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Abstract. In this paper strongly nonlinear oscillator equations will be studied. It will be
shown that the recently developed perturbation method based on integrating factors can be used
to approximate first integrals. Not only approximations of first integrals will be given, but it will
also be shown how in a rather efficient way the existence and stability of time-periodic solutions can
be obtained from these approximations. In particular the generalized Rayleigh oscillator equation
X +9X +uX2+AX3 =¢ (X - X3) will be studied in detail, and it will be shown that at least five

limit cycles can occur.
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1. Introduction. In [13, 14, 22, 23, 24, 25] a perturbation method based on
integrating factors and vectors has been presented for regularly or singularly per-
turbed systems of ordinary differential equations (ODEs). When approximations of
integrating vectors have been obtained an approximation of a first integral can be
given. Also an error-estimate for this approximation of a first integral can be given
on a time-scale. It has also been shown in [13, 23, 24, 25] how in a rather efficient
way the existence and stability of time-periodic solutions can be obtained from these
approximations for the first integrals. In this paper it will be shown explicitly how
the perturbation method can be applied to the following strongly nonlinear oscillator
equation

(1.1) X +oaX +eX?+eaX?=cf(X,X),

where c1, c2, c3 are parameters, where 0 < ¢ < 1, and where the dot represents
differentiation with respect to t. Recently equation (1.1) obtained a lot of attention.
For example in [1] Doelman and Verhulst studied (1.1) with f(X, X) = (1 — X?) X (a
Van der Pol type of perturbation) by using a Melnikov/Poincaré return map technique.
For ¢; = 0 and f(X, X) = bX Yuste and Bejarano [15] applied a Krylov-Bogoliubov
method. Coppola and Rand [19], and Roy [11] used an averaging method which is
based on elliptic functions to study (1.1) with ¢ = 0. Also for ¢, = 0 Chen and
Cheung [16, 17] used a Lindstedt-Poincaré method to study (1.1) with f(X, X) =
(a — bX?) X, where a and b are constants. By using Melnikov functions and a Picard-
Fuchs analysis Iliev and Perko [6] studied (1.1) with ¢o = 0, ¢; = £1, ¢35 = %1,
and f(X,X) = aX + bX? + cXX + dX2X, where a, b, ¢, and d are parameters.
For equations like (1.1) Blows and Perko [12] wrote an interesting survey paper on
Melnikov /Poincaré techniques. Margallo and Bejarano [8, 9], and Lynch [18] studied
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(1.1) with ¢; = 0 and f(X,X) = X — X3, and showed that at least one limit cycle
can occur. Waluya and Van Horssen [13] studied (1.1) with ¢z = 0 and f(X, X) =
X - X3 (a Rayleigh type of perturbation) by using the perturbation method based
on integrating factors. It has been shown in [1, 13] that for (1.1) with ¢s = 0 and
f(X7X) = X — X3 two limit cycles can occur. The case ¢z # 0, ¢3 # 0 and
f(X,X) =X — X? has not yet been studied, and will be studied in this paper using
the perturbation method based on integrating factors. It will turn out in this paper
that five limit cycles can occur. Equation (1.1) with f(X7X) = X — X3 plays an
important role in applications, for instance in flow-induced vibrations of cables in a
windfield. For details of this application we refer the readers to the papers of Van der
Beek [2, 3]. Using the perturbation method based on integrating vectors and some
numerical calculations we will study (1.1) with ¢3 # 0 and ¢z # 0 and f(X, X) =
X — X? in detail, that is, the existence and stability, and the bifurcation of time-
periodic solutions will be investigated in detail. In this paper we restrict ourselves to
autonomous differential equations. The presented perturbation method, however, can
also be extended to nonautonomous equations. In relation to these nonautonomous
equations we refer the readers for instance to the work of Roy [11], Brothers and
Haberman [7], and Bosley [5], who used averaging and matching techniques to obtain
insight in the solution structure for a class of non-autonomous equations. This paper
is organized as follows. In section 2 of this paper the perturbation method based on
integrating vectors and an asymptotic theory will be given briefly. It will be shown
in section 3 of this paper how approximations of first integrals can be constructed for
the strongly nonlinear oscillator equation

AU (X)

axX :éf(X,X),

(1.2) X+

where U(X) is the potential energy of the unperturbed (that is, ¢ = 0), nonlinear
oscillator, and where X = X (t), X = %, € is a small parameter satisfying 0 < e < 1,
and where f is a sufficiently smooth function. Approximations of first integrals for
the oscillator equation (1.1) will be presented in section 4 of this paper. Using these
approximations it will be shown in section 5 how the existence and stability of time-
periodic solutions for the oscillator equation (1.1) can be obtained. The bifurcation(s)
of limit cycles will be studied in detail, and a complete set of topological different phase
portraits will be presented. Finally in section 6 of this paper some conclusions will be
drawn and some remarks will be made.

2. Integrating vectors and an asymptotic theory. In this section we briefly
outline the perturbation method based on integrating vectors as given in [13, 22, 23,
24]. We consider the following system of n first order ODEs

2.1 W _ it

( : ) dt __(gv 76)7

where € is a small parameter, and where the function f has the form f(y,t;¢) =
fo(y,t) +ef (y,t). An integrating vector p = u(y, ¢;€) for system (2.1) has to satisfy

dps . Oy . .

By, = 8yz’ 1<i<j<n,
(2.2)

op

5 = —Vg-f)
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Assume that p can be expanded in a power series in e, that is, p(y, t;€) = p (y,t) +
ep,(y,t) +...+€"p (y,t) +.... We determine an integrating vector up to O(e™).
An approximation Fgp, of F' in the first integral F' = constant can be obtained from:

VFapp = potep, +...+€e"n
(2.3) .
o = _[(H0+€H1+"'+emﬁm)'ﬂ*v

where the * indicates that terms of order €™ %! and higher have been neglected. Then

we obtain Fuy,(y,t€) = Fo(y,t) +eFi(y,t) +... + €™ Fp(y,t). It should be observed
that an approximation up to O(e™) of an integrating vector  has been used to obtain
an exact ODE up to O(e™*1), that is,

% = [larem+orens,) ]

(24) = e’m+1R’m+1(ga t7 HO’ cee ’Hm7 6)7

where the ** indicates that only terms of order ¢! and higher are included. How
well Fy,, approximates F'(y,t;€) = constant can be determined from (2.4), that is,
error estimates can be given on time-scales depending on the boundedness properties
of Rm+1.

