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Abstract

Over the last years, there has been a growing presence of composite materials in aerospace applications. In
many of these, having a good understanding of how damage appears and evolves in the materials used is
of paramount importance. While this has been achieved quite successfully for metals, the same cannot be
said for composite materials. This is a direct consequence of their highly complex fracture behaviour, which
is heavily dependent on their microstructure. Multiscale methods may play a key role in solving this issue,
since they are able to combine information from multiple scales, something that more traditional approaches
can’t.

A new multiscale framework for fracture is being developed at TU Delft for composite materials. This
methodology condenses the fracture behaviour observed on a microscopic volume element into one or more
effective macroscopic cracks, where such information is encoded in their properties, namely area, orientation
and traction-separation response. This methodology has also been implemented in a Python tool. It performs
the pre-processing and post-processing of the finite element analyses where the microscopic volume element
is loaded until it fully cracks. Such finite element analyses are carried out using Abaqus.

In this thesis, this methodology and its implementation are extended to 3D in order to increase its versa-
tility. This extension is both performed in terms of its analytical formulation and the numerical implemen-
tation of the pre-processing segment. In its current form, the tool is capable of generating FEM models for
three-dimensional microscopic volume elements made up of multiple-ply layups with random spacial distri-
butions of straight fibers within each ply. Due to limitations imposed by the meshing software used (Gmsh),
microscopic volume elements with fiber orientations other than 0◦ and 90◦ could not be meshed. Further-
more, to properly implement Periodic Boundary Conditions (PBCs), a new step which was not present in 2D
had to be added, where the mesh is corrected to meet the requirements for a proper implementation of PCBs.

During this thesis, it was not possible to implement and test the 3D extension of the post-processing
segment. To deal with this, a simpler post-processing methodology was used, where only the bulk domain’s
response was taken into account. At the same time, in the scripts used for conventional post-processing
where crack detection takes place, some proposed algorithms were implemented. These were not tested
due to a lack of good data. Besides that, for those scripts where no changes were made but are needed in
order to properly extend the conventional post-processing segment to 3D, a general description of possible
algorithms is also presented.

A relatively low number of analyses were performed, due to the prohibitively high computational cost.
Those performed focused on uniaxial and biaxial stretch load cases for both an unidirectional ply and for a
[0,90,0] laminate. As for the results obtained, contrary to what would be expected, a strange behaviour was
observed near the boundaries of the volume element where the load was applied for all analyses except one.
Some possible causes for this problem were laid out. A thorough evaluation of all of them was not possible as
a result of the high number of analyses needed and the associated computational cost. As such, this currently
remains an open problem.
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1
Introduction

Despite the impacts of the pandemic, the aerospace industry is expected to keep growing in the next years
[43]. As the industry grows, new planes will be acquired, both to accommodate this growth and also to replace
older aircraft that are gradually retired. Over the last years, aircraft parts, which were traditionally made out
of metal, have been increasingly replaced by composite parts, as these are more weight efficient and thus
reduce the amount of fuel required for a given flight [33].

However, the use of composite parts has been hindered due to the still limited knowledge of their fracture
behaviour. While failure in metals is mostly well understood, with well-established failure criteria, the same
is not true for composite parts. Many failure criteria for composites have been proposed, but none have been
able to fully model the fracture behaviour, as observed in the World-Wide Failure Exercise [41]. In turn, to
ensure that safety is not compromised, large knockdown factors have to be used, limiting the weight savings
that can be achieved by using composite materials instead of metals. The difficulty in establishing appropri-
ate failure criteria for composites stems from the complicated failure mechanisms involved in their fracture
process, as well as the way these interact with each other. As a result, when deriving these failure criteria
analytically, one must make a trade-off between having criteria that take into account all failure mechanisms
or criteria that don’t use many complex parameters requiring lengthy and complex test campaigns.

Traditionally, multiscale methods have been used to study materials that have complex microstructures.
The damage growth behaviour can also be studied using these methods. A novel multiscale methodology is
being developed at TU Delft, which studies the onset and growth of damage in composite materials. This
information is then condensed into effective traction-separation laws (ETSLs) which implicitly model the in-
fluence on the material’s response of all phases present in its microstructure. Furthermore, this methodology
can also be used to draw conclusions about how certain factors, such as manufacturing defects or extreme
temperature conditions influence the material’s fracture response.

This thesis project aims to build upon previous work on this methodology and extend it to 3D problems.
If successful, not only would it remove the plane strain assumption made for 2D problems, but it would also
widen the range of problems where this can be employed, such as those involving multiple fiber directions.
From a long-term perspective, this project is a relevant step towards the overall research’s objective, which is
to create a more versatile way of studying the impact of small changes to a material’s microstructure in the
overall fracture behaviour.

This thesis report is structured as follows: in chapter §2, a literature review of the relevant parts of fracture
mechanics and multiscale methods is done. In chapter §3, the analytical formulation of this new methodol-
ogy, with the adaptions needed to be employed in 3D problems, is presented. After that, its numerical im-
plementation is covered in chapters §4 and §5. The first of these two chapters focuses on the pre-processing
segment, indicating the relevant details of the finite element models created and of the software used to cre-
ate them. On the other hand, the second part is focused on the post-processing of the results, describing
the alternative scheme that was used for this thesis due to reasons that will be later explained in more detail,
but also laying out suggestions for possible ways to implement the conventional scheme in 3D. The results
obtained from the simulations performed are presented and discussed in chapter §6. Lastly, in chapter §7,
the conclusions and recommendations are presented.
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2
Literature Review

2.1. Fracture Mechanics
Fracture mechanics is the field concerned with predicting how and when do structures fail, by analyzing the
mechanisms behind damage propagation in them.

2.1.1. Linear Elastic Fracture Mechanics (LEFM)
Linear Elastic Fracture Mechanics is the most simple and oldest branch of fracture mechanics. It assumes
that the material obeys Hooke’s law until it fails.

