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ABSTRACT

In the year 2050, global anthropogenic radiative forcing from aircraft emissions are projected to increase sig-
nificantly. Recent studies have considered climate optimized flight trajectories to be a promising measure
to mitigate non-CO2 emissions’ environmental impact, which is highly sensitive to locus and time of emis-
sions. Estimating the maximum mitigation potential from these trajectories requires accounting of air traffic
regulations. As designing regulated climate optimal trajectories necessitates solving a hybrid optimal control
system with unknown mode sequence and associated switching times, there is a need to build an efficient
and systematic control technique. In this thesis, a bi-level optimal control algorithm is proposed for design-
ing climate optimal cruise trajectories, the lower level calculates the optimal switching times and control
inputs of a fixed mode sequence and, the upper level updates the mode sequence with mode insertion which
lower the cost locally. The problem for trajectory optimization is formulated here as a hybrid optimal control
problem with a switched system and with a variable mode sequence, where step-climb and descent modes
are included in the mode sequence. Optimal Control problems for minimizing operating cost and climate
cost with fictitious climate cost functions (CCF), varying with altitude, are solved to study the performance of
the algorithm. The algorithm is implemented within the Trajectory Optimization Module (TOM) by building
a bi-level framework. The framework was validated by solving the operating cost optimal control problem.
The maximum error between the cost reduction estimated by the algorithm and the actual cost reduction
was found to be less than 15%. With high probability it can be stated that the bi-level framework is able to
calculate an optimal mode sequence as the framework allow for zero entry modes in the mode sequence i.e.
modes of zero duration. Although, careful consideration is required while selecting a mode for insertion as
the framework is highly dependent on the sequence of the set of modes.

Despite a satisfactory performance of the bi-level optimal control technique there are few challenges
which limits the scope of this technique. The maximum error was found to increase for optimal control
problems with AirClim CCFs. The dependence of the AirClim CCFs on position of the aircraft influences the
locus of the trajectory at each flight level. Because of this the the trajectories calculated in each iteration of
the framework are found to be inconsistent. A flight trajectory guided by waypoints is proposed as solution
for future studies to handle the inconsistency between trajectories. As future studies are expected to focus on
finding optimal mode definitions for designing climate optimal trajectories, the bi-level optimal control algo-
rithm can act as an intermediary tool with which the researchers can systematically investigate cost benefits
along the trajectories.

Keywords: Aircraft Trajectory Optimization, Bi-Level Control Algorithm, Climate Optimized Trajectory,
Hybrid Systems, Optimal Control Theory, Switched System
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1
INTRODUCTION

Aviation emissions primarily consist of carbon dioxide (CO2), Nitrogen Oxides (NOx ), water vapour (H2O)
and particles (aerosols and soot particles). With varying level in certainty, the global effect from the emis-
sion of these greenhouse gasses is predicted to warm up the Earth’s surface. The Radiative Forcing (RF), a
measure of the change in energy balance of Earth, measured (as of 2005) from global aviation is estimated to
be positive, see figure 1.1. Besides CO2, the best estimate of RF from NOx emissions also indicate a positive
contribution. Based on the current understanding, NOx is considered responsible for the formation of the
Ozone (O3) and reduction of methane (CH4) from the atmosphere. Further, the contribution of water vapour
(H2O) and soot particles is suspected to be positive, since these are predicted to enhance cirrus cloud from
spreading contrails.[6]

In a span of 5 years, from 2000 to 2005, there has been a 14% increase in total RF. The total aviation RF in
the year 2005 was 3.5% of the total anthropogenic forcing and by 2050 it is estimated to be around 4-4.7% of
the total RF, where the highest percentage of RF would be due to the non- CO2 emissions[7]. In the year 2050,
aircraft emissions are projected to increase, the global CO2 by 3% , ozone concentration by 13%, contrail cover
by 0.5% and cirrus cloud cover by 0.8%. The environmental impact due to air traffic emission would further
raise as the air connectivity demands are expected to grow at a rate of 4.1% annually, according to IATA [8].
In a report published by IPCC [9] in 1999, it was predicted that by 2050 the range of technologies developed
will not significantly reduce the global anthropogenic RF caused by the increasing air traffic. Researchers
around the world are working on finding mitigating steps to reduce the impact of air traffic emissions on
global warming.

In the past, significant research has been done in designing optimized flight trajectories to reduce climate
impact due to aircraft emissions. The main aim of developing these climate optimized trajectories is to en-
able the policy makers to make a trade-off between the climate impact mitigation and operating cost, while
making decisions on aviation operations. Various climate models have been used previously to express emis-
sions impact on climate quantitatively. Studies, such of Oliveira,R. et al.[10], represent the climate impact in
terms of Emission Indexes. The Emission Index (EI), defined as grams of pollutant per kilogram of burnt fuel
(g/kg), are calculated using methods such as the Advanced Emission Model or the Boeing Fuel Flow Method
(designed by Eurocontrol). The results of [10] showed improvements upto 21% in reducing aircraft emissions
by optimizing only the vertical flight profile of the departure procedures at Frankfurt Airport. Further, the
study of Sridhar et al.[11] combines the temperature response with the EI, based on a linear dynamic system
response model, for Trans-Atlantic cruise flight. The cruise trajectories are then optimized in presence of
winds while considering the environmental impact caused due to CO2 emissions and contrails. The results of
the study estimated 38% and 20% reduction in temperature response with an increase of 3.1% and 3.7% fuel
burnt for westbound and eastbound Trans-Atlantic flights respectively. With estimated climate mitigation
potential being significant there has been an increased interest in designing climate optimized trajectories.
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2 1. INTRODUCTION

Figure 1.1: Estimates for radiative forcing from global aviation in 2005. The error bars represent the 90% likelihood range for each
estimate. The level of scientific understanding (LOSU) is shown on the right. Source: reproduced from [1].

1.1. CLIMATE IMPACT AND AVIATION EMISSIONS
The increasing understanding of the climate system and improved climate simulation models has allowed
researchers to reproduce the observed global temperature patterns and trends over many decades[6]. As
mentioned previously and from figure 1.1,the non-CO2 emissions are estimated to have a significant con-
tribution in global climate change e.g. from changes in ozone, methane, cloudiness and others. According
to the report published by IPCC[9], these non-CO2 emissions are characterized to have temporal and spatial
variability in their effects. The impact of these emissions on climate depends not only on the amount of emit-
ted substances, as would be the case with CO2 emissions, but also on the time and region where the emission
takes place. Based on the qualitative assessment of the emissions variability the regions with high climate
sensitivity have been identified. This aids in the development of possible strategies to minimize climate im-
pact from optimizing aircraft trajectories. Further, efforts are made in modelling precise climate models for
quantification of climate impact at regions with high climate sensitivity. This section will discusses the de-
pendencies of individual emission and pin point prominent regions where the impact is significant.

1.1.1. CONTRAILS AND CIRRUS CLOUDS
Aircraft line-shaped contrails tend to warm the Earth’s surface, similar to thin clouds. RF of contrails depends
on their global cover and optical properties. Their formations are triggered from the water vapour emitted
by the aircraft and their optical properties depends on the particles emitted and on ambient atmospheric
conditions. A faster growth in contrail cover is expected due to increase in air traffic. The growth is mainly
expected to increase in the upper troposphere, also where the contrails form preferentially. The contrail cover
over Earth’s surface is projected to grow from 0.1%, in 1992, to 0.5%, in 2050. It is also suspected that the
contrail formation may occur with improvements in aircraft fuel efficiency.[9]

According to the current understanding of contrails, they are known to form at high altitudes where the
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ambient temperature is low. In dry air the contrails dissolve quickly and in regions where the relative humid-
ity with respect to ice is high they persist. As the expected effects of persistent contrails is predicted to be
three to four times greater than that of carbon dioxide[12], recent studies have focused on developing strate-
gies to optimize flight path for contrail avoidance.[13] To assess the potential of contrail mitigation through
trajectory optimization, studies in [14] and [15] propose optimization algorithm with climate impact models
to predict the formation of persistent contrail.

In ice-supersaturated air the contrails grow with the absorption of ambient water vapour and turn into
contrail-cirrus. The increasing trend in cirrus/high cloud over congested air traffic regions are attributed
with aviation activities. Cirrus formations are noticed to occur mainly in the regions of North America, North
Atlantic and Europe. Over central Europe the cirrus coverage is estimated to increase by about 1-2% per
decade. This has led to an increased interest in optimizing Trans-Atlantic flight routes for contrail mitigation
e.g.[11]. However, due to limited understanding on cirrus clouds the RF of these are unknown presently.[13]

1.1.2. NOx , H2O AND PARTICLES
NOx emissions are estimated to have increased the ozone concentrations at the cruise altitudes in northern
mid-latitudes by up to 6% and are projected to rise to about 13% in 2050 from aircraft activities. Further,
NOx emissions are expected to decrease the methane concentration by 5% in the year 2050. The effect of
ozone concentrations are effectively observed to increase through NOx emissions in the upper troposphere
mainly in the Northern Hemisphere. The largest increase in ozone concentration due to aircraft emission is
calculated to occur near the tropopause where natural variability is high. It is also observed that the aircraft
NOx emissions have a stronger effect in the upper troposphere than an equivalent amount of emission on the
surface. Although, the RF of methane and ozone are of similar magnitude and opposite in sign, the difference
in latitudinal structure of the forcing does not cancel at regional level. However, the uncertainties in the
sources and sinks of methane does not allow for a conclusive testing of the impact due to air traffic.[9]

Similar to previously discussed aircraft emissions, water vapour (H2O) tends to increase the Earth’s surface
temperature. A smaller fraction of H2O released in the lower stratosphere can build to large concentrations
with time. Though the effect of H2O is comparatively smaller than those of CO2 and NOx , the water emis-
sions in stratosphere tend to partially off-set the NOx induced ozone increase[9]. Further, as discussed in the
previous section, based on the ambient atmospheric conditions the H2O and particles emitted from aircraft
in the troposphere region aids in the formation of persistent contrails.

As predominant effects of the latter discussed emissions are manifest in the upper stratosphere and tro-
posphere region, studies with trajectory optimization for minimizing climate impact focus on developing
optimal aircraft routes for cruise altitudes. As the cruise is the longest phase of a long range flights, increased
interest lies in optimizing cruise trajectories to measure the maximum potential of climate mitigation through
flight trajectory optimization. Although, few studies in the past have focused on calculating the mitigation
of NOx emissions for the cruise phase (e.g.[10, 16]), the climate impact models used in these studies do not
include spatial and time variability. Thus, the results of these studies present a basic scope of climate mitiga-
tion with the purpose of motivating future studies to focus on developing climate optimized trajectories with
improved climate models which can quantify climate impact based on variability of emissions.

1.1.3. CARBON DIOXIDE (CO2)
In the year 1992, carbon dioxide emissions from all transportation sources accounted for 13% of the total
anthropogenic carbon dioxide emissions. About 2% of the total CO2 was contributed by the air traffic. As
the RF from these emissions is resulting from emissions during the past 100 years, the concentration of CO2

attributable to aviation in year 1992 is a little more than 1% of the total anthropogenic increase. By 2050 the
projected accumulation of carbon dioxide due to aircraft accounts for 4% of that from all human activities[9].
Based on the understanding on the effects of CO2 emissions, their accumulation in the atmosphere is pre-
dicted with high confidence to have a global impact raising the global mean surface temperature.[6]

CO2 is the primary carbon gas emitted from aircraft engines because of complete combustion of aviation
fuel. Since the total fuel consumption has a direct dependence on the operational cost, all previous studies of
optimized aircraft routes for optimal operating cost have indirectly minimized the total aviation CO2 emis-
sions. Further, studies in [10, 17, 18, 16, 19] offer optimization frameworks for minimizing fuel consumption
with cost models in presence of winds, wind shear and cross wind for different phases of the flight trajectory.
The already available literature on the latter subject offers strong methodologies for predicting the reduction
in carbon dioxide emission by optimizing flight trajectories. As the impact of the emission is global, these
optimized trajectories could be extended to the global flight network.
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1.2. CLIMATE COST FUNCTIONS
Based on the recent understandings of non-CO2 emissions dependency on time, location and weather pat-
tern studies are working on quantifying their variability. Within these studies climate cost functions (CCF)
are calculated as a measure for the climate impact of individual aviation emissions depending upon the latter
dependencies. These CCFs physically represent near surface temperature which is presumed to be a reason-
able indicator for climate change. As the effects of the non-CO2 emissions depends on individual weather
situations different modelling approached are used for climate models. To the extent of author’s knowledge,
AirClim[20], a tool designed for climate evaluation of aircraft technology, and REACT4C[21], an European
project developed to investigate the potential of climate optimized flight routing, offer climate models which
are capable of quantifying the individual emission’s spatial variability (CCF). Studies in Niklaß et al.[2] and
Lührs et al.[4] have utilized AirClim tool and REACT4C climate model, respectively, for assessing the climate
mitigation potential during cruise. Both studies have assumed a free airspace and constant speed cruise for
North Atlantic flight routes and have reached similar conclusions, measuring large potential in climate miti-
gation.

1.2.1. CLIMATE MITIGATION WITH AIRCLIM CCFS
AirClim model is designed to be applicable for climate agents CO2, H2O, CH4 and O3 and contrails. The model
linearises the complex functional chain from emissions to climate change including transport, chemistry,
micro-physics, and radiation under consideration of climatological mean data. As climate-chemistry calcu-
lations are expensive in time and computational resources, AirClim combines pre-calculated atmospheric
data with aircraft emission data. These pre-calculated data are derived from 25 steady-state simulations for
the year 2050 with the climate-chemistry model E39/C, prescribing normalized emissions of NOx and H2O
at various atmospheric regions. AirClim calculates the temporal evolution of atmospheric concentration
changes, radiative forcing and temperature changes as a function of latitude and altitude, except contrails
for which the climate changes are calculated as a function of latitude, longitude and altitude with minimal
computational time.[20, 2]

Figure 1.2: Absolute climate change functions (CCF) at Greenwich meridian as function of altitude and latitude derived with AirClim.
Figure show CCF of (a) all considered climate agents, (b)water vapor (H2O), (c) ozone (O3) and (d) methane (CH4). Source: [2]

The study in Niklaß et al[2] presents an interim climate mitigation strategy by defining climate restricted
airspaces (CRA), regions with high climate sensitivity, characterizing the climate impact with CCFs calculated
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from AirClim model. The restricted area are defined by selecting a threshold value (Cthr ) which is based on
the total climate costs. The total climate costs are determined from estimating the climate change, expressed
as average temperature response over 100 years (ATR100,i for each climate agent i ), over a defined time hori-
zon caused by CO2 and non-CO2 emissions. The global mean surface temperature changes resulting from
cruise emissions of each flight level is then investigated to define CRAs. The climate sensitivity calculated for
climate agents, H2O, O3 and CH4, between +15°and +80°northern latitude and between -130°and +30°eastern
longitude for an altitude range of 7,610 m to 11,840 m is shown in figure 1.2.

The cruise trajectory between Helsinki (EFHK) and Miami (KMIA) is then optimized from re-routing the
flights around the CRA. Within this study, the climate mitigation potential are investigated by calculating
trajectories based on the percentage of overall airspace being closed. The study additionally also considers
optimizing cruise trajectories by lowering the climate sensitivity along the trajectory. The overall mitigation
potential for these trajectories are then investigated from varying climate mitigation weighting factor. The
flight conditions for all trajectories calculated within this study assume a free flight with no ATM or ATS re-
strictions. The preliminary results of this study show potential to mitigate climate impact by 12% from climate
optimized trajectories and 8.7% from CRA avoided trajectories with 28.8% of the total airspace closed, with
no addition to the operational cost. The altitude variations in the flight path with time for climate optimized
trajectories and CRA avoided trajectories calculated for varying climate weighting factors are shown in figure
1.3. Within these trajectories, it can be observed that with an increasing climate weighing factor (Cψ) the
flight altitude is altered such that regions with high climate sensitivity are avoided.

From figure 1.2 it can be observed that the climate sensitivity of all considered agents, except CH4, is
increasing with rising altitude. However, the combined climate sensitivity of these agents, see fig. 1.2 (a), is
observed to be non-linear, without a strict increasing or decreasing gradient with altitude. The trajectories
calculated with maximum weight factor for climate mitigation, see figure 1.3, also indicates this non-linearity,
as these climate optimal trajectories cannot be categorized with only climb or descent flight profiles.

Figure 1.3: (1)Altitude variation with flight time, on the left, for climate optimized trajectory, where Cψ is the climate weighting factor
and (2) Altitude - longitudinal plot for CRA avoided trajectory, on the right, with CRA are pictured along the cross-section of lateral
path and Cthr represents total airspace available for air traffic for cruise trajectories from Helsinki (EFHK) to Miami (KMIA). Source
[2]

1.2.2. CLIMATE MITIGATION WITH REACT4C CCFS
REACT4C is an EU project which focuses on quantifying emission impact variability by first concentrating on
frequently occuring daily weather patterns. The modelling approach of REACT4C uses Atmospheric Chem-
istry model (EMAC) to calculate climate cost functions. In REACT4C, the CCFs calculation includes the con-
tribution of primary aviation emissions to atmospheric concentration and contrail properties. Further, the
radiative impact is calculated over a time period of weeks leading to an approximate annual mean instanta-
neous RF. The model uses a correlation between instantaneous and adjusted RF to obtain a reliable basis for
the expected climate change.[21]

Within the REACT4C project, the climate modelling approach provides CCFs for a defined weather situa-
tion. The most important aviation emissions are measured as a function of location, altitude and time. The
calculation of climate cost function includes the calculation of the emission induced atmospheric changes
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such as the perturbations of NOx , O3, CH4, H2O and the formation of contrails and their optical properties.
In [3] the CCFs are calculated for the North Atlantic region. The study considered typical weather situations
and released aviation emissions at 7 latitudes between 30°N and 80°N, at 6 longitudes between 75°W and 0°W,
at four pressure levels between 200 and 400 hPa, and at 3 times between 6:00 and 18:00. Figure 1.4 (A) show
the CCF calculated for H2O and CH4, as a function of latitude and altitude, at 30°W. Also, figure 1.4 (B) show
the CCF calculated for contrail and O3, as a function of latitude and longitude, at an altitude of 200 hPa. The
contours of figure 1.4 show the RF, which serves as the basis for other possible metrics like global warming
potential or global temperature potential. The results of the study estimate the RF value to increase with
altitude for H2O and is predicted to have longer lifetime, before dissolving, for stratospheric emission. The
RF from CH4 is predicted to increase from the tropopause towards mid-tropospheric altitudes and O3 RF is
estimated to increase with altitude. For the formation of contrail, it was predicted that at a specific altitude
(200 hPa) there are regions with positive and negative RF and with large areas with no contrail formation. The
distribution of the contrail is based on the extent of the ambient conditions i.e. ice super saturated regions
which are suitable for contrail formation.

Figure 1.4: A: H2O and CH4 climate cost functions in terms of net radiative forcing represented as a function of altitude (pressure)
and latitude at 30°W. B: Contrail and O3 climate cost functions in terms of net radiative forcing represented as a function of latitude
and longitude at 200 hPa. Source [3]

The climate mitigation potential with REACT4C CCFs were estimated by Lührs et al. [4] from investigat-
ing nine fictitious North Atlantic routes in the presence of winds for westbound and eastbound flights. The
climate costs were expressed as average temperature response integrated over a time period of 20 years. The
results of the study showed approximately 15% reduction in average temperature response from optimization
with the horizontal plane (2D) for 2% rise in operating cost and 20-35% higher reduction for a similar rise in
cost in case of 3D optimized trajectories. Similar to the study in [2], this study also calculates the climate
mitigation potential for a constant speed cruise flight assuming free flight conditions without air traffic re-
strictions. Figure 1.5 show the altitude variations with longitude for 3D climate optimized cruise trajectories
calculated from REACT4C CCFs.
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Figure 1.5: Altitude variation with longitude plots of vertical and lateral optimized trans-Atlantic cruise flight investigated over ficti-
tious flight routes for varying climate weighting factors (Cψ). Source [4]

The result of the study [4] demonstrated the influence of wind presence, in addition to climate sensitive
regions, while determining the climate mitigation potential of climate optimized trajectories. The trajecto-
ries calculated were observed to have a constant altitude cruise in regions with weak winds and climb was
encouraged in regions with strong headwinds. In addition to the wind direction and strength, the vertical
profile of the trajectories were observed to climb or descent, if the reduction in climate sensitivities predomi-
nates the additional emissions caused by headwinds, increased cost from climb or descent phases, additional
flight distance and off-design altitudes.

From the results of the studies, discussed in this and the previous section, it can observed that the vertical
flight characteristics of the climate optimal trajectories are dependent on the CCFs of climate agents and wind
conditions. Since, both CCF and wind conditions do not follow a strict increasing or decreasing gradient with
altitude, the vertical profiles of the climate optimized trajectories are observed to include a climb or descent
phase based on the estimated climate cost benefits.

1.3. CLIMATE TRAJECTORIES VS. ATM TRAJECTORIES
All climate optimized trajectories discussed in the previous section are calculated assuming free flight condi-
tions and constant speed. However, actual flight profiles are regulated by Air Traffic Management (ATM) and
Air Traffic Service (ATS) constraints and consist of different flight modes. The flight path and the sequence of
flight modes are planned either by an Air Traffic Controller (ATC) or a pilot. This is fixed for most part of the
flight until a variation in the sequence is deemed necessary due to operational or emergency reasons. Thus,
unlike the altitude variations observed in case of free flight climate optimized trajectories, ATM regulated
trajectories are restricted to pre-assigned Flight Levels (FL) and a change in altitude is achieved through step
climb/descent procedures which are constrained by ATM and aircraft flight envelope. Further, to ensure safe
flight strict restrictions on vertical separation between aircraft are imposed, called Semi-Circular rule[22],
based on the course of the aircraft (westbound or eastbound).

1.3.1. SEMI-CIRCULAR RULE

To limit the possible conflicts with another aircraft coming from the opposite direction, the semi-circular
rule defines a basic vertical separation for conventional airspace and between same types of aircraft. The
basic rule for the flight levels or altitude selection is defined as a function of the aircraft course, separating
the available flight levels into two categories; the even and odd flight level. The flight levels represent the
altitude in feet rounded off to the nearest 100 or 1000 for altitude below and above 10,000 ft. respectively,
e.g. FL 40 corresponds to 4000 ft. and FL 330 corresponds to 33,000 ft. All flight levels with an even number
before the final 0 are termed as even flight levels (FL 40, 60, 120...) and flight levels with odd number before
the final 0 are termed as odd flight levels (FL 50, 70, 90, 130...). For a conventional airspace, the semi-circular
rule defines the flight levels based on East/West orientation, where the aircraft track with heading angles
between 0°to 179°is assigned odd flight level and for heading angles between 180°to 359°is assigned even flight
levels. Further, the available flight levels between FL 290 and FL 410 are defined by the semi-circular rule as
RVSM (Reduced Vertical Separation Minimum) airspace where 1000 ft. separation between two aircraft are
provided.[22] Figure 1.6 show a visual example of the semi-circular rule followed in conventional airspace.
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Figure 1.6: Vertical separation between eastbound and westbound flights defined by semi-circular rule for a conventional airspace,
restricting available airspace to even and odd flight levels.

Previous studies that have estimated the potential of climate optimized trajectories for climate mitigation
have observed a difference in the plausible reduction of climate impact for the same routes depending on
the flight orientation. The difference in overall potential with orientation is observed for CO2 and non-CO2

emissions alike (ref. [11, 4]. Thus for the realization of the maximum potential for climate mitigation through
climate optimized trajectories in an ATM airspace would require optimized flight profiles to be constrained
by semi-circular rule. Further, it is also important to note that the flight levels refers to the pressure altitude
and not the geometric altitude. This is mainly because the performance of an aircraft is based on pressure
altitude for different reasons such as, the geometrical altitude provided by GPS becomes unreliable at higher
altitudes, to and to have a redundant system.

1.3.2. STEP CLIMB AND DESCENT
The climb mode of an aircraft characterizes the flight motion that calls for an increase in altitude. In the
cruise phase of the flight, climbing in steps to an optimum altitude is proposed as one of the best practices
for fuel economy (according to ICAO[23]). Further, apart from fuel efficiency, a climb in cruise phase is also
carried out upon ATC request to maintain a specific cruise speed or for turbulence avoidance. A climb in
all phases of flight should abide by the semi-circular rule where the aircraft can climb only to the designated
flight levels (odd or even). The maximum altitude to which civil aircraft is allowed to climb is FL 411, although
the ceiling altitude of most civil aircraft are lower than this. During climb, the safety envelope of the flight
restricts the speed requirement and the climb is carried out in vertical speed mode where the vertical speed
takes precedence over the true air speed of the aircraft[24].

Similar to climb, the descent mode characterizes the flight motion for decrease in altitude. However,
descent during cruise is not a common practice but is only included into the sequence of flight modes for
emergency situation or to avoid incoming traffic. A descent in altitude for either of the latter reasons still
abides by the semi-circular rule unless the pilot declares a Mayday emergency situation. Further, the speed
mode selected and speed restrictions imposed during descent are conceptually similar to that of the climb
mode.

For an estimation of the maximum potential of the climate optimized trajectories, a study would require
to develop aircraft routes constrained by ATM regulations. As climate optimized trajectories discussed pre-
viously include non-linear altitude variations, an extension of these trajectories in a conventional airspace
would pose a serious challenge to safety of airspace as potential conflicts may arise between aircraft routes.
A study for climate optimized trajectories with ATM constraints imposed would serve as a comparison to the
potential climate mitigation between free flight conditions and a conventional airspace. The results of such
a study would allow future research to consider improved methodology in developing aircraft routes through
any perceived modifications to the ATM restricted airspace. This study considers A330-200 type aircraft in all
future references, as this aircraft has been selected in the studies discussed in section 1.2



2
OPTIMAL CONTROL PROBLEM

The optimization of flight trajectories is possible with the application of optimal control theory which can
consider dynamic effects of the new generation high performance aircraft. In optimal control theory the
governing physical principles of the system, referred as system-state, are described with a set of parameters
called state variables. The evolution of the system state in time is influenced by the inputs (control variables).
The main objective of the optimal control problem is to steer the system by means of it’s control variables in
such a way as to achieve the best value for the specified performance index (eg.: maximize range, minimize
fuel consumption), without violating any constraints imposed on the system. Solving these control problems
employ analytical methods which are iterative and require high computation time. To reduce the compu-
tational complexity, efforts are made to generate near-optimal solution based on simplified system models.
[25]

The flight of an aircraft can be distinguished with several flight phases such as climb, cruise and descent,
where each phase is associated with a dynamical model and set of constraints (or boundary conditions).
Since, cruise is the longest phase of the flight, for a long-haul flight, most studies with optimal control theory
have focused on optimizing the cruise part of the flight. Studies such as [26] have optimized cruise trajectories
with multiple cruise altitudes, where each cruise segment is followed by a climb mode. The optimal control
problem for trajectories with multiple flight modes are formulated as a hybrid control system as the state of
the flight is defined as a combination of continuous dynamics and discrete switches between modes. Solving
an hybrid control problem is highly complex and hard as the optimization is expected to calculate both,
the optimal mode sequence and their corresponding switching times. This complexity is often handled by
assuming the mode sequence to be known and thus solving only for their discrete switching times. The hybrid
control problem with known mode sequence is then solved with multi-phase framework.

A multi-phase framework approach in trajectory optimization allows to split the trajectory into phases.
Each phase can then be defined with different dynamics, constraints and performance index, allowing the
inclusion of ATM constraints into the problem formulation. However, based on the trajectories calculated
for minimizing climate impact, discussed in section 1.2, assuming a phase sequence is not straightforward
as the trajectories are dependent on the temporal and spatial variability of emissions. Few studies in the
past have proposed improved analytical approaches for calculating the mode sequence for climate optimized
trajectories. All of these approaches were found to be highly complex and required high computation time.
Alternately, to overcome such complexities Gonzalez et al.’s[27] proposes a bi-level hierarchical algorithm to
solve control problems with variable mode sequence, where the lower level minimizes the performance index
for a given mode sequence and the higher level updates the mode sequence based on a single mode insertion
technique.

For calculating climate optimized cruise trajectories with ATM regulated climb and descent modes, this
chapter focuses on developing a control technique based on a bi-level optimization. Initially, a brief descrip-
tion of the hybrid control system is given and available literature on optimization techniques for solving op-
timal control problem for hybrid systems are reviewed. To describe the scheme of the bi-level optimization
a numerical interpretation is presented. Finally, the necessary characteristics of the bi-level control tech-
nique are discussed with the purpose of extending it’s scope of application for designing climate optimized
trajectories.

9
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2.1. HYBRID CONTROL SYSTEM
Hybrid control systems are dynamical system which comprise both discrete and continuous state variables.
The discrete component involves the sequence of the modes and the continuous components corresponds to
both the mode duration and continuous inputs of each mode. The class of hybrid dynamical systems whose
state exhibit continuity while switching between modes are called switched dynamical systems. A general
model of the switched system includes both controlled and autonomous switches. A controlled switch be-
tween modes occur in response to certain control input and an autonomous switch takes place as certain
region of the state space are reached. An optimal control problem for the switched system thus seeks for the
optimal sequence, switching instants and continuous inputs. [5]

The flight of an aircraft intrinsically has the characteristics of a switched system, where the sequence of
the flight modes are fixed either by the pilot or ATC controller. Studies in the past have designed trajecto-
ries for aircraft from solving optimal control problem for a switched system, where the mode sequence is
assumed to be given. With recent focus on planning environmentally sustainable flight profiles there has
been a growing interest towards solving hybrid control problems with variable mode sequence. The efficient
nonlinear optimization techniques and high-performance computers have enabled the development of nu-
merical methods for such problems. These methods include a two stage (bi-level) optimization, where the
stage 1 seeks the optimal continuous inputs and optimal switching instants, and stage 2 seeks optimal se-
quence [28]. However, numerical complexities of these methods have limited their applications in designing
flight trajectories because of large computation time.

In this section available literature on optimization techniques are reviewed to frame a bi-level optimiza-
tion which can determine the optimal sequence and switching instants of discrete modes in a computation-
ally efficient manner.

2.1.1. VARIABLE MODE SEQUENCE

For various formulations of optimal control problems with switched systems, Dynamic Programming (DP) is
selected as an optimization technique to calculate mode sequence. The DP method utilizes a optimal value
function for evaluating the impulse effect on cost from switching. This allows to determine the switching
instant for a discrete mode at which the cost is minimum and thus enabling the determination of the posi-
tion of the discrete mode in the mode sequence. The computation time with this approach is very high since
the optimal solution is computed at each state. In the study of Ng,H. et al.[11] climate optimal cruise trajec-
tories are developed with the concept of DP, where the optimal aircraft turning and step climbing locations
are optimized based on the climate cost associated with each extremal generated by forward or backward
integrations.

DP discritizes the state space from possible combination of transitions which enables the calculation
of global minimum and since it does not contain any iterative calculations the computational time is pre-
dictable. However, combinatorial explosion problems may occur as the number of state variables increases.
Furthermore, the representation of the value function becomes increasingly complex with increasing modes.
The accuracy of the solution with the DP method depends on the discritezation grid and often needs ad-
justment to generate solutions suitable for practical use which may result in increased computational time.
[29]

Xu et al.[29] consider stage wise optimization in which the maximum principle approach is utilized for
providing sufficient condition to determine an optimal mode sequence. Gonzalez et al.[27] extends this
method further and proposes a descent technique to find an optimal sequence while considering constraints.
In the latter study an optimal control algorithm with two stages is developed where the higher level con-
structs a new lower cost mode sequence by employing a single mode insertion technique. This algorithm
guarantees calculation of a locally optimal mode sequence by systematically evaluating cost reduction from
mode insertions at candidate times. To demonstrate the advantages of the latter approach, in designing flight
trajectories, the study in [30] calculates a mode sequence with climb and descent flight modes for weather
avoidance. The results of this study suggest quick convergence to a solution, compared to the DP method
discussed previously.