3. Approximations of First Integrals. In this section we will show how the
perturbation method based on integrating vectors can be applied to approximate
first integrals for a strongly nonlinear oscillator equation. We consider the class of
non-linear oscillators described by the equation

dU(X)

(3.1) X+ e = ef(X, X),

where U(X) is a potential, X = X (t), X = %, € is a small parameter satisfying
0 < e < 1, and where f is assumed to be sufficiently smooth. We assume that the
unperturbed (that is, € = 0) solutions of (3.1) form a family of periodic orbits. This
family may cover the entire ”phase plane” (X, X ), or a bounded region D of the phase
plane. Each periodic orbit corresponds to a constant energy level £ = %X 2+ U(X).
With each constant energy level E corresponds a phase angle ¢, which is defined to

be
X dr
(3.2) v= VR

From (3.1)-(3.2) a transformation (X, X) — (E, ) can then be defined with

EZeXf = gl(E71/))7
(3.3)

j X r y _

w:1+€|:—f0 m){f] = g2(E,9).

Multiplying the first and the second equation in (3.3) with uq1(E,,t) and us(E, 1, t)
respectively, it follows from (2.2) that the integrating factors p1 (F, 9, t) and po(E, 1, t)
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have to satisfy

O _ Ous
oy~ OF
(3.4) % = —% (H1g1 + H2g2) 5
0
G = —% (1191 + p2g2) -

Expanding pq and po in formal power series in €, that is,

:uz(anatve) = ,ui,O(E7w7t) + eﬂi,l(E7w7t) +...

for ¢ = 1 and 2, substituting g1, go and the expansions for p; and ug into (3.4)
and by taking together terms of equal powers in €, we finally obtain the following
O(e™)-problems: for n =0

Ouio0 _ Op2o

oy — OF ’
Ouio _  Opz20
(3:5) ot = =55
Opz2,0 _ _ Op2p0
ot o9
and for n > 1
Opi,n _ Opz.n
oy  OE
(3.6) Oprn _ 9 ( +
. 9t = — 95 \MW1,n—191,1 + U2n—192,1 + p2n),
Opan _ _i( + +
ot — oy H1n—191,1 T H2,n—192,1 /142771)7

where €911 = g1,€921 = g2 — 1. The O(e)-problem (3.5) can readily be solved,
yielding p10 = h1,0(E, ¢ — t) and p2o = hoo(E, ¢ — t) with 82111;0 = agi;". The
functions h; ¢ and hgg are still arbitrary and will now be chosen as simple as possible.
We choose h1o =1 and he o =0, and so (see also [13, 23])

(37) H1,0 = ].7 H2,0 = 0.

Then it follows from the order e-problem (3.6) that p11 and po 1 have to satisfy

Opi,1 Oui,1 9
o+ oy = —a8 (911),

(3.8)

s, Op2,1 1o}
o+ o = —ag (91.1).-

By using the method of characteristics for first order PDEs we then obtain

pi1=hia (B¢ —t) — fot (3%(91,1)) dt,
(3.9)
po,1 = ho1(E, ¢ —t) — fot (%(91,1)) dt,

where hq 1, ho1 are arbitrary functions which have to satisfy

ohis 0 [P/ D C Ohey 0 [T 0 ]
(3.10) a0 o0 ), (8_E(gl’1)> dt = 9E 9F |, 81/)(91’1) dt.
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We choose hi,1 and ho 1 as simple as possible, that is, we take hi; =0, ho 1 = 0. We
then obtain for 11,1 and pg 1

H1,1 = —% (fot gl,ldf) )
(3.11)

H2,1 = —ai (fo g1, 1dt)

An approximation Fy of a first integral F' = constant of system (3.3) can now be
obtained from (3.7), (3.11), and (2.3), yielding

(3.12) Fi(E,,t)=F —¢ Uot gmdt} .

How well F; approximates a first integral F' = constant follows from (2.4). In this
case we have
dFy
dt

[(1+ €p1,1)g1 + epnngal,,,

(3.13) = 1,191 + €ep21(g2 — 1) = €R1(E, ), 1),

where g1, g2, and pi1, po,1 are given by (3.3) and (3.11) respectively. From the
existence and uniqueness theorems for ODEs we know that initial value problems for
(3.1) (with sufficiently smooth potential U(X) and nonlinearity f(X, X)) are well-
posed on a time-scale of order <. This implies that also an initial-value problem for
system (3.3) is well-posed on this time-scale. From (3.3) it then follows on this time-
scale that if £/(0) is bounded then E(t) is bounded and v (¢) is bounded by a constant
plus t. Since |R1| < ¢p + ¢1t on a time scale of order %, where cg, c; are constants, it
follows from (3.13) that

Fi(E(t),¥(t),t;€) = constant+62/0 Ri(E(s),v(s), s; €)ds,

and so,
Fi(E(t),y(t),t;€) = constant + O(e?), 0 <t < Ty < o0,
(3.14) Fi(E(t),¥(t),t;e) = constant + O(e), 0 <t < %,
€

where Ty and L are e-independent constants. Another (functionally independent)
approximation of a first integral can be obtained by putting in (3.6)

(3.15) p20 =1, p1,0=0,

instead of (3.7). The O(e)-problem (3.6) can now be solved, yielding
pa1 = ki1 (E — Jy (F(g2,0)) dL,

(3.16)

paa = haa (B, =) = fy (Z5(920)) dF,

where the functions k;,; and kg ; are arbitrary functions which have to satisfy

Okin O [T/ 0 C Okwy 0 [0 ]
(3.17) 50 00/, ( (921)> dt = oF  OF ), <8¢(921)> dt.
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We choose these functions as simple as possible, that is k1,; = 0, and kz; = 0. Then
we obtain

Hi1 = —a% (f(f 92,1df) 5
(3.18)
Mol = —% (fot 9271d5) .