Early Developments
For a material to break, the chemical bonds that hold its atoms together need to be broken. Determining

how much force would be required to move an atom in a bond from its equilibrium position to an infinitely
long distance away provided a first insight into how much force was required for a material to break. However,
such estimate was found to be 3 to 4 times higher than what was observed through experiments. At the time,
Inglis [44] had already derived an expression for the stress concentration factor, Kt , at the tip of an elliptical
crack with semi-axes a and b, which was:

Kt = 1+2
a

b
= 1+2

√
a

ρ
(2.1)

where ρ is the radius of curvature at the root [85]. Based on this expression, the discrepancy was attributed
to imperfections within the material’s structure that create localized stress concentrations. However, this ex-
pression also posed a problem: for a sharp crack (b = 0), the stress at the crack tip would be infinite, which
meant that failure would occur as soon as an infinitesimal stress was applied. Such problem served as mo-
tivation for Griffith’s work, which opted to establish energy-based requirements for crack growth instead of
stress-based ones [1].

Griffith criteria
Griffith [35] derived its criteria through an energy balance. When a crack grows, new fracture surfaces are
created. Therefore, in order for the crack to grow, the total energy must either remain constant or decrease.
For an incremental increase in crack area dA, the critical energy point for crack growth can be expressed as:

dΠ

dA
+ dWs

dA
= 0 (2.2)

where Ws is the work required to create the new crack surfaces andΠ is the total potential energy (TPE) which
includes the internal strain energy and work of external forces [1].

For an infinitely wide plate with a through thickness sharp crack, the critical (applied) stress value, σ f , for
which the crack grows, under plane stress conditions, is given by:

σ f =
√

2Eγs

πa
(2.3)

3
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and under plane strain conditions by:

σ f =
√

πEγs

2(1−ν2)a
(2.4)

where E is the Young’s modulus of the material, γs the surface energy of the material, ν the Poisson’s ratio of
the material and a the crack’s half-length.

Energy Release Rate
Irwin [45] further expanded on this by introducing the energy release rate G , defined as

G =−dΠ

dA
(2.5)

which is more convenient to work with. Likewise, the crack only grows if the energy release rate is bigger than
a critical value G f , the fracture toughness. Although easier to deal with, this relation is however only valid in
very specific cases. Besides the formation of the new crack surfaces, other underlying mechanisms might be
present that absorb strain energy as well, such as the formation of a plastic region ahead of the crack tip in
metals. Therefore, for it to be a valid approach, such non-linear effects cannot be present and plasticity can
only take place on a very small region near the crack tip, i.e. only small scale yielding can occur [1].

Stress Intensity Factor
Another approach to deal with the singularity at the crack tip consists in introducing the concept of a

stress intensity factor, Kmode (for each crack opening mode shown in Figure 2.1). It is extracted from the
analytical solution of the stress field around the previously mentioned sharp crack and is given by:

lim
r→0

σ(I )
i j = K Ip

2πr
f (I )

i j (θ) (2.6a)

lim
r→0

σ(I I )
i j = K I Ip

2πr
f (I I )

i j (θ) (2.6b)

lim
r→0

σ(I I I )
i j = K I I Ip

2πr
f (I I I )

i j (θ) (2.6c)

where r and θ are the polar coordinates of a given point with respect to the crack tip and f (I I I )
i j (θ) is the

solution part that only depends on θ.
The stress intensity factor approach can also be used as a failure criterion. For a given stress applied, the

stress field in the surrounding area of the crack is fully characterized by this parameter. Hence, if the stress
intensity factor exceeds the critical value for a given mode (K I c , K I I c and K I I I c ), the crack will grow until
ultimate failure is observed. These parameters are also referred to as fracture toughness, although the units
here are of stress·√length while G f has units of energy/length [1].

The stress intensity factor and the energy release rate are analogous concepts, since they both describe
the available energy for crack growth [78]. As a result, they can also be described in terms of one another. For

Figure 2.1: The three opening modes of a crack.[1]
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a pure mode-I loading, they are related by the following expression:

G = K 2
I

E ′ (2.7)

and for a mixed mode loading by:

G = K 2
I

E ′ +
K 2

I I

E ′ + K 2
I I I

µ
(2.8)

where µ is the shear modulus, and E ′ = E for plane stress orE ′ = E/(1−ν2) for plane strain [1]. This relation
is particularly useful, since G is easier to measure through experiments, while K is more convenient to use in
the design of structures.

J Integral

Figure 2.2: Schematic of a possible path for the J integral and the quantities associated to it.[27]

Introduced by Rice [80], the J integral extends the concept of G for a non-linear material. Assuming that
the crack grows in the same direction and that the crack surfaces are traction-free, for a path ΓJ (Figure 2.2) it
is defined as

J =
∫
ΓJ

(
we dx2 − t

∂u

∂x1
ds

)
(2.9)

where we is the strain energy density, t is the traction vector at a given point along the path for an outward
pointing normal n and u is the displacement vector. It can be proved that for linear elastic problems J = G
and that the result is independent of the chosen path, as long as no unloading is performed if plasticity is
present [1, 27].

Irwin plastic zone correction
As mentioned before, plasticity can lead to discrepancies between theory and the actual behaviour of

materials, since not all the absorbed energy is spent on creating the new crack surfaces. To compensate for
this without having to explicitly include models for plastic behaviour, Irwin proposed both a way to estimate
the size of the region where it happens and a way of correcting the theory while taking this effect into account
in an implicit manner [1].

