside the hollow cylinder. The specimen was cast and 
cured for 28 days under controlled temperature and humidity conditions (20ºC and 99% 
RH). The sample was then air-dried for nearly six weeks in normal laboratory conditions. 
Afterwards, the sample was cut into three equal parts perpendicular to its longitudinal 
hole-axis. Cylindrical cores of 60 mm diameter and 150 mm length were then drilled out 
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of each part parallel to the direction of casting and according to the schematic drawing 
shown in Figure 4.7. Four cores were drilled from each part along one horizontal axis, 
two adjacent to the hole and two behind closer to the outer edge. In addition, two extra 
cores were drilled in the middle part adjacent to the hole and perpendicular to the first 
axis. 

All cores were tested for evaluating their uniaxial compressive strength f
c
 and elastic pa-

rameters E and ν using the test set-up and procedure as discussed in § 3.4.2. In Appen-
dix B, summary of the results obtained from these tests is given. Observations could be 
stated about the strength (an)isotropy and gradient inside the hollow-cylinder from these 
results. In the middle part, the average of results for specimens 6-7 were calculated and 
compared to those of specimens 9-10 as they were considered to describe the situation of 
strength (an)isotropy. 
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Figure 4.7: Schematic for the location of the drilled cores used in verification tests. 
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Table 4.1: Test results from the verification series for strength homogeneity 

Core No. Location E (GPa) ν (--) f
c
 (MPa) 

1 Top 14.30 --- 18.10 

2 Top 15.10 0.11 17.80 

3 Top 14.10 0.11 19.50 

4 Top 16.10 --- 18.60 

5 Middle 15.80 0.10 16.40 

6 Middle 16.60 0.13 19.50 

7 Middle 15.80 0.13 18.30 

8 Middle 16.90 0.14 18.00 

9 Middle 15.20 0.12 18.80 

10 Middle 15.70 0.14 18.40 

11 Bottom 11.60 --- 14.50 

12 Bottom 13.90 0.12 15.42 

13 Bottom 13.30 0.09 16.10 

14 Bottom 14.00 --- 13.70 

 
The average value of fc, E, and ν for the specimens 6-7 was 18.9 MPa, 16.2 GPa, and 
0.13, respectively. For specimens 9-10 the results were 18.6 MPa, 15.5 GPa, and 0.13, re-
spectively. These results show an insignificant variation regarding the strength and elas-
tic properties in two perpendicular directions around the hole. Therefore, considering an 
isotropic state around the hole is a valid assumption for the design and interpretation of 
the experiments. 

Regarding the strength gradient along the wall of the cylinder, the results from the 
tested cores adjacent to the hole were averaged and compared to those from the cores 
close to the outer edge. Near the hole, the average results were 18.0 MPa, 14.9 GPa, and 
0.12 for fc, E, and ν, respectively. Near the outer edge, the results were 16.5 MPa, 
14.8 GPa, and 0.12, respectively. These results as well show a minor variation and rec-
ommend that prior to loading and for design purposes, the sample could be considered 
homogeneous in terms of strength and elastic properties. 

In addition, comparing the average results from the three different parts (top, middle, 
and bottom) could reveal information about the casting quality. In this case, the bottom 
part (lower during casting) appeared of less strength and stiffness qualities when com-
pared with the middle and top parts. This seemed not in agreement with the conception 
that closer to the bottom of casting, the material should be denser and stiffer than above 
due to extra compaction and increased overhead weight. A tentative explanation is that 
the design of the moulds is firmly water tight at the bottom and considering the high 
w/c ratio used in the mixture, it is possible that after the completion of hydration more 
free water remained trapped in the bottom part leading finally to higher porosity/lower-
strength. The problem could be less noticeable in the smaller sizes (A, B, and C) due to 
their shorter lengths as compared to size D as tested here. Alternatively, it could be that 
the compaction process for the bottom layer was not performed properly in comparison 
with the above layers for this specimen. 
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4.4.2 Specimen end conditions 

Frictional restraint at the contact between the platens and the specimen and its conse-
quences are classical problems that have been subjected to numerous researches. A direct 
contact between the steel platens and the specimen, assuming a full frictional restraint, is 
expected to develop shear stresses causing a triaxial compression state of stress near the 
specimen ends. This situation completely changes when using lower stiffness platens or 
low-friction interlayer between the specimen and the platens. Van Mier (1997), discusses 
the topic comprehensively and concludes that the ductility  of the specimen (slope of the 
post-peak stress-strain curve) changes when different end conditions are applied with a 
notable effect from the loading system on the stress-post peak deformation relation. 

In an attempt for defining a standardized test method for measuring the softening be-
haviour of concrete under uniaxial compressive loading, RILEM TC 148 SSC (2000), rec-
ommends the use of a friction reducing pad from two Teflon (Polytetrafluorethylene) 
sheets 100 µm thickness each and 50 µm of bearing grease in-between. This method was 
developed and in application with success at the Stevin laboratory of Delft University 
since 1995. Van Vliet and van Mier (1995), reports on results from uniaxial compression 
tests on normal strength concrete when using this friction reducing interlayer. They con-
clude that the use of this interlayer could diminish effects from frictional restraint on 
peak stress and pre-peak response. They also discuss experimental results, which show 
how this interlayer could effectively reduce slenderness effects from testing prisms of dif-
ferent height. 

The same technique with Teflon-grease sandwich was used in our tests and the pads were 
prepared and inserted between the loading platens and the specimens. This is to assure 
as possible eliminating any effect from frictional restraints that could develop at these 
contacts. It should be noted, however, that frictional stresses are expected to diminish at 
high confinement levels, as confining pressures negate the developing shear forces. 

4.4.3 Effect of sleeve thickness 

A 2 mm thick NBR sleeve was used in the experiments to enfold the specimens’ outer 
surface (§ 4.3). This was to allow the application of the radial pressure using hydraulic 
oil without direct contact with the specimens. It was not feasible to scale the sleeve 
thickness in the same manner as the specimens were scaled i.e. 1:4, for its importance in 
resisting against rupture under the high pressures applied. Therefore, it was decided to 
investigate the influence of the sleeve thickness on the stress situation around the hole 
for the different sizes and to try quantifying this effect. This was done analytically and 
using the principles of linear elasticity (Appendix B). 

The tangential stress at the inner wall was calculated for all of the different sizes (A, B, 
and C) with a fixed thickness for the sleeve equal to 2 mm. The outer radial stress σo has 
been selected as 40 MPa, which is the maximum safe stress applied in the experiments. 
Consequently, the following stresses (σθ) have been calculated to be, 83.10 MPa, 
82.9 MPa, and 82.7 MPa for sizes A, B, and C, respectively.  



4.5 Test procedure 59 

These results indicate a slight stress concentration (≅1%) at the wall of size A when 
compared to that of size C. Accordingly, the effect of not scaling the sleeve thickness is 
of considered of minor influence on the experimental results and is therefore neglected. 

4.5 TEST PROCEDURE 

4.5.1 Operation and test control 

In order to perform the hollow-cylinder test; firstly, the specimen stack was carefully 
placed inside the cell using a crane (for specimens A and B, the lower fill-block was 
placed before the specimen stack). The specimen was then fastened to the bottom of the 
cell using the fixation platen (see Figure 4.1) to secure the functioning of the lower O-
ring. Next, the cell was filled with hydraulic-oil (Tellus T22) and measures were taken to 
ensure all air was expelled from the oil circulation. Afterwards, the top safety platen was 
placed and firmly fixed using eight safety bolts and nuts. After that, two high-pressure 
connections were hooked-up between the top and side oil-inlets in the cell and two hy-
draulic-oil pumps (Holmatro, HTW8800B). The measuring devices were installed inside 
the inner-hole after extracting the steel rod, which was used for holding the specimen 
stack, and were then regulated closest possible to their zero reference using a digital 
Voltmeter. 

For performing tests under hydrostatic loading condition, the pressure was manually ap-
plied using one of the two pressure pumps. For this, the stop valve between the pumps 
was set on open position to ensure applying the same pressure in the axial and radial di-
rections simultaneously (Figure 4.8). The pressures were visually controlled using two 
pressure gauges and scanned using two pressure-transducers (MSI, model MSP-600). The 
analogue signals from the LVDTs were amplified and then digitally collected on a PC 
through a 12-bit A/D converter. The converter was also used for digitizing the signals 
from the pressure transducers. An interface program was written to monitor and record 
the pressures and displacements during the tests. All tests were performed under slowly 
building-up the hydrostatic pressure to either a maximum pressure of 35-40 MPa or to a 
prescribed tangential strain level. 

4.5.2 Stress path 

Linear-elastic solutions for stresses and deformations in a hollow-cylinder subject to ex-
ternal boundary pressures can be found in many textbooks on rock mechanics or solid 
mechanics, e.g. Jaeger and Cook (1979). This solution suggests a maximum stress con-
centration to develop at the wall of the inner-hole with σθ>σ

z
>σ

r
 (compressive stresses 

are positive) and hence failure is expected to initiate around the inner-wall and propa-
gate outwards under increased stress. Figure 4.9 schematically illustrates the stress path 
applied in the experiments and its calculated resultant stress-state around the hole. 

In all tests, the inner-hole pressure was kept at atmospheric, whereas specimens were 
loaded hydrostatically on their external boundaries up to a maximum pressure of  
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Figure 4.8: Schematic of the operation, control, and data acquisition of the pressure-cell. 

40 MPa. This stress path is most common in simulating deep underground conditions 
around wellbores. The external hydrostatic pressure (σo) would translate into a triaxial 
stress gradient over the thickness of the cylinder’s wall with a maximum principal stress 
σ1=tangential stress σθ, intermediate principal stress σ2=axial stress σz, and minimum 
principal stress σ3=radial stress σr. For the hollow-cylinders tested in this research with 
an outer-diameter/inner-diameter ratio of 4, the expected maximum principal stress σ1 
equals 2.13 σo at the inner-wall. 

Despite the fact that an elastic approach is common in the design of circular openings, it 
is widely viewed as being insufficient to quantitatively predict failure or describing the 
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Figure 4.9: Stress path applied in the experiments and its resulting stress state at the hole. 

various failure modes observed in underground excavations as well as in hollow cylinder 
tests (Santarelli, 1987). Elasto-plastic analyses have been performed by several research-
ers to determine the stress and displacement fields around a circular opening taking into 
account the existence of intact (elastic) and failed (plastic) zones. To model quasibrittle 
materials, a constitutive behaviour characterized by tensile cracking and compression 
crushing can be implemented. In a multi-axial stress state, a crack model can be com-
bined with a plasticity model such as the Mohr-Coulomb and Drucker-Prager. According 
to Sluys and de Borst (1999), use of the latter model is not recommended for analyses of 
materials with a relatively high internal friction angle due to a pronounced difference be-
tween the results of biaxial compressive strength and uniaxial compressive strength 
analyses. 

A combined crack-elasto-plastic analysis was performed using a Mohr-Coulomb failure 
criterion with associated plasticity supplemented by a smeared-cracking model that is 
described by a linear tension cut-off. These nonlinear simulations were performed using 
the finite element program DIANA (TNO DIANA BV) to analyze the effect of the stress 
path on the behaviour of the hollow-cylinders. The purpose was to examine the influence 
of the chosen stress path on the behaviour of the hollow-cylinders. The problem was 
modelled as 2D axisymmetric with symmetry around the longitudinal axis of the hollow-
cylinder. A hollow-cylinder with a wall thickness of 15 cm was considered for the analy-
ses. Both, the top plunger and bottom platen were incorporated in the model together 
with the Teflon friction-reducing interlayer. The Teflon interlayer was modelled using in-
terface elements. A quadrilateral fine mesh (Figure 4.10a) was used for the analysis. The 
input data and material properties used in analysis are presented in Table 4.2. 
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Table 4.2: Model parameters used in the DIANA simulations 

Property Value 

Uniaxial compressive strength (MPa) 10.0 

Tensile strength (MPa) 0.80 

Young’s Modulus (GPa) 6.80 

Poisson’s ratio 0.15 

Cohesion (MPa) 4.50 

Friction angle 34.0 

Dilatancy angle 34.0 

 

           
(a) (b) 

Figure 4.10: (a) schematic diagram of the mesh, loading, and boundary constraints. (b) tangential 
stress distribution along the wall at outer stress equals 40 MPa. 

The simulation results showed a plastic zone to start developing around the inner hole at 
a hydrostatic outer-pressure of 8 MPa and continued till the end of the simulation. At 
maximum load, the thickness of the plastic zone was 2 cm inside the hollow-cylinder 
wall. A pronounced reduction in the tangential stress (stress relief) at the inner wall took 
place (Figure 4.10b) as a result of the plastic state achieved combined with the assump-
tion of brittle behaviour. With regard to cracking, the analysis showed cracks to initiate 
next to the inner-wall at an outer-pressure of 18.50 MPa. The cracks started from mid-
height of the specimen and propagated vertically and laterally with load increase in a 
uniform manner (see Figure 4.11). 
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Figure 4.11: Crack propagation sequence in DIANA simulations at different load steps, from left 
to right the outer stress is 20, 40, and 50 MPa. The short dashed lines symbolize the cracks. 

4.5.3 Data handling and presentation of results 

The processing of hollow-cylinder test data comprised several steps; firstly, the recorded 
stresses (axial and radial at the outer boundaries) and displacements (axial and radial 
inside the hole) were converted using calibration parameters from an electrical signal 
with units of Volt to their equivalent mechanical units in MPa and millimetre, respec-
tively. The second step involved the calculation of axial, tangential, and volumetric 
strains using the calibrated displacement measurements. The calculation of strains fol-
lowed the linear-elastic principles as discussed in § 2.5.1. Subsequently, the outer-stress 
values corresponding to a tangential strain of 0.5% were determined and utilized after-
wards in the size effect analysis. 

As mentioned in the previous section, no full collapse or peak stress was obtained in the 
performed tests. Therefore, a criterion needed to be defined for use in the analysis of size 
effect test results. As will be comprehensively discussed in Chapter 5, it was reasonable 
to assume that failure initiated where the stress-strain curve showed deviation from line-
arity. The high nonlinearity of the response hindered the definition of one point as refer-
ence for failure initiation in the tests. Therefore, for assessment of size effects, stress lev-
els at a prescribed tangential strain level of 0.5%, calculated from the deformations 
measured at the inner-wall, were considered and compared (Figure 4.12). This arbitrary 
strain value is chosen being as close as possible to the point where deviation from 
 



64 Experimental Procedures 

0

5

10

15

20

25

30

35

40

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70

Tangential strain x10
-3

O
u
te

r 
st

re
ss

 (
M

P
a
)

 
Figure 4.12: Outer stress-tangential strain curve for C specimen from the mixture M2 with indi-
cation for the procedure of stress determination corresponding to 0.5% tangential strain. 

linearity occurred along the inner-hole surface and deformation rates were accelerated 
(see Figures 5.2 and 5.5 for complete stress-strain curves). Size effect relations from using 
other strain values than the 0.5% are presented and discussed in § 7.1.1 as part of the 
discussion on onset of size effect. 

4.6 IMPREGNATION EXPERIMENTS 

The detection of crack and fracture mechanisms was of vital importance in this study in 
order to try exploring its physical behaviour and possible effect on size effect. Various 
techniques are available to date, each with its own cons and pros and can be divided into 
direct and indirect methods as described by Shah et al. (1991). Indirect methods include 
amongst, acoustic emission, ultrasonic pulse-velocity, interferometry techniques, and ste-
reo-photogrammetry. Whereas direct measurements include optical and scanning micros-
copy accompanied by enhancing techniques such as dyeing and impregnation. In com-
pression, stereo-photogrammetry is seen as a suitable indirect surface-measurement 
method with the limitation of plane stress loading condition besides cumbersome and 
time-consuming data processing. As a surface method the fracture process in the interior 
of the specimen is not depicted and thus a complete fracture process is not characterized 
(Van Mier, 1997). Acoustic emission techniques can be regarded as a suitable tool for re-
vealing interior crack processes and the shortcoming of clarifying the physical mecha-
nism. In rock and petroleum sciences, the acoustic techniques and acoustic related mate-
rial properties acquired a great deal of attention and are widely applied. Using direct or 
defective methods, microscopy; optical, Scanning Electron Microscopes (SEM), and re-
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cently Environmental Scanning Electron Microscopes (ESEM) are the most applicable in 
scanning surface crack processes with high resolution. 

An insight in crack growth process can be obtained by applying a step-wise procedure at 
different levels of the loading process. Impregnation and dyeing methods enhance the 
visibility of cracks with the possibility to visualize internal cracking after cutting a 
specimen into slices. Impregnation is done under vacuum since moisture must be re-
moved to allow for saturation with epoxy or dye and it is favourable to impregnate under 
load. Appropriate material for impregnation includes, dye, fluorescent epoxy, and molten 
Wood’s metal (solid at room temperature and melts at temperatures between 70-88° C). 
In hollow-cylinder tests, Ewy et al. (1988), used molten Wood’s metal applied under 
5 MPa of pressure for preserving crack patterns during their experiments on Berea sand-
stone and Indiana limestone. 

In this study, bearing in mind the low strength of the tested materials, it was contem-
plated that specimens could crumble after failure and therefore would not allow a proper 
investigation of the facture process. In similar hollow cylinder experiments reported in 
the literature, stronger materials are usually investigated (5-9 times higher strength) and 
crack patterns are visually examined either after testing or during testing using an endo-
scope placed inside the hole. From the results of pilot testing, however, it appeared that 
failure process of the used mixtures is rather stable with no signs of major collapse allow-
ing for post-test impregnation. 

An impregnation procedure using low-viscosity fluorescent epoxy was therefore imple-
mented after testing, which took place under medium-vacuum pressure. After carefully 
extracting the specimen out of its stack following completion of the test, it was placed in 
a cylindrical vacuum chamber. Depending on the specimen size, they were subject to 
medium-vacuum pressure for a time period in the range of 2 to 12 hours. The fluorescent 
epoxy was prepared at the end of the vacuuming period using a mixture of epoxy resin, 
yellow dye, and hardener (EpoFix resin, EpoFix hardener, and EpoDye, STRUERS, 
Denmark). 

The resulting fluorescent epoxy was then slowly poured into the space of the inner-hole 
through a flexible tube with flow valve. The epoxy was left to rest inside the hole for few 
minutes to ensure that nearly all air inside the hole and in open pores around it was re-
placed with epoxy. Atmospheric pressure was then slowly restored inside the chamber 
and the epoxy was left to harden under laboratory conditions for 48 hours. Afterwards, 
the specimens were cut into slices using diamond saws (Figure 4.13). 
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Figure 4.13: Schematic for a typical cut of an impregnated hollow-cylinder specimen. 

4.7 TESTING SCHEME 

In total, twenty-one test series were conducted with a sum of sixty-four hollow-cylinder 
experiments. Eight test series were performed for the M2 and thirteen test series for the 
M4. Unfortunately, results of four principal test series for the M4 were dismissed due to 
their abnormal high strength values as compared to the other series, which was revealed 
from the control cube strength. The reason for this anomalous strength results is not 
clear, but as discussed in § 4.3.1 the control on the casting procedure was rather difficult 
for these low-strength mixtures. For the principal test series (Chapter 5) with sizes A, B, 
and C, all tests were conducted at 14 days of age. Mostly, the tests were performed on 
two consecutive days and occasionally it was possible to test all three sizes on the same 
day. This was to try eliminating the effect of strengthening of the materials with time. 
The tests were carried-out in an alternating scheme between the mixtures M2 and M4. 
An overall view is given in Table 4.3 for all hollow-cylinder experiments, including the pi-
lot tests, which were used in analysis and interpretation of experimental results (Chap-
ters 5 and 7). 
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Table 4.3: Overview of the complete hollow-cylinder experimental programme 

Test 
series 

Type Mixture 
Size 
range 

Age at 
test 
(days) 

fc at test 
(MPa) 

fc after 
28 days 
(MPa) 

fspl at test 
(MPa) 

01M4I Pilot M4 1:8 181 16.8 11.9 1.40 

02M4II Pilot M4 1:4 243 22.1 12.3 2.10 

03M2I Pilot M2 1:4 48 14.0 11.5 1.80 

04M4III Principal M4 1:4 14 9.70 11.3 1.10 

05M2II Principal M2 1:4 14 9.00 10.7 1.00 

06M4IV Principal M4 1:4 14 8.30 9.50 0.90 

07M2III Principal M2 1:4 14 6.50 8.70 0.80 

08M4V Principal M4 1:4 14 8.10 10.8 1.00 

09M2IV Principal M2 1:4 14 8.30 10.5 0.95 

10M2V Principal M2 1:4 14 7.90 10.3 0.90 

11M4VI Principal M4 1:4 14 10.0 13.9* 1.00 

12M2VI Principal M2 1:4 14 7.30 10.3 1.10 

14M4VIII Principal M4 1:4 14 9.50 12.9 1.30 

15M2VII Principal M2 1:4 14 11.9 16.4 1.15 

17M2VIII Principal M2 1:4 14 9.10 12.4 1.18 

20M4XII Principal M4 1:4 14 9.00 11.5 1.10 

21M4XIII Principal M4 1:4 14 9.50 14.1 1.17 
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Chapter 5 

HOLLOW-CYLINDER EXPERIMENTAL RESULTS 

5.1 INTRODUCTION 

An experimental program using thick-walled hollow-cylinder specimens was conducted to 
study size effect on strength of the two mixtures developed in this research (Chapter 3). 
In addition, (in)elastic deformations, cyclic behaviour, fracture, and failure development 
in the hollow-cylinder tests were investigated. The tests were performed under externally 
applied hydrostatic pressure, while maintaining the inner-hole pressure at atmospheric. 
Inner-wall radial deformations and axial displacements were monitored during the tests. 
Fracture patterns were preserved after testing through impregnating a fluorescent epoxy 
resin under vacuum into the vicinity of the inner-hole. Slices from the impregnated 
specimens were investigated afterwards under high magnifications using both optical mi-
croscopy and ESEM. 