An approximation Fy of a first integral F' = constant of system (3.3) can now be
obtained from (3.15), (3.18), and (2.3), yielding

(3.19) Fo(B, 1) = (— 1) — € Uot gz,ldt} .

How well F» approximates a first integral F' = constant follows from (2.4). In this
case we have
dFs
dt

lepn,1g1 + (1 + epo1)g2],,

= ep1101 +ep2(g2 — 1) = €Ra(E, ¥, 1),

where g1, g2, and p1.1, p2,1 are given by (3.3) and (3.18) respectively. In the following
section we will treat some examples to show how this perturbation method can be
applied.

4. Example of a Strongly Nonlinear Oscillator. In this section we will
consider the following strongly nonlinear oscillator equation
dU(X)

(4.1) X+ e = ef(X, X),

where d%(;() = 9X +uX?+ X3 with g and X parameters, where the function f(X, X)

is a so-called Rayleigh perturbation, that is, f(X, X) = X — X3, and where e is a small
parameter with 0 < ¢ < 1. In [2] Van der Beek introduced (4.1) with u = O(y/e)
and A = 0 as a model equation to describe the vibrations of an oscillator in a uniform
windfield. This model equation is related to the phenomenon of galloping of overhead
power transmission lines on which ice has accreted. Using first order normal form
techniques it has been shown in [2] that (4.1) with 4 = O(y/€) and A = 0 has a unique
(stable) periodic solution. Doelman and Verhulst [1], and Waluya and Van Horssen
[13] showed that a stable and an unstable periodic solution can occur simultaneously
for (4.1) with 4 = O(1) and A = 0. For (4.1) with g = 0 and A > 0 Garcia-Margallo
and Bejarano [9] showed that at least one limit cycle can occur. In this section we
will construct approximations of first integrals for (4.1) with p and A arbitrary. To
give a complete analysis of (4.1) we have to consider two main cases: (i) u = 0 and
A arbitrary, and (ii) g > 0 and A arbitrary. It should be observed that the case
i < 0 and A arbitrary is included in case (ii) (just replace X by —X in (4.1)). The
constructed approximations of the first integrals will be used in section 5 to determine
the number of periodic solutions for (4.1).

4.1. The case p =0 and )\ arbitrary. To study (4.1) with x = 0 in detail we
have to consider three subcases: A = 0, A > 0, and A < 0. These three cases will be
studied in the following three subsections.
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4.1.1. The case ;4 =0 and A = 0. By putting X (¢) = X(7) with £ = % in (4.1)
the following weakly nonlinear Rayleigh oscillator equation is obtained

(4.2) X"+ X =ég(X),

where € = Ze, X’ %, and where g(X’) = X’ — 9(X’)3. By introducing the
transformation (X, X’) — (E,v) as defined by

E = 3(X')+3(X)
(4.3) < i
_ dr o oaa—1 X
Vo= fo VoE 2 om (\/QE) ’

(where E and v are the energy and the phase angle of the unperturbed oscillator
(e = 0) respectively) we obtain the following system of ODEs

E' =¢X'g = &(E.Y) =e6a(B,v),
(4.4)

§2(E 1) =1+ 21 (E,9).

’r_ ~ | _ e dr "/
W —1—|—e[ I (2ET2)%XQ]

From the calculations as presented in section 3 of this paper it follows that two
functionally independent approximations of first integrals for system (4.4) are given
by

F(E,¢,7) = E—e/OTfl,ldtZE—éfoT ((X’)?-g(f(’y*) di

= E-— E/ (2E cos(v)? — 36 E2 cos(1)*) dt
0

(4.5)

E—¢ <(E _ 2?7E2) Y — 9F?sin(2¢) — gEQ Sin(‘“ﬁ)) )
and

FQ(E7’(/)7T) = (¢—T)—€/OT€2)1dt

= (W—T1)+ % i (2E sin(t)) cos(t) — 36 B sin (1)) cos()?) di
(4.6) = (Y—7)+¢€ <—% cos(2%) + %E cos(21)) + %E cos(4¢)) .

How well F; and F» approximate a first integral F' = constant follows from (2.4). In
this case for j = 1,2 we have

dF; _ - -
(4.7) d—Tj = fua& +euga (& — 1) = ERG(E,¥),

where &; and & are given by (4.4). It follows from (4.7) that for j = 1,2 (see also
(3.13)-(3.14))

(4.8) Fj(E(1),9(7),T; €) = constant + & /OT R;(E(s),¥(s), s; €)ds,
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and so,
Fj(E(1),9%(7), 7€) = constant + O(€*), 0 <7 < Ty < o0,
(4.9) Fi(E(r),¢(r),7;€) = constant+ O(€), 0 <7 < %,
3

where Ty and L are é-independent constants.

4.1.2. The case =0 and A > 0. By putting X (¢t) = X (7) with t = 7 in (4.1)
the following nonlinear Rayleigh oscillator equation is obtained

(4.10) X"+ X + X% = gg(X),

<DI>/

where € = Le, 3 , X' = 92X "and where g(X') = X’ — 9(X’)%. By introducing the
) —

transformation (X, X (E, ) as defined by

E = $(X)?+5(X)?+18(X)",
(4.11) A
v o= I G

(where E and v are the energy and the phase angle of the unperturbed oscillator
(that is, (4.1) with e = 0)) we obtain the following system of ODEs

E' =¢&X'g = &(E, ) =&31(E, ),
(4.12)

W =148 fo ﬁxg Ea(B, ) = 14 e (E, ).