2.1.2. MULTI-PHASE OPTIMIZATION

In all of the two stage optimization approaches developed for hybrid control system, the lower level is con-
structed with an optimal control problem which solves for the optimal continuous inputs and optimal switch-
ing instants for a given mode sequence. The problems formulated for these control problems can described
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as finding control inputs to steer the aircraft route from an initial waypoint to the final waypoint such that
the performance index is minimized. The decision making process in these control problem arises while
determining the optimal time at which a mode is activated. Studies which formulated control problems
with known mode sequence have frequently used multi-phase formulation, often solved using the pseudo-
spectral methods (eg. [31, 5]).

The multi-phase optimal control formulation splits the flight trajectory into phases (or modes) and each
phase can then be associated with different dynamics, constraints and performance index. To enforce con-
tinuity across different phases the multi-phase problem needs interior point constraints and linkage condi-
tions. Defining the latter conditions becomes very difficult for trajectories which are modeled to minimize
performance indices that are represented with functions external to the aircraft dynamical system (for ex-
ample climate cost). In order to relax the trigger conditions for switches between phases, studies in [5, 32]
considered translating the multi-phase problem into a non-linear control problem, where the problem is
converted to a conventional optimal control problem.

The multi-phase problem is converted to a conventional optimal control problem by making the un-
known switching times of the phases part of the state variables and introducing an independent variable
to model the decision making process. In the reformulated control problem a linear relation between the
switching time and independent variable is established to represent the independent variable as time scaling
factors from which the optimal switching times are calculated.

In general, non-linear control problems are the most challenging class of problems in computational op-
timization. However with advanced computer programs such as IPOPT[33], nonlinear solvers are developed
which have proven effective in calculating locally optimal solution.

2.2. BI-LEVEL CONTROL ALGORITHM
Based on the literature, discussed in the previous section, this study develops a bi-level control technique
with the algorithm proposed in the study [27] as the base. The control technique is defined as a two stage
optimization such that the hybrid control problem is divided into two constrained optimization problem, for
continuous dynamics and discrete switches respectively. The lower stage of the algorithm is defined such that
a conventional optimal control problem is formulated for a given mode sequence and the higher stage up-
dates the mode sequence from calculating a mode insertion which lowers the overall cost. The basic working
principle of the bi-level optimization is presented below:

• Stage 1: A mode sequence is specified and then the optimal continuous input and switching times are
calculated; using a multi-phase formulation.

• Stage 2: A new mode sequence is determined by inserting a mode into the mode sequence of Stage
1, which decreases the overall cost. If no such sequence can be found, the algorithm stops else it re-
peats stage 1 with the new sequence until the algorithm cannot determine a new sequence that would
decrease the overall cost.

The following sections elucidates the bi-level optimal control algorithm with a mathematical representa-
tion of the optimization.

2.2.1. STAGE 1 - LOWER LEVEL
A hybrid switch system contains a set of n differential equations describing the dynamic system of the aircraft
for different flight modes.

ẋ(t ) = fq (x(t ),u(t )), q ∈Q = {1,2, ..., Nq } (2.1)

Where x ∈ Rn represents the continuous state and Q represents all the discrete modes along the flight
path. The control input u belongs to set of functions {u : [0,∞) → U |u is measurable}, with U ⊂ Rm a
compact set, where m is the range of control inputs. The continuous dynamics for each discrete mode q
in Q = {1,2, ...., Nq } is given by the vector field fq : Rn × Rm .

The bi-level algorithm at each iteration provides a mode sequence, with varying number of total modes.
It is assumed that the mode sequence space is finite, let’s say, N+1 number of mode sequences. The mode
sequence space is represented as

{σ ∈QN+1|σ( j ) ∈Q j ≤ N +1} (2.2)
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The notation ti is introduced to indicate the switching times at which the mode changes from σ( j −1) to
σ( j ) and the corresponding dynamics changes from fq ′ to fq , where σ( j −1) = q

′
and σ( j ) = q . The time ti

∈ [t0,t f ] where i ∈ {1,2,...,N} for a mode sequence with N+1 modes and, t0 and t f represents the initial (start)
and final time of the sequence.

The hybrid optimal control problem can be formulated, for each mode, considering a switched system,
where the state and control inputs are subjected to a set of M j constraints, represented as,

{h j (x(t ),u(t )) ≤ 0, j = 1,2, ..., M j } (2.3)

Find a σ which minimizes the following objective function or the cost functional, while satisfying the
constraints 2.3.

J (σ, u) =φ(x(t f ), x(t0), t0, t f )+
∫ t f

t0

L(x(t ),u(t ))d t (2.4)

The term L is called Lagrangian running cost and φ is the penalty term.
The first stage of algorithm finds optimal control inputs u and optimal switching times {t1, t2, ...., tN } for

a given mode sequence σ, with N+1 flight modes. In this the number of switches and mode sequence are
known. This multi-phase problem with unknown switching times can be solved by converting the problem
into a conventional optimal control problem i.e. making the unknown switching time part of the state vector.
An independent variable τ is introduced, with respect to which the switching times are fixed, as in the study
[5].

Without loss of generality, it is assumed that t0 = 0 and t f = tN+1. The switching times are introduced as
new state variables xn+1, ...xn+i , .., xn+N , corresponding to switching times ti , where n represents the number
of state vectors excluding the switching times. The final time t f is also included in the state variable as xn+N+1.

xn+i = ti (2.5)

ẋn+i = 0 (2.6)

There is a linear relation between the independent variable, τ, and switching times. The slope of this linear
relation changes between two switching times intervals, [ti , ti+1]. The slopes are time scaling factors which
are also a part of the optimal control problem solution. The linear relation between time, t , and independent
variable, τ, is established such that at any fixed point, τi = i

N+1 , where t equals ti for switching times and t f

for final time. The relation is defined as in eq. 2.7 and a graphical interpretation of the relation is shown in
figure 2.1.

Figure 2.1: Graphical representation of the relation between independent variable τ and real (unscaled) time t , Source: [5]

t =
{

(N +1)xn+1τ : 0 ≤ τ≤ 1
N+1

(N +1)(xn+i+1 −xn+i )τ+ (i +1)xn+i − i xn+i+1 : i
N+1 ≤ τ≤ i+1

N+1 ; i ∈ [1, N ]
(2.7)
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The reformulated optimal control problem with extended state is as follows:

J =φ(x(τN+1), x(τ0),τN+1)+
∫ N+1

0
L(x(τ),u(τ))dτ (2.8)

subject to

ẋ(τ) = fqi (x(τ),u(τ)), τ ∈ [i , i +1], i = 0, ..., N (2.9)

ẋn+i+1(τ) = 0, i = 0, ..., N (2.10)

h j (x(τ),u(τ)) ≤ 0, j = 1,2, ..., M j (2.11)

Since the duration of each mode is constant with respect to the introduced variable, the unknown switch-
ing times can be obtained from solving the above control problem.

2.2.2. STAGE 2 - HIGHER LEVEL
The difficulty with determining the discrete modes is that the trajectories obtained with a given mode se-
quence may be far from nominal one and hence not comparable in computationally efficient manner. How-
ever, if one considers a variation in which the modified sequence differs from the original one by modes
whose durations are sufficiently small, one can then analyze the differences in the resulting trajectory and
cost function [30]. The idea of the stage 2 described in [27] is to analyze these differences and calculate a
lower cost mode sequence.

Consider insertion of a mode α ∈ Q initiated at a time t̂ ∈ [t0, t f ] for a duration λ ≥ 0 into the mode
sequence σ. The mode dynamics are active in the interval (t̂ , t̂ +λ). The mode characteristics are defined as
η= (α, t̂ , û) ∈Q×[t0, t f ]×U , where û is the inputs of the inserted mode. The insertion function ρη: λ→ (σ̂, û)
is defined to describe the insertion of mode α into sequence σ. The definition of the insertion function is
given in eqs. 2.12 and 2.13. In eq. 2.13, u(t ) is the continuous inputs of the mode sequence σ.

ρ
η
σ(λ) = (σ(1)(t1), ...,σ( j )(t̂ ),α(t̂+λ),σ( j )(t j +λ), ...,σ(N +1)(tN+λ)) (2.12)

ρ
η
u(λ) = u(t )+ (û −u(t ))‖[t̂ ,t̂+λ](t ) (2.13)

To consider the variation in cost from the mode insertion the directional derivative is defined, see eq.
2.14. This evaluates the cost variation as λ approaches zero. If the directional derivative is negative then the
insertion of mode α for a duration λ would decrease the cost.

d J (ρ(η)(λ))

dλ

∣∣∣∣
λ=0

= lim
λ→0

J (ρ(η)(λ))− J (σ, u)

λ
(2.14)

Considering the control problem in hand, the discrete modes are cruise, step climb and step descent.
Since the entire control problem is defined for a cruise phase, cruise is removed from the set of Q. The step
climb and descent, both are a two point boundary value problem. The separation distance between the initial
and final altitudes for both modes is fixed. This means that the insertion duration is finite, say λ̄. In this study,
the directional derivative will be evaluated for an insertion of finite duration λ̄ ∈ [λmi n ,λmax ], see equation
2.15. The duration range λmi n , λmax are the minimum and maximum bound set on the mode duration
respectively.

d J (ρ(η)(λ̄))

dλ
= J (ρ(η)(λ))− J (σ, u)

λ̄
; wher e λ̄ ∈ [λmi n ,λmax ] (2.15)

In addition to evaluating the cost variation, it is also important to ensure if the insertion is feasible i.e.
if the physical constraints are not violated. An additional set of path constraints i.e. boundary conditions
which are not included within the set of constraints imposed on state and control vectors, are defined as
h j (x(t )) ≤ 0, j = 1, ..., M and t ∈ [t0, t f ]. Define a variable ψ, where ψ = max h j (x(t )). For the feasibility of the
inserted mode in satisfying the constraints, it is sufficient to have

dψ(ρ(η)(λ̄))

dλ
< 0 (2.16)
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Figure 2.2: A schematic representation for the bi-level optimization with the flow diagram explaining the algorithm within an opti-
mizer

Based on the variation of cost, the stage 2 of the algorithm selects a mode insertion which has maximum
reduction in cost while ensuring the constraints remain feasible. It is important to note that the minimum
of the directional derivative does not necessarily coincide with the global minimum as the cost variation
calculated are discontinuous and are susceptible to changes with changes in mode inputs. Additionally, as
this approach does not consider removing of a mode from the mode sequence, it is important that the feasible
mode insertions at initial insertion times are given higher preference such that an optimal mode sequence
could be calculated. The final optimality function constructed for stage 2 of the algorithm is given in eq. 2.17.
The resulting mode sequence after insertion of the mode, characterized by η, is the solution of the stage 2
optimization problem:

mi nmax

{
d J (ρ(η)(λ̄))

dλ
,ψ(σ, u)+ dψ(ρ(η)(λ̄))

dλ

}
(2.17)

To implement stage 2 one should solve eq. 2.17 for every candidate mode α ∈ Q, over the variable η.
Finding η at each insertion times requires solving a min-max problem. Once a η which lowers the overall
cost is found, stage 2 would exit with a new mode sequence. The optimal switching times for this sequence is
then calculated in stage 1. This loop between stage 1 and 2 is continued until no mode insertion can be found
to decrease the cost.

2.3. STUDY OBJECTIVE
The bi-level algorithm, discussed in the previous section, provides a systematic technique to investigate a
mode selection for a climate optimized trajectory based on the mode’s feasibility to lower the climate cost.
The algorithm was previously utilized in study [30] for solving simple weather avoidance control problem
as means to demonstrate the algorithm’s validity. However, because of discontinued study on the algorithm
the maximum potential of such a technique remains unknown. Thus, before this control technique could
be used in an optimization setup for solving the climate cost hybrid control problem, it is essential to first
evaluate the algorithm’s performance in more detail. An investigative study is selected to answer the ques-
tions on reliability of such an optimization method. This would lead to an increased understanding of the
developed control technique and would allow to reach conclusive decision on the possibilities of designing
ATM regulated climate optimal trajectories with bi-level technique. The study conducted herein restricts the
hybrid control problem to a cruise phase with climb and descent modes. With a focus on investigating the bi-
level algorithm’s suitability for designing climate optimized trajectories, the results of this study are dedicated
towards answering the following question, henceforth referred as the objective question:

Can ATM regulated climate optimized trajectories be designed from solving an optimal control
problem with variable mode sequence using a bi-level control algorithm?

The case studies in [27, 30] discusses the bi-level optimization scheme by transforming the hybrid con-
trol problem into one where the optimization of the trajectories are designed to avoid certain target points
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within airspace. The objective function in these studies includes these target points in their final cost term.
Since the overall cost was calculated from measuring the difference between the position of the aircraft and
the target points, validating a feasible mode insertion calculated by the algorithm becomes simpler for the
latter cases. However, for the optimal control problems with climate impact models, discussed in section 1.2,
such transformations are difficult because the climate cost functions are determined using highly non linear
differential equations, which makes defining target points very hard.

Since defining target points within advanced climate model is hard, validating the mode sequence calcu-
lated by the bi-level control algorithm becomes difficult. Thus, before evaluating the performance of the algo-
rithm with advanced climate models, this study considers extensively studied control problem and fictitious
climate models to measure the performance of the selected control technique. The optimal mode sequence
for these control problems are calculated using the bi-level algorithm. Once the algorithm’s performance
with such simple climate models are validated then the algorithm can be extended to control problems with
advanced climate models.

The future scope of this study requires evaluating the cost benefit potential, i.e. raise in operating cost vs.
climate mitigation potential, from climate optimized trajectories. To obtain such a multi-objective optimiza-
tion the cost functional needs to integrate the climate and operational cost. A simple yet efficient selection
of the mathematical model, which describes the control problem, is required as the available computational
resources are limited. Further, a flexible computational framework needs to be developed which enables fast
debugging and also reduces the computation time.

In the following chapters, optimal control problems are formulated and solved with bi-level control algo-
rithm to find an answer to the objective question. A mathematical model which describes the cruise regime of
the flight is defined with cruise, climb and descent modes such that the trajectories designed are comparable
to realistic ATM regulated flight paths. For formulating the control problems a computational framework is
designed with the bi-level algorithm implemented. The performance measure in each of the control problem
considered is tailored to represent the individual parameters which directly contribute to the climate cost
functions calculated from advanced climate impact models. Finally, the optimal solutions obtained from
solving the control problems along with the performance of the bi-level control technique are discussed.
Based on this conclusions are drawn and future work of this is stated.





3
MATHEMATICAL MODEL AND

COMPUTATIONAL FRAMEWORK

A mathematical description used for solving an optimal control problem determines the applicability of the
acquired solutions to the real world control problems. The objective thus of defining a mathematical model
for optimizing trajectories is to adequately predict the response of a physical system such that the conclusions
drawn from it remain valid for conventional airspace. Further, the inadequate understanding of the bi-level
algorithm, discussed in section 2.3, requires a model which does not unnecessarily complicate the analysis
of the results.

The set of parameters (state and control variables) which represent the state of the system in a mathemat-
ical model requires careful selection such that the system is neither oversimplified nor made too complex. A
flexible system is essential for studying the performance of the proposed algorithm. This requires the iden-
tification of the parameters from each flight modes, i.e. cruise, climb and descent, which can adequately
represent the characteristics of an airplane. It is also important that the behaviour of these identified pa-
rameters in each mode are previously known or understood through analytical studies. The latter becomes
essential for validating the solution obtained from solving the control problem with a bi-level optimization
framework.

Within the mathematical model the state-evolution with time is given using equations of motion. These
equations of motion describe the state-evolution using a set of differential equations. These equations are
a function of aircraft performance parameters (e.g. lift, drag, engine thrust), state variables and control
variables. Further, the set of parameters and state-evolution are constrained by performance limitations,
ATM regulations and operational procedures. Determining the state-equations and selecting a performance
model which best represents the performance parameters and all latter mentioned constraints would com-
plete the formulation of a mathematical model for aircraft trajectory optimization using control theory.

The objective of the control problem considered in this study is to evaluate the performance of the bi-level
algorithm in calculating mode sequences based on the feasibility of a mode to minimize the performance cri-
terion. As the future prospects of this study are focused on estimating the cost benefit potential in developing
climate optimized trajectories, a performance measure which can quantify both simple and complex models
of operating cost and climate impact is preferred. This flexibility of the performance criterion will allow to
formulate a control problem which is effective for conducting a feasibility study with the algorithm.

For solving a control problem using a bi-level algorithm, a computational framework is to be designed.
As the function defined for inserting a mode into the mode sequence, η, is highly sensitive to control inputs,
a framework which would formulate a new control problem for each stage, every iteration of the algorithm is
considered. Such a framework offers the advantage to visualize the system behaviour by individually studying
and comparing the state and control responses obtained from both stages of the algorithm.

3.1. STATE, INPUTS AND STATE-EQUATIONS
The motion of an aircraft in a control system is described by a vector of state variables (x(t)) and control vari-
ables (u(t)). As this study characterizes the 3D (lateral and vertical) flight motion, longitude (Λ), latitude (ϕ)
and altitude (H) are included in the state vectors to define the physical state of the system. Further, the mass

17



18 3. MATHEMATICAL MODEL AND COMPUTATIONAL FRAMEWORK

of the aircraft and accumulated mass of engine emissions, mi (i ∈ CO2, H2O, NOx ), are also included in the
state vectors as the purpose of the control problem being formulated is to calculate trajectories with optimal
operating cost and/or climate impact mitigation. The computational resources required for solving a control
problem depends on the dimensions of the state and control vectors. Thus, to improve the computational
efficiency and to ensure a safe flight characteristics, limited to the flight envelope (eg: maximum Mach num-
ber, max pressure altitude, etc..) , an additional path vector (P ) is introduced. The path variables cover the
additional boundary conditions which cannot be covered by the state and control limitations. The set of pa-
rameters which correspond to control and path vectors are determined based on the flight characteristics in
each mode (cruise, climb and descent) and their corresponding ATM restrictions.

3.1.1. CRUISE
The cruise phase is the segment of each flight which has a dominant influence on the global characteris-
tics of the flight, such as time, fuel consumed and distance covered. Accordingly, the design of the cruise
profile is based on Long-range cruise regime (for maximum distance), Maximum endurance cruise regime (
to maximize time). High speed cruise regime (for a constant Mach cruise) and Economy cruise regime (for
minimizing operational cost). With a focus on designing trajectories to measure benefits between cost and
potential climate impact mitigation, this study considers economy cruise regime. Within this regime the
flight characteristics are categorized as follows:

• Constant Pressure Altitude: When a constant altitude restriction is imposed, an aircraft may change it’s
Mach number based on the ratio of time and fuel costs.

• Constant Mach: A restricted Mach cruise flight will result in a continuous increase in altitude to main-
tain the lowest possible fuel consumption.

• Absolute Economy: A cruise phase with no restrictions would result in increase in flight altitude and
Mach number as the aircraft weight is reduced, in order to maintain economic flight.

All the above categories are considered for designing cruise trajectories to offer a comparative study with
the algorithm. Assuming that the flight plan is free and the change in altitude or heading is brought about
with the approval or instruction from ATC, a constant altitude cruise is assumed for most part of the flight. It is
important to note that the flight altitude refers to the pressure altitude and not the geometric altitude. Based
on the latter assumption both constant altitude and constant Mach cruise are defined as constant pressure
altitude cruise with variable and constant Mach respectively. The absolute economy cruise is defined with
no altitude restrictions for both variable and constant Mach. The absolute economy trajectories are used as
reference trajectories to find the maximum altitude change for a given performance criterion and to validate
the mode sequence calculated by the algorithm.

In a cruise phase the Mach number is calculated targeting for the best economy based on the cost index.
The thrust is adjusted automatically to maintain the calculated Mach number (also referred as target Mach)
and the true airspeed is calculated from the target Mach[24]. Both pressure altitude (Hp ) and Mach number
(Ma) are included in the set of path variables as these parameters are conditionally restricted based on the
definition of the phase. Further, as pressure altitude does not equal geometric altitude the vertical speed (Ḣ),
and path angle (Γ) are also considered as path variables to represent the deviation between both altitudes.
This ensures that the definition of the control problem remains unaltered irrespective of the phase definition.
The relative thrust, T , and true airspeed, υT AS , are defined as control inputs. However, since calculating the
vertical speed from the total energy model requires acceleration ( ˙υT AS ) as an input (see eq 3.1), thus airspeed
is represented as a state variable. To account for the changes in lateral profile, the heading angle, χH , is
considered as an additional control input with the assumption that the change in heading is instantaneous.

Ḣ = (T · (T hmax −T hmi n)+T hmi n)−D) ·υT AS

m · g
− υT AS · ˙υT AS

g
(3.1)

Where T is the relative thrust, Thmi n and Thmax are minimum and maximum thrust respectively, D is the
aerodynamic drag. It is assumed that the thrust is always aligned to the velocity vector.

3.1.2. CLIMB AND DESCENT
During climb the vertical speed (or target speed) mode is selected and accordingly the auto thrust adjusts
the thrust settings to the maintain the target speed. The pitch (or path angle) control is an additional pa-
rameter which allows an aircraft to maintain the target speed. In case of lateral deviation, the climb mode
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is engaged as an open climb with no restrictions till a specific waypoint after which the vertical speed mode
is reengaged.[24] Assuming an instantaneous change in heading, the open climb and vertical mode are inte-
grated as a single phase step climb in this study. To ease the formulation of the control problem, the climb
phase is defined with similar control and path variables as the cruise phase. Since path angle acts as an im-
portant control in the climb phase, the path angle (γ) is calculated and constrained in terms of true airspeed
(υT AS ) and vertical speed (Ḣ), see equation 3.2.

si nγ= Ḣ

υT AS
(3.2)

The descent mode of the flight is conceptually similar to the climb mode. In case of a descent required by
ATC, the descent mode would be selected and the descent path and descent speed is determined based on
the altitude constraints and wind. The thrust is managed in order to maintain the descent speed and in case
of lateral deviations the aircraft would maintain the current vertical speed irrespective of the effect on the
aircraft which may trigger a warning. However, assuming instantaneous change in heading the latter effect is
ignored.

The vertical speed for both climb and descent modes in an economy flight regime is calculated on the
basis of weight, atmospheric conditions and cost index. In this study, both modes are defined as a variable
Mach flight mode with limits on vertical speed for a safe flight envelope.

3.1.3. STATE-EQUATIONS
From the flight characteristics defined in the previous sections the state variables in all three phases are de-
fined as x = [Λ,ϕ, H ,m,mi ,υT AS ], where Λ represents the longitude, ϕ is the latitude, H is the altitude, mi is
the accumulated mass of the engine emission (i ∈CO2, H2O, NOx ) and υT AS is the true airspeed.

The control inputs are chosen as u = [χH , ˙υT AS ,T ], where χH represents the heading angle, ˙υT AS is the
acceleration and T is the relative thrust i.e. T = 0, for minimum thrust and T = 1, for maximum thrust.

In regular cases the control variables are computed as a function of state and co-state variables. Finding a
complete solution to an optimization problem in general is extremely difficult as the control problem may not
always provide a unique control. The complete solution to an optimal control problem may be found in low
dimensions unless the system presents a lot of symmetries [34]. Further, the control problem always presents
a possibility of bang-bang control behaviour with subsequent introduction of numerical interpolation noise
in the final solution. Accounting for all the latter difficulties, the previously chosen control parameters are
represented as state variables while the control inputs are modified to represent the change in control vari-
ables.

The complete set of state vectors after modifying the control inputs are x = [Λ,ϕ, H ,m,mi ,χH ,υT AS ,T ].
The modified control inputs are u = [χ̇H , ˙υT AS , Ṫ ].

Finally, the additional path variables are defined as P = [Hp , M a,υC AS ,CL,r el , Ḣ ,γ], where Hp represents
the pressure altitude, M a the Mach number, υC AS the calibrated airspeed and CL,r el the relative lift coefficient
(CL,r el = 1 for maximum lift) which are introduced into the set of parameters for monitoring the buffeting
limitations of the aircraft, Ḣ is the vertical speed and γ is the flight path angle .

Table 3.1 show the assumptions made in each phase and the state-equations used to define the aircraft
dynamics, assuming a point mass model with variable aircraft mass and three degrees of freedom.

Within the state equations, RE is the radius of the Earth and the wind speeds in eastward and north-
wards directions are represented as uw , vw . The flight path angle γ is related to the true airspeed and vertical
speed as defined in eq. 3.2. The performance parameters such as the aerodynamic drag D , Thrust maximum
T hmax , and Thrust minimum T hmi n are obtained from the performance model. The engine performance
within the performance model yields fuel flow F F . The fuel flow F F is multiplied with emission index E Ii to
estimate the accumulated mass mi (i ∈CO2, H2O, NOx ). The emission indices are obtained from the calcu-
lation performed in Eurocontrol modified Boeing Fuel Flow Method 2[35].

The flight time for the entire cruise is bounded by estimating the time required to cover the total flight
distance on ground with lower and upper bounds of true airspeed. The true airspeed itself is bounded de-
pendent on the bounds on set Mach number.

3.2. PERFORMANCE MODEL AND CONSTRAINTS
Depicting realistic flight motion with state-equations requires accurate prediction of aircraft performance
and defining an operational flight envelope, by imposing limitations on performance parameters and path
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Table 3.1: The assumptions made in each fight mode (Cruise, Climb and Descent) along with the state-equations.

Constant Altitude Cruise Step Climb/Descent

Assumptions
Hp = Constant
Instantaneous change in heading

Instantaneous change in heading

State-Equations

Λ̇= υ·cosγ·si nχH+uW
(RE+H)·cosϕ

ϕ̇= υ·cosγ·si nχH+vW
RE+H

Ḣ = (T ·(T hmax−T hmi n )+T hmi n−D)·υT AS
m·g − υT AS · ˙υT AS

g

χ̇H = χ̇H

˙υT AS = ˙υT AS

Ṫ = Ṫ

ṁ =−F F

ṁi = F F ·E Ii

variables. Selecting a performance model which provides performance parameters over the entire flight en-
velope with increased level of precision enables modelling aircraft trajectories replicating real life trajectories.
Recent studies have chosen BADA Aircraft Performance Model (APM) for efficient modelling of aircraft tra-
jectories as the model provides accurate coefficients for calculating aircraft specific performance and also de-
fines operational limitations. This model is used in this study for performance calculation of Airbus A330-200
type aircraft. Additionally, physical constraints on the path variables are imposed based on ATM regulations
and manufacturers recommended operational procedures.

3.2.1. BADA PERFORMANCE MODEL

Base of Aircraft Data (BADA) is an aircraft performance model database which is developed and maintained
by the Eurocontrol Experimental Center (EEC) with the purpose of modelling and simulating aircraft trajec-
tories for ATM research and strategic ground planning. The model is based on a kinetic approach to aircraft
performance modelling and contains aircraft specific coefficients necessary to calculate performance param-
eters. The newly developed BADA model, BADA Family 4, covers 70% of the aircraft types in ECAC (European
Civil Aviation Conference) area and provides coefficients for the entire flight envelope. In this study, BADA
4.0 version of the BADA Family 4 is used for calculating the necessary performance parameters.[36]

BADA 4.0 is capable of supporting accurate computation of the geometric, kinematic and dynamic as-
pects of the aircraft behaviour. The design of this model is based on an in-depth review of flight dynamics,
use of dimensional analysis techniques and employment of object oriented modelling. Geometric, kine-
matic, dynamic and environmental limitations are also incorporated within the model in order to ensure
realistic representation of the aircraft performances. The geometric limitations include the maximum alti-
tudes (with and without high-lift devices) and maximum pitch angle. The kinematic limitations include the
maximum airspeed and Mach number for different combination of landing gear and high lift devices, as well
as a buffet model which represents the aerodynamic limitations derived from maximum lift coefficient (CL).
The dynamic limitations cover the maximum aircraft weight for different phases of the flight and the maxi-
mum and minimum load factors. The environmental limitations include the valid range of temperatures at
different altitudes.[37]

An error analysis made from comparing the performance values obtained from BADA model to the aver-
age values of actual flight performance parameters presented an average error below 5% in vertical speeds,
10% in drag coefficients and thrusts, and 5% in fuel consumption. Apart from providing a precise APM, the
BADA model also offers the advantage of computing accurate trajectories with different weather conditions
and under any atmospheric conditions.[36]
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3.2.2. PATH CONSTRAINTS

Although the BADA model provides the operational limitations for the entire flight envelope there are ad-
ditional limitations which are imposed on a flight path based on ATM regulations, see section 1.3. Further,
taking the manufacturer, Airbus’s, recommendation on few practices within each flight mode will introduce
few more limitations on the flight path. With the objective to design realistic trajectories, the latter mentioned
ATM regulations and recommended practices are translated into a set of constraints which bound the path
variables.

As discussed in section 1.3, the cruise phase of a flight is regulated by the semi-circular rule in a con-
ventional airspace. This categorizes the available cruise altitudes into even and odd flight levels for east and
westbound flights respectively. Abiding by this rule, a step climb or descent mode during cruise should termi-
nate at even or odd flight altitudes depending on the flight direction. Based on this the total altitude variation
in each flight mode (climb and descent) is restricted to a minimum of 2000 ft. (or 609.6 m). Since the flight
levels are represented by pressure altitudes, the final pressure altitude (Hp, f ) is set to initial cruise pressure
altitude (Hp, f ) ± 2000 ft. for climb and descent mode, respectively. This final altitude then would become the
initial altitude of the next mode in the flight sequence.

In the entire cruise phase the optimum Mach number is variable depending on several factors. For A330-
200 type aircraft the thrust inputs allows for a small variation from the target Mach (υT AS± 4kt.) before a
thrust adjustment occurs. In order to save flight time the Mach number is managed between target Mach
(or Green dot speed) and M0.84. In this study, a constant Mach cruise phase is considered. For the constant
Mach cruise the target Mach is set to M0.82 which is recommended as the optimum cost index cruise Mach
for Long-range flights by the A330 flight manual[24]. For step climb and descent modes, the Mach number is
bounded by the operational limitations provided by the BADA model.The target speed for climb and descent
modes are managed by the bounds on the vertical speed.

The vertical speed (V/S) takes precedence over speed requirements in both climb and descent modes.
Selecting high V/S would lead to higher thrust requirement allowing the aircraft to decelerate to VLS (Lowest
Selectable Speed) during climb and in case of descent the speed will increase till the aircraft reaches VMAX
(Maximum Allowable Speed) after which the aircraft would pitch up. The rate of climb calculated using eq.
3.1 would result in slow rate of climb over the entire flight duration. This is understandable because the most
optimal cost trajectories, in ISA conditions, can be discretized into several step climb of infinitesimally small
duration. For convenience in formulating a computational framework, the vertical speed is bounded based
on the ADS-B (Automatic Dependent Surveillance- Broadcast) data provided by Flightradar24 (see Appendix
A). The V/S during climbs and descent of a Trans-Atlantic flight (YVR-MUC) at high altitudes were studied.
Appendix A show the altitude plot of the entire flight and vertical speeds of the aircraft during step climb
at Top of Climb(TOC), around Mid cruise and near Top of Descent (TOD) phases of the flight. For rate of
descent, the vertical speed from TOD is shown. The average V/S from all climbs were found to be in the
range of 500-750 ft/min and for descent around -1000 ft/min. According to [38] the recommended maximum
descent rate is -1000 ft/min. Considering these, the vertical speed is limited between 0 and ± 1000 ft/min
for climb and descent respectively. As the time to climb does not significantly affect the cost index (up to
3 minutes for A330 [38]), the total mode duration for the climb mode is limited between 200-500 seconds
assuming a minimum average V/S of 250-500 ft/min. Since, the limits imposed on the mode duration bound
the descent rate sufficiently, the mode duration is restricted equally for both climb and descent mode.