In this chapter, results of the scaled hollow-cylinder experiments are presented. First, the 
stress-tangential strain responses are discussed for each mixture with emphasis on the de-
formation process and onset of failure. Then, results from the cyclic tests are discussed. 
Afterwards, the size effect results are presented. Subsequently, the volumetric response 
during the hollow-cylinder tests is explored. Finally, fracture mechanisms and failure de-
velopment in the tests are investigated and their results are presented with emphasis on 
microscopic failure mechanisms. 
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5.2 RESULTS OF PILOT TEST SERIES 

As discussed in Chapter 4, it was considered in the experimental design phase to extend 
the size range to 1:8 (§ 4.2.1). A large pressure vessel similar to the one developed in this 
project was used in testing the largest size D with inner-hole diameter of 100 mm. One 
test series was performed including four sizes in a size range 1:8. The sizes A, B, and C 
were tested in the small test cell and size D was tested in the large test cell. Inner-hole 
deformations during testing and impregnation experiments after testing were carried out 
for all sizes. Hereafter, the result of this series is summarized in terms of stress-strain re-
sponse and size effect. 
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Figure 5.1: (a) Stress-strain curves for specimens A, B, C, and D of the mixture M4 at 180 days 
of age. (b) A log stress-log size relation with stresses taken at 5‰ strain. 

In Figure 5.1a, the stress-tangential strain curves from the four tests are presented. The 
tests were performed using the mixture M4 at 180 days of age. In the figure, the material 
is shown to behave in a plastic-strain-hardening manner. The uniaxial compressive 
strength for the specimens from accompanying control cubes was 16 MPa. The specimens 
sustained external pressures up to 40 MPa without collapse. Spalling of small flakes from 
around the inner-hole took place during testing of specimens C and D for stresses above 
25 MPa. The total tangential strains attained at the end of the tests suggested a size ef-
fect. In other words, the larger the specimen size the larger was its total strain. For an 
outer stress of ≅37 MPa, the total strain of specimen D was found 9.50 times that of 
specimen A. For all sizes, an initial stiff response is observed up to an outer stress value 
in the range of 11 to 15 MPa. Afterwards, the strain (deformation) rate increased with 
varying magnitudes, respectively with size from gentle for specimen A to rapid for 
specimen D. 

In Figure 5.1b, the log σo–log Di is plotted for the four sizes together with a best-fit rela-
tion using linear-regression. A good linear relation is observed on the log-log scale as in-
dicated by the correlation factor of 0.92. A power relation with an exponent of –0.37 ex-
ists therefore on a normal scale between the three sizes. In this pilot series, final adjust-
ments in the measuring device were not yet introduced and could have caused a meas-
urement error of not more than 5%. This series, however, was conclusive on the aspects 
of performing scaled hollow-cylinder tests with reliable inner-hole deformation measure-
ments and indicated a hollow-cylinder size dependency. 
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5.3 RESULTS OF PRINCIPAL TEST SERIES 

In this section, results from scaled hollow-cylinder tests, which were performed on the 
M2 and M4 mixtures at 14 days of age are presented. In these series, a size range of 1:4 
was considered, i.e. only specimens of type A, B, and C were tested. 

5.3.1 Stress-strain behaviour 

Stress-strain response for 4 mm mixture (M4) 

Individual stress-strain curves from the tests performed on the mixture M4 are presented 
in Figure 5.2. The stress in the graphs represents the outer hydrostatic-pressure applied 
onto the specimens, whereas the strain is the tangential strain εθ. To examine the process 
of failure development and associated mechanisms, some tests were terminated at pre-
scribed strain levels (§ 5.5). Namely, strain levels of 0.5, 1.5, and 2.5% were used. The 
stress-strain responses from these tests are included in Figure 5.2 as well. From the re-
sponses, the material shows a plastic-strain-hardening behaviour up to the end of tests. 
The specimens sustained outer pressures up to ≅40.0 MPa without collapse. The final 
computed strains εθ were notably high in the order of few percents. Tangential strains up 
to 3.1%, 5.1%, and 6.4% were observed for the specimens’ type A, B, and C, respectively. 

In Figure 5.3, the average total tangential-strains are plotted with their standard devia-
tions against the inner-hole diameter Di for all sizes. Only total strains from complete 
tests with no prescribed strain levels are considered. The figure illustrates the increase in 
average total strain with specimen size. The scatter in strain values is notably higher for 
size B as compared with A and C. The higher scatter owes probably to the limited num-
ber of samples used in calculating the average and scatter; namely, 3 values for A and B. 
For the C specimen, no scatter value was calculated since only two data points existed. 
However, the relation from the average calculated values strongly suggest an increasing 
trend with size. 

Stress-strain curves obtained from all sizes showed a smooth transition from an initial 
slightly curved to a subsequent softer response (see Figure 5.2). Overall, the response 
could be described as bilinear from the firstly short portion with stiff behaviour to a less 
stiff afterwards with an increased rate of deformation. Noteworthy is where this transi-
tion more or less takes place. Examining the stress-strain curves indicate that it occurs 
at an outer stress (σo) around 7-10 MPa. This value appears qualitatively independent of 
the specimen size and more remarkable is its proximity to the average value of the com-
pressive strength of the mixture. 

The unloading path is included in the graphs as well. The amount of permanent (irrecov-
erable) deformation remained after unloading indicates the ductile characteristic of the 
material under this loading state. Generally, not more than 25% of the total exerted 
strain in the specimens was restored after unloading. This was also observed for tests 
terminated at relatively low strain levels (less than 1% strain) conforming the sensitivity 
of the material to confinement as observed in the triaxial compression tests (§ 3.5.2). The 
occurrence of irrecoverable strains at low stresses suggests that the use of classical linear-
elastic models to analyze and explain the phenomenon observed in these hollow-cylinder 
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tests would be doubtful. The percentile ratio between the permanent strain and the total 
strain from all performed tests, a ductility index, is presented graphically in Figure 5.4. 
An increasing trend in ductility with size is generally observed with size B particularly 
higher than A and C. 
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Figure 5.2: Overview of all stress-strain curves obtained for hollow-cylinder specimens type A, B, 
and C for the mixture M4. 
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Figure 5.3: Total tangential strain calculated at end of tests on M4 for sizes A, B, and C. Scatter 
of results for sizes A and B included together with the mean values. 
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Figure 5.4: Percentile ratio between the permanent and total tangential strains with their stan-
dard deviation for sizes A, B, and C. 

Stress-strain response for 2 mm mixture (M2) 

In Figure 5.5, the individual stress-strain curves are presented from tests performed on 
the mixture M2. Mostly, the stress-strain responses of the mixture are comparable to 
those of the mixture M4. A noticeable difference is the higher ductility and strain capac-
ity of the specimens from the M2. Tangential strains up to 6.1%, 11%, and 7.1% were 
observed for the specimens’ type A, B, and C, respectively. In Figure 5.6a, the average 
total tangential-strains are plotted with their standard deviation versus Di. Generally, an 
increasing trend with size is observed, but both the average and standard deviation for 
size B are remarkably high in comparison with A and C. The reason for this higher scat-
ter is probably the use of limited data in calculations, 3 measurements, raising an influ-
ential weight for each measurement. 
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For size C, two tests were stopped at stress levels lower than the 40 MPa pressure-
capacity of the test cell (the responses without unloading path in Figure 5.5 type C). 
This was due to an accelerated failure and spalling that took place around the inner-hole 
in those tests hindering the deformation measurement to continue functioning effectively. 
The tests were stopped and the measurement device was de-mounted to save it from pos-
sible damage. It is doubted, however, that those tests could have continued up to the 
stress levels obtained in sizes A and B, viz. 35-40 MPa, without their collapse. This ex-
plains the lower average strain value for size C in Figure 5.6a in comparison with B and 
why no unloading response was recorded for those two tests. 
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Figure 5.5: Overview of all stress-strain curves obtained for hollow-cylinder specimens type A, B, 
and C for the mixture M2. 
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Figure 5.6: (a) Total tangential strain calculated at end of tests on M2 for sizes A, B, and C. 
Scatter of results for sizes A and B is included. (b) Percentile ratio between the permanent and 
total tangential strains with standard deviation for sizes A, B, and C. 

Similar to the mixture M4, a smooth transition was observed from an initial slightly 
curved to a subsequent softer response (see Figure 5.5). This transition curiously seems 
to occur at an outer stress σo around 7-10 MPa as with the M4. The value appears also 
independent of the specimen size and in proximity to the average value of the compres-
sive strength of the mixture. In rock mechanics, the point of transition or onset of 
nonlinearity is generally associated with the onset of failure or damage. After onset of 
failure, one common mode of rock behaviour afterwards is brittle fracture and another 
mode is plastic behaviour. In Figure 5.6b, the ductility index for M2 is presented. 

Onset of failure in the hollow-cylinder tests 

In the abovementioned discussion, the transition in the stress-strain response is men-
tioned to occur at σo of about 7-10 MPa. According to linear-elastic calculations, this 
stress would give a tangential stress at the hole-wall equal to ≅15-21 MPa. This transi-
tion connotes a clear change in the deformation rate of the hole-wall and is seen as an 
indication of the onset of failure. Remarkably, this transition was observed to take place 
independent of specimen size and maximum aggregate size in the mixture. 

Figure 5.7 shows the individual stress-strain curves for the mixtures M2 and M4 in the 
range 0 to 7‰ strain for all sizes. This range generally covers the transition zone and is 
used to emphasize the transition process and onset of failure. The smooth transition that 
takes place in the curves renders difficult the identification of a specific transition point. 
However, a bilinear model could be assumed to reasonably represent the stress-strain re-
sponses. The transition could then be approximated as the kink point in the assumed bi-
linear behaviour. In the figure, the bounded areas correspond to the range where transi-
tion seemed to take place from the various curves. The transition range is 7 to 10 MPa 
for the M4 and 5 to 10 MPa for the M2. The lower limit in the range for the M2 is due 
mainly to type C specimens, which were generally weaker than the rest and is believed 
due to more difficulty witnessed during their casting and compaction process. 
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Figure 5.7: Outer stress-tangential strain curves for mixtures M2 and M4 in the range 
0 to 7‰ strain for specimens A, B, and C. Bounded areas highlight the transition zones. 
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Figure 5.8: Cube strength values after 14 and 28 days of age for all M2 and M4 mixtures from 
the principal test series performed at 14 days. 
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To examine the relation, if any, between the observed transition and the fc value of the 
tested mixtures, the mean and standard deviation for all tested series are plotted in 
Figure 5.8. The cube strength values are presented for test results after 14 and 28 days 
of age. The average cube strength for the M2 after 14 days was 8.0 ± 0.9 MPa and was 
after 28 days 11.0 ± 1.5 MPa. The average cube strength for the M4 after 14 days was 
10.0 ± 1.2 MPa and was after 28 days 12.6 ± 2.4 MPa. The scatter in the strength after 
28 days was higher than that after 14 days. The average strength after 14 days achieved 
70-80% of the strength value after 28 days. The average strength after 14 days for the 
M4 was 1.25 times that of the M2 with a comparable scatter (11.25% and 12% for the 
M2 and M4, respectively). Considering once more the average transition or onset of fail-
ure in the stress-strain curves (7-10 MPa), their concurrence with the average strength 
value at the age of testing for both mixtures is then distinguishable. 

The correspondence of the external stress where onset of failure took place with the av-
erage compressive strength of the tested mixtures is noteworthy. This is for its potential 
importance in stability studies of deep wellbores under similar conditions as those in the 
conducted hollow-cylinder tests. Accordingly, it is tentatively suggested that onset of 
failure is to be expected at around the fc value of the concerned rock. However, the un-
certain and rather complex state of stress deep in the underground as compared to labo-
ratory test conditions should be considered. In terms of local failure at the hole-wall, the 
onset of failure is observed at a tangential stress σθ in the range 15 to 21 MPa (from lin-
ear elasticity). This stress is nearly two times the fc and is active just behind the inner-
wall. However, there exists as well the axial stress σz component of value in the range 7-
10 MPa. The onset of failure therefore commenced at a deviatoric stress σ1-σ3=σθ-σz=8-
11 MPa. This deviatoric stress value is in proximity as well of the average strength of the 
mixtures after 14 days. 

In Figure 5.7, specimens B and C of the test series 05M2II (indicated by arrows in the 
figure) show a delayed stress-strain response with a zero strain value to an outer-stress 
value of about 4 to 5 MPa. This was due to a technical problem in the measuring device 
during these tests, which was resolved in all the remaining performed tests. 

5.3.2 Stress-strain response under cyclic loading 

An important aspect of the behaviour of concrete and rock materials is their stress-strain 
response under cyclic loading. Two test series were conducted (one series per mixture) 
wherein unloading/reloading cycles took place at prescribed strains. In each test, two cy-
cles were applied at tangential strain values of 5 and 15‰ strain. Afterwards, the tests 
were continued to a stress of 35-40 MPa before stop and unloading. The results of these 
two series are shown graphically in Figure 5.9 

The results suggest a general characteristic for both mixtures and for all sizes under load 
cycling except for specimens A from the M4 and C from the M2 (M4-A showed peculiar 
large hysteresis and M2-C was abnormally weak). Both mixtures showed a ductile re-
sponse with the capacity to sustain large permanent deformations while maintaining the 
ability to resist additional outer stresses. The total tangential strains attained in the cy-
clic tests (Figure 5.9) were smaller in magnitude when compared with those from mono-
tonic tests (Figures 5.3 and 5.6) with nearly 25% for M4 and 35% for M2. This is in line 
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with observations from rock testing where higher stresses are attained for cycles taking 
place in the ductile region (Jaeger and Cook, 1979). 

In Figure 5.9, the reloading branches of the cycles at 5‰ strain reached and joined the 
original stress-strain path close to the point of initial unloading. For the second cycles at 
15‰ strain, the reloading branches bend away and pass below the point of unloading 
and seem to reach the original stress-strain path afterwards. The unloading/reloading 
branches demonstrated nonlinearity resulting in hysteresis. The existence of hysteresis 
means more work is done on the body during loading than is done during unloading 
(Jaeger and Cook, 1979). In other words, energy is dissipated in the specimen’s body 
during a cycle of loading and unloading.  
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Figure 5.9: Outer stress-tangential strain curves for mixtures M2 and M4 under cyclic loading for 
specimens’ type A, B, and C. 
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According to Spooner et al. (1976), the dissipated energy comprises three components. 
These are energy generated in damage, in damping, and the elastic strain energy. They 
quantify the energy dissipated in damage as the area between the initial stress-strain 
curve and the reloading curve of following cycle. Following this assumption and qualita-
tively examining the results in Figure 5.9 indicates that damage was effective at low 
strain levels in the order of 5‰ strain, which is also characterized by the high irrecover-
able deformations in the specimens. 

A characteristic of damage in cyclic tests is a degradation in the slope of the loading 
curves with increased strain in tests under cyclic loading (Sinha et al., 1964; Spooner et 
al., 1976). In our tests, the slopes of all ascending and descending branches are qualita-
tively parallel (see Figure 5.9) with stiffness in the range 6.7 to 8.5 GPa. This stiffness 
value is roughly equal to the modulus values obtained from the uniaxial compressive 
tests (Table 3.4, § 3.4.2). The reason for this is thought due to a densification of the ce-
ment-paste, considering its porous nature, which takes place during loading. This pre-
cedes the damage characterized by cracking and spalling that occurs later in the loading 
process. It is expected if loading cycles were performed at strain levels where more ‘de-
structive’ damage is proceeding (>15‰ strain), then degradation in the re-loading 
modulus might have been observed. It should be noted that few grain-boundary micro-
cracks were observed in specimens unloaded at 5‰ strain and relatively more cracks at 
15‰ strain (§ 5.4). The intensity of these micro-cracks, however, seems not large enough 
yet to cause degradation in the stiffness modulus. 

5.3.3 Size effect 

The size effect on strength in the hollow-cylinder tests was calculated according to the 
procedure described in § 4.5.3. In Figure 5.10, the size-stress relation log σo–log Di is pre-
sented for all individual test results from both mixtures. At least six tests were con-
ducted for each size from each mixture and are all included in the figure. Mean stress 
values at 5‰ strain and their standard deviations are included in the log σo–log Di plots 
of Figure 5.11 and are summarized in Table 5.1. 

Table 5.1: Mean stress values at 5‰ strain and their standard deviations used for size effect 

Mixture/Size A B C 

σo (MPa) at 5‰ strain 16.1 13.9 12.2 

Standard deviation (MPa) 1.34 (8.3%) 1.69 (12.2%) 1.28 (10.5%) M4 

Number of tests 6 6 6 

σo (MPa) at 5‰ strain 14.5 11.6 10.1 

Standard deviation (MPa) 2.10 (14.5%) 1.20 (10.3%) 1.62 (16.0%) M2 

Number of tests 7 7 6 

 

The results presented in Figures 5.10-5.11 illustrate a size effect on strength of the tested 
hollow-cylinders. The difference in mean stress values between specimen A and specimen 
C is 32% and 44% for the M4 and M2, respectively. A scatter in the stress results is 
marked for all sizes from both mixtures. For the M2, the scatter for A and C is larger 
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than that for B. Carefully examining the individual values for stress in Figure 5.10 (bot-
tom) shows one value for size C that is notably higher than the rest. If this data point 
would be considered as an outlier, the largest scatter would be for the smallest size A. 
For the M4 data, the scatter is observed for the three sizes with that of B being slightly 
higher than A and C. 

The scatter for size A in the M4 could have been expected larger than B and C as ob-
served in tensile size-effect tests by van Vliet and van Mier (2000). In their tests, the 
scatter for the smallest specimen was much larger as compared with the other larger 
sizes. This was ascribed largely to the relative small aspect ratio Dc/dmax

 of the specimen 
(equal to 3.75) as compared with the representative volume. The aspect ratio W/d

max
 for 

size A in the hollow-cylinder tests is 4.69 and 9.38 for the M4 and M2, respectively. The 
scatter for size A, however, was not the largest when compared with other sizes. The rea-
son for this is thought due to the difficulty met in casting the mixtures, for their gab-
grading and high w/c ratio, causing air voids of varied sizes to be trapped inside the 
specimens. This led to higher heterogeneity and higher stress concentration around these 
air voids. The larger the specimen size, the larger the chance was for these voids to de-
velop and cause therefore a higher scatter. 
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Figure 5.10: Individual values for log outer-stress σo versus log inner-hole diameter Di. 
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In Figure 5.12, mean values are plotted for the stresses at 5‰ strain for both mixtures 
with their best-fit using linear-regression. Both mixtures show a nearly perfect linear re-
lation on a log-log scale as indicated by the high correlation factor. A power relation, 
therefore, exists between the three sizes on a normal scale. The exponent of this power 
relation is -0.19 and -0.26 for the M4 and M2, respectively. The size effect trend for both 
mixtures is comparable, but that for M2 showed slightly stronger size effect. 
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Figure 5.11: Mean values and standard deviations for log σo versus log Di. 

y = -0.19x + 1.4

R2 = 0.99

y = -0.26x + 1.4

R2 = 0.98

0.8

0.9

1.0

1.1

1.2

1.3

1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
Log Inner-hole diameter Di (mm)

L
o
g
 s

tr
es

s 
(M

P
a
) M4

M2

 
Figure 5.12: Plot of log σo versus log Di for M2 and M4, and their fit with linear regression. 
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The overall strength of the M4 was higher than that of the M2 for all sizes (Figure 5.12). 
The mean stress at 5‰ strain for sizes A, B, and C from the M4 were 1.1 to 1.2 times 
those from the M2. As discussed in § 5.3.1, the average cube strength for the M4 was 
1.25 times that for the M2 and this could therefore be the cause for the observed differ-
ence in stress values in Figure 5.12. This difference in strength could be largely ascribed 
to the effect of d

max
 suggesting a higher strength for mixtures with larger d

max
 in uniaxial 

compression and hollow cylinder tests. As discussed in § 2.2.3, mixtures with relatively 
low cement content (poor mixtures) tend to show an increase in strength with aggregate 
size. The cement content for the M4 is ≅260 kg.m-3 and for the M2 is ≅330 kg.m-3. The ef-
fect of d

max
 was pronounced as well during fracture and spalling that was observed in the 

tests (see Figure 5.16 for effect on spalling). 

5.3.4 Volumetric response 

In addition to the measurement of radial deformations at the inner-hole, measurement of 
axial deformations was performed for a number of specimens of type C. It was not feasi-
ble to perform simultaneously both axial and radial measurements inside specimens of 
type A and B due to the limited inner-hole space (§ 4.2.3). The measured axial deforma-
tions, although limited, have yielded useful information concerning the volumetric strain 
response and the stress situation inside the hollow-cylinder. 

Classical solutions for the problem of thick-walled cylinders, discussed in § 2.5.1, describe 
the stress and strain in the axial direction as the intermediate principal stress and strain, 
whereas the stress and strain in the tangential direction as the maximum principal stress 
and strain. In Figure 5.13, axial and tangential strains are plotted versus the hydrostatic 
stress applied in tests on specimens type C from two test series for the mixtures M2 and 
M4. For both mixtures, the axial strain is observed much stiffer with notably less total 
strain value relative to the tangential strain. 
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Figure 5.13: Outer stress (MPa) versus both the axial and tangential strains (x10-3) for specimens 
type C from (a) the M4 and (b) the M2 mixtures. 
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Figure 5.14: Volumetric strain versus tangential strain for specimens type C from (a) the mixture 
M4, and (b) the mixture M2. 

This implies that the tangential stress and strain at the inner-wall in a thick-walled cyl-
inder subject to an external hydrostatic pressure are the maximum principal compo-
nents. This is considering the radial stress equals zero at the inner-wall in this case due 
to absence of inner-hole pressure. The radial stress and strain therefore are the minimum 
principal stress and strain. 