The solution of the unperturbed equation (4.10) is X = Agen (9, k) with ¥ = woe,
where 1 = 7 + constant, k is a modulus given by k2 = g:lg%’ and w? = 1+ BAZ
(see also [4, 10, 11, 16, 17, 19]). The relationship between the energy E and the
?amplitude” Ay is given by E = 1 A3 + 18A]. The function cn(d, k) is a Jacobian
elliptic function with argument 9 and modulus k. From the calculations as presented
in section 3 of this paper it follows that two functionally independent approximations

of first integrals for system (4.12) are given by

(B, 7) = / €3.1dE = e/ ((X’)2 —9(5(’)4) df

(4.13) = E-¢ [/ (wE A2sn (9, k)2dn (9, k)* — nws Agsn (¥, k)*dn (9, k) )Ch9 ,
0 wo

and

FE 1) = (b—7)-¢ /0 €ordi

(W —1)+¢ { /O " P, K) (woAosn (0, k)dn(9, k)

(4.14) —nwiAdsn(9, k)*dn(9, k)*) Zﬁ ,
0
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where Py (9, k) = 232 cn (9, k) — Aoposn (9, k)dn (9, k)22 + AgZ-cn(¥, k)%, in which

ls)n(19, k), and dn(ﬁ k) are elliptic functions , and Where %‘%), 88“;30, nd ak
Yy

are glven

dAo 1 dwo BAo ok BAy (1-2k?)

OE Ao+ (AT OE  wo(Ag + BA3) OE  2kwE (Ao + BAD)

How well F5 and Fy approximate a first integral F' = constant follows from (2.4). In
this case for j = 3,4 we have

dF;

(4.15) =

= &+ Euna(é — 1) = ER(E, ),

where &5 and &4 are given by (4.12). It follows from (4.15) that for j = 3,4 (see also
(3.13)-(3.14))

(4.16) F;(E(7),¢(7), T; €) = constant + é2 /OT R;(E(s),9¥(s), s; €)ds,

and so,
Fj(E(1),9%(7), 7€) = constant + O(€*), 0 <7 < Ty < o0,
(4.17) Fi(E(r),¢(r),7;€) = constant+ O(€), 0 <7 < %,
3

where Ty and L are é-independent constants.

4.1.3. The case =0 and A < 0. By putting X () = X (7) with t = z in (4.1)
the following nonlinear oscillator equation is obtained
(4.18) X"+ X —~4X? =é&(X"),

where y = 2 > 0, &= 1, X' = 2X and where g(X’) = X'—9(X’)%. By introducing
the transformation (X, X') — (E, ) as defined by
E = LX)+
(4.19) ]
_ X dr
v =) e

(where E and 1 are the energy and the phase angle of the unperturbed oscillator
(that is, (4.1) with e = 0)) we obtain the following system of ODEs

N[—=

E'=&X'g = G(EY) =& (B, ),
(4.20) ]
r_ / — — Z
V' =1+¢€ fo mXQ = &(EY) =1+é1(E,v).
The solution of the unperturbed equation (4. 18) is given by X = Agsn(9, k) with

¥ = wotp, where ¥ = t + constant, k* = gA;’ wi=1-3vA% and E = 1 A3 — 1y A},

From the calculations as presented in section 3 of this paper it follows that two
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functionally independent approximations of first integrals for system (4.20) are given
by

F(B.r) = B[ gait=pg [ (007 -9 ar
(4.21) = F-¢ [/ (wWE A2en (9, k)2 dn (9, k)* — wi Agen (9, k) dn(9, k) )dﬁ ,
0 wo
and
FoEbr) = (b-m)—¢ [ Gadt
0
- (¢—T)+e[ / Py, k) (wo Aoen(, k)dn(, k)
0
. v
(4.22) —nuwi Ajen (9, k)*dn(9, k)*) — |
0
where Py (9, k) = sn(9, k) + Agpen (9, k)dn(9, k:)a““’ + Ap2 Zrsn(v, k)— in which
8140 - 1 80}0 o —’)/AO ok B ")/AO (]. + k2)

OE — Ag—~AY OFE 2wy (Ao —A3)" OE ~ 2kw? (Ag —yA3)

How well F5 and Fg approximate a first integral F' = constant follows from (2.4). In
this case for j = 5,6 we have

dF;

(4.23) =

= Eu11&s + Euna (s — 1) = ER(E, ),

where & and &g are given by (4.20). It follows from (4.23) that for j = 5,6 (see also
(3.13)-(3.14))

(4.24) F;(E(7),¢(7), T; €) = constant + é2 /T R;(E(s),9(s), s; €)ds,
0
and so,
Fj(E(1),9%(7), 7€) = constant + O(€?), 0 <7 <
(4.25) F;(E(r),¢(r),7;€) = constant+ O(€), 0 <7 <

where Ty and L are é-independent constants.

4.2. The case > 0 and A arbitrary. By putting
(4.26) X)) = =Z(r), t=-.

in (4.1) the following nonlinear oscillator equation is obtained

(4.27) 7'+ Z+ 72+ 2% =¢e9(Z'),
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where £ = i—é‘,g =1e,7 = 92 ‘and g(Z') = Z' —n(Z')? with n = 3—2. By introducing
the transformation (Z,Z") — (E, 1) as defined by

E = 1z7%41724 173 4 ezt
(4.28)
z r
w = fO \/2E—r252r3—l§r4’
3 2

(where E and v are the energy and the phase angle of the unperturbed oscillator
(that is, (4.1) with e = 0)) we obtain the following system of ODEs

E' =&Z'g = G(E,¢) =€,
(4.29) 2
¢/:1+€ _fo ( dr 3Z/g:|

2E—r2—%r3—%§r4)§

G(E,Y) =1+¢6C0.