3.3. PERFORMANCE CRITERIA

Understanding the performance of the bi-level algorithm in calculating mode sequences based on the fea-
sibility of a mode to minimize the performance criterion requires a performance measure for which the op-
timal solution is known beforehand. Selecting a performance criterion which has been previously studied
offers the advantage of determining the scope of the algorithm in modelling aircraft trajectories. As this study
considers cruise phase with constant altitude cruise, climb and descent modes, a performance measure or
cost functional which can individually measure the performance index for each of these modes is consid-
ered. Further, the cost functions which summarizes the latter cost functional are defined in a manner such
that the algorithm’s capabilities are measured against fuel consumption (or accumulated masses of CO2,H2O
and NOx emissions) and spatial variability of emissions.
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3.3.1. COST FUNCTIONAL
For measuring the operating cost-benefit from climate optimized cruise trajectories a cost functional (J) con-
sisting of a penalty function (Υ) and a temporal integral function (Ψ) is defined in the study of Lührs,B.[4],
see equation 3.3 and 3.4. In it’s general form, the penalty function represents the operating cost (COC) of the
flight which is dependent on the final and initial time (t0 and t f ) as well as on the aircraft’s initial and final
mass (m0 and m f ) and the temporal integral represents the climate cost integrated over time. The climate
cost itself is defined as a function of the climate cost functions (CCF). The magnitude of Υ and Ψ are scaled
by corresponding weighting factors CΥ and CΨ, respectively, and are normalized with COCr e f and ATRtot ,r e f

which corresponds to the reference trajectory with minimum COC.

J =CΥ ·COC (t f − t0,m0 −m f ) ·COC−1
r e f

+CΨ ·
(∑

i

∫ t f

t0

CC Fi (x, t ) ·ṁi d t +
∫ t f

t0

CC FCiC (x, t ) ·υT AS (t )d t

)
︸ ︷︷ ︸

AT Rtot

·AT R−1
tot ,r e f (3.3)

wi th i ∈ [CO2, H2O, NOx ]

CΥ+CΨ = 1 wi th CΥ,CΨ ∈ [0,1]
(3.4)

Considering the similarity in the objective of this study and that of Lührs,B., the cost functional for the
control problem being formulated is defined from equation 3.3. Further, to account for the individual effect
of each mode, in the mode sequence, on the performance measure the temporal integral function is rewritten.
within the cost functional the temporal integral is represented as a summation of the climate cost calculated
in each mode integrated over the mode duration. Additionally, a damping function is inserted into the cost
functional which damps the bang-bang control behaviour and interpolation noises, see section 3.1.3. This
function represents the control change rate squared and integrated over the entire flight time. It is important
that the magnitude of the damping function is smaller compared to the overall performance measure. To
ensure this the function is scaled with coefficients αṪ , αχ̇H and αυ̇T AS . The magnitude of these coefficients
are based on the magnitude of the original cost functional obtained from equation 3.3. The augmented cost
functional is expressed in equation 3.5, where n denotes the mode index in the mode sequence with N modes,
tn represents the corresponding switching time and term within ‘*’denotes the damping function.

J =CΥ ·COC (t f − t0,m0 −m f ) ·COC−1
r e f

+CΨ ·
N+1∑
n=1

(∑
i

∫ tn

tn−1

CC Fi (x, t ) ·ṁi d t +
∫ tn

tn−1

CC FCiC (x, t ) ·υT AS (t )d t

)
︸ ︷︷ ︸

AT Rtot

·AT R−1
tot ,r e f

+
[
αṪ

∫ t f

t0

(Ṫ )2d t +αχ̇h

∫ t f

t0

(χ̇h)2d t +αυ̇T AS

∫ t f

t0

(υ̇T AS )2d t

]∗
(3.5)

3.3.2. COST FUNCTIONS
Advanced climate models such as Airclim express the emission dependency in terms of Average Temperature
Response (ATR) per unit emission for CO2, H2O, NOx emissions and, per unit distance flown for contrail
induced cloudiness (CiC). From section 3.1.3, it is known that the emission flow rates ṁi are estimated from
multiplying the fuel flow with the corresponding emission index EIi . Thus the climate cost per emission,
calculated from the cost functional defined in equation 3.5, can be expressed as a function of fuel flow and
locus (latitude, longitude and altitude) except from CiC, for which the cost is only a function of locus (see eq.
3.6). Based on the latter, this study determines the cost functions such that the individual effect of minimizing
fuel flow and optimizing locus can be measured along with the bi-level algorithm’s ability to calculate an
optimal mode sequence.

CC FCO2,H2O,NOx = f (Λ,ϕ, H)

[
K

kg

]
CC FCiC = f (Λ,ϕ, H)

[
K

km

] (3.6)

Since the operational cost have a direct dependence on the fuel consumed, a monetary cost function is
selected to measure the algorithm’s performance with minimizing fuel consumption. Further, from advi-



3.3. PERFORMANCE CRITERIA 23

sories released by Airbus[38] it is known that a climb during cruise is beneficial in reducing the overall fuel
consumption. This additional knowledge with regard to climb allows for the investigation of the algorithm in
calculating mode sequence for cruise phase with climb mode insertion to minimize the fuel consumption. A
description of the selected monetary cost function is presented below:

Monetary Cost Functions (COC): Monetary cost are calculated by the direct operating cost method devel-
oped by Liebeck et al.[39] The costs (based on US dollars) are scaled up from year 1993 to the year 2012 with
the average inflation rate (between 1993 and 2012). The included costs are for fuel, crew, maintenance, navi-
gation and landing fees. The calculated costs are specific to each aircraft type and are a function of flight time
and fuel.

As the algorithm defines a mode’s feasibility based on the sign of the directional derivative, solving for
minimum monetary cost offers the possibility to understand the dependency of the directional derivative
with fuel flow and climb flight characteristics. Similarly to understand the derivatives dependency with spa-
tial variation (or locus) and descent mode, a fictitious CCF with 1D spatial variability in altitude is defined.
The rate of change of these CCFs are expressed as a linear function in altitude (H), see equation 3.7, such that
the overall climate cost decreases with decrease in altitude. The variables k11 and k12 are arbitrary constants.

˙CC F i = k11 +k12 ·H , wher e k11,k12 > 0

wi th i ∈ [CO2, H2O, NOx ]
(3.7)

Additionally, to extend the algorithm’s investigation towards calculating a mode sequence with both climb
and descent modes, a fictitious CCF with 2D variability in space (altitude) and time (t) is defined. Equation
3.8 expresses the rate of change of CCFs in 2D such that the climate cost decreases with decreasing altitude
in the first half of the flight duration (T) and vice-verse in the second half. The variables k11, k12, k21 and k22

are arbitrary constants.

˙CC Fi =
{

k11 +k12 ·H : t ≤ T
2 , wher e k11,k12 > 0

k21 +k22 ·H : t ≥ T
2 , wher e k21 > 0 and k21 < 0

(3.8)

Climate Model A Climate Model B

Figure 3.1: Average temperature response with altitude plots for climate models with linear dependence on altitude, on the left the
climate model A represents decreasing climate effect with decreasing altitude and on the right the climate model B represents de-
creasing climate effect with decreasing altitude in the first half of the flight duration and vice-verse in the second half.

Figure 3.1 shows the ATR with altitude plots for both fictitious CCFs, equation 3.7 (Climate Model A) and
3.8 (Climate Model B). The values set for all arbitrary constants are given in Appendix B. Further, ATR with
altitude plot obtained from AirClim CCF is shown in figure 3.2. This offers a comparison between spatial vari-
ation of emissions with actual CCF and fictitious CCFs proposed in this study. Based on the latter compari-
son, the proposed cost functions are considered to be the most straightforward and effective approximation
of real-life climate chemistry. The trajectories calculated with these fictitious models are expected to offer
sufficient understanding of the algorithm which will enable this study to reach conclusions in regard to the
applicability of the bi-level algorithm for developing climate optimized trajectories.

Finally, the bi-level algorithm is implemented to calculate optimal mode sequence with AirClim CCFs.
The AirClim CCFs express the climate response per flight as average temperature response over 100 years
(ATR100,i ) for each climate agent i:
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Figure 3.2: Average temperature response with altitude for great circle trajectory between ORD-FRA, calculated using AirClim climate
model with ISA conditions.

AT R100,i = 1

100

∫ t+100

t
∆Ti (t ) ·d t (3.9)

Where t is time and T is temperature.
The spatial distribution of ATR100,i (z) is normalized by the emissions of corresponding flight level mi (FL)

(or distance for CiC) to generate emission based climate change function (eCC Fi ) according to eq: 3.10-3.11.

eCC F i (x) = AT R100,i

mi (F L)
i ∈CO2, H2O, NOx (3.10)

eCC FCiC (x) = AT R100,i

d(F L)
i ∈CiC (3.11)

The cruise emissions are simulated for an Airbus A-330-200 with varying flight levels (FL250-FL390) based
on BADA 4.0. This serves as the input data for AirClim. The total CCF of a specific month is determined by
superposition of eCCFs.[2]. In this study, the single mission assessment of the climate optimized trajectory is
discussed for a cruise flight between Lisbon, Portugal (LIS) to Miami, USA (MIA). The latter control problem
has already been studied in [40] with free flight cruise conditions. The CCFs for this flight path is based on
the annual average conditions.

3.4. TRAJECTORY OPTIMIZATION MODULE ( TOM)
Determining flight trajectories which minimize the performance criterion, defined in the previous section, re-
quires a computational framework which can formulate and solve non-linear optimal control problems. The
Trajectory Optimization Module (TOM) developed at DLR performs multi-objective optimization and calcu-
lates optimized flight trajectories based on optimal control approach.[4] As the current framework of TOM
enables solving control problems with a multi-phase control technique, TOM is extended with the bi-level al-
gorithm for the purpose of this study. In order to analyze the sensitivity of control inputs on the performance
of the algorithm, a bi-level framework which formulates individual control problem for each stage iteration,
is designed within TOM. Additionally, to reduce computational time the set of discrete modes with which the
algorithm calculates the optimal mode sequence are defined outside the bi-level framework.

3.4.1. OPTIMIZATION WITH GPOPS-II SOLVER
TOM uses the Matlab toolbox GPOPS-II in order to solve a control problem. GPOPS discretizes the cost func-
tional and state-equations of a multi-phase control problem using the Gauss-pseudospectral method. The
Gauss-pseudospectral method uses global polynomials to approximate the state and control vectors with or-
thogonally collocated points which enables the solution to converge faster.[41] The phases are linked based
on the conditions imposed on state and time. GPOPS then transforms the continuous control problem into a
non-linear programming problem (NLP) which is solved using the NLP solver IPOPT. IPOPT guarantees con-
vergence for NLP as the barrier method adopted within the solver accepts trial points which either improves
the cost functional or the constraint violation.[33]
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The control problem in it’s general form is represented as Mayer problem in GPOPS, where the Lagrangian
function is assumed to be zero. Since the Mayer problem only comprise of end cost terms, each CCF term
within the Lagrangian function of eq. 3.5 is represented as state variables within GPOPS. These state variables
are defined in addition to the set of state variables defined in section 3.1.3. The new set of state variables de-
fined within GPOPS is given in eq. 3.12 and the dynamics for these state variables are given in eqs. 3.13-3.14.
It is important to note that the state-equations defined below represent a general form of the performance
criteria. However, while formulating optimal control problems with the fictitious CCFs, defined in section
3.3.2, the latter state equations will be replaced with eqs. 3.7 or 3.8. The damping function in eq. 3.5 is de-
fined as an integral (I ) within GPOPS. For computing the integral, the integrand (İ ) is calculated at each time
step and in each phase. The integrand is similar to the state-equations and are defined for each term within
the damping function (see eqs. 3.15). The final objective function defined in GPOPS is shown in eq. 3.16.

x = [Λ,ϕ, H ,m,mi ,χH ,υT AS ,T,CC F(mi ,i ),CC F(υT AS ,CiC )] wi th i ∈ [CO2, H2O, NOx ] (3.12)

˙CC F (mi ,i ) =CC Fi (x, t ) ·ṁi (3.13)

˙CC F (υT AS ,CiC ) =CC FCiC (x, t ) ·υT AS (3.14)

İ1 =αṪ · Ṫ 2; İ2 =αχ̇H · χ̇2
H ; İ3 =αυ̇T AS · υ̇2

T AS ; (3.15)

J =CΥ ·COC (t f − t0,m0 −m f ).COC−1
r e f +

CΨ · AT Rtot (CC F(mi ,i ) f ,CC F(υT AS ,CiC ) f ) · AT R−1
tot ,r e f +

[I1 + I2 + I3]∗
(3.16)

The formulation of control problem in GPOPS requires writing an endpoint function and continuous
function. The endpoint function defines the start and/or terminus for all phases in the problem, the cost to
be minimized and the integral (the damping function). The continuous function defines the evolution of the
dynamics and path constraints for each phase and the integrands required for computing the integrals. The
latter two functions along with the limits for the following quantities completes the formulation of the control
problem in GPOPS.

• the time at the start and end of each phase;

• the state at the start, during, and end of each phase;

• the control during each phase;

• path constraints

As the phase switching time is unknown for all multi-phase control problems considered within this study,
a set of static parameters (ts ) are introduced into the optimization setup to determine the optimal switching
times. Static parameters are variables defined within GPOPS optimization setup which are independent of
the phase definition. The time itself is represented with the independent variable as discussed in section 2.2.
within the continuous function the set of static parameters are related to the actual flight time using the rela-
tion defined in equation 2.7. Additionally, to link the phases and to ensure continuity of the problem, event
constraints are computed in the endpoint function. In this study, the event constraints are defined to ensure
continuity of independent variable (τ) and state variables (x(τ)). To ensure that the switching times com-
puted with static parameters represents real time, the set of static parameters are also included in the event-
group definition such that the phase duration always remains positive. Equation 3.17 expresses the event
constraints that links two corresponding phases of the problem, where the subscript ’0’ and ’f’ represent the
start and end of a phase respectively and ’p’ denotes the phase index (p ∈ [1,2...N]). Further, for implementing
the limits on duration of climb or descent phase, as discussed in section 3.2.2, event constraints with static
parameters are defined as expressed in eq. 3.18.

τ( f ,p) −τ(0,p+1) = 0

x(τ( f ,p))−x(τ(0,p+1)) = 0

ts (p +1)− ts (p) ≥ 0

(3.17)
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Where p, p +1 ∈ {Const .Al t .Cr ui se,C l i mb,Descent } in eq. 3.17

200 s ≤ ts (p +1)− ts (p) ≤ 500 s, p +1 ∈ {C l i mb,Descent }

p ∈ {Const .Al t .Cr ui se}
(3.18)

GPOPS also allows to specify initial guesses for time, state, control and static parameters. The closer the
guess is to the actual solution, the faster the solver converges to a solution. The computational time can fur-
ther be controlled based on the type of NLP solver and the expected accuracy (Primal and Dual infeasibility).
The run time of GPOPS is also dependent on the number of collocation points defined by the solver before
it converges to a solution. This can be manipulated within the optimization setup by defining the maximum
number of iterations allowed per mesh, maximum number of mesh iterations, and the mesh refinement ac-
curacy. In the current framework of this study, the solver computes derivatives based on numerical differen-
tiation method. The GPOPS-II solver settings defined for solving control problem in this study are shown in
table 3.2. Detailed explanation of the GPOPS solver can be found in GPOPS manual[41].

Table 3.2: GPOPS-II solver setup for trajectory optimization in TOM.

GPOPS Parameters Values
Linear Solver ’ma57’
Derivatives ’sparseFD’

Mesh Method ’hp-PattersonRao’
Setup Method ’RPM-Differentiation’

Max Iterations per Mesh 500
Max Mesh Iterations 3

Primal and Dual Infeasibility 5e-4
Mesh Tolerance 1e-3

3.4.2. COSTATE ESTIMATION
The costate variable (p(t )) in an optimal control problem is related to the sensitivity of the objective function
to perturbations in the system dynamics. The costate is essentially the derivative of the objective function
with respect to a perturbation in the system dynamics[42]. For an infinitesimal mode insertion the cost vari-
ation (see eq. 2.14) can be evaluated by considering the costate (p(t̂i )), where t̂i is the insertion time, and
changes in dynamics (∆ f ). The costate variable is the solution to the differential shown in eq. 3.19. The def-
inition of the The directional derivative of the cost function with respect to costate is given in eq. 3.20. The
definitions of the parameters in the following equations are same as in section 2.2.

ṗ(t ) =−δ f

δx

T

(x(t ),u(t )) ·p(t )− δL

δx
(x(t ),u(t ))

p(t f ) = δφ

δx
(x(t f ))

(3.19)

d J (t̂i +λ)

dλ

∣∣∣∣
λ=0

=
(
p(t̂i )

)T
∆ f (x(t̂i +λ),u,η)+ [û −u(t̂i )]T δL

δu
(x(t̂i ),u(t̂i )) (3.20)

W her e, ∆ f (x(t̂i +λ),u,η) = fα(x(t̂i +λ), û)− f (x(t̂i ),u(t̂i ))

Within GPOPS-II, an approximate solution for costate is estimated using the Gaussian quadrature col-
location method. The default method used is Legendre-Gauss-Radau (LGR) collocation. The costate can
be produced either in integral or differential form. In [42] the mathematical description for the costate ap-
proximation methods adapted in GPOPS is described in detail. Achieving a specific mesh error tolerance
with integral dynamics is known to be much more stable and reliable than the differential form. However,
the current version of GPOPS is only able to produce reliable costate in differential form. This method was
implemented within the computational framework after consulting with the creators of GPOPS. The setup
method in table 3.2 indicates the method selected for costate approximation, where RPM stands for Radau
Points Method.

For calculating an optimal solution the control needs to chosen so as to minimize the Hamiltonian H ,
expressed in eq. 3.21. If the Lagrangian L and state dynamics f are not explicit function in time then the
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Hamiltonian evaluated along the optimal trajectory must be a constant [25]. Since the control problems
considered in this study are not explicitly dependent on time, the Hamiltonian evaluated for each optimal
trajectory must be a constant. This information is used to validate the costate estimated within GPOPS. Note
that the Lagrangian function within eq. 3.21 will evaluate to zero for a Mayer problem.

H(x,u, p) = L(x,u)+pT f (x,u) = const ant (3.21)

Within the scope of this study, the utilization of the costate variable is limited to evaluating the Hamil-
tonian along the trajectory. This will be presented in chapter 4 as a means to promote GPOPS-II RPM-
Differentiation costate estimation method for future studies.

3.4.3. BI-LEVEL FRAMEWORK
The purpose of the bi-level framework in TOM is to calculate the optimal mode sequence for all control prob-
lems which are based on optimizing flight trajectories. Within TOM a reference trajectory is calculated for all
control problems considered. The reference trajectory is designed as an absolute economy cruise trajectory
for which the final altitude boundary condition is set free. The main aim of defining a reference trajectory is to
determine the maximum optimum altitude to which the aircraft climbs or descents. As all control problems
formulated within this study are simple and have distinct regions which can be identified either with climb
or descent modes, the reference trajectory allows to restrict the set of discrete modes to a finite number. This
additionally also enables the validation of the mode sequence calculated by the bi-level algorithm. Further,
determining the maximum number of modes in the mode sequence allows to optimize the maximum num-
ber of iterations needed. This saves considerable amount of computational time and enables quick validation
of the algorithm.

Since all trajectories designed with TOM are limited to the cruise phase of the flight, the initial mode se-
quence is defined as a constant altitude cruise over the entire flight path. To verify the definition of the control
problem in TOM, the solver settings and optimization setup are stored in a variable called debugger. Once
the solver finds an optimal solution for the initial sequence, the time, state and control variables correspond-
ing to the solution are stored in memory. For enabling stage 2 to calculate a new sequence, ’n’ time steps are
selected from the solution of the initial sequence. These time steps are then introduced as candidate set of
insertion times, t̂ ∈ (t0,t f ). The climb and descent modes are considered within the set of discrete modes.
It is important to note that neither the solution calculated by the solver nor the minimum evaluated by the
algorithm necessarily represent the global minima. Hence, a careful consideration is required while selecting
the time steps at which the algorithm evaluates the feasibility of a mode to reduce the cost functional. This
is however not crucial for the first iteration of the bi-level framework as all time steps are valid candidate
points for mode insertion. After the first iteration, when a climb or descent mode is inserted into the initial
sequence, the cruise phase which lie after the terminus of the inserted mode and before the end is defined as
the feasible region for evaluating the next mode insertion. This is because, considering time steps previous to
the inserted mode would alter the sequence which was calculated in the previous iteration. This will lead the
algorithm into an infinite loop. Figure 3.3 shows the selection of feasible regions for the first two iteration of
the bi-level framework. Note that the time is represented in terms of independent variable (τ) and the scale
of the axis is selected such as to represent the duration of the modes in real time.

To calculate the most optimal sequence the first time step at which the evaluated cost variation is less than
zero should be considered as the initial guess within the solver. This provides an initial direction to the solver
which would determine the closest solution to the guessed switching time and thus enabling the calculation
of a mode sequence which may represent the global minimum within the considered domain. However, since
the focus is to validate the performance of the algorithm, the bi-level framework is defined with flexibility in
selecting the insertion time. This flexibility is computationally expensive but will allow this study to obtain
cost variations for the entire domain of insertion time. Further, with different optimal solutions at different
insertion times the sensitivity of the algorithm with respect to actual solutions can be obtained.

To avoid two modes of climb and/or descent being inserted in succession, the time steps selected for eval-
uating mode insertion always exclude the switching times, thus always separating the climb and/or descent
modes with a constant altitude cruise mode. However, if the solution requires two modes in succession, for
calculating a minimum, then the duration of the cruise mode can be set to zero by the optimizer. Figure 3.4
shows the general flow chart of TOM integrated with the bi-level framework (in red box). The definition of the
set of discrete modes is separated from the bi-level framework such that the progressive loop of the algorithm
could be controlled by limiting the number of mode insertions for which the loop is executed. This enables
fast debugging of the computational framework.
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Figure 3.3: Figure illustrating the transition from initial sequence to consecutive sequence calculated using bi-level framework along
with the feasible region from which ’n’ time steps are selected.

For the ’n’ time steps the stage 2 of the bi-level framework builds the mode characteristics function η, see
sec. 2.2. Since a min-max problem is required to determine the control inputs (û) of the mode, a control
problem is formulated for each insertion time t̂i , where i ∈ [1,n]. The objective of the control problem is to
find an optimal flight path, with the dynamics and limits corresponding to the mode α, which minimizes
the cost functional. As the solver verifies the feasibility of the control problem, no further work is required
in evaluating the constraint validation. As the algorithm is sensitive to the control inputs, the initial state
boundary conditions for these control problems are set to the previous sequence state vector at t̂i . This
ensures that the mode is represented as a continuous phase of the previous sequence.

Once the mode characteristics function η is defined, the value of the cost functional till the inserted mode
(t̂ + λ̄) can be easily obtained. The cost till t̂ is obtained from the solution of the previous sequence and
the additional cost due to the mode is obtained from the solution of the control problem described in the
previous paragraph. A database is created with the optimal solutions of constant altitude cruise, at different
flight levels, to interpolate the cost of the final cruise phase of the new sequence. Remember that the final
phase is always a cruise mode which follows after the inserted mode in the new sequence. A cumulative
sum of all the above mentioned costs provides the overall cost for the new sequence (J (ρη(λ̄)). Now the cost
variation can be obtained by comparing the overall cost of the previous sequence with the overall cost of the
new sequence as defined in eq.2.15.

For the database, a cruise phase is simulated at a given altitude and speed. The cruise is initiated with
maximum fuel (initial weight) and is terminated when the fuel tanks are empty (final weight). From the
simulated result, time, range, fuel consumed and/or climate cost are recorded for a range of weights (be-
tween initial and final weight). The flight time, fuel consumed and/or climate cost for the phase after the
climb/descent mode is then interpolated from this database. The required range to reach destination is cal-
culated as a great circle trajectory from the final position of the inserted mode. The maximum possible range
of the final cruise phase is interpolated with respect to the available fuel. If the required range is less than the
maximum range then the flight time, fuel consumption and/or climate cost are interpolated for the required
range. Based on this the cost from t̂ + λ̄ to t f is estimated. The latter method of interpolation is used for all
control problems in which the cost functional are independent of the aircraft’s position. For performance
index with AirClim CCFs, which are dependent on location, the climate cost is estimated by interpolating a
flight path which connects the inserted mode to the closest point on the trajectory of the previous sequence.
The climate cost for the final phase of the new sequence is then evaluated by combining the cost of the in-
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Figure 3.4: Optimization flow chart of TOM with bi-level framework (in red box), built for an hybrid optimal control problem with
variable mode sequence.

terpolated flight path with the remainder cost. The remainder cost is estimated from the overall cost of the
previous sequence. This will be further elaborated in chapter 4.

Within stage 2 an internal loop calculates the cost variation at each time step by solving a control problem
for the mode and interpolating the cost for cruise phase after the mode. This loop is executed for each mode
in the set of discrete modes. The cost variation corresponding to each insertion time t̂ is stored in a variable.
If at any insertion time, from the set of insertion times, the evaluated directional derivative is negative i.e. the
new sequence cost is lower than the initial sequence, then the bi-level framework defines a new sequence
σ̂ by selecting an insertion time from the set of feasible insertion times. More often than not, this insertion
time corresponds to the insertion at which the cost reduction is maximum. However, this maybe violated
in this study for validation purposes. After the new sequence is defined, stage 1 will calculate their optimal
switching times. For calculating the optimal switching times a multi-phase problem for the new sequence
is formulated and solved within stage 1. The guess for this multi-phase problem is determined based on the
time step at which the cost reduction was found to be negative, the solution corresponding to the previous
mode sequence, and the mode solution from stage 2.
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The directional derivative is calculated in the above manner for all the modes defined within the set of
modes. However, if both climb and descent modes are defined within the set of discrete mode then the final
optimal mode sequence depends on the order in which the discrete modes are inserted. The differences in
the optimal mode sequence calculated with different set of discrete modes will be discussed in chapter 4.
Figure 3.5 illustrates the bi-level framework with stage 1 and stage 2 of the algorithm highlighted.

Figure 3.5: Flow chart of the Bi-level framework in TOM, highlighting the loops of stage 2 (with red arrows) and stage 1 (with blue
arrows)



4
DESIGNING TRAJECTORIES WITH THE

BI-LEVEL ALGORITHM

As identified previously in section 3.3.2, the climate impact due to aviation emissions is dependent on fuel
burnt and spatial variability of emissions. With the objective to investigate the algorithm’s ability to calcu-
late the optimal mode sequence for climate optimal trajectories, this chapter considers control problems for
minimizing operating cost (or fuel consumption) and climate cost (with climate models defined in section
3.3.2). The optimal sequence for all control problems are calculated using the bi-level framework described
in section 3.4.3.

The control problem for minimizing the operating cost of the cruise phase is extensively studied within
the field of flight trajectory optimization. In this chapter this control problem is solved using the bi-level
technique and an optimal mode sequence is calculated. Since it is known from literature that climb during
cruise minimizes the operational cost [38], the bi-level framework is validated with climb mode insertions.
For each feasible insertion time the fluctuation in estimated switching time and error between the actual
(stage 1) and estimated (stage 2) cost reduction are calculated. Based on this the precision of the algorithm
to determine feasible insertion times and cost reduction is estimated.

Since limited knowledge is available with regard to descent during cruise, mode sequences with descent
modes are calculated for cruise trajectories designed within climate model A and B (shown in figure 3.1).
Extending the bi-level technique to control problems with fictitious climate models, the set of discrete modes
is defined with both climb and descent modes. The directional derivative will be evaluated for both modes in
each iteration of the stage 2. The fictitious CCFs are defined to represent distinct regions of feasibility for both
modes. After each iteration the mode sequence calculated by stage 2 is compared to the optimal sequence.
From these comparison, the accuracy with which the algorithm can calculate the optimal mode sequence for
a spatially varying cost functional is determined.

All fictitious climate models considered in this study have uni-dimensional (altitude) dependency in
space. The fictitious CCFs and directional derivative, both are measured along the altitude. This is neces-
sary to understand the performance and characteristics of the bi-level algorithm. However, for AirClim CCFs
or any other realistic climate model the CCFs are dependent on exact emission position (longitude, latitude
and altitude). Calculating an optimal flight path within such advanced climate model require three degrees of
freedom in space. By discretizing the cruise phase into modes of constant altitude cruise, climb and descent,
the bi-level algorithm is only able to evaluate the cost variation from changes in altitude. This limits the al-
gorithm from calculating potential trajectories with maximum climate mitigation. In the final section of this
chapter, a control problem to calculate the optimal mode sequence for a cruise phase between Lisbon (LIS)
and Miami (MIA) is studied with AirClim CCFs. The trajectories are designed for minimizing the climate cost
and the results of this section are validated with the results of study [40], where this control problem was first
solved with free flight conditions. With this, the limitations of the bi-level control technique is highlighted.

All cruise trajectories designed in this chapter correspond to Trans-Atlantic flight routes. Control prob-
lems are formulated and solved using a standard PC featuring Intel i7 2.5 GHz processor and 12GB RAM.

31
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4.1. OPTIMAL OPERATING COST CRUISE
In this section constant Mach cruise trajectories are designed for a fictitious North Atlantic flight route be-
tween Illinois, Chicago (ORD) and Frankfurt, Germany (FRA). To generate the optimal trajectories the operat-
ing cost is measured as the performance index. The climate weighing factor CΨ in the performance criterion
(defined in equation 3.5) is set to zero while formulating the control problem. The initial sequence for the
cruise phase is defined as a constant altitude cruise at FL 310 (10,363), assuming a constant Mach number
of 0.82. For calculation of subsequent mode sequences, the variation in flight path is considered with the
insertion of step-climb mode. The maximum altitude variation per mode insertion is set at +2000 ft.(609.6
m). An optimization is set up within TOM, using the mathematical model described in chapter 3, and the
optimal mode sequence is calculated by the bi-level framework. The bi-level framework calculates the mode
sequence from inserting a climb mode into the initial sequence such that a new sequence which lowers the
cost is calculated in every iteration of the algorithm, till one of the exit conditions defined in section 3.4.3 is
satisfied. The boundary conditions for the calculated trajectories are based on the BADA performance model
(Airbus A330-200 aircraft) and the ATM constraints discussed in section 3.2. The atmospheric conditions are
set to ISA conditions. The bounds imposed on the state and path vectors for solving this control problem are
given in Appendix A.

4.1.1. REFERENCE TRAJECTORY AND COSTATE ESTIMATION

The reference trajectory is designed as an absolute economy cruise trajectory between ORD-FRA with the
initial cruise altitude set to FL 340 (10,363 m) and the final altitude set free. The reference optimal trajectory
is a flight path which gradually climbs until the ceiling altitude is reached, see figure 4.1. The final altitude
of the reference trajectory results from a steep descent. The reason for the latter can be attributed to high
speeds during descent, from converting potential energy to kinetic energy, which minimizes the fuel burnt in
the final leg of the cruise. For convenience, the results of this section will only consider mode sequence with
step-climb mode insertions. The maximum climb altitude is limited to the maximum altitude (FL 390) of the
reference trajectory.

Reference Trajectory

Figure 4.1: Absolute economy cruise trajectory between ORD-FRA. Left: altitude with flight time plot. Right: latitude-
longitude plot. The trajectory in red correspond to optimal cost and trajectory in black represent the Great Circle
trajectory.