The volumetric strain at the surface of the inner-wall was calculated for specimens type 
C, which included axial deformation measurements during its testing. The volumetric 
strain is calculated as the sum of the three principal strain components, i.e. 

v z rθ
ε ε ε ε= + + . In Figure 5.14, the volumetric strain is plotted against the tangential 
strain; the major principal strain, for the specimens included in Figure 5.13. Initially, the 
axial displacement is activated before the commencement of the radial deformation at 
the inner-hole. Afterwards, volumetric compaction (decrease in volume) took place and 
continued in a mild non-linear behaviour against the tangential strain until end of tests. 
The contracting behaviour of the specimens is governed mainly by the tangential defor-
mation component and then the axial compression. 

The nonlinearity in the volumetric strain response took place at a tangential strain of 
about 4.1% for the M4 and 3.9% for the M2. At these points, an increased rate in the 
closure of the inner-hole was detected with volume increase instead of decrease. As pre-
sented in the next section, at these levels of tangential strain εθ for specimens of type C, 
opening of cracks and spalling activities have already advanced. The reason for a delayed 
onset of nonlinearity in the volumetric response, as compared for example with tests un-
der ployaxial compressive stress conditions (as in e.g. Newman, 1979; van Mier, 1984), 
owes probably to the stress condition applied during the tests. 
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Figure 5.15: Volumetric strain versus outer-stress σo for specimens type C from (a) the mixture 
M4, and (b) the mixture M2. 

Van Mier (1984), reported a continuous non-linear behaviour for the volumetric strain 
against the axial strain in ployaxial compressive tests under conditions of σ

3
=0.05 and 

0.10 σ1. In his tests and similar ployaxial compressive tests, the deviatoric stress (σ1-σ3) 
is non-constant and fairly uniform within the specimen during the whole test and until 
localization starts. In hollow cylinders under external hydrostatic stress and zero inner-
pressure, the deviatoric stress is generally constant during the tests except at the surface 
of the inner-hole where the radial stress is equal to zero. The deviatoric stress, however, 
is non-uniformly distributed inside the hollow-cylinder due to its geometrical boundary 
condition. A major difference between a constant and non-constant deviatoric stress 
situation is that the latter is known responsible for a non-linear brittle failure with crack 
nucleation, propagation, and coalescence. Whereas the former is accountable more for 
volume decrease with fissure closing, bulk compression, and plastic failure (Goodman, 
1980). This could explain the rather linear compacting response of the volumetric strain 
with delayed non-linearity and onset of dilation in the hollow-cylinder tests, but more in-
sight is needed regarding the failure mechanism, which is examined closely in the next 
section. 

Figure 5.15 shows the volumetric contraction of the inner-hole in the specimens discussed 
above under increasing outer-stress σo and zero inner-pressure. After a short linear seg-
ment, the response turns into a strain-hardening behaviour. The transition in the volu-
metric strain could be a mark for onset of failure or damage. This occurred at 
σo≅10 MPa for both mixtures, which is associated with a volumetric strain of 
2.0 to 2.5‰ strain for the M4 and 2.5 to 3.0‰ strain for the M2. According to linear-
elastic calculations, an outer-stress of 10 MPa would give a tangential stress at the hole-
wall equal to 21.3 MPa. As reported in Chapter 3 and discussed earlier (§ 5.3.1), the fc 
for both mixtures ranged from 9 to 12.5 MPa. The apparent strength of the hole is there-
fore 2 to 2.5 times as high (see discussions on onset of failure in § 5.3.1). This is in quan-
titative agreement with the experimental results of Daemen and Fairhurst (1971), San-
tarelli (1987) and others as documented by Guenot (1987). 
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5.4 FAILURE CHARACTERESTICS AND FRACTURE MECHANISMS 

Hollow cylinder test results over the past two decades on rock and concrete materials 
have established that failure taking-place around the inner-hole is governed by either an 
extensile/splitting or shear type failure mechanisms. Tendency of a certain material to 
follow one of these mechanisms in hollow cylinders is yet poorly understood and contra-
dictory observations have been reported (Hoek et al., 1994). Shear failure is macroscopi-
cally described by spiralling shear bands that originate at the surface of the inner-wall. 
Microscopically, unresolved debates exist over the shear fracture initiation mechanism 
whether micro-tensile cracks linkup in a macro-shear crack or do initiate in shear. Gen-
erally, in terms of micro-mechanisms of failure under compressive stresses, it is rather es-
tablished that the basic failure mechanism for brittle and quasibrittle heterogeneous sys-
tems is tension and due to tensile stress concentrations (Hsu et al., 1963; Bieniawski, 
1967; Hallbauer et al., 1973; Gramberg, 1989; Kemeny and Cook, 1991). How these mi-
cro-cracks further develop to an either shear or splitting macro-crack is a complex proc-
ess, which is influenced by parameters such as, material characteristics, boundary condi-
tions, and stress path. 

Macroscopically, no major signs of failure were recorded during testing and up to an 
outer-stress level of 25-30 MPa when spalling activities occasionally took place. These 
were characterized by detachment and fall of flakes from the cementitious cover at the 
wall surface. At higher stress levels near end of tests, especially in the M2, spalling of 
loose grains and some larger slivers took place. Pictures taken inside open inner-holes 
just after testing (Figure 5.16) show the difference in spalling activities for specimen type 
C from the two mixtures. In the M4, small slivers are detached and intact material re-
mains, whereas the M2 shows much more spall regions with hardly any intact material 
left. Failure in the M2 shows warping of the surface in an undulating way. Both mix-
tures, however, showed damage over the whole sample length and all around the inner-
hole in an axisymmetric fashion. 

 
(a) (b) 

Figure 5.16: Photo images of open-hole appearance for specimens type C at completion of the 
tests (35-37 MPa) for (a) M4, and (b) M2. 
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(a) (b) 

Figure 5.17: Failure pattern for specimen type B from M2. (a) Damage zone and fracture pattern 
highlighted under ultraviolet light and (b) the same after filtering the crack pattern. 

Mesoscopically, at the aggregate scale, cuts from impregnated specimens were investi-
gated using optical microscopy. Smaller slices were scanned under higher magnification 
using both optical microscopy and the BSE detector in ESEM. This enabled visualiza-
tion of cracks with widths >1.0 µm. 

Examining the slices cut from the various impregnated specimens of the different sizes 
revealed that damage is fairly distributed all round the inner-wall in a concentric pat-
tern. The cracks in this damage zone are generally located parallel to the inner-wall, 
which coincides with the direction of maximum principal stress σθ. The thickness of the 
damage zone was calculated using the average of four measurements done visually using 
a scale at 90° intervals under ultraviolet light. The average depth of the damage zone for 
the M4 measured at end of tests was 3.5, 6, and 10 mm for specimens of type A, B, and 
C, respectively. For the M2, the average depth of the damage zone was 3.5, 4.5, and 9 
mm for specimens of type A, B, and C, respectively. Thus, the type of mixture, with 
their different d

max
, did not in effect influence the depth of the damage zone. Notable, 

however, is the increase in damage zone with size. 

In Figure 5.17, a typical result from an impregnation experiment (specimen type B in 
this case) is presented. The highlighted zone in Figure 5.17a indicates the impregnation 
zone that also characterizes the damage zone in this test. As failure considered progress-
ing from around the inner-wall outwards under increasing stress, the depth of the im-
pregnation zone is assumed to represent the depth of the damage zone. The crack pat-
tern in Figure 5.17b is obtained through filtering using a grey level threshold. Fracturing 
is characterized by cracks that are distributed all round the inner-wall in a symmetric 
fashion. These cracks are roughly parallel to the inner-wall and seem to form intact slabs 
of fairly uniform thickness, which is approximately equal to d

max
. Both inter- and intra-

granular cracks are formed (Figure 5.17a and more visible in Figure 5.19), which possibly 
depends on the grain mineralogy and/or grain orientation relative to the direction of 
σθ  (maximum principal stress). 
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(a) (b) 

Figure 5.18: Thickness of damage zone as observed in tests at different strain levels on sizes A, B, 
and C from (a) the mixture M4 and (b) the mixture M2. 

The symmetry of damage around the inner-hole is visible, which is different from obser-
vations by other researchers from tests using natural rocks (Gay, 1973; Guenot, 1989; 
Haimson and Herrick, 1989; Maloney and Kaiser, 1989). They generally observed failure 
zones of diametrically opposite, symmetric regions and mostly consistently oriented along 
the length of the sample (known as borehole breakouts). 

As regards the damage thickness with respect to specimen size, a size dependence of the 
thickness of the damage zone was observed for complete tests (performed to the highest 
possible pressure of ≅35-40 MPa). The tests conducted to a prescribed strain level 
showed no dependence on specimen size for strain levels in the range 5 to 15‰ strain 
and a mild dependence for tests stopped at 25‰ strain. In Figure 5.18, these observa-
tions are presented graphically. The size independence of the damage propagation at 
these levels of strain does not comply with the size dependence of strength in these tests 
(§ 5.3.3), which was evaluated at 5‰ strain. This implies that size effect in strength of 
the hollow-cylinders is triggered early in the stress-strain response and prior to propaga-
tion of cracking and damage. More in-depth discussion on the activation of size effect in 
hollow-cylinder tests is in § 7.1.1. Experimental artefacts related to the impregnation and 
measurement procedure of damage depth could play a role and should not be overlooked. 

In Figure 5.19, mesoscopic images of impregnated slices for specimens type C taken un-
der ultra-violet light are presented. The images demonstrate that damage took place 
generally through short boundary cracks (associated with the grain boundary) in a direc-
tion parallel to the inner-wall. These cracks seem to propagate inter-granularly, in their 
plane or towards the inner-wall being a stress-free surface, and intra-granularly. The 
cracks, in many areas around the hole, connect and line up at nearly constant distance 
from the inner-wall. A typical depth of these lineaments is d

max
 of the concerned mixture 

and extends for a length of 8-12 mm parallel to the inner-wall. They often end by inter-
secting the circumference of inner-wall or close to it. These features are recognized in 
both the longitudinal and cross-sectional directions and thus possibly forming three-
dimensional slabs that could detach and finally spall. 
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Figure 5.19: Cracking mechanisms at end of tests from impregnated specimens. (a) Vertical sec-
tion in specimen C from the M2. (b) Cross section in specimen C from the M4. 

5.5 FAILURE DEVELOPMENT IN HOLLOW-CYLINDER TESTS 

Analysis of the fracture process on both mixtures revealed an insight into the damage 
mechanisms taking place during the tests. The process was observed in stepped experi-
ments where loading was stopped at prescribed strains of 5, 15, and 25‰ strain. Differ-
ent specimens from different series were utilized since it is, unfortunately, practically im-
possible to visually observe the process in real time during one test using the impregna-
tion technique. The results are described next for both mixtures with focus on micro-
mechanisms of failure as observed in representative samples (see § 7.3 for interpretation 
of the results). These were cut to size and then hand-ground on a lap-wheel using silicon-
carbide paper of grit size 320, 500, and 1200, respectively. Mono-crystalline diamond 
paste and poly-crystalline diamond spray were used afterwards for polishing the surface 
with a fineness of 6, 3, 1, and 0.25 µm correspondingly. 

5.5.1 Fracture growth in the 2 mm mixture 

The fracture process in hollow-cylinder tests on the M2 as depicted from the micrographs 
shown in Figure 5.20a-d, could be summarized in the following steps: 

− Specimens unloaded at tangential strain level of 5‰ strain showed no signs of major 
fracturing or spalling activities. The surface of the inner-wall was intact as from vis-
ual inspection prior to impregnation and microscopy analysis. Using the ESEM with 
a BSE detector revealed initial micro-grain boundary cracks to exist around few in-
dividual grains. These cracks were (ex)tensile (de-bonding) cracks within the ITZ 
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and their width did not exceed 20 µm. They were generally located at a depth 
around d

max
 from the hole in direction parallel to the inner-wall and principal stress 

direction. Occasionally, these cracks extended intra-granularly between grains in di-
rection parallel to the inner-wall (Figure 5.20a). 

− Figure 5.20b shows a micrograph from specimen unloaded at 15‰ strain. Damage 
increased in the form of more grain-boundary cracks, which linked occasionally to 
form thin slabs close to the inner-wall. This caused minor spalling activities to occur 
during tests. Slight damage was observed deeper in from the hole as individual grain-
boundary cracks parallel to the inner-wall. 

− At 25‰ strain, crack openings notably increased and new cracks were observed 
deeper in from the hole. In addition to grain-boundary cracks and intra-granular 
cracks, few cracks were detected running through the cement-paste in direction par-
allel to the inner-wall (Figure 5.20c). 

− Extensive and considerable damage with crack coalescence, detachment and spalling 
were evident in specimens unloaded at strain level of 70‰ strain (σo=35 MPa). The 
cracks continued to grow inter- and intra-granularly along the spring lines of the hole 
(Figure 5.20d). Crack widths increased close to the hole to around 100 µm and were  
 

  

  
Figure 5.20: Selected photomicrographs showing sequence of failure in the M2 from C specimens 
at (a) 5‰ strain, (b) 15‰ strain, (c) 25‰ strain, and (d) 70‰ strain. Direction of applied ma-
jor principal stress is horizontal and parallel to the long dimension of the images. Cracks are dis-
tinguishable in the images by their black lineal shape. 
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observed to frequently intersect the inner-wall. The fracture process seemed to repeat 
itself gradually with new extensional cracks of small width forming behind spall 
zones, which are expected to extend later on forming new slabs of spalling potential. 
Close to the hole, severe grain damage is evident with occasionally complete disinte-
gration of grains. However, grain damage was observed in unloaded specimens (Fig-
ure 3.3) and its damage is therefore not solely introduced by the induced stress 
change. The existence of sizable air-voids (≅200 µm in Figure 5.20d) in the mixture 
acted as stress concentrator in attracting grain-boundary cracks. 

5.5.2 Fracture growth in the 4 mm mixture 

The fracture process in hollow-cylinder tests on the M4 as depicted from the micrographs 
shown in Figure 5.21a-d was found closely resembling that for the M2 (described above) 
and therefore only observed differences are outlined hereafter. 

 

 

  

  
Figure 5.21: Selected photomicrographs showing sequence of failure in the M4 from C specimens 
at (a) 5‰ strain, (b) 15‰ strain, (c) 25‰ strain, and (d) 65‰ strain (d). Direction of applied 
major principal stress is horizontal and parallel to the long dimension of the images. Cracks are 
distinguished in the images by their black lineal shape. 
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At 5‰ strain, limited number of grain-boundary cracks was detected, which were gener-
ally around individual grains and mostly limited to a short length of the grain-boundary 
(Figure 5.21a). Cracks were observed very close to hole along grain-boundaries next to 
the inner-wall at typical depth 300-500 µm. The fracture process and cracking patterns 
observed at higher strains (15, 25, and 65‰ strain) were basically comparable to those 
for the M2 (steps 2-4 in 5.5.1). A difference noted during tests is that less spalling oc-
curred in the M4, which is thought due to its larger dmax making complete grain detach-
ment more difficult as compared with the M2, especially for smaller specimen sizes. 
Crack arrest was more pronounced in the M4 probably due to its larger grain size. In 
this case, hindrance of crack propagation by a 4 mm aggregate is relatively easier than 
with a 2 mm aggregate. Depending on the grain size, mineralogical strength, and grain 
position with respect to the orientation of crack propagation, cracks could propagate ei-
ther inter- or intra-granularly parallel to the principal stress direction (Figure 5.21c-d). 

Relevant to the aforementioned mechanisms is the direction of loading with respect to 
direction of casting. In compression, van Mier (1997) reported that loading parallel to 
casting direction shows delayed crack growth as compared with perpendicular loading 
since in the latter orientation of initial defects or micro-cracks is more favourable for 
crack propagation. Under the loading path and test setting applied in this study (for all 
sizes), the major (deviatoric) principal stresses were always in direction perpendicular to 
casting direction, which should be considered if the results are to be utilized. 

5.6 SUMMARY AND CONCLUDING REMARKS 

Three-dimensional size effect experiments were performed using scaled thick-walled cyl-
inders in a range 1:4. The mixtures developed in this research, M4 and M2, were utilized 
in these tests. Radial deformations at the inner-wall together with axial displacements 
were instrumented and monitored during all tests. At least six tests per size and for each 
mixture were conducted to account for scatter in the results. Microscopic examinations 
on slices from impregnated specimens were carried out to get insight into fracture 
mechanisms and evolution of damage in the hollow-cylinder tests. 

The shape of the stress-strain response from the recorded curves of outer pressure versus 
tangential strain at the inner-wall was concave up indicating the non-linear characteristic 
of the materials. Their constitutive behaviour could be approximated using a bilinear 
model with initial short stiff segment followed by a plastic-strain-hardening part to the 
end of tests. The kink point, at which the gesture of the curvature changes, can be ap-
proximated to correspond to outer pressures of about 7 to 10 MPa for both mixtures. 
This transition point could be reasonably assumed to represent the onset of failure in the 
tests as confirmed experimentally from the irrecoverable strains recorded near these lev-
els and the development of micro-cracks next to the wall. The transition range, onset of 
failure, was remarkably observed corresponding to the average uniaxial compressive 
strength of the mixtures. In addition, this onset of failure was observed at ≅0.5% strain, 
which is typical for quasibrittle materials under low or no confinement. However, the 
non-linearity and large amount of irrecoverable deformations at this point indicate a duc-
tile behaviour. 
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A significant size effect was observed in the strength of the hollow-cylinders from the two 
mixtures. A consistent decrease of hollow-cylinder strength with size (at tangential strain 
of 5‰ strain) was recorded up to 32% and 44% for the M4 and M2, respectively. A scat-
ter in the size effect results was marked for all sizes from both mixtures. A power rela-
tion could reasonably describe the observed size effect trends with an exponent of –0.19 
and –0.26 for the M4 and M2, respectively. The overall strength of the M4, from the size 
effect trends, was higher than that of the M2 with a value comparable to the difference 
in their compressive strength (20-25%). 

Failure around hollow cylinders of the two mixtures used was observed to initiate 
through small splitting, opening-mode, cracks along grain-boundaries oriented parallel to 
the maximum principal stress. These cracks develop firstly close to the hole and under 
increase of load could develop further deep in from the wall in a concentric pattern. The 
cracks were observed to propagate either inter- or intra-granularly parallel to the princi-
pal stress direction. Cracks were observed to preferably grow along the spring-lines of the 
hole; however, occasionally they turn to meet the surface of the inner-wall. Coalescence 
of these micro-cracks sub-parallel to the inner-wall resulted in the formation of thin 
slabs, which then detached and started spalling into the hole. The fracture process 
seemed to sequentially repeat itself with new extensional cracks of small width forming 
behind spall zones, which are expected to extend later on forming new slabs of spalling 
potential. Typical crack openings close to the hole at low outer-stress levels (8-11 MPa) 
were about 20 µm, which gradually increased to about 200 µm (10 folds) near end of 
tests (35-38 MPa).  
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Chapter 6 

DISTINCT PARTICLE MODELLING 

6.1 INTRODUCTION 

This chapter is concerned with the application of the distinct element approach in mod-
elling the size effect and fracture behaviour in hollow-cylinder tests. The numerical pro-
gram PFC2D (Particle Flow Code in Two Dimensions) was utilized for this purpose. The 
PFC2D belongs to the class of mesoscopic discrete models, which incorporate an internal 
length scale in their formulation. In addition, the model offers large strain capacity and 
unrestricted crack formation capabilities. The procedure followed in modelling the hol-
low-cylinder test was similar to that followed during the experiments. Firstly, a model 
material is developed and calibrated for its mechanical properties using uniaxial and bi-
axial compression and Brazilian splitting tensile simulations. Afterwards, analyses of the 
hollow-cylinder test and its size dependence were performed. 

In this Chapter, essentials of the PFC2D are briefly introduced followed by specimen 
preparation and model calibration procedures. Numerical results are presented and ana-
lysed in terms of model robustness in reproducing macro-mechanical behaviour and fail-
ure mechanisms. Experimental results from the uniaxial and biaxial compression, the 
Brazilian splitting tensile (Chapter 3), and the hollow-cylinder tests (Chapter 5) were 
used for comparing with numerical output. Thereafter, the capabilities of the model in 
predicting size effects in these tests are carefully investigated and discussed. 
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6.2 THE DISTINCT ELEMENT METHOD 

In the field of geomechanics and mechanics of materials, discrete particle modelling is 
known as the Distinct or Discrete Element Method (DEM). Development of the DEM 
has progressed over the last three decades after being initially presented by Cundall 
(1971) for analysis of rock mechanics problems and applied after to soils by Cundall and 
Strack (1979). Thorough description of the method could be found in e.g. Cundall 
(1988). In the DEM, finite displacements and rotations of discrete bodies (termed as par-
ticles) are allowed, including complete detachment, with automatic recognition of new 
contacts as calculation progresses. 

Interaction of the particles in the DEM is treated in an explicit dynamic process. The 
calculations performed alternate between the application of Newton’s second law to the 
particles and a force-displacement law at the contacts. Newton’s second law gives the 
translational and rotational motion of the particles based on their contact forces, 
whereas the force-displacement law is used to update the contact forces based on the 
displacements. The numerical representation of the dynamic behaviour is through a time-
stepping algorithm over which velocities and accelerations are assumed constant. The 
time step is chosen so that, during a single time step, perturbations cannot propagate 
from any particle further than its immediate proximity. 