From the calculations as presented in section 3 of this paper it follows (see also section
4.1) that two functionally independent approximations of first integrals for system
(4.29) are given by

Fr(E,¢) = E—é/ Cradt
0

(4.30) = E-¢ /O (Gfy — nGiy)d,
and

F(Ea) = (b—1)—¢ /0 " Condt

(4.31) (p—71)— €/0 Flay (G2 — nGiy)dt,

where Fiy = g—g and Gg) = Z' are elliptic functions, which are defined by (4.28).
How well F7 and Fg approximate a first integral F' = constant follows from (2.4). For
7 =17,8 we have

dF; _ - N
(4.32) d—Tj = &G+ (G — 1) = ER;(E, ),

where (1 and (y are given by (4.29). It follows from (4.32) that for j = 7,8 (see also
(3.13)-(3.14))
(4.33) F;(E(7),¢(7), T; €) = constant + 52/ R;(E(s),9(s), s; €)ds,

0

and so,
Fi(E(7),9(r), 7€) = constant + O(&), 0 <7 <
(4.34) Fi(E(1),¢(r), 7€) = constant +O(E), 0 <7 <

where Ty and L are é-independent constants.
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5. Time-periodic solutions and a bifurcation analysis. In the previous
section it has been shown how asymptotic approximations of first integrals can be
obtained. In this section we will show how the existence of non-trivial, time-periodic
solutions can be determined from the asymptotic approximations of the first integrals.
We will also present phase portraits and a bifurcation analysis. In section 5.1 we will
show that (4.1) with 1 = 0 can have (at least) two limit cycles, and in section 5.2 we
will give strong numerical evidence that (4.1) with u # 0 can have (at least) five limit
cycles.

5.1. The case ;x = 0 and X\ arbitrary. To determine the non-trivial, time-
periodic solutions from the asymptotic approximations of the first integrals we have
to consider (as in section 4.1) three subcases: A =0, A > 0, and A < 0. These three
cases will be studied in the following three subsections.

5.1.1. The case 4 = 0 and A = 0. Let T" < oo be the period of a periodic
solution and let ¢; be a constant in the first integral F(E, ¢, 7; ¢) = constant for
which a periodic solution exists. Consider F' = ¢; for 7 = 0 and 7 = T. Approximating
F by Fy (as given by (4.5)), eliminating ¢; by subtraction, we then obtain (using the
fact that F(0) = E(T) for a periodic solution)

é (/OT ((X’)z _9(5(’)4) dt) =0@) ¢ (/::)ﬂ (X _ 9()3/)3) dX) _ 0@

(5.1)
Because of the symmetry of the unperturbed orbits in the phase plane (5.1) can be
rewritten as

(5.2) EI(E) = 0(&),
where
A ~ ~ ~
(5.3) I(E) = 4/ (X7 - 9(X")?) dX,
0
with A = X(%T) = V2E. To have a periodic solution for (4.2) we have to find an

energy E such that I(E) is equal to zero (see also [13, 20, 21]). To find this energy F
we rewrite I(F) in

(5.4) I(E) = AL, (E) <1 - 912(E)) ,

L(E)
where
i ~
nE = [ (2e-X2)"dx = 2,
(5.5)
3
LE) = [ (26-%2)" X = &=,
It now easily follows from (5.4) and (5.5) that I(E) = 0 for E = Z or E = 0. Putting
Q = % (where I and I> are as defined in (5.5)) it easily follows from (5.5) that
Q= %E Since @ is strictly monotonically increasing in E we can conclude that there

exists a unique, nontrivial, stable periodic solution for (4.2). The standard arguments
leading to this conclusion can for instance be found in [[13], section 4.2 | or in [6, 12].
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5.1.2. The case 4 = 0 and A > 0. Let T" < oo be the period of a periodic
solution and let ¢y be a constant in the first integral F(E, ¢, 7; ¢) = constant for
which a periodic solution exists. Consider F' = ¢y for 7 = 0 and 7 = T. Approximating
F by Fs (as given by (4.13)), eliminating co by subtraction, we then obtain (using
the fact that E(0) = E(T) for a periodic solution)

T, _ A ) } X(T) -, -, N\
¢ (/0 ((X )2 —9(X )4) dt) =0 ¢ </5<<o> (X —9(X )3) dX) = 0(&).

(5.6)
Because of the symmetry of the unperturbed orbits in the phase plane (5.6) can be
rewritten as

(5.7) ¢I(E, B) = O(&%),
where
A
_ v/ " /\3 %
(5.8) I(E, B) _4/0 (X 9(X") )dX,

with A = X(%T) To have a periodic solution for (4.10) we have to find an energy E
such that I(E, 3) is equal to zero (see also [13, 20, 21]). To find this constant energy
E we rewrite I(FE, 3) in

- I2(E7 ﬁ)
(5.9) 1(E, ) = 41,(F, ) (1 -9 e 6)> ,
where
nEp = [I (2E _xX2_ %/3}24)% X,
(5.10)
LEp = [ (2E _xX2_ %/3}24) *dx.

It should be observed that the unperturbed equation (4.10) with € = 0 has one
equilibrium point (0,0) which is center point. The phase portrait of the unperturbed
equation (4.10) is given in Figure 5.1. It should be observed from (4.11) that E > 0.

Putting Q(E,3) = figggg (where I; and Iy are given by (5.10)) it can be shown

elementarily that limg o Q(E, ) = 0, and that g—%(o,ﬂ) = 2 > 0. There is strong
numerical evidence (see figure 5.3 (g) and (h)) that @ is monotonically increasing. So
we can conclude that there exists a unique, nontrivial value for E such that I(E,3) =0
or equivalently Q(E,8) = 1. From these results it can be concluded (see also for
instance [[13], section 4.2 ) that there exists a unique, nontrivial, stable time-periodic

solution for (4.10). The period T of this periodic solution is given by

24X

B d
T: )
/A \/<2E*_X2_%ﬁj(4)

where A = —\/—% + LI 45E" and B = \/—% + I+ 45E" in which E* is the

energy for which the periodic solution occurs.

(5.11)
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F1G. 5.1. Phase portrait of the unperturbed equation (4.10) with € =0, u =0, and X > 0.