Regarding its size, a first approximation consists of taking the solution for the stress field around the crack
tip and defining such zone as the region where the stress is higher than the yield strength of the material (σY ).
The size of this area is approximately:

ry = 1

2π

(
K I

σY

)2

(2.10)
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Figure 2.3: Comparison of the two methods to estimate the size of the plastic zone ahead of the crack tip and the force distribution
assumed by each of them. [1]

This underestimates the size of the plastic zone, since there’s a redistribution of the load when the material
yields, which creates a bigger plastic area than what equation 2.10 predicts (Figure 2.3). If instead, a balance
of forces is made along the boundary of the plastic zone, the following expression is obtained:

rp = 1

π

(
K I

σY

)2

(2.11)

Lastly, Irwin introduced the effect of this region in the crack growth analysis procedures by defining an
effective crack length, given by:

ae f f = a + ry (2.12)

2.1.2. Cohesive Zone Models

Figure 2.4: Schematic of the cohesive zone. Here, v represents the
relative displacement δ. [17]

Figure 2.5: Some examples of degradation mechanisms: a) metal-
particle reinforced ceramics b) fiber breaking in a FRP c) microc-
racks in a brittle material d) void nucleation and coalescence in a
ductile metal. Adapted from [36]

Initially presented by Barenblatt [3] for brittle materials and by Dugdale [22] for ductile metals, a cohesive
zone model (CZM) proposes the addition of a region in the wake of the crack tip (as shown in Figure 2.4),
characterized by a relation between the traction t and the relative displacementδ that models the degradation
mechanism (Figure 2.5). Such relation is the traction separation law (TSL) and, by definition, all of them
should verify the following relation:

G f =
∫ δ f

0
t (δ)dδ (2.13)

where δ f is the critical crack opening displacement, after which the cohesive stress becomes zero. Further-
more, TSLs usually have an internal damage variable that monitors and enforces the irreversibility of damage
[17, 36].
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Figure 2.6: Some TSL examples. a)cubic polynomial, (b) trapezoidal, (c) smoothed trapezoidal, (d) exponential, (e) linear softening, and
(f) bilinear softening. Adapted from [75]

One of the strengths of CZMs is that, besides modeling the growth of damage, they can also predict crack
nucleation. Most of the theories mentioned so far fail to do this, since they already assume the presence of a
crack in the material and only focus on evaluating if the necessary conditions for its growth are met [23].

The various TSLs found in the literature can be separated into nonpotential-based (or displacement-
based) and potential-based TSLs.

Nonpotential-based TSLs define a TSL such as the ones presented in Figure 2.6 for each loading mode.
For mixed-mode loadings, an effective TSL is constructed by combining the individual TSLs of each mode
(Figure 2.7). To do so, it’s necessary to specify, based on each individual contribution, criteria for the damage
onset and evolution. For the damage onset, they can be based on one of the individual components reaching
a threshold value or a combination of all of them reaching a given value (such as in a quadratic criterion).
In the evolution, these can be divided into displacement-based and energy-based. In displacement based
evolution, the increase in the damage variable is controlled by the total effective mixed-mode displacement,
which is defined as:

δm =
√
〈δn〉2 +δ2

t +δ2
s (2.14)

with the subscripts s and t denoting the two tangential directions and the operator 〈·〉 being the Macaulay’s
operator (〈·〉=max(·,0)). In energy-based evolution, the damage variable’s increase is controlled by the ratio of
energy released by each opening mode with respect to the total fracture toughness. Some methods for speci-
fying the contribution of each mode in the total released energy include the power-laws and the Benzeggagh-
Kenane criterion. Although very simple and easy to implement, nonpotential-based TSL have their main
drawback in not guaranteeing consistency, since they aren’t able to account for all possible opening paths
[7, 12, 18, 75].

On the other hand, potential-based TSLs define a potentialΨ(δn ,δt ) (for 2D but the same can be done for
3D) from which the traction components can be obtained through

tn = ∂Ψ

∂δn
(2.15a)

tt = ∂Ψ

∂δt
(2.15b)
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Figure 2.7: Example of nonpotential-based bi-linear TSL for mixed-mode I/II loading.[18]

Although they solve the consistency problem of nonpotencial-based TSLs, they also have some of their own.
From the way they are defined, they are required to satisfy the symmetry condition of ∂tt

∂δn
= ∂tn

∂δt
, which may

lead to overly complicated models. Moreover, some models might exhibit some inaccurate behaviour for
specific loadings, as the one shown in Figure 2.8 does with the tangential traction for large shear loads. Fur-
thermore, they also require more parameters to define, some of which might not be easy to experimentally
measure.

In summary, both types of laws have shortcomings and the selection for a given problem must be made
with great care.

Additionally, TSLs can be divided into extrinsic and intrinsic. In short, extrinsic TSLs have a non-zero
traction value for δ = 0 (such as the one shown in Figure 2.6 (f)), while intrinsic ones don’t. This distinction
has mostly implications regarding the numerical implementation, which will be discussed later. [75]

Figure 2.8: Example of a potential based TSL introduced by Needleman[70]. Adapted from [75]

2.1.3. Fracture of composite materials
Fracture in composite materials is a complex phenomenon, which is a direct result of their orthotropic nature
and microscale heterogeneity.

While fracture in metals is remarkably well understood, the same cannot be said for composite materials.
Metals are usually characterized by only having a single failure mechanism, requiring only the evaluation
of the stress state to predict with acceptable confidence when and where a sample will fail. On the other
hand, the multiple failure mechanisms that can occur in a composite material and these failure mechanisms
are themselves coupled to the loading conditions as well. Furthermore, environmental conditions and the
presence of small manufacturing defects can also have a great impact on their response. Such behaviour and
its yet incomplete understanding by researchers makes it so that the application of composites in aerospace
projects involves large knockdown factors, often undermining possible mass savings.

The way composites fail depends, not only on the stress state at a given point in the material, but also
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on its orientation with respect to the constituents. For FRPs (Fiber-Reinforced Plastics) this is usually de-
fined with respect to the fiber’s directions. Considering the longitudinal direction to be the axial direction of
the fibers, while transverse directions are those perpendicular to it, the failure mechanisms behind intra-ply
failure of UD (unidirectional) composites for each combination of stress state and relative direction can be
summarized as follows:

· Longitudinal tension: failure occurs through separated fiber breaks, which eventually link through a
matrix crack [11].

· Longitudinal compression: failure usually occurs as a result of kink band formation, which develops
from matrix shear instability caused by local fiber misalignments. It has also been observed, albeit on
notched specimens, shear failure of the fibers instead of the formation of a kink band [38].

