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The linear theory of two-dimensional reflection and transmission of time-harmonic, elastic waves by the spatially periodic
interface between two perfectly elastic media is developed. A given phase progsession of the incident wave in the direction of
periodicity induces a modal structure in the elastodynamic field and leads to the introduction of the so-called spectral orders.
The main tools in the analysis are the elastodynamic Green-type integral relations. They follow from the two-dimensional form
of the elastodynamic field reciprocity theorem, where in the latter a Green state adjusted to the periodicity of the structure at
hand is used. One of these relations is a vectorial integral equation from which the elastodynamic field quantities can be
determined.

The consequences of field reciprocity in the structure and of the conservation of energy are developed in view of their serving
as a check on numercal results to be obtained from the relevant integral equations.

The formalism thus developed applies to profiles, if periodic, of arbitrary shape and size and can without too serious
difficulties be implemented on a computer. The major difficulty in this respect is the relevant Green function, the series
representation of it being slowly convergent. Its evaluation becomes tractable after an appropriate technique for accelerating
the convergence. The only practical limitations are then put by the speed of the computer and its storage capacity.

1. Introduction

In the present paper, we investigate theoretically the behaviour of time-harmonic elastic waves in the
neighbourhood of a non-planar boundary surface across which the properties of the medium change
abruptly. Waves incident on such a boundary are partly reflected and partly transmitted, and the incident
energy is subject to a complicated process of redistribution. The relevant phenomena have a wide field of
application. We mention in this respect geophysical applications such as earthquake and exploration
seismology, and the non-destructive testing of materials by acoustic waves. In elastodynamics, the
corresponding theory for a plane boundary is well-developed and a useful survey of this theory can be found
in 1, Chapter 3]. For the non-planar boundary, the situation is of a much higher degree of complexity and
as a consequence, first attempts to handle the problem are mostly of an approximate nature for example,
perturbation methods [2], physical-optics approximations [3] or — for a boundary with a periodically
repeated profile in space - the application of the so-called Rayleigh hypothesis [4, 5, 6]. Rigorous theories
in this field are rather scarce. For the case of a single protrusion or a single indentation of the stress-free
boundary in a Love-wave configuration (i.e. a semi-infinite substrate covered with a contrasting layer, in
which horizontally polarized shear waves propagate), Neerhoft [7, 8, 9] developed a rigorous theory based
on an integral-equation method.
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376 J.T. Fokkema | Spatially periodic interface between solids

The present investigation deals with the interface between two solids, the interface being cylindrical in
one direction and periodic in another direction. In a configuration of this kind, we analyse the behaviour of
vertically polarized elastic waves (which consist of coupled compressional-wave and vertically polarized
shear-wave contributions). The - simpler — horizontally polarized shear waves behave, apart from trivial
modifications, identical to electromagnetic waves in this configuration. The latter problem has been
extensively investigated by Van den Berg [10, 11] in connection with the theory of optical diffraction
gratings, again using the integral-equation method. In our present problem, too, the integral-equation
method proves to be an effective one, be it that quite a few additional difficulties have to be coped with as
compared with the case of horizontally polarized shear waves (SH-waves).

The geometry is cylindrical in one direction and the excitation is taken to be independent of this direction.
Then, the problem reduces from a three-dimensional to a two-dimensional one. A given phase progression
of the incident wave in the direction of periodicity induces a modal structure in the elastodynamic field and
leads to the introduction of the so-called spectral orders. In accordance with this structure, the incident field
is represented by the superposition of an infinite set of spectral orders, composed of compressional waves
(P-waves) and vertically polarized, shear waves (§V-waves). Then, outside the corrugations of the interface,
the scattered field, can be represented by a superposition of the same kind, but of an outgoing nature.

The main tools in the analysis are the Green-type integral relations. The latter follow from the
two-dimensional form of the eleastodynamic reciprocity theorem {12, p. 19}, [13, p. 9] and [14]. In the
theorem a suitable Green state is used. The relevant Green state is the elastodynamic counterpart of the
scalar Green function that has been introduced by Lippmann [15]. By adpting the Green state to the
periodicity of the configuration, the scattering problem needs solution in a single cell only. We further
discuss two possible checks on the accuracy of the numerical results. The first follows from the field
reciprocity theorem by considering two horizontally opposite excitations. The second follows from the
conservation of elastodynamic power in the domain occupied by a cell.

2. Description of the configuration and formulation of the problem

We investigate the reflection and transmission of time-harmonic elastic waves by a spatially periodic,
cylindrical interface A, that separates two semi-infinite elastic media. The media will be denoted as medium
I and medium II. Medium I occupies the domain D' and medium II occupies the domain D"; D'UA U
D" =R> To locate a point in space we employ orthogonal Cartesian coordinates x,, x, and x, with respect
to a given orthogonal Cartesian reference frame with origin 0 and the three mutually perpendicular unit
vectors 11, I3, i3; in the given order, Iy, #; and i; form a right-handed system. The unit vector /5 is chosen
parallel to the generators of the cylindrical interface, the unit vector #; is chosen in the direction of
periodicity (Fig. 1). The subscript notation for (Cartesian) vectors and tensors is used. Latin subscripts are to
be assigned the values 1, 2 and 3, while Greek subscripts are to be assigned the values 1 and 2; for repeated
subscripts, the summation convention holds. Occasionally, a direct notation will be used to denote a
two-dimensional vector in the x;, x;-plane; in particular, x = x;{, + x,{, will denote the two-dimensional
position vector in the x;, x;-plane. Each of the two media is assumed to be homogeneous, isotropic and
perfectly elastic. Their elastodynamic properties are described by their mass density p and their Lamé
coefficients A and u. The stiffness tensor ¢;;, can then be written as

Cijpq = A8Bpq + . (8ipBiq + 8igB)p),
with 2.1
1. 1 PR ¢ SR,
Cipg = Ciipg M D" and  cjpq =Cijpg in D™,
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Fig. 1. The semi-infinite elastic media I and II and their periodic, cylindrical interface A.