5.1.3. The case y = 0 and A < 0. Let T" < oo be the period of a periodic
solution and let ¢3 be a constant in the first integral F((E, v, t; €) = constant for which
a periodic solution exists. Consider F' = ¢3 for 7 = 0 and 7 = T. Approximating F’
by F5 (as given by (4.21)), eliminating cs by subtraction, we then obtain (using the
fact that F(0) = E(T) for a periodic solution)

¢ </0T ((X")2 _ 9()2”)4) dt) — 0@ & </;::)T) (X" - 9(5(,)3) df() _0@).
(5.12)

Because of the symmetry of the unperturbed orbits in phase plane (5.12) can be
rewritten as

(5.13) EI(E,v) = 0(&),
where
A
_ v/ Y /\3 %
(5.14) I(E,~) _4/0 (X 9(X") )dX,

with A = X(3T). To have a periodic solution for (4.18) we have to find an energy
E such that I(E,~) is equal to zero (see also [13, 20, 21]). To find this energy E we
rewrite I(E,~) in

IZ(E7’7)>
5.15 I(E,y) =4L(E) (1-9 ,
(5.15) (. =a0(5) (1- 97450
where

LEy = (2E X4 575(4) e
(5.16)

A v 1w\ %
L(EA) = J; (2E—X +§7X) dx.

It should be observed that the unperturbed equation (4.18) with € = 0 has three
equilibrium points: a center point in (0,0) and two saddles in (+ \/_, 0). The phase
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F1G. 5.2. Phase portrait of the unperturbed equation (4.18) with € =0, u =0, and X < 0.
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portrait of the unperturbed equation (4.18) is given in Figure 5.2. For the periodic
(that is, closed) orbits of the unperturbed equation (4.18) it can be deduced from

(4.19) that 0 < F < Epge = %. Putting Q(E,~) = ﬁgglg (where I7 and I5 are given

by (5.16)) it can be shown analytically that limg 0 Q(E,v) = 0, limET% Q(E,v) =
Y

%, 2—3(077) = % > 0, and g—g(%,v) = —o0. By using an adaptive Clenshaw-Curtis
quadrature scheme Q(F, ) has been calculated numerically for different values of the
parameter v (or A). These numerical results can be found in figure 5.3 (a)-(e). Using
these numerical results we can try to find nontrivial values of E such that I(E,~y) =0
or equivalently Q(E,~) = § for a given value of v = _T)\ > 0. The numerical results
can be summarized as follows: for A < —27.77434... there are no nontrivial values of
E such that @ = %, and so, there are no limit cycles; for A = —27.77434... there are
two coinciding nontrivial values of E such that Q = %, and so, there is a semi-stable
limit cycle; for —27.77434... < A < —27.77233... there are two different, nontrivial
values of E such that Q = é, and so, there are two limit cycles (one stable and one
unstable); for —27.77233... < A < 0 there is exactly one nontrivial value of FE such
that @ = &, and so, there is exactly one (stable) limit cycle. In Figure 5.4 a sketch
of the appearance and disappearance of limit cycles is given for decreasing values of
the parameter A (and p = 0).

5.2. The case p > 0 and )\ arbitrary. The case ¢ < 0 and A arbitrary can
be treated similarly by simply replacing X by —X. Let T' < oo be the period of a
periodic solution and let ¢4 be a constant in a first integral F' = constant for which a
periodic solution exists. Consider F' = ¢4 for 7 = 0 and 7 = T'. Approximating F' by
F; (as given by (4.30)) and eliminating c4 by subtraction, we then obtain

(5.17) é (/OT Gy (1-nGY) dt) —0@),

or equivalently

(5.18) ¢ <

Z(T)
Z(0)



where

(5.19)
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with A = Z(0) and B = Z(4T). To have a periodic solution for equation (4.27) we
have to find an energy F such that I(E,§,n) is equal to zero (see also [13, 20, 21]).
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F1G. 5.4. Sketch of the appearance and disappearance of limit cycles for p = 0 and for decreasing
values of the parameter \.

To find this energy E we rewrite I(E,&,n) in

= IQ(E7§)
(5.20) I(E,&n) =211 (E,§) <1 _ nm) ,
where
LhE& = [PB-2z2-22%_lezY)iaz,
(5.21)
L(E& = [PB-22-22°— 1292 dz.

Throughout this section Q(E, &) is equal to ﬁgg The equilibrium points in the

(Z,Z") phase plane of the unperturbed equation (4.27) with € = 0 are listed in Table

5.1, and the corresponding phase portraits of the unperturbed equation are given in

Figure 5.5. To determine whether or not I(E,§,n) can be (nontrivially) equal to
1

zero (or equivalently Q(FE, &) = 5) we have to distinguish five cases: £ < 0, £ = 0,

0<¢é< %, ¢ = %, and ¢ > %. These five cases will be studied in the following five
subsections.

5.2.1. The case { < 0. The unperturbed equation (4.27) with ¢ =0 and £ <0
has only periodic orbits surrounding the center point (0,0). For these periodic orbits
the energy E satisfies: 0 = Epin < E < Epae = 227 + 228 + 1€21, where 21 is
_% + %./1 — 4¢. Putting Q(E,§) = ﬁggg (where I} and Iy are given by (5.21))
it can be shown elementarily that limgg,,,, @ = 0, and that limgqg,,,, Q@ = P(§).
P as function of £ can be calculated numerically and is given in Figure 5.6. It can
also be shown analytically that g—g(Emm,ﬁ) = % > 0, and that g—g(EmaI,ﬁ) = —00
(see also Figure 5.7). For several values of { we have calculated Q(E, ) numerically
by using an adaptive recursive Simpson rule. The numerical results are presented in
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I | Type and position of Equilibrium point(s) |
£<0 a center in (0,0), a saddle in (—i - i\/ﬁ, 0),
and a saddle in (—% + %m7 0)
=0 a center in (0,0), and a saddle in (-1,0)

0<é< i a center in (0,0), a center in (—% — %\/1 — 4570),

and a saddle in (—% + %\/1 - 4{,0)
a center in (0,0), and a higher order singularity in (—2,0)
a center in (0,0)
TABLE 5.1
Type of equilibrium points of the unperturbed equation (4.27) with € = 0 in the (Z,Z') phase
plane.

xS
AR
AN N

Figure 5.7. From Figure 5.7 it is clear that there are cases for which we can find two
nontrivial values of E such that I(E,£,n) = 0 or equivalently Q(F,&) = % So, we
can conclude that for (4.27) with £ < 0 at least two limit cycles can occur. It should
be remarked that when two limit cycles are ”bifurcated” out of the periodic orbits
around the center point then these two limit cycles are very close each other. In fact
the energy level of the stable periodic solution is only a little bit less then the energy
level of the unstable periodic solution. The period T of the periodic solution(s) can
be determined from

z ., Lo, 2. 1.
(5.22) dT—Z—\/<2E 72— 37° — 52,

or equivalently from

/B 2dZ
T: )
A \/(2E*—Z2—§Z3—%§Z4)

(5.23)

where (—i + VI ——45) <A<Bc< (—é — A VT ZE+ L /1+3/T - & 45),
and where A and B satisfy £2% + 123 + 1¢Z% = E* in which E* is the energy for
which a periodic solution occurs.