· Transverse tension: failure occurs through fiber-matrix debonding at the top and bottom regions of
individual fibers, that coalesces and forms a matrix crack perpendicular to the loading direction[106].
Here, the top direction refers to the loading direction.

· Transverse compression: failure begins with fiber-matrix debonding at the lateral regions of individual
fibers, which grow and link through matrix cracks until a peak stress is reached. Then, some of these
cracks coalesce and form shear bands at a given angle determined by the material system [34, 106].

· Longitudinal shear: failure begins with fiber-matrix debonding, which then evolves into matrix failure.
The formed fracture plane has an angle with respect to the longitudinal direction [108].

· Transverse shear: failure occurs in a similar mechanism as in transverse tension, but the final crack
grows in the direction perpendicular to the direction of maximum principal stress [62, 101].

No literature was found on 3D failure mechanisms occurring within the individual plies of unidirectional
composites. However, it is known that matrix cracks can be deflected by plies of different orientations and
that different delamination cracks can join through matrix cracks [48, 49, 56].

2.2. Computational Fracture Mechanics
Classical FEM (Finite Element Method) interpolates nodal quantities, such as displacements, through shape
functions, which are defined by continuous polynomials. However, fracture is a source of discontinuities,
calling for the development of new techniques that incorporate the theoretical approaches discussed so far.
In this section, the way these are numerically implemented will be quickly reviewed. Special emphasis is
placed on cohesive elements, which is the technique that will be used in this thesis, but other ones will also
be mentioned as possible alternatives.

2.2.1. Adaptive Mesh Refinement
Adaptive Mesh Refinement (AMR) approaches fracture by generating a new mesh such that no discontinuities
are present in the newly meshed region. When such a discontinuity is predicted to appear, an algorithm
repositions the nodes such that no interpolation is performed over the discontinuity. Once the new mesh
has been defined, internal variables such as damage variables are projected into the new mesh by a mapping
algorithm. After that, the load step is repeated using the new mesh and only then is the load incremented.
The need to map quantities from one mesh to another can also be avoided if the analysis is repeated from the
beginning [77].

This method was one of the first approaches to modeling fracture computationally and it’s not used very
often because it can be quite inefficient.

2.2.2. Cohesive Elements
Cohesive elements are one of the most widely used techniques. They implement CZMs through special inter-
face elements that are embedded between bulk elements, as shown in Figure 2.9. Their behaviour is governed
by a TSL and a detailed overview of the classic formulation of cohesive elements can be found in Nguyen [74].
Despite many shortcomings that stimulated the development of new techniques for fracture modelling, they
are still widely used today and present in most FEM software packages.

Earlier, it was mentioned that TSLs can be classified as intrinsic or extrinsic, if they have a non-zero or
zero traction value at δ= 0, respectively. For intrinsic TSLs, the cohesive elements are added to a model prior
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Figure 2.9: Some types of cohesive 3D elements: (a) linear brick, (b) linear tetrahedral and (c) quadratic tetrahedral elements. Cohesive
elements, highlighted in red, are of initially zero thickness. [91]

to the analysis. The segment of the TSL up to the damage onset point introduces extra compliance into the
model. Such an effect can be mitigated by using a very high penalty stiffness value in this segment, but this
results in an ill-conditioned tangent stiffness matrix. In most applications, a compromise is made between
both constraints by choosing a sufficiently high penalty stiffness value to limit the extra compliance added
but still small enough to have limited numerical impact [73]. In applications such as dynamic crack growth,
where this effect has implications in other parameters (e.g speed of sound), additional techniques such as
rescaling the penalty stiffness during the simulation can further reduce the effect of the added compliance
[24]. On the other hand, extrinsic TSLs are characterized by not having this segment. However, cohesive ele-
ments governed by them cannot be included in the same way in the model, thus requiring extra procedures
that lead to an increase in the computational cost. In general, these consist in checking for a failure crite-
rion and once it’s met, adding cohesive elements in that interface [6]. This requires the use of complex data
structures since the mesh has to be continuously changed to include the new elements, greatly increasing
the complexity of the analysis. Another possibility consists in using intrinsic cohesive elements and hav-
ing multi-point constraints (MPCs) restraining the opening of the element before the damage onset, which
are selectively released as soon as damage appears [104]. The same can be accomplished by using a hybrid
discontinuous Galerkin method [63, 73].

Furthermore, under changing mixed-mode conditions, restoration of the cohesive state can occur for
some TSLs, whether they are nonpotential [83](Figure 2.10) or potential based [76]. This effect can be con-
trolled by monitoring the energy released during the analysis, since this behaviour violates thermodynamical
principles [83, 95]. In Abaqus, this is prevented by only allowing the damage variable to remain constant or
increase.

Although very commonly used in problems where the crack path is known a priori, such as delamination
in composites [8, 109], for problems where it isn’t, the fact that they are only inserted between bulk elements
represents a considerable drawback as it creates a severe mesh dependency. This can be mitigated through
mesh refinement and the use of a random mesh, but as a result the computational cost can become signifi-
cant for larger problems [73].

Another important aspect to consider when using cohesive elements is the integration scheme that will
be used. Newton-Cotes and Gaussian integration are two classical integration schemes which are often em-
ployed. Newton-Cotes is more stable and provides more accurate nodal stress values. The presence of in-
tegration points at the vertices of the element also prevents interpenetration [84]. Gaussian integration,
however, can induce spurious oscillations on the traction field, but outperforms Newton-Cotes for some

Figure 2.10: Example of restoration of the cohesive state in a nonpotential based TSL. [95]
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applications [19] In terms of the number of integration points to be used, Do et al. [19] also observed that
Newton-Cotes works best with 3 while for Gaussian integration 2 are enough. Some other integration meth-
ods with improved performance and stability that are also capable of circumventing the restriction that the
cohesive element size should be smaller than 1/3-1/5 of the cohesive zone’s length have also been developed
[19]. For certain problems or more sophisticated element formulations, Gaussian integration can outperform
Newton-Cotes, as seen by Russo and Chen [82].

