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ARTICLE INFO ABSTRACT

Keywords: Thermal modeling of Laser Powder Bed Fusion (LPBF) is challenging due to steep, rapidly
Heat transfer modeling moving thermal gradients induced by the laser, which are difficult to resolve accurately
Isogeometric analysis with conventional Finite Element Methods (FEM). Highly refined, dynamically adaptive spatial

Semi-analytical method
Laser powder bed fusion
Additive manufacturing
Complex geometries

discretization is typically required, leading to prohibitive computational costs. Semi-analytical
approaches mitigate this by decomposing the temperature field into an analytical point-source
solution and a complementary numerical field that enforces boundary conditions. However,
state-of-the-art implementations either necessitate extensive mesh refinement near boundaries
or rely on restrictive image-source techniques, limiting their efficiency and applicability to
complex geometries. This study presents a novel reformulation of the semi-analytical framework
using Isogeometric Analysis (IGA). The laser heat input is captured by the analytical point-
source solution, while the complementary correction field, which imposes boundary conditions,
is solved using a spline-based IGA discretization. The governing heat equation for the correction
field is cast in a weak form, discretized with NURBS basis functions, and advanced in time
using an implicit #-scheme. This approach leverages IGA’s key advantages: exact geometry
representation, higher-order continuity, and superior accuracy per degree of freedom. These
features unlock efficient thermal modeling of realistic parts with complex contours. Our
strategy eliminates the need for scan-wise remeshing and robustly handles intricate geometric
features like sharp corners and varying cross-sections. Numerical examples demonstrate that the
proposed semi-analytical IGA method delivers accurate temperature predictions and achieves
substantial computational efficiency gains compared to standard FEM, establishing it as a
powerful new tool for high-fidelity thermal simulation in LPBF.

1. Introduction

Laser Powder Bed Fusion (LPBF) is a metal additive manufacturing (AM) technology that offers exceptional form freedom to
fabricate geometrically complex parts. It has been widely adopted for manufacturing topology-optimized structures and meta-
materials [1-3]. In LPBF, one or multiple laser beams are guided by mirrors and focused onto the metal powder bed. The absorbed
laser energy locally melts the powder to form small melt pool(s). As the laser(s) continuously move, the melt pool(s) rapidly cool
and solidify, realizing the layer-by-layer growth. During this, powder-liquid-solid phase changes, and several thermal phenomena
arise. Heat conduction within the solid, from the localized melt pool toward the build platform acting as a heat sink, accounts for
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conveying most of the heat input through laser(s). In contrast, heat transfer to the surrounding loose powder dissipates only about
1% of the heat conducted [4], while radiation and convection to the surroundings result in only minor heat losses.

Accurate thermal simulations play an important role in predicting the temperature histories of additively manufactured parts.
Manufacturing parameters such as laser power, scanning speed, and layer thickness can be optimized based on the temperature
histories. Moreover, reliable temperature fields inform models of phase transformations, microstructure evolution, residual stress,
and distortion, and ultimately improve part quality.

The Finite Element Method (FEM) remains the most widely used approach for part-scale temperature simulations in LPBF.
The temperature fields obtained from these simulations have been used for predicting thermal stress [5,6], porosity formation
mechanisms [7] and melt-pool shape [8]. A comprehensive review of state-of-the-art FEM applications can be found in [9]. To
represent the layer-by-layer growth of a part during the AM process, FEM typically employs element birth-death techniques. Two
common variants are the quiet element method, where undeveloped layers remain in the global conductivity matrix but are rendered
thermally inactive by drastically reducing their conductivity [10], and the inactive element method, where the elements associated
with these layers are excluded entirely until activated during deposition [11].

The multi scale nature of the LPBF problem imposes challenges on FEM based process simulations. Accurate resolution of steep
temperature gradients near a moving laser spot demands extremely fine meshes on the order of the laser spot radius [11,12]. For
example, Roberts et al. [11] used 25 pm elements for a 50 pm spot radius, Vanini et al. [13] refined further to 20 pm, and Zhang
et al. [14] proposed 5pm elements for similar conditions. While such fine discretization is required for accuracy, it dramatically
increases the total number of elements and thus the computational cost, limiting the practicality of FEM for part-scale LPBF
simulations. Recently, multilevel acceleration strategies such as GO-MELT [15] have demonstrated substantial speed-ups for linear
LPBF thermal simulations.

Rather than utilizing a uniformly fine mesh across the entire computational domain, adaptive mesh refinement improves
computational efficiency while retaining the accuracy of numerical simulations by dynamically adjusting the spatial resolution
in response to the changing position of the laser spot. In this approach, high-resolution meshes are employed in the laser-material
interaction region, while progressively coarsening in areas distant from the heat source. This strategy enables the efficient resolution
of steep, localized temperature gradients induced by the moving heat source, which would otherwise necessitate a globally fine
mesh and incur substantial computational cost. Within adaptive mesh refinement, two principal refinement strategies are commonly
employed: A-refinement (reducing the mesh size h) and hp-refinement (refining 4 while simultaneously increasing the polynomial
order p of the approximation space) [15-18]. Moreover, generally, there are two types of 4 refinement applied. The more prevalent
is the layer-wise (static) remeshing scheme, in which the refinement focuses on the active layer while keeping the underlying
previously solidified layers coarser [16,19,20]. The other is the scan-wise (dynamic) remeshing, which refines the mesh locally
around the moving laser spot while maintaining a coarser discretization in regions of nearly uniform temperature [21,22]. The
layer-wise remeshing strategy primarily focuses on mesh adaptation along the build direction (orthogonal to the layer), ensuring
adequate resolution across the successively deposited layers. In contrast, the scan-wise remeshing strategy refines the mesh within
the current printing plane,enabling a more detailed physical representation of the thermal process in the plane. Besides, the scan-
wise remeshing strategy can employ finer local meshes, thereby enhancing the accuracy of melt pool size, shape, and cooling rate
predictions. However, the scan-wise strategy also introduces greater computational complexity, as it requires much more frequent
updates to the mesh, and the corresponding thermal conductivity matrix and thermal load vector. Olleak and Xi [21] optimized the
remeshing region length and corresponding remeshing frequency in the scan-wise adaptive remeshing strategy; however, even the
most effective configuration achieves only about a 60% reduction in total computational time relative to the layer-wise remeshing
approach. Thus, in general, most of the simulation tools are based on the layer-wise remeshing strategy.

In addition to FEM, isogeometric analysis (IGA) [23] has emerged as a powerful alternative for thermal simulation in
geometrically complex domains [24-26] and for moving heat sources in LPBF [27]. By employing spline-based basis functions such
as NURBS [28] or T-splines [29-32], IGA preserves the exact CAD geometry, whereas FEM often degrades geometric fidelity during
mesh generation. This exact representation, combined with the higher-order continuity of IGA’s basis functions, enables accurate
temperature predictions with significantly fewer degrees of freedom than conventional FEM [33], making it particularly well-suited
for capturing the intricate features of LPBF components [34]. Carraturo et al. [35,36] demonstrated that THB-spline refinement
can dynamically remesh and track the moving laser spot within an IGA framework — similar in concept to scan-wise remeshing in
FEM - with element size ratios ranging from 20 to 100. However, despite these adaptive strategies, both FEM and IGA typically
require highly refined meshes and frequent updates to resolve the steep, laser-induced thermal gradients, which incurs a significant
computational cost. A critical challenge in this context is the substantial time consumed by two core stages: matrix assembly and the
solution of the linear system. While IGA offers superior accuracy, its high-order, high-continuity basis functions lead to increased
assembly costs per element and produce linear systems with larger bandwidths and poorer conditioning. This often makes the
solution phase the dominant computational bottleneck, particularly in large-scale adaptive simulations [37]. Consequently, extensive
research has focused on developing fast assembly techniques [38,39] and efficient, specialized solvers [40,41].

Another approach to thermal modeling in LPBF employs analytical solutions of the heat equation in infinite or semi-infinite
domains [42—47]. These methods model the laser movement by sequentially activating discrete point heat sources. The closed-form
solutions inherently capture the steep temperature gradients near the laser spot, eliminating the need for adaptive mesh refinement
and reducing computational complexity. However, since the analytical solution assumes a semi-infinite medium, its accuracy is
limited when applied to finite parts, as the physical boundary conditions are not satisfied [47].