6.3 MATERIAL MODELLING USING PFC2D 

6.3.1 Theoretical background and constitutive models 

The numerical program PFC2D simulates the mechanical behaviour of a system compris-
ing a collection of rigid disks or circles referred to as particles (Itasca Consulting Group, 
2003). Numerical behaviour of these particles is modelled in a fully dynamic manner 
based on the Distinct Element Method (§ 6.2). Motion of the particles obeys Newton’s 
law of motion, whereas the interaction between them is defined through constitutive 
models associated with each contact. At a particular contact, the constitutive model con-
sists of three parts: a contact-stiffness model, a slip and separation model, and a bonding 
model (contact-bond and/or parallel-bond). At the contact level (micro-scale), particles 
and their interaction are characterized by the following parameters: 

• Geometric and physical parameters 

R�   Average particle radius ρ   Particle density 

φ  Porosity of particle assembly 

• Parameters for the constitutive contact models 

kn  Normal stiffness  Tn Normal strength (stress units) 

ks  Shear stiffness  Ts Shear strength (stress units) 

kn/ks  Stiffness ratio  µ Friction coefficient 
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Quasi-static analyses using PFC2D are achieved through applying a local mechanical 
damping procedure. In this procedure, a damping force with magnitude proportional to 
the unbalanced force is applied to each ball through a damping coefficient. A damping 
coefficient of 0.7 is used by default in the program and was used in all analyses in this 
study. This value was shown adequate for producing a quasi-static condition when simu-
lating cracking and failure of brittle rocks by Hazzard et al.(2000). They performed uni-
axial compression simulations for different material models (granite and chalk) with dif-
ferent damping coefficients and found that the energy released by crack events (i.e. bond 
breakage) may significantly influence the behaviour in the simulations. The waves ema-
nating from cracks are capable of inducing more cracks if nearby bonds are close to fail-
ure. They also showed that the effect of these dynamically induced cracking was to de-
crease the compressive strength in granite models by up to 15%. 

Contact-stiffness model 

The contact-stiffness model describes the elastic force-displacement relation of the con-
tact either linearly or nonlinearly (Hertz-Mindlin model). The normal and shear stiffness 
assigned at each contact (particle-particle or particle-wall) relate the normal and shear 
components of force to their corresponding relative displacements. In the linear model, 
forces and relative displacements are linearly related by a constant contact stiffness at 
each contact, which is expressed as: 

 i i

n n n i
F k U n ′=  (6.1) 

 i i

s s s
F k U=� �  (6.2) 

where i

n
F  and i

s
F are the normal and shear component of the contact force, i

n
U  and i

s
U  

are the relative displacements between the contacting bodies in normal and shear direc-
tions, respectively. The force-displacement law operates at a contact and can be de-
scribed in terms of a contact point lying on a contact plane that is defined by a unit 
normal vector 

i
n′ . The contact point is within the overlap volume of the two entities. For 

particle-particle contact, the normal vector is directed along the line between particle 
centres and for particle-wall contact, the normal vector is directed along the line defining 
the shortest distance between the particle centre and the wall. Contact between a parti-
cle with the linear model and a particle with the Hertz model is not allowed, since the 
behaviour is undefined. Also, since the Hertz model is not defined for tensile forces, it is 
incompatible with any type of bonding and therefore cannot be used for modelling cohe-
sive materials. Throughout this study, the linear contact-stiffness model is applied. 

Slip and separation model 

The slip model allows sliding at the contact level (particle-particle or particle-wall) and 
separation if no contact-bond exists. Slip occurs when the shear component of force Fs 
reaches the maximum allowable shear contact force ( max

s
F ), which is the product of mul-

tiplying the minimum friction coefficient of the two contacting bodies µ by the 
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Figure 6.1: Schematic of two particles at contact (overlapping) with their associated linear con-
tact-stiffness and slip models at the contact point. 

compressive normal component of force Fn. The slip condition enforces no-tension crite-
rion by checking whether the contact overlap n is less than or equal to zero. The overlap 
distance n (shown in Figure 6.1) describes the normal displacement between two contact-
ing bodies following the soft contact approach employed in PFC2D where deformations 
between contacting bodies are represented by small overlaps over vanishing small contact 
areas, i.e. a point. The slip criterion could be expressed as 

 max i

s n
F Fµ=  (6.3) 

if maxi

s s
F F> , then slip is to occur and 

 if n ≤ 0, then 0
i

n
F =  and 0

i

s
F =  (6.4) 

Contact-bond model 

In order to simulate the behaviour of cohesive-granular materials such as concrete and 
rock, a bonding model simulating the adhesion between the particles is required. In 
PFC2D, two basic bonding models are supported: a contact-bond model and a parallel-
bond model. The contact-bond acts only at the contact point between two particles, 
whereas the parallel-bond assumes particle contact over a finite-size area positioned be-
tween the particles. In this study, the contact-bond model is used and is described here-
after. A detailed description of the parallel-bond model can be found in the documenta-
tion of PFC2D (Itasca Consulting Group, 2003). 

The contact-bond model can be envisaged as a pair of elastic springs of specified con-
stant normal and shear stiffness and specified normal and shear strengths (see Figure 
6.1). Contact-bonds allow tensile forces to develop at a contact when n<0, while preclud-
ing the slip possibility unless failed in shear. The failure criterion for the contact bond 
can be expressed as: 

 0
i

n
F = & 0

i

s
F =      if i

n n
F T≥  (6.5) 
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 i i

s n
F Fµ=           if i

s s
F T≥  (6.6) 

Breakage of a contact-bond occurs when either the normal or shear component of the 
contact force exceeds its corresponding contact-bond strength. If breakage takes place in 
shear, the contact forces are not altered and the residual shear contact force obeys a fric-
tional law characterized by µ and the normal compressive force Fn. If new contacts are 
created after breakage of contact-bonds, then the slip model only is activated at those 
contacts. In other words, at each particle-particle contact point either the slip model or 
the contact-bond model is active at any given time during calculation. 

Calculation cycle 

The calculation cycle in PFC2D consists of the repeated application of the law of motion 
to each particle, a force-displacement law to each contact with a constant updating of 
boundary (walls or string of particles) positions. At the start of each time step, all con-
tacts are updated from the known particle and wall positions. Then, the force-
displacement law is applied to each contact to update the contact forces based on the 
relative motion of the two contacting bodies (particle-particle or particle-wall) and the 
applied contact constitutive model. Next, the law of motion is applied to each particle to 
update its position and velocity according to the contact forces and/or any body forces 
(Itasca Consulting Group, 2003). 

Assumptions and justification of use 

The analysis performed in this study using PFC2D involved three simplifications with 
regard to simulating the structure and behaviour of concrete-like materials. Firstly, two-
dimensional simulations were considered instead of three-dimensional. This is for the 
high computational demand of three-dimensional simulations, especially for size effect 
analyses. Besides, two-dimensional modelling provides more insight into mechanisms and 
obtained results because of its relatively straightforward visualization features. 

Secondly, a simplification is made to the shape of the aggregate grains, which are consid-
ered as circles or cylinders in this study. Actual grains are much more complex and their 
description involves intricate geometrical shapes that could lead to substantial increase in 
computational cost and efficiency. A characteristic for circular grains as compared with 
more complex shapes is their ability to roll easier (Baars, 1996), which will not probably 
cause deviations in this analysis since cemented grains could barely roll. 

The third simplification is in the description of contact behaviour between grains, which 
is expressed in the model through a contact point or small contact area that are defined 
through simple constitutive models. In discrete modelling of concrete on microscopic and 
mesoscopic levels, the structure could be best described as two-phase composite or possi-
bly more detailed as three-phase composite to distinguish between the aggregate grains, 
the mortar matrix, and possibly the ITZ (Vonk, 1993; Van Vliet and Van Mier, 2000). 
For this, a circular grain shape does not suffice and extra material parameters and con-
stitutive relations should be defined to describe the additional material phases and their 
behaviour. Applying this to the analysis of the hollow-cylinder problem and its size de-
pendence is not straightforward and would require huge computational capacity. This is 
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seeing that it is considered important to include the complete hollow-cylinder geometry 
in the simulations for its structural contribution to the fracture and size effect behaviour 
in hollow-cylinder tests. Considering this for size effect analysis with size range as in the 
experiments and that could be extended beyond this range would accordingly be compu-
tationally very demanding. 

The assumptions and simplifications discussed above would inevitably lead to some dis-
crepancies between experimental measurements and model results and would therefore 
affect the model prediction capabilities. However, it has been shown that much of the 
characteristics from these materials could be reproduced with reasonable success using 
PFC2D type approach in DEM analyses (e.g. Baars, 1996; Hazzard et al., 2000; Po-
tyondy and Cundall, 2004). This is to consider the particle system in the PFC as an inde-
pendent system in its own right, which is capable of simulating the behaviour of the 
more complex material systems with a rather satisfactory analogy. The following excerpt 
from the PFC2D manual regarding numerical modelling should be considered as well, “It 
should be borne in mind, however, that it is impossible to fully verify and validate any 
numerical model of a natural system, as discussed by Oreskes et al. (1994). A model is 
an unprovable representation, useful for such things as: 1) corroborating hypotheses; 2) 
elucidating discrepancies in other models; 3) performing sensitivity analyses to determine 
which aspects of a system need more study and what additional data is needed; 4) sup-
porting design decisions; and 5) guiding further study. However, if confirming observa-
tions agree with a model’s predictions, the likelihood that the model is correct increases 
and thus warrants acceptance”. With this in mind, the following modelling is conducted. 

6.3.2 Preparation of model specimen 

In order to simulate disordered granular materials such as rock or concrete using PFC2D, 
irregular particle assemblies are generated and packed. Preparing a well-connected, 
densely packed irregular assembly is the key to a successful simulation and is by no 
means an easy task compared with the discretization procedure in finite element or finite 
difference modelling (Huang, 1999). In this study, assemblies of arbitrary particle (disks 
of unit thickness) packing are generated using a radius expansion algorithm offered in 
PFC2D. The objective of it is to fill the given space with particles of a given radii at 
given porosity and ensure their equilibrium. 

Particle generation is accomplished using a random particle generator that places a 
specified number of non-overlapping particles at random coordinate locations in a given 
space. The particles are placed at smaller particle radii than their final values to facili-
tate their placing. They are expanded afterwards in a trial and error manner till the de-
sired porosity is obtained. The number of particles is determined using the prescribed 
porosity and particle size distribution. At this level, no bonding between the particles ex-
ists and low friction is specified (µ=0.05-0.10) to enable packing of the assembly at a 
reasonable number of time steps. The prescribed porosity value affects both the packing 
of the assembly and initial mean stress. A value in the range 15% to 18% is recom-
mended and found to produce an assembly with relatively small initial mean stress 
(≤10% fc) and good packing density in PFC2D (Huang, 1999; Itasca Consulting Group, 
2003). A prescribed porosity of 16% is used in all simulations in this study. 
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After the initial assembly is generated and packed, hydrostatic compaction using con-
trolled boundary conditions is employed to obtain a dense state. Then a friction coeffi-
cient is applied to all particle contacts and the assembly is equilibrated under a specified 
isotropic stress. It should be noted, however, that it is impossible to create an irregular 
assembly with a simultaneous specified porosity and specified initial stress. The initial 
stresses in an assembly are partly inherited from the generation and compaction phases. 
A specified isotropic stress is typically set at low value relative to the material strength. 
The radii of all particles are changed uniformly to achieve the specified isotropic stress 
defined as the mean of two direct stresses. This is to reduce the magnitude of the locked-
in stresses that will develop after the subsequent bond-installation, since the magnitude 
of the locked-in forces (both tensile and compressive) will be comparable to the value of 
the compressive forces at the time of bond installation (Itasca Consulting Group, 2003). 

In order to ensure having a well-connected assembly, a procedure to eliminate the so-
called floaters (particles with fewer or zero contacts) is applied. The floater algorithm 
expands and moves floaters until every particle has a specified minimum number of con-
tacts. In this process, all particles except floaters are fixed and given zero velocities. 
Floaters are then expanded by a large amount (30%), sufficient to ensure contact with 
all of their immediate neighbours. After being cycled to local equilibrium, the floaters are 
contracted by an amount that is calculated to reduce their mean contact normal force 
below a target force (one-tenth of the mean contact normal force for the assembly). If 
the mean contact normal force for a particle is below the target force, then it is declared 
inactive and is not contracted further at this stage. The contraction step is applied re-
peatedly until all floaters become inactive. The complete procedure is repeated until all 
floaters have been removed. In this study, the minimum number of contacts set during 
the floater procedure is three. The assembly is now ready for test simulation. 

6.3.3 Calibration of the model 

To create a PFC2D synthetic material that simulates the mechanical behaviour of our 
concrete, numerical calibration was necessary. Calibration is the term used to describe an 
iterative procedure of determining and modifying the micro-mechanical parameters for a 
PFC2D model. The micro-mechanical parameters are those that govern the particle con-
tact and bonding properties and cannot be determined directly from laboratory tests. 
The material properties determined from laboratory tests on the other hand are termed 
macro-mechanical parameters in this process. 

Several researchers attempted to establish micro-macro relations, e.g. Bathurst and 
Rothenburg (1992); Potyondy and Cundall (1999), but no complete theory yet exists. 
During calibration, responses of the model are compared to those of laboratory samples 
and the micro-parameters are iteratively modified to achieve good agreement with their 
corresponding macro-parameters of the material. This inverse procedure adapts a trial 
and error method to try relating these two sets of parameters for irregular bonded-
assemblies. In this analysis, the macro-parameters in the calibration simulations were the 
Young’s modulus E and the uniaxial compressive strength fc from uniaxial compression 
tests. In addition, fracture patterns and crack behaviour from Brazilian splitting tests 
were incorporated as well. 
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Figure 6.2: PFC2D model used in uniaxial compression simulations with direction of applied ve-
locities (stress) and zoom-in that shows the connectivity between the discs. 

For calibration purposes, a rectangular disk assembly of width L and length H was used 

in the uniaxial compression simulations (Figure 6.2). Ratios of H/L=2.50 and /L R�=38 

were used, where R�  is the average particle radius. The radii R ranged from 0.33 mm to 

0.66 mm according to a normal particle-size distribution. This irregular assembly con-

tained about 1000 bonded particles contacting at ≅1700 contact points. Four walls 

bounded the assembly during the specimen preparation process. Afterwards and during 

testing, the lateral walls were removed and the top and bottom walls acted as loading 

platens with their velocities being servo-controlled by a servomechanism that maintains a 

specified strain rate similar to laboratory experiments. The normal stiffness of the top 

and bottom walls were set equal to 1.1 times the average normal stiffness of the assembly 

to ensure that the particle-wall overlap remains small. If too much overlap occurs, the 

model could become unstable. On the other hand, excessively stiff walls will be too sensi-

tive to small particle displacements. Stresses and strains were computed based on the 

forces acting up on the walls and the relative positions of the walls. In addition, meas-

urement circles distributed inside the specimens (Figure 6.2) were used for calculating 

average stress and strain values. Each measurement circle can be used to measure quan-

tities such as porosity, average stress, and strain rate. The size and location of a meas-

urement circle is freely chosen. 

In addition to the uniaxial compression simulations, Brazilian splitting test simulations 

were carried out. The Brazilian test was performed using a cylindrical specimen, which 

was trimmed from the same rectangular particle assembly used in uniaxial compression 

test simulations. The diameter of a Brazilian specimen is equal to the width of the uni-

axial specimen and therefore, for simplicity, the term L will be used for both hereafter. 

The specimen genesis procedure is the same for both simulations as was the case with 

laboratory tests since samples for Brazilian and uniaxial compression laboratory tests 

were prepared from the same batch (Chapter 3). In the laboratory, however, particle 

packing is not the same for the Brazilian and compression tests as performed in PFC2D. 
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The results of these simulations were used for confirming the calibration process in terms 

of crack pattern and fracture behaviour. This due to the fact that the fracture process in 

a Brazilian test is relatively well understood and predictable when compared with that in 

a uniaxial compression test. Generally, experimental observations for concrete materials 

indicate that cracks initiate in the centre of specimens and then extend towards their 

ends parallel to the loading direction (Lilliu and Van Mier, 1999). 

As an input for the numerical simulations with the contact-bond model, five micro-

parameters are needed; namely, 
n
k , 

s
k , 

n
T , 

s
T , and µ . The effect of these parameters is 

studied individually in addition to the influence of some of their dimensionless combina-

tions. Their effect is evaluated as part of the calibration process before arriving at a set 

of micro-parameters that is able to replicate (in a best-fit sense) our test concrete. The 

results of this parameter study are discussed in the next section. After several trial simu-

lations using both the uniaxial compression and Brazilian splitting assemblies, a best-fit 

PFC2D material was created with mechanical behaviour comparable to that from labo-

ratory tests. The calibrated micro-mechanical parameters are listed in Table 6.1. 

Table 6.1: PFC2D micro-parameters used for calibration 
______________________________________________________ 

Parameter     value 
______________________________________________________ 

k
n
 (GPa)     11.5 

k
n
/k

s
      3.00 

T
n
 (MPa)     5.00 

T
s
/T

n
      3.00 

µ      0.80 
______________________________________________________ 

In Table 6.2, results from the calibration procedure are presented in terms of fc and E as 

obtained from both the PFC2D simulations and laboratory experiments. 

Table 6.2: Comparison of calibration results with laboratory values 
________________________________________________________________ 

Parameter  PFC2D   Laboratory 
________________________________________________________________ 

f
c 
(MPa)  9.20    9.10 

E (GPa)  7.30    7.70 
________________________________________________________________ 

In Figure 6.3, the assembly and fracture pattern form a calibrated Brazilian simulation is 

given. The resemblance of the fracture pattern from the simulation with that from labo-

ratory test (shown in the figure) is evident. In Figure 6.4, the test assembly and fracture 

pattern from a uniaxial compressive simulation are shown. The cracks obtained in the 

uniaxial simulations are all bond cracks, which follow from the contact tensile strength 

being exceeded. The majority of those cracks are oriented in a nearly vertical direction 

parallel to the maximum principal stress as was observed experimentally. A typical axial 

stress versus axial strain curve from the uniaxial compression simulations is shown in 

Figure 6.5. The stress-strain curve shows the characteristic damage initiation at about 

0.4 of the peak strength and rapid increase in crack density during strain softening. 



102 Distinct Particle Modelling 

X

Y

 
Figure 6.3: Brazilian test assembly with (left) particle configuration and contacts, (middle) con-
tacts and fracture pattern, and (right) fractured specimen from Brazilian laboratory test. 
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Figure 6.4: Uniaxial compression test assembly with  (left) particle configuration, (middle) parti-
cles and contacts network, and (right) particles and fracture pattern. 
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Figure 6.5: Axial stress-strain response from PFC2D simulation. Shown as well are the accumula-
tion of crack density with stress and the development of damage in terms of fracture patterns. 
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6.3.4 Model micro-parameter study 

Huang (1999), using a dimensionless analysis has shown that in contact-bonded models, 
the scaled ratios kn/ks and Ts/Tn are dominant parameters in the procedure, whereas µ  
is of minor importance. Figure 6.6a shows the calibration curves for the effect of particle 
stiffness ratio kn/ks on E and fc values for the calibrated particle assembly. The trend in 
the curves is approximately a descending power relation for E and a linear relation for fc. 
Similarly, Figure 6.6b shows the curves for the effect of particle strength ratio Ts/Tn on 
E and fc values. Both E and fc showed an initial dependence on the strength ratio up to a 
certain threshold, i.e. Ts/Tn=1.0 and 2.0 for E and fc, respectively, followed by a horizon-
tal plateau. Unlike the stiffness ratio, the strength ratio had a clear influence on the fail-
ure mode and crack pattern. For values smaller than 1.0, the failure mode was domi-
nantly shear. In the range 1.0 to 2.0, mixed tensile and shear failures were observed and 
for values larger than 2.0, tensile failure prevailed. This is following the convention that 
if a bond’s shear strength is exceeded, then the crack will be called a shear crack and 
when the bond’s normal strength is exceeded, a tensile crack is the result. 

Another important parameter during specimen preparation is the value of the initial iso-
tropic stress. As mentioned above, it is recommended to specify a low value for this ini-
tial stress relative to the material strength. This is to reduce the magnitude of the 
locked-in stresses that develop after the subsequent bond-installation. The calibrated 
particle assembly was used to examine the effect of initial isotropic stress on the values 
of E and fc and for initial stresses of 0.1, 0.5, 1.0, 5.0, and 10.0 MPa. These stresses cor-
respond to 1, 5, 10, 50, and 100% of the fc of the assembly (see Table 6.2). The results of 
this calibration analysis are given in Figure 6.7, which show a minor effect for stress lev-
els below 1.0 MPa (10% of the specimen’s compressive strength) followed by a rapid de-
crease for both the E and fc values. Therefore, the results suggest a minor influence for 
initial stress that is ≤10% of the assembly’s compressive strength. The value of the ini-
tial stress did not affect the failure mode or failure sequence in the simulations. In this 
study, an initial isotropic stress of 1 MPa (≅10% of the material’s compressive strength) 
was used throughout the analyses. 
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Figure 6.6: Variation of uniaxial compressive strength f
c
 and Young’s modulus E with (a) the 

contact stiffness ratio k
n
/k

s
 and (b) the contact strength ratio T

s
/T

n
 for the bonded assembly 

used in the calibration simulations. 
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Figure 6.7: Variation of uniaxial compressive strength f

c
 and Young’s modulus E with the initial 

isotropic stress. 
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Figure 6.8: Biaxial strength envelope from PFC simulations using calibrated configuration and 
from the triaxial laboratory tests for the M4. 

Before simulating the hollow-cylinder test, it is worthy to analyze the biaxial behaviour 
of the calibrated PFC2D assembly. This is the stress state that exists in the 2D hollow-
cylinder simulations to be considered. A series of biaxial compression simulations was 
performed using the calibrated configuration. First, the particle assembly was isotropi-
cally compressed to a predefined confining pressure. Then, the lateral confinement was 
maintained constant whereas the vertical axial compression continued to increase mono-
tonically. Confining pressures of 3, 7, 10, 20, and 40 MPa were used in these simulations. 