Cohesive elements also display some unstable behaviour. As illustrated by Hamitouche et al.[39] for a 1D
beam problem, fracture problems modeled with cohesive elements can, under specific circumstances, ex-
hibit snap-back during damage nucleation, making convergence using the Newton-Rapson method difficult
or even impossible. This behaviour originates from the sudden release of energy from the bulk elements into
the cohesive elements. In order to correct this problem, many techniques were proposed, some of which are
presented by Chaboche et al. [9]. The most widely used method is viscous regularization, which consists
in adding a viscosity term to limit the energy release during unstable debonding, such that there is a stable
equilibrium path connecting the stable states before and after damage nucleation [28]. Similarly to the prob-
lem posed by the penalty stiffness value, the amount of viscosity added must also be selected carefully. If the
value is too small, the viscosity won’t be enough to "transform" the unstable segment of the equilibrium path
into a stable one. On the contrary, if the value is too big, the numerical accuracy will be affected by excessive
dissipation. There are many viscous regularization schemes but, for reference, the one used in Abaqus is pre-
sented here [13]. With Dv being the degradation variable, µ the viscous regularization parameter and D the
degradation variable evaluated in the inviscid backbone model, the scheme is implemented as:

Ḋv = 1

µ
(D −Dv ) (2.16)

Lastly, specialty elements have been developed to include more complex fracture behaviour in the formu-
lation. Some examples include a 3D separable cohesive element to model the interaction between delamina-
tion cracks and matrix cracks developed by Lu et al. [56] or a finite thickness cohesive element for an accurate
fracture energy dissipation modeling in thick adhesives, developed by Sarrado et al. [83].

2.2.3. Nodal Enrichment Methods: XFEM and its variations
Nodal Enrichment Methods deal with the aforementioned discontinuities by introducing in the nodal dis-
placements, u, enrichments based on the partition of unity method (PUM)[2, 59, 60]. There are many differ-
ent nodal enrichment methods, each differing in either what enrichment is used or how it is implemented,
with XFEM (eXtended Finite Element Method) being the most notorious one. Initially introduced by Be-
lytschko and Black [4], the basic XFEM method uses the following enrichment:

u(x) =∑
∀I

NI (x)uI︸ ︷︷ ︸
Classical FEM

+ ∑
J∈SΓ

NJ (x)ϕJ (x)q J︸ ︷︷ ︸
Enrichment

(2.17)

where N (x) denotes the shape functions, J ⊂ I the enriched nodes ϕJ (x) the PUM functions and SΓ the ele-
ment domain crossed by the crack.

Within XFEM, there are two different forms of modelling the stress field around the crack tip: one is based
on LEFM and the other on CZM. The approach based on LEFM makes a distinction between elements fully
crossed by the crack and elements partially crossed by the crack, which contain the crack tip. For the nodes
of the latter, the enrichment applied to nodes in elements fully crossed by the crack is replaced by a new one
capable of representing the crack tip singularity. The approach based on CZM employs cohesive segments
[79]. This method inserts a line segment when a failure criterion is met, that cuts through the element, passing
over an integration point, and through the neighbouring elements. The opening behaviour is then governed
by a cohesive law [4, 65].

One of the standout features of XFEM is the ability to deal with discontinuities while also using a struc-
tured mesh, something that it’s not possible with cohesive elements since they are only inserted between the
bulk elements. However, XFEM also struggles to correctly deal with problems where there are crack intersec-
tions.

2.3. Multiscale Methods
Multiscale methods are a group of numerical techniques that combine information from multiple models at
the relevant scales. There are many types and formulations, with some being tailored to specific problems
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or material groups. In this section, the focus will be on those used to study the behaviour of composites,
especially those used to study damage onset and growth and those that analyze this behaviour in 3D.

2.3.1. Classes of multiscale methods
Regarding the transfer of information between the coarse-scale and fine-scale models, multiscale methods
can be classified as either hierarchical, concurrent or semiconcurrent [105].

Hierarchical
In hierarchical methods, the fine-scale and coarse-scale models are solved separately, with the transfer of

information between scales only occurring before and after the analysis. This class of methods is the most
widely used one and is much more computationally efficient than others [105]. The independence of each
model is the reason behind this efficiency, but it’s also the source of its drawbacks. Because of it, the inputs
provided by the coarse-scale model cannot be updated during the analysis, which limits its application to
problems where localizing phenomena, such as cracks or shear bands, are present [55]. They are most often
used to extract information about the material’s behaviour [86, 101].

Concurrent
In concurrent methods, the coarse and fine-scale models are embedded into one another. Since it would

require a significant amount of computational effort to apply such embedding on all of the geometry, this
coupling between the two models is only employed in specific regions of interest, such as the crack tip/surface
in fracture problems. The regions of interest can be identified either through a priori knowledge of the prob-
lem or during the simulation itself [105]. In order to couple both scales, compatibility and equilibrium equa-
tions are enforced at the boundary between both models. Furthermore, depending on the formulation of
the method used, a handshake region and/or padding is often required. This region is governed by a mixed
formulation and ensures a proper scale transition. Some methods even require further subdivisions of the
handshake domain, with different formulations for each [64].

Semiconcurrent
In semiconcurrent multiscale methods, the fine-scale and coarse-scale models are solved simultaneously

but are not embedded into each other. Between each model, only specific quantities are transferred, and
compatibility and equilibrium equations are only satisfied approximately [105]. The computational cost is
similar to that of concurrent methods, since both problems can be treated separately, and the formulation
doesn’t have to be the same in both scales. The decoupling of the fine and coarse-scale models allows for a
more flexible implementation and easier parallelization [89].

One of the most common semiconcurrent methods is the FE2 method, developed by Feyel and Chaboche
[25, 26], which has been extensively used in research. Kouznetsova et al. [52] extended this method for prob-
lems involving size effects, such as damage in a CDM (Continuum Damage Mechanics) framework.