To enforce the correct boundary conditions, semi-analytical methods superpose the analytical field with a complementary
numerical field [42]. Since the point-source solution captures the steep thermal gradients, the complementary field remains smooth,



Y. Yang et al Computer Methods in Applied Mechanics and Engineering 457 (2026) 118992

v, W, 1d d
solid J
Jodld., Lat v,
]
R |
X1 X1
() (b) (©) (@

Fig. 1. Schematic illustration of the image source: (a) Single straight boundary, for imaging through a simple straight boundary dV;, the adiabatic
boundary conditions can be easily satisfied by introducing a single image source J. (b) Multiple connected boundaries, in cases involving multiple
connected boundaries, the image source J, reflected from one boundary d¥; may also influence another boundary dV,, and similarly, the image
source J, reflected from 0V, may affect 0V;. (c) Two adjacent solid boundaries, when imaging between two neighboring solid boundaries, the
image source J reflected by one boundary d¥; may be placed within the solid domain associated with the other boundary. (d) Cross-sectional
variation along the building direction (x;), when the cross section varies along the x; direction, the image source J can only satisfy the adiabatic
boundary conditions on the top plane. In this case, the physical source I and its image J are separated by an equal distance d to the boundary
only on the top plane.

allowing the numerical mesh to be decoupled from the laser spot size. This permits a significantly coarser discretization without
sacrificing accuracy. However, a key limitation arises near the part boundaries: the outgoing heat flux from an analytical source
close to a boundary must be counteracted by the numerical field, which in turn demands local mesh refinement dictated by the
laser spot scale, reintroducing computational cost.

To circumvent this boundary refinement, our previous work employed analytical image sources across adiabatic boundaries [42,
47]. For a single straight boundary, the method is straightforward: an image source J is positioned symmetrically to the actual
source I across the boundary dV,, satisfying the adiabatic condition exactly (Fig. 1(a)). For curved boundaries, the implementation
becomes more complex [47].

The image source method, however, exhibits fundamental limitations for the complex geometries typical of LPBF. As illustrated
in Fig. 1(b), at sharp corners where multiple boundaries connect, reflecting source I across dV, generates image J;, which itself
influences 0V,. This, in turn, requires a new image J, from dV,, leading to an infinite series of reflections to satisfy all boundary
conditions simultaneously. Furthermore, the method fails for other common geometric features: an image source may be incorrectly
placed inside an adjacent solid domain, artificially heating it (Fig. 1(c)); or for parts with varying cross-sections, the adiabatic
condition is satisfied only on the top plane, but not on the subsurface layers (Fig. 1(d)). Consequently, while effective for simple
geometries, the image source method lacks the generality required for realistic LPBF components.

This paper introduces a novel semi-analytical framework for LPBF thermal simulation that synergistically combines the strengths
of the analytical solution and IGA. We reformulate the boundary correction problem by replacing the restrictive image-source
technique and standard FEM with an IGA-based solver for the complementary field. This approach delivers two fundamental benefits:

» The analytical solution resolves the steep, laser-scale thermal gradients, eliminating the need for a fine, laser-following mesh
and frequent dynamic remeshing.

+ IGA provides a geometrically exact and high-continuity discretization, enabling accurate and efficient enforcement of boundary
conditions on complex parts, even with a coarse mesh.

These properties collectively enable accurate temperature predictions for realistic parts with complex geometries while requiring
substantially fewer degrees of freedom than conventional FEM. Numerical examples demonstrate superior computational efficiency
and accuracy compared to existing semi-analytical FEM approaches from the literature.

The remainder of this paper is organized as follows. Section 2 presents the reformulation of the semi-analytical method based on
discrete point sources, incorporating an IGA-enabled boundary-correction strategy, and further details the IGA discretization and the
time-integration procedure employed to compute the numerical complementary field. Section 3 evaluates the efficiency and accuracy
of FEM and IGA under varying mesh densities for a point-source, and further demonstrates the robustness of the proposed method
for continuous laser scanning and geometrically complex parts. Finally, Section 4 summarizes the key findings and contributions.

2. IGA-based formulation of the semi-analytical method

We consider the LPBF process of a freeform three-dimensional part. To print a new layer, a thin layer of metal powder is recoated
over the previously built body V (see Fig. 2) with the coordinate origin defined in Fig. 2(a). The boundary oV of V consists of three
surfaces: the bottom surface 9V, fused to the build platform, the lateral surface 9V}, surrounded by loose powder, and the top
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Fig. 2. Schematic of the LPBF process: (a) Body V submerged in the powder bed, with bottom 9V, fused to the build platform and a thin
powder layer on 9V,,,; (b) Boundary decomposition of V, showing d¥,,, 0V, and oV,

surface 9V, covered by the newly recoated layer (Fig. 2(b)). When laser scans 9V, to fuse the powder, partial absorption of laser
energy by the powder drives transient heat conduction within the solid part, governed by

pc,,‘)a—f =V.-kVT)+Q, inV, @
where T(x,1) is temperature, p is mass density, c, is specific heat capacity, k is thermal conductivity, and Q is the volumetric heat
source. Neglecting the temperature dependence of p, c,, and k, the equation becomes

T VT + 2, 2
ot e,

where a = p% is the linear form with thermal diffusivity.

The thermal source Q is represented as a superposition of N instantaneous point sources obtained by discretizing the continuous
laser scan (see Fig. 2(a)). The Ith source is activated at time /) and the next at 1Y+ = () + Az; thus the arc-length spacing between
successive sources along the scan path is v 47, where v denotes the laser scanning speed. Guided by our previous convergence
study [42,47], we set 4t = 1 x 107 s for all simulations. After completing the scan of the current layer, a fresh powder layer is
recoated.

The temperature field T'(x,t) within the domain V' under the thermal load Q in Eq. (2) is obtained by solving a boundary value
problem with prescribed conditions on dV. The initial condition ¢ = 0 is

T(x,0)=T,, (3)

where T, is the constant temperature of the build platform.

Because the thermal conductivity of the surrounding powder is only about 1% of that of the solid material [4], the lateral surface
0V}, (see Fig. 2) is treated as adiabatic [44,45]. Heat loss by convection and radiation on the top surface Wop is negligible compared
with conduction inside the solid, hence 9V, is also assumed adiabatic. Thus, homogeneous Neumann conditions on the lateral and
top boundaries are

aT
Fei 0, on 0V, U dVigps “4)
where n is the outward unit normal. At the bottom surface, which is in contact with the build platform, a Dirichlet boundary

condition is applied to prescribe the temperature:

op

T=T,, on V. 5)
2.1. Temperature decomposition

To facilitate numerical treatment, the temperature field 7'(x,) is decomposed into an analytical component and a numerical
correction:
Tx,0)=Txn0+Tx0, ©)

where T is a known analytical solution of the temperature evolution due to discretized point sources, and 7" is the complementary
field to be solved numerically. The analytical component is expressed as a sum of K point-source solutions:

K
Txn=YT0xn,  M<t K<N, )
I=1
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Fig. 3. A curvilinear (contour) laser scan discretized into a sequence of point sources. The total temperature field is obtained by superimposing
the semi-infinite point-source solutions with the complementary field that enforces the finite-part boundary conditions.

with each contribution given by

~ ) _xD2
T, 1) = £ = exp<— Ix - x |[| )H (t—2D), (8)
pe, [4rat — )] da (1 — D)

where x(U) is the location of the I'th heat source, RY) = ||x—x()|| is the Euclidean distance to the source, E/) = A P At is the deposited
energy, and H is the Heaviside step function ensuring causality, the factor A accounts for the laser absorptivity of metal powder.
The modified time z(") = /) — 2 /8« is introduced to avoid a singularity at the point-source activation time #), and accounts for
the finite radius of the laser source. Since the laser scan is represented by the sequentially activating point heat sources, a steep
temperature gradient is observed near a newly activated point source. Following the laser motion, steep gradients in the temperature
field are introduced and inherently captured by the analytical temperature field of the sequentially activated heat sources in Egs.
(7) and (8). As the time elapses, the temperature field associated with a source becomes smooth, as can be observed from Eq. (8).
Substituting Eq. (6) into Eq. (2) and isolating 7'

of

— 24
P, Fr kV-T, xevV. ()]
The boundary conditions for T become
of _ oT
qn = _kd_n :ka_n’ on W, 10)
T=T.-T, ondVy,, an

with the initial condition T'(x,0) = T. due to T(x,0) = 0. Neumann conditions are not explicitly imposed on 9V,,p in Eq. (10), as
the specified Neumann condition, i.e., the adiabatic boundary condition on the top surface, is inherently satisfied and embedded in
Eq. (8), owing to the coincidence of the top surface of the build part with the origin of the semi-infinite domain.

The temperature field is decomposed as T = T + T according to (6). The analytical component 7" represents the superposition
of point-source contributions of the discretized laser scan (Fig. 3), while the correction field T enforces the adiabatic and Dirichlet
boundary conditions of the solid domain. We solve numerically for 7' using an isogeometric Galerkin method combined with an
implicit time-integration scheme.

2.2. Weak form
The strong form of the governing equation for the 7" field is expressed in Eq. (9), with the modified Neumann and Dirichlet

boundary conditions specified in Eqs. (10) and (11). Let w € H'(V) be a test function vanishing on 0V, after Dirichlet enforcement.
Multiplying the governing equation by w and integrating over V, and applying the divergence theorem, we obtain

/pcpﬂde+/kVT»deV:/ (—gy)wdsS, (12)
4 ot v MWat

with g, defined in (10). This weak form incorporates the laser-induced heat flux implicitly through g5 and preserves the adiabatic
boundaries on 0V},.