Since the difference between the initial altitude and maximum altitude is approximately 5000 ft. (1524 m),
the final optimal sequence calculated by the bi-level framework is expected to comprise of at most two step
climbs. To save computational resources the maximum number of mode insertions is limited to two. In each
insertion the flight trajectory will climb to flight level which is 2000 ft. higher than the initial altitude. Based
on this the cruise trajectories are simulated at FL 360 (10,973 m) and 380 (11,582 m) and stored as a database
for interpolating the operating cost of cruise mode in stage 2 of the algorithm. At a range of weights (between
the take-off and zero fuel weight of the aircraft) the available fuel, range and flight time are recorded. The fuel
consumption is calculated per distance covered. The recorded data for cruise at both flight levels is given in
Appendix D.
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To validate the costate estimated by GPOPS-II, the Hamiltonian is evaluated with the costate variables
obtained from solving the constant altitude cruise control problem. Since the performance index only mea-
sures the operational cost, the number of state variables which contribute to the overall cost is reduced to
four, longitude (Λ), latitude (φ), altitude (H) and the mass of the aircraft (m). The Hamiltonian is evaluated
along the trajectory using eq. 3.21. At each time step the product of the costate (px ) and state derivative (ẋ) is
evaluated for each state variable. The Hamiltonian is then expressed as the cumulative sum of the latter prod-
uct and plotted for all time steps, see figure 4.2. As expected, the Hamiltonian was found to be constant along
the trajectory. This confirms that RPM-differentiation method used within GPOPS-II for costate estimation
is reliable.

Figure 4.2: Hamiltonian evaluated from the costate variables calculated within GPOPS-II. The costate estimation
method is RPM-Differentiation.

To initiate the bi-level framework, the optimal solution of the initial sequence is calculated. The contin-
uous state and control vector obtained from solving the initial sequence is stored in memory. As only climb
is considered in this section, the set of discrete modes is limited to step-climb. The initial and final Mach
number of the climb mode is set to 0.82, for ensuring continuity between phases. The directional derivative
is evaluated to determine the feasibility of the climb mode insertion. For each feasible mode insertion the
optimal switching time calculated in stage 1 is bounded with a slack of ± 1000 seconds the estimated inser-
tion time. This ensures that the optimal switching times calculated by the solver are closest to the estimated
insertion times.

4.1.2. FIRST ITERATION
From the solution of the initial sequence 30% of the overall time steps are selected to represent set of inser-
tion times in stage 2. For each insertion time a insertion function needs to be defined and a control problem
for climb needs to be solved. Evaluating cost reduction for 100% time steps would increase the precision of
the algorithm but would also increase the computational time significantly. Thus an appropriate percent-
age of insertion time is selected such that a fair compromise is made between the required precision and
computation time.

In stage 2, the mode insertion is defined at each insertion time by solving a control problem to find the
optimal climb. The initial boundary conditions for the control problem is set to the state vector from the
solution of the initial sequence, corresponding to the insertion time. The final altitude at each insertion time
is set to FL 340 and final Mach number is fixed to 0.82. Once the optimal climb is calculated the corresponding
cost is stored. From the final position of the aircraft (after the climb), a great circle trajectory is assumed till
the destination. The cost for this trajectory is then interpolated from the database corresponding to cruise
at FL 340. The feasibility of the interpolated cruise phase is ensured by evaluating the maximum range with
the available fuel. If the great circle distance is lower than the maximum range then the mode insertion is
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determined to be infeasible and the corresponding cost variation is disregarded. The overall cost for the new
sequence is calculated by combining the cost to cruise till the insertion time (t̂ ), the cost to climb and the
interpolated cost. The directional derivative is then evaluated using eq. 2.15.

Stage - 2

Figure 4.3: Directional derivative Vs. insertion time plot, with increasing mode duration, (λ) for climb mode insertion
in the initial sequence.

Table 4.1: Table to express the differences between the stage 2 and stage 1 calculations for optimal switching time and cost reduction,
for all trajectories shown in figure 4.4.

Trajectory Estimated Switching time (s) Optimal Switching Time (s)
Estimated Cost Reduction ($)

(dJ(ρη(λ̄)))
Actual Cost Reduction ($)

(dJ)
Error in Cost reduction(%)

A 193 869 808.7 727 11.23
B 6,020 6,673 692.7 650 6.56
C 10,088 9,289 570.3 595 4.20
D 15,363 15,063 383.7 437 12.19

The directional derivative evaluated in stage 2 along with the estimated cost reduction (d J ) is shown in fig-
ure 4.3. The flight time is represented in terms of the independent variable (τ), see definition in eq. 2.7. From
the directional derivative plot it can be observed that a step-climb at all insertion times will lower the overall
operating cost. This result is in agreement with the reference behaviour. Since the new sequence comprises
three modes, their switching times will be represented as t0, t1, t2, t3(t f ). The initial time t0 is zero for all
optimal trajectories calculated in this study. To evaluate the precision of the algorithm the optimal sequences
are defined with the step-climb mode inserted at each of the insertion time in t1 = [193,6020,10088,15363]
seconds. The optimal switching times for the respective mode sequence is then calculated by solving the
multi-phase problem in stage 1. The optimal trajectories along with their switching times, for each of the
considered mode sequence, is shown in figure 4.4. Note that the optimal time to climb (t2 − t1) is limited by
the upper bound set on duration to climb. This indicates that the bounds specified on duration to climb is
insufficient to calculate an optimal climb. However, since the climb mode is relatively short, when compared
to the overall flight time, the climb mode itself does not significantly affect the overall cost. Hence, a sub
optimal climb solution is considered sufficient to continue this study.

From the optimal solutions of the trajectories shown in figure 4.4, the final time (t f ) is observed to increase
with earlier insertions of climb. The true airspeed decreases with increasing altitude while flying at a constant
Mach number. This characteristics of the airspeed increases the total flight time as the climb mode insertion
approaches insertion times close to the initial time. However, the overall cost reduction is dependent on both
time and fuel consumption. Flying at higher altitudes result in lower rate of fuel consumption. The total
fuel burnt contribute significantly to the overall cost. Thus, the overall cost reduction from climbing should
increase as the insertion time approaches the initial time. Based on this the characteristics of the evaluated
directional derivative is validated. The maximum error within the algorithm’s estimated cost reduction is less
than 15%. The error between the estimated cost reduction (stage 2) and actual cost reduction (stage 1) is
shown in table 4.1.
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Stage - 1

A B

C D

Optimal Trajectory Switching Time (s)
t1 t2 t3(t f )

A 869 1,369 27,654
B 6,673 7,173 27,603
C 9,289 9,789 27,579
D 15,063 15,563 27,524

Figure 4.4: Altitude-real flight time plots for a constant altitude cruise with a step-climb and their corresponding
switching times calculated in stage 1 of the bi-level framework.

To calculate the optimal sequence, the switching times corresponding to trajectory A in figure 4.4 are
selected as the optimal switching times of the next mode sequence. Further insertions will be calculated by
evaluating cost variation with respect to the final cost of this sequence.

4.1.3. SECOND ITERATION

Remember that for subsequent iterations the feasible set of insertion times are selected from the final cruise
mode of the previous sequence, see section 3.4.3. In the second iteration of the stage 2, the second climb
mode is inserted into the final cruise mode of the sequence determined in the first iteration. Similar to the
first iteration, the number of candidate insertion times are limited to 30% of the time steps. The set of candi-
date insertion times is defined from the final phase solution, which is obtained after solving the multi-phase
problem in stage 1. The inner loop within stage 2 calculates the optimal climb and sequence cost by solv-
ing a control problem and interpolating the cruise cost, from the database, at each candidate insertion time.
The directional derivative and cost reduction both are evaluated at each insertion time. Figure 4.5 shows the
directional derivative and cost reduction (d J ) plot for the second climb mode insertion. The independent
variable axis of the plots represent the insertion times between 1,369 seconds (t2) and 27,654 seconds (t f ).
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Stage - 2

Figure 4.5: Directional derivative and cost reduction with independent variable (τ) plot for the second climb mode
insertion.

From the cost reduction plot it is observed that the maximum cost reduction occurs at an insertion time
closest to τ = 0.66 (1,369 seconds). However, based on the directional derivatives, the cost reduction per
second of climb is found to be maximum for an insertion at τ = 0.7546 (7,803 seconds). For clearing the
discrepancy between both the plots, a new sequence with two step-climbs is defined and the multi-phase
problem is formulated. The switching time (t3) of the second step-climb is bounded within [1369, 7803] sec-
onds. The optimal stitching times for this mode sequence is then calculated in stage 1. It was observed that
for insertion times less than 7,000 seconds the solver was not able to calculate an optimal solution, i.e. the
problem remains in-feasible. Because a single phase climb control problem is used as an approximate so-
lution for the climb phase of the multi-phase cruise problem, the infeasiblity at initial insertion times could
not be captured in stage 2. From comparing the control inputs of climb mode, of stage 1 and stage 2, it is ob-
served that the available thrust is over estimated while calculating climb in stage 2. As the bi-level algorithm
is sensitive to the mode inputs, the switching time calculated in stage 1 and stage 2 can thus be significantly
different.

Stage - 1

Switching Time (s)
t1 t2 t3 t4 t5(t f )
54 554 7,015 7,515 27,680

Figure 4.6: Altitude-real flight time plots for a constant altitude cruise with two step-climb and their corresponding
switching times calculated in stage 1 of the bi-level framework.
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Figure 4.7: Altitude-flight time plot for the reference trajectory, initial constant altitude cruise and trajectories calculated in each
iteration of the bi-level framework, for cruise phase between ORD-FRA with no bounds on Mach.

Table 4.2: Normalized operating cost, fuel and flight time for mode sequence calculated within TOM for calculating the operating
cost optimal cruise trajectory.

Optimal Sequence COC [-] Fuel [-] Time [-]
Reference Trajectory 1 1 1

Initial Sequence 1.021 1.059 0.991
Cruise + 1 Climb 1.011 1.025 0.999
Cruise + 2 Climb 1.004 1.008 1.001

For the mode sequence with two step climbs, the optimal switching time for performing the second climb
is calculated at t3 = 7,015 seconds. Further, the switching time of the step-climb calculated in the first iteration
shifts backwards from t1 = 869 seconds to 54 seconds, approaching the initial time. The optimal switching
times and altitude plot for the new mode sequence is shown in figure 4.6. Based on the above results it can be
suggested that the measure of cost difference can only provide sufficient information to determine whether a
mode insertion will lower the cost. But, for estimating the optimal switching time evaluating the directional
derivative maybe more efficient.

After the second iteration the bi-level framework terminates as the optimal mode sequence within fea-
sible bounds is calculated. The optimal trajectories calculated in both iterations of the framework and that
of the reference solution is shown in figure 4.7. The normalized operating cost (COC), fuel burnt and overall
flight time for all the optimal trajectories shown in figure 4.7 are given in table 4.2. Based on the results it
is concluded that for a cruise phase with step-climb the overall fuel burnt decreases and the flight time in-
creases. Increasing the number of step-climb will further decrease the overall cost i.e. the cost will approach
the reference cost.

4.2. FICTITIOUS CLIMATE OPTIMAL TRAJECTORIES
To calculate fictitious climate optimal trajectories, the cruise phase mode sequence with climb and descent
mode insertions are calculated for the flight route between ORD-FRA. In the cost function equation the mon-
etary cost weighing factor is set to zero for all control problems formulated in this section. Similar to the
previous section, the cruise phase is defined assuming a constant Mach flight and the cruise mode is defined
as a constant altitude cruise mode. Within the cruise phase, a beneficial deviation in flight path can only be
brought about by performing either a climb or descent. The cruise phase is initiated at FL 350 (10,668 m).
For both climb and descent modes the final boundary conditions are fixed for altitude (± 2000 ft.) and Mach
number (0.82). The flight envelope and performance parameters are calculated from the BADA performance
model. The flight conditions are calculated assuming ISA conditions.

In the following two sections, the cruise phase trajectories are calculated from minimizing the climate
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cost. The CCFs to calculate the climate cost are determined from the fictitious climate model A and B, dis-
cussed in 3.3.2. The control problems are formulated within TOM and the optimal cruise mode sequence
and corresponding switching times are calculated using the bi-level framework. The mode sequences are
calculated from considering both climb and descent mode insertions in stage 2 of the algorithm.

4.2.1. MODE SEQUENCE FOR CLIMATE MODEL A
The 1D spatially varying CCFs of Climate model A are defined to reduce the climate impact with decreasing
cruise altitude. The objective of this climate model is to determine mode sequences for cruise phase with
the descent mode lowering the overall cost. The rate of change of climate cost is represented using eq. 3.7.
The arbitrary constant k11 and k12 are chosen using trial and error such as to ensure that the climate impact
remains sensitive to small variations in altitude. The values of these constants are given in Appendix C. The
reference cruise trajectory calculated for minimizing cruise phase climate impact within climate model A is
shown in figure 4.8. From the reference trajectory it can be observed that lowest climate impact in the fictional
climate model results from cruising at the lower bound of the cruise altitude. With free flight conditions, the
flight path for the optimal cruise descends from the initial cruise altitude FL 350 (10,668 m) to the minimum
cruise flight level FL 270 (8,353 m). The time to descend is minimized such that the aircraft covers maximum
flight distance from flying at the lowest cruise altitude. Based on this, the optimal mode sequence for a cruise
within this fictitious climate model is expected to consist of successive descent modes until the lower bound
of the cruise altitude is reached.

Reference Trajectory - Climate Model A

Figure 4.8: Absolute minimal climate cost reference trajectory calculated from climate model A.

For calculating the optimal cruise phase mode sequence the control problem to minimize climate cost
is set up with the bi-level framework. The framework is initiated with the initial sequence set to constant
altitude cruise at FL 350. Similar to the operating cost control problem, the candidate set of insertion times
is limited to 30 % of the overall time steps of the initial solution. Constant altitude cruise trajectories are
simulated at FL 370 (11,278 m), 330 (10,058 m), 310 (9449 m) and 290 (8839 m) for interpolating the climate
cost of cruise mode in stage 2. In stage 2 the climate cost is interpolated for the cruise mode which follows
after the inserted mode. Since the CCFs of climate model A are directly related to flight time and altitude,
the climate cost is estimated from calculating the required flight time to cover the required range at a given
altitude. The database used for solving the control problem formulated in this section is given in Appendix E.

In the first iteration of the bi-level framework the mode sequence is calculated from considering both,
climb and descent mode insertions. At each insertion time an optimal control problem is solved for both
climb and descent mode. The climate cost of the new sequence is then estimated from combining the cost
from the initial sequence until the insertion time, cost during climb/descent and the interpolated cost of the
cruise phase at the new cruise altitude. The directional derivative is then evaluated for each sequence cal-
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culated within stage 2. The directional derivative plots evaluated from inserting climb and descent modes
are shown in figure 4.9. As expected, the climate cost is observed to reduce for descent mode insertions.
The maximum cost reduction is observed for a descent insertion at time t̂ = 0. Since the directional deriva-
tive evaluated for climb mode insertions are positive at all insertion times,a new mode sequence with only
descent mode insertion is calculated in stage 2. In stage 1 the optimal switching times for this new mode
sequence is then calculated. The optimal solution calculated in stage 1 is shown in figure 4.10.

Stage - 2

Step-Climb Step-Descent

Figure 4.9: Directional derivative- independent time plots for climb (left) and descent (right) mode insertions for
lowering the climate cost of the cruise trajectory within climate model A.

Stage - 1

Switching Time (s)
t1 t2 t3(t f )
0 500 28,485

Figure 4.10: Altitude-real flight time plot for a constant altitude cruise with step-descent and switching times
calculated in stage 1 of the bi-level framework.

In each iteration of stage 2, a new mode sequence is calculated from inserting a descent mode into the
mode sequence of the previous iteration. While calculating the new sequence, the stage 2 discretizes the
cruise mode and inserts a descent mode based on the rule mentioned in figure 3.3. Due to limited memory,
the number of bi-level framework iterations is restricted to a maximum of three mode insertions. In every
iteration the algorithm successfully calculated the new mode sequence in stage 2 and their optimal switching
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times are calculated in stage 1. The final optimal solution and switching time calculated by bi-level framework
is given in figure 4.11. Because of time constraint, the optimal solution of the final sequence did not converge
to the desired tolerance. The switching time sets {t0, t2, t4, t6} and {t1, t3, t5} correspond to the initial time of
the cruise modes and descent modes, respectively, of the final mode sequence. The normalized flight time
and climate cost for all mode sequence calculated within this section is given in table 4.3.

Stage - 1

Switching Time (s)
t1 t2 t3 t4 t5 t6 t7(t f )
0 252 252 615 615 1,115 27,985

Figure 4.11: Altitude-real flight time plot for a constant altitude cruise with three step-descent and switching times
calculated in stage 1 of the bi-level framework.

Table 4.3: Normalized climate cost, fuel and flight time for mode sequence calculated within TOM for calculating the climate cost
optimal cruise trajectory within Climate Model A.

Optimal Sequence ATR [-] Fuel [-] Time [-]
Reference Trajectory 1 1 1

Initial Sequence 1.050 0.828 1.033
Cruise + 1 Descent 1.033 0.861 1.024
Cruise + 2 Descent 1.024 0.904 1.015
Cruise + 3 Descent 1.008 0.955 1.006

The optimal mode sequence of the considered optimal control problem consists of descent modes which
are sequenced one after the other. Though the definition of the mode sequence used in this study does not
allow for two adjacent mode insertions, the optimal duration of the cruise mode which is mandated between
two mode insertions is calculated to be zero, see switching times in figure 4.10 and 4.11. Based on this, it is
concluded that the rule discussed in figure 3.3 allows zero entries (duration of mode equals zero), and the
algorithm efficiently captures these zero entries.

4.2.2. MODE SEQUENCE FOR CLIMATE MODEL B
This study so far considered control problems in which the optimal mode sequence was calculated by insert-
ing either a climb or descent mode. The optimal sequences of these control problems are homogeneous and
the modes were periodically sequenced. However, the optimal mode sequence for minimizing cruise phase
climate impact can have non periodic mode sequence mainly because of the non-linear spatial dependency
of the CCFs estimated in advanced climate models. Because of the latter characteristics of the CCFs, the
mode sequence calculated for minimizing climate impact may simultaneously comprise both climb and de-
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scent modes. Thus calculating the optimal mode sequence for such control problems will require careful
consideration because each iteration of the bi-level framework may have more than one feasible mode inser-
tion which lowers the overall cost.

In this section, the mode sequence for minimizing the fictitious climate cost during cruise is calculated
using the bi-level framework. For understanding the characteristics of the bi-level framework with respect
to non-linear CCFs, the climate cost is represented with fictitious CCFs of Climate model B, see figure 3.1.
The arbitrary constants, k11,k12,k21 and k22 in eq. 3.8, are chosen to represent distinct feasible regions for
climb and descent mode, where they individually lower the overall climate impact. The reference trajectory
is calculated by solving a single phase cruise optimal control problem for the flight route between ORD -
FRA. The cruise phase is initiated at FL 350 (10,668 m) assuming free flight conditions and constant Mach
number of 0.82. Since the climate cost is lowered with altitude in the first half of the total flight time (t <
14170 seconds), the flight path descends to the minimum cruise flight level (FL 270). For flight time greater
than 14170 seconds the flight path swiftly climbs to the maximum cruise altitude (FL 410), as the conditions
become favourable to fly at higher altitudes. The reference cruise trajectory is shown in figure 4.12. The values
of the arbitrary constants are given in Appendix C.

Reference Trajectory - Climate Model B

Figure 4.12: Absolute minimal climate cost reference cruise trajectory calculated within climate model B.

Similar to previous sections, the bi-level framework is initiated by solving a single phase optimal control
problem for the initial sequence and selecting a set of candidate insertion times. The database for interpolat-
ing the climate cost of the final cruise mode in stage 2 is created by simulating cruise flight at different flight
levels. The data stored for cruise at different flight levels is given in Appendix F. In the first iteration of stage
2, the directional derivative is evaluated for both climb and descent mode insertions. The directional deriva-
tive plots of both modes is given in figure 4.13. From the directional derivative plots it can be observed that
both climb and descent mode have a feasible set of insertion times at which the overall cost is reduced. For a
step-descent to lower the climate impact, the insertion times less than τ= 0.5 (t = 14375 seconds) are found
feasible, with the maximum cost reduction occurring for an insertion at t = 0. For insertion times greater than
τ = 0.5 climbing to higher altitude is found to be beneficial. The maximum cost reduction with climb mode
insertion occurs at t = 14375 seconds.

Since the stage 2 iteration evaluates cost reduction with both climb and descent mode insertions, succes-
sive mode sequences are calculated considering two cases. In the first iteration of stage 2 two mode sequences
are defined; cruise with step-climb and cruise with step-descent mode . For the mode sequence with climb
mode the initial guess for insertion time of climb is set at t = 14375 seconds. The optimal switching times for
this sequence is then calculated in stage 1. The optimal solution for the mode sequence with climb mode is
shown in figure 4.14(A). Similarly the optimal switching times for mode sequence with descent mode is cal-
culated in stage 1. The initial guess for insertion of descent mode is set at t = 0 seconds. The optimal solution
obtained for this sequence is shown in figure 4.14(B).
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Stage - 2

Step-Climb Step-Descent

Figure 4.13: Directional derivative- independent time plots for climb (left) and descent (right) mode insertions for
lowering the climate cost of the cruise trajectory within climate model B.

Stage - 1

A

Switching Time (s)
t1 t2 t3(t f )

15,033 15,533 28,837

B

Switching Time (s)
t1 t2 t3(t f )
3 203 28,487

Figure 4.14: Altitude-real flight time plots for a constant altitude cruise with one step-climb (left) and one step
descent (right) and respective switching times calculated in stage 1 of the bi-level framework.

In subsequent iterations of stage 2 the overall cost of the mode sequence shown 4.14(A) is observed to
reduce further with climb mode insertions only. However, in case of the mode sequence shown in figure
4.14(B) the directional derivative is once again observed to be negative for both climb and descent mode
insertion. The optimal solution calculated after inserting climb mode into the mode sequence 4.14(B) is
shown in figure 4.15. As the directional derivative is evaluated only for mode insertions within the final mode
of the previous sequence, the order in which the modes are inserted influences the mode sequence calculated
in the subsequent iteration. Thus to calculate the optimal mode sequence, it is important that the modes be
inserted in accordance to the insertion time at which the cost reduction is found to be maximum. Further, if
two or more modes are found feasible within the stage 2 iteration then it is recommended to define the new
sequence with the mode insertion for which the cost reduction is maximum. For the case considered in this
section the cost reduction in the first iteration of stage 2 is found to be higher for descent mode insertion
rather than for climb mode insertions, see table 4.4. In table 4.4 the normalized climate cost, fuel and flight
time are given for all mode sequences discussed in this section.
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Stage - 1

Switching Time (s)
t1 t2 t3 t4 t5(t f )
0 452 14,247 14,747 28,626

Figure 4.15: Altitude-real flight time plot of a constant altitude cruise with step-descent and climb mode along with
their switching times calculated in stage 1 of the bi-level framework.

Table 4.4: Normalized climate cost, fuel and flight time for mode sequence calculated within TOM solved for minimizing the climate
cost within Climate Model B.

Optimal Sequence ATR [-] Fuel [-] Time [-]
Reference Trajectory 1 1 1

Initial Sequence 1.252 0.923 1.014
Cruise + 1 Climb 1.244 0.908 1.018

Cruise + 1 Descent 1.185 0.959 1.005
Cruise + 1 Descent + 1 Climb 1.177 0.938 1.010

4.3. AIRCLIM CLIMATE OPTIMIZED TRAJECTORY
The trajectories calculated to minimize the climate cost based on the AirClim CCFs are influenced by the
emission position. The cost functional measured for calculating such climate optimal trajectories are sensi-
tive to deviations in all three dimensions of space. However, the bi-level framework designed in this study is
only able to calculate the mode sequence based on the cost variation while accounting for deviations in one
dimension, namely altitude. Thus the mode sequence calculated by the algorithm are sub-optimal solution.
Further, additional errors will be introduced into the directional derivative as the algorithm does not account
for lateral and directional deviations in flight path. To understand the limitation of the algorithm better, the
optimal control problem to minimize the climate cost for Trans-Atlantic route from Lisbon (LIS) to Miami
(MIA) is formulated and solved in this section.

4.3.1. PROBLEM DESCRIPTION AND REFERENCE TRAJECTORY
The single-mission assessment for the Trans-Atlantic route from Lisbon (LIS)- Miami (MIA) discussed in [40]
is solved using the bi-level control algorithm for calculating cruise phase mode sequence with step-climb
mode. The control problem for this mission is formulated with the mathematical model discussed in chapter
3. The cruise trajectory is optimized for minimizing the climate impact. In the performance criteria eq. 3.5
the weighing factor for climate impact is set to one. The trajectory is simulated with BADA 4.0 Airbus A330-
200 aircraft performance model assuming ISA conditions. The flight conditions are constrained with ATM
constraints.

The climate responses for aircraft emissions (mi ) are calculated within the model AirClim in dependency
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of locus and time. For varying flight altitudes (Hi ∈ [8500 m m,12500 m]) the cruise emissions are simulated
and the resulting emission are distributed evenly into AirClim in 10° longitude and 10° latitude steps in cor-
responding height. The monthly climate impact per flight is expressed for each climate agent i as average
temperature response over 100 years (ATR100,i )), see eq. 3.9. The climate cost is expressed based on the an-
nual average climate cost functions.

To validate the control problem formulated in this section, the cruise flight is optimized with free flight
conditions. The cruise phase is simulated with the initial flight altitude fixed at FL 280 (8500 m), assuming
85% load factor and a constant Mach number of 0.82. The free flight climate optimal trajectory and the
longitude-latitude plot for the cruise flight is shown in figure 4.16. The results calculated within TOM is in
agreement with the results published in [40]. The free flight climate optimal trajectory reduced the climate
impact by around 35% for 10% cash cost increase.

Reference Trajectory

Figure 4.16: Altitude-longitude plot (left) and latitude-longitude plot (right) of optimized trajectory on the trans-
Atlantic route from Lisbon (LIS) to Miami (MIA). The trajectories are optimized to minimize the climate impact and
flight conditions is assumed to be free.

4.3.2. CLIMATE COST INTERPOLATION
As mentioned in the previous section, the emission is evenly distributed in steps of longitude and latitude for
a corresponding height. The emission impact at a given longitude and latitude may vary with varying altitude.
Therefore, the constant altitude cruise trajectories calculated for minimizing the climate cost at different
flight levels may have different flight paths. This is clearly depicted in figure 4.17, where the longitude -
latitude plots for climate optimal cruise are given with increasing flight levels. This increases the complexity
of the problem especially while comparing trajectories which have the same initial and final position, but
different mean altitude. In such cases the trajectories obtained from variations of a given mode sequence
may be far from nominal and hence not comparable. Thus to determine the mode sequence the new mode
sequence constructed in stage 2 should employ a single mode insertion technique on a flight path which is
fixed with respect to the geographical coordinates i.e. constant in the longitude-latitude plane.

For calculating a feasible insertion in stage 2, it is important that the new mode sequence be comparable
to the initial sequence. The new sequence is calculated by solving for an optimal path for the inserted mode
and interpolating the cruise phase which follows after the inserted mode. To ensure consistency between
the flight paths calculated in each iteration, the trajectory of the new sequence is made similar to the initial
sequence trajectory in stage 2. To achieve such similarity the flight path is discritized into four parts as shown
in figure 4.18. The first part represents the cruise phase till the insertion time t̂ , expressed as 1. The cost
and flight path corresponding to first part is obtained from the solution of the initial sequence or previous
sequence in subsequent iterations. The second part is the inserted mode which is obtained from solving the
optimal control problem. For the final cruise phase, the flight path is split into two phases such that the flight
path is converged into the trajectory of the initial sequence. From the final position (Λ fmode

,φ fmode
), after

the inserted mode, the closest coordinate (Λi ,φi ) in the trajectory of the initial sequence is determined by
minimizing the distance between the coordinates. The flight path between the latter two coordinates is then
interpolated as a constant altitude cruise mode. Since this mode is relatively small, the climate cost corre-
sponding to this phase is neglected. However, the fuel burnt in this phase is calculated based on the weight
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Figure 4.17: Latitude-longitude plot of optimized constant altitude cruise trajectories calculated varying flight levels. The trajectories
are optimized to lower the climate impact at each flight level.

Figure 4.18: Altitude- time plot describing the discritization of the cruise phase mode sequence in stage 2 of the algorithm.

of the aircraft and distance between coordinates. The feasibility of the new sequence is then determined by
calculating the available fuel and range for the fourth and final phase. For the final part the climate cost is
again interpolated from the initial sequence solution. The final cost of the new sequence is finally expressed
as the sum of all four parts. It is important to note that the new lower cost sequence calculated in stage 2 may
not represent the global minimum. However, this method is expected to calculate the most optimal mode
sequence for a given flight path.

4.3.3. AIRCLIM MODE SEQUENCE

The mode sequence for the flight route between LIS-MIA is calculated using the bi-level framework to mini-
mize the climate cost. The cost variation in stage 2 is calculated using the method described in the previous
section. The main objective of solving this hybrid problem in this section is to measure the accuracy and
adequacy of the algorithm to estimate mode insertions. For convenience, the maximum number of mode
insertions is limited to one and the set of discrete modes is restricted to climb modes. The initial cruise se-
quence for calculating the optimal flight route is initiated at FL 280. In stage 2 the new mode sequence with
climb mode sequence is constructed for a set of insertion times (30% of the overall time steps) and the overall
variation in cost is measured. The directional derivative plot evaluated to measure the climate cost reduction
from modifying the sequence with climb mode is shown in figure 4.19.
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Stage - 2

Figure 4.19: Directional derivative- independent time plot for climb mode insertions for lowering the climate cost of
the cruise trajectory within AirClim climate model.

Based on the directional derivative plot it is observed that the maximum cost reduction occurs for a climb
mode insertion at t = 18,511 seconds (τ = 0.6737). Since in stage 2 the evaluated directional derivative was
found to be less than zero at more than one insertion time, the algorithm calculated a cruise phase sequence
with 2000 ft. step-climb. The initial guess for the inserted climb is specified at the time in which cost reduction
is observed to be maximum. The optimal switching times and climate cost for the new sequence is then
calculated in stage 1. The optimal solution calculated after the first iteration of the algorithm is shown in
figure 4.20 and normalized operating cost, climate cost, fuel and flight time for all sequence calculated is
shown in table 4.5. Upon comparing the reference solution and the solution obtained from the first iteration
of the algorithm it is observed that the overall climate impact of the first iteration mode sequence already
approaches the reference climate cost. Although the mean altitudes of both trajectories are different, the
climate impact is found almost similar because both trajectories are designed to minimize climate cost by
flying different routes on the longitude-latitude plane. Thus unlike previously considered control problems
it may not be always possible to compare the results of the algorithm with the reference trajectory.

Stage - 1

Figure 4.20: Altitude- real time plot of optimized cruise trajectory with step climb and switching times calculated in
stage 1 of the bi-level framework.
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Table 4.5: Normalized operating cost, climate cost, fuel and flight time for mode sequence calculated within TOM solved for minmiz-
ing the climate cost of cruise phase between LIS - MIA.

Optimal Sequence COC [-] ATR [-] Fuel [-] Time [-]
Reference Trajectory 1 1 1 1

Initial Sequence 1.003 1.017 1.026 0.976
Cruise + 1 Climb 1.002 1.009 1.016 0.986

Table 4.6: Table to express the differences between the stage 2 and stage 1 calculations for optimal switching time and cost reduction
for trajectory shown in figure 4.20.

Trajectory Estimated Switching Time (s) Optimal Switching Time (s)
Estimated Cost Reduction (ATR)

(d J (ρη(λ̄)))
Actual Cost Reduction (ATR)

(dJ)
Error in Cost Reduction (%)

Cruise + 1 Climb 18,511 19,179 3.15e-10 2e-10 57.5

Figure 4.21: Latitude-longitude plot of optimized cruise trajectories calculated with the initial mode sequence and for mode sequence
with step-climb mode.