2.3.2. Representative Volume Element
For hierarchical and semiconcurrent methods, the microscale problem is modeled by using a Representative
Volume Element (RVE), which is a small sample of the material system being studied at a relevant length
scale. In order to create an adequate RVE, three aspects must be considered: size, boundary conditions and
spacial distribution of phases.

Size
Regarding the size of the RVE, it should be big enough to capture the material behaviour, both in terms of

material distribution and characteristic size of the mechanism/feature being studied, but also be as small as
possible to minimize the computational cost ([30]).

The existence of an RVE is not guaranteed. The concept of an RVE relies on the separation of scales,
which stipulates that the RVE’s size, lm , must be bigger than the size of microscopic fluctuations, lµ, and
much smaller than the macroscopic size lM [30]. In this context, microscopic fluctuations are the local dis-
crepancies between the micro and macroscale deformation.

lµ < lm ≪ lM (2.18)

In the case of FRP, three relevant length scales are present: fiber diameter (5-10 µm), ply thickness (100–300
µm) and laminate thickness (above 1 mm) [54]. Furthermore, the existence of an RVE also depends on the
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Figure 2.11: Schematic representation of the NNA algorithm: (a) Assignment of fiber’s nearest neighbour. (c) Assignment of fiber’s second
nearest neighbour. (c) Nearest neighbour being assigned for a subsequent fiber. [100]

materials being modelled. An RVE can only be found for statistically homogeneous materials and, even then,
in some applications (e.g. softening materials), it might not exist [32].

When an RVE exists, the results obtained from solving its boundary value problem are expected to con-
verge for an RVE size bigger than a critical value, the critical RVE size. In general, analytical estimates for
the critical RVE size, such as the one presented by Drugan and Willis [21], are scarce and mostly unreliable,
requiring it to be determined numerically by repeating the same analysis multiple times using different RVE
sizes. The critical size is also different for each property being studied [53].

For 2D problems involving FRPs, the RVE usually takes the shape of a square, and its size is usually ex-
pressed in terms of a parameter δ= L/R, with L being the edge length of the RVE and R the fiber radius. Trias
et al. [94] presents an extensive list of constraints on δ in order to obtain a statistically representative RVE.
Combining all of them yields δ≥ 50. However, more recent authors have reported converged results for much
smaller RVE sizes. Melro et al. [61] had converged results in the estimation of elastic properties for δ≥ 30 and
González and LLorca [34] for δ ≃ 16. Furthermore, previous work on the topic of this thesis at TU Delft suc-
cessfully used 50 µm x 50 µm and 75 µm x 75 µm for R=2.5 µm [92], which corresponds to δ= 20 and δ= 30,
respectively.

The conversion of a 2D RVE into a 3D one for problems involving unidirectional fibers is usually done
through an extrusion in the third dimension by a given length [54]. The RVE thickness values used tend to be
arbitrary [40, 93, 102] for RVEs that model fibers aligned with the out-of-plane direction. The only exception
found was the work of Múgica et al. [67], where a thickness of 600 µm was used because it aimed to capture
fiber splitting by modifying the elastic properties of the material randomly. For cases where multiple fiber
orientations are present in the RVE, Soni et al. [90] used cubic RVEs.

Spatial Distribution of Phases
The spatial distribution of fibers is also of crucial importance when generating RVEs. In order to create a

random distribution of non-overlapping fibers within the RVE, a dedicated algorithm must be selected. Some
purely numerical examples include those proposed by Buryachenko et al. [5] (Hard-Core Model, HCM and
Hard-Core Shaking Model, HCSM), Wang et al. [103] (Initially Periodic Shaking Model, IPSM) and Yang et al.
(Random Sequential Expansion, RSE)[107]. Most of these initially developed and purely numeric algorithms
struggle to develop statistically relevant RVEs with high fiber volume fractions and for that, more sophisti-
cated algorithms are employed. They might also require significant computational effort or non-trivial algo-
rithms to effectively implement the shaking. Other alternatives are based on experimental data, such as the
image-based [42], or a mixture between numerical and experimental, such as the Nearest Neighbour Algo-
rithm (NNA) by Vaughan and McCarthy [100], the latter of which is depicted in Figure 2.11. Besides being
fully capable of generating RVEs for almost every fiber volume fraction, they also implicitly include effects
in the packing of fibers that are not resultant of geometrical constraints, such as those induced by elastic,
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Figure 2.12: Example of two RVEs with (a) and without (b) material periodicity. [61]

hydrodynamic, and cohesive forces [5]. However, these require experimental data which might not be always
available.

Another required feature for RVEs when using periodic boundary conditions, which will be discussed
later, is material periodicity, and it consists on the phases present on a given edge (2D) or surface (3D) reap-
pearing in the opposite one in the exact same positions, as shown in Figure 2.12. This removes the wall-effect,
which makes the material in the RVE behave as if it is somewhere in the middle of a much bigger sample [32].
This is especially important for fracture problems, where a crack propagating in a given phase should reap-
pear on the other side of the RVE in the same phase, because each one is governed by different cohesive laws.

Boundary conditions
The choice of appropriate boundary conditions for the microscopic RVE is also very important and can

have a significant influence on the results [71]. There are many ways to prescribe the boundary conditions
[30]. Some of them are:

• Voigt-Taylor assumption: no fluctuations within the RVE

• Uniform displacement: no fluctuations only in the RVE boundary

• Periodic boundary conditions (PBCs): the microfluctuation field at a point on the boundary has to be
equal to the microfluctuation field at its corresponding point in the opposite edge/face. The traction at
the boundary also has to be anti-periodic.

• Sachs-Reuss assumption: constant stress and rotation within the RVE, prescribed by the macroscopic
stress tensor

The great majority of the authors employ PBCs [58, 96–98, 106]. Only under specific circumstances, other
types of boundary conditions are used, with the usual motivation being simplicity. PBCs are the preferred
choice as they provide the most accurate approximation of the material properties and eliminate the wall-
effect [54]. Their application in 3D problems is as straightforward as in the 2D case, only with added pairs of
surfaces in the extra dimension, having been widely implemented in multiscale problems [37, 62, 67, 87]. The
equations for implementing PBCs in a non-redundant way can be found in the work of Varnamkhasti [99].