Here, 8, is the symmetrical unit tensor of rank two: 8§11 =822 =813=1,8;=0if i #].

The complex representation of the field quantities, with complex time factor exp(—iwt), is used. This
implies that, at a given position, the value of a certain field quantity as a function of time is obtained by
taking the real part of the product of its associated complex representation and the complex time factor
exp(—iwt), where i denotes the imaginary unit, w the angular frequency, and 7 the time coordinate. In the
formulas, the complex time factor will be suppressed. SI-units are used throughout.

The elastodynamic state of a medium is characterized by the complex particle displacement «; and the
complex stress 7;, with

u;=uiinD' and r;=r} in D',
2.2)
w=ulinD" and 7;=r} in D™
In any domain, where «; and r; are are continuously differentiable, they satisfy the linearized equation of
motion {16, p. 51]

oy +pw2u; =0, (2.3)
where 9; denotes partiat differentiation with respect to x;. In (2.3), absence of body forces has been assumed.
Further, we have the linearized constitutive relation [16, p. 52]

Tii = cu,,qa,,uq. (24)

In (2.4), the coefficients c;;, are real and positive. At the interface A, where a discontinuity in the properties
of the medium occurs, (2.3) and (2.4) no longer apply, since at least some of the derivatives occurring in
them do not exist. Here, the equation of motion has to be supplemented by boundary conditions. We
assume that, upon crossing the interface A, the mass density and/or the stiffness coefficients at most jump by
finite amounts. Let further # denote the unit vector along the normal to A, pointing towards D", then the
cases listed in Table 1 are distinguished.

The cases of a stress-free boundary and a rigid boundary have been investigated in [17] and [18],
respectively, In the present paper, we develop the theory for the case of firm contact. Then

1
ul=ulonA and Ty =7vyin; on A, (2.5)
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Table 1
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Elastodynamic boundary conditions

Type of boundary

Particle displacement

Traction 7yn;

firm contact

solid/fluid interface

rigid boundary

stress-free boundary

continuous across interface

normal component
continuous across interface;
tangential components
unspecified

vanishes at
boundary

unspecified at
boundary

continuous across interface

normal component
continuous across interface;
tangential components
vanish on interface

unspecified at
boundary

vanishes at
boundary

Now, the configuration is excited by an elastodynamic state that is independent of x3; then, the
geometrical configuration being cylindrical in the x;-direction, the entire elastodynamic state is indepen-
dent of x;. Taking into account that 9; = 0, the equation of motion (2.3) and the constituitive relation (2.4)
separate into

aBTaB + P")zua = 0’

Tap = CapynOylUy, T33 = C33yn0ylin, (2.6)

and

dgT3g +pw2u3 =0, T38 = C3gy304U3. 2.7)

The boundary conditions (2.5) separate into (note that ns =0)

1 I
ub=ubonA, rtheng=1hensonA (2.8)

and

uy=uyonA  Tigng=r3eng onA. 2.9
It is remarked, that for each of the boundary conditions listed in Table 1 a similar decomposition holds.
From (2.6)—(2.9) we conclude that two separate kinds of elastodynamic disturbances exist. In one of them,
the particle displacement lies in the x,, x>-plane; in the other, the particle displacement is directed along 7.
In accordance with seismological usage {19, p. 75), the wave motion associated with the first kind of
disturbance will be denoted as the vertically polarized wave motion (P- and SV-waves), while the wave
motion associated with the second kind will be denoted as the horizontally polarized wave motion
(SH-waves). In accordance with mechanical and civil engineering practice, Achenbach [16, p. 58] and
Eringen [20, p. 502] reserved the notions in-plane wave motion for the first and anti-plane or out-plane
wave motion for the second kind of disturbance. We notice, that 733 = Ad,u, is immaterial in our analysis
and can be regarded as an accompanying stress.

We arrive at the elastodynamic wave equation upon eliminating the stress from (2.6)-(2.7). The result is:

Vertically polarized wave motion

13g0gla + (A + )34 0gUg + pw Uy =0, (2.10)
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Horizontally polarized wave motion
u6585u3+pw2u3=0. (211)

Eq. (2.11) is nothing but the two-dimensional Helmholtz equation for scalar waves (SH-waves). The
corresponding wave motion in the periodic geometry under consideration has been extensively investigated
by Van den Berg [10] in connection with electromagnetic waves and will therefore be discarded. We
concentrate on the vertically polarized wave motion by (2.10). Eq. (2.10) admits two kinds of plane-wave
solutions, viz. compressional or P-waves with particle displacement in the direction of propagation and
vertically polarized, shear of SV-waves with particle displacement perpendicular to the direction of
propagation. These two types of plane waves play an important role in the analysis of our problem; in
particular, the interrelation between their horizontal wave number and the period of the interface is
characteristic of the geometry under consideration.