Figure 6.8 plots the failure envelope from the biaxial compression simulations in the 

1 3
σ σ−  plane. A linear Mohr-Coulomb failure criterion is fitted to the failure envelope. 
The friction angle ϕ evaluated from the failure criterion was around 25°. This value is 
much less than the value obtained form laboratory experiments of 45° (Chapter 3), 
which is also shown in Figure 6.8. The biaxial simulations, therefore, underestimate the 
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internal friction angle and consequently could miscalculate or underpredict the biaxial 
strength. In addition, the failure envelope for the PFC2D simulations is best fitted using 
a linear criterion, whereas the experimental envelope showed a rather nonlinear response. 
Potyondy and Cundall (1999), investigated the factors influencing the biaxial strength 
envelope produced by PFC2D and conclude that the bond-strength ratio T

s
/T

n
 is most 

important. They observe essentially a linear envelope with a slope that increases with in-
creasing the strength ratio. Other factors they investigated such as particle clusters, and 
type of bond (parallel-bond instead of contact bond) did not show an effect on the enve-
lope. In the simulations above, a bond-strength ratio of 3.0 was used, which was shown 
(Figure 6.6b) to deliver minimal effect on the strength and stiffness of the model. 

6.4 ANALYSIS OF HOLLOW-CYLINDER TEST 

In order to model the hollow-cylinder geometry, the option of general walls, which is in-
troduced in PFC2D-V.3.0 and later, was utilized. This enables full circular or arc walls 
to be created, but does not, however, support force or velocity applications for full cir-
cles. This is due to the fact that wall velocities in PFC2D are defined in a Cartesian co-
ordinate system and could be applied in ±x,y directions only. This also applies to the 
built-in data acquisition and servomechanism algorithms for walls, which are all config-
ured for straight walls and Cartesian coordinate system. 

6.4.1 Geometry and loading procedure 

The external and internal wall boundaries consisted of 4 arcs each representing a quad-
rant from a closed circle (Figure 6.9). The external 4 arcs (1-4) serve as an outer bound-
ary for creating the assembly and for loading it during testing. Initially, a particle as-
sembly is generated between the two sets of internal and external walls and then isot-
ropically compacted. Next, initial stresses are installed, floaters are removed, and finally 
the assembly is bonded using contact-bonds and being prepared for analysis. In PFC2D, 
forces could not be applied to walls, but velocities could be specified that drive the walls 
in a certain direction while monitoring their reaction forces. This procedure was followed 
here for simulating the pressures applied on the outer cylinder walls. 

For performing a hollow-cylinder simulation, the internal walls were removed and load 
was applied at the external walls. Loading was applied by moving the external walls at a 
constant prescribed velocity, which ensures a quasi-static test to be simulated. Each wall 
(arc) moved under two equal and constant velocities in the x,y directions (Figure 6.9) so 
that their resultant velocity vector was directed to the centre of the assembly. Equal 
Movement of the walls exerted forces on the particles and built up a symmetric radial 
pressure that replicates the pressure applied in laboratory experiments. While loading, 
reaction forces on the external walls and the radial displacement between sets of pre-
scribed particle gauges on opposite sides around the inner-hole were monitored. These 
data were used further in calculating and plotting stress-strain responses. 
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Figure 6.9: Schematic representation of the PFC2D model used in hollow-cylinder simulations. 

6.4.2 Simulation of the hollow-cylinder test 

Numerical calibration of the hollow-cylinder test was performed using an assembly of 875 
particles (discs), D

o
=50 mm, D

i
=12.5 mm, R

min
=0.50 mm, and R

max
/R

min
=2.00. This as-

sembly simulates a hollow-cylinder specimen of size A. The ratio between the cylinder’s 
wall-thickness to average particle size W/R�  was 25. Initially, the hollow-cylinder simula-
tion was performed using the calibrated material in § 6.3.3 and with the micro-
parameters listed in Table 6.1. The result of such analysis produced a dissimilar crack 
pattern when compared with those observed in the laboratory (Figure 6.10a). A rather 
diffuse crack pattern with mainly shear cracks was produced, which is different from the 
phenomena seen in experiments (§ 5.4 and Figure 5.17). The deformation behaviour, 
however, was comparable to experiments from a hollow-cylinder test size A, in terms of 
strain values, but the behaviour of the model was somewhat linear (Figure 6.10b). 

0

5

10

15

20

25

30

35

40

0 5 10 15 20 25 30

Tangential strain x 10
-3

O
u
te

r 
st

re
ss

 (
M

P
a)

Experiment-size A

PFC model

 
(a) (b) 

Figure 6.10: (a) Damage pattern from simulated hollow-cylinder test at 2.3% tangential strain 
and (b) stress-strain response from both simulation and laboratory experiment on size A. 
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Accordingly a separate calibration process was invoked for the cylinder test with the 
calibration macro-parameter being the experimental tangential strain εθ at the inner-
hole. Additionally, the crack pattern and fracture behaviour observed in experiments was 
used to judge the objectivity of the calibration process. After several simulations, a set of 
parameters was obtained that could comparably simulate the deformation and failure 
behaviour as in the experiments (see Figure 6.11). The final set of micro-parameters is 
presented in Table 6.3. The main improvement appeared in the crack pattern as the 
strain and stiffness values were not much affected. 

Table 6.3: Calibrated parameters for hollow-cylinder simulations 
______________________________________________________________ 

Parameter      PFC2D 
______________________________________________________________ 

k
n
 (GPa)      11.0 

k
n
/k

s
       2.00 

T
n
 (MPa)      15.0 

T
s
/T

n
       2.00 

µ       0.80 
______________________________________________________________ 

Comparing the values in Table 6.1 and Table 6.3, it is seen that mainly the strength 
value was modified with a factor of three stronger in the calibrated cylinder model. Ac-
cordingly, it seems that calibrating on simpler test configurations, i.e. uniaxial and biax-
ial compression tests, and using the corresponding parameters on more complex configu-
rations such as the cylinder test might be misleading with regard to fracture behaviour. 
It is therefore recommended to include fracture mechanisms and crack patterns in the 
calibration procedure. The extra strength needed in calibrating the cylinder model could 
be partly explained through the commonly observed strengthening phenomena during 
hollow-cylinder experiments. This phenomenon, known as abnormal stability, is a state 
where no sign of distress is observed although the level of straining has exceeded the 
predicted capacity of the tested material. Guenot (1987), summarizes test results, mainly 
on rock, where the ratio between the actual load at failure and the theoretical load, 
based on elastic limit models, was between 1.5 and 4 with extremes as high as 8. 

As mentioned above, the stress-strain behaviour of the PFC2D model is somewhat linear 
and could not reproduce the nonlinearity seen in the experiments. The experimental 
curve could be practically approximated by a bi-linear relation with two different stiff-
ness and deformation rate values (§ 5.3.1). In the experiments, a kink was observed for 
all sizes in all performed tests within the range 8 to 13 MPa. The model inability to 
clearly represent this bilinear behaviour could be tentatively explained through the ab-
sence of a cementitious-matrix phase in the numerical material. It is hypothesized that in 
the experiments, initial deformation and compaction of the porous paste, prior to crack 
initiation, is a non-linear process responsible for the nonlinearity and kinking observed. 
In addition, the use of a linear contact-stiffness model, which states the relation between 
forces and contact deformation, is possibly an additional factor. Diederichs et al. (2004), 
owes the linearity in PFC2D to inability of cracks to propagate more than an additional 
particle diameter and it is therefore necessary for a critical crack density to be reached 
for nonlinearity to arise. 
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Figure 6.11: (a) Damage pattern from simulated hollow-cylinder test after re-calibration at 2.3% 
tangential strain εθ and (b) stress-strain response from both simulation and laboratory experi-
ment on size A. 

A comparison of damage patterns between the improved cylinder model and that from 
an impregnated laboratory specimen is presented in Figure 6.12, which shows compara-
ble crack patterns. The model in Figure 6.12 consisted of 4451 particles and utilized the 
same micro-parameters listed in Table 6.3, while the impregnated laboratory specimen is 
from a specimen size B. In the model, tensile cracks initiated parallel to the inner wall 
and developed further inwards under increasing stress. This simulates the failure mecha-
nism observed in laboratory experiments and discussed earlier in Chapter 5. Both dam-
age patterns from the simulation and experiment are obtained at a tangential strain level 
of 3.5%. In the simulation, crack initiation took place at a tangential strain of ≅0.50% 
that was equivalent to about 10 MPa. In the tests, few micro boundary cracks where ob-
served in the ESEM, but their exact initiation levels were not determined. 

  
(a) (b) 

Figure 6.12: (a) Crack pattern from PFC2D simulation and at 3.5% tangential strain εθ and 
(b) damage zone and filtered fracture pattern from hollow-cylinder experiment on size B at 3.5% 
tangential strain εθ. 
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6.5 SCALING AND SIZE EFFECT IN PFC2D 

6.5.1 Introduction and analysis approach 

After the PFC2D model has shown reasonable success in simulating fracture processes 
taking place in the hollow-cylinder test, its ability to capture observed size effects was 
investigated. Generally, in PFC2D, the particle size is seen as a discretization length in-
dicative of the model resolution. Linear scaling relations for elastic properties and con-
tact strength (with stress units) are implemented in the augmented Fish formulation in 
order to make its response independent of particle size (Hazzard et al., 2000; Itasca Con-
sulting Group, 2003; Cundall and Carranza-Torres, 2004). The strength scaling relation 
applied in PFC2D, at each contact, for a model of unit thickness is: 

 
, ,n s n s

F R T∝ ∗
�  (6.7) 

According to (6.7), the particle size could in principle be chosen freely as long as the 
model contains a sufficient number of particles for being representative. This was shown, 
however, not to be always the case as discussed next. Results from the simulations pre-
sented hereafter showed the PFC2D model as particle size dependent with respect to fc, 
fspl, and f2c (1 MPa confining pressure). Similar results are observed by Potyondy and 
Cundall (2004) for particle size dependence in PFC2D with respect to fspl, but they re-
port no obvious trend for E, fc, and f2c. They suggest that if failure mechanisms involve 
processes similar to those in a Brazilian test (extensile failure), an additional parameter 
should then be included in the calibration procedure such as fracture toughness. In their 
simulations, however, parallel-bonds are used and not the contact-bond model. Their re-
sults also suggest no particle size dependence for the elastic constants E and ν. 

To further recognize the suitability of PFC2D models in studying size effects, a series of 
simulations were performed for uniaxial compression, Brazilian splitting tensile, and hol-
low-cylinder tests. Two types of simulations were carried out (except for the hollow-
cylinder analysis), firstly, a series was performed using geometrically self-similar models 
and different values for R� , namely: 1.00, 0.50, 0.25, 0.125, and 0.0625 mm (termed here-
after as particle scaling). Secondly, simulations were conducted while keeping R�  constant 
and scaling the geometry instead (termed hereafter as geometry scaling). For comparison, 
the ratio /L R�  in both series was taken the same for the different sizes, namely: 11.36, 
22.7, 45.4, 90.9, and 181.8. Additionally, biaxial compression simulations under 1.0 MPa 
confinement were conducted for size effect using the geometry scaling approach. 

For each of the series mentioned above, five rectangular assemblies were prepared in a 
size range 1:16 and with H/L=2.50. For each size, five different samples were produced 
with different packing arrangement through varying the seed for the random number-
generator in the material genesis procedure. This is to include both packing and strength 
heterogeneities in the analyses. Each sample was subjected to uniaxial compression and 
Brazilian splitting loading under displacement control mode. The smallest specimen with 
/L R�=11.36 consisted of 86 particles, whereas the largest specimen with /L R�=181.8 

consisted of 22097 particles. The simulation procedure for uniaxial compression and Bra-
zilian tests was the same followed in calibration analysis, which utilizes the built-in algo-
rithms for performing these tests in the augmented Fish tank of PFC2D-V.3.0. 
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6.5.2 Simulation of size effect in uniaxial compression and Brazilian tests 

In Figure 6.13, a bi-logarithmic plot is given of the peak strength values fc and fspl versus 
specimen size from both series. As illustrated in the figure, size effect trends in PFC2D 
for fc and fspl are alike for the same /L R�  ratio regardless to the scaling procedure applied 
(particle or geometry scaling). The compressive strength showed an increasing trend with 
size, whereas the splitting strength showed a decreasing trend. The analysis of these re-
sponses is subsequently discussed further. 

Accordingly, PFC2D models with typical /L R�  values will have the same strength (com-
pressive or tensile) except from slight scatter due to heterogeneity effects. This means 
that size effect analysis using PFC should consider the discretization parameter /L R�  for 
its influence on the analysis output. Additionally, the result implies that the scaling rela-
tion in (6.7) does not suffice to make the model particle size independent and that other 
parameters should be incorporated in the dimensionless analysis. Potyondy and Cundall 
(2004), report similar observations from their Brazilian test simulations, which they 
termed dual-model similarity, and put forward a scaling relation for the Brazilian split-
ting-tensile strength in the form: 

 
,spl n s

R
f T

L
∝

�

 (6.8) 

where 
,n s

T  is the mean bond strength. This relation incorporates the parameter /L R�  as 
a scaling factor. Based on the results above (Figure 6.13), for analysis of compressive 
strength in PFC2D, a relation similar to that in (6.8) could be adapted as well and may 
supplement the scaling relation in (6.7). Such relation could hold the general form: 
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L
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R
∝ ×
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 (6.9) 

The results, therefore, suggest that particle size in PFC2D is not a free parameter and 
should be selected in consideration with the ratio /L R�  and type of problem to be ana-
lysed. Results from all simulations for both series are given in Table 6.4 in terms of peak 
strength for uniaxial compression, Brazilian splitting, and biaxial compression tests. 
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Figure 6.13: Size dependence of (a) uniaxial compressive and (b) Brazilian splitting tensile 
strengths on the discretization parameter /L R�  in PFC2D. 
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Table 6.4: Size effect simulation results in PFC2D 
__________________________________________________________________________________________ 

   Geometry scaling    Particle scaling 
/L R�   fc (MPa) f2c (MPa) fspl  (MPa)  fc (MPa) fspl  (MPa) 

__________________________________________________________________________________________ 

11.36  9.72±0.92 14.9±2.40 5.29±0.44  11.6±4.38 5.11±0.38 
22.73  13.2±2.06 18.1±1.30 4.20±0.66  13.0±2.03 4.66±0.28 
45.45  13.2±2.40 19.4±0.42 3.50±0.66  13.0±0.57 3.93±0.44 
90.90  14.8±2.02 20.0±0.49 3.31±0.49  15.6±0.25 3.21±0.08 
181.81  15.8±0.92 20.2±0.21 2.86±0.20  16.2±0.01 2.86±0.14 
__________________________________________________________________________________________ 

1three simulations were performed per analysis type instead of five used for remaining sizes. 

 

In an attempt to analyze the obtained size effect trends and their physical grounds, the 
results from the geometry scaling approach were further considered. This scaling ap-
proach was preferred since it resembles more closely the commonly applied test proce-
dures for studying size effects in the laboratory. In addition, in this way a constant mi-
crostructure is assumed for all sizes in order to avoid confusing meso-level behaviours 
with particle size effects. 

For Brazilian splitting strength, the size effect trend obtained in PFC2D is comparable 
to findings from laboratory experiments (Rocco et al., 1999). Generally, it is observed 
that fspl is size dependent and with failure characteristics similar in all sizes; namely, a 
major failure plane traversing across the specimens. The Brazilian simulations mostly re-
produced these failure characteristics. In Figure 6.14, typical crack patterns obtained at 
peak load for specimens from the five sizes are shown. For the smallest specimen in 
Figure 6.14, the cracks did not form a discrete-like failure plane and only two cracks are 
formed at peak load. Crack propagation was arrested by the presence of the relatively 
large particles in the crack path and therefore hindering a continuous failure plane to de-
velop. This might have enhanced the ductility of the specimens by allowing stress redis-
tributions to take place, which in turn could increase their strength contributing to the 
apparent size effect. On the contrary, larger specimens have more chance for relatively 
smaller particles to position in the crack path and crack propagation is therefore more 
favourable. This would accelerate the failure process at probably lower peak loads. These 
observations generally apply for the five simulations performed per size. 

In compression, the failure process is fundamentally different and rather complex. The 
size effect trend from the PFC2D simulations showed an increasing strength with size 
(see Figure 6.13), which is a reversed trend as compared with the commonly observed 
size effect trend in uniaxial compressive and tensile strength. For concrete materials, ex-
perimental investigation of size effect in compression received little attention and hence 
less data exists for comparison. Burtscher (2002), observed size effect in uniaxial com-
pressive tests and reported a reduction in strength with size increase. The scatter in his 
results, however, makes it somewhat inconclusive with regard to the final trend. Gener-
ally, it could be stated that due to the substantial influence of boundary condition effects 
in compression tests, there is no clear sight on how the scaling should go under compres-
sion (Van Mier, 1997). 
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Figure 6.14: Damage pattern at peak stress in Brazilian splitting test simulations for specimens of 
a size range 1:16. 

A close investigation of fracture behaviour during unconfined compressive failure for all 
sizes revealed that localization in finite inclined bands takes place in the pre-peak region. 
This is shown in Figure 6.15 where crack patterns obtained at peak load for all five sizes 
are presented. The larger the size, the more obvious the localized failure planes are ob-
served and overall more than one plane could be distinguished. The broken contacts were 
generally horizontal resulting in cracks that are chiefly in the vertical direction, which is 
the direction of maximum principal stress. 
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Figure 6.15: Damage pattern at peak stress in uniaxial compressive test simulations for specimens 
of a size range 1:16. 

For both the fc and fspl analyses, the number of cracks (broken contacts) obtained at peak 
loads showed a nearly perfect linear relation on a log-log scale with the number of parti-
cles used in the simulations (Figure 6.16). The number of cracks was calculated as the 
average value from the five performed simulations for each size. The number of particles 
is directly proportional to the surface area of the specimen with both increasing in a 
quadratic mode with size. Accordingly, the size effect in strength for both the uniaxial 
compression and Brazilian splitting simulations could be correlated with the number of 
particles and hence the number of cracks. 

The size effect in Brazilian strength exhibited an inverse relation with the number of 
cracks/particles. The existence of cracks in a specimen is known to negatively affect the 
elastic properties of the material and its strength. Hence, the obtained size effect trend 
in Brazilian simulations could be attributed representative to behaviour of real concrete-
like materials. Van Vliet and Van Mier (2000), show from size effect experiments on con-
crete under uniaxial tensile loading that the obtained size effect could be fairly 
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Figure 6.16: Number of particles versus number of cracks (mean values plus scatter) at peak 
stress in PFC2D simulations for uniaxial compressive and Brazilian splitting tensile tests. 

represented using the classical statistical theory of Weibull. Accordingly, it was tested if 
Weibull’s weakest link model could represent the size effect trend from the Brazilian 
PFC2D simulations. This is examined as we plot the Brazilian size effect trend in a log-
log graph against the Weibull’s statistical relation stating that: 

 1/6
N

Lσ
−

∝  (6.10) 

This relation is adapted from the Weibull theory in its simplest form, the weakest link 
model, and for the case of two-dimensional scaling (Bazant and Planas, 1998). In Figure 
6.17, the size effect in Brazilian splitting strength is plotted together with the graphical 
representation of relation (6.10). A good agreement between the simulation results and 
the size effect as predicted by the Weibull model is evident. Obvious from the figure as 
well is the large scatter band for the smallest size, which covers and exceeds the strength 
and scatter band from all other sizes. This is similar to findings by Van Vliet and Van 
Mier (2000), and for which they suggested that the RVE for uniaxial tensilt tests should 
be taken as large as 6-7 dmax. From our Brazilian test simulations (Figure 6.17), it seems 
that a reasonable discretization factor would be /L R�=22.7. It should be noted, however, 
and as mentioned earlier that a particle in PFC2D does not necessarily represent an ag-
gregate or grain in real concretes. 

With regard to compression simulations, the increasing strength with size indicates a di-
rect relation with crack density and number of particles. The reason for this relation is 
not fully understood. It is expected for larger sizes with more particles to have more 
chance for stress redistributions, hence allowing for more ductility and higher strength. 
The scatter observed for the tested sizes showed a rather limited and some-what constant 
band for all sizes (Figure 6.18). Furthermore, for the simulations performed with 
1.0 MPa confinement, an increase in strength with size was obtained (Figure 6.18), which 
closely resembles the trend from the uniaxial compression simulations. This was a rather 
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Figure 6.17: Size effect in Brazilian splitting tensile simulations. Shown are mean values and scat-
ter plotted against the predicted size effect from Weibull’s model. 

curious result as compared to experimental observations on rocks that suggest a reduc-
tion in size effect and scatter in triaxial tests due to application of confining pressure 
(Paterson, 1978). The reduced scatter in triaxial tests is commonly attributed to a re-
duced end- and surface-effects due to confinement. The end-effects in uniaxial compres-
sion experiments are known to be a major hindrance for establishing a conclusive state-
ment on size effect trend. Van Vliet and Van Mier (1995), show a reduction of scatter in 
uniaxial compression test results when end friction is eliminated. Rilem TC-148 (2000) 
recommends the application of proper end conditions, since the test results become more 
conclusive. In the performed PFC2D simulations, a reduced scatter of the results was at-
tained. The boundary conditions used in the models were designed to closely resemble 
the experimental boundary conditions with no contact friction and with H/L=2.5, which 
are expected to bring the end-effects to a minimum. 

6.5.3 Simulation of size effect in hollow-cylinder test 

In this section, distinct particle modelling of the hollow-cylinder size effect experiments 
(Chapter 5) is discussed. In this analysis, the calibrated cylinder model presented in § 6.4 
(Table 6.3) was utilized. Three hollow-cylinder assemblies were prepared to simulate the 
experimental specimens A, B, and C. The assembly that simulates size A was described 
earlier in § 6.4.2. For the larger two sizes, the cylinder dimensions were scaled and all 
other particle and model parameters were maintained constant. The number of particles 
used in the analyses were 875, 3497, and 13999 for the assemblies A, B, and C, respec-
tively. The output of the simulations was interpreted in terms of the stress-strain re-
sponse and fracture behaviour. The stress was calculated from the force exerted upon the 
external cylinder walls, while the strain represents the tangential strain εθ at the surface 
of the inner-wall. 
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Figure 6.18: Size effect in uniaxial and biaxial (1.0 MPa confining pressure) compressive simula-
tions in a range 1:16. Shown are mean values and scatter of results. 