In the context of fracture, the application of PBCs is not straightforward. The periodicity in the results
leads to periodic replicas of the cracks that nucleate within the RVE [102]. Turteltaub et al. [98] avoided this
constraint by introducing the concept of an effective macroscopic crack, which is shown to provide results
independent of these replicas.

2.3.3. Homogenization
Homogenization procedures are used to translate the behaviour observed at the microscopic scales into an
equivalent homogenized macroscale behaviour. The first homogenization methods that were developed
were mostly analytical. This allows for an almost effortless scale transition, but is often limited to very sim-
ple geometries and makes assumptions about the mechanical response of the RVE, which can then lead to
large discrepancies between the obtained results and the actual behaviour. Analytical methods will not be
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covered, but a good overview can be found in Geers et al.[30]. Nowadays, computational homogenization
procedures are preferred. Since they model and solve the microscopic problem explicitly, no assumption re-
garding the mechanical response is made, providing very accurate results. It requires, however, an accurate
characterization of the individual constituents and respective interfaces in the microstructure, which might
not be easy.

Here, first-order homogenization, one of the most widely used computational methods, will be covered
in detail. More sophisticated alternatives are briefly mentioned in the end as well.

First-order computational homogenization
First-order homogenization is the simplest computational homogenization scheme. In short, a macro-

scopic deformation gradient is obtained from the macroscopic problem and transferred to the microscopic
boundary value problem, which is then solved (Figure 2.13). From the results, effective or homogenized
quantities are extracted and applied to the macroscopic problem which implicitly take into account the het-
erogeneous microstructure of the problem. It can deal with microstructures of arbitrary morphology and
distribution of phases, but it’s unable to take into account their absolute size [51]. The mathematical rela-
tions that will be presented here are expressed in more detail in the work of Kouznetsova [51] and Geers et al.
[29].

Microscopic problem definition
In first-order homogenization, the non-linear macroscopic deformation field is mapped into the micro-

scopic problem by passing the macroscopic deformation gradient FM , which is then linearized according to
the following relation:

∆xm = FM∆Xm +wm (2.19)

where Xm and xm are the position vectors of a point within the RVE in the reference configuration and in
the current configuration, respectively. The microfluctuation field, wm , is the local discrepancy between the
micro and macroscale deformation. The microscopic deformation gradient Fm can then be obtained using

Fm = (∇0m xm)T (2.20)

As for the equilibrium equation of the RVE, under quasi-static conditions and in the absence of body forces,
it reduces to:

div0m(PT
m) = 0 (2.21)

where Pm is the microscopic first Piola-Kirchhoff stress tensor. With these quantities defined, the microscopic
boundary value problem can then be solved.

Micro-to-macro transition relations
Once the microscopic problem has been solved, the obtained results need to be transferred to the macro-

scopic problem. This is done by obtaining effective quantities for deformation, stress and internal work.

Figure 2.13: Schematic of first-order homogenization. [51]
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Deformation
The homogenized macroscopic deformation gradient and the volume averaged Green-Lagrange strain

tensor, E∗
M , can be obtained from the microscopic deformation gradient using the following relations

FM = 1

V0

∫
V0

FmdV0 = 1

V0

∫
∂V0

xm ⊗Nmd∂V0 (2.22)

E∗
M = 1

2V0

∫
V0

(FT
m Fm − I)dV0 (2.23)

with ∂V0 being the boundary of the reference domain and Nm its outward normal in a given point.

Stress
Likewise, the macroscopic first Piola-Kirchhoff stress tensor is obtained by averaging the microscopic

tensor over the volume of the domain. This relation can be expressed in terms of quantities acting on the
boundary in the following way

PM = 1

V0

∫
V0

PmdV0 = 1

V0

∫
∂V0

sm ⊗Xm d∂V0 (2.24)

Internal work
Besides enforcing the equivalence between quantities describing deformation and stress, the energy equiv-

alence between the micro and macroscale also needs to be imposed. This is required because, in general, the
product of averages isn’t equal to the average of products [71, 98]. The Hill-Mandel condition imposes such
requirement and can be expressed as

δW0M = PMδFT
M = 1

V0

∫
V0

PmδFT
mdV0︸ ︷︷ ︸

Hill-Mandel’s principle

= 1

V0

∫
∂V0

sm ·δxm d∂V0 (2.25)

where sm is the traction in the reference configuration.

Alternative homogenization schemes
First-order homogenization is a very versatile technique, allowing the study of the mechanical behaviour

of complex materials. Its relatively simple formulation also makes its implementation very straightforward,
resulting in a widespread use in most multiscale problems. However, it has some drawbacks that limit its
employment in some specific problems. Since it lacks an internal size parameter, first-order homogeniza-
tion struggles to model problems involving macroscopic localization or microscopic size effects, i.e those
where the separation of scales assumption is no longer valid. This fundamental limitation motivated the
development of more complex homogenization theories. One of those alternatives is second-order homog-
enization, in which both the macroscopic deformation gradient and its Lagrangian gradient are transferred
to the microscopic problem, as shown in Figure 2.14 [51]. In second-order homogenization, equation 2.19
becomes equation 2.26. This technique is still not as developed as the first-order scheme. It also presents
some drawbacks itself, such as its implementation in finite element codes, which is not as straightforward as
the first-order version, since the shape functions lack the required higher order continuity [72].