Let the interface A be represented by f(x,, x,) =0, then, owing to the periodicity in the x;-direction,
f(x1, x2) satisfies the condition.

flx, x2)=flx14+nP, x3) (n=0,£1, £2,..)), (2.12)

in which 2 denotes the spatial period. Let X2 max and X2 min denote the maximum and the minimum value,
respectively, that x, can attain on A, then in (2.12), we have —c0 <x; <00, x2,min < X2 < X2,max (Fig. 2).

R

\
o b
%, m_n{t!‘z \\\J\ tlx, %)=0 N /\-\
X2, max.

Fig. 2. Geometrical characteristics of the interface A.

In both media we allow for the presence of sources that generate waves that are incident upon the
interface. To fit within our general framework, we assume that each of these waves shows a quasi-
periodicity that is compatible with the periodicity of the interface. Let #"° denote the particle displacement
of one of the incident waves, then we assume that

inc

exp(—ik™™x,)u'™ is periodic in x, with period 9, (2.13)

for some real number k“‘" From (2.13) it is apparent that «'™® undergoes a phase shift k™ if x, increases
by an amount 9. Further, (2.13) implies that the dependence of u'*° on x, is through the factor exp(ik,x1),
where

ky=k™+2mn/®D, k™D el0,2n) (n=0,£1, %2, ). (2.14)
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Table 2
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Quantities associated with the normalized l;- and SV-waves of spectral order n(n = %1, £2,...)

Quantity

P-wave

SV-wave

wave number

wave speed

wave vector

horizontal wave number

vertical wave number

propagating spectral order
evanescent spectral order
vertical wave impedance

normalized vertical intensity®

normalized particle displacement

normalized stress

kP = w/cP

cP=[(A+2u)/p]"?
kP*(k,) = kP1(kn)t; £ kPo(kn)i2
kP, (k,) =k,
kP,(k,) = (kP> — k)"

kS =w/cS

cS=[u/p)”?
K8*(k,) = kS,(kn) 12 KSy(kn)i;
kS;(ky) =k,

kS3(ky) = (kS*—k2)'"?

with Re( - -)*220 and Im(- - )*/2=0

kP,(k,)=real

kP;(k,) = imaginary
ZP(k,) = pcP kP,(k,)/kP
IP(k,) =3w*ZP(k,)

UPZ(k,) =[kPZ(k,)/kP] x exp(ikP*(k,) - x)

TPZg(k,) =iA8,akP5 (k, )UPy(k,)
+i2ukP5(k,)UPs(k,)

kS,(k, ) =real

kS;(k,) = imaginary
28(k,) = pcS kSz(k,)/kS
1S(k,.) = w2ZS(k,)

USZ (k) = [£ay kS5 (ka)/ kST
exp(ikS*(k,) - x)

TSaa(ka) = iukS3(k,)USE (k)

+ipkS5(k,)US(k,)

* For propagating spectral orders only

The waves corresponding to a particular value of n are denoted as waves of spectral order n . Hence, k'™ is
the horizontal wave number common to all incident waves of spectral order zero. Now, for our analysis, it is
convenient to introduce plane P- and SV-waves of general spectral order n; their quantities are listed in
Table 2. In Table 2, e, denotes the anti-symmetrical unit tensor of rank two: £1; = £2,=0, 12 =-g2;=1.
The superscript + in Table 2 indicates that the relevant wave is either propagating or exponentially
decaying in the direction of increasing x,, whereas the superscript — indicates propagation or exponential
decay in the direction of decreasing x,.

As most general field that excites the configuration, we take a superposition of P- and SV-waves of all
spectral orders, with their normalized particle displacements and stresses from Table 2 as constituents. We

write

W= Y APRJUPT()+ T ASU(knUS: k),

n=-0

Pl o ¥ AP K)TPLAk)+ T AS'(ka)TSZH k),

n=-—co

and

ug™' = ¥ AP"k)UPI(ka)+ T AS™(kn)USI"(kn),

n=-—0oo

The" = ¥ APUkITPL (k) + ¥ AS"(k.)TSo3'(ka),

n=-—a

n=-c0

7 =—00

n=—o0

n=—~00

in D',

in D",

(2.15)

(2.16)
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in which the amplitude factors AP'(k,,), AS'(k,), AP"(k,) and AS"(k,) are considered to be known and are
related to the distribution of the sources that generate the incident field. Further we assume that the sources
generating (2.15) are located in x2,max < X2 <% and that the sources that generate (2.16) are located in
—~00 < X3 < X2,min. The dOMAIN X2 max < X2 < X2,min is assumed to be free primary sources. The secondary
sources at the interface generate the scattered field in both media. The particle displacement and the stress
of the latter field are introduced as

'cdel ; def 3
nc sc inc
Uag = Usg —Ua » Tag = Tap — Tap: (2.17)

In the interior of each of the two domains the particle displacement satisfies the source-free elastodynamic
wave equation

g dpus’ +(A + )3, dgup +pwut=0. (2.18)

Now the secondary sources can be expected to show the same quasi-periodicity in x; as the incident field,
inc

since exp(—ik'™x;)ur® and the boundary conditions are periodic in x;. Consequently,
exp( - ik"™x,)u’ is periodic in x, with period 9. (2.19)