In Figure 6.19, a typical plot is given for the obtained stress-strain responses from the 
three assembly sizes. The results in the figure indicate a size effect after certain degree of 
strain was attained. For strain values less than 10‰ strain, there is no obvious size effect 
and stress-strain responses are linear. After that, for higher strain levels, the assemblies 
B and C started to show nonlinearity with strain hardening response followed by a plas-
tic plateau. Assembly A did not show strain hardening and continued in somewhat linear 
response to the end of simulations. For size effect analysis, the criteria of 5‰ strain, fol-
lowed in the analysis of experimental results (Chapter 5), was applied. In addition, the 
size effect was investigated at higher strain levels, i.e. 10, 15, and 20‰ strain. The size 
effect trends from hollow-cylinder simulations at these strain values are given in Figure 
6.20. Consistent decrease of strength with size is observed for strain levels above 
15‰ strain, whereas below this value, the size effect trend is unclear. 
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Figure 6.19: Stress-strain responses from PFC2D simulations for size effect in hollow-cylinder 
specimens size A, B, and C. 
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Figure 6.20: Log outer stress versus log inner-diameter at various tangential strain values from 
hollow-cylinder simulations of specimens size A, B, and C. 

The results above indicate the capability of the distinct particle model in producing size 
effect with a trend comparable to that in the experimental hollow-cylinder tests. The 
model, however, could not reproduce the experimental stress-strain responses in terms of 
onset of nonlinearity. The resulting size effect is therefore quantitatively different from 
the experimental one, which hinders the model’s prediction capabilities. The reason for 
this is thought to be the simplifications made for modelling. Amongst, the 3D effect and 
level of detail and heterogeneity to be modelled seem most relevant. Nevertheless, the 
model qualitatively showed a size effect trend with strength decrease as size increases. 

Further, fracture patterns from the different sizes were evaluated and compared. Figure 
6.21, shows plots from the different sizes with their fracture pattern obtained at a tan-
gential strain value of 15‰ strain. This strain level showed a size effect trend compara-
ble to the experiments (Figure 6.20). The results suggest a size dependent damage in the 
hollow-cylinder simulations. The number of cracks and extent of damage increased with 
specimen size, which is similar to experimental observations. In addition, the symmetry 
of fracture appears to increase with size. In size C, the cracks seem to better encircle the 
inner-hole as compared with those in A and B. 
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Figure 6.21: Fracture pattern in hollow-cylinders size A, B, and C from PFC2D simulations. The 
presented results are obtained at a tangential strain level of 15‰ strain 
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6.6 SUMMARY AND CONCLUDING REMARKS 

Computations using PFC2D were performed, which revealed its ability in reproducing 
comparable macroscopic material behaviour observed in the hollow-cylinder experiments. 
This discrete meso-mechanical model was able to yield realistic fracture patterns and 
damage development. The calibration process, however, is not fully understood since a 
set of micro-parameters that satisfy for instance uniaxial compressive strength and 
Young’s modulus would result in a higher Brazilian splitting strength and misleading 
fracture behaviour during hollow-cylinder simulations. It was necessary to increase the 
bond-strength with a factor three to obtain a more realistic fracture pattern in the hol-
low-cylinder simulations, which is comparable to those obtained in the experiments. On 
the other hand, the stress-strain response was not much affected and in both cases strain 
levels were attained, which were comparable to the experiments despite a somewhat lin-
ear behaviour from the model. It is therefore recommended to account for crack patterns 
during the calibration procedure of bonded assemblies in addition to macro-mechanical 
parameters such as peak stress, peak strain, and E-modulus. 

Size effect simulations in PFC2D for both compressive and splitting tensile loadings 
showed the model to be dependent on the discretization parameter /L R� . For the same 
/L R�  value, similar strengths were obtained whether geometric or particle size scaling 

was employed. This suggested that the particle size in PFC2D is not a free parameter 
and should be selected with respect to the specimen dimension in a way to satisfy the 
macro-strength used for calibration (compressive or splitting tensile). Using the geomet-
ric scaling approach, a size effect trend in Brazilian test simulations was found, which is 
comparable to experimental findings reported in literature and with analogous failure 
mechanisms. The decreasing size effect trend showed a good agreement with predictions 
from the Weibull weakest-link theory. On the other hand, the compressive test simula-
tions resulted in an increased strength with size for both uniaxial and biaxial compres-
sive load conditions. The cause for this behaviour is not identified, but it should be real-
ized, however, that due to the substantial influence of boundary condition in laboratory 
compression tests, there is no clear sight yet on how the scaling should develop (whether 
an increasing, decreasing trend, or no size effect). 

Modelling of size effect in hollow-cylinder tests was carried out. Generally, no peak load 
was observed in the simulations and a plastic strain hardening took place instead, similar 
to the experiments. The model was able to produce a consistently decreasing size effect 
trend for tangential strain levels above 15‰ strain, which is more than twofold the ex-
perimentally observed value. This is probably associated with the inability of the model 
to capture the point of onset of nonlinearity observed in the experiments that took place 
in all sizes at a more or less equivalent stress levels. In addition, the pseudo-linearity and 
underprediction of the biaxial strength envelope in the PFC2D results could reflect on 
the stress-tangential strain behaviour in the hollow-cylinder simulations. However, the 
simplified bond model and discrete nature of the analysis were able to qualitatively re-
produce the size effect in hollow-cylinder experiments and with comparable crack pat-
terns. 
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Chapter 7 

SYNTHESIS: ANALYSIS AND DISCUSSION 

7.1 SIZE EFFECT IN HOLLOW-CYLINDER STRENGTH 

In the preceding chapters, both experimental and numerical results were presented and 
discussed with regard to failure and size effect in hollow-cylinder tests. In order to try 
gaining more insight into these phenomena, a better and more comprehensive under-
standing of the results was deemed. In the following sections, the results are carefully ex-
amined and an analysis is presented of factors, processes, and hypotheses with regard to 
size effect in hollow-cylinder tests and its underlying causative mechanisms. 

7.1.1 Onset of size effect in hollow-cylinder tests 

As discussed in Chapter 5, the size effect analysis was conducted by comparing the 
outer-stress values from the three tested sizes that correspond to a tangential strain 
value of 5‰ strain. Since this strain value was selected rather arbitrarily, a comparison 
between size effect trends obtained at other strain values was carried out. Tangential 
strain values of magnitude 1, 10, 15, and 25‰ strain were selected for this purpose. No 
values were examined larger than 25‰ strain as it approaches the maximum attained 
strain for the smallest size A. the comparison was done for both the M2 and M4 mix-
tures. The results of this comparison are presented in Figure 7.1. 

As the results in Figure 7.1 indicate, the size effect trends were much alike for strain val-
ues larger than 5‰ strain and they appeared qualitatively parallel. Therefore, the use of 
a 5‰ strain value in the experimental size effect analysis seems justified. Moreover, this 
suggests that if a peak stress was achieved in the experiments and its value was used for 
size effect analysis, a similar size effect trend would has been obtained as that from the 
5‰ strain. This is due to the rather steady deformation rate in the strain-hardening 
phase for all sizes. On the other hand, the trends obtained at 1‰ strain were somewhat 
inconclusive and showed high scatter for all sizes from both mixtures (Figure 7.2) 
 



122 Synthesis: Analysis and Discussion 

0.6

0.8

1.0

1.2

1.4

1.6

1.0 1.2 1.4 1.6 1.8 2.0
Log Inner-diameter Di (mm)

L
o
g
 o

u
te

r-
st

re
ss

 (
M

P
a
)

1 millistrain

5 millistrain

10 millistrain

15 millistrain

25 millistrain

M4

 

0.6

0.8

1.0

1.2

1.4

1.6

1.0 1.2 1.4 1.6 1.8 2.0
Log Inner-diameter Di (mm)

L
o
g
 o

u
te

r-
st

re
ss

 (
M

P
a
)

1 millistrain

5 millistrain

10 millistrain

15 millistrain

25 millistrain

M2

 
Figure 7.1: Bi-logarithmic plots of size effect trends obtained at various tangential strains in hol-
low-cylinder tests on the mixture (top) M4 and (bottom) M2. Shown are mean values. 

At this strain level, nonlinearity in the 
o θ

σ ε−  curves was not generally commenced 
(Figures 5.2 and 5.5) and the response was in the linear phase. If the onset of material 
size effect is argued to be linked to fracture processes and therefore nonlinear stress-
strain behaviour, then the trends at 1‰ strain might have been due to stress gradient ef-
fects (§ 7.1.2), which exist during the whole hollow-cylinder test. 

In terms of onset of size effect, the results in Figure 7.1 imply that a nearly steady size 
effect trend was set off in the experiments at tangential strain levels of about 5‰ strain. 
At this level of strain, microscopic examination of fracture processes (Chapter 5) showed 
small boundary cracks to exist with not much crack interaction or propagation activities. 
In addition, there were no signs of spalling at this level of strain from the different sizes 
during the experiments. Accordingly, factors such as crack growth and coalescence, crack 
localization, and softening material damage could be apparently excluded as causing fac-
tors as they were not detected or attained experimentally at this stage. Size effect mod-
els assuming these factors as source for size effect would then fail to explain the size ef-
fect in these experiments for their conflicting underlying physical assumption. This is 
discussed further in the next sections. 
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Figure 7.2: Bi-logarithmic plot of size effect trends obtained at 1‰ strain in hollow-cylinder tests 
on the M4 and M2 mixtures. Shown are mean values and scatter. 

Material related factors contributing to size effect at this strain level are therefore linked 
to processes taking place at crack initiation. These are largely due to heterogeneity and 
distribution of defects in the material, which are of a rather statistical/probabilistic na-
ture. This raises the curiosity if the statistical size effect theory of Weibull would be jus-
tified for use and could describe the experimental results. In § 7.1.3, the Weibull model is 
adapted to predict the size effect in hollow-cylinder experiments and its suitability and 
results are discussed. The aforementioned agrees as well with the modelling results 
(Chapter 6), where heterogeneity in the model was capable of producing size effects in 
the hollow-cylinder simulations. 

7.1.2 Stress gradient as source for size effect 
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Figure 7.3: Schematic showing the tangential and radial stress distribution according to a linear-
elasticity over the wall of hollow-cylinders size A, B, and C. 
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In order to check a possible contribution from stress gradients on the observed size effect 
in hollow-cylinder tests, an averaging procedure was applied by integrating the stresses, 
calculated form linear-elasticity, over various averaging distance (Ad) values and for each 
of the three tested sizes. A schematic for stress distribution according to linear-elasticity 
is presented in Figure 7.3 for the three different sizes (A, B, and C), which shows their 
difference in stress gradient intensity along the wall. 

The maximum principal stress (tangential stress) in a hollow-cylinder subject to a hydro-
static pressure and zero inner-pressure is defined as follows (Kirsch solution), 
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for the special case of zero inner-pressure (
i

σ =0), the relation simplifies to, 

 
( )

( )

2 2

2 2 2
1

o o i

o i

R R

R R r
θ

σ

σ

⎛ ⎞⎟⎜= × + ⎟⎜ ⎟⎟⎜− ⎝ ⎠
 (7.2) 

where σo is the pressure at the external boundary (applied pressure), Ro is the outer-
cylinder radius, and Ri is the inner-cylinder radius. This relation represents the maxi-
mum principal stress 

θ
σ  at any radius r for the range Ri to Ro. The average tangential 

stress over a distance Ad is described by the integral, 
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Integration (7.3) and simplifying, results in the following relation for the average tangen-
tial stress, 
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In terms of failure, a straightforward method for representing failure around the inner-
hole is to assume this failure to initiate at a maximum principal stress level 

1 θ
σ σ=  

equal to the uniaxial compressive strength value. Two values were examined, viz. 10 and 
12 MPa, as an average from the available laboratory cube strength tests (see Figure 5.8). 
The Equation (7.4) was solved for the external stress at various Ad values, viz. 2, 4, 7, 
10, and 15 mm. This procedure was applied for the three sizes (A, B, and C) through 
varying Ro and Ri, resulting in a stress gradient relation. The relation is represented 
graphically in Figure 7.4, which is a function of the specimen size, represented by the 
cylinder dimensions, the averaging depth Ad, and the outer stress σo. 

The relation in Figure 7.4 shows a decrease in stress with size, which is a function of Ad 
value. In other words, a decrease in hollow-cylinder strength with size is obtained due to 
considering the maximum principal stress gradient along the cylinder wall. The larger 
the averaging distance Ad used, the stronger was the calculated size effect. Accordingly, 
the existence of compressive stress gradients in the hollow-cylinder contribute to the 
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Figure 7.4: The outer stress σo as a function of the inner-radius Di for the different sizes as ob-

tained from the stress averaging analysis for different averaging distances Ad. 

overall observed size effect in the experiments. Similar stress gradients, with diverse in-
tensities, exist around in-situ excavations (tunnels or deep-boreholes) and therefore are 
expected to produce similar size effects. The analysis, however, does not consider the ef-
fect of the radial stress gradient acting on the wall thickness. Due to absence of confine-
ment at the inner-wall, the assumption of failure under uniaxial compressive stresses is 
seen valid. In addition, possible deformation or strain gradients are not discussed. Such 
analysis requires more information with regard to deformation at the outer-surface of the 
cylinder, which was not performed experimentally. 

In Figure 7.5, the size effect test results for the M2 and M4 mixtures, in terms of mean 
values at 5‰ strain, are plotted together with stress values from the stress gradient 
analyses for Ad=7 cm. Apparent is the contribution of stress gradient to size effect. 
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Figure 7.5: Bi-logarithmic plot of size effect from experiments on M2 and M4 mixtures and calcu-

lated size effect from the averaging of stress gradients at 7 mm distance from inner-wall. 
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7.1.3 Comparison of results with the Weibull weakest-link model 

As discussed in § 7.1.1, the results showed a possible statistical factor to contribute in 
the obtained size effect. This factor is investigated using Weibull’s theory for size effect. 
In Weibull’s weakest-link theory (1939) on the statistics of strength of materials, a 
specimen is assumed as an assembly of series arrangement of elements. Failure of any of 
the elements causes failure of the specimen. The basic equation of this model for the 
probability of failure Pf of a specimen of volume V subjected to stress σ is, 

 1 exp

m

u
f

yV

P dV
σ σ

σ

⎧ ⎫⎛ ⎞⎪ ⎪− ⎟⎪ ⎪⎜⎪ ⎪⎟⎜= − −⎨ ⎬⎟⎜ ⎟⎪ ⎪⎟⎜⎝ ⎠⎪ ⎪⎪ ⎪⎩ ⎭
∫  (7.5) 

where σu, σy and m are constants and with σu representing the smallest tensile strength 
that any element can have in the assembly. For mathematical simplicity σu is usually as-
sumed zero. The value for the Weibull modulus m for concrete from direct tensile tests 
by Zech and Wittmann (1978) is 12. 

To account for non-uniform stress distribution, an assumption is made that σ depends on 
position σ(x) and integrating (7.5) over the volume. Furthermore, a triaxial stress state 
could be considered as well for a principle stress situation σi(x), (i=1, 2, 3) that yields 
the following relation for the probability of failure Pf (Bazant and Planas, 1998), 
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Equation (7.6) could be further simplified by using the notation n(σ) so that: 
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m

y
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 that can reduce further to ( ) /m m m
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The mean stress at failure, σ , is given by, 
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For the case of a hollow-cylinder of length l and considering a cylindrical coordinate sys-
tem ( , , )r zθ , the following relation is obtained (Jaeger and Cook, 1979), 
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Substituting for ( ) m

n kσ σ= in (7.9) and for 
θ

σ σ=  with 
θ

σ  as given in (7.2), 
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Figure 7.6: Bi-logarithmic plots of the outer-stress versus wall-thickness from the hollow-cylinder 
tests for sizes A, B, and C of (a) the mixture M4 and (b) the mixture M2. The size effect rela-
tion calculated by the Weibull model is included in the plots for comparison. 

from (7.8) and (7.10) after integrating with m=12 for the three specimen sizes A, B, and 
C (substituting for Ri and Ro values in the equations), we obtain the following average 
stress for the three sizes consecutively, 

 1/12
1.33 1.33

A o
kσ σ
−

= =  (7.11) 

 1/12
1.12 1.12

B o
kσ σ
−

= =  (7.12) 

 1/12
0.94 0.94

C o
kσ σ
−

= =  (7.13) 

The above stress values obtained for each size typically obey a power size relation with 
an exponent of –1/4 where 1/ 4

c
Dσ

−

∝ , and Dc is a characteristic dimension. 

In the field of concrete fracture, the following form of the weakest-link model (Bazant 
and Cedolin, 1991) is commonly applied, /dn m

N c
Dσ

−

∝ , where σN=nominal material 
strength, Dc=characteristic dimension, nd=scale number, and m=Weibull modulus. In 
the case of hollow-cylinders, nd=3 for three-dimensional scaling and m=12 (see above). 
This results in the following equation for three-dimensional similarity, 

 1/ 4
N c

Dσ
−

∝  (7.14) 

The relation in (7.14) is evident to conform to the relation obtained after (7.16-18) for 
the special case of hollow-cylinder with external hydrostatic pressure. In Figure 7.6, bi-
logarithmic plots of the size-stress relation from the performed test series are presented 
together with the graphical representation of equation (7.14). In the plot, the character-
istic dimension Dc is represented by the wall-thickness W in the hollow-cylinders. A good 
agreement with the test results is observed. This does not, however, fully satisfy the na-
ture of progressive failures in compression and mobilization of friction, which is different 
from the Weibull assumption of chain type failure. As discussed earlier in § 7.1.1, the 
trigger of size effect in the conducted hollow-cylinder tests, which was at low strain levels 
around crack initiation stage, appears to bear a statistical component. This component is 
tentatively described above using Weibull’s model. 
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7.1.4 Comparison of results with SEL and MFSL 

As discussed in Chapter 2, in the field of fracture of concrete and similar quasibrittle 
materials, three models are frequently used to describe size effect observed in laboratory 
experiments. In addition to the Weibull model, which is discussed separately above in 
§ 7.1.3, the SEL presented by Bažant (1984) and the MFSL proposed by Carpinteri and 
Chiaia (1995) are considered. The latter two phenomenological models were basically 
proposed for fracture under tensile loading and adapted afterwards for compressive stress 
fields. Noteworthy here is that these models consider peak loads in their formulation, 
which is a state that was not attained in the conducted hollow-cylinder tests. 

In particular, the SEL for compression was utilized to describe size effect in borehole 
breakout (Bazant et al., 1993) based on fracture energy arguments using LEFM. One of 
the assumptions in this approach is failure through development of equally spaced axial 
splitting cracks and buckling of slabs that form amid these cracks. Spacing between the 
cracks is assumed to negatively correlate with borehole radius and is responsible for the 
model gradient of (-2/5) as compared with the gradient of (-1/2) from LEFM. This as-
sumption contradicts the experimental results in this thesis (Chapter 5), since spacing of 
the obtained cracks was predominately function of the aggregates size and their distribu-
tion across the major stress field. 
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Figure 7.7: Fitting of the SEL and MFSL to the experimental size effect results for (a) the M4 
and (b) the M2 mixtures. Shown are the mean experimental values at 5‰ strain. 

In Figure 7.7, the best-fit using nonlinear least-squared algorithm from both models is 
presented for the experimental results on both the M4 and M2 mixtures. In the size 
range of performed experiments, both models showed a nearly perfect fit. The models’ 
parameters from the fitting exercises are summarized in Table 7.1, together with their 
goodness of fit. The characteristic dimension in the models is considered equal to W of 
the cylinders. As seen form these fitting results, both models could represent well the ex-
perimental results with correlation coefficients equal to nearly one. This is despite the 
physical contradiction of SEL with the experiments as discussed above. Furthermore, the 
use of these models for predicting size effects beyond the tested size range is uncertain 
for their differing asymptotical description at small and large sizes (Van Mier, 1997). 
Bažant and Xiang (1997), further comment on the assumption of size-dependent spacing 
in the SEL model and suggest that it is only applicable for homogeneous materials. In 



7.1 Size effect in hollow-cylinder strength 129 

the case of heterogeneous materials such as concrete, they suggest that the spacing will 
be fixed and dictated by the material heterogeneity. In this latter case, the stress nega-
tively correlates with size as Dc

-1/2 for small to intermediate sizes, similar to size effect 
from LEFM, and levels off with a zero exponent for very large sizes. 

Table 7.1: Model fitting parameters for SEL-compression and MFSL 

SEL (compression) 
2/5

SEL SELN c
C D Dσ

−

= +  

MFSL 

MFSL

MFSLN

c

B
A

D
σ = +  

Fitting parameters for the mixture M4 

CSEL=8.86 AMFSL=136.9 lch=15.2 mm 

DSEL=22.1 BMFSL=2097.3 fc=11.7 MPa 

R2=0.98 R2=0.99  

Fitting parameters for the mixture M2 

CSEL=4.10 AMFSL=63.8 lch=41.6 mm 

DSEL=32.8 BMFSL=2651.3 fc=7.98 MPa 

R2=0.98 R2=0.99  

 

Now if the size effect relation given by Dc
-1/2 is used to describe the experimental results, 

the outcome in Figure 7.8 is obtained. The fitting parameters for the relation in the fig-
ure are given in Table 7.2. The capability of the model is reduced drastically, as seen 
from the results. This applies as well for analysis using LEFM. It should be noted that 
for rock materials (for which the SEL-compression was utilized in borehole breakout 
analysis), size effect experiments using sandstone hollow-cylinder specimens (e.g. Kooi-
jman et al., 1991; Van Den Hoek et al., 1992) show that the spacing or spall thickness 
remains approximately constant with increasing cylinder size. 
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Figure 7.8: Fitting of the adjusted SEL-compression to the experimental size effect results after 
accounting for constant spacing between splitting cracks in the model assumption. 
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Table 7.2: Parameters for adjusted SEL 

SEL-compression (adjusted) 
0.5

SELN c
C Dσ

−

= ∗  

CSEL=72.42 (M2) 

CSEL=86.38 (M4) 

 

Similar modelling approach, which is based on splitting failure as a combination of spall 
buckling and Griffith crack propagation with energy arguments, to estimate size depend-
ency of the hollow-cylinder initial failure load were discussed by Ewy and Cook (1990a) 
and van den Hoek et al. (1994). The latter proposed an improvement to the approach by 
including elasto-plastic material deformation for perfectly plastic materials with large 
plastic zone and infinite outer hollow-cylinder boundary. Their modification results in 
the following relation for size effect, 

 
sin

1 sin

c
D

ϕ

ϕ
σ

+
∝  (7.15) 

for M4 and M2 with ϕ=44° and 33°, respectively, and constant spall thickness this re-
sults in 0.40

c
Dσ

−

∝  and 0.35

c
D

− , respectively. This size effect is stronger than the experi-
mentally observed size effect, which behaves roughly as 0.20

c
D

−  for the M4 and 0.25

c
D

−  for 
the M2. The main variable in (7.15) is the friction angle ϕ, which is thought to only 
slightly contribute to size effect at early failure stages as observed here. 