2.3. Isogeometric discretization
The geometry of the printed part is exactly represented by a NURBS mapping @ : ¥ — V from the parametric domain V. Let

(N}, be the B-spline or NURBS basis functions of order p defined on the knot vectors of V. The unknown field 7" and the test
function w are approximated as

Ty&n=Y N@T®,  w,&=N;©®. (13)
i=1
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Using the standard isoparametric concept,
VyN; =JTV,N,,  dV =Jd¢ (14)

with J = 0x/0¢&, V, = (0/0x1,6/0x2,6/0x3)T, Ve = (a/agl,a/agz,a/a§3)T, and J = det(J). Substituting into (12) and assembling
element contributions leads to the semi-discrete matrix system

MT(1) + KT = Fo, (15)
where
M; = /A pe,N;N;J d¢, (16)
|4
K, = /A k(VyN,) - (V,N)J dE, 17
14
F(n = (=gn)IN; dS. (as)
War

Dirichlet conditions (11) are enforced on control variables whose basis functions have support on dV;. The analytical component
T is updated explicitly at each laser position and contributes only to the boundary terms via gy .

2.4. Time integration

The semi-discrete system is integrated using an implicit §-method:
Tntl _n . N
MT+9KT"+1 +(1 - 0KT" = 0F™! + (1 - O)F", 19)
where 0 < 0 < 1, and the superscripts n and n + 1 refer to the current and next time steps, respectively. We adopt 6§ = 0.5 (Crank-
Nicolson) for second-order accuracy and unconditional stability, consistent with the temporal resolution 4¢ = 1 x 1073 s used in the
laser discretization (Section 2). At each time step, the linear system

(3 +0K) 17 = (3 -1 - 0K) T+ 08" + (1 - 0)F” 20)
is solved for computing T”*!. The reconstructed temperature field is then obtained as
Tn+1 — Tn+| +j~n+1’ (21)

which accounts for the transient laser heating and satisfies the boundary conditions of the printed part.
3. Numerical examples

To evaluate the accuracy and computational efficiency of the proposed semi-analytical IGA method, we present a sequence of
numerical experiments. The cases progress from a single point heat source (Sections 3.1 and 3.2), to continuous laser scanning along
a curved boundary (Section 3.3), and finally culminate in a complex freeform geometry (Section 3.4).

To ensure a fair comparison, the semi-analytical decomposition introduced in Eq. (6) is consistently applied across all
discretizations. Specifically, in the Abaqus simulations (C3D4, C3D10, and C3D20 elements), the analytical temperature field is
evaluated a priori and subtracted from the total field, and the resulting correction problem is solved using standard finite element
procedures.

As a consequence, both IGA and standard FEM approaches discretize the same reformulated governing equations. The compar-
isons presented in this work therefore isolate the impact of the spatial discretization method itself, rather than differences arising
from the use of the semi-analytical decomposition.

3.1. Single heat source comparison

In this section, we compare the simulation efficiency and predictive accuracy of FEM and IGA using a single point heat source. The
test geometry is an extruded part obtained by removing a quarter-cylinder from a cube (Fig. 4); the cube measures 2 mmx2 mmx2 mm
and the cylindrical radius is R, = 1 mm.

A laser pulse of duration At = 1.0 x 107> s and power P = 82.5W is applied to the top surface. Because the laser spot radius is
only rj,; = 20 pm and the exposure time is extremely short, the heat input is approximated as a point source I (red circle in Fig.
4). The point source is positioned 100 um from the curved boundary, with the line connecting it to the coordinate origin forming
a = /4 angle with the x,-axis (Fig. 4(b)). The metal powder absorptivity is A = 0.77, giving an applied thermal load of each point
source E = A PAt = 6.35 x 10™*J. The thermal properties of Ti—-6A1-4V used in all simulations are listed in Table 1.

Both FEM and IGA are employed to compute the complementary temperature field 7' defined in Egs. (9)-(11), induced by the
point source / shown in Fig. 4.

The control points of the part used for the NURBS representation are given in Table 2, and knot vectors in three directions are
shown as = = {0,0,0,0.5,0.5,1,1,1}, H ={0,0,1,1}, Z=1{0,0,1,1}.
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Fig. 4. (a) A point source (red) positioned near the curved boundary of a 2mm X 2mm X 2 mm cubic domain, where a quarter-cylinder of radius
R, = 1mm has been removed. (b) Top view of the part. The shortest distance from the point source to the arc is 100 um, located at § = z/4
relative to the x,-axis.

T

Table 1
Thermal properties of Ti-6A1-4V.
Conductivity Heat capacity Density
42W/(mK) 9901 /(kgK) 4420kg/m?
Table 2
Control net for the top surface of the part (unit: mm).
i B, B,
1 (1,0,2) 0,0,2)
2 (1,v2-1,2) 0,1,2)
3 @-v2/2.2/2.2) ©0,2.2)
4 3-v2,1,2) (1,2,2)
5 2,1,2) 2,2,2)

For IGA, meshes of varying mesh density are employed to compute the T field. One representative IGA mesh is shown in Fig.
5(a), with a minimum element size of approximately 50 pm.

For the Finite Element (FE) simulations, a series of meshes with varying mesh densities, from coarse to highly refined, is generated
and analyzed using ABAQUS. An example of a FE mesh is provided in Fig. 5(b). In this mesh, the size of elements near the point
source is refined to approximately 50 pm to resolve steep temperature gradients accurately, while coarser elements of about 200 pm
are used farther apart from the source position to reduce computational cost. Additionally, a highly refined mesh with a minimum
element size of 5 um near the source is adopted and designated as the reference solution for accuracy assessment.

To evaluate and compare the simulation efficiency and predictive accuracy of FEM and IGA, we examine the temperature at point
A (marked in Fig. 4(b)). The source is activated at t = 0, and the comparison is performed at r = 1.9 x 10~*s, which corresponds
to the time instance when the complementary temperature 7" at point A reaches its peak value. At this moment, the temperature
gradient at the point is nearly at its maximum magnitude. The reference FE simulation with a minimum element size of 5 pm using
linear tetrahedral elements yields 7., = 20.79 °C, which is adopted to benchmark accuracy. Additionally, three element types in
FE simulation are used for comparison: linear tetrahedral elements (C3D4 in ABAQUS), quadratic tetrahedral elements (C3D10 in
ABAQUS), and quadratic hexahedral elements (C3D20 in ABAQUS).

As the mesh is coarsened, the number of degrees of freedom (DOFs) decreases, and the computed 7 field at point A gradually
deviates from the reference, introducing a relative error, calculated as

|T_Tref|
e, = —".

T,

ref
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Fig. 5. IGA mesh and Finite Element (FE) mesh for computing 7. Small elements of approximately 50 um are used to refine the boundary near
the point source.
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Fig. 6. Relative error e, of T' solved by FEM and IGA with respect to (a) /,, the ratio of minimum element size (/,;,) to laser spot radius (r,,)
and (b) number of numerical degrees of freedom. Three types of finite element discretizations are employed for comparison with the IGA results:
linear tetrahedral elements (C3D4 in ABAQUS), quadratic tetrahedral elements (C3D10 in ABAQUS), and quadratic hexahedral elements (C3D20
in ABAQUS). The reference solution is obtained using the finite element method with linear tetrahedral elements, adopting a minimum element
size of approximately 5 pm (C3D4 elements in ABAQUS). All methods are based on the same semi-analytical decomposition described in Eq. (6),
i.e., the correction field T is solved numerically in all cases.

Fig. 6(a) reports the relative error (e,) as a function of the ratio (/,) between the minimum element size (/;,) and the laser spot
radius (ri,e,)

o
Maser
Fig. 6(b) illustrates the variation of e, with respect to DOFs.

In this study, the minimum element size /;, is normalized by the laser spot radius. The laser spot radius serves as a key parameter
that characterizes the spatial intensity of the energy distribution, as shown by z(!) in Eq. (8). Since accurately capturing the steep
temperature gradients induced by the laser requires the mesh resolution to be on the order of the laser spot radius [11-14], this
normalization provides a consistent measure of discretization quality, as discussed in Section 1. Although the heat flux intensity
decreases as energy conducts away from the source, leading to smaller thermal gradients if the source-to-boundary distance increases.
Therefore, the minimum element size could, in principle, also be normalized by this distance. For the boundary value problem to
solve the complementary field 7', we choose 100 um in this paper. We know that heat sources distant from the boundary are not a
problem because they smooth out. However, we will inevitably have sources near the boundary since the entire top surface of the
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Fig. 7. Temperature distribution at 7 = 1.9x 10~*s. Three simulations with different numerical methods and minimum element sizes are adopted.

part should be scanned. And, the nearest distance from the heat source to the boundary is influenced by both the laser spot radius
and the input laser energy. To maintain a consistent and general analysis, the minimum element size is therefore normalized by the
laser spot radius.