In the domains x3 max < X2 < 00 and —00 < x3 < X2,min this quasi-periodicity entails for the scattered fields the
same modal structure as the one of the incident fields. We write

W= 5 BP(k)UPLk)+ T BSUkJ)USIi(Kn),

n=-—co n=—-co

when X2 max < X2 < 00, (2.20)

= Y BP'k.)TPig(k.)+ ¥ BS'(k.)TSiz(k,),

n=—co n=-—co

and

uS= T BPUK)UPIU(k)+ T BSU(EIUSI(k.),

7 =—a0 nes -

when —00 < x5 < X2, min: (2.21)

= ¥ BPY(k)TP.3'(ka)+ Y BS"(k.)TS:3'(k,),

n=-—o0 n=—ao0

We consider the amplitude factors BP'(k,,), BS'(k,), BP"(k,) and BS"(k,) as the fundamental quantities to
be determined. They are linearly related to the sequence {AP'(k,), AS'(k,), AP"(k,), AS"(k,)} and
scattering coefficients expressing this linear relationship depend on the profile of the interface, its spatial
period 9, the physical properties of the adjacent media, the frequency of operation and the wave number of
incidence. Our method of analysis computes the scattering properties of the configuration by the
application of an integral-equation method. The relevant integral equations can be derived from the
elastodynamic field reciprocity theorem, to be discussed in the next section.
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3. The elastodynamic field reciprocity theorem and its implication for two horizontally opposite excitations

The elastodynamic field reciprocity theorem expresses a relation between the quantities in two possible,
but different, elastodynamic states, that can occur in one and the same domain in space (cf. [12, p. 19],[13,
p. 9] and [14]). In our analysis we need the two-dimensional form the elastodynamic field reciprocity
theorem for time-harmonic waves. Let the two elastodynamic states be distinguished by the superscripts A
and B, respectively. In both states, the elastodynamic fields vary sinusoidally in time with the same angular
frequncy w. The equation of motion and the constitutive relation pertaining to the two states are of the form

A,B 2 _AB A, B A,B A,B
aBTaB +P¢0 Ua ==~ Ja TaB =CaB'yﬂa'yun ] (31)

where the influence of body forces with volume density f, is taken into account. Let C be a bounded, simply

closed contour in the x4, x2-plane and let D be its interior (Fig. 3). Then the elastodynamic field reciprocity
theorem states that

b tuBrl —uteBalng ds = [ [ U/2us ~r2uZ1aa, (3.2)
C D

in which ng denotes the unit vector normal to C pointing away from D.

(=]

n

State ‘A’
State's'

Fig. 3. Domain for which the elastodynamic field reciprocity theorem holds.

In our specific geometry (cf. Fig. 1), we apply the reciprocity theorem (3.2) to a single period of the
structure. To this end, we first apply it to a domain D, (D; < D") that is bounded by C; and to a domain D,
(D, < D" bounded by C,. The boundaries of the two domains have a single spatial period of the interface A
in common and neither D;, nor D, contains sources of the incident fields (Fig. 4). C; consists of the straight
lines L, and L, parallel to the x,-axis, a period & apart, together with the single period L of the interface
profile and the straight line L parallel to the x;-axis at x = x} (X3 > X2,max). C: consists of L} and L} being
continuations of L, and L, respectively, into medium II, the curve L and the straight line L3 parallel to the
x1-axis at X2 = x5 (X3 < X2.min)-

Now, state A is identified with the actual elastodynamic field resulting from the given incident fields in
medium I and medium II; for state B we take a judiciously chosen auxiliary field. In the present section,
state B is identified with an elastodynamic field whose incident part consists of wave having the horizontal
wave numbers opposite to the collection of those of state A, only, i.e.

k2 =k +2un/®D, kE=—k" —-2nn/D. (3.3)
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Fig. 4. Domain in the periodic configuration to which the elastodynamic field reciprocity theorem is applied.

The elastodynamic fields pertaining to both states are written as
state A: ua = ua"" +ud® The = Ta" +TEE",
’ " - 3.4

B, B,i
state B: ul =uZ™ 4+ ul*, B =1l +1255

Since each of the two elastodynamic states satisfies, in the domain of application, the source-free equations
of motion, the right-hand side of (3.2) vanishes and application of (3.2) to the domains D, and D, leads to

§ [u I'rfgl ul 5] Jng ds =0, 3.5)
Cy

[uan ANl u:’"rf‘gu]ng ds =0. 3.6)

The contributions from L, and L, in (3.5) cancel, because the fields in states A and B have up to a multiple
of 2, opposite phase progressions at a fixed value of x,. By the same argument, the contributions from L}
and L5 on (3.6) cancel. Using the boundary conditions (2.8), egs. (3.5) and (3.6) can be combined to

[uBITaAzl A‘Tf—}]dx; _I [uB“ L Allele]dxl. (37)

Substitution of the representations of the incident fields (cf. (2.15) and (2.16)) and the scattered fields (cf.
(2.20) and (2.21)) in (3.7) and using the orthogonality of the functions {exp(ik.x1)} and {exp(—ik,x,)} on a
single period in x;, we arrive at