To measure the accuracy of the algorithm the percentage error between the estimated cost reduction and
actual cost reduction is calculated in table 4.6. The error in stage 2 solution is because of interpolation of
the flight path discussed in previous section and the differences between the trajectories calculated in both
stages which results in higher percentage overall error. This error can be minimized by selecting advanced
interpolation techniques which can estimate the flight path and climate cost of the new mode sequence
precisely . However, the maximum contribution to the overall error occurs from the difference in trajectories
calculated in both stages. As the solver is free to optimize the flight path between the initial and final position,
it is hard to completely remove this error. Figure 4.21 shows the optimal flight path calculated by the solver
for the initial and first iteration mode sequence. Improving the accuracy of the algorithm would require the
solver to ensure consistency between trajectories. This can possibly be attained by discritizting the flight
route such that the aircraft is forced to pass through specific way-points.





5
CONCLUSION

With estimated increase in air traffic, there is an increased interest in finding climate optimized trajectories
to reduce the overall climate impact of the aviation industry. From current understanding of the climate
system, the non-CO2 emissions from aircraft are estimated to contribute significantly to the global RF. The
climate impact from these emissions are expected to be sensitive to locus and time of emission. Based on this,
studies have identified large potential to mitigate climate impact from optimizing ideal 3D cruise trajectories.
To extend this assessment further, this study considers inclusion of operational regulations while designing
trajectories, as real flight paths are constrained with ATM regulations. The trajectories calculated in this study
are limited to the cruise phase of the flight, as cruise is the longest phase of a long-haul flight. Since the
free flight cruise trajectories were observed to vary in altitude, while reducing climate sensitivity along the
trajectory, inclusion of ATM restricted step-climb and descent flight modes are considered essential to design
climate optimized cruise trajectories.

Due to the dependency of the emissions on location and time, the resulting control problems in this
study are formulated as a hybrid optimal control problem with variable mode sequence. Since a hybrid sys-
tem comprises of both a continuous and discrete system, an optimal control technique based on the bi-level
algorithm is designed to optimize both systems individually. The algorithm worked in two stages, the first
stage calculates continuous inputs and optimal switching times for a given mode sequence and, the second
stage updates the mode sequence from inserting a mode which lowers the overall cost. The algorithm iterates
between the two stages until no further mode insertion is found feasible to decrease the cost. The feasibility
of a mode to lower cost is determined by evaluating the directional derivative of the cost functional. The di-
rectional derivative is evaluated for a mode insertion of fixed duration. However, from available literature the
bi-level technique is only known to efficiently solve control problems in which the trajectories are optimized
to avoid specific target points. As defining climate sensitive target locations using advanced climate model is
hard to do, the possibilities of extending this control technique to solve climate optimal cruise hybrid control
problems cannot be coherently established. Since the understanding of the algorithm is limited, the objec-
tive of this study is defined to investigate the performance of the bi-level optimal control algorithm and to
determine its suitability to calculate ATM regulated climate optimal trajectories.

To study the algorithm’s performance, optimal control problems with performance criteria which indi-
vidually account for the fuel consumption and locus of the trajectory are considered, since climate cost is a
function of fuel flow and locus. For measuring the fuel consumption, a monetary cost function is defined as
an objective function and to define a measure with respect to locus, fictitious Climate Cost Functions (CCF)
with spatial variability in altitude are introduced. The objective of solving these optimal control problems is
to calculate cruise trajectories with step-climb and/or descent modes such that the performance criterion is
minimized. The cruise phase is initiated with a constant pressure altitude cruise mode and change in altitude
is brought about by inserting a climb or descent mode. The altitude variation per climb/descent is limited
to ± 2000 ft. (609.6 m), respectively, as per semi-circular rule. Both climb and descent modes are initiated
in vertical speed mode with no bounds on Mach number. The dynamics of the aircraft were defined assum-
ing a point mass model with variable aircraft mass and three degrees of freedom. The equations of motions,
state, control and path variables are defined individually for each flight mode (cruise, climb and descent).
All trajectories are simulated with a BADA 4.0 Airbus A330-200 aircraft performance model. The limitations
on the climb and descent mode duration and vertical speed are calculated from ADS-B data of flightradar24.
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To solve the optimal control problems with the bi-level control algorithm, a bi-level framework within the
Trajectory Optimization Module (TOM) is designed. To initiate the bi-level framework, an optimal cruise tra-
jectory with a single phase constant altitude cruise mode is obtained. With the latter solution the algorithm
is initiated in stage 2, where insertions with climb and/or descent mode are calculated by solving a control
problem at each insertion time. The overall cost of the new mode sequence calculated in stage 2 is expressed
by combining the cost of the inserted mode and interpolating the cost of the final cruise phase. For each
insertion the cost variation is calculated by evaluating the directional derivative. Subsequently, the optimal
switching times and continuous inputs of the new mode sequence is calculated in stage 1. The framework
iterates between stage 1 and 2 until the directional derivatives evaluated in stage 2 are observed to be greater
than or equal to zero.

To validate the bi-level framework formulated in this study, the extensively studied control problem to
minimize the cruise phase operating cost is solved. The cruise phase is initiated as a single phase constant
altitude cruise mode and in each iteration of stage 2 a step-climb mode is inserted at all insertion times for
constructing a new mode sequence. The cost variation and directional derivative both are evaluated in the
first iteration of stage 2. As expected the climb mode insertion is found to lower the overall cost at all inser-
tion times and the error between the actual cost reduction and estimated cost reduction is calculated to be
less than 15%. Consequently, in the second iteration of stage 2 a mode sequence with two step-climb modes
is constructed. As the thrust input of the climb mode calculated in stage 2 is over estimated, the maximum
cost reduction estimated by evaluating the cost variation is found to be non reliable. This also influences the
algorithm’s ability to determine the feasibility of a mode insertion. Hence, significant difference between the
estimated insertion time and optimal switching time is observed. However, the insertion time at which the
the directional derivative is maximum approximately represents the optimal switching time of step-climb.
Hence, evaluation of the directional derivative is considered to be an efficient tool in determining the feasi-
bility of a mode insertion.

Since descent during cruise is an unconventional practice (excluding Top of Descent), optimal control
problems with fictitious CCF are formulated and solved to calculate mode sequence with both climb and de-
scent modes. The fictitious CCF with 1D spatial variability in altitude is defined such that the climate cost
decreases with decreasing altitude. Within this model it is observed that the directional derivatives evaluated
with descent mode lowered the climate cost at all insertion times and vice-verse with climb mode. The gen-
eral rule to construct new mode sequence is defined such as to introduce a mandatory cruise mode after each
inserted mode. Based on the reference trajectory the optimal mode sequence of the fictitious climate optimal
cruise is observed to consist of descent modes in succession. Despite the general rule the optimal mode se-
quence calculated by the algorithm is found to represent a flight path similar to the reference trajectory. From
this it is determined that the definition of mode sequence allow zero entries i.e. modes with zero duration.
Additionally, a control problem with 2D (altitude and time) CCFs is solved to investigate the algorithm’s per-
formance in constructing an optimal sequence where both climb and descent modes are found to lower the
overall cost. The CCFs for this fictitious model is defined with two distinct regions where climb and descent
modes are individually found feasible. In each iteration of the stage 2 the directional derivative is evaluated
to be negative for both climb and descent mode insertions. However, the final mode sequence calculated by
the algorithm depends on the order in which the mode insertion is sequenced i.e. whether climb is inserted
before descent or vice-verse. For calculating the optimal mode sequence it is recommended to first insert
the mode which is evaluated to have maximum cost reduction. Further, when two or more mode insertions
are evaluated to lower the overall cost, it is advised to give preference to the mode insertion which is found
feasible at the earliest insertion time.

After understanding the characteristics of the bi-level control technique with fictitious climate models,
the study is extended to calculate climate optimal cruise phase between Lisbon - Miami. The climate cost for
the latter cruise phase is calculated using the AirClim CCFs. The AirClim CCFs are dependent on longitude,
latitude and altitude. Because of this, the climate optimal cruise trajectories obtained at different flight levels
are calculated to fly different flight paths i.e. the trajectory varies on the longitude-latitude plane. To make
the trajectories consistent and comparable in each iteration of the algorithm, the cost variation is calculated
assuming a constant flight path on the longitude-latitude plane. In stage 2 the new sequence is constructed
by inserting the climb mode into the initial sequence. As the directional derivative evaluated is found to be
less than zero, a cruise phase trajectory with the new mode sequence is calculated in stage 1 of the algo-
rithm. While measuring the accuracy of the algorithm it is observed that the error between the actual cost
reduction and estimated cost reduction is significantly high. Since the solver is free to calculate the optimal
route between initial and final position, achieving consistent flight path in all the trajectories is difficult. This
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introduces significant differences between the trajectories calculated in either stage of the algorithm.
From all the above observations and conclusions, it can be said that the bi-level algorithm does provide

a systematic technique to calculate the optimal mode sequence for a hybrid system. The algorithm’s ability
to include zero entries introduces a favourable flexibility while calculating the optimal mode sequence and
may also help in building a robust computational system. The results of this study validate the utilization of a
bi-level optimal control technique to calculate a mode sequence which lowers the overall cost in comparison
to the initial sequence. Although, calculating the optimal mode sequence with this technique would require
further considerations such as the order of the inserted mode, magnitude of the directional derivative and
the insertion time. This increases the complexity of the computational framework especially with increasing
the number of modes. Additionally, the algorithm can only calculate variations from modifying the original
trajectory. Hence, the final solution calculated by the algorithm may not always be the optimal solution. Any
inconsistency between trajectories calculated within the algorithm can make the mode sequence ineffective.
This method can thus be most effective for solving control problems in which the flight routes are assigned to
fly specific way-points. Due to limited computational resources, the potential of the bi-level algorithm can-
not be completely realized at the moment. As future studies are expected to focus on finding optimal mode
definitions for designing climate optimal trajectories, the bi-level optimal control algorithm can act as an in-
termediary tool with which the researchers can systematically investigate cost benefits along the trajectories.

FUTURE WORK
During the course of this study, it is observed that the climate cost calculated with real climate model CCFs
are usually in the order of 10−8. While the order of magnitude of state vectors is found to be in the range
[102,106]. Scaling the CCF derivatives to an order similar to the state derivatives was observed to improve
the computation time. Further, there appeared to be a relation between the scaling factors and directional
derivatives, which was also reflected in the magnitude of the derivatives. In order to improve the computa-
tional efficiency of the framework, the latter requires further investigation and possibly, require an analytical
method which can determine the scaling factors without influencing the proportionality between the direc-
tional derivatives and cost functional.

The framework currently calculates mode inputs from solving a control problem at each insertion time.
Calculating mode inputs constitutes a higher percentage of the overall computation time. The future work
with bi-level control technique would thus need to focus on finding an approximate feasible set of inputs
for each mode insertion such that the overall computation time is reduced by a significant margin. Also, the
framework is being redefined to incorporate ADiGator, an automatic differentiation software. This is expected
to lower the overall memory utilization and provide maximum efficiency within available computational re-
source.

Finally, to determine the limitations of the proposed algorithm, climate optimal cruise trajectories with
ATM constraints are planned to be designed for flight routes passing through specific way-points. These
trajectories will be designed with AirClim climate model and will be integrated with step climb and descent
procedures. The assessment of climate impact potential are planned to consider both east- and westbound
routes and will be extended for an entire network.





A
VERTICAL SPEEDS FROM ADS-B DATA

Figure A.1: Altitude vs. longitutde plot for a flight route between Vancouver, Canada (YVR) - Munich, Germany (MUC) obtained from
the ADS-B data of FlightRadar24.
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B
BOUNDARY CONDITIONS-I

STATE VARIABLE LIMITS FOR OPERATING COST CONTROL PROBLEM

Variable Minimum Value Maximum Value
Limitation of State Variables

Initial Limits at τ = 0
λ0 λ∗

i λ∗
i

φ0 φ∗
i φ∗

i
H0 10,973 m 10, 973 m

υT AS,0 200 m/s 270 m/s
m0 1,63,085 kg 2,33,000 kg

mi ,0 0 kg 0 kg
Final Limits at τ = 1

λ f λ∗
f λ∗

f

φ f φ∗
f φ∗

f

H f H∗
f H∗

f

υT AS, f 200 m/s 270 m/s
m f 1,63,085 kg 2,33,000 kg

m f ,0 0 kg 0 kg
General Limits on State Variables

λ -180° 180°
φ -90° 90°
H 8,500 m 12,700 m

υT AS 200 m/s 270 m/s
m 1,63,085 kg 2,33,000 kg
mi 0 kg 0 kg
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CONSTANT ALTITUDE CONSTANT MACH CRUISE WITH STEP CLIMB

Variable Minimum Value Maximum Value
General Limitations of Path Variables for each mode

Cruise Mode
Hp 8,500 m 12,700 m
Ma 0.82 0.82
υC AS 0 m/s 169.7 m/s
CL,r el 0 1
γ -0.05° 0.05°

Climb Mode
Hp H∗

i H∗
i +610m

Ma 0.72 0.84
υC AS 0 m/s 169.7 m/s
CL,r el 0 1

Ḣ 0 m/s 5.08 m/s
γ 0° 10°



C
BOUNDARY CONDITIONS-II

STATE VARIABLE LIMITS FOR FICTITIOUS CLIMATE COST CONTROL PROB-
LEMS

Variable Minimum Value Maximum Value
Limitation of State Variables

Initial Limits at τ = 0
λ0 λ∗

i λ∗
i

φ0 φ∗
i φ∗

i
H0 10,973 m 10, 973 m

εT AS,0 200 m/s 270 m/s
m0 1,63,085 kg 2,33,000 kg

mi ,0 0 kg 107 kg
Final Limits at τ = 1

λ f λ∗
f λ∗

f

φ f φ∗
f φ∗

f

H f H∗
f H∗

f

εT AS, f 200 m/s 270 m/s
m f 1,63,085 kg 2,33,000 kg

m f ,0 0 kg 107

General Limits on State Variables
λ -180° 180°
φ -90° 90°
H 8,500 m 12,700 m
εT AS 200 m/s 270 m/s

m 1,63,085 kg 2,33,000 kg
mi 0 kg 107
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60 C. BOUNDARY CONDITIONS-II

CONSTANT ALTITUDE CONSTANT MACH CRUISE WITH CLIMB AND DESCENT

MODE

Variable Minimum Value Maximum Value
General Limitations of Path Variables for each mode

Cruise Mode
Hp 8,500 m 12,700 m
Ma 0.82 0.82
υC AS 0 m/s 169.7 m/s
CL,r el 0 1
γ -0.05° 0.05°

Climb Mode
Hp H∗

i H∗
i +610m

Ma 0.72 0.84
υC AS 0 m/s 169.7 m/s
CL,r el 0 1

Ḣ 0 m/s 5.08 m/s
γ 0° 10°

Descent Mode
Hp H∗

i H∗
i −610m

Ma 0.72 0.84
υC AS 0 m/s 169.7 m/s
CL,r el 0 1

Ḣ -5.08 m/s 0 m/s
γ -10° 0°

CLIMATE MODEL CONSTANTS

Constants Value
k11,k21 1e-1

k12 4e-5
k22 -7e-6
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Cruise at Altitude  10973 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m)
204,892.60 6,680 27,577.66 41,807.60 0.0069
204,568.83 6,630 27,382.61 41,483.83 0.0068
203,993.42 6,540 27,035.13 40,908.42 0.0068
203,506.44 6,470 26,740.27 40,421.44 0.0068
203,372.19 6,450 26,658.85 40,287.19 0.0068
203,050.75 6,410 26,463.70 39,965.75 0.0068
202,479.46 6,320 26,116.10 39,394.46 0.0068
201,995.94 6,250 25,821.16 38,910.94 0.0068
201,862.65 6,230 25,739.73 38,777.65 0.0068
201,543.48 6,180 25,544.54 38,458.48 0.0067
200,976.20 6,100 25,196.90 37,891.20 0.0067
200,496.06 6,030 24,901.93 37,411.06 0.0067
200,363.69 6,010 24,820.49 37,278.69 0.0067
200,046.73 5,960 24,625.30 36,961.73 0.0067
199,483.36 5,880 24,277.63 36,398.36 0.0067
199,006.50 5,810 23,982.66 35,921.50 0.0067
198,875.03 5,790 23,901.22 35,790.03 0.0067
198,560.23 5,740 23,706.02 35,475.23 0.0066
198,000.66 5,650 23,358.35 34,915.66 0.0066
197,527.00 5,580 23,063.37 34,442.00 0.0066
197,396.41 5,560 22,981.93 34,311.41 0.0066
197,083.71 5,520 22,786.73 33,998.71 0.0066
196,527.85 5,430 22,439.06 33,442.85 0.0066
196,057.30 5,360 22,144.08 32,972.30 0.0066
195,927.57 5,340 22,062.64 32,842.57 0.0066
195,616.91 5,290 21,867.43 32,531.91 0.0066
195,064.66 5,210 21,519.76 31,979.66 0.0065
194,597.16 5,140 21,224.78 31,512.16 0.0065
194,468.26 5,120 21,143.34 31,383.26 0.0065
194,159.59 5,070 20,948.14 31,074.59 0.0065
193,610.87 4,990 20,600.47 30,525.87 0.0065
193,146.33 4,910 20,305.48 30,061.33 0.0065
193,018.25 4,900 20,224.04 29,933.25 0.0065
192,711.52 4,850 20,028.84 29,626.52 0.0065
192,166.24 4,760 19,681.17 29,081.24 0.0065
191,704.59 4,690 19,386.19 28,619.59 0.0065
191,577.30 4,670 19,304.75 28,492.30 0.0065
191,272.47 4,630 19,109.54 28,187.47 0.0064
190,730.54 4,540 18,761.87 27,645.54 0.0064
190,271.71 4,470 18,466.89 27,186.71 0.0064
190,145.20 4,450 18,385.45 27,060.20 0.0064
189,842.22 4,400 18,190.25 26,757.22 0.0064
189,303.56 4,320 17,842.58 26,218.56 0.0064
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188,847.49 4,250 17,547.60 25,762.49 0.0064
188,721.73 4,230 17,466.16 25,636.73 0.0064
188,420.57 4,180 17,270.96 25,335.57 0.0064
187,885.10 4,100 16,923.29 24,800.10 0.0063
187,431.72 4,020 16,628.31 24,346.72 0.0063
187,306.70 4,010 16,546.87 24,221.70 0.0063
187,007.30 3,960 16,351.67 23,922.30 0.0063
186,474.96 3,870 16,004.00 23,389.96 0.0063
186,024.20 3,800 15,709.02 22,939.20 0.0063
185,899.90 3,780 15,627.58 22,814.90 0.0063
185,602.23 3,740 15,432.38 22,517.23 0.0063
185,072.94 3,650 15,084.71 21,987.94 0.0063
184,624.75 3,580 14,789.73 21,539.75 0.0063
184,501.16 3,560 14,708.29 21,416.16 0.0063
184,205.16 3,510 14,513.09 21,120.16 0.0063
183,678.85 3,430 14,165.42 20,593.85 0.0062
183,233.17 3,360 13,870.44 20,148.17 0.0062
183,110.27 3,340 13,789.00 20,025.27 0.0062
182,815.93 3,290 13,593.80 19,730.93 0.0062
182,292.53 3,210 13,246.13 19,207.53 0.0062
181,849.30 3,130 12,951.15 18,764.30 0.0062
181,727.07 3,120 12,869.71 18,642.07 0.0062
181,434.34 3,070 12,674.51 18,349.34 0.0062
180,913.79 2,980 12,326.84 17,828.79 0.0062
180,472.97 2,910 12,031.86 17,387.97 0.0062
180,351.40 2,890 11,950.42 17,266.40 0.0062
180,060.24 2,850 11,755.22 16,975.24 0.0062
179,542.48 2,760 11,407.55 16,457.48 0.0061
179,104.00 2,690 11,112.57 16,019.00 0.0061
178,983.07 2,670 11,031.13 15,898.07 0.0061
178,693.45 2,620 10,835.93 15,608.45 0.0061
178,178.42 2,540 10,488.26 15,093.42 0.0061
177,742.24 2,470 10,193.28 14,657.24 0.0061
177,621.94 2,450 10,111.84 14,536.94 0.0061
177,333.83 2,400 9,916.64 14,248.83 0.0061
176,821.47 2,320 9,568.97 13,736.47 0.0061
176,387.53 2,240 9,273.99 13,302.53 0.0061
176,267.86 2,230 9,192.56 13,182.86 0.0061
175,981.22 2,180 8,997.36 12,896.22 0.0061
175,471.47 2,090 8,649.69 12,386.47 0.0060
175,039.73 2,020 8,354.71 11,954.73 0.0060
174,920.66 2,000 8,273.27 11,835.66 0.0060
174,635.47 1,960 8,078.07 11,550.47 0.0060
174,128.28 1,870 7,730.41 11,043.28 0.0060
173,698.70 1,800 7,435.43 10,613.70 0.0060
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173,580.22 1,780 7,353.99 10,495.22 0.0060
173,296.44 1,730 7,158.79 10,211.44 0.0060
172,791.76 1,650 6,811.13 9,706.76 0.0060
172,364.28 1,580 6,516.16 9,279.28 0.0060
172,246.39 1,560 6,434.72 9,161.39 0.0060
171,964.00 1,510 6,239.52 8,879.00 0.0060
171,461.76 1,430 5,891.87 8,376.76 0.0060
171,036.36 1,350 5,596.90 7,951.36 0.0060
170,919.03 1,340 5,515.46 7,834.03 0.0059
170,638.00 1,290 5,320.27 7,553.00 0.0059
170,138.17 1,200 4,972.61 7,053.17 0.0059
169,714.79 1,130 4,677.65 6,629.79 0.0059
169,598.01 1,110 4,596.21 6,513.01 0.0059
169,318.31 1,070 4,401.02 6,233.31 0.0059
168,820.84 981 4,053.38 5,735.84 0.0059
168,399.45 910 3,758.42 5,314.45 0.0059
168,283.22 890 3,676.99 5,198.22 0.0059
168,004.82 843 3,481.80 4,919.82 0.0059
167,509.66 759 3,134.16 4,424.66 0.0059
167,090.21 687 2,839.21 4,005.21 0.0059
166,974.52 668 2,757.78 3,889.52 0.0059
166,697.40 620 2,562.59 3,612.40 0.0059
166,204.50 536 2,214.95 3,119.50 0.0058
165,786.96 465 1,920.00 2,701.96 0.0058
165,671.79 445 1,838.57 2,586.79 0.0058
165,395.93 398 1,643.38 2,310.93 0.0058
164,905.25 314 1,295.73 1,820.25 0.0058
164,489.58 242 1,000.76 1,404.58 0.0058
164,374.93 223 919.32 1,289.93 0.0058
164,194.14 191 790.84 1,109.14 0.0058
163,836.60 130 536.52 751.60 0.0058
163,440.68 62 254.51 355.68 0.0058
163,157.39 13 52.50 72.39 0.0057
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Cruise at Altitude 11582 m
Weight in Kg. Max. Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m)