5.2.2. The case £ = 0. This case has already been studied in [13], and we refer
the reader to this paper for detailed calculations. It has been shown in [13] that at
most two limit cycles can bifurcated out of the periodic orbits surrounding the center
point. A sketch of the appearance and disappearance of limit cycles for £ = 0 and
decreasing values of 7 is given in Figure 5.8.

5.2.3. The case 0 < £ < %. The unperturbed equation (4.27) with € = 0 has
in this case three equilibrium points in the phase plane: a center point in g; =
(0,0), a center point in g, = (—i — %\/1 —4570), and a saddle point in g5 =

(—% + %\/1 — 4¢, 0) (see also Table 5.1 and Figure 5.5). The maximum energy level

for the periodic orbit inside the saddle loop connection (around the center point in g4,
and around the center point in g,), and the minimum energy level for the periodic
orbits outside the saddle loop connection are equal to Ejoop = %z% + %z% + ifzf,
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F1G. 5.5. Phase portrait of the unperturbed equation (4.27) with € =0 for several values of §.

where z; is —% + %m . The minimum energy level E,,i,[o,] for periodic orbits
surrounding the center point in gy is Eping,] = %Z% + %zg + i{zé, where z9 is
—% — %M Putting Q(E, &) = ﬁggg (where I; and Iy are given by (5.21)) it
can be shown analytically that:

(i) for the periodic orbits surrounding the center point in o:

hmElEm"’"[Zl] Q(E7£) = 0’ hmETElOOp Q(E’ 5) = R£1 (5)7 %(EminEﬂ?g) = %7
and g_%(Eloopvg) = —0Q,

(ii) for the periodic orbits surrounding the center point in oy
hmElEmm[zg] Q(E7£) = 07 hmETEloop Q(Evg) = Rgz (5)7 %(Emin[gﬂvg) = %7

and %(Eloop,f) = —o0, and
(iii) for the periodic orbits outside the saddle loop connection:
hmElEzOop Q(E7£) = R£3 (5)7 lirnEToo Q(E, 5) = 00, g_g(Eloopag) = —0Q,
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F1G. 5.6. Plot of P as function of £ for £ < 0.

where R, (§) for i = 1,2, and 3 can be determined numerically and are given in
Figure 5.9. Using an adaptive recursive Simpson rule Q(E, &) has been calculated
numerically for several values of . Plots of ) are given in Figure 5.10 for £ = %, in
Figure 5.11 for £ = %, and in Figure 5.12 for ¢ = . From these figures it is obvious

72"
that there are always non-trivial E-values such that I(E,&,n) = 0 or equivalently
Q(E,¢) = L. Each non-trivial E-value corresponds to a limit cycle in the phase

plane. It also follows from these numerical calculations that at most two limit cycles
can be bifurcated out of the periodic orbits surrounding ¢;. The same result also
holds for the periodic orbits surrounding ¢,, and for the periodic orbits outside the
saddle loop. However, out of all the periodic orbits at most five limit cycles can be
bifurcated simultaneously. Numerical calculations give the following results:
(i) for 0 < ¢ < 2 —569... x 10~-5at most three limit cycles can be bifurcated out
of the periodic orbits,
(i) for 2 —=5.69... x 1070 < € < Z +5.69... x 107% at most five limit cycles can
be bifurcated out of the periodic orbits, and
(iii) for 2 +5.69... x 107% < ¢ < I at most three limit cycles can be bifurcated
out of the periodic orbits.
For ¢ = % and decreasing values of n and for ¢ = % and decreasing values of 7
sketches of the appearance and disappearance of limit cycles are presented in Figure
5.13 and in Figure 5.14 respectively. The period T of a periodic solution can again

be determined as is indicated in section 5.2.1.

5.2.4. The case £ = i. The unperturbed equation (4.27) with € = 0 has in this
case two equilibrium points in the phase plane: a center point in g; = (0,0), and
a higher order singularity in g, = (—2,0)(see also Table 5.1 and Figure 5.5). The
maximum energy level for the periodic orbits inside the loop connection (that is, the
orbit which starts in (—2,0) and ends in (—2,0)), and the minimum energy level for
the periodic orbits outside the loop connection are equal to Ejyop = % The minimum
energy level for the periodic orbits surrounding the center point in ¢; = (0,0) is 0.
Putting Q(E,§&) = ﬁggg (where I; and Iy are given by (5.21)) it can be shown
analytically that:
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Fi1c. 5.7. Plot of Q(E;€) as function of E for several values of £ < 0.

(i) for the periodic orbits inside the loop connection: limg|oQ(E, %) = 0,
. 2] 9
limg; g, QE, 1) = 1, a—g(O7 1) =32, and a—g(Eloop, 1) = —o0, and

(i) for the periodic orbits outside the loop connection: limg| g,,,, Q(E, $) = 4,
. d
limpre Q(E, 1) = 00, 92 (Eipop, 1) = —o0.