E AP*Y(k,)BPB*—k,)ZP(~k,) ~ E APPY (—k, ) BP*(k,)ZP(k,)

n=-—c n=—co

+ Y ASM(k)BSPH—k)ZSY~k)— T ASPH—k,)BS*(k,)ZS\(k,) =

» B=—00 n=-00

S APPN(—k, ) BPAY(K)ZPM k)~ 3 APAM(k,)BPP(—k,)ZPY(~k.) (3.8)

”n=—cO n=—-00

+ Z ASB.H(_kn)BSA.II(kn)ZSﬂ(kn) — E ASA.H(k")BsB.H(_kn)zsll(_kn).

n=-a n=—co
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In (3.8) we have used the auxiliary relations of the normalized field quantities

UPL (k) TS22(~k,) =USS(—k,)TPaa(k,),  UPH(k.)TSZ2(—k,)=USI(—k,)TPx:(k,),
(3.9)
UPL(kn)TP22(—k,) =UPL(—Kk.)TPoa(ks),  USi(k,)TSz2(—k,) = US5(—k,)TSZ2(k.),

and
ZP(k,)=ZP(-k,),  ZS(k.)=ZS(-k,),
UPa(—ka)TP2(ks) = = UPL(k,)TP22(—k,) =iwZP(k,), (3.10
USo(~kn)TS2(kn) = = USo(k, ) TS 2a(—k,) = iw ZS(k,),

that follow by using the results from Table 2.

Eq. (3.8) constitutes an interrelation between the scattering amplitudes of two elastodynamic states. The
first state originates from the actual incident field, while the second state corresponds to an incident field
having the horizontal wave numbers opposite to the collection of those of state A. The relation (3.8) will
serve as a check on the computation of the amplitudes of the scattered waves.

4. The conservation of elastodynamic power and its implications for the scattering amplitudes

Owing to the losslessness of the configuration, the time-averaged elastodynamic power is conserved and
this entails certain relationships between the scattering amplitudes. The time-averaged acoustic power flow
density S, in the two-dimensional wave motion is given by

S =3 Re{—iwuutag}), (4.1)

in which * denotes complex conjugate. Since both media are assumed to be lossless and since there are no
sources of the incident fields inside C, and C; (Fig. 4), the net time-averaged acoustic power flow through
C; vanishes, as well as the net time-averaged acoustic power flow through C,. Hence

Shng ds =0 4.2)
Cy
and
Sgn,g ds =0. 4.3)
Cy

In the product u¥7.s the phase progression originating from the horizontal wave number of incidence

cancels and hence S5 and §§5 are periodic in x,. This implies that in (4.2) the contributions from L, and L,
and in (4.3) the contributions from L] and L} cancel. Eqs. (4.2) and (4.3) then reduce to

S)dx; = —J Sing ds (4.5)
La L
and

j 8 dx, = —j' Shng ds. (4.6)
Ly

L
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On account of the boundary conditions (2.8), we have ngSh = ngSs on L. Hence, (4.5) and (4.6) can be
combined to

Shdx;=| 8% dxi. 4.7)

Ls La

We substitute (2.15) and (2.20) in the left-hand side of (4.7) and (2.16) and (2.21) in the right-hand side of
(4.7) and use the following properties of the complex conjugate normalized particle displacement and stress
of Table 2

{UP (k,), USZ"(k,), TPZs(kn), TSZ5(kn)} =

{~UPs(—k,), —US5(~k,), —~TP2a(—k,), ~TSzs(~k,)} for propagating P- and SV-waves,
= (4.8)
{-UPZ(—k,), —US>(—~k,), ~TPis(—k,), =TSus(~k,)} for evanescent P- and SV-waves,

together with the relations (3.9), (3.10) and the orthogonality property
?
27! j expli(k, — kn)x1} dx; =8 n. (4.9)
0

As a result, we obtain

P> — P =2 ¥ Im {AP" (k,)BP (k. ) Im{IP'(k,)} + 2 ¥ Im{AS" (k.)BS'(k.)} Im{IS(k..)}

evanescent P-waves evanescent SV-waves
+2 T Im{AP™ (k,)BP"(k, Hm{IP"(k,)} + 2 ¥ Im{AS" (k,)BS" (k. )Hm{IS" (k. )},
evanescent P-waves evanescent SV-waves (4.10)
in which
def
P* = T |BP(k,)['IP'(ka) + I [BS'(k, )18 (kn) + X IBP (k) TP (k) + T [BS"(K,)1S" (),
propagating P-waves propagating SV-waves propagating P-waves propagating SV-waves
(4.11)
. def
P =T |AP (k)P IP (k) + T |AS (K, )PIS'(Kn) + T JAP (k)P TP (k) + T AS™ (K, )IS" (K).
propagating P-waves propagating SV-waves  propagating P-waves propagating SV-waves
(4.12)

P* denotes the total time-averaged scattered acoustic power in a cell containing a single period of interface
and ®@™ denotes the total time-averaged incident acoustic power in this cell. Eq. (4.10) constitutes a
relationship between the amplitudes of incident and scattered waves that expresses the conservation of
power in the total wave motion. The relation (4.10) is useful as an indication of the accuracy of the
numerical solution of the scattering problem.