According to Fig. 6, the relative error e, for FEM with linear tetrahedral elements (C3D4 in ABAQUS) increases drastically when
the non-dimensional minimum element size reaches /, = 2.5, which corresponds to a physical minimum element size of 50 pm,
i.e.,, 2.5 times the laser spot radius, and 3302 DOFs. At first glance, it may appear counterintuitive that when /, increases from
3.4 to 5, the DOF count rises from 2624 to 7231. This behavior is a direct consequence of the meshing rules adopted in this study
rather than an arbitrary tuning of the discretization. It should be noted that the mesh seeding and element distributions are highly
comparable between the finite element (FE) meshes employing linear and quadratic tetrahedral elements. Accordingly, for the FEM
discretization with quadratic tetrahedral elements (C3D10 in ABAQUS), as the characteristic element length /, increases from 3.4 to
5, the number of degrees of freedom (DOFs) rises from 18817 to 53376. Furthermore, the discretizations adopted in isogeometric
analysis (IGA) and in FEM with quadratic hexahedral elements are constructed in a similarly consistent manner to ensure relatively
fair comparisons.

For FEM, we employ the same meshing strategy for all values of /,: the target minimum element size is prescribed by /,,
and (i) local refinement is applied in a small region around the laser spot, while (ii) away from the source the mesh is kept as
coarse as permitted by a mesh-quality criterion (a minimum number of elements across each spatial direction). Considering linear
and quadratic tetrahedral elements, for /, = 3.4 (minimum element size 68 pm), this results in a strongly graded mesh with local
refinement near the heat source and coarse elements elsewhere, yielding only 2624 DOFs. When /, is further increased to 5 (minimum
element size 100 pm) in a cube of edge length 2 mm, this grading strategy would produce fewer than the required number of elements
in the coarser regions and thus violate the mesh-quality constraint. In this regime, the procedure naturally degenerates into an
(approximately) uniform mesh, which explains why the DOF count increases despite the larger element size. We stress that the
mesh is not manually adjusted per data point; instead, the DOFs follow from a fixed, physics- and quality-driven meshing procedure
as /, varies.

For all the simulations, the relative error e, is evaluated against the FEM reference solution with linear tetrahedral elements
and a minimum element size of 5pm (/, = 0.25). Comparing the simulation results obtained using FEM with linear and quadratic
tetrahedral elements in Fig. 6, it is evident that, given the highly comparable finite element discretizations, quadratic tetrahedral
elements consistently yield higher accuracy. This improvement, however, comes at the cost of a substantially larger number of DOFs
(see Fig. 6(b)). In the comparison between the IGA results and those obtained using FEM with quadratic tetrahedral elements, it
is observed that, at the same element size /,, FEM with quadratic tetrahedral elements yields a slightly smaller relative error e,.
However, owing to the differences in element discretization, FEM with quadratic tetrahedral elements results in a substantially larger
number of DOFs. For the IGA results, as shown in Fig. 6(a), the relative error e, remains at approximately 0.1 (10%) even when
the IGA element size is as large as /, = 13. In contrast, for simulations performed using FEM with quadratic hexahedral elements,
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Fig. 8. Heat loss rate distribution ¢ along the curve boundary on the top surface for the three simulations with different methods and minimum
element sizes at 1 = 1.9 x 10~*s. The angular coordinate 6 is defined with respect to the x,-axis shown in Fig. 4. (a) 4 solved by FEM, /, = 0.50
the minimum element size on the boundary is around 10 um, and T is solved using linear tetrahedral elements (C3D4 element in ABAQUS). (b)
g solved by IGA, /, = 2.5 the minimum element size on the boundary is around 50 pm. (c) ¢ solved by IGA, /, = 3.4 the minimum element size
on the boundary is around 68 pm.

Table 3
Metrics computed for thermal history differences between FEM with linear tetrahedral elements and IGA at ¢t =
1.9 x 107*s. The absolute difference of the maximum 7, |AT,,,|, the integrated absolute net heat loss rate along a

path [, [, |3+ g|ds, the integrated absolute analytical heat loss rate along the path /, / |g|ds. The line integral path
| is the arc boundary on the top surface of the part in Fig. 4.

FEM 5pm FEM 10 pm IGA 50 pm IGA 68 pm IGA 100 pm
I, 0.25 0.50 2.5 3.4 5.0

|AT | = |T = Trs], (°C) / 0.021 0.15 0.38 1.3

e, / 0.10% 0.73% 1.8% 6.3%

[ 1d+glds, @s™'m™) 6.13x 10! 2,62 107 1.67 x 10? 3.23%x10? 9.74x 102
[ 1+ glds / /14lds 1.74% 7.44% 4.75% 9.17% 27.64%

although the element discretization is constructed to be comparable to that of IGA, the relative error e, increases much faster when
1, increases. Moreover, because the element discretizations in FEM with quadratic hexahedral elements and IGA are similar, the
corresponding DOF counts are also of comparable magnitude. Consequently, the results in Fig. 6 robustly indicate that, for a given
error tolerance, IGA can achieve the same accuracy with fewer DOFs and substantially larger element sizes than FEM.

The total temperature (T’ + 77 distribution produced by the point source at r = 1.9 x 10~*s is presented in Fig. 7. Figs. 7(b)
and (c) display temperature contours obtained with the IGA method with /, = 2.5 and 3.4, respectively, while Fig. 7(a) shows the
corresponding FEM result with /, = 0.50. Please note that we do not use the reference case /, = 0.25 because the results in Fig.
6(b) indicate that the temperature has already converged. In all cases, the temperature isolines are orthogonal to the part boundary
surfaces, confirming that the adiabatic boundary conditions are satisfied. Besides, we also calculate the net heat loss rate,

oT
on
along the curve boundary of the part to compare the differences between IGA and FEM. For the exact adiabatic boundary condition,
the net heat loss rate should be zero everywhere along the boundary, as illustrated in Eq. (4). As shown in Fig. 8, the blue line in
the three subfigures represents the heat loss rate (§) due to the point source analytical solution (7') and is identical across the three
subfigures, while the orange line represents the heat loss rate (4) due to the complementary field (7). The yellow line is the net
heat loss distribution due to the superposition of two fields (§+ §). It can be observed that the 4 field compensates the § to achieve
adiabatic boundary conditions, while there is still some residual heat loss through the boundary. The heat loss rate distribution
obtained using IGA with a mesh size of /, = 2.5 is lower than that of by using FEM with a mesh size of /, = 0.50. Furthermore, the
IGA results with a mesh size of /, = 3.4 demonstrate a performance comparable to that of FEM with a mesh size of /, = 0.5.

The net heat loss rates obtained from the IGA and FE simulations using linear tetrahedral elements (C3D4 element in ABAQUS)
with various mesh sizes are presented in Fig. 9. Besides, the corresponding performance metrics derived from the temperature
histories are summarized in Table 3, where [, |§ + §|ds is the integrated absolute net heat loss rate along a path / and the integration
path [ is the arc boundary on the top surface in Fig. 4. In terms of the integrated heat loss rate, the results indicate that the IGA
simulations with minimum element sizes of /, = 2.5 and /, = 3.4 achieve high numerical accuracy, with deviations within 10%
relative to the reference case. The IGA simulations with these two mesh sizes yield results comparable to those of the FE simulation
I, = 0.5 (minimum element size 10 pm).

However, the IGA results with a mesh size of /, = 5.0 exhibit a higher heat loss rate distribution along the boundary in Fig. 9
and Table 3. It should be noted that the single point heat source is located along the line that bisects the part into two equal halves,
as illustrated in Fig. 4. Along this line, according to the knot multiplicity, the solution field exhibits the lowest level of continuity,
namely (C°) continuity. In Section 3.3 involving continuous laser scanning, the results demonstrate that the simulation using an

g+g=—k 2 = (LT (22)
on  oJn
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Fig. 9. Net heat loss rate (§ + ¢) distribution along the curve boundary on the top surface at t = 1.9 X 10~*s from simulations with different
minimum element lengths in FEM with linear tetrahedral elements (C3D4 in ABAQUS) and IGA. The angular coordinate ¢ is defined with respect
to the x,-axis shown in Fig. 4.

IGA element size of /, = 5.0 (minimum element size 100 pm) achieves accuracy comparable to that obtained with an element size of
I, = 0.5 (minimum element size 10 pm) in FEM.

3.2. Single heat source comparison in a thin-wall structure

In this section, we further compare the simulation efficiency and predictive accuracy of FEM and IGA through thermal simulations
of a thin-wall structure. A single point heat source is located at the center of the top surface of the thin-wall structure, as shown in
Fig. 10. The heat source strength and the thermal properties of Ti-6A1-4V are the same as those in the previous section. Two types of
finite element discretizations are employed for comparison with the IGA results: linear tetrahedral elements (C3D4 in ABAQUS) and
quadratic hexahedral elements (C3D20 in ABAQUS). Results from the previous sections indicate that convergence is achieved when
a minimum element size of approximately 10 pm is employed with C3D4 elements. Accordingly, the reference solution is obtained
using linear tetrahedral elements with a minimum size of approximately 10 pm. Furthermore, all simulations in this section are
conducted using uniform meshes, with no local mesh refinement applied.

The simulation efficiency and predictive accuracy of IGA with quadratic elements, FEM with linear tetrahedral elements, and
FEM with quadratic hexahedral elements are presented in Fig. 11. Uniform meshes are employed in all cases, with the element size
progressively increased from 20 pm to 100 pm. The results indicate that IGA with quadratic elements achieves superior simulation
efficiency and predictive accuracy, across both element size and DOFs.