7.1.5 Synoptic view of size effect 

Size effect in hollow-cylinder tests, as observed in the experiments conducted in this 
study and from the analysis presented above, is a phenomenon and a process resulting 
from mutually and commensurate occurring processes and mechanisms. It could be 
stated that this size effect is a result of complex combination of structural factors (e.g. 
geometry imposed effects such as stress gradient and surface area and volumetric effects), 
mechanical processes of failure including deformation, and material characteristics in 
terms of heterogeneity and fabric. Existing theories, hypothesis, and concepts to explain 
size effect (statistical, energetic, or related to violation of similarity laws) are reasonable 
but each has a different weight for the diversity and heterogeneity of materials, loading 
schemes, and test conditions as assumed by them a source for size effect (Andreev, 1995). 
No theory seems to exist that encompasses these various factors for its obscurity and 
since it is not clear which of the processes or mechanisms has a prevailing influence, if 
any. This is more pronounced in compressive failure processes, being more complex, with 
most of the factors often act combined and hence emphasizing only one factor in a model 
or hypothesis and neglecting others brings an error to the model, which could be signifi-
cant. The isolation of one of the factors to be independently studied is a difficult task 
experimentally and numerical simulations based on physical hypothesis could form a fa-
vourable supplement. Brown and Gonano (1975), analysed the factors that are likely to 
produce size effect in rock under uniaxial compression. The result of their analysis agrees 
largely with the aforementioned discussion and is given in Figure 7.9. 
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Other factors contributing to size effect (Bazant, 2002), and was not explicitly examined 
in this study, are moisture gradients due to drying out of concrete, boundary layer effect 
for concrete surfaces adjacent to moulds and formwork, and time-dependent length scale. 
The contribution of these factors depends on the concerned problem and its application. 
Their effect could tentatively be described through fracture homogeneity and uniformity 
of stress distribution in Figure 7.9, except probably for time-dependence of the material 
constitutive law. Effect of moisture gradients, for example, is reported to mask strength 
fluctuations due to material heterogeneity in uniaxial tensile tests (Van Vliet, 2000) or 
may influence the fracture mechanism taking place in hollow-cylinder tests (Hoek et al., 
2000). The importance of these should not be overlooked and requires further efforts. 
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Figure 7.9: General relationship between causative factors and observed size effects (adapted af-
ter Brown and Gonano, 1975). 

7.2 HOLLOW-CYLINDER STABILITY ANALYSIS 

Assessment of hollow-cylinder stability is of practical interest for its common use as 
model test in simulating wellbore failure—was first used on a routine basis in the petro-
leum industry by Shell (Antheunis et al., 1976). Field wellbore stability refers to phe-
nomena related to the degradation of the rock adjacent to the walls of a borehole or cyl-
inder as a result of the tangential stress concentration. Predictions of stability require the 
comparison of stresses and material strength using a failure criterion. The two most 
commonly used failure criteria in wellbore analyses are the M-C and the D-P criteria 
(Ewy, 1999). Stability assessments based on these models with linear-elastic behaviour 
assumptions were demonstrated not able to predict accurately the level of loading at 
which failure occurs for different types of rocks. Guenot (1987), summarized a series of 
tests where the ratio between the actual load at rupture and the theoretical (predicted) 
load, determined using classical theory, was between 1.5 and 8. This latter state is re-
ferred to in the geomechanical and oil literature as abnormal stability where no signs of 
failure are observed, while the level of straining has exceeded the predicted capacity of 
the material. 

According to linear-elastic analysis (Chapter 2), tangential stress concentration at the 
hole wall, for hollow-cylinders with dimensions as tested in this thesis, is predicted to be 
2.13 times the outer-stress. Considering this with a M-C criterion, then failure could be 
predicted according to the following expression (Jaeger and Cook, 1979), 
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According to (7.16) and the triaxial test results (Chapter 3), failure is predicted to initi-
ate at an outer-stress equal to 4.2 and 5.8 MPa for the M4 and M2, respectively. From 
the results discussed in Chapter 5, it is seen that there was no collapse attained in the 
experiments, for any size, up to outer-stresses of 35-40 MPa, which is about 8-9 times the 
predicted values. If the initial failure of hollow-cylinders is considered, which is assumed 
represented by the onset of nonlinearity in the experiments, then values of 8-10 MPa 
outer-stress could be used. In this case, the test stresses are nearly 2 times the predicted 
value. Accordingly, as discussed above, linear M-C criterion is too conservative if applied 
to the analysis of model holes. Many possible explanations have been proposed for this 
observed strengthening, including size effects, nonlinear material behaviour, plasticity, in-
fluence of the intermediate principal stress, definition of failure, and assumption of con-
stant Young’s modulus during failure. 

As an alternative approach, Ewy (1999), proposed a modified Lade criterion for wellbore 
stability analysis, which is based on a three-dimensional failure criterion that is originally 
proposed for sands (Lade, 1977). The criterion could account for strengthening effects, if 
any, from the radial and axial stresses (minimum and intermediate principal stresses) 
that exist near the wall. The failure criterion has the form, 
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S1 and η are material constants, and po is pore pressure. He also propose that S1 and η 
are functions of the cohesion and friction angle from triaxial tests as follows, 
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considering the values obtained for the cohesion and friction angle (Chapter 3) for both 
the M4 and M2, the S1 and η values could be calculated from (7.19). These values are 
S1=1.97 and 5.24 MPa and η= 50.6 and 19.2 for the M4 and M2, respectively. In our 
tests, po could be assumed zero, σ3=0, and σ2=0.47σ1 at the hole wall. The invariants I1" 
and I3" in (7.18) could then be calculated as function of σ1. These invariants could then 
be introduced in (7.17) and a value for σ1 at failure is calculated. Applying this, pre-

dicted σ1 values equal to 16.5 and 19.0 MPa were obtained for the M4 and M2, respec-
tively. This is equal to σo values of 7.75 and 8.90 MPa, respectively. These values fail 
short to describe the expected collapse stresses of the hollow-cylinders (>40 MPa). How-
ever, considering the initial failure stresses of about 9 MPa, then the predictions from 
the criterion does reasonably represent the experiments. 
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Table 7.3: Outer-stress values from predictions using failure criterion and from experiments 

Experimental / Model Failure initiation (MPa) Max. test stress (MPa) 

M4 8-10 35-40 
Experimental  

M2 7-10 35-40 

M4 4.20  Mohr-
Coulomb M2 5.80  

M4 7.75  Modified 
Lade M2 8.90  

 

In literature, it is frequently stated that a main hindrance to arrive at a conclusive 
judgement of the available wellbore/hollow-cylinder stability approaches (e.g. Mclean 
and Addis, 1990) is the size effect phenomenon. The size effect data obtained in this the-
sis could therefore contribute in validating/achieving such judgment. The analysis pre-
sented above is not intended to cover all aspects for hollow-cylinder stability or to per-
form an evaluation of the numerous constitutive models present in literature. Instead, an 
evaluation of rather simple approaches, with potential for practical application, is pre-
formed. The aforementioned results suggest that if failure initiation (onset of nonlinear-
ity) is considered, then linear-elasticity under-predicts hole stability, whereas a modified 
Lade criterion seems to reasonably predict the initiation stresses. On the other hand, if 
failure state is the target, then both approaches are conservative, with varying magni-
tudes (Table 7.3), and fail to predict the experimentally observed values. In the latter 
case, more sophisticated constitutive models should be exercised such as those based on 
bifurcation theories with Cosserat or higher-gradient plasticity models, which have shown 
success in describing failure and scale effects in hollow-cylinder tests (Sulem et al., 1995). 

7.3 FRACTURE PROCESS IN HOLLOW-CYLINDER FAILURE 

The experimental results presented in Chapter 5 suggested that the initial fracture 
mechanism in both the M4 and M2 mixtures is by de-bonding (splitting) at grain 
boundaries. The fracture process as revealed is that firstly, small splitting cracks, mostly 
grain boundary cracks, initiate adjacent to the inner-wall in a nearly concentric pattern. 
Then, with stress increase, cracks start growing and seek coalescence, while new cracks 
could form deeper in from the wall. Mainly, inter-granular cracks were observed and oc-
casionally intra-granular cracks, which probably depends on microstructural aspects such 
as grain size, grain stiffness with respect to orientation of crack propagation, and 
grain/ITZ/matrix strength ratio. In the M2, inter-granular cracking was more observed 
compared with the M4 mixture. This is thought due to the longer grain boundaries in 
the M2 that acts as stress concentrators and crack initiation sites. The obtained damage 
zone did not extend deep in the wall of the different sizes for both mixtures, which is be-
lieved due to a strengthening effect from the increase in radial stress away from the in-
ner-wall. Therefore, stress gradients over the wall are seen crucial in determining the ex-
tent of damage in hollow-cylinders. 
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Figure 7.10: Juxtaposing of two micrographs showing grain boundary cracks in the M2 mixture 
at 5‰ strain. Direction of applied major principal stress is parallel to the long dimension of the 
image. White arrows in the image point to the crack path. Specimen surface is close to and par-
allel to the bottom edge of the image. 

Observations from micrographs of polished sections, sliced perpendicular to the axisym-
metric axis (axial axis), taken using BSE technique in ESEM, have revealed insight into 
the fracture process at different stages in the loading course. Figure 7.10, shows a crack 
pattern at 5‰ strain, which is believed close to crack initiation levels. The cracks (black 
lines of ≅20 µm thickness) are observed along grain sides that are roughly parallel to the 
direction of major principal stress. Observed as well is crack coalescence through the ce-
ment matrix in the same direction, whereas long grain sides that are oblique to that di-
rection with an angle of about 30° or more showed no visible signs of cracking. This con-
forms to the established view that under compressive loading, splitting type cracks initi-
ate and grow parallel, or within a small inclination, to the major principal direction. 

Cracking was noticed to begin either adjacent to the wall or within a close distance from 
it, which seems to depend on the layout of grains close to the surface. If several grains 
were aligned parallel to the wall with sufficient boundary lengths to enable crack forma-
tion, that develop afterwards to creation of spall slabs, then cracking begins adjacent to 

the wall with typical depths of 50-100 µm. Otherwise, cracks seemed to begin somewhat 
deeper in the wall where crack initiation was more favourable in terms of local stresses 
(Figure 7.10). When spalling occurred, a new stress free surface was created at this loca-
tion and the aforementioned mechanisms seemed to recur. 

Figure 7.11, shows a juxtaposing of two micrographs from a M2 specimen tested to 
15‰ strain. The slab development (in two-dimensions in this case) is observed, which 
formed adjacent to the hole wall along grain boundaries that are aligned roughly parallel 
to the inner-wall, which is the direction of major principal stress. The cracks are seen to 
perfectly follow grain boundaries with a more or less fixed crack width in the order of 20-

40 µm. These slabs were ready to detach and spall when their ends could meet the wall. 
This was possible when crack growth was arrested by either a steep inclination of the 
grain boundary away from the major principal stress direction or by a bulk, relatively 
stiff, cement matrix with no nearby possibilities for further crack linking or coalescence. 
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(a) 

 
(b) 

Figure 7.11: (a) Juxtaposing of two micrographs showing slab forming along grain boundaries in 
the M2 mixture at 15‰ strain. Direction of major principal stress is parallel to the long dimen-
sion of the image and inner-wall is located top in the image. (b) The same as in the previous af-
ter image processing to make cracks more visible. Black arrows guide crack path. 

This mechanism is noticeable in the figure (middle right in the photo) with a crack initi-
ating at grain boundary, and then shortly bridging the matrix to the nearby grain 
boundary. As the latter grain boundary extends with a steep inclination away from the 
σ1 direction, the crack is set off the grain and propagates through the matrix in the di-
rection of major principal stress. It should be noted, however, that it is expected under 
increasing σ1 and low confinement that intra-granular cracks and the possibility to break 
through the cement matrix would increase. These higher loads are also favourable for 
spalling of the made ready slabs to take place. 

An important result from the impregnation experiments was the observed dependence of 
failure behaviour on size. Figure 7.12, shows an image of a longitudinal cross-section in 
tested specimens of size A and C from the M4. Both specimens are tested to stress level 
35-38 MPa before unloading. The damage depth and cracking pattern are visible and in-
dicate that mesoscopic failure in specimen C is characterized by fracturing over several 
millimetres depth from the wall, whereas specimen A shows no destructive signs of fail-
ure. Intensive spalling activities took place for specimen C, which is not recognized in 
specimen A. This size effect in failure behaviour was consistently observed in all 
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Figure 7.12: Comparison of damage depth and crack pattern for specimens A and C from the M4 
mixture. The length X is the average impregnated depth measured over the length of the exam-
ined sample. Both specimens are tested to an outer-stress value of about 38 MPa. 

performed tests on both mixtures. In general, specimens’ size A did not show any signs 
of major damage characteristics during testing, but micro-cracks were detected in the 
ESEM. Specimens’ size B showed damage in the form of spalling during testing and frac-
turing (Figure 5.17). The most damage was observed for specimens’ type C characterized 
by intensive spalling and fracturing (Figure 5.19). 

The intact state of specimens’ size A after testing is probably due to a confining effect 
from the minimum principal stress, the radial stress, across the wall of the cylinder. A 
radial stress gradient acts across the wall concurrent with the tangential stress as dis-
cussed in § 7.1.2. This radial stress is equal to zero at the hole wall and increases gradu-
ally towards the outer-wall. Due to size effect, the rate of stress increase in smaller 
specimens is higher as compared with larger specimens. This means that at the same dis-
tance from a hole-wall, a higher confinement (radial stress) exists in the A size specimens 
as compared with the C size specimens. Therefore increased resistance develops against 
crack growth in the A size specimens, which contribute to the observed size dependent 
fracture behaviour. In addition to the confining effect from the radial stress, additional 
confinement arises owing to a geometrical effect from the curvature and surface area of 
the inner-hole. As the inner-hole size decreases and becomes proportionate in size with 
its neighbouring grains, the curvature of the inner-wall produces a confining and stabiliz-
ing effect. This pressure acts in the same manner as the radial stress hence counteracting 
tensile stress concentrations and increasing contact between surfaces of existing cracks. 
Surface area and volumetric effects were considered a source of size effect in hollow-
cylinder tests by many researchers (e.g. Brown and Gonano, 1975). 
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7.4 PFC2D APPROACH TO SIZE EFFECT AND FRACTURE 

In the numerical part of this study (Chapter 6), simulations were performed using the 
PFC2D discrete element program. Despite being a simplified approach to model complex 
material such as concrete, it showed plausible success in reproducing some of its failure 
characteristics and size behaviour. The model results were qualitatively comparable to 
experimental results rather than quantitative. This, however, could be attributed to e.g. 
limitations of using a two-dimensional model in describing three-dimensional nonlinear 
processes. Vonk (1993), notes that in numerical simulations of compression failure, the 
possibility of translating three-dimensional properties into two-dimensional ones to ob-
tain a quantitatively correct description is a question which cannot be yet answered. Re-
cently, Lilliu and Van Mier (2003), showed a marked difference between 2D and 3D lat-
tice type simulations, particularly in the pre-peak region. Their 3D simulations resulted 
in increased nonlinearity in pre-peak and more ductility in the post-peak as compared 
with the frequently observed brittleness form 2D simulations. Another complicating fac-
tor witnessed during modelling was the optimization or calibration of the model parame-
ters. Since a lack of ample understanding yet exists of the physical mechanisms during 
failure of materials such as concrete and rock under various modes, a lack arises of what 
constitutes a best and most relevant set of laboratory-scale properties to be used as cali-
bration parameters. According to Potyondy and Autio (2001), the current understanding 
of the PFC calibration process is incomplete since e.g. it is not known how to construct a 
PFC material that reproduces a given biaxial strength envelope or that satisfies a given 
ratio of fc/fspl. This was also observed in the current analysis (§ 6.3.4) with fc/fspl values 
that are in the order of 3-4 as compared with ≅9 in the experiments. Also the gradient of 
the biaxial strength envelope (equals ϕ if M-C criterion is fitted to the results) was much 
less than in experiments. Effect of these factors on model results is not clear as well. 

It was shown most important to include fracture patterns in the calibration process to 
ensure model objectivity and correctness in simulating the experiments. It appeared pos-
sible during sensitivity analysis and optimization to arrive at two different sets of model 
parameters that both satisfy a selected set of calibration parameters. One of them only, 
however, was able to produce comparable fracture behaviour as in the experiments. This 
was most pronounced in the hollow-cylinder simulations for its distinctive fracture pat-
tern and failure process. It was also recognized that the calibration procedure could be 
sensitive to test type (applied stresses and specimen geometry). Individual calibration 
was necessary for the different tests since calibration parameters from uniaxial compres-
sion simulations resulted in what seemed fallacious results in hollow-cylinder simulations. 

With regard to size effect, analyses were performed under different load modes (i.e. uni-
axial compression, biaxial compression, Brazilian splitting, and hollow-cylinder test). The 
results showed the particle size in PFC2D to influence the simulations results, if scaling 
relations were not used of the type implemented in the FishTank of PFC. A dependency 
exists of results on a discretization parameter defined by the ratio between specimen di-
mension and average particle radius in the assembly ( /L R� ). With respect to hollow-
cylinder tests, results from size effect simulations presented qualitatively comparable 
trends to those obtained experimentally. In Brazilian splitting simulations, trends similar 
to those reported in literature were found. With regard to uniaxial and biaxial 
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Figure 7.13: Comparison of size effect trends from PFC2D simulations and hollow-cylinder ex-
periments at tangential strain levels of 15 and 25‰ strain. 

compression simulations, there seem to be no obvious sight yet experimentally over their 
size effect behaviour due mainly to artefacts and influence of test boundary conditions. 
The simulations results from these tests were not evaluated or compared to experimental 
results and their outcome could, therefore, be argued as physically representative. 

Figure 7.13, tentatively compares size effect trends at 15 and 25‰ strain from hollow-
cylinder tests on the M4 and PFC simulations. A good agreement is observed for the 
15‰ strain results and less comparable for the 25‰ strain, especially at the smallest 
size. This comparable trend behaviour was not attained for strain levels smaller than 
10‰ strain (see Chapter 6) due to incompatibility of model’s stress-strain behaviour 
with experiments. Possible explanations for such incompatibility are related to those 
abovementioned with regard to model limitations. Similarly, extrapolation of simulation 
results beyond the tested size range was not feasible. A major hindrance was differing 
failure behaviour observed at elevated stress levels, being more accelerated and pro-
nounced in the simulations (Figure 7.14a). This caused flattening in their stress-strain 
response (Figure 6.19) as compared with the strain hardening behaviour in the experi-
ments. This effect will be more marked for larger sizes, due to size effect, and the uncer-
tainty would therefore increase. The differing damage behaviour under increased load 
could be understood from the simplified material structure in the model and suggests the 
need for more details to be included (e.g. cement matrix and interface). Since the ce-
ment-matrix phase is not represented in the model, all damage is forced to take place 
through contact failure and crack formation. The increased cracking could thus be an ar-
tefact due to this simplification. In real concrete, the matrix phase would inevitably con-
tribute in the load-deformation response and processes within the matrix such as pore 
collapse and plastic sliding would redistribute local stresses and modify the energy bal-
ance during failure. 3D fracture processes in real specimens as compared to the simplified 
2D simulations should not be overlooked as well. 

The success of the model in capturing size effects is thought attributing to its discrete 
nature and heterogeneous structure. The discrete character provides free crack initiation 
and interaction possibilities and allows for their ensuing redistribution of local stresses.  
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(a) 
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Figure 7.14: (a) Crack pattern and (b) contact force distribution in particle assembly from hol-
low-cylinder simulation for size C at tangential strain value of 6.8% and ≅26 MPa outer-stress. 
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This emphasises the role of heterogeneity in producing size effects in mechanical testing 
of composite materials such as concrete. Vonk (1993), successfully simulated fracture 
processes and shape effect in uniaxial compression tests on concrete using discrete ele-
ments. His model was more detailed since he described concrete as three-phase mate-
rial—cement matrix, the ITZ, and angular shaped grains—and specified different proper-
ties to each phase raising accordingly the heterogeneity level in the model. Nevertheless, 
he recommends for more quantitative model results, extra heterogeneity and detail to be 
incorporated. In discrete simulations, raising heterogeneity levels and detail result in no-
ticeably increased computational demand, which limits the applicability of the model for 
large-scale computations, such as those used for size effect analyses. 