5. Derivation of the expressions for the line-force Green tensors

In this section we show how, starting from the field reciprocity theorem (3.2), we arrive at an integral
representation for the scattered field. To this end, we take for state B an auxiliary state of disturbance of the
Green type. To match this state of disturbance to the periodicity of our geometry, we let the Green type of
disturbance arise from an array of line forces that is periodic with period 9 (Fig. 5). The strengths of these
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Fig. 5. Periodic array of line forces for the Green type of disturbance.

line forces show the same kind of quasi-periodicity as the incident fields, but we take its horizontal phase
progression opposite to the one of the incident fields. Denoting the corresponding quantities by the
superscript g, the relevant volume density of body force can be written as

fo=by, ¥ 8(xy—x1—nD, x2—x3) exp(—ink'™P), (5.1)
n=-cw
in which b, denotes an arbitrary constant vector, It is clear, that the resulting Green state depends linearly
on b, ; later on, this dependence will be extracted from the expressions. The right-hand side of (5.1) can be
expanded in terms of the sequence of functions exp(—ik.x1), where k, is given by (2.14). Let us write

be Y 8(xi—xi~nD, x,—x5) exp(—ink™ @) =b.8(x2—x5) ¥ d, exp(—iknx;). (5.2)
In order to determine the coefficients d,, we perform the operation @~ [§ exp(ikmx1) dx, to both sides of
(5.2). Using the orthogonality property (4.9), we arrive at, taking x1 € (0, @),

d,, = explik.x1)/D. (5.3)
With the aid of this result, (5.1) can be rewritten as

fE=bD 8(x2—x2) T exp{—ika(xs—x})} (5.4)
n=-
Eq. (5.4) is used in the equation of motion pertaining to the Green state. This state then satisfies the
equations

dprha(x’; X) +p Ul (x'; x) = ~ba D '6(x,~x3) ¥ exp{—ik.(x1—x1)}
and (5.5)
T58(X'; X) = Copyn I 45 (x'; X).

The unit phase pulse §(x,—x%) in the right-hand side of (5.5) implies that, except at the level x, = x5, u%
satisfies the source-free elastodynamic equations. The dependence of the right-hand side of (5.5) on
{x1—x}) ensures that when x, # x3, u% can be expanded in terms of the plane waves of Table 2, but with
opposite phase progression as the incident wave. Finally, we require that the Green state consists of waves
travelling away from the plane x, = x3. Let

u®" when —0<x;<x3,

Ut = (5.6)
u®*t when x4 <x,<co.

Now, the unit pulse 8(x, — x5) in the right-hand side of (5.5) is reproduced, provided that x% is continuous
across x, = x3, while 7%, jumps at x, = x5 by the finite amount that multiplies the factor 8(x;—x5). These
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considerations lead to

lim u®" — lim 4% =0,
x2lx3 x2tx3 (5.7)

lim 7*5 — lim 7% = =6, 27" ¥ exp{—ikn(xy;—~x})}.

x2lx3 xatx3 n=-00

We now write

ub" = ¥ APY(k)UPL(x~x',~k.)+ L AS* (k)USZ(x—x',~kn),

and (5.8)
utt= ¥ AP* (k) UPL(x—x',—k.)+ ¥ AS*'(k,)US:(x—-x',~k,),

in which AP®~, AS*~, AP** and AS¥" still have to be determined. Substituting (5.8) in (5.7), multiplying
through in the resulting equation by exp(ik,.x,) and integrating over a single period of x;, we arrive at the
following system of equations:

AP* (k,)UPL(~x}, 0; —kn) + AS®* " (k,)US, (—x1, 05 —km) — AP*~(k,, JUPL(—x1, 0; ~Kkm)

~AS* (km)US(—x1, 0; —km) =0,
(5.9)
AP (kTP oa(—x1, 05 —km) + AS* (k) TS 0a(—x1, 05 —km) — AP* (k) TP (=x1, 05 —kim)

— AS* (k) TSa2(—x1, 0; —km) = —b.D " explikmx1).
Solving (5.9) for the expansion coefficients, we obtain

__ ikPb,kP7 (km)
2pw°kP2(km)®D’

_ikSba2aykS7 (k)
200°kS2(kn)D

Finally we extract the linear dependence on b, by introducing the Green state {u%,, 9.} through

AP*(k,) = ASH (k)= (5.10)

ul(x'; x)=buS, (x'; x), 85 (x'; X) = b, ros(x'; X). ) (5.11)

By inspection, we obtain

1 [ 2 UPy(x', kn)UPS(x, —ks) | 5 US, (x', ka)US2(x, —kn)]
o 209 Lpi2o ZP(k,) n=—co ZS(k,.) ’
Uyalx'; x) = when —00 < x5 < x5,
1 [ 2 UPy(, kUP(n—k) | § US3(', ka)USI(x, —kn)]
2D lam—o ZP(k,) . n=—o ZS(k,) ’ ,
-  whenx; <x;<00,
1 [ 2 UPL, ka)TPosln, —ka) | & USy(x', kn)TScyl, —kn)]
i20P n=— ZP(k,,) nm—c0 ZS(k,,) ’
Toa(x’; x) = when —00 <x;<x3,
__1_{ 3 UPL, ka)TPLs( —ka) | 2 US3(x', kn)TSca(a, ~kn)]
2P Lp<o ZP(k,) n=—~co ZS(k,) ’

when x5 < x, <0,
5.12)

As indicated, uS, is a tensor of rank two and 75,5 a tensor of rank three.
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In the next section, the Green tensors will be used to derive Green type integral relations that hold in a
strip of width @ in the xi-direction. In such a strip, only a single line force is present.