204,198.32 6,675 27,588.91 41,113.32 0.0069
203,871.94 6,628 27,393.78 40,786.94 0.0069
203,292.27 6,544 27,046.16 40,207.27 0.0069
202,802.09 6,472 26,751.18 39,717.09 0.0069
202,667.02 6,453 26,669.73 39,582.02 0.0068
202,343.73 6,406 26,474.50 39,258.73 0.0068
201,769.53 6,321 26,126.75 38,684.53 0.0068
201,283.93 6,250 25,831.69 38,198.93 0.0068
201,150.12 6,230 25,750.23 38,065.12 0.0068
200,829.82 6,183 25,554.96 37,744.82 0.0068
200,260.90 6,099 25,207.18 37,175.90 0.0067
199,779.72 6,028 24,912.09 36,694.72 0.0067
199,647.13 6,008 24,830.62 36,562.13 0.0067
199,329.73 5,961 24,635.34 36,244.73 0.0067
198,765.92 5,876 24,287.53 35,680.92 0.0067
198,289.03 5,805 23,992.43 35,204.03 0.0067
198,157.61 5,785 23,910.96 35,072.61 0.0067
197,843.02 5,738 23,715.68 34,758.02 0.0066
197,284.15 5,654 23,367.87 34,199.15 0.0066
196,811.41 5,582 23,072.76 33,726.41 0.0066
196,681.13 5,563 22,991.29 33,596.13 0.0066
196,369.25 5,516 22,796.01 33,284.25 0.0066
195,815.18 5,431 22,448.19 32,730.18 0.0066
195,346.47 5,360 22,153.09 32,261.47 0.0066
195,217.29 5,340 22,071.62 32,132.29 0.0065
194,908.04 5,293 21,876.33 31,823.04 0.0065
194,358.62 5,209 21,528.52 31,273.62 0.0065
193,893.80 5,137 21,233.41 30,808.80 0.0065
193,765.69 5,118 21,151.94 30,680.69 0.0065
193,459.00 5,070 20,956.66 30,374.00 0.0065
192,914.08 4,986 20,608.84 29,829.08 0.0065
192,453.05 4,915 20,313.74 29,368.05 0.0064
192,325.98 4,895 20,232.27 29,240.98 0.0064
192,021.76 4,848 20,036.99 28,936.76 0.0064
191,481.21 4,764 19,689.17 28,396.21 0.0064
191,023.85 4,692 19,394.07 27,938.85 0.0064
190,897.79 4,673 19,312.60 27,812.79 0.0064
190,595.98 4,625 19,117.32 27,510.98 0.0064
190,059.67 4,541 18,769.50 26,974.67 0.0064
189,605.87 4,470 18,474.40 26,520.87 0.0063
189,480.79 4,450 18,392.93 26,395.79 0.0063
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189,181.31 4,403 18,197.65 26,096.31 0.0063
188,649.13 4,319 17,849.84 25,564.13 0.0063
188,198.79 4,247 17,554.74 25,113.79 0.0063
188,074.66 4,228 17,473.27 24,989.66 0.0063
187,777.45 4,180 17,277.98 24,692.45 0.0063
187,249.27 4,096 16,930.17 24,164.27 0.0063
186,802.31 4,025 16,635.07 23,717.31 0.0063
186,679.10 4,005 16,553.60 23,594.10 0.0062
186,384.09 3,958 16,358.32 23,299.09 0.0062
185,859.81 3,874 16,010.51 22,774.81 0.0062
185,416.11 3,802 15,715.41 22,331.11 0.0062
185,293.80 3,783 15,633.93 22,208.80 0.0062
185,000.94 3,735 15,438.65 21,915.94 0.0062
184,480.45 3,651 15,090.84 21,395.45 0.0062
184,039.94 3,580 14,795.74 20,954.94 0.0062
183,918.50 3,560 14,714.27 20,833.50 0.0062
183,627.72 3,513 14,518.99 20,542.72 0.0061
183,110.92 3,429 14,171.17 20,025.92 0.0061
182,673.50 3,357 13,876.07 19,588.50 0.0061
182,552.91 3,338 13,794.60 19,467.91 0.0061
182,264.17 3,290 13,599.32 19,179.17 0.0061
181,750.95 3,206 13,251.51 18,665.95 0.0061
181,316.55 3,135 12,956.41 18,231.55 0.0061
181,196.79 3,115 12,874.94 18,111.79 0.0061
180,910.03 3,068 12,679.66 17,825.03 0.0061
180,400.30 2,984 12,331.85 17,315.30 0.0060
179,968.84 2,912 12,036.74 16,883.84 0.0060
179,849.89 2,893 11,955.27 16,764.89 0.0060
179,565.05 2,845 11,759.99 16,480.05 0.0060
179,058.72 2,761 11,412.18 15,973.72 0.0060
178,630.13 2,690 11,117.08 15,545.13 0.0060
178,511.96 2,670 11,035.61 15,426.96 0.0060
178,229.00 2,623 10,840.33 15,144.00 0.0060
177,725.99 2,539 10,492.52 14,640.99 0.0060
177,300.18 2,467 10,197.42 14,215.18 0.0060
177,182.78 2,448 10,115.95 14,097.78 0.0060
176,901.65 2,400 9,920.67 13,816.65 0.0059
176,401.88 2,316 9,572.86 13,316.88 0.0059
175,978.79 2,245 9,277.76 12,893.79 0.0059
175,862.13 2,225 9,196.29 12,777.13 0.0059
175,582.79 2,178 9,001.01 12,497.79 0.0059
175,086.17 2,094 8,653.20 12,001.17 0.0059
174,665.73 2,022 8,358.10 11,580.73 0.0059
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174,549.81 2,003 8,276.63 11,464.81 0.0059
174,272.20 1,955 8,081.35 11,187.20 0.0059
173,778.66 1,871 7,733.54 10,693.66 0.0059
173,360.81 1,800 7,438.45 10,275.81 0.0058
173,245.60 1,780 7,356.98 10,160.60 0.0058
172,969.69 1,733 7,161.70 9,884.69 0.0058
172,479.16 1,649 6,813.90 9,394.16 0.0058
172,063.84 1,577 6,518.80 8,978.84 0.0058
171,949.32 1,558 6,437.33 8,864.32 0.0058
171,675.06 1,510 6,242.06 8,590.06 0.0058
171,187.46 1,426 5,894.26 8,102.46 0.0058
170,774.61 1,355 5,599.17 7,689.61 0.0058
170,660.77 1,335 5,517.70 7,575.77 0.0058
170,388.13 1,288 5,322.43 7,303.13 0.0058
169,903.39 1,204 4,974.63 6,818.39 0.0057
169,492.95 1,132 4,679.55 6,407.95 0.0057
169,379.77 1,113 4,598.08 6,294.77 0.0057
169,108.72 1,065 4,402.81 6,023.72 0.0057
168,626.78 981 4,055.02 5,541.78 0.0057
168,218.69 910 3,759.94 5,133.69 0.0057
168,106.16 890 3,678.48 5,021.16 0.0057
167,836.65 843 3,483.21 4,751.65 0.0057
167,357.44 759 3,135.43 4,272.44 0.0057
166,951.65 687 2,840.35 3,866.65 0.0057
166,839.75 668 2,758.89 3,754.75 0.0057
166,571.76 620 2,563.63 3,486.76 0.0057
166,095.22 536 2,215.85 3,010.22 0.0057
165,691.68 465 1,920.77 2,606.68 0.0056
165,580.40 445 1,839.31 2,495.40 0.0056
165,313.88 398 1,644.04 2,228.88 0.0056
164,839.95 314 1,296.25 1,754.95 0.0056
164,438.62 242 1,001.16 1,353.62 0.0056
164,327.94 223 919.69 1,242.94 0.0056
164,062.85 175 724.41 977.85 0.0056
163,591.49 91 376.59 506.49 0.0056
163,192.28 20 81.48 107.28 0.0054
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Cruise at Altitude  9449 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
215,048.51 6,971 27,587.62 51,963.51 0.0080 0.00
214,653.35 6,922 27,300.32 51,568.35 0.0080 373.02
213,950.85 6,834 26,952.91 50,865.85 0.0080 1,037.38
213,357.85 6,759 26,660.17 50,272.85 0.0080 1,601.06
213,193.81 6,739 26,577.08 50,108.81 0.0079 1,756.69
212,801.70 6,689 26,383.35 49,716.70 0.0079 2,129.70
212,104.54 6,602 26,036.64 49,019.54 0.0079 2,794.07
211,514.25 6,527 25,743.07 48,429.25 0.0079 3,357.75
211,351.61 6,506 25,665.12 48,266.61 0.0079 3,513.37
210,961.76 6,457 25,466.87 47,876.76 0.0079 3,886.39
210,268.56 6,369 25,120.16 47,183.56 0.0079 4,550.75
209,681.69 6,295 24,826.56 46,596.69 0.0079 5,114.44
209,519.97 6,274 24,748.64 46,434.97 0.0079 5,270.06
209,132.32 6,225 24,550.39 46,047.32 0.0078 5,643.07
208,443.01 6,137 24,203.67 45,358.01 0.0078 6,307.44
207,859.41 6,062 23,910.07 44,774.41 0.0078 6,871.12
207,698.59 6,042 23,832.30 44,613.59 0.0078 7,026.74
207,313.07 5,992 23,633.90 44,228.07 0.0078 7,399.76
206,627.53 5,904 23,287.19 43,542.53 0.0078 8,064.12
206,047.08 5,830 22,993.57 42,962.08 0.0078 8,627.81
205,887.13 5,809 22,915.79 42,802.13 0.0078 8,783.43
205,503.67 5,760 22,717.42 42,418.67 0.0078 9,156.44
204,821.77 5,672 22,370.71 41,736.77 0.0077 9,820.81
204,244.38 5,597 22,077.08 41,159.38 0.0077 10,384.49
204,085.26 5,577 21,999.26 41,000.26 0.0077 10,540.11
203,703.81 5,528 21,800.94 40,618.81 0.0077 10,913.13
203,025.43 5,440 21,454.24 39,940.43 0.0077 11,577.49
202,451.00 5,365 21,160.59 39,366.00 0.0077 12,141.18
202,292.69 5,345 21,082.64 39,207.69 0.0077 12,296.80
201,913.17 5,295 20,884.46 38,828.17 0.0077 12,669.81
201,238.20 5,207 20,537.76 38,153.20 0.0077 13,334.18
200,666.63 5,133 20,244.10 37,581.63 0.0077 13,897.86
200,509.11 5,112 20,166.04 37,424.11 0.0077 14,053.48
200,131.47 5,063 19,967.98 37,046.47 0.0076 14,426.50
199,459.81 4,975 19,621.28 36,374.81 0.0076 15,090.86
198,891.01 4,900 19,327.61 35,806.01 0.0076 15,654.55
198,734.25 4,880 19,249.29 35,649.25 0.0076 15,810.17
198,358.42 4,830 19,051.50 35,273.42 0.0076 16,183.18
197,689.97 4,743 18,704.80 34,604.97 0.0076 16,847.55
197,123.86 4,668 18,411.11 34,038.86 0.0076 17,411.23
196,967.84 4,647 18,332.89 33,882.84 0.0076 17,566.85
196,593.77 4,598 18,135.02 33,508.77 0.0076 17,939.87
195,928.42 4,510 17,788.32 32,843.42 0.0076 18,604.24
195,364.92 4,436 17,494.61 32,279.92 0.0075 19,167.92
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195,209.62 4,415 17,416.30 32,124.62 0.0075 19,323.54
194,837.26 4,366 17,218.53 31,752.26 0.0075 19,696.56
194,174.92 4,278 16,871.85 31,089.92 0.0075 20,360.92
193,613.95 4,203 16,578.12 30,528.95 0.0075 20,924.60
193,459.34 4,183 16,499.57 30,374.34 0.0075 21,080.23
193,088.63 4,133 16,302.05 30,003.63 0.0075 21,453.24
192,429.22 4,045 15,955.37 29,344.22 0.0075 22,117.61
191,870.71 3,971 15,661.62 28,785.71 0.0075 22,681.29
191,716.77 3,950 15,582.96 28,631.77 0.0075 22,836.91
191,347.67 3,901 15,385.57 28,262.67 0.0075 23,209.93
190,691.10 3,813 15,038.89 27,606.10 0.0075 23,874.29
190,134.96 3,739 14,745.12 27,049.96 0.0074 24,437.98
189,981.68 3,718 14,666.31 26,896.68 0.0074 24,593.60
189,614.14 3,669 14,469.09 26,529.14 0.0074 24,966.61
188,960.32 3,581 14,122.41 25,875.32 0.0074 25,630.98
188,406.50 3,506 13,828.62 25,321.50 0.0074 26,194.66
188,253.85 3,486 13,749.59 25,168.85 0.0074 26,350.28
187,887.83 3,436 13,552.61 24,802.83 0.0074 26,723.30
187,236.69 3,348 13,205.94 24,151.69 0.0074 27,387.66
186,685.11 3,274 12,912.11 23,600.11 0.0074 27,951.35
186,533.08 3,253 12,833.03 23,448.08 0.0074 28,106.97
186,168.53 3,204 12,636.13 23,083.53 0.0074 28,479.98
185,519.99 3,116 12,289.46 22,434.99 0.0074 29,144.35
184,970.60 3,041 11,995.62 21,885.60 0.0074 29,708.03
184,819.16 3,021 11,916.34 21,734.16 0.0074 29,863.65
184,456.05 2,971 11,719.65 21,371.05 0.0074 30,236.67
183,810.04 2,884 11,372.98 20,725.04 0.0073 30,901.03
183,262.77 2,809 11,079.11 20,177.77 0.0073 31,464.72
183,111.92 2,788 10,999.86 20,026.92 0.0073 31,620.34
182,750.20 2,739 10,803.17 19,665.20 0.0073 31,993.35
182,106.64 2,651 10,456.50 19,021.64 0.0073 32,657.72
181,561.45 2,577 10,162.63 18,476.45 0.0073 33,221.40
181,411.16 2,556 10,083.12 18,326.16 0.0073 33,377.02
181,050.79 2,507 9,886.68 17,965.79 0.0073 33,750.04
180,409.63 2,419 9,540.02 17,324.63 0.0073 34,414.40
179,866.43 2,344 9,246.12 16,781.43 0.0073 34,978.09
179,716.69 2,324 9,166.41 16,631.69 0.0073 35,133.71
179,357.64 2,274 8,970.20 16,272.64 0.0073 35,506.72
178,718.81 2,186 8,623.55 15,633.81 0.0073 36,171.09
178,177.57 2,112 8,329.63 15,092.57 0.0072 36,734.77
178,028.36 2,091 8,249.73 14,943.36 0.0073 36,890.39
177,670.59 2,042 8,053.72 14,585.59 0.0072 37,263.41
177,034.02 1,954 7,707.07 13,949.02 0.0072 37,927.78
176,494.69 1,880 7,413.13 13,409.69 0.0072 38,491.46
176,345.99 1,859 7,333.07 13,260.99 0.0072 38,647.08
175,989.48 1,810 7,137.24 12,904.48 0.0072 39,020.10
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175,355.11 1,722 6,790.59 12,270.11 0.0072 39,684.46
174,817.63 1,647 6,496.64 11,732.63 0.0072 40,248.14
174,669.44 1,627 6,416.43 11,584.44 0.0072 40,403.77
174,314.14 1,577 6,220.76 11,229.14 0.0072 40,776.78
173,681.93 1,489 5,874.11 10,596.93 0.0072 41,441.15
173,146.25 1,415 5,580.14 10,061.25 0.0072 42,004.83
172,998.56 1,394 5,499.80 9,913.56 0.0072 42,160.45
172,644.44 1,345 5,304.27 9,559.44 0.0072 42,533.47
172,014.31 1,257 4,957.63 8,929.31 0.0072 43,197.83
171,480.39 1,182 4,663.65 8,395.39 0.0072 43,761.52
171,333.19 1,162 4,583.17 8,248.19 0.0072 43,917.14
170,980.23 1,113 4,387.79 7,895.23 0.0071 44,290.15
170,352.14 1,025 4,041.16 7,267.14 0.0071 44,954.52
169,819.93 950 3,747.16 6,734.93 0.0071 45,518.20
169,673.19 929 3,666.53 6,588.19 0.0071 45,673.82
169,321.36 880 3,471.31 6,236.36 0.0071 46,046.84
168,695.25 792 3,124.68 5,610.25 0.0071 46,711.20
168,164.72 718 2,830.66 5,079.72 0.0071 47,274.89
168,018.43 697 2,749.89 4,933.43 0.0071 47,430.51
167,667.69 648 2,554.83 4,582.69 0.0071 47,803.52
167,043.53 560 2,208.20 3,958.53 0.0071 48,467.89
166,514.62 485 1,914.17 3,429.62 0.0071 49,031.57
166,368.78 465 1,833.25 3,283.78 0.0071 49,187.19
166,019.11 415 1,638.35 2,934.11 0.0071 49,560.21
165,396.84 328 1,291.73 2,311.84 0.0071 50,224.57
164,869.52 253 997.68 1,784.52 0.0071 50,788.26
164,724.12 232 916.63 1,639.12 0.0071 50,943.88
164,375.49 183 721.88 1,290.49 0.0071 51,316.89
163,755.06 95 375.27 670.06 0.0071 51,981.26
163,229.28 21 81.19 144.28 0.0070 52,544.94
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Cruise at Altitude  10058 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
212,699.26 6,971 27,767.09 49,614.26 0.0078 0.00
212,445.60 6,939 27,608.29 49,360.60 0.0078 260.34
211,944.83 6,874 27,352.16 48,859.83 0.0078 775.68
211,391.42 6,803 27,068.71 48,306.42 0.0078 1,347.08
210,995.54 6,752 26,865.39 47,910.54 0.0077 1,756.40
210,892.96 6,739 26,815.64 47,807.96 0.0077 1,862.77
210,511.36 6,689 26,616.31 47,426.36 0.0077 2,258.31
209,833.24 6,601 26,266.59 46,748.24 0.0077 2,962.80
209,259.53 6,527 25,970.14 46,174.53 0.0077 3,560.52
209,101.41 6,506 25,889.01 46,016.41 0.0077 3,725.54
208,722.77 6,457 25,691.74 45,637.77 0.0077 4,121.09
208,049.89 6,369 25,342.02 44,964.89 0.0076 4,825.57
207,480.52 6,295 25,045.56 44,395.52 0.0076 5,423.30
207,323.60 6,274 24,964.31 44,238.60 0.0076 5,588.31
206,947.81 6,225 24,767.16 43,862.81 0.0076 5,983.86
206,279.94 6,137 24,417.44 43,194.94 0.0076 6,688.34
205,714.77 6,062 24,120.98 42,629.77 0.0076 7,286.07
205,558.99 6,042 24,039.76 42,473.99 0.0076 7,451.09
205,185.94 5,992 23,842.59 42,100.94 0.0075 7,846.63
204,522.89 5,904 23,492.87 41,437.89 0.0075 8,551.11
203,961.76 5,830 23,196.40 40,876.76 0.0075 9,148.84
203,807.09 5,809 23,115.19 40,722.09 0.0075 9,313.86
203,436.67 5,760 22,918.01 40,351.67 0.0075 9,709.40
202,778.26 5,672 22,568.30 39,693.26 0.0075 10,413.89
202,221.01 5,597 22,271.82 39,136.01 0.0075 11,011.61
202,067.41 5,577 22,190.60 38,982.41 0.0075 11,176.63
201,699.53 5,528 21,993.44 38,614.53 0.0074 11,572.17
201,045.59 5,440 21,643.72 37,960.59 0.0074 12,276.66
200,492.09 5,365 21,347.24 37,407.09 0.0074 12,874.38
200,339.52 5,344 21,266.01 37,254.52 0.0074 13,039.40
199,974.08 5,295 21,068.86 36,889.08 0.0074 13,434.94
199,324.46 5,207 20,719.15 36,239.46 0.0074 14,139.43
198,774.56 5,133 20,422.66 35,689.56 0.0074 14,737.15
198,622.98 5,112 20,341.42 35,537.98 0.0074 14,902.17
198,259.90 5,063 20,144.29 35,174.90 0.0073 15,297.71
197,614.43 4,975 19,794.58 34,529.43 0.0073 16,002.20
197,068.02 4,900 19,498.08 33,983.02 0.0073 16,599.93
196,917.39 4,880 19,416.81 33,832.39 0.0073 16,764.94
196,556.59 4,830 19,219.71 33,471.59 0.0073 17,160.49
195,915.13 4,743 18,870.00 32,830.13 0.0073 17,864.97
195,372.08 4,668 18,573.50 32,287.08 0.0073 18,462.70
195,222.37 4,647 18,492.24 32,137.37 0.0073 18,627.72
194,863.76 4,598 18,295.14 31,778.76 0.0073 19,023.26
194,226.18 4,510 17,945.43 31,141.18 0.0072 19,727.74
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193,686.38 4,436 17,648.92 30,601.38 0.0072 20,325.47
193,537.56 4,415 17,567.68 30,452.56 0.0072 20,490.49
193,181.07 4,366 17,370.57 30,096.07 0.0072 20,886.03
192,547.23 4,278 17,020.86 29,462.23 0.0072 21,590.52
192,010.56 4,203 16,724.34 28,925.56 0.0072 22,188.24
191,862.59 4,183 16,642.94 28,777.59 0.0072 22,353.26
191,508.16 4,133 16,445.99 28,423.16 0.0072 22,748.80
190,877.93 4,045 16,096.29 27,792.93 0.0072 23,453.29
190,344.29 3,971 15,799.76 27,259.29 0.0071 24,051.01
190,197.15 3,950 15,718.31 27,112.15 0.0071 24,216.03
189,844.70 3,901 15,521.41 26,759.70 0.0071 24,611.57
189,217.97 3,813 15,171.71 26,132.97 0.0071 25,316.06
188,687.26 3,738 14,875.17 25,602.26 0.0071 25,913.78
188,540.93 3,718 14,793.78 25,455.93 0.0071 26,078.80
188,190.39 3,669 14,596.84 25,105.39 0.0071 26,474.34
187,567.03 3,581 14,247.14 24,482.03 0.0071 27,178.83
187,039.16 3,506 13,950.59 23,954.16 0.0071 27,776.56
186,893.61 3,486 13,869.17 23,808.61 0.0071 27,941.57
186,544.92 3,436 13,672.26 23,459.92 0.0071 28,337.12
185,924.84 3,348 13,322.56 22,839.84 0.0070 29,041.60
185,399.70 3,274 13,026.01 22,314.70 0.0070 29,639.33
185,254.91 3,253 12,944.59 22,169.91 0.0070 29,804.35
184,908.01 3,204 12,747.69 21,823.01 0.0070 30,199.89
184,291.09 3,116 12,397.99 21,206.09 0.0070 30,904.37
183,768.62 3,041 12,101.43 20,683.62 0.0070 31,502.10
183,624.55 3,021 12,019.96 20,539.55 0.0070 31,667.12
183,279.39 2,971 11,823.11 20,194.39 0.0070 32,062.66
182,665.54 2,884 11,473.42 19,580.54 0.0070 32,767.15
182,145.64 2,809 11,176.85 19,060.64 0.0070 33,364.87
182,002.27 2,788 11,095.37 18,917.27 0.0070 33,529.89
181,658.80 2,739 10,898.54 18,573.80 0.0070 33,925.43
181,047.92 2,651 10,548.85 17,962.92 0.0069 34,629.92
180,530.51 2,577 10,252.27 17,445.51 0.0069 35,227.64
180,387.83 2,556 10,170.73 17,302.83 0.0069 35,392.66
180,045.99 2,507 9,973.97 16,960.99 0.0069 35,788.20
179,437.99 2,419 9,624.27 16,352.99 0.0069 36,492.69
178,923.00 2,344 9,327.69 15,838.00 0.0069 37,090.41
178,780.98 2,324 9,246.10 15,695.98 0.0069 37,255.43
178,440.72 2,274 9,049.39 15,355.72 0.0069 37,650.97
177,835.51 2,186 8,699.70 14,750.51 0.0069 38,355.46
177,322.86 2,112 8,403.10 14,237.86 0.0069 38,953.18
177,181.49 2,091 8,321.50 14,096.49 0.0069 39,118.20
176,842.77 2,042 8,124.82 13,757.77 0.0069 39,513.75
176,240.27 1,954 7,775.13 13,155.27 0.0068 40,218.23
175,729.89 1,880 7,478.52 12,644.89 0.0068 40,815.96
175,589.14 1,859 7,396.89 12,504.14 0.0068 40,980.98
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175,251.91 1,810 7,200.24 12,166.91 0.0068 41,376.52
174,652.03 1,722 6,850.56 11,567.03 0.0068 42,081.00
174,143.87 1,647 6,553.94 11,058.87 0.0068 42,678.73
174,003.72 1,627 6,472.27 10,918.72 0.0068 42,843.75
173,667.93 1,577 6,275.67 10,582.93 0.0068 43,239.29
173,070.61 1,489 5,925.98 9,985.61 0.0068 43,943.78
172,564.59 1,415 5,629.36 9,479.59 0.0068 44,541.50
172,425.03 1,394 5,547.65 9,340.03 0.0068 44,706.52
172,090.65 1,345 5,351.09 9,005.65 0.0068 45,102.06
171,495.80 1,257 5,001.41 8,410.80 0.0068 45,806.55
170,991.86 1,182 4,704.78 7,906.86 0.0068 46,404.27
170,852.87 1,162 4,623.04 7,767.87 0.0067 46,569.29
170,519.85 1,112 4,426.52 7,434.85 0.0067 46,964.83
169,927.42 1,025 4,076.84 6,842.42 0.0067 47,669.32
169,425.50 950 3,780.20 6,340.50 0.0067 48,267.04
169,287.06 929 3,698.42 6,202.06 0.0067 48,432.06
168,955.37 880 3,501.95 5,870.37 0.0067 48,827.60
168,365.27 792 3,152.27 5,280.27 0.0067 49,532.09
167,865.32 718 2,855.62 4,780.32 0.0067 50,129.81
167,727.42 697 2,773.81 4,642.42 0.0067 50,294.83
167,397.02 648 2,577.37 4,312.02 0.0067 50,690.38
166,809.20 560 2,227.70 3,724.20 0.0067 51,394.86
166,311.15 485 1,931.04 3,226.15 0.0067 51,992.59
166,173.82 465 1,849.31 3,088.82 0.0067 52,157.61
165,957.13 432 1,719.92 2,872.13 0.0067 52,417.95
165,528.55 368 1,464.13 2,443.55 0.0067 52,933.28
165,053.90 297 1,180.52 1,968.90 0.0067 53,504.68
164,714.22 246 977.37 1,629.22 0.0066 53,914.00
164,626.06 232 924.67 1,541.06 0.0066 54,020.38
164,473.82 209 833.47 1,388.82 0.0066 54,203.93
164,155.78 162 643.00 1,070.78 0.0066 54,587.66
163,758.61 102 404.94 673.61 0.0066 55,067.30
163,388.81 46 183.08 303.81 0.0066 55,514.29
163,145.17 9 36.81 60.17 0.0065 55,808.99
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Cruise at Altitude  10668 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
211,280.83 6,971 28,048.19 48,195.83 0.0079 0.00
211,026.00 6,939 27,864.51 47,941.00 0.0078 275.52
210,522.75 6,874 27,603.27 47,437.75 0.0078 820.92
209,967.72 6,803 27,318.15 46,882.72 0.0078 1,425.64
209,571.15 6,752 27,117.66 46,486.15 0.0077 1,858.84
209,468.83 6,739 27,073.83 46,383.83 0.0077 1,971.42
209,086.71 6,689 26,860.82 46,001.71 0.0077 2,390.03
208,407.81 6,601 26,507.02 45,322.81 0.0077 3,135.60
207,834.67 6,527 26,210.74 44,749.67 0.0076 3,768.19
207,677.67 6,506 26,152.97 44,592.67 0.0077 3,942.83
207,428.73 6,474 25,998.57 44,343.73 0.0076 4,218.36
206,936.93 6,410 25,737.31 43,851.93 0.0076 4,763.75
206,393.77 6,338 25,452.08 43,308.77 0.0076 5,368.48
206,005.95 6,287 25,251.75 42,920.95 0.0075 5,801.67
205,906.00 6,274 25,213.48 42,821.00 0.0076 5,914.25
205,659.69 6,242 25,064.92 42,574.69 0.0076 6,189.77
205,173.11 6,177 24,804.33 42,088.11 0.0075 6,735.17
204,635.55 6,106 24,518.98 41,550.55 0.0075 7,339.89
204,251.74 6,055 24,318.52 41,166.74 0.0075 7,773.09
204,152.63 6,042 24,275.29 41,067.63 0.0075 7,885.66
203,782.47 5,992 24,061.86 40,697.47 0.0075 8,304.28
203,124.64 5,904 23,708.00 40,039.64 0.0075 9,049.85
202,569.09 5,830 23,411.64 39,484.09 0.0074 9,682.44
202,416.50 5,809 23,341.98 39,331.50 0.0074 9,857.08
202,049.96 5,760 23,128.67 38,964.96 0.0074 10,275.69
201,398.53 5,672 22,775.01 38,313.53 0.0074 11,021.27
200,848.33 5,597 22,478.35 37,763.33 0.0073 11,653.85
200,697.21 5,577 22,408.83 37,612.21 0.0074 11,828.50
200,334.13 5,528 22,195.60 37,249.13 0.0073 12,247.11
199,688.84 5,440 21,841.96 36,603.84 0.0073 12,992.68
199,143.74 5,365 21,545.19 36,058.74 0.0073 13,625.27
198,994.02 5,345 21,475.14 35,909.02 0.0073 13,799.91
198,634.26 5,295 21,262.51 35,549.26 0.0073 14,218.52
197,994.84 5,207 20,908.91 34,909.84 0.0072 14,964.10
197,454.64 5,133 20,612.02 34,369.64 0.0072 15,596.69
197,306.24 5,112 20,541.37 34,221.24 0.0072 15,771.33
196,949.68 5,063 20,329.43 33,864.68 0.0072 16,189.94
196,315.89 4,975 19,975.86 33,230.89 0.0072 16,935.52
195,780.38 4,900 19,678.86 32,695.38 0.0071 17,568.10
195,633.26 4,880 19,607.68 32,548.26 0.0072 17,742.75
195,279.74 4,830 19,396.35 32,194.74 0.0071 18,161.36
194,651.35 4,743 19,042.82 31,566.35 0.0071 18,906.93
194,120.34 4,668 18,745.71 31,035.34 0.0071 19,539.52
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193,974.45 4,647 18,673.97 30,889.45 0.0071 19,714.16
193,623.86 4,598 18,463.28 30,538.86 0.0071 20,132.77
193,000.65 4,510 18,109.78 29,915.65 0.0071 20,878.35
192,473.96 4,436 17,812.56 29,388.96 0.0070 21,510.93
192,329.25 4,415 17,740.27 29,244.25 0.0070 21,685.58
191,981.47 4,366 17,530.21 28,896.47 0.0070 22,104.19
191,363.24 4,278 17,176.74 28,278.24 0.0070 22,849.76
190,840.69 4,203 16,879.40 27,755.69 0.0070 23,482.35
190,697.11 4,183 16,806.57 27,612.11 0.0070 23,656.99
190,352.04 4,133 16,597.14 27,267.04 0.0070 24,075.61
189,738.59 4,045 16,243.70 26,653.59 0.0070 24,821.18
189,220.03 3,971 15,946.25 26,135.03 0.0069 25,453.77
189,077.53 3,950 15,872.87 25,992.53 0.0069 25,628.41
188,735.06 3,901 15,664.07 25,650.06 0.0069 26,047.02
188,126.21 3,813 15,310.66 25,041.21 0.0069 26,792.60
187,611.49 3,738 15,013.10 24,526.49 0.0069 27,425.18
187,470.03 3,718 14,939.18 24,385.03 0.0069 27,599.83
187,130.06 3,669 14,731.00 24,045.06 0.0069 28,018.44
186,525.63 3,581 14,377.62 23,440.63 0.0069 28,764.01
186,014.60 3,506 14,079.95 22,929.60 0.0068 29,396.60
185,874.16 3,486 14,005.48 22,789.16 0.0068 29,571.24
185,536.59 3,436 13,797.93 22,451.59 0.0068 29,989.85
184,936.42 3,348 13,444.58 21,851.42 0.0068 30,735.43
184,428.95 3,274 13,146.79 21,343.95 0.0068 31,368.02
184,289.47 3,253 13,071.77 21,204.47 0.0068 31,542.66
183,954.23 3,204 12,864.86 20,869.23 0.0068 31,961.27
183,358.15 3,116 12,511.54 20,273.15 0.0068 32,706.85
182,854.11 3,041 12,213.64 19,769.11 0.0067 33,339.43
182,715.56 3,021 12,138.08 19,630.56 0.0068 33,514.08
182,382.56 2,971 11,931.79 19,297.56 0.0067 33,932.69
181,790.44 2,884 11,578.50 18,705.44 0.0067 34,678.26
181,289.69 2,809 11,280.49 18,204.69 0.0067 35,310.85
181,152.05 2,788 11,204.38 18,067.05 0.0067 35,485.49
180,821.20 2,739 10,998.72 17,736.20 0.0067 35,904.10
180,232.89 2,651 10,645.46 17,147.89 0.0067 36,649.68
179,735.33 2,577 10,347.33 16,650.33 0.0066 37,282.26
179,598.56 2,556 10,270.68 16,513.56 0.0067 37,456.91
179,269.79 2,507 10,065.65 16,184.79 0.0067 37,875.52
178,685.16 2,419 9,712.41 15,600.16 0.0066 38,621.09
178,190.67 2,344 9,414.17 15,105.67 0.0066 39,253.68
178,054.74 2,324 9,336.97 14,969.74 0.0066 39,428.32
177,727.98 2,274 9,132.57 14,642.98 0.0066 39,846.94
177,146.90 2,186 8,779.36 14,061.90 0.0066 40,592.51
176,655.38 2,112 8,480.99 13,570.38 0.0066 41,225.10
176,520.25 2,091 8,403.25 13,435.25 0.0066 41,399.74
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176,195.43 2,042 8,199.48 13,110.43 0.0066 41,818.35
175,617.79 1,954 7,846.30 12,532.79 0.0066 42,563.93
175,129.14 1,880 7,547.82 12,044.14 0.0065 43,196.51
174,994.79 1,859 7,469.53 11,909.79 0.0065 43,371.16
174,671.85 1,810 7,266.39 11,586.85 0.0065 43,789.77
174,097.51 1,722 6,913.24 11,012.51 0.0065 44,535.34
173,611.63 1,647 6,614.64 10,526.63 0.0065 45,167.93
173,478.04 1,627 6,535.81 10,393.04 0.0065 45,342.57
173,156.91 1,577 6,333.30 10,071.91 0.0065 45,761.18