A noteworthy observation in Figure 7.14b is the redistribution of local contact forces 
(marked by black lines of thicknesses corresponding to the magnitude of the resultant 
contact force) due to cracking. This force relaxation mechanism shows the gradual devel-
opment of damage from around the inner-hole towards the outer-wall. Higher force con-
centration is found adjacent to the inner-boundary with force chains that are sub-parallel 
to the hole wall, which coincides with the σ1 direction. This agrees with the theoretical 
analysis of stresses inside a hollow-cylinder that suggests the major principal stress to be 
equal to the tangential stress. 

A curious feature of the crack pattern in Figure 7.14a, is what appears as asymmetric 
crack behaviour with forming of V- or cusp-shaped failure zones. These shapes resemble 
borehole breakouts, in which the circular bore becomes modified to an elliptical form in 
response to the locally concentrated stress field around the borehole. A major difference 
with breakout formation, however, is that developed in the model in roughly two per-
pendicular directions, whereas in laboratory or filed breakout formations they are com-
monly observed oriented in one direction. The observed failure formation in the model, 
therefore, could better be regarded as indicative of localization at later stage in the frac-
ture process. No clear and satisfactory explanation was found for this behaviour. 

Concisely, the PFC2D model was experienced capable of qualitatively reproducing with 
reasonable success fracture features and size effect behaviour in concrete-like materials. 
In order to use the model for predicting such processes with quantitatively reproducible 
results, additional effort is needed. This could be achieved through increasing the level of 
detail and heterogeneity in the model, on the account of computational efficiency, or al-
ternatively an enhancement of the calibration procedure could be accounted for. The lat-
ter is only achievable if fracture mechanisms are better understood and material parame-
ters could be identified that are most relevant to failure and deformation processes under 
various load modes. In this case, different calibration parameters could be suggested de-
pending on the test or loading type that are expected to present most representative 
simulations in this case. This calibration procedure should be always supplemented with 
experimentally observed fracture behaviour to guarantee the model objectivity. 
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Chapter 8 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 GENERAL 

The objective of this thesis was to investigate physically possible size effects on strength 
and fracture behaviour in hollow-cylinder tests using concrete specimens subject to ex-
ternal hydrostatic stress. For this purpose, 52 carefully designed hollow-cylinder experi-
ments were performed on two-model concrete mixtures of 2 and 4 mm maximum aggre-
gate size. The hollow-cylinder tests provide a multiaxial compressive stress condition and 
practically simulate stress situations around underground openings and deep boreholes. 
In addition, they offer the possibility for size effect investigation under three-dimensional 
scaling conditions. 

For the experiments, a high-pressure test cell (maximum test pressures of 40 MPa) was 
developed and debugged that enables testing of hollow-cylinders with dimensions up to 
200 mm outer-diameter and 300 mm length. The cell was equipped to accommodate 
smaller scaled specimens in a size range 1:4. The set-up was supplemented with novel 
measuring device for monitoring the deformations taking place inside the inner-hole, 
both in radial and axial directions. Further, two concrete mixtures were designed and 
characterized that model weak quasibrittle materials with uniaxial compressive strength 
in the order 10-15 MPa. All tested hollow-cylinder specimens were impregnated and ob-
tained crack patterns and fracture mechanisms were examined. 

Numerically, a distinct element program (PFC2D) was utilized to analyze the experimen-
tal outcome. The model belongs to the class of mesoscopic discrete models, which incor-
porate an internal length scale in their formulation. The model offers both large defor-
mation capacity and unrestricted crack formation capabilities. The modelling took place 
through firstly, developing a numerically synthetic material that is calibrated for its (mi-
cro-) parameters using a set of laboratory mechanical tests. Afterwards, a model was de-
veloped to simulate the hollow-cylinder test in two-dimensions. Finally, analyses of the 
hollow-cylinder test and its size dependence using the simulated model material and test 
procedure were performed. 
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8.2 SIZE EFFECT AND FRACTURE PROCESS 

 

• Size effect was observed in the strength of hollow-cylinder concrete specimens in a 
scale range 1:4. A consistent decease of strength with size was recorded up to 32% 
and 44% for specimens with dmax=4 and 2 mm, respectively. At least six tests per 
size and for each mixture were conducted to account for scatter in the results. A 
scatter in the results in the range of 8 to 16% was marked for all sizes from both 
mixtures that are relatively low for concrete-like materials. 

• Size effect in hollow-cylinder tests, as observed in the experiments conducted in 
this study and from the performed analyses, is a phenomenon and a process re-
sulting from mutually and commensurate occurring processes and mechanisms. It 
could be stated that this size effect is a result of complex combination of struc-
tural factors (e.g. geometry imposed effects such as stress gradient and surface 
area and volumetric effects), mechanical processes of failure including deforma-
tion, and material characteristics in terms of heterogeneity and fabric. Existing 
theories, hypothesis, and concepts to explain size effect (statistical, energetic, or 
related to violation of similarity laws) are reasonable, but no theory seems to ex-
ist that encompasses these various factors and processes since it is not clear which 
factor has a prevailing influence, if any. This is more pronounced in compressive 
failure processes, being more complex, with most of the factors often act com-
bined and hence emphasizing only one factor in a model or hypothesis and ne-
glecting others brings an error to the model, which could be significant. The isola-
tion of one of the factors to be independently studied experimentally is a difficult 
task and numerical simulations based on physical hypothesis could form a favour-
able supplement. 

• Observed size effect was dependent on aggregate size, being stronger for the 2 mm 
mixture. A power relation could reasonably describe the average size effect trends, 
on a bi-logarithmic plot of size versus strength, with an exponent of –0.19 and –
0.26 for the specimens with dmax=4 and 2 mm, respectively. 

• Analysis of the results showed the onset of size effect in the experiments as linked 
to commencement of nonlinearity in the stress-tangential strain response. This 
took place at tangential strain levels in the order of 5‰ strain. At this strain 
level, microscopic examination of fracture processes showed small boundary cracks 
to exist with barely any crack interaction or propagation activities. This implies 
that material related factors contributing to onset of size effect should be linked 
to processes taking place at crack initiation. These are considered largely due to 
heterogeneity and distribution of defects in the material. 

• Closed-form solution with stress-averaging functions showed stress gradients to 
noticeably contribute to the overall observed size effect. These stress gradients are 
imposed by the geometry of the hollow-cylinder and form a structural contribu-
tion to the observed size effects. 

• The predicted size effect according to Weibull theory, with non-uniform triaxial 
stress considerations, described with reasonable success the obtained size effect 
trends near crack initiation levels. 
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• Both the SEL for compression and MFSL size effect models were able to fit the 
size effect data with close to one correlation coefficient. An assumption of mate-
rial homogeneity in the SEL for compression, however, contradicts the experimen-
tal data in terms of material inhomogeneity and crack pattern. When these were 
taken into account, the model reverts to the form of LEFM and failed to fit the 
results. 

• Microscopic examination of the fracture process revealed that failure initiated 
through small splitting cracks along grain-boundaries oriented parallel to the 
maximum principal stress. These cracks developed firstly close to the inner-hole 
and under increase of load have developed further deep in from the wall in a con-
centric pattern. They were observed to propagate either inter- or intra-granularly 
parallel to the principal stress direction and preferably along the spring-lines of 
the hole, but occasionally they turned to meet the surface of the inner-wall. Coa-
lescence of these micro-cracks resulted in the formation of thin slabs, which then 
detached and started spalling into the hole. The fracture process seemed to se-
quentially repeat itself with new extensional cracks of small width forming behind 
the formed spall zones. 

• The size of the damage zone, defined by the thickness of impregnation, was size 
dependent with a factor of nearly three in the tested scale range. The larger the 
size, the more intense and larger spread of damage was observed. 

• Three-dimensional size effect experiments under complex geometric and loading 
conditions, as provided by the hollow cylinder test, appeared as a powerful tool 
for exploring and understanding fracture processes of quasibrittle materials and 
their size dependence. This would further assist in validating fracture models and 
identifying material parameters to describe material behaviour. 

8.3 DISTINCT ELEMENT ANALYSIS 

 

• Distinct Element simulations using PFC2D was found capable of qualitatively re-
producing (with reasonable success) fracture features and size effect behaviour ob-
served in the experiments. In order to use the model for predicting such processes 
with quantitatively reproducible results, additional model development is needed. 
A possibility is through increasing the level of detail and heterogeneity in the 
model, on the account of computational costs, or alternatively an enhancement of 
the calibration procedure could be accounted for. The latter is only achievable if 
fracture mechanisms are better understood and material parameters could be 
identified that are most relevant to failure and deformation processes under vari-
ous load modes. Different calibration parameters could be suggested depending on 
the test or loading type that are expected to present most representative simula-
tions in this case. This calibration procedure should be always supplemented with 
experimentally observed fracture behaviour to guarantee the objectivity of the 
model’s outcome. 
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• The model showed pseudo-linear stress-tangential strain behaviour when com-
pared with the hollow-cylinder experiments. The ratio fc/fspl from the calibrated 
specimens was lower than that obtained in the experiments. The model also un-
der-predicted the biaxial strength envelope. 

• Size effect simulations performed under different load modes (i.e. uniaxial and bi-
axial compression, Brazilian splitting tensile, and hollow-cylinder test) showed the 
model to depend on a discretization parameter defined by the ratio between 
specimen dimension and average particle radius in the assembly. Results from size 
effect hollow-cylinder simulations presented qualitatively comparable trends to 
those obtained experimentally. In the Brazilian splitting simulations, decreasing 
trends similar to those reported in literature were found. The compressive test 
simulations resulted in an increased strength with size for both uniaxial and biax-
ial compressive load conditions. 

8.4 EXPERIMENTAL PROCEDURES 

• Three-dimensional size effect experiments are highly demanding in terms of de-
sign, preparation, and application. Geometrically similar specimens needed to be 
prepared in the same manner and to be tested under the same boundary condi-
tions. Verification tests combined with analytical and numerical analysis were per-
formed to ensure that the assumptions and objectives made in the experimental 
design were satisfied. They were also used to investigate and quantify structural 
effects, which are possibly introduced during testing. 

• The nature of the mixtures used (low strength, gap-graded, and high w/c ratio) 
showed a strong strength-time dependence and presented difficulties during cast-
ing and preparation of specimens for testing. The mixtures were sensitive for 
variations in the casting procedure (e.g. mixer type) and compaction process (vi-
bration style and time). A consistent and well-defined specimen preparation pro-
cedure and test scheme was implemented throughout the experimental program, 
which resulted in a good quality control and managed to obtain a relatively low 
scatter in the experimental results. 

• The application of a fluid pressure along the circumference of the cylinder is ad-
vantageous in terms of boundary restraint and load application procedure since it 
is almost unrestrained. 
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8.5 SUGGESTIONS FOR FUTURE WORK 

Several aspects of the size effect and fracture phenomena in hollow-cylinder tests could 
be further investigated. These include: 

• A theory that encompasses the various physical aspects contributing to size effect 
and failure in concrete under multiaxial compression loading is yet not available. 
The reason for this is the incomplete knowledge of these physical aspects and 
their role in the processes leading to the phenomena. Further efforts should take 
place in order to enhance this knowledge through physically based experimental 
and numerical work. This possibly applies to other loading modes as well such as 
uniaxial compression and mixed failure modes. 

• Attention should be paid to the onset of size effect and the factors contributing to 
it in experimental studies of size effect under various loading modes. This can as-
sist in understating the physical processes underlying the phenomenon. 

• Size effect under various triaxial loading modes could be investigated using the 
hollow-cylinder test geometry, which would be advantageous in comprehending 
the phenomenon. 

• Moisture and pore pressure effects are known to noticeably influence size effect 
and failure behaviour under various loading modes. A systematic study for their 
contribution in hollow-cylinder tests, similar to those performed in this study, 
would provide both more physical insight into the phenomena and an experimen-
tal data set useful for modelling purposes. 

• For the problem of wellbore stability, it would be advantageous to extend and 
supplement the results obtained in this work with test results on natural rocks 
such as those encountered in underground reservoirs. 

• Discrete element analysis appeared well suited to investigate size effect and frac-
ture behaviour in heterogeneous disordered materials such as concrete. In order to 
get a better comparison with experiments, the analysis should be better extended 
to three-dimensional and the microstructure better be modelled in more detail 
through differentiating between the different material phases. 
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Appendix A  

Table A.1 gives an overview of the uniaxial compression tests, for both mixtures, and 
their outcome. The properties listed in the table are interpreted form the test results as 
follows:  
− The uniaxial compressive strength fc of the specimen was calculated by dividing the 

maximum load carried by the specimen during the test, at peak, by the original 
cross-sectional area. 

− The axial Young’s modulus E was calculated using tangent method at a stress level 
equal to 50% of the ultimate uniaxial compressive strength fc. 

− The Poisson’s ratio ν was calculated as the ratio of the slope of axial stress-strain 
curve to the slope of diametric stress-strain curve at 50% of fc. 

Table A.1: Mechanical properties of materials from uniaxial-compression test results 
Diameter 
mm 

Length 
mm 

f
c
 

MPa 
E-modulus 
GPa 

Poisson’s 
ratio ν* 

Mixture 

60.13 120.00 9.64 7.99 NA M4 

60.10 120.25 8.20 8.16 0.15 M4 

60.17 120.10 8.83 7.63 0.14 M4 

60.18 121.40 10.2 7.90 0.15 M4 

60.00 120.25 9.09 8.24 0.15 M4 

60.03 121.10 8.85 6.51 0.15 M4 

60.00 121.60 8.50 7.19 NA M4 

60.10 122.00 9.28 7.98 0.16 M4 

54.02 107.00 11.6 7.58 NA M2 

54.20 106.90 16.3 6.78 0.11 M2 

54.20 107.00 11.3 6.44 NA M2 

54.20 107.00 14.0 7.98 NA M2 

54.20 107.00 9.98 5.96 0.15 M2 

54.20 107.00 12.2 5.90 0.11 M2 

* NA=no lateral deformations were measured. 
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Appendix B  

Table B.1 gives an overview of results from uniaxial compression tests, for both mixtures, 
and their outcome, which were used for verification of initial strength distribution in the 
hollow-cylinders. The properties listed in the table are interpreted form the test results 
as follows:  
− The uniaxial compressive strength fc of the specimen was calculated by dividing the 

maximum load carried by the specimen during the test, at peak, by the original 
cross-sectional area. 

− The axial Young’s modulus E was calculated using tangent method at a stress level 
equal to 50% of the ultimate uniaxial compressive strength fc. 

− The Poisson’s ratio ν was calculated as the ratio of the slope of axial stress-strain 
curve to the slope of diametric stress-strain curve at 50% of fc. 

 

Table B.1: Test results from the verification series for strength homogeneity 

Core No. Location E GPa ν f
c
 MPa 

1 Top 14.30 --- 18.10 

2 Top 15.10 0.11 17.80 

3 Top 14.10 0.11 19.50 

4 Top 16.10 --- 18.60 

5 Middle 15.80 0.10 16.40 

6 Middle 16.60 0.13 19.50 

7 Middle 15.80 0.13 18.30 

8 Middle 16.90 0.14 18.00 

9 Middle 15.20 0.12 18.80 

10 Middle 15.70 0.14 18.40 

11 Bottom 11.60 --- 14.50 

12 Bottom 13.90 0.12 15.42 

13 Bottom 13.30 0.09 16.10 

14 Bottom 14.00 --- 13.70 
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Appendix C  

The problem is treated as double hollow-cylinder as considered earlier by (Ewy and 
Cook, 1990) for a hollow-cylinder jacketed with an outer steel casing. In our case, the in-
ner cylinder represents the sample, which is surrounded by the outer rubber-sleeve. 

The general plane strain solution for a finite hollow-cylinder is described as follows 
(Jaeger and Cook, 1979): 

 
Y

u Ur
r

= +  (C.1) 

where u is the displacement at the hole wall, r is the radius of the cylinder, and U and Y 
are constants. This solution holds for both the inner and outer hollow-cylinders with dif-
ferent constants for each. The boundary conditions for the problem are σr at r1=σi=0, σr 
at r3=σo, and u and σr are continuous at the interface r2 (see Figure C.1). Applying these 
conditions to (C.1) and the radial stress equation, 

 ( 2 )
r

du u
G

dr r
σ λ λ= + +  (C.2) 

results in the full solution, which is found as: 
 

Specimen

NBR sleeve

r
1

r
2

r
3

 
Figure C.1: Schematic representation for the double hollow-cylinder problem. 
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where i=1 or 2 for the region of interest and λ
i
 and G

i
 are the elastic constants. The con-

stants U and Y could then be calculated using equations (C.3)-(C.5) and the boundary 
conditions. This results in the constants U and Y needed to calculate the stresses at the 
inner wall as: 
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 (C.7) 

Knowing the material properties for the specimen and rubber used together with the ap-
plied stresses, it is possible from the above equations to calculate the tangential stress at 
the inner wall and its radial displacement (C.3)-(C.5). For the specimen, the parameters 
considered are E=7 GPa, ν=0.15, G=3 GPa, and λ=1305 MPa. For the NBR rubber, no 
tests have been performed and data from the supplier have been used, which is 
E=6 MPa, ν=0.45, G=2 MPa, and λ=18.6 MPa. 
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SYMBOLS 

§ — section number 

σ1 MPa maximum principal stress 

σ2  MPa intermediate principal stress 

σ3 MPa minimum principal stress 

σm MPa non deviatoric stress component 

σdev MPa deviatoric stress component 

σ  MPa The mean stress at failure 

σN MPa Nominal material strength 

r, θ, z — cylindrical coordinates 

σr MPa radial stress 

σθ MPa tangential stress
 

σz MPa axial stress 

εθ — tangential strain 

εz — vertical strain 

εr — radial strain 

εv  — volumetric strain 

τrθ, τrz, and τθz MPa shear stresses in cylindrical coordinates 

σo MPa outer stress 

σi MPa inner stress 

fc MPa uniaxial compressive strength 

ft MPa uniaxial tensile strength 

f2c MPa Biaxial strength 

fspl MPa Brazilian splitting strength 

UCS MPa uniaxial compressive strength 

w/c — water/cement ratio 
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dmax mm maximum grain size 

ε1 — maximum principal strain 

ε2 — intermediate principal strain 

ε3 — minimum principal strain 

Dc mm characteristic dimension/size 

ASEL, BSEL, CSEL, 
and DSEL, 

— SEL size effect model constants 

AMFSL, BMFSL, lch, 
and fMFSL, 

— MFSL size effect model constants 

ρ Kg/m3 material/particle assembly density 

Ro mm outer radius 

Ri mm inner radius 

Do mm outer-cylinder diameter 

Di mm inner-cylinder diameter 

W mm wall thickness of hollow cylinder  

u mm radial displacement at the inner-cylinder wall 

w mm axial displacement of the hollow-cylinder 

E GPa Young’s modulus 

ν — Poisson’s ratio 

λ and G GPa elastic constants 

r mm radius of the cylinder between Ro and Ri 

Am-Pm — trial material mixtures developed in the study 

M4 — model mixture of 4 mm max. aggregate size 

M2 — model mixture of 2 mm max. aggregate size 

2D — two dimensions 

3D — three dimensions 

p320, p500, and 
p1200 

— codes for fineness of sand papers 

h m specimen height 

d m specimen diameter 

t m specimen thickness 

500X — magnification factor 

RH — relative humidity 

T °C temperature 



Symbols and Abbreviations 173 

NX mm standard core size with 54.1 mm diameter 

A — hollow-cylinder with inner diameter of 12.5 
mm 

B — hollow-cylinder with inner diameter of 25 mm 

C — hollow-cylinder with inner diameter of 50 mm 

D — hollow-cylinder with inner-hole diameter of 
100 mm 

A/D converter — Analogue/Digital converter 

po MPa pore pressure  

β 
 

° 

inclination of failure plane to maximum prin-
cipal stress according to M-C failure criterion 

c MPa cohesion 

ϕ ° internal friction angel 

R2 — coefficient of determination 

Ad mm Averaging distance 

Pf — probability of failure of a specimen with vol-
ume V 

V m3 volume 

nd — scale number in Weibull’s theory 

m — Weibull modulus 

1 3
,I I′′ ′′  MPa stress invariants in Lade criterion 

S1, η — constants of Lade criterion 

k — constant 

X  mm average impregnated depth measured around 
the inner hole 

R�  mm average particle radius 

Rmin mm minimum particle radius 

Rmax mm maximum particle radius 

φ — porosity of particle assembly 

kn GPa normal stiffness 

ks  GPa shear stiffness  

kn/ks GPa stiffness ratio 

Tn MPa normal strength 

Ts MPa shear strength 
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,n s
T  MPa mean bond strength 

µ — friction coefficient 

i

n
F  N normal component of the contact force 

i

s
F  N shear component of the contact force 

i

n
U  mm relative displacements between the contacting 

bodies in normal direction 

i

s
U  mm relative displacements between the contacting 

bodies in shear direction 

i
n′  — unit normal vector 

max

s
F  N maximum allowable contact shear force 

n mm contact overlap 

L mm width of biaxial specimen/diameter of Brazil-
ian specimen used in numerical simulations 

H mm height of biaxial specimen/diameter of Brazil-
ian specimen used in numerical simulations 
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ABBREVATIONS  

ITZ  Interfacial Transition Zone 

OPC  Ordinary Portland Cement 

SD  Standard Deviation 

LVDT  Linear Variable Differential Transducers 

SEM  Scanning Electron Microscope 

ESEM  Environmental Scan Electron Microscope 

SE  Secondary Electron 

BSE  Backscattered Electron 

SEL  Size Effect Law 

MFSL  Multifractal Scaling Law 

LEFM  Linear Elastic Fracture Mechanics 

M-C  Mohr-Coulomb 

D-P  Drucker-Prager 

PFC2D  Particle Flow Code in Two Dimensions 

NBR  Nitrile-Butadiene Rubber 

DIN  German Standards 

PC  Personal Computer 

NPT  National Pipe Thread 

Teflon  Polytetrafluorethylene 

FPZ  Fracture Process Zone 

RVE  Representative Volume Element 

DEM  Discrete/Distinct Element Method 

FEM  Finite Element Method 
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