6. Green-type integral relations for a unit cell and integral-equation formulation of the scattering problem

The Green-type relations that we need for our further analysis follow from an application of the field
reciprocity theorem (3.2) to a unit cell of the periodic structure, employing the Green state of Section 5 as
auxiliary state. Let D denote a domain in the unit cell, bounded by a simply closed contour 3D and let D
denote its complementary domain with respect to the unit cell in such a way that D U D U D = unit cell
(Fig. 6). The two states in (3.2) are taken as follows:

{u‘:a T:ﬂ, f:} = {ua, TaBs 0} and {ugy Tgﬂ, fg} = {uz, ng, ba,5 (x —-x')}.

Fig. 6. Domain D, situated in the unit cell to which the field reciprocity theorem is applied.

Then, application of (3.2) to D and using the properties of the two-dimensional unit pulse, which induce a
singular behaviour of u% and 75 in the neighbourhood of x = x’, we arrive at

ip[ui (x'; X)Toa () = ta(x) 785 (x"; X)Ing (x) ds(x) = {0, 3, 1}bau (x'), when x' e {D, oD, D}.
(6.1)

If '€ 3D, a Cauchy principal value of the relevant integral is to be understood. Using u% = b,u$, and
735 = b7, and noting that b, is an arbitrary constant vector, (6.1) can be written as

§ (S (x'; X)Tap (X) — Ua (X)7Sup (x'; X)Ina(x) ds(x) = {0, 3, 1}u,(x"), whenx'e{D,sD, D}.
8D 6.2)
Let us first identify with D the domain D;, bounded by C, (Fig. 4) and take as the two elastodynamic states:

(wd, roe Ay ={ux", 7%, 0} and {uZ, 72, o1 ={u", v%, b.5(x —x")}.

The contour integral along C; is composed of the contributions from L, L,, L; and L. Now, the
contributions from L; and L, cancel, because of the opposite phase progressions of the two elastodynamic
states at a fixed value of x,. Further, it can be shown with the aid of the orthogonality property (4.9) and the
relations (3.9), that the contribution from L3 vanishes and hence only the contribution from L remains. This
leads to the result

I (LS s x)7 () — ™ ()7 S (' %) Ing (x) ds(x) = {0, 5, 1} (x'), when x’e{Ds, L, Dy},
L

(6.3)



J.T. Fokkema / Spatially periodic interface between solids 389

Now, since the boundary conditions at the interface apply to the total field, we prefer integral relations in
which 4% and 74gng occur, instead of u*" and rffé’n,,. This is accomplished by applying the field-reciprocity
theorem to the domain D, inside C, (Fig. 4) and taking for the two states:

{ul, 0, F2Y={u, 7iog", 0} and {u?Z, rhg f2}={u%’, 7%, 8(x—x")}.

Again, only the contribution from L remains and we obtain
~ [ e rg )~ e (e e e) s () = {1, , O™ (8,
L

when x'e{D,, L, D1}, (6.4)

where ng has been taken the same as in (6. 3) and hence now points towards the domain of application.

Subtraction of (6.4) from (6.3) and use of u} = u*' + u’, rhg =g + 75 yield

j[u (x'; £)7he (8) — uL (¥)rCL (s 3)Jng (x) ds (¥) + 4™ (x') = {0, 3, 1}l (),
L

when x'e{D,, L, Di}. (6.5)

When x € Dy, (6.5) is a representation for the total elastodynamic field in D,. To obtain a representation for
the total elastodynamic field in D, a similar procedure is applied. The result is

j[u‘“‘(x B () — (7S (x'; 1) s () ds(x) + w5 (x) = {1, 3, Ol (x),

when x'e{D,, L, D;}. (6.6)

Across the interface A the particle displacement and the traction are continuous. Let u, denote the particle
displacement at L and ¢, the traction at L, then

ue=ul=u onlL, t, = 'rf,ang = T:lgnp on L, {6.7)

then (6.5) and (6.6) can be written as

j[u%‘(x’;x)ta(x)—ua(x)r B(x'; X)ng (¥)1ds(x) +uy=' (") ={0, 3u, (x"), u’ (x"},
L

when x'€{D,, L, D}, (6.8)
and

—I [ (' 2)ta (%) — o (X) 758 (x'; X)ng (x)] ds(x) + ™" (x") = {u¥ (x"), 3u, (x"), 0},
L

when x'e{D,, L, D1}. (6.9)
Since in the analysis Ls and L} are arbitrary, except for their location in a unit cell in D' and D",
respectively, (6.8) and (6.9) hold in an entire unit cell. When x’ € D, (6.8) yields an integral representation

of the particle displacement in D, from which the representation of the scattered field can easily be inferred.
In particular, we can choose x5 > X3 max and substitute the expansion (5.12) for the Green state. In this way,
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we obtain
o«

wpl= 3

+.I
n=—m[l—_——_——2w@ZP %, )J- [UPL (—kn)te — ua TPL3(~k )nB]ds]UP (k.)

o

e +,1
+n_z_m[.zw@zs‘(k)f [USZH k)t — ua TSH(~ k)ng]ds]US (k...

when X3, max < X3 <00. (6.10)

In the same way, by choosing x5 < X3 min, W2 Obtain from (6.9) using the expansion (5.12),

scII bt -1 J’ +.11 _ +I0 ] =11
w5 = % | Geaze | VPt — wa T ko )ng] s | UPS k)
b +,11 +,11 A1
+ ¥ [Gomgems | U hat —ua TS k] s UST (k)

when —-00<x5 < X2,min- (611)

Comparing (2.20) with (6.10) and (2.21) with (6.11), it follows that the complex amplitudes of the scattered
field admit the following representations.