To reach a comparable accuracy level (within 5% relative error), IGA requires a mesh size of 68 um with only 2639 degrees
of freedom and an average cost of 0.132 s per time step. In contrast, linear tetrahedral FEM must refine the mesh to 20 pm (11
536 DOFs, 10.625 s per time step), while quadratic hexahedral FEM further increases the number of DOFs to 45 261 and requires
34.043 s per time step. Consequently, IGA is 80 times and 258 times faster than the linear tetrahedral finite elements, quadratic
hexahedral finite elements, respectively. All simulations were performed on an 11th Gen Intel(R) Core(TM) i7-11700 @ 2.50 GHz.

It is important to note that the thermal response of a thin wall is dominated by steep temperature gradients in the thickness
direction, driven by the moving heat source and the boundary heat flux. In low-order FEM discretizations, the temperature field
inside each element is represented by low-degree polynomials with limited continuity, and the gradient is therefore piecewise
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Fig. 10. A point heat source (red) is located at the center of the top surface of a I mm x 0.2mm X 0.4 mm thin-wall structure. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 11. Relative error e, of T solved by FEM and IGA with respect to (a) /,, the ratio of minimum element size (/,,;,) to laser spot radius (r,,,,,) and
(b) number of numerical degrees of freedom for a thin-wall structure. Two types of finite element discretizations are employed for comparison
with the IGA results: linear tetrahedral elements (C3D4 in ABAQUS) and quadratic hexahedral elements (C3D20 in ABAQUS). The reference
solution is obtained using the finite element method with linear tetrahedral elements, adopting a minimum element size of approximately 10 pm
(C3D4 elements in ABAQUS).
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discontinuous. Accurately resolving the through-thickness gradient consequently requires reducing the element size, thereby
increasing the number of degrees of freedom and the computational cost.

In contrast, the spline basis used in IGA provides higher-order continuity across elements and allows the temperature gradient to
be represented smoothly over multiple elements. The discretization therefore controls the solution accuracy rather than acting as a
surrogate for gradient reconstruction. As a result, the thermal profile in the thickness direction can be captured using substantially
fewer elements.

An additional cost arises in the FEM workflow from the evaluation of outward surface normals used in the boundary flux
calculation, which requires auxiliary preprocessing and file operations. However, this overhead is secondary; the dominant factor
is the resolution of the thermal gradient across the thin dimension.

3.3. Continuous laser scanning along part boundary

Building on the single point-source analysis from the previous sections, we next examine a continuous laser scanning case using
the same part geometry (Section 3.1, Fig. 4), extruded without cross-section variation along the build (x3) direction, as shown in
Fig. 12.

The laser operates at a power of P = 82.5W, scanning speed of 0.5ms™!, and spot radius of ry,,, = 20pum, with the scan path
offset by 100 pm from the part boundary. As discussed earlier, the continuous scan is discretized into a sequence of point sources
using a temporal step size of At = 1 x 10~ s. The same material properties representative of Ti-6Al-4V listed in Table 1 are used,
with a metal powder absorptivity of A = 0.77. For FEM, a minimum element size of 10pm (I, = 0.5 finest test mesh for FEM) is

12
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Fig. 13. Finite Element (FE) and isogeometric analysis (IGA) meshes for the continuous laser scan simulation. The left panel shows the FE mesh,
and the right panel shows the IGA mesh.

adopted, resulting in 45,773 DOFs (Fig. 13(a)), whereas for IGA, a minimum element size of 100 pm (/, = 5.0) with 6137 DOFs is
used (Fig. 13(b)).

The laser starts scanning at t = 0, and the temperature fields at r = 2.0 x 1073s and ¢ = 3.0 x 10~3s obtained from FEM and
IGA are shown in Fig. 14. The temperature contour lines remain orthogonal to the part boundaries, confirming that the adiabatic
boundary conditions are satisfied. In addition, the heat loss rates along the curve boundary on the top surface obtained from the
two simulation methods are compared in Fig. 15 for the time step t = 2.0x 10~3 s and Fig. 16 for the time step t = 3.0x 103 s. It can
be observed that at both time steps, the peak net heat loss rate on the boundary predicted by IGA with a minimum element size of
1, = 5.0 is lower than that obtained with the FE simulation with /, = 0.5. The corresponding integrated absolute net heat loss rates
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Fig. 14. Temperature distributions at t = 2.0 x 1073 s and ¢ = 3.0 x 1073 s during the laser scan along the part boundary. FEM uses a minimum

element size of 10pm (/, = 0.5), while IGA uses 100 pm (/, = 5.0). Despite the coarser mesh, the IGA contours closely match the FEM results,
demonstrating comparable accuracy with significantly fewer DOFs.

Table 4

Metrics computed for thermal history differences at t =2.0x 1073 s and ¢ = 3.0 x 10~* s. The integrated

absolute net heat loss rate along a path /, /, |G + G|ds, the integrated absolute analytical heat loss rate
along the path /, f|4|ds. The line integral path / is the arc boundary on the top surface of the part

in Fig. 12.
1=20x107s 1=30x1073s
FEM 10 pm IGA 100 pm FEM 10 pm IGA 100 um
I, 0.50 5.0 0.50 5.0
[ 1d+4lds 2.86 x 10* 2.41x 10* 2.89 x 10* 1.34 x 10*
Lla+ cj|ds/f, |G|ds 17.76% 14.94% 17.30% 8.03%

along the curve boundary are summarized in Table 4, where the line integral path / is the arc boundary on the top surface of the
part in Fig. 12.

For the IGA simulations, the integrated absolute net heat loss rates are 14.94% and 8.03% of the total outgoing heat loss predicted
by the analytical solutions at the two respective time instances, while the corresponding values for the FE simulations are 17.76%
and 17.30%. At ¢t = 2.0 x 1073 s, the numerical accuracy of IGA is slightly higher than that of FEM. In contrast, at t = 3.0 X 1073 s,
the IGA results exhibit significantly greater accuracy, as the integrated net heat loss rate is nearly half of that obtained from FEM.
This improvement occurs because, at 1 = 2.0 x 1073 s, the laser source is positioned closer to the C? continuity line, whereas at
t =3.0x 10735, it is located farther away, thereby reducing the effect of the lower level of continuity and enhancing the solution
accuracy.

These results indicate that the overall numerical accuracy of IGA with a minimum element size of 100pm and FEM with a
minimum element size of 10 pm methods is comparable. Furthermore, the close agreement observed between the FEM and IGA
temperature contour patterns demonstrates that the IGA approach, even when using a 10 times coarser mesh, can accurately

reproduce the FEM results. Therefore, in the subsequent section, the same minimum element size is adopted for the IGA simulation
of a more complex geometry to further evaluate its performance and computational efficiency.
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Fig. 15. Heat loss rate distribution ¢ along the curve boundary on the top surface for the two simulations with different methods and minimum
element sizes at = 2.0x 10~% s. The angular coordinate 6 is defined with respect to the x,-axis shown in Fig. 4. (a) ¢ solved by FEM with /, = 0.5,
the minimum element size on boundary is around 10 pm, and T is solved using linear tetrahedron elements (C3D4 element in ABAQUS). (b) 4§
solved by IGA with /, = 5.0, the minimum element size on boundary is around 100 pm.
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Fig. 16. Heat loss rate distribution ¢ along the curve boundary on the top surface for the two simulations with different methods and minimum
element sizes at t = 3.0 x 1073 s. The angular coordinate 6 is defined with respect to the x,-axis shown in Fig. 4. (a) ¢ solved by FEM I, = 0.5,
the minimum element size on the boundary is around 10 um, and 7" is solved using linear tetrahedron elements (C3D4 element in ABAQUS). (b)
g solved by IGA with /, = 5.0, the minimum element size on the boundary is around 100 pm.

3.4. Continuous laser scanning along a complex part boundary

This section extends the simulation to a more complex geometry—a butterfly-shaped part illustrated in Fig. 17(a). The geometry
mapping is generated using the parameterization method of [48]. Unlike the butterfly part in our previous work [47], which
maintained identical cross-sections along the build (x3) direction, the present geometry features cross-sections that vary nonlinearly
along the height direction. The full geometric model is provided as supplementary material.

A laser scan is performed with a 100 um offset from the boundary. The corresponding IGA geometry mesh is used along the
scanning path shown in Fig. 17(b). A minimum element size of approximately 100 pm along the scanning path is adopted for the
IGA discretization. All process parameters — including laser power, scanning speed, spot radius, Ti-6A1-4V thermal properties, and
metal powder absorptivity — are identical to those used in the previous section. This part has a length and width of approximately
10mm and a height of 2mm. The IGA simulation is conducted using the mesh with a minimum element size of 100 pm (I, = 5.0),
resulting in a total of 27456 degrees of freedom. However, simulating the same scanning process using FEM leads to excessive DOFs,
making it far more computationally prohibitive.