Again using an adaptive recursive Simpson rule Q(FE, %) has been calculated numeri-
cally. Plots of Q(E, 1) are given in Figure 5.15. From this figure it is clear that there
are always non-trivial E-values such that I(E,&,n) = 0 or equivalently Q(E, &) = %
Each non-trivial E-value corresponds to a limit cycle in the phase plane. It also
follows from these numerical calculations that for & = i at most three limit cy-
cles can be bifurcated out of the periodic orbits. More explicitly in this case: for
0.4318... < 1 < 0.44548... three limit cycles will occur, and for § < 0.4318... or for

% > 0.44548... exactly one limit cycle will occurs. A sketch of the appearance and

disappearance of limit cycles for £ = i and for decreasing values of 7 is given in Figure
5.16.
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F1G. 5.8. Sketch of the appearance and disappearance of limit cycles for £ = 0 and for decreasing
value of 7.
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5.2.5. The case £ > %. The unperturbed equation (4.27) with € = 0 has in this
case only one equilibrium point in the phase plane: a center in (0,0) (see also Table
5.1 and Figure 5.5). The minimum and the maximum energy level for the periodic

orbits are in this case 0 and oo respectively. Putting Q(FE,§) = ﬁggg (where I

and Iy are given by (5.21)) it can be shown analytically that limg, g, ,, Q(F,&) =0,
limpeo Q(E, &) = oo, and g—g(o,g) = 3. Again Q(E,€) has been calculated numeri-
cally and plots of Q(F, &) are given in Figure 5.17 for different values of £. From this

figure it is clear that there are always non-trivial E-values such that I(E,n,§) =0

or equivalently Q(FE, &) = % It also follows from these numerical calculations that

for i < &< i + 0.004488... at most three limit cycles, and for & > i + 0.004488...

at most one limit cycle can be bifurcated out of the periodic orbits. A sketch of the
appearance and disappearance of limit cycles for + < ¢ < i + 0.004488... and for

1
decreasing values of 7 is given in Figure 5.16.
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6. Conclusions and remarks. In this paper it has been shown that the pertur-
bation method based on integrating factors can be used efficiently to approximate first
integrals for strongly nonlinear oscillator equations. In section 2 (and 3) of this paper
an asymptotic justification of the presented perturbation method has been given. It
has been shown how the existence and stability of time-periodic solutions can be de-
duced from the approximations of the first integrals. In section 4 it has been shown
explicitly how approximations of first integrals can be constructed for the generalized



APPROXIMATIONS OF FIRST INTEGRALS FOR A NONLINEAR OSCILLATOR 24

Lo 0.38576 4 @ J—
0.5 \
o0.aes574 \
03] \
o.8s72 |
o025
o.0857
0.2
o.sssee
015
/
/
041 0.38566 | /
E =

i - - - — o505 5T G EECS OEEoE SeT oEETT OEETE
(a) Surrounding o, (b) Zoom in surrounding o,
o o.38576 4 Q —
0.5 ] \
0.38574 - \\
0.3 \
o872 ]
05
-
021
o5 osssss] [/
/
y o8 / r
ots a5 e 5 o= 0,450 53507 55805 6308 S EET T OEETE
(c) Surrounding o, (d) Zoom in surrounding o,
re e
/
/
o]
—
25
—
2]
16
-
J \
o5 . _— .
N NS Rt L
(e) Outside saddle loop (f) Zoom in outside saddle loop

o
o.3s585 o
0.3858 o
0.38575 o
0.3857 4
E

E 0.38565
S E e oE BE T E T e e 2 0.2506 6.5808 0381 65812 6.5814 0.2816 0.2678 0282

(g) For all (h) Zoom in for all

0000 4242 NNEN OB
NPO D L hROD NN RO BN S

Fic. 5.11. Plot of Q(F;€) as function of E for & = %

Rayleigh oscillator equation
(6.1) X 49X + puX? 20X = ¢(X — X3,

where ¢ and A are parameters, and where € is a small parameter satisfying 0 < e < 1.
In section 5 it has been shown how the existence of time-periodic solutions of (6.1)
can be determined from the approximations of first integrals. The following results for
the generalized Rayleigh oscillator equation (6.1) have been obtained in this paper:



APPROXIMATIONS OF FIRST INTEGRALS FOR A NONLINEAR OSCILLATOR 25

o e} —

o / .
.38 - \
ose 0107 ] \
004
o8
o2 0.4106 o
o
ooa

o2 oaros |
010
e
o.14 0.4105 ] /
oz

on /

o.08 = o.a10a5 1/
e e et " 3557 5 550% 65505 55095 T 5T 5T
(a) Surrounding o, (b) Zoom in surrounding o,
e 0.11444 o ///"7\
01443 ' N
0] \
omiass
oriasa
oisas
008 oisss
or1asz
orasz
0.0 oriasz
on1saz
or1ses
004 oaran
otass
otraa
002 orast
oatass
. orras 1/
° E 0.3673% DERT GB30618030152 530156
o5 o5e 555 o5
(c) Surrounding o, (d) Zoom in surrounding o,
1 2 0.3375 - e //
< 0007 /
oases |
o]
006
2]
oasss |
+ \
o.sss | \
= — E
5 ; 5 > =5 gz ogor —odos 5308
(e) Outside saddle loop (f) Zoom in outside saddle loop
[2}
fz= Qo
g,
b S2
/_< E
)

(g) Sketch for all

F1G. 5.12. Plot of Q(E;€) as function of E for £ = %

(partially based on strong numerical evidence)

(i) for 4 = 0 and A > 0, and for p # 0 and i—é‘ > 1+ 0.004488...: exactly
one limit cycle is bifurcated out of the periodic orbits (of the unperturbed
equation (6.1) with € = 0).

(ii) for A < 0, and for p # 0 and A = 0: at most two limit cycles can be bifurcated
out of the periodic orbits.

(iil) for 1 # 0 and 0 < 3-@ < 2-5.69...x1075, and for p # 0 and 2+5.69...x107°¢ <
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Fic. 5.13. Sketch of the appearance and disappearance of limit cycles for & = é and for
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Fi1c. 5.14. Sketch of the appearance and disappearance of limit cycles for & = % and for

decreasing values of 7.

N < i + 0.004488...: at most three limit cycles can be bifurcated out of the

periodic orbits.
(iv) for p# 0 and 3 —5.69... x 1076 < 23 < 2 +5.69... x 107%: at most five limit

cycles can be bifurcated out of the periodic orbits.
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