\{ 1 = P _ -1
BP(k,) = Té_Z_PWc—)-J‘ [UP, (=ku)te — ua TP 5 (—ka)ngl ds,

(6.12)
YL V= 1 J‘ -1 . -1
BS (k.) PadZS K ) L[USa (~kn)te —uaTSo5(—k,)nglds,

and

BP"(k,) = j [UP2 (K )ta — 4o B L2 (~ke)mg ] di,

20 @ZP“(k )
(6.13)

)i +l!_ + 11
BS"(k,) = mj[ns (kYo — U TS 28— kg ] ds.

These representations show that BP'(k,), BS'(k,,), BP"(k,) and BS"(k,) can be calculated as soon as the
particle displacement u, and the traction ¢, on L are known. These, as yet unknown, vectorial distributions
will be determined from the integral relations (6.8) and (6.9) by taking x’ € L. This procedure leads to the
foliowing integral equations:

Fu,(x") *-)( (St (6'; X)ta (%) — ua (X) 756 (x"; X)ng(x)]ds(x) = ur'(x), whenx'cL,

(6.14)

%uy(x')‘*f (S (x': %) ta(x) — ua ()70 (x'; x)ng(x)1ds(x) = ur*™ (x), whenx'eL

in which { denotes the Cauchy principal value of the relevant integral. For all practical situations, (6.14)
can only be solved with the aid of numerical techniques.



I.T. Fokkema / Spatially periodic interface between solids 391

7. Introduction of the angles of emergence of the propagating spectral orders and geometrical construction
of the quantities |kP.(k,)?| and [kS;(k.)2| for all spectral orders

We are dealing with a propagating P-wave of spectral order n when kP2(k,) is real, i.e. if k2 < kP> In this
case, we can introduce the angle of emergence 6P, of the nth P-wave spectral order through

k, =kPsin(@P,), kP,(k,)=KkPcos(6P,), when k2 <kP? (7.1)

with —3n =< 9P, <3 . Similarly, the angle of emergence 8S, of a propagating SV-wave of spectral order 7 is
introduced through

k. =kS sin(6S,), kSz(k.)=kS cos(6S,), when k2 <kS?, (7.2)

with —3mn =< 8S, <.m. For evanescent spectral orders no real angles of emergence exist.
For the geometrical construction of the angles of emergence for propagating spectral orders and of the
quantities |kP»(k,)2| and |kS2(k,)®| for all spectral orders, we refer to Fig. 7. In this figure we have
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Fig. 7. Geometrical construction of kP3|, |kS3 @, |kPY@| and |kS§D| for the propagating and evanescent spectral orders.



392 J.T. Fokkema [ Spatially periodic interface between solids

normalized the wave numbers by multiplying them by the spatial period &. According to the formula
kD = k™% + 2nn, the infinite discrete set of horizontal wave numbers k,2 is equidistantly distributed
along the horizontal axis starting from k'™® (k"9 = k%) onward. In the case of a propagating P-wave of
spectral order n, the value of |kP,(k, )@/ is then given by the ordinate of the point of intersection of the line
through k.9 parallel to the vertical axis with the circle: (k.2 Y+ (kPa(kn) D) = (kP@)2. In the case of an
evanescent P-wave of spectral order n, the line through k,2 paraliel to the vertical axis is to be intersected
with the hyperbola: (k.2)* — [kP2(k.)D|* = (kPD)’. By a similar procedure, the vatue of [kS,(k,)D| can be
constructed from the characteristics pertaining to the SV-wave of spectral order n.

8. Conclusion

In this paper, the linear theory of reflection and transmission of time-harmonic, elastic waves by the
spatially periodic interface between two solids is investigated. We have developed a rigorous theory for this
scattering problem, based on appropriate Green-type integral relations. Further we have shown that, by
adapting the Green state to the periodicity of the configuration, the scattering problem needs solution in a
single cell only. To obtain results for specific configuration, a numerical implementation of the method is
required. The relevant steps involve the evaluation of the Green tensors, the numerical solutions of the
coupled integral equations and the subsequent computation of the amplitude factors of the scattered field.
The numerical solution of the integral equations can be carried out with the method of moments. As a
result, the integral equations are replaced by a system of linear algebraic equations. The matrix of
coeflicients of this system approximates the kernels of the integral equations and the latter consist of the
Green tensors that are represented by infinite series. Since a direct truncation of these series represen-
tations turns out to be impractical, a technique for accelerating the convergence has to be employed. Also
the singularity in the Green tensor has to be accounted for properly. Although some of these steps prove to
be laborious, we have succeeded in obtaining numerical results for the case where the period of the stucture
can have values up to 1.5 wave lengths of the SV-wave radiation and the ratio of top to valley distance to the
period of the structure amounts 0.5 [21, 22]. These limitations only have to do with available computer
facilities and computing time, but are not essential in nature. For a detailed discussion on the aspects of the
employed numerical techniques we refer to [23, Chapter 3].
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