Temperature distributions at ¢ = 50 x 1073s and ¢t = 1.2 x 1072 s are presented in Fig. 18. At both time steps, the temperature
iso-surface remain orthogonal to the part boundary surface, confirming that the adiabatic boundary conditions are properly enforced.
The corresponding temperature contours of the top surface and of a cross section located 50 pm below the top surface are shown in
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Fig. 17. Butterfly-shaped part constructed using NURBS and control points. The cross-sections vary nonlinearly along the build (x;) direction.
The complete geometric model is provided in the supplementary material. The laser contour scan is offset by 100 pm from the boundary, and an

IGA minimum element size of 100 pm is used for the simulation.
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Fig. 18. IGA temperature field snapshots for the butterfly-shaped part at t = 5.0 x 103 s and ¢ = 1.2 x 1072 s during the laser contour scan. The
temperature contour surfaces (on the top) remain orthogonal to the boundary surfaces, confirming proper enforcement of adiabatic boundary
conditions. The white arrows in the close-up view (on the bottom) represent the direction of the outward unit normal. (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 19. IGA temperature field snapshots of the top surface and a cross-section located 50 pm below the top surface for the butterfly-shaped part
att=5.0x10"%s and = 1.2 x 1072 s during the laser contour scan.

Fig. 19. On both surfaces, the temperature contour lines exhibit an orientation orthogonal to the part boundaries. It is also evident
that the cross-section located 50 pm below the top surface contains a smaller region of high temperature.

4. Conclusions and outlook

This study has introduced and validated a novel semi-analytical framework for thermal simulation of laser powder bed fusion,
which synergistically combines an analytical point source solution with a complementary numerical field computed via isogeometric
analysis. Although we have chosen to use the simple point source for simplicity here, more realistic line source models, such as
Rosenthal’s solution [49] and Eagar-Tsai model [50], can be employed within the proposed semi-analytical framework. Moreover,
alternative laser source profiles, such as double-ellipsoidal heat source models [51], can be incorporated in the current semi-
analytical method. By superposing the analytical temperature field of discrete laser exposures with the IGA-based boundary
correction, the method effectively enforces adiabatic boundary conditions without the need for locally refined or scan-wise adaptive
meshing.

Numerical examples demonstrate the following key advantages of the proposed framework:

+ Superior computational efficiency: For a point source near a curved boundary, IGA achieved accuracy comparable to a highly
refined FEM reference solution while utilizing orders of magnitude fewer degrees of freedom. Crucially, IGA maintained errors
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well below typical engineering tolerances even with an element size five times the laser spot radius, whereas FEM required
element sizes smaller than half the spot radius for similar accuracy.

Robust boundary enforcement: During continuous contour scanning along both simple and complex butterfly-shaped
geometries, the IGA-based method reproduced reference temperature distributions with significantly coarser meshes. The
consistent orthogonality of temperature iso-lines to the part boundaries throughout the scanning process confirms the method’s
reliability in enforcing adiabatic conditions, even for challenging non-extruded geometries with nonlinear cross-sectional
variations.

Intrinsic geometric flexibility: The spline-based IGA discretization naturally conforms to complex boundaries without
resorting to impractical image-source reflections or boundary-fitted remeshing strategies, which are particularly problematic
for geometries featuring sharp corners and disconnected cross-sections.

Collectively, these findings establish that integrating semi-analytical source superposition with IGA provides a robust and
computationally efficient alternative to conventional approaches. The proposed framework eliminates the dependency on dynamic
mesh refinement to track the moving heat source while dramatically reducing sensitivity to geometric complexity, thereby offering
a scalable pathway for part-scale thermal modeling of realistic LPBF components.

Future research will focus on several promising extensions: (2) enhancing the physical model by coupling the thermal field
with phase-change and melt-pool fluid dynamics; (3) improving computational efficiency through adaptive local refinement of
the IGA basis or hierarchical spline techniques for large-scale parts and multi-laser systems; (4) integrating the framework with
process parameter optimization and feedback control for real-time thermal management; and (5) validating the model against in-situ
temperature measurements across a wider range of materials and geometries.

CRediT authorship contribution statement

Yang Yang: Writing — original draft, Visualization, Validation, Software, Methodology, Investigation, Funding acquisition. Ye Ji:
Writing — original draft, Visualization, Validation, Supervision, Software, Methodology, Investigation, Conceptualization. Matthias
Moller: Writing — review & editing, Supervision, Methodology, Investigation. Can Ayas: Writing — review & editing, Validation,
Supervision, Methodology, Investigation, Conceptualization.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

The authors would like to thank Prof. Fred van Keulen for his valuable suggestions. Yang Yang is supported by China Scholarship
Council (No. 202106150031).

Appendix A. Supplementary data
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.cma.2026.118992.
Data availability

No data was used for the research described in the article.

References

[1] M. Bayat, O. Zinovieva, F. Ferrari, C. Ayas, M. Langelaar, J. Spangenberg, R. Salajeghe, K. Poulios, S. Mohanty, O. Sigmund, J. Hattel, Holistic computational
design within additive manufacturing through topology optimization combined with multiphysics multi-scale materials and process modelling, Prog. Mater.
Sci. 138 (2023) 101129, http://dx.doi.org/10.1016/j.pmatsci.2023.101129, URL https://www.sciencedirect.com/science/article/pii/S0079642523000610.

[2] C. Liu, M. Zhang, G. Bi, J. Chen, Y. Bai, D. Wang, M. Deng, Research on comprehensive heat dissipation characteristics of AlSi7Mg TPMS heat
sinks manufactured by laser powder bed fusion, Appl. Therm. Eng. 261 (2025) 124941, http://dx.doi.org/10.1016/j.applthermaleng.2024.124941, URL
https://www.sciencedirect.com/science/article/pii/S1359431124026097.

[3] C. Biffi, C. Soyarslan, J. Fiocchi, C. Bregoli, A. du Plessis, A. Tuissi, M. Mehrpouya, Additive manufacturing of NiTi architected metamaterials, Addit. Manuf.
Lett. 10 (2024) 100216, http://dx.doi.org/10.1016/j.addlet.2024.100216, URL https://www.sciencedirect.com/science/article/pii/$2772369024000252.

[4] A.V. Gusarov, I. Yadroitsev, P. Bertrand, 1. Smurov, Model of radiation and heat transfer in laser-powder interaction zone at selective laser melting, J.
Heat Transf. 131 (7) (2009) 072101, http://dx.doi.org/10.1115/1.3109245.

[5] M. Jimenez Abarca, R. Darabi, J.C. de Sa, M. Parente, A. Reis, Multi-scale modeling for prediction of residual stress and distortion in Ti-6A1-4V semi-circular
thin-walled parts additively manufactured by laser powder bed fusion (LPBF), Thin-Walled Struct. 182 (2023) 110151, http://dx.doi.org/10.1016/j.tws.
2022.110151, URL https://www.sciencedirect.com/science/article/pii/S0263823122007030.

[6] Y. Yang, X. Zhou, Q. Li, C. Ayas, A computationally efficient thermo-mechanical model for wire arc additive manufacturing, Addit. Manuf. 46 (2021)
102090, http://dx.doi.org/10.1016/j.addma.2021.102090, URL https://www.sciencedirect.com/science/article/pii/S2214860421002554.

18


https://doi.org/10.1016/j.cma.2026.118992
http://dx.doi.org/10.1016/j.pmatsci.2023.101129
https://www.sciencedirect.com/science/article/pii/S0079642523000610
http://dx.doi.org/10.1016/j.applthermaleng.2024.124941
https://www.sciencedirect.com/science/article/pii/S1359431124026097
http://dx.doi.org/10.1016/j.addlet.2024.100216
https://www.sciencedirect.com/science/article/pii/S2772369024000252
http://dx.doi.org/10.1115/1.3109245
http://dx.doi.org/10.1016/j.tws.2022.110151
http://dx.doi.org/10.1016/j.tws.2022.110151
http://dx.doi.org/10.1016/j.tws.2022.110151
https://www.sciencedirect.com/science/article/pii/S0263823122007030
http://dx.doi.org/10.1016/j.addma.2021.102090
https://www.sciencedirect.com/science/article/pii/S2214860421002554

Y. Yang et al. Computer Methods in Applied Mechanics and Engineering 457 (2026) 118992

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]

[35]

[36]

[37]

[38]
[39]

[40]

G. Vastola, Q. Pei, Y.-W. Zhang, Predictive model for porosity in powder-bed fusion additive manufacturing at high beam energy regime, Addit. Manuf.
22 (2018) 817-822, http://dx.doi.org/10.1016/j.addma.2018.05.042, URL https://www.sciencedirect.com/science/article/pii/S221486041830174X.

J. Trejos-Taborda, L. Reyes-Osorio, C. Garza, P. del Carmen Zambrano-Robledo, O. Lopez-Botello, Finite element modeling of melt pool dynamics in laser
powder bed fusion of 316L stainless steel, Int. J. Adv. Manuf. Technol. 120 (5) (2022) 3947-3961.