172,585.78 1,489 5,980.17 9,500.78 0.0065 46,506.76
172,102.58 1,415 5,681.48 9,017.58 0.0065 47,139.34
171,969.73 1,394 5,602.10 8,884.73 0.0065 47,313.99
171,650.35 1,345 5,400.22 8,565.35 0.0065 47,732.60
171,082.32 1,257 5,047.14 7,997.32 0.0064 48,478.18
170,601.71 1,182 4,748.33 7,516.71 0.0064 49,110.76
170,469.56 1,162 4,668.41 7,384.56 0.0064 49,285.40
170,151.88 1,112 4,467.15 7,066.88 0.0064 49,704.02
169,586.85 1,025 4,114.09 6,501.85 0.0064 50,449.59
169,108.75 950 3,815.16 6,023.75 0.0064 51,082.18
168,977.28 929 3,734.70 5,892.28 0.0064 51,256.82
168,661.25 880 3,534.07 5,576.25 0.0064 51,675.43
168,099.12 792 3,181.03 5,014.12 0.0064 52,421.01
167,623.45 718 2,881.97 4,538.45 0.0064 53,053.59
167,492.65 697 2,800.95 4,407.65 0.0064 53,228.24
167,178.21 648 2,600.96 4,093.21 0.0064 53,646.85
166,618.89 560 2,247.95 3,533.89 0.0063 54,392.42
166,145.57 485 1,948.80 3,060.57 0.0063 55,025.01
166,015.41 465 1,867.24 2,930.41 0.0063 55,199.65
165,702.51 415 1,667.88 2,617.51 0.0063 55,618.26
165,145.91 327 1,314.91 2,060.91 0.0063 56,363.84
164,674.88 253 1,015.65 1,589.88 0.0063 56,996.43
164,545.57 232 933.85 1,460.57 0.0063 57,171.07
164,400.91 209 841.23 1,315.91 0.0063 57,365.32
164,098.97 162 648.83 1,013.97 0.0063 57,771.44
163,722.17 102 408.58 637.17 0.0063 58,279.05
163,371.34 46 184.66 286.34 0.0063 58,752.12
163,141.43 9 37.14 56.43 0.0061 59,064.00
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Cruise at Altitude  11278 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
211,445.47 6,971 28,230.31 48,360.47 0.0081 0.00
211,048.18 6,922 28,032.36 47,963.18 0.0081 0.23
210,340.05 6,834 27,653.69 47,255.05 0.0081 1,224.26
209,739.26 6,760 27,346.52 46,654.26 0.0081 1,889.49
209,573.62 6,739 27,249.17 46,488.62 0.0081 2,073.15
209,176.10 6,690 27,045.32 46,091.10 0.0081 2,513.36
208,467.36 6,602 26,668.08 45,382.36 0.0081 3,297.41
207,866.08 6,528 26,359.02 44,781.08 0.0081 3,962.64
207,700.26 6,507 26,264.88 44,615.26 0.0081 4,146.30
207,302.30 6,458 26,059.98 44,217.30 0.0080 4,586.51
206,596.03 6,370 25,702.59 43,511.03 0.0080 5,370.56
206,000.64 6,295 25,405.28 42,915.64 0.0080 6,035.79
205,836.83 6,275 25,318.81 42,751.83 0.0079 6,219.44
205,444.92 6,225 25,120.37 42,359.92 0.0079 6,659.66
204,750.07 6,138 24,764.90 41,665.07 0.0079 7,443.71
204,163.85 6,063 24,465.61 41,078.85 0.0078 8,108.93
204,002.84 6,042 24,388.16 40,917.84 0.0078 8,292.59
203,617.14 5,993 24,182.18 40,532.14 0.0078 8,732.80
202,932.77 5,905 23,827.19 39,847.77 0.0077 9,516.85
202,355.58 5,831 23,527.58 39,270.58 0.0077 10,182.08
202,196.97 5,810 23,451.04 39,111.97 0.0077 10,365.74
201,817.04 5,761 23,244.41 38,732.04 0.0077 10,805.95
201,142.77 5,673 22,889.46 38,057.77 0.0076 11,590.00
200,574.01 5,598 22,589.75 37,489.01 0.0076 12,255.23
200,417.67 5,578 22,512.76 37,332.67 0.0076 12,438.89
200,043.18 5,528 22,306.66 36,958.18 0.0076 12,879.10
199,378.50 5,440 21,951.72 36,293.50 0.0075 13,663.15
198,817.68 5,366 21,651.96 35,732.68 0.0075 14,328.38
198,663.51 5,345 21,574.59 35,578.51 0.0075 14,512.03
198,294.17 5,296 21,368.91 35,209.17 0.0075 14,952.25
197,638.55 5,208 21,013.98 34,553.55 0.0074 15,736.30
197,085.27 5,133 20,714.17 34,000.27 0.0074 16,401.53
196,933.14 5,113 20,636.52 33,848.14 0.0074 16,585.18
196,568.68 5,063 20,431.17 33,483.68 0.0074 17,025.39
195,921.66 4,976 20,076.24 32,836.66 0.0073 17,809.44
195,375.52 4,901 19,776.39 32,290.52 0.0073 18,474.67
195,225.34 4,880 19,698.48 32,140.34 0.0073 18,658.33
194,865.51 4,831 19,493.42 31,780.51 0.0073 19,098.54
194,226.64 4,743 19,138.50 31,141.64 0.0072 19,882.59
193,687.28 4,669 18,838.61 30,602.28 0.0072 20,547.82
193,538.95 4,648 18,760.46 30,453.95 0.0072 20,731.48
193,183.52 4,599 18,555.67 30,098.52 0.0072 21,171.69
192,552.40 4,511 18,200.75 29,467.40 0.0071 21,955.74
192,019.48 4,436 17,900.83 28,934.48 0.0071 22,620.97
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191,872.92 4,416 17,822.43 28,787.92 0.0071 22,804.62
191,521.67 4,366 17,617.92 28,436.67 0.0071 23,244.84
190,897.91 4,278 17,263.01 27,812.91 0.0071 24,028.89
190,371.13 4,204 16,963.05 27,286.13 0.0070 24,694.12
190,226.23 4,183 16,884.41 27,141.23 0.0070 24,877.77
189,878.97 4,134 16,680.17 26,793.97 0.0070 25,317.99
189,262.23 4,046 16,325.27 26,177.23 0.0070 26,102.03
188,741.28 3,971 16,025.26 25,656.28 0.0070 26,767.26
188,597.99 3,951 15,946.38 25,512.99 0.0070 26,950.92
188,254.52 3,901 15,742.42 25,169.52 0.0069 27,391.13
187,644.47 3,814 15,387.52 24,559.47 0.0069 28,175.18
187,129.09 3,739 15,087.47 24,044.09 0.0069 28,840.41
186,987.32 3,718 15,008.35 23,902.32 0.0069 29,024.07
186,647.47 3,669 14,804.66 23,562.47 0.0069 29,464.28
186,043.80 3,581 14,449.78 22,958.80 0.0068 30,248.33
185,533.74 3,507 14,149.69 22,448.74 0.0068 30,913.56
185,393.42 3,486 14,070.33 22,308.42 0.0068 31,097.22
185,057.03 3,437 13,866.92 21,972.03 0.0068 31,537.43
184,459.45 3,349 13,512.04 21,374.45 0.0068 32,321.48
183,954.47 3,274 13,211.90 20,869.47 0.0067 32,986.71
183,815.53 3,254 13,132.30 20,730.53 0.0068 33,170.36
183,482.45 3,204 12,929.17 20,397.45 0.0067 33,610.58
182,890.69 3,116 12,574.30 19,805.69 0.0067 34,394.63
182,390.57 3,042 12,274.11 19,305.57 0.0067 35,059.85
182,252.96 3,021 12,194.27 19,167.96 0.0067 35,243.51
181,923.03 2,972 11,991.41 18,838.03 0.0067 35,683.72
181,336.85 2,884 11,636.56 18,251.85 0.0066 36,467.77
180,841.37 2,809 11,336.31 17,756.37 0.0066 37,133.00
180,705.04 2,789 11,256.22 17,620.04 0.0066 37,316.66
180,378.14 2,739 11,053.64 17,293.14 0.0066 37,756.87
179,797.28 2,652 10,698.80 16,712.28 0.0066 38,540.92
179,306.26 2,577 10,398.50 16,221.26 0.0066 39,206.15
179,171.14 2,556 10,318.17 16,086.14 0.0066 39,389.81
178,847.14 2,507 10,115.87 15,762.14 0.0065 39,830.02
178,271.40 2,419 9,761.05 15,186.40 0.0065 40,614.07
177,784.64 2,345 9,460.70 14,699.64 0.0065 41,279.30
177,650.68 2,324 9,380.13 14,565.68 0.0065 41,462.95
177,329.46 2,275 9,178.12 14,244.46 0.0065 41,903.17
176,758.62 2,187 8,823.31 13,673.62 0.0065 42,687.22
176,275.96 2,112 8,522.91 13,190.96 0.0065 43,352.45
176,143.12 2,092 8,442.09 13,058.12 0.0065 43,536.10
175,824.56 2,042 8,240.37 12,739.56 0.0064 43,976.31
175,258.42 1,954 7,885.58 12,173.42 0.0064 44,760.36
174,779.69 1,880 7,585.12 11,694.69 0.0064 45,425.59
174,647.92 1,859 7,504.05 11,562.92 0.0064 45,609.25
174,331.93 1,810 7,302.62 11,246.93 0.0064 46,049.46
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173,770.31 1,722 6,947.84 10,685.31 0.0064 46,833.51
173,295.34 1,647 6,647.33 10,210.34 0.0063 47,498.74
173,164.61 1,627 6,566.01 10,079.61 0.0064 47,682.40
172,851.07 1,577 6,364.87 9,766.07 0.0063 48,122.61
172,293.79 1,490 6,010.10 9,208.79 0.0063 48,906.66
171,822.45 1,415 5,709.54 8,737.45 0.0063 49,571.89
171,692.71 1,394 5,627.97 8,607.71 0.0063 49,755.54
171,381.54 1,345 5,427.11 8,296.54 0.0063 50,195.76
170,828.43 1,257 5,072.36 7,743.43 0.0063 50,979.81
170,360.58 1,183 4,771.74 7,275.58 0.0063 51,645.04
170,231.79 1,162 4,689.92 7,146.79 0.0063 51,828.69
169,922.89 1,113 4,489.36 6,837.89 0.0062 52,268.91
169,373.80 1,025 4,134.62 6,288.80 0.0062 53,052.95
168,909.31 950 3,833.95 5,824.31 0.0062 53,718.18
168,781.43 930 3,751.88 5,696.43 0.0062 53,901.84
168,474.73 880 3,551.60 5,389.73 0.0062 54,342.05
167,929.50 792 3,196.88 4,844.50 0.0062 55,126.10
167,468.24 718 2,896.15 4,383.24 0.0062 55,791.33
167,341.25 697 2,813.83 4,256.25 0.0062 55,974.99
167,036.65 648 2,613.84 3,951.65 0.0062 56,415.20
166,495.14 560 2,259.13 3,410.14 0.0061 57,199.25
166,036.99 485 1,958.35 2,951.99 0.0061 57,864.48
165,910.86 465 1,875.78 2,825.86 0.0061 58,048.14
165,608.29 415 1,676.09 2,523.29 0.0061 58,488.35
165,070.38 327 1,321.40 1,985.38 0.0061 59,272.40
164,615.22 253 1,020.56 1,530.22 0.0061 59,937.63
164,489.98 232 937.84 1,404.98 0.0061 60,121.28
164,350.38 209 845.14 1,265.38 0.0061 60,325.56
164,058.92 162 651.90 973.92 0.0061 60,752.63
163,695.32 102 410.45 610.32 0.0061 61,286.44
163,356.76 46 185.40 271.76 0.0060 61,783.92
163,137.01 9 37.30 52.01 0.0056 62,111.90
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Cruise at Altitude  11887 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
211,577.51 6,971 28,152.15 48,492.51 0.0074 0.00
211,452.41 6,954 28,559.40 48,367.41 0.0075 158.91
211,181.89 6,918 28,495.35 48,096.89 0.0075 501.98
210,821.30 6,870 28,382.37 47,736.30 0.0075 960.01
210,441.50 6,819 28,082.34 47,356.50 0.0075 1,442.23
210,117.79 6,776 27,989.01 47,032.79 0.0075 1,853.16
209,914.58 6,749 27,766.84 46,829.58 0.0075 2,111.50
209,864.34 6,742 27,804.48 46,779.34 0.0075 2,175.27
209,625.14 6,710 27,655.65 46,540.14 0.0075 2,479.28
209,150.71 6,647 27,373.84 46,065.71 0.0075 3,081.07
208,624.68 6,577 27,072.13 45,539.68 0.0075 3,748.32
208,247.80 6,527 26,852.51 45,162.80 0.0075 4,226.32
208,149.95 6,514 26,800.52 45,064.95 0.0075 4,350.53
207,785.97 6,465 26,588.68 44,700.97 0.0075 4,812.43
207,136.63 6,378 26,209.31 44,051.63 0.0075 5,635.10
206,585.82 6,305 25,897.79 43,500.82 0.0075 6,333.10
206,433.74 6,284 25,803.64 43,348.74 0.0075 6,525.80
206,069.38 6,236 25,599.27 42,984.38 0.0075 6,987.70
205,419.45 6,149 25,219.99 42,334.45 0.0075 7,810.36
204,868.14 6,075 24,911.52 41,783.14 0.0075 8,508.36
204,715.94 6,055 24,813.56 41,630.94 0.0075 8,701.06
204,351.24 6,006 24,612.10 41,266.24 0.0075 9,162.96
203,700.74 5,919 24,233.22 40,615.74 0.0075 9,985.63
203,148.94 5,845 23,926.38 40,063.94 0.0075 10,683.63
202,996.63 5,825 23,826.68 39,911.63 0.0075 10,876.33
202,631.59 5,776 23,626.78 39,546.59 0.0075 11,338.23
201,980.52 5,689 23,248.65 38,895.52 0.0075 12,160.90
201,428.24 5,615 22,942.67 38,343.24 0.0075 12,858.89
201,275.80 5,594 22,842.33 38,190.80 0.0075 13,051.60
200,910.42 5,545 22,643.25 37,825.42 0.0075 13,513.49
200,258.81 5,458 22,266.10 37,173.81 0.0075 14,336.16
199,706.04 5,384 21,960.43 36,621.04 0.0075 15,034.16
199,553.47 5,363 21,860.18 36,468.47 0.0075 15,226.86
199,187.73 5,314 21,661.40 36,102.73 0.0075 15,688.76
198,535.58 5,227 21,285.46 35,450.58 0.0075 16,511.43
197,982.32 5,152 20,979.59 34,897.32 0.0074 17,209.43
197,829.62 5,132 20,880.14 34,744.62 0.0074 17,402.13
197,463.51 5,083 20,681.16 34,378.51 0.0074 17,864.03
196,810.83 4,995 20,306.66 33,725.83 0.0074 18,686.70
196,257.08 4,921 20,000.23 33,172.08 0.0074 19,384.69
196,104.25 4,900 19,902.44 33,019.25 0.0074 19,577.39
195,737.77 4,851 19,702.60 32,652.77 0.0074 20,039.29
195,084.55 4,763 19,329.57 31,999.55 0.0074 20,861.96
194,530.35 4,689 19,022.56 31,445.35 0.0074 21,559.96
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194,377.41 4,668 18,926.95 31,292.41 0.0074 21,752.66
194,010.60 4,619 18,725.78 30,925.60 0.0074 22,214.56
193,356.83 4,531 18,354.06 30,271.83 0.0074 23,037.23
192,802.11 4,456 18,046.15 29,717.11 0.0074 23,735.22
192,649.00 4,436 17,952.26 29,564.00 0.0074 23,927.93
192,281.85 4,386 17,750.64 29,196.85 0.0074 24,389.82
191,627.56 4,298 17,380.03 28,542.56 0.0074 25,212.49
191,072.29 4,223 17,071.46 27,987.29 0.0074 25,910.49
190,919.02 4,203 16,979.08 27,834.02 0.0074 26,103.19
190,551.66 4,153 16,777.43 27,466.66 0.0074 26,565.09
189,896.56 4,065 16,407.20 26,811.56 0.0074 27,387.76
189,343.31 3,990 16,112.70 26,258.31 0.0073 28,085.76
189,192.25 3,969 16,033.03 26,107.25 0.0073 28,278.46
188,953.68 3,937 15,898.50 25,868.68 0.0073 28,582.47
188,479.79 3,872 15,623.83 25,394.79 0.0073 29,184.26
187,955.26 3,801 15,335.18 24,870.26 0.0073 29,851.52
187,581.90 3,749 15,128.66 24,496.90 0.0072 30,329.51
187,486.02 3,736 15,092.86 24,401.02 0.0072 30,453.72
187,127.24 3,686 14,875.01 24,042.24 0.0072 30,915.62
186,489.15 3,598 14,517.40 23,404.15 0.0072 31,738.29
185,951.84 3,523 14,215.71 22,866.84 0.0072 32,436.29
185,803.91 3,502 14,134.98 22,718.91 0.0071 32,628.99
185,450.09 3,453 13,931.57 22,365.09 0.0071 33,090.89
184,822.47 3,364 13,575.30 21,737.47 0.0071 33,913.56
184,293.16 3,290 13,273.50 21,208.16 0.0070 34,611.55
184,147.70 3,269 13,193.57 21,062.70 0.0070 34,804.26
183,799.30 3,219 12,989.47 20,714.30 0.0070 35,266.15
183,181.11 3,131 12,633.11 20,096.11 0.0070 36,088.82
182,659.70 3,056 12,331.37 19,574.70 0.0069 36,786.82
182,516.38 3,035 12,251.25 19,431.38 0.0069 36,979.52
182,173.09 2,986 12,047.36 19,088.09 0.0069 37,441.42
181,563.84 2,897 11,690.93 18,478.84 0.0069 38,264.09
181,049.85 2,823 11,389.20 17,964.85 0.0068 38,962.09
180,908.57 2,802 11,308.95 17,823.57 0.0068 39,154.79
180,570.11 2,752 11,105.23 17,485.11 0.0068 39,616.69
179,969.30 2,664 10,748.73 16,884.30 0.0068 40,439.36
179,462.34 2,589 10,446.98 16,377.34 0.0067 41,137.35
179,323.00 2,568 10,366.72 16,238.00 0.0067 41,330.06
178,989.09 2,519 10,163.05 15,904.09 0.0067 41,791.95
178,396.28 2,430 9,806.54 15,311.28 0.0067 42,614.62
177,895.97 2,356 9,504.76 14,810.97 0.0066 43,312.62
177,758.45 2,335 9,424.34 14,673.45 0.0066 43,505.32
177,428.86 2,285 9,220.87 14,343.86 0.0066 43,967.22
176,843.63 2,197 8,864.35 13,758.63 0.0066 44,789.89
176,349.64 2,122 8,562.51 13,264.64 0.0066 45,487.89
176,213.84 2,101 8,481.87 13,128.84 0.0066 45,680.59
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175,888.34 2,052 8,278.65 12,803.34 0.0065 46,142.48
175,310.32 1,963 7,922.13 12,225.32 0.0065 46,965.15
174,822.32 1,888 7,620.23 11,737.32 0.0065 47,663.15
174,688.16 1,868 7,539.29 11,603.16 0.0065 47,855.85
174,366.55 1,818 7,336.41 11,281.55 0.0065 48,317.75
173,795.37 1,730 6,979.93 10,710.37 0.0064 49,140.42
173,313.07 1,655 6,677.98 10,228.07 0.0064 49,838.42
173,180.46 1,634 6,596.71 10,095.46 0.0064 50,031.12
172,862.55 1,585 6,394.21 9,777.55 0.0064 50,493.02
172,297.90 1,496 6,037.75 9,212.90 0.0064 51,315.69
171,821.02 1,421 5,735.75 8,736.02 0.0063 52,013.68
171,689.89 1,401 5,654.15 8,604.89 0.0063 52,206.39
171,375.49 1,351 5,452.01 8,290.49 0.0063 52,668.28
170,817.06 1,263 5,095.55 7,732.06 0.0063 53,490.95
170,345.34 1,188 4,793.49 7,260.34 0.0063 54,188.95
170,215.62 1,167 4,711.56 7,130.62 0.0063 54,381.65
169,904.59 1,118 4,509.78 6,819.59 0.0063 54,843.55
169,352.08 1,029 4,153.35 6,267.08 0.0062 55,666.22
168,885.30 954 3,851.24 5,800.30 0.0062 56,364.22
168,756.92 934 3,769.02 5,671.92 0.0062 56,556.92
168,449.10 884 3,567.59 5,364.10 0.0062 57,018.81
167,902.24 796 3,211.18 4,817.24 0.0062 57,841.48
167,440.17 721 2,909.02 4,355.17 0.0061 58,539.48
167,313.07 700 2,826.44 4,228.07 0.0061 58,732.18
167,008.30 651 2,625.40 3,923.30 0.0061 59,194.08
166,466.85 562 2,269.00 3,381.85 0.0061 60,016.75
166,009.28 487 1,966.77 2,924.28 0.0061 60,714.75
165,883.57 467 1,884.31 2,798.57 0.0061 60,907.45
165,684.73 434 1,751.63 2,599.73 0.0061 61,211.46
165,291.99 369 1,490.90 2,206.99 0.0061 61,813.25
164,857.94 298 1,201.90 1,772.94 0.0060 62,480.51
164,547.79 247 994.95 1,462.79 0.0060 62,958.50
164,467.70 233 941.60 1,382.70 0.0060 63,082.72
164,328.57 210 848.17 1,243.57 0.0060 63,297.06
164,038.55 162 654.13 953.55 0.0060 63,745.16
163,677.45 102 411.55 592.45 0.0060 64,305.27
163,340.61 46 185.37 255.61 0.0057 64,827.25
163,132.41 9 37.39 47.41 0.0052 65,171.39
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Cruise at Altitude  9449 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
214,250.58 6,971 28,221.94 51,165.58 0.0082 0.00
213,986.97 6,939 27,553.15 50,901.97 0.0080 71.11
213,474.81 6,875 27,169.24 50,389.81 0.0078 211.87
212,915.07 6,803 26,936.19 49,830.07 0.0078 367.94
212,517.82 6,752 26,789.69 49,432.82 0.0077 479.75
212,415.57 6,739 26,748.86 49,330.57 0.0078 508.80
212,028.81 6,690 26,483.67 48,943.81 0.0079 616.84
211,337.04 6,602 26,095.96 48,252.04 0.0078 809.26
210,757.66 6,527 25,887.82 47,672.66 0.0077 972.53
210,599.92 6,506 25,829.60 47,514.92 0.0078 1,017.60
210,215.17 6,457 25,562.25 47,130.17 0.0078 1,125.64
209,527.58 6,369 25,181.09 46,442.58 0.0077 1,318.06
208,951.67 6,294 24,966.98 45,866.67 0.0076 1,481.33
208,794.96 6,274 24,914.22 45,709.96 0.0078 1,526.40
208,412.52 6,224 24,645.97 45,327.52 0.0078 1,634.44
207,728.91 6,136 24,264.12 44,643.91 0.0077 1,826.87
207,156.49 6,062 24,050.25 44,071.49 0.0076 1,990.13
207,000.71 6,041 23,995.45 43,915.71 0.0077 2,035.20
206,620.46 5,992 23,728.51 43,535.46 0.0077 2,143.24
205,940.66 5,904 23,346.70 42,855.66 0.0076 2,335.67
205,371.55 5,829 23,132.36 42,286.55 0.0075 2,498.93
205,216.67 5,809 23,075.81 42,131.67 0.0077 2,544.00
204,838.51 5,760 22,810.45 41,753.51 0.0077 2,652.04
204,162.35 5,672 22,428.72 41,077.35 0.0076 2,844.47
203,596.29 5,597 22,212.37 40,511.29 0.0075 3,007.73
203,442.22 5,576 22,154.21 40,357.22 0.0076 3,052.80
203,066.05 5,527 21,891.35 39,981.05 0.0076 3,160.84
202,393.39 5,439 21,510.45 39,308.39 0.0075 3,353.27
201,830.19 5,364 21,291.05 38,745.19 0.0075 3,516.53
201,676.88 5,344 21,231.74 38,591.88 0.0076 3,561.60
201,302.60 5,295 20,971.67 38,217.60 0.0076 3,669.64
200,633.32 5,207 20,591.97 37,548.32 0.0075 3,862.07
200,072.86 5,132 20,369.06 36,987.86 0.0074 4,025.33
199,920.27 5,111 20,308.80 36,835.27 0.0076 4,070.40
199,547.81 5,062 20,051.61 36,462.81 0.0076 4,178.44
198,881.78 4,974 19,673.34 35,796.78 0.0075 4,370.87
198,323.95 4,900 19,446.68 35,238.95 0.0074 4,534.13
198,172.06 4,879 19,385.59 35,087.06 0.0075 4,579.20
197,801.35 4,830 19,131.32 34,716.35 0.0075 4,687.24
197,138.47 4,742 18,754.59 34,053.47 0.0074 4,879.67
196,583.16 4,667 18,524.05 33,498.16 0.0074 5,042.93
196,431.94 4,647 18,462.19 33,346.94 0.0075 5,088.01
196,062.93 4,597 18,210.83 32,977.93 0.0075 5,196.04
195,403.09 4,509 17,835.73 32,318.09 0.0074 5,388.47
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194,850.22 4,435 17,601.32 31,765.22 0.0073 5,551.73
194,699.66 4,414 17,538.74 31,614.66 0.0075 5,596.81
194,332.28 4,365 17,290.24 31,247.28 0.0075 5,704.84
193,675.40 4,277 16,916.78 30,590.40 0.0074 5,897.27
193,124.91 4,202 16,678.60 30,039.91 0.0073 6,060.53
192,974.98 4,182 16,615.33 29,889.98 0.0074 6,105.61
192,609.20 4,133 16,369.60 29,524.20 0.0074 6,213.65
191,955.17 4,045 15,997.75 28,870.17 0.0073 6,406.07
191,406.99 3,970 15,755.94 28,321.99 0.0073 6,569.33
191,257.70 3,949 15,691.99 28,172.70 0.0074 6,614.41
190,893.46 3,900 15,448.94 27,808.46 0.0074 6,722.45
190,242.21 3,812 15,078.66 27,157.21 0.0073 6,914.87
189,696.29 3,738 14,833.34 26,611.29 0.0072 7,078.13
189,547.61 3,717 14,768.69 26,462.61 0.0074 7,123.21
189,184.87 3,668 14,528.28 26,099.87 0.0074 7,231.25
188,536.33 3,580 14,159.50 25,451.33 0.0073 7,423.67
187,992.60 3,505 13,910.76 24,907.60 0.0072 7,586.93
187,844.51 3,485 13,845.38 24,759.51 0.0073 7,632.01
187,483.25 3,435 13,607.59 24,398.25 0.0073 7,713.74
186,837.32 3,347 13,240.29 23,752.32 0.0073 7,818.58
186,295.72 3,273 12,988.17 23,210.72 0.0072 7,920.10
186,148.22 3,252 12,922.04 23,063.22 0.0073 7,944.56
185,788.39 3,203 12,686.89 22,703.39 0.0073 8,008.15
185,145.01 3,115 12,321.04 22,060.01 0.0072 8,121.40
184,605.48 3,040 12,065.57 21,520.48 0.0072 8,217.49
184,458.55 3,020 11,998.69 21,373.55 0.0073 8,244.02
184,100.11 2,970 11,766.17 21,015.11 0.0073 8,307.61
183,459.21 2,882 11,401.76 20,374.21 0.0072 8,420.87
182,921.70 2,808 11,143.00 19,836.70 0.0071 8,516.96
182,775.33 2,787 11,075.36 19,690.33 0.0072 8,543.49
182,418.24 2,738 10,845.44 19,333.24 0.0073 8,607.08
181,779.75 2,650 10,482.45 18,694.75 0.0072 8,720.33
181,244.23 2,575 10,220.58 18,159.23 0.0071 8,816.43
181,098.42 2,555 10,152.12 18,013.42 0.0072 8,842.95
180,742.65 2,506 9,924.81 17,657.65 0.0072 8,906.54
180,106.51 2,418 9,563.11 17,021.51 0.0072 9,019.80
179,572.90 2,343 9,298.05 16,487.90 0.0071 9,115.89
179,427.62 2,322 9,228.68 16,342.62 0.0072 9,142.42
179,073.14 2,273 9,004.07 15,988.14 0.0072 9,206.01
178,439.28 2,185 8,643.75 15,354.28 0.0071 9,319.26
177,907.53 2,111 8,375.47 14,822.53 0.0070 9,415.36
177,762.77 2,090 8,305.22 14,677.77 0.0072 9,441.89
177,409.54 2,041 8,083.33 14,324.54 0.0072 9,505.47
176,777.91 1,953 7,724.36 13,692.91 0.0071 9,618.73
176,247.96 1,878 7,452.92 13,162.96 0.0070 9,714.82
176,103.71 1,858 7,381.75 13,018.71 0.0071 9,741.35
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175,751.70 1,808 7,162.60 12,666.70 0.0072 9,804.94
175,122.22 1,720 6,804.95 12,037.22 0.0071 9,918.20
174,594.04 1,646 6,530.41 11,509.04 0.0070 10,014.29
174,450.29 1,625 6,458.25 11,365.29 0.0071 10,040.82
174,099.47 1,576 6,241.88 11,014.47 0.0071 10,104.41
173,472.11 1,488 5,885.53 10,387.11 0.0071 10,217.66
172,945.64 1,413 5,607.93 9,860.64 0.0070 10,313.75
172,802.38 1,393 5,534.73 9,717.38 0.0071 10,340.28
172,452.72 1,343 5,321.17 9,367.72 0.0071 10,403.87
171,827.41 1,255 4,966.10 8,742.41 0.0070 10,517.13
171,302.63 1,181 4,685.52 8,217.63 0.0070 10,613.22
171,159.84 1,160 4,611.16 8,074.84 0.0071 10,639.75
170,811.32 1,111 4,400.51 7,726.32 0.0071 10,703.34
170,188.01 1,023 4,046.66 7,103.01 0.0070 10,816.59
169,664.85 948 3,763.13 6,579.85 0.0069 10,912.69
169,522.55 928 3,687.62 6,437.55 0.0070 10,939.21
169,175.21 879 3,479.98 6,090.21 0.0071 11,002.80
168,553.73 791 3,127.13 5,468.73 0.0070 11,116.06
168,033.12 716 2,842.84 4,948.12 0.0069 11,212.15
167,892.41 695 2,768.51 4,807.41 0.0070 11,238.68
167,666.80 663 2,634.22 4,581.80 0.0070 11,280.53
167,215.18 599 2,370.20 4,130.18 0.0070 11,363.38
166,715.46 528 2,090.26 3,630.46 0.0069 11,455.24
166,363.64 477 1,895.01 3,278.64 0.0068 11,521.05
166,273.32 463 1,844.91 3,188.32 0.0069 11,538.15
166,049.57 431 1,713.82 2,964.57 0.0070 11,580.00
165,600.07 367 1,452.07 2,515.07 0.0070 11,662.85
165,102.13 295 1,171.05 2,017.13 0.0069 11,754.71
164,752.77 245 973.31 1,667.77 0.0068 11,820.51
164,663.14 231 922.06 1,578.14 0.0069 11,837.61
164,506.26 209 830.22 1,421.26 0.0070 11,867.12
164,173.85 161 637.51 1,088.85 0.0070 11,928.81
163,756.67 101 399.91 671.67 0.0068 12,005.92
163,378.79 45 181.04 293.79 0.0065 12,077.78
163,142.86 9 36.58 57.86 0.0064 12,125.16
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Cruise at Altitude  10058 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
212,692.86 6,971 27,887.26 49,607.86 0.0078 0.00
212,307.63 6,922 27,543.07 49,222.63 0.0078 110.43
211,622.19 6,834 27,191.93 48,537.19 0.0077 307.11
211,045.34 6,759 26,896.87 47,960.34 0.0078 473.98
210,885.49 6,739 26,813.63 47,800.49 0.0077 520.06
210,503.88 6,689 26,616.71 47,418.88 0.0077 630.48
209,825.87 6,602 26,267.90 46,740.87 0.0077 827.17
209,252.21 6,527 25,970.85 46,167.21 0.0077 994.04
209,094.34 6,506 25,896.80 46,009.34 0.0077 1,040.11
208,715.72 6,457 25,692.77 45,630.72 0.0077 1,150.54
208,042.81 6,369 25,343.06 44,957.81 0.0076 1,347.22
207,473.61 6,295 25,046.99 44,388.61 0.0076 1,514.09
207,316.83 6,274 24,969.57 44,231.83 0.0076 1,560.17
206,941.05 6,225 24,768.07 43,856.05 0.0076 1,670.59
206,273.19 6,137 24,418.46 43,188.19 0.0076 1,867.28
205,708.15 6,062 24,122.25 42,623.15 0.0076 2,034.15
205,552.57 6,042 24,045.79 42,467.57 0.0076 2,080.22
205,179.51 5,992 23,843.43 42,094.51 0.0075 2,190.65
204,516.45 5,904 23,493.82 41,431.45 0.0075 2,387.33
203,955.46 5,830 23,197.63 40,870.46 0.0075 2,554.21
203,800.97 5,809 23,121.00 40,715.97 0.0075 2,600.28
203,430.55 5,760 22,918.81 40,345.55 0.0075 2,710.70
202,772.13 5,672 22,569.20 39,687.13 0.0075 2,907.39
202,215.02 5,598 22,273.00 39,130.02 0.0075 3,074.26
202,061.60 5,577 22,196.25 38,976.60 0.0075 3,120.33
201,693.71 5,528 21,994.19 38,608.71 0.0074 3,230.76
201,039.76 5,440 21,644.57 37,954.76 0.0074 3,427.44
200,486.39 5,365 21,348.38 37,401.39 0.0074 3,594.32
200,334.00 5,345 21,271.52 37,249.00 0.0074 3,640.39
199,968.56 5,295 21,069.58 36,883.56 0.0074 3,750.82
199,318.91 5,207 20,719.95 36,233.91 0.0074 3,947.50
198,769.15 5,133 20,423.76 35,684.15 0.0074 4,114.37
198,617.74 5,112 20,346.54 35,532.74 0.0074 4,160.44
198,254.66 5,063 20,144.98 35,169.66 0.0073 4,270.87
197,609.17 4,975 19,795.33 34,524.17 0.0073 4,467.55
197,062.89 4,900 19,499.16 33,977.89 0.0073 4,634.43
196,912.44 4,880 19,421.76 33,827.44 0.0073 4,680.50
196,551.63 4,830 19,220.36 33,466.63 0.0073 4,790.93
195,910.15 4,743 18,870.72 32,825.15 0.0073 4,987.61
195,367.24 4,668 18,574.63 32,282.24 0.0073 5,154.48
195,217.69 4,647 18,496.70 32,132.69 0.0073 5,200.55