D. Sarkar, A. Kapil, A. Sharma, Advances in computational modeling for laser powder bed fusion additive manufacturing: A comprehensive review of finite
element techniques and strategies, Addit. Manuf. 85 (2024) 104157, http://dx.doi.org/10.1016/j.addma.2024.104157, URL https://www.sciencedirect.com/
science/article/pii/$2214860424002033.

A. Olleak, Z. Xi, Part-scale finite element modeling of the selective laser melting process with layer-wise adaptive remeshing for thermal history and
porosity prediction, J. Manuf. Sci. Eng. 142 (12) (2020) 121006, http://dx.doi.org/10.1115/1.4047733.

1. Roberts, C. Wang, R. Esterlein, M. Stanford, D. Mynors, A three-dimensional finite element analysis of the temperature field during laser melting of
metal powders in additive layer manufacturing, Int. J. Mach. Tools Manuf. 49 (12) (2009) 916-923, http://dx.doi.org/10.1016/j.ijmachtools.2009.07.004,
URL https://www.sciencedirect.com/science/article/pii/S0890695509001400.

A. Foroozmehr, M. Badrossamay, E. Foroozmehr, S. Golabi, Finite element simulation of selective laser melting process considering optical penetration depth
of laser in powder bed, Mater. Des. 89 (2016) 255-263, http://dx.doi.org/10.1016/j.matdes.2015.10.002, URL https://www.sciencedirect.com/science/
article/pii/$0264127515305803.

M. Vanini, S. Searle, K. Vanmeensel, B. Vrancken, Avoiding heat source calibration for finite element modeling of the laser powder bed fusion process, Addit.
Manuf. 92 (2024) 104369, http://dx.doi.org/10.1016/j.addma.2024.104369, URL https://www.sciencedirect.com/science/article/pii/$2214860424004159.
Z.-D. Zhang, S. Imani Shahabad, O. Ibhadode, C.F. Dibia, A. Bonakdar, E. Toyserkani, 3-Dimensional heat transfer modeling for laser powder bed fusion
additive manufacturing using parallel computing and adaptive mesh, Opt. Laser Technol. 158 (2023) 108839, http://dx.doi.org/10.1016/j.optlastec.2022.
108839, URL https://www.sciencedirect.com/science/article/pii/S0030399222009859.

J.P. Leonor, G.J. Wagner, GO-MELT: GPU-optimized multilevel execution of LPBF thermal simulations, Comput. Methods Appl. Mech. Engrg. 426 (2024)
116977, http://dx.doi.org/10.1016/j.cma.2024.116977, URL https://www.sciencedirect.com/science/article/pii/S0045782524002330.

M. Gouge, E. Denlinger, J. Irwin, C. Li, P. Michaleris, Experimental validation of thermo-mechanical part-scale modeling for laser powder bed fusion
processes, Addit. Manuf. 29 (2019) 100771, http://dx.doi.org/10.1016/j.addma.2019.06.022, URL https://www.sciencedirect.com/science/article/pii/
$2214860418310340.

S. Kollmannsberger, A. Ozcan, M. Carraturo, N. Zander, E. Rank, A hierarchical computational model for moving thermal loads and phase changes
with applications to selective laser melting, Comput. Math. Appl. 75 (5) (2018) 1483-1497, http://dx.doi.org/10.1016/j.camwa.2017.11.014, URL
https://www.sciencedirect.com/science/article/pii/S0898122117307289.

C.A. Moreira, M.A. Caicedo, M. Cervera, M. Chiumenti, J. Baiges, A multi-criteria h-adaptive finite-element framework for industrial part-scale thermal
analysis in additive manufacturing processes, Eng. Comput. 38 (6) (2022) 4791-4813, http://dx.doi.org/10.1007/s00366-022-01655-0.

C. Li, E.R. Denlinger, M.F. Gouge, J.E. Irwin, P. Michaleris, Numerical verification of an Octree mesh coarsening strategy for simulating additive
manufacturing processes, Addit. Manuf. 30 (2019) 100903, http://dx.doi.org/10.1016/j.addma.2019.100903, URL https://www.sciencedirect.com/science/
article/pii/S2214860419303574.

D. Rauner, K.-U. Beuerlein, R. Zhang, M.F. Zaeh, Multi-scale simulation approach for the prediction of overheating under consideration of process parameters
in powder bed fusion of metals using a laser beam, J. Mater. Process. Technol. 338 (2025) 118769, http://dx.doi.org/10.1016/j.jmatprotec.2025.118769,
URL https://www.sciencedirect.com/science/article/pii/S0924013625000597.

A. Olleak, Z. Xi, Scan-wise adaptive remeshing for efficient LPBF process simulation: The thermal problem, Manuf. Lett. 23 (2020) 75-78, http:
//dx.doi.org/10.1016/j.mfglet.2020.01.003, URL https://www.sciencedirect.com/science/article/pii/$2213846319301270.

A. Olleak, F. Dugast, P. Bharadwaj, S. Strayer, S. Hinnebusch, S. Narra, A.C. To, Enabling Part-Scale Scanwise process simulation for predicting melt pool
variation in LPBF by combining GPU-based Matrix-free FEM and adaptive Remeshing, Addit. Manuf. Lett. 3 (2022) 100051, http://dx.doi.org/10.1016/j.
addlet.2022.100051, URL https://www.sciencedirect.com/science/article/pii/S2772369022000251.

J.A. Cottrell, T.J. Hughes, Y. Bazilevs, Isogeometric Analysis: Toward Integration of CAD and FEA, John Wiley & Sons, 2009.

R. Duvigneau, An Introduction to Isogeometric Analysis with Application to Thermal Conduction (Ph.D. thesis), INRIA, 2009.

Q. Zang, J. Liu, W. Ye, G. Lin, Isogeometric boundary element method for steady-state heat transfer with concentrated/surface heat sources, Eng. Anal.
Bound. Elem. 122 (2021) 202-213.

V. Gupta, S.K. Verma, S. Anand, A. Jameel, Y. Anand, Transient isogeometric heat conduction analysis of stationary fluid in a container, Proc. Inst. Mech.
Eng. Part E: J. Process. Mech. Eng. 239 (2) (2025) 531-541.

Y. Ji, M.-Y. Wang, Y. Wang, C.-G. Zhu, Curvature-based r-adaptive planar NURBS parameterization method for isogeometric analysis using bi-level approach,
Computer-Aided Des. 150 (2022) 103305.

M.J. Borden, M.A. Scott, J.A. Evans, T.J. Hughes, Isogeometric finite element data structures based on Bézier extraction of NURBS, Internat. J. Numer.
Methods Engrg. 87 (1-5) (2011) 15-47.

Y. Bazilevs, V.M. Calo, J.A. Cottrell, J.A. Evans, T.J.R. Hughes, S. Lipton, M.A. Scott, T.W. Sederberg, Isogeometric analysis using T-splines, Comput.
Methods Appl. Mech. Engrg. 199 (5-8) (2010) 229-263.

M.R. Dorfel, B. Jiittler, B. Simeon, Adaptive isogeometric analysis by local h-refinement with T-splines, Comput. Methods Appl. Mech. Engrg. 199 (5-8)
(2010) 264-275.

M.A. Scott, M.J. Borden, C.V. Verhoosel, T.W. Sederberg, T.J. Hughes, Isogeometric finite element data structures based on Bézier extraction of T-splines,
Internat. J. Numer. Methods Engrg. 88 (2) (2011) 126-156.

E. Evans, M. Scott, X. Li, D. Thomas, Hierarchical T-splines: Analysis-suitability, Bézier extraction, and application as an adaptive basis for isogeometric
analysis, Comput. Methods Appl. Mech. Engrg. 284 (2015) 1-20.

T. Yu, B. Chen, S. Natarajan, T.Q. Bui, A locally refined adaptive isogeometric analysis for steady-state heat conduction problems, Eng. Anal. Bound. Elem.
117 (2020) 119-131.

T.J. Hughes, J.A. Cottrell, Y. Bazilevs, Isogeometric analysis: CAD, finite elements, NURBS, exact geometry and mesh refinement, Comput. Methods Appl.
Mech. Engrg. 194 (39-41) (2005) 4135-4195.

M. Carraturo, C. Giannelli, A. Reali, R. Vazquez, Suitably graded THB-spline refinement and coarsening: Towards an adaptive isogeometric analysis
of additive manufacturing processes, Comput. Methods Appl. Mech. Engrg. 348 (2019) 660-679, http://dx.doi.org/10.1016/j.cma.2019.01.044, URL
https://www.sciencedirect.com/science/article/pii/S0045782519300696.

M. Carraturo, M. Torre, C. Giannelli, A. Reali, An isogeometric approach to coupled thermomechanics in 3D via hierarchical adaptivity, Comput. Math.
Appl. 162 (2024) 133-144, http://dx.doi.org/10.1016/j.camwa.2024.02.050, URL https://www.sciencedirect.com/science/article/pii/S0898122124001020.
D. Schillinger, L. Dede, M.A. Scott, J.A. Evans, M.J. Borden, E. Rank, T.J. Hughes, An isogeometric design-through-analysis methodology based on adaptive
hierarchical refinement of NURBS, immersed boundary methods, and T-spline CAD surfaces, Comput. Methods Appl. Mech. Engrg. 249 (2012) 116-150.
A. Bressan, S. Takacs, Sum factorization techniques in isogeometric analysis, Comput. Methods Appl. Mech. Engrg. 352 (2019) 437-460.

M. Pan, B. Jiittler, A. Giust, Fast formation of isogeometric Galerkin matrices via integration by interpolation and look-up, Comput. Methods Appl. Mech.
Engrg. 366 (2020) 113005.

K.P. Gahalaut, J.K. Kraus, S.K. Tomar, Multigrid methods for isogeometric discretization, Comput. Methods Appl. Mech. Engrg. 253 (2013) 413-425.

19


http://dx.doi.org/10.1016/j.addma.2018.05.042
https://www.sciencedirect.com/science/article/pii/S221486041830174X
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb8
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb8
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb8
http://dx.doi.org/10.1016/j.addma.2024.104157
https://www.sciencedirect.com/science/article/pii/S2214860424002033
https://www.sciencedirect.com/science/article/pii/S2214860424002033
https://www.sciencedirect.com/science/article/pii/S2214860424002033
http://dx.doi.org/10.1115/1.4047733
http://dx.doi.org/10.1016/j.ijmachtools.2009.07.004
https://www.sciencedirect.com/science/article/pii/S0890695509001400
http://dx.doi.org/10.1016/j.matdes.2015.10.002
https://www.sciencedirect.com/science/article/pii/S0264127515305803
https://www.sciencedirect.com/science/article/pii/S0264127515305803
https://www.sciencedirect.com/science/article/pii/S0264127515305803
http://dx.doi.org/10.1016/j.addma.2024.104369
https://www.sciencedirect.com/science/article/pii/S2214860424004159
http://dx.doi.org/10.1016/j.optlastec.2022.108839
http://dx.doi.org/10.1016/j.optlastec.2022.108839
http://dx.doi.org/10.1016/j.optlastec.2022.108839
https://www.sciencedirect.com/science/article/pii/S0030399222009859
http://dx.doi.org/10.1016/j.cma.2024.116977
https://www.sciencedirect.com/science/article/pii/S0045782524002330
http://dx.doi.org/10.1016/j.addma.2019.06.022
https://www.sciencedirect.com/science/article/pii/S2214860418310340
https://www.sciencedirect.com/science/article/pii/S2214860418310340
https://www.sciencedirect.com/science/article/pii/S2214860418310340
http://dx.doi.org/10.1016/j.camwa.2017.11.014
https://www.sciencedirect.com/science/article/pii/S0898122117307289
http://dx.doi.org/10.1007/s00366-022-01655-0
http://dx.doi.org/10.1016/j.addma.2019.100903
https://www.sciencedirect.com/science/article/pii/S2214860419303574
https://www.sciencedirect.com/science/article/pii/S2214860419303574
https://www.sciencedirect.com/science/article/pii/S2214860419303574
http://dx.doi.org/10.1016/j.jmatprotec.2025.118769
https://www.sciencedirect.com/science/article/pii/S0924013625000597
http://dx.doi.org/10.1016/j.mfglet.2020.01.003
http://dx.doi.org/10.1016/j.mfglet.2020.01.003
http://dx.doi.org/10.1016/j.mfglet.2020.01.003
https://www.sciencedirect.com/science/article/pii/S2213846319301270
http://dx.doi.org/10.1016/j.addlet.2022.100051
http://dx.doi.org/10.1016/j.addlet.2022.100051
http://dx.doi.org/10.1016/j.addlet.2022.100051
https://www.sciencedirect.com/science/article/pii/S2772369022000251
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb23
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb24
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb25
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb25
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb25
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb26
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb26
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb26
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb27
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb27
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb27
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb28
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb28
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb28
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb29
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb29
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb29
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb30
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb30
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb30
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb31
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb31
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb31
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb32
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb32
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb32
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb33
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb33
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb33
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb34
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb34
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb34
http://dx.doi.org/10.1016/j.cma.2019.01.044
https://www.sciencedirect.com/science/article/pii/S0045782519300696
http://dx.doi.org/10.1016/j.camwa.2024.02.050
https://www.sciencedirect.com/science/article/pii/S0898122124001020
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb37
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb37
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb37
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb38
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb39
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb39
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb39
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb40

Y. Yang et al. Computer Methods in Applied Mechanics and Engineering 457 (2026) 118992

[41]
[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]
[50]
[51]

E. Carson, Z. Strako$, On the cost of iterative computations, Phil. Trans. R. Soc. A 378 (2166) (2020) 20190050.

Y. Yang, M. Knol, F. van Keulen, C. Ayas, A semi-analytical thermal modelling approach for selective laser melting, Addit. Manuf. 21 (2018) 284-297,
http://dx.doi.org/10.1016/j.addma.2018.03.002, URL https://www.sciencedirect.com/science/article/pii/S2214860417301896.

J. Ning, E. Mirkoohi, Y. Dong, D.E. Sievers, H. Garmestani, S.Y. Liang, Analytical modeling of 3D temperature distribution in selective laser melting
of Ti-6Al-4V considering part boundary conditions, J. Manuf. Process. 44 (2019) 319-326, http://dx.doi.org/10.1016/j.jmapro.2019.06.013, URL https:
//www.sciencedirect.com/science/article/pii/S1526612518316001.

Y. Yang, F. van Keulen, C. Ayas, A computationally efficient thermal model for selective laser melting, Addit. Manuf. 31 (2020) 100955, http:
//dx.doi.org/10.1016/j.addma.2019.100955, URL https://www.sciencedirect.com/science/article/pii/S2214860419308474.

J.C. Steuben, A.J. Birnbaum, J.G. Michopoulos, A.P. Iliopoulos, Enriched analytical solutions for additive manufacturing modeling and simulation, Addit.
Manuf. 25 (2019) 437-447, http://dx.doi.org/10.1016/j.addma.2018.10.017, URL https://www.sciencedirect.com/science/article/pii/S2214860418303877.
A.J. Wolfer, J. Aires, K. Wheeler, J.-P. Delplanque, A. Rubenchik, A. Anderson, S. Khairallah, Fast solution strategy for transient heat conduction
for arbitrary scan paths in additive manufacturing, Addit. Manuf. 30 (2019) 100898, http://dx.doi.org/10.1016/j.addma.2019.100898, URL https:
//www.sciencedirect.com/science/article/pii/S2214860419303446.

Y. Yang, Y. Ji, M. Moller, C. Ayas, Computational efficient process simulation of geometrically complex parts in metal additive manufacturing, Int. J.
Heat Mass Transfer 248 (2025) 127059, http://dx.doi.org/10.1016/j.ijheatmasstransfer.2025.127059, URL https://www.sciencedirect.com/science/article/
pii/S0017931025004004.

Y. Ji, Y.-Y. Yu, M.-Y. Wang, C.-G. Zhu, Constructing high-quality planar NURBS parameterization for isogeometric analysis by adjustment control points
and weights, J. Comput. Appl. Math. 396 (2021) 113615.

D. Rosenthal, Mathematical theory of heat distribution during welding and cutting, Weld. J. 20 (5) (1941) 220-234.

T. Eagar, N. Tsai, et al., Temperature fields produced by traveling distributed heat sources, Weld. J. 62 (12) (1983) 346-355.

M.I. Al Hamahmy, I. Deiab, Review and analysis of heat source models for additive manufacturing, Int. J. Adv. Manuf. Technol. 106 (2020) 1223-1238,
http://dx.doi.org/10.1007/s00170-019-04371-0.

20


http://refhub.elsevier.com/S0045-7825(26)00265-3/sb41
http://dx.doi.org/10.1016/j.addma.2018.03.002
https://www.sciencedirect.com/science/article/pii/S2214860417301896
http://dx.doi.org/10.1016/j.jmapro.2019.06.013
https://www.sciencedirect.com/science/article/pii/S1526612518316001
https://www.sciencedirect.com/science/article/pii/S1526612518316001
https://www.sciencedirect.com/science/article/pii/S1526612518316001
http://dx.doi.org/10.1016/j.addma.2019.100955
http://dx.doi.org/10.1016/j.addma.2019.100955
http://dx.doi.org/10.1016/j.addma.2019.100955
https://www.sciencedirect.com/science/article/pii/S2214860419308474
http://dx.doi.org/10.1016/j.addma.2018.10.017
https://www.sciencedirect.com/science/article/pii/S2214860418303877
http://dx.doi.org/10.1016/j.addma.2019.100898
https://www.sciencedirect.com/science/article/pii/S2214860419303446
https://www.sciencedirect.com/science/article/pii/S2214860419303446
https://www.sciencedirect.com/science/article/pii/S2214860419303446
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2025.127059
https://www.sciencedirect.com/science/article/pii/S0017931025004004
https://www.sciencedirect.com/science/article/pii/S0017931025004004
https://www.sciencedirect.com/science/article/pii/S0017931025004004
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb48
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb48
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb48
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb49
http://refhub.elsevier.com/S0045-7825(26)00265-3/sb50
http://dx.doi.org/10.1007/s00170-019-04371-0