194,859.08 4,598 18,295.82 31,774.08 0.0073 5,310.98
194,221.48 4,510 17,946.09 31,136.48 0.0072 5,507.66
193,681.81 4,436 17,650.00 30,596.81 0.0072 5,674.54
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193,533.16 4,415 17,571.90 30,448.16 0.0072 5,720.61
193,176.67 4,366 17,371.21 30,091.67 0.0072 5,831.04
192,542.81 4,278 17,021.48 29,457.81 0.0072 6,027.72
192,006.27 4,203 16,725.40 28,921.27 0.0072 6,194.59
191,858.50 4,183 16,647.48 28,773.50 0.0072 6,240.66
191,504.05 4,133 16,446.58 28,419.05 0.0072 6,351.09
190,873.80 4,045 16,096.87 27,788.80 0.0072 6,547.77
190,340.29 3,971 15,800.73 27,255.29 0.0071 6,714.65
190,193.35 3,950 15,722.74 27,108.35 0.0071 6,760.72
189,840.88 3,901 15,521.98 26,755.88 0.0071 6,871.15
189,214.12 3,813 15,172.26 26,129.12 0.0071 7,067.83
188,683.54 3,739 14,876.10 25,598.54 0.0071 7,234.70
188,537.40 3,718 14,797.83 25,452.40 0.0071 7,280.77
188,186.85 3,669 14,597.38 25,101.85 0.0071 7,391.20
187,563.46 3,581 14,247.64 24,478.46 0.0071 7,587.88
187,035.72 3,506 13,951.46 23,950.72 0.0071 7,754.76
186,890.36 3,486 13,873.14 23,805.36 0.0071 7,800.83
186,541.66 3,436 13,672.76 23,456.66 0.0071 7,883.13
185,921.54 3,348 13,323.03 22,836.54 0.0070 7,986.17
185,396.54 3,274 13,026.84 22,311.54 0.0070 8,087.04
185,251.92 3,253 12,947.99 22,166.92 0.0070 8,111.06
184,905.02 3,204 12,748.18 21,820.02 0.0070 8,173.97
184,288.08 3,116 12,398.42 21,203.08 0.0070 8,286.01
183,765.73 3,041 12,102.23 20,680.73 0.0070 8,381.06
183,621.82 3,021 12,023.00 20,536.82 0.0070 8,407.31
183,276.66 2,971 11,823.53 20,191.66 0.0070 8,470.21
182,662.79 2,884 11,473.82 19,577.79 0.0070 8,582.25
182,143.00 2,809 11,177.49 19,058.00 0.0070 8,677.31
181,999.81 2,788 11,098.33 18,914.81 0.0070 8,703.55
181,656.33 2,739 10,898.93 18,571.33 0.0070 8,766.46
181,045.42 2,651 10,549.20 17,960.42 0.0069 8,878.50
180,528.13 2,577 10,252.86 17,443.13 0.0069 8,973.56
180,385.62 2,556 10,173.50 17,300.62 0.0069 8,999.80
180,043.77 2,507 9,974.31 16,958.77 0.0069 9,062.71
179,435.74 2,419 9,624.59 16,350.74 0.0069 9,174.74
178,920.87 2,344 9,328.22 15,835.87 0.0069 9,269.80
178,779.01 2,324 9,248.48 15,694.01 0.0069 9,296.05
178,438.75 2,274 9,049.71 15,353.75 0.0069 9,358.95
177,833.52 2,186 8,699.97 14,748.52 0.0069 9,470.99
177,320.98 2,112 8,403.55 14,235.98 0.0069 9,566.05
177,179.80 2,091 8,323.98 14,094.80 0.0069 9,592.29
176,841.06 2,042 8,125.09 13,756.06 0.0069 9,655.20
176,238.52 1,954 7,775.35 13,153.52 0.0068 9,767.24
175,728.27 1,880 7,478.95 12,643.27 0.0068 9,862.30
175,587.69 1,859 7,398.89 12,502.69 0.0068 9,888.54
175,250.45 1,810 7,200.47 12,165.45 0.0068 9,951.44
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174,650.55 1,722 6,850.74 11,565.55 0.0068 10,063.48
174,142.49 1,647 6,554.29 11,057.49 0.0068 10,158.54
174,002.53 1,627 6,474.07 10,917.53 0.0068 10,184.79
173,666.73 1,577 6,275.86 10,581.73 0.0068 10,247.69
173,069.38 1,489 5,926.13 9,984.38 0.0068 10,359.73
172,563.47 1,415 5,629.66 9,478.47 0.0068 10,454.79
172,424.09 1,394 5,549.20 9,339.09 0.0068 10,481.03
172,089.69 1,345 5,351.25 9,004.69 0.0068 10,543.94
171,494.82 1,257 5,001.53 8,409.82 0.0068 10,655.98
170,990.99 1,182 4,705.02 7,905.99 0.0067 10,751.03
170,852.18 1,162 4,624.34 7,767.18 0.0068 10,777.28
170,519.15 1,112 4,426.64 7,434.15 0.0067 10,840.18
169,926.68 1,025 4,076.93 6,841.68 0.0067 10,952.22
169,424.88 950 3,780.39 6,339.88 0.0067 11,047.28
169,286.63 929 3,699.48 6,201.63 0.0067 11,073.52
168,954.92 880 3,502.05 5,869.92 0.0067 11,136.43
168,364.79 792 3,152.34 5,279.79 0.0067 11,248.47
167,864.96 718 2,855.78 4,779.96 0.0067 11,343.53
167,727.24 697 2,774.62 4,642.24 0.0067 11,369.77
167,396.83 648 2,577.46 4,311.83 0.0067 11,432.68
166,808.97 560 2,227.76 3,723.97 0.0067 11,544.71
166,311.04 485 1,931.17 3,226.04 0.0067 11,639.77
166,173.86 465 1,849.78 3,088.86 0.0067 11,666.02
165,844.70 415 1,652.89 2,759.70 0.0067 11,728.92
165,259.05 328 1,303.20 2,174.05 0.0067 11,840.96
164,762.99 253 1,006.57 1,677.99 0.0066 11,936.02
164,626.25 232 924.84 1,541.25 0.0066 11,962.26
164,298.31 183 728.31 1,213.31 0.0066 12,025.17
163,714.84 95 378.62 629.84 0.0066 12,137.21
163,220.45 21 81.92 135.45 0.0066 12,232.27
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Cruise at Altitude  10668 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
211,311.26 6,971 28,189.86 48,226.26 0.0078 0.00
210,925.14 6,922 27,794.28 47,840.14 0.0078 113.38
210,235.12 6,834 27,438.36 47,150.12 0.0078 315.31
209,657.15 6,759 27,142.17 46,572.15 0.0077 486.64
209,498.02 6,739 27,098.36 46,413.02 0.0077 533.95
209,115.92 6,689 26,860.58 46,030.92 0.0077 647.32
208,436.23 6,602 26,505.48 45,351.23 0.0077 849.26
207,863.09 6,527 26,210.03 44,778.09 0.0077 1,020.59
207,705.56 6,506 26,141.67 44,620.56 0.0077 1,067.89
207,327.50 6,457 25,927.16 44,242.50 0.0076 1,181.27
206,655.58 6,369 25,572.49 43,570.58 0.0076 1,383.20
206,088.32 6,295 25,276.93 43,003.32 0.0076 1,554.53
205,932.43 6,274 25,204.60 42,847.43 0.0076 1,601.84
205,558.29 6,225 24,993.70 42,473.29 0.0076 1,715.21
204,893.45 6,137 24,639.52 41,808.45 0.0075 1,917.15
204,331.95 6,062 24,343.09 41,246.95 0.0075 2,088.48
204,177.63 6,042 24,270.42 41,092.63 0.0075 2,135.78
203,807.31 5,992 24,060.74 40,722.31 0.0075 2,249.16
203,149.20 5,905 23,706.49 40,064.20 0.0075 2,451.09
202,593.29 5,830 23,410.06 39,508.29 0.0074 2,622.42
202,440.51 5,809 23,337.25 39,355.51 0.0074 2,669.73
202,073.80 5,760 23,127.46 38,988.80 0.0074 2,783.10
201,422.09 5,672 22,773.53 38,337.09 0.0074 2,985.04
200,871.52 5,598 22,476.74 37,786.52 0.0074 3,156.37
200,720.19 5,577 22,403.57 37,635.19 0.0074 3,203.67
200,356.92 5,528 22,194.09 37,271.92 0.0073 3,317.05
199,711.35 5,440 21,840.60 36,626.35 0.0073 3,518.98
199,165.88 5,365 21,543.32 36,080.88 0.0073 3,690.31
199,015.94 5,345 21,470.24 35,930.94 0.0073 3,737.62
198,655.98 5,295 21,260.85 35,570.98 0.0073 3,850.99
198,016.28 5,207 20,907.63 34,931.28 0.0072 4,052.93
197,475.74 5,133 20,610.23 34,390.74 0.0072 4,224.26
197,327.08 5,112 20,535.34 34,242.08 0.0072 4,271.56
196,970.30 5,063 20,327.78 33,885.30 0.0072 4,384.94
196,336.27 4,975 19,974.59 33,251.27 0.0072 4,586.87
195,800.42 4,900 19,677.14 32,715.42 0.0072 4,758.20
195,653.04 4,880 19,601.77 32,568.04 0.0072 4,805.51
195,299.33 4,831 19,394.77 32,214.33 0.0072 4,918.88
194,670.71 4,743 19,041.60 31,585.71 0.0071 5,120.82
194,139.35 4,668 18,743.96 31,054.35 0.0071 5,292.15
193,993.22 4,647 18,668.62 30,908.22 0.0071 5,339.45
193,642.44 4,598 18,461.71 30,557.44 0.0071 5,452.83
193,019.00 4,510 18,108.63 29,934.00 0.0071 5,654.76
192,491.98 4,436 17,810.93 29,406.98 0.0070 5,826.09
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192,347.00 4,415 17,734.69 29,262.00 0.0071 5,873.40
191,999.05 4,366 17,528.75 28,914.05 0.0070 5,986.77
191,380.60 4,278 17,175.63 28,295.60 0.0070 6,188.71
190,857.73 4,203 16,877.83 27,772.73 0.0070 6,360.04
190,713.88 4,183 16,801.13 27,628.88 0.0070 6,407.34
190,368.64 4,133 16,595.76 27,283.64 0.0070 6,520.72
189,754.99 4,046 16,242.66 26,669.99 0.0070 6,722.65
189,236.11 3,971 15,944.75 26,151.11 0.0069 6,893.98
189,093.35 3,950 15,867.72 26,008.35 0.0069 6,941.29
188,750.72 3,901 15,662.75 25,665.72 0.0069 7,054.66
188,141.66 3,813 15,309.69 25,056.66 0.0069 7,256.60
187,626.63 3,739 15,011.67 24,541.63 0.0069 7,427.93
187,484.91 3,718 14,934.24 24,399.91 0.0069 7,475.23
187,144.79 3,669 14,729.75 24,059.79 0.0069 7,588.61
186,540.17 3,581 14,376.71 23,455.17 0.0069 7,790.54
186,028.83 3,506 14,078.61 22,943.83 0.0068 7,961.87
185,888.12 3,486 14,000.80 22,803.12 0.0068 8,009.18
185,550.41 3,436 13,796.75 22,465.41 0.0068 8,092.45
184,950.06 3,348 13,443.74 21,865.06 0.0068 8,194.15
184,442.28 3,274 13,145.54 21,357.28 0.0068 8,294.84
184,302.54 3,253 13,067.40 21,217.54 0.0068 8,318.54
183,967.16 3,204 12,863.76 20,882.16 0.0068 8,381.06
183,370.91 3,116 12,510.77 20,285.91 0.0068 8,492.40
182,866.57 3,041 12,212.46 19,781.57 0.0067 8,586.86
182,727.78 3,021 12,134.11 19,642.78 0.0068 8,612.94
182,394.64 2,972 11,930.79 19,309.64 0.0067 8,675.45
181,802.35 2,884 11,577.80 18,717.35 0.0067 8,786.79
181,301.31 2,809 11,279.41 18,216.31 0.0067 8,881.26
181,163.43 2,789 11,200.81 18,078.43 0.0067 8,907.34
180,832.45 2,739 10,997.80 17,747.45 0.0067 8,969.85
180,243.98 2,651 10,644.82 17,158.98 0.0067 9,081.19
179,746.11 2,577 10,346.22 16,661.11 0.0067 9,175.66
179,609.12 2,556 10,267.61 16,524.12 0.0067 9,201.74
179,280.22 2,507 10,064.81 16,195.22 0.0067 9,264.25
178,695.42 2,419 9,711.85 15,610.42 0.0066 9,375.59
178,200.67 2,344 9,413.32 15,115.67 0.0066 9,470.05
178,064.50 2,324 9,334.08 14,979.50 0.0066 9,496.13
177,737.62 2,274 9,131.84 14,652.62 0.0066 9,558.65
177,156.39 2,187 8,778.87 14,071.39 0.0066 9,669.99
176,664.60 2,112 8,480.24 13,579.60 0.0066 9,764.45
176,529.25 2,091 8,400.72 13,444.25 0.0066 9,790.53
176,204.32 2,042 8,198.86 13,119.32 0.0066 9,853.04
175,626.52 1,954 7,845.90 12,541.52 0.0066 9,964.38
175,137.60 1,880 7,547.18 12,052.60 0.0065 10,058.85
175,003.04 1,859 7,467.31 11,918.04 0.0065 10,084.93
174,679.98 1,810 7,265.88 11,594.98 0.0065 10,147.44
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174,105.50 1,722 6,912.93 11,020.50 0.0065 10,258.78
173,619.36 1,647 6,614.12 10,534.36 0.0065 10,353.25
173,485.55 1,627 6,533.91 10,400.55 0.0065 10,379.33
173,164.31 1,577 6,332.89 10,079.31 0.0065 10,441.84
172,593.04 1,489 5,979.95 9,508.04 0.0065 10,553.18
172,109.58 1,415 5,681.03 9,024.58 0.0065 10,647.64
171,976.51 1,394 5,600.49 8,891.51 0.0065 10,673.72
171,657.03 1,345 5,399.89 8,572.03 0.0065 10,736.24
171,088.85 1,257 5,046.95 8,003.85 0.0064 10,847.57
170,607.99 1,182 4,747.94 7,522.99 0.0064 10,942.04
170,475.62 1,162 4,667.05 7,390.62 0.0064 10,968.12
170,157.84 1,113 4,466.88 7,072.84 0.0064 11,030.63
169,592.67 1,025 4,113.96 6,507.67 0.0064 11,141.97
169,114.31 950 3,814.85 6,029.31 0.0064 11,236.44
168,982.63 930 3,733.63 5,897.63 0.0064 11,262.52
168,666.49 880 3,533.89 5,581.49 0.0064 11,325.03
168,104.23 792 3,180.98 5,019.23 0.0064 11,436.37
167,628.29 718 2,881.79 4,543.29 0.0064 11,530.84
167,497.28 697 2,800.22 4,412.28 0.0064 11,556.92
167,182.74 648 2,600.89 4,097.74 0.0064 11,619.43
166,623.29 560 2,248.00 3,538.29 0.0064 11,730.77
166,149.71 485 1,948.74 3,064.71 0.0063 11,825.23
166,019.34 465 1,866.83 2,934.34 0.0063 11,851.31
165,706.34 415 1,667.91 2,621.34 0.0063 11,913.83
165,149.63 328 1,315.03 2,064.63 0.0063 12,025.16
164,678.22 253 1,015.65 1,593.22 0.0063 12,119.63
164,548.47 232 933.43 1,463.47 0.0063 12,145.71
164,236.95 183 734.92 1,151.95 0.0063 12,208.22
163,682.89 95 382.05 597.89 0.0063 12,319.56
163,213.64 21 82.66 128.64 0.0062 12,414.03
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Cruise at Altitude  11278 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
211,398.70 6,971 28,256.81 48,313.70 0.0081 0.00
211,002.79 6,922 28,039.47 47,917.79 0.0081 115.93
210,296.01 6,834 27,660.61 47,211.01 0.0081 322.42
209,696.77 6,760 27,350.93 46,611.77 0.0080 497.61
209,532.13 6,739 27,277.42 46,447.13 0.0080 545.98
209,136.10 6,690 27,052.88 46,051.10 0.0081 661.91
208,428.66 6,602 26,675.48 45,343.66 0.0080 868.40
207,830.03 6,528 26,372.17 44,745.03 0.0080 1,043.59
207,666.12 6,507 26,308.68 44,581.12 0.0080 1,091.96
207,271.29 6,458 26,076.91 44,186.29 0.0080 1,207.89
206,565.98 6,370 25,704.67 43,480.98 0.0080 1,414.38
205,972.46 6,296 25,420.23 42,887.46 0.0079 1,589.57
205,810.90 6,275 25,364.47 42,725.90 0.0079 1,637.94
205,422.03 6,226 25,137.62 42,337.03 0.0079 1,753.87
204,728.37 6,138 24,769.06 41,643.37 0.0078 1,960.36
204,143.60 6,063 24,475.71 41,058.60 0.0078 2,135.55
203,983.39 6,043 24,403.72 40,898.39 0.0078 2,183.92
203,598.42 5,993 24,187.22 40,513.42 0.0078 2,299.85
202,914.71 5,905 23,832.16 39,829.71 0.0077 2,506.33
202,338.50 5,831 23,532.56 39,253.50 0.0077 2,681.53
202,180.42 5,810 23,465.38 39,095.42 0.0077 2,729.90
201,801.12 5,761 23,249.06 38,716.12 0.0077 2,845.83
201,127.39 5,673 22,893.92 38,042.39 0.0076 3,052.31
200,559.50 5,599 22,594.62 37,474.50 0.0076 3,227.51
200,403.61 5,578 22,524.76 37,318.61 0.0076 3,275.87
200,029.61 5,529 22,310.72 36,944.61 0.0076 3,391.81
199,365.40 5,441 21,955.92 36,280.40 0.0075 3,598.29
198,805.34 5,366 21,656.38 35,720.34 0.0075 3,773.49
198,651.56 5,346 21,585.19 35,566.56 0.0075 3,821.85
198,282.63 5,296 21,372.64 35,197.63 0.0075 3,937.79
197,627.44 5,208 21,017.91 34,542.44 0.0074 4,144.27
197,074.81 5,134 20,718.15 33,989.81 0.0074 4,319.46
196,923.01 5,113 20,645.67 33,838.01 0.0074 4,367.83
196,558.90 5,064 20,434.61 33,473.90 0.0074 4,483.77
195,912.26 4,976 20,079.93 32,827.26 0.0073 4,690.25
195,366.75 4,901 19,780.54 32,281.75 0.0073 4,865.44
195,216.96 4,881 19,708.31 32,131.96 0.0073 4,913.81
194,857.53 4,831 19,497.22 31,772.53 0.0073 5,029.74
194,219.03 4,743 19,141.95 31,134.03 0.0072 5,236.23
193,680.26 4,669 18,842.75 30,595.26 0.0072 5,411.42
193,532.29 4,648 18,769.34 30,447.29 0.0072 5,459.79
193,177.23 4,599 18,559.39 30,092.23 0.0072 5,575.72
192,546.46 4,511 18,204.00 29,461.46 0.0071 5,782.21
192,014.07 4,436 17,904.72 28,929.07 0.0071 5,957.40
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191,867.82 4,416 17,830.18 28,782.82 0.0071 6,005.77
191,516.89 4,367 17,621.37 28,431.89 0.0071 6,121.70
190,893.45 4,279 17,266.07 27,808.45 0.0071 6,328.19
190,367.15 4,204 16,966.74 27,282.15 0.0070 6,503.38
190,222.56 4,183 16,891.55 27,137.56 0.0070 6,551.75
189,875.59 4,134 16,683.44 26,790.59 0.0070 6,667.68
189,259.13 4,046 16,328.14 26,174.13 0.0070 6,874.17
188,738.63 3,972 16,028.74 25,653.63 0.0069 7,049.36
188,595.60 3,951 15,952.76 25,510.60 0.0070 7,097.73
188,252.39 3,902 15,745.45 25,167.39 0.0069 7,213.66
187,642.60 3,814 15,390.22 24,557.60 0.0069 7,420.15
187,127.63 3,739 15,090.70 24,042.63 0.0069 7,595.34
186,986.09 3,719 15,014.05 23,901.09 0.0069 7,643.71
186,646.47 3,669 14,807.47 23,561.47 0.0069 7,759.64
186,043.03 3,581 14,452.31 22,958.03 0.0068 7,966.12
185,533.34 3,507 14,152.72 22,448.34 0.0068 8,141.32
185,393.25 3,486 14,075.62 22,308.25 0.0068 8,189.69
185,057.07 3,437 13,869.55 21,972.07 0.0068 8,273.63
184,459.69 3,349 13,514.39 21,374.69 0.0068 8,373.59
183,955.06 3,274 13,214.69 20,870.06 0.0067 8,473.69
183,816.32 3,254 13,136.93 20,731.32 0.0067 8,496.99
183,483.41 3,204 12,931.57 20,398.41 0.0067 8,558.86
182,891.85 3,117 12,576.48 19,806.85 0.0067 8,669.06
182,392.05 3,042 12,276.73 19,307.05 0.0067 8,762.56
182,254.64 3,021 12,198.69 19,169.64 0.0067 8,788.38
181,924.88 2,972 11,993.68 18,839.88 0.0067 8,850.25
181,338.86 2,884 11,638.56 18,253.86 0.0066 8,960.45
180,843.69 2,810 11,338.78 17,758.69 0.0066 9,053.95
180,707.54 2,789 11,260.21 17,622.54 0.0066 9,079.77
180,380.79 2,740 11,055.74 17,295.79 0.0066 9,141.64
179,800.09 2,652 10,700.65 16,715.09 0.0066 9,251.84
179,309.35 2,577 10,400.77 16,224.35 0.0066 9,345.34
179,174.40 2,557 10,321.71 16,089.40 0.0066 9,371.16
178,850.53 2,507 10,117.80 15,765.53 0.0065 9,433.03
178,274.92 2,419 9,762.74 15,189.92 0.0065 9,543.23
177,788.42 2,345 9,462.77 14,703.42 0.0065 9,636.73
177,654.63 2,324 9,383.36 14,569.63 0.0065 9,662.55
177,333.53 2,275 9,179.89 14,248.53 0.0065 9,724.42
176,762.81 2,187 8,824.84 13,677.81 0.0065 9,834.62
176,280.37 2,112 8,524.74 13,195.37 0.0064 9,928.12
176,147.68 2,092 8,444.88 13,062.68 0.0065 9,953.93
175,829.23 2,042 8,241.95 12,744.23 0.0064 10,015.81
175,263.20 1,954 7,886.94 12,178.20 0.0064 10,126.01
174,784.68 1,880 7,586.75 11,699.68 0.0064 10,219.51
174,653.06 1,859 7,506.56 11,568.06 0.0064 10,245.32
174,337.16 1,810 7,304.01 11,252.16 0.0064 10,307.20
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173,775.63 1,722 6,949.05 10,690.63 0.0064 10,417.40
173,300.87 1,648 6,648.80 10,215.87 0.0063 10,510.90
173,170.27 1,627 6,568.15 10,085.27 0.0064 10,536.71
172,856.81 1,578 6,366.08 9,771.81 0.0063 10,598.59
172,299.61 1,490 6,011.16 9,214.61 0.0063 10,708.79
171,828.45 1,415 5,710.81 8,743.45 0.0063 10,802.29
171,698.85 1,394 5,629.84 8,613.85 0.0063 10,828.10
171,387.75 1,345 5,428.18 8,302.75 0.0063 10,889.98
170,834.70 1,257 5,073.29 7,749.70 0.0063 11,000.18
170,367.02 1,183 4,772.86 7,282.02 0.0062 11,093.68
170,238.36 1,162 4,691.54 7,153.36 0.0063 11,119.49
169,929.53 1,113 4,490.30 6,844.53 0.0062 11,181.37
169,380.48 1,025 4,135.45 6,295.48 0.0062 11,291.57
168,916.15 950 3,834.93 5,831.15 0.0062 11,385.07
168,788.40 930 3,753.25 5,703.40 0.0062 11,410.88
168,481.75 880 3,552.43 5,396.75 0.0062 11,472.76
167,936.56 792 3,197.60 4,851.56 0.0062 11,582.96
167,475.45 718 2,896.96 4,390.45 0.0062 11,676.46
167,348.58 697 2,814.93 4,263.58 0.0062 11,702.27
167,044.03 648 2,614.53 3,959.03 0.0062 11,764.15
166,502.55 560 2,259.72 3,417.55 0.0061 11,874.35
166,044.54 485 1,958.98 2,959.54 0.0061 11,967.85
165,918.52 465 1,876.58 2,833.52 0.0061 11,993.66
165,616.02 415 1,676.64 2,531.02 0.0061 12,055.54
165,078.10 328 1,321.85 1,993.10 0.0061 12,165.74
164,623.16 253 1,021.11 1,538.16 0.0061 12,259.24
164,498.14 232 938.55 1,413.14 0.0061 12,285.05
164,197.49 183 738.77 1,112.49 0.0061 12,346.93
163,663.00 95 384.05 578.00 0.0061 12,457.13
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Cruise at Altitude  11887 m
Weight in Kg. Max Range (Km) Max Flight Time (Sec.) Available Fuel (Kg) Fuel burnt per m (Kg/m) CCF (ATR)
211,641.06 6,971 28,191.75 48,556.06 0.0075 0.00
211,515.20 6,954 28,553.60 48,430.20 0.0075 40.74
211,244.63 6,918 28,502.97 48,159.63 0.0075 128.69
210,883.72 6,870 28,373.52 47,798.72 0.0075 246.12
210,503.83 6,819 28,090.76 47,418.83 0.0075 369.75
210,179.87 6,776 27,977.33 47,094.87 0.0075 475.10
209,976.44 6,749 27,775.21 46,891.44 0.0075 541.33
209,926.07 6,742 27,797.92 46,841.07 0.0075 557.68
209,686.47 6,710 27,651.75 46,601.47 0.0075 635.62
209,211.94 6,647 27,375.69 46,126.94 0.0075 789.90
208,685.67 6,577 27,070.93 45,600.67 0.0075 960.97
208,308.57 6,527 26,854.01 45,223.57 0.0075 1,083.51
208,210.58 6,514 26,796.64 45,125.58 0.0075 1,115.36
207,846.12 6,465 26,586.75 44,761.12 0.0075 1,233.78
207,196.73 6,378 26,211.73 44,111.73 0.0075 1,444.69
206,645.59 6,305 25,895.13 43,560.59 0.0075 1,623.64
206,493.41 6,284 25,806.40 43,408.41 0.0075 1,673.04
206,128.61 6,236 25,597.47 43,043.61 0.0075 1,791.46
205,478.62 6,149 25,223.14 42,393.62 0.0075 2,002.37
204,926.98 6,075 24,907.45 41,841.98 0.0075 2,181.32
204,774.65 6,055 24,818.48 41,689.65 0.0075 2,230.72
204,409.53 6,006 24,610.27 41,324.53 0.0075 2,349.14
203,758.94 5,919 24,236.63 40,673.94 0.0075 2,560.05
203,206.80 5,845 23,921.73 40,121.80 0.0075 2,739.00
203,054.34 5,825 23,832.63 39,969.34 0.0075 2,788.40
202,688.88 5,776 23,625.04 39,603.88 0.0075 2,906.82
202,037.71 5,689 23,252.08 38,952.71 0.0075 3,117.73
201,485.07 5,615 22,937.88 38,400.07 0.0075 3,296.68
201,332.48 5,594 22,848.72 38,247.48 0.0075 3,346.08
200,966.69 5,545 22,641.68 37,881.69 0.0075 3,464.50
200,314.95 5,458 22,269.41 37,229.95 0.0075 3,675.41
199,761.83 5,384 21,955.84 36,676.83 0.0075 3,854.36
199,609.10 5,363 21,866.69 36,524.10 0.0075 3,903.76
199,242.99 5,314 21,660.14 36,157.99 0.0075 4,022.18
198,590.67 5,227 21,288.55 35,505.67 0.0075 4,233.09
198,037.07 5,153 20,975.55 34,952.07 0.0075 4,412.04
197,884.21 5,132 20,886.50 34,799.21 0.0075 4,461.44
197,517.78 5,083 20,680.33 34,432.78 0.0075 4,579.86
196,864.91 4,995 20,309.44 33,779.91 0.0074 4,790.77
196,310.83 4,921 19,996.94 33,225.83 0.0074 4,969.72
196,157.85 4,900 19,908.11 33,072.85 0.0074 5,019.12
195,791.10 4,851 19,702.21 32,706.10 0.0074 5,137.54
195,137.67 4,763 19,332.03 32,052.67 0.0074 5,348.45
194,583.13 4,689 19,019.97 31,498.13 0.0074 5,527.40
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194,430.01 4,668 18,931.47 31,345.01 0.0074 5,576.80
194,062.95 4,619 18,725.74 30,977.95 0.0074 5,695.22
193,408.97 4,531 18,356.28 30,323.97 0.0074 5,906.13
192,853.97 4,456 18,044.60 29,768.97 0.0074 6,085.08
192,700.73 4,436 17,956.57 29,615.73 0.0074 6,134.48
192,333.36 4,386 17,750.88 29,248.36 0.0074 6,252.90
191,678.84 4,298 17,382.14 28,593.84 0.0074 6,463.81
191,123.38 4,224 17,070.82 28,038.38 0.0074 6,642.76
190,970.04 4,203 16,983.46 27,885.04 0.0074 6,692.16
190,602.35 4,153 16,777.48 27,517.35 0.0074 6,810.58
189,947.22 4,065 16,409.57 26,862.22 0.0074 7,021.49
189,391.71 3,990 16,100.65 26,306.71 0.0074 7,200.44
189,238.63 3,970 16,016.10 26,153.63 0.0074 7,249.84
188,872.60 3,920 15,815.89 25,787.60 0.0073 7,368.26
188,223.93 3,832 15,459.57 25,138.93 0.0073 7,579.17
187,676.82 3,757 15,157.34 24,591.82 0.0073 7,758.12
187,526.33 3,736 15,074.55 24,441.33 0.0073 7,807.52
187,166.43 3,686 14,873.78 24,081.43 0.0072 7,925.94
186,528.42 3,598 14,517.45 23,443.42 0.0072 8,136.85
185,990.20 3,523 14,215.22 22,905.20 0.0072 8,315.80
185,842.12 3,503 14,132.29 22,757.12 0.0071 8,365.20
185,487.95 3,453 13,931.66 22,402.95 0.0071 8,449.74
184,860.00 3,365 13,575.33 21,775.00 0.0071 8,547.86
184,330.13 3,290 13,273.09 21,245.13 0.0070 8,647.31
184,184.33 3,269 13,190.10 21,099.33 0.0070 8,670.16
183,835.58 3,219 12,989.53 20,750.58 0.0070 8,731.34
183,217.11 3,131 12,633.21 20,132.11 0.0070 8,840.30
182,695.12 3,056 12,330.96 19,610.12 0.0069 8,932.75
182,551.46 3,036 12,247.91 19,466.46 0.0069 8,958.28
182,207.82 2,986 12,047.41 19,122.82 0.0069 9,019.45
181,598.31 2,898 11,691.09 18,513.31 0.0069 9,128.42
181,083.77 2,823 11,388.84 17,998.77 0.0068 9,220.87
180,942.15 2,802 11,305.74 17,857.15 0.0068 9,246.39
180,603.33 2,752 11,105.29 17,518.33 0.0068 9,307.57
180,002.30 2,664 10,748.97 16,917.30 0.0068 9,416.53
179,494.80 2,589 10,446.71 16,409.80 0.0068 9,508.98
179,355.10 2,569 10,363.57 16,270.10 0.0067 9,534.50
179,020.86 2,519 10,163.17 15,935.86 0.0067 9,595.68
178,427.84 2,431 9,806.85 15,342.84 0.0067 9,704.64
177,927.03 2,356 9,504.58 14,842.03 0.0067 9,797.09
177,789.15 2,335 9,421.40 14,704.15 0.0067 9,822.62
177,459.25 2,285 9,221.05 14,374.25 0.0066 9,883.80
176,873.84 2,197 8,864.73 13,788.84 0.0066 9,992.76
176,379.35 2,122 8,562.46 13,294.35 0.0066 10,085.21
176,243.21 2,102 8,479.24 13,158.21 0.0066 10,110.73
175,917.42 2,052 8,278.92 12,832.42 0.0065 10,171.91
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175,339.23 1,964 7,922.61 12,254.23 0.0065 10,280.87
174,850.77 1,889 7,620.33 11,765.77 0.0065 10,373.32
174,716.26 1,868 7,537.09 11,631.26 0.0065 10,398.85
174,394.39 1,818 7,336.80 11,309.39 0.0065 10,460.02
173,823.07 1,730 6,980.49 10,738.07 0.0064 10,568.99
173,340.33 1,655 6,678.21 10,255.33 0.0064 10,661.44
173,207.39 1,635 6,594.93 10,122.39 0.0064 10,686.96
172,889.23 1,585 6,394.68 9,804.23 0.0064 10,748.14
172,324.45 1,497 6,038.37 9,239.45 0.0064 10,857.10
171,847.15 1,422 5,736.08 8,762.15 0.0064 10,949.55
171,715.70 1,401 5,652.78 8,630.70 0.0063 10,975.07
171,401.09 1,351 5,452.56 8,316.09 0.0063 11,036.25
170,842.53 1,263 5,096.25 7,757.53 0.0063 11,145.21
170,370.43 1,188 4,793.97 7,285.43 0.0063 11,237.66
170,240.39 1,168 4,710.63 7,155.39 0.0063 11,263.19
169,929.16 1,118 4,510.45 6,844.16 0.0063 11,324.37
169,376.53 1,030 4,154.14 6,291.53 0.0062 11,433.33
168,909.38 955 3,851.85 5,824.38 0.0062 11,525.78
168,780.70 934 3,768.49 5,695.70 0.0062 11,551.30
168,472.69 884 3,568.34 5,387.69 0.0062 11,612.48
167,925.73 796 3,212.04 4,840.73 0.0062 11,721.44
167,463.31 721 2,909.75 4,378.31 0.0062 11,813.89
167,335.92 700 2,826.36 4,250.92 0.0062 11,839.42
167,030.99 651 2,626.24 3,945.99 0.0061 11,900.59
166,489.44 563 2,269.94 3,404.44 0.0061 12,009.56
166,031.54 488 1,967.65 2,946.54 0.0061 12,102.01
165,905.39 467 1,884.24 2,820.39 0.0061 12,127.53
165,603.40 417 1,684.15 2,518.40 0.0061 12,188.71
165,067.03 329 1,327.86 1,982.03 0.0061 12,297.67
164,613.45 254 1,025.57 1,528.45 0.0060 12,390.12
164,488.52 234 942.18 1,403.52 0.0060 12,415.64
164,291.51 201 810.44 1,206.51 0.0060 12,455.91
163,902.33 136 549.81 817.33 0.0060 12,535.62
163,471.97 65 260.81 386.97 0.0060 12,624.00
163,164.50 13 53.80 79.50 0.0060 12,687.31
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