∆xm = FM∆Xm + 1

2
Xm∇0M FM Xm +wm (2.26)

2.3.4. Composite phases modeling in RVEs

Fibers

Carbon fibers
Individual carbon fibers consist of layers of graphene, which are designated as basal planes. The atomic

bonds between atoms within a basal plane are covalent and between planes are of van der Waals nature. Re-
garding the arrangement of these planes in a fiber, they are aligned with the fiber axis but the arrangement in
the transverse direction can vary (Figure 2.15). If the arrangement in this direction forms a pattern, such as
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Figure 2.14: Schematic of second-order homogenization. [51]

Figure 2.15: Possible arrangements of the basal planes in a fiber: (a) circumferential, (b) radial, (c) random, (d) radial–circumferential,
and (e) random–circumferential. [57]

circumferential or radial, the fibers can be modelled as circumferentially orthotropic or radially orthotropic,
respectively. These arrangements are, however, very rare and the basal planes are usually arranged in a ran-
dom way, which leads to a transversely isotropic behaviour [57]. Carbon fibers are consistently modeled as
linear elastic transversely isotropic solids in the literature. Since the presence of defects in ceramic materials
is also random, scatter in the elastic properties is included in the constitutive model by attributing a random
value, following a Weibull distribution, for the elastic properties of the bulk elements in the fibers [37, 69].

Glass fibers
In glass fibers, the atoms (mostly silicon and oxygen) are arranged randomly, since glass has an amor-

phous structure. This random distribution leads to an equal mechanical behaviour in all directions, making
glass fibers behave as linear elastic isotropic solids [54, 90]. When relevant, the variability in the elastic prop-
erties can be introduced in the exact same way as it was explained for carbon fibers [67].

Matrix

Thermoset polymers
In thermoset polymers, such as epoxies, the molecules form a cross-linked structure, which is formed

during the curing reaction [57]. It is observed that under tension, thermosets display a very brittle behaviour.
This behavior is caused by the inability of cross-linked polymers to undergo crazing. However, depending
on the temperature and the degree of cure, it can display extensive plastic deformation. Under shear or
compression loadings, significant plastic deformation is present, as the polymer fails through shear yielding.
Furthermore, the plastic yielding under these circumstances is pressure dependent[50].
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In the literature, thermoset polymers are modeled as isotropic elasto-plastic solids. Some authors [54,
101] use the Mohr-Coulomb criteria ([10, 66], summarized in [58]) while others [37, 81, 87, 102] use some
modified version of the Drucker-Prager model, which follows the standard model [20] under compression
but is controlled by the maximum principal stress criteria for tension [68]. A comparison between the two
criteria can be found in the work of Jiang and Xie [46, 47].

Thermoplastic polymers
Thermoplastics, such as PEEK, PEKK or PS, have their molecules arranged in long polymeric chains, which

are then entangled and held together through secondary bonds [57]. Regarding the mechanical response,
thermoplastic polymers display plastic deformation under all types of loading. The amount of plasticity
heavily depends on many variables such as temperature, pressure or the presence of special substances (e.g.
crazing agents) in the work environment [50].

In the literature, thermoplastics are modelled as isotropic elasto-plastic solids, in a similar fashion to ther-
mosets, but the original Drucker-Prager model [20] is used as yield criterion instead of the modified version
[67].

Interface
The properties of the interface depend on the fiber-matrix system used. Usually, different cohesive laws

than those used for the fiber and matrix phases are implemented in the cohesive elements at the interface.
Some authors use a simple bi-linear TSL. The parameters that define them can be obtained experimentally
through push-in tests [54]. When studying the mechanical behaviour under compression or shear loadings,
some authors also include the effect of friction [87].



3
Methodology

In this chapter, the analytical formulation of the multiscale methodology used to extract ETSLs, with the
adaptions needed to be employed in 3D problems, is presented.

3.1. Overview
For problems involving localizing phenomena, such as cracks, hierarchical methods are ill-suited. However,
previous work at TU Delft [96–98] avoids this constraint by introducing the concept of an effective macro-
scopic crack, whose response is unaffected by the presence of periodic replicas.

With this methodology, ETSLs governing the response of the effective macroscopic crack can be obtained.
These implicitly take into account the microscale response, since they are obtained by homogenizing it. This
methodology unlocks the ability to model, in a generic way, complex fracture responses resulting from intri-
cate microstructures. It can also be used to assess the macroscale impact of changes to the microstructure
itself, by comparing the changes in the obtained ETSLs when certain characteristics are modified.

In this chapter, the 3D extension of this methodology is presented. This is a relevant step in its evolution,
since it removes the plane strain assumption present in 2D. In the context of composite materials, it also
enables the study of microsctrutures made up of multiple plies, which may or may not be aligned with the
principal directions.

First, the microscale boundary value problem’s formulation is given. Then, it is established how quantities
in both scales relate to each other at any moment in time. Lastly, the relations used to obtain the quantities
that define the effective macroscopic crack in an energetically consistent way are presented.

3.2. Microstructural formulation
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Figure 3.1: Microstructural volume element. Adapted from [92]
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In Figure 3.1, the microstructural volume element is schematically shown. In it, Ω denotes the volume
element, ∂Ω its boundary, and Γ a fracture surface. Each face is identified by an index i = 1,2, ...6 and has an
outward pointing normal ni

The microscopic boundary value problem is formulated as a quasi-static fracture process without body
forces present. Traction continuity is also imposed on the fracture surface. This can be expressed, at any time
t , as:

divσ(x , t ) = 0 x ∈Ω\Γ (3.1)

t+(x+, t ) =−t−(x−, t ) x ∈ Γ (3.2)

where σ is the stress tensor and x the position of a material point w.r.t the reference configuration. The su-
perscripts + and − identify the side of the crack surface from where the quantities are obtained. Furthermore,
periodic boundary conditions are also enforced, which can be expressed as:

u(x + l1e1, t )−u(x , t ) = l1ε(t )e1 x ∈ ∂Ω4\Γ
t (x + l1e1, t ) =−t (x , t )
u(x + l2e2, t )−u(x , t ) = l2ε(t )e2 x ∈ ∂Ω5\Γ
t (x + l2e2, t ) =−t (x , t )
u(x + l3e3, t )−u(x , t ) = l3ε(t )e3 x ∈ ∂Ω6\Γ
t (x + l3e3, t ) =−t (x , t )
u±(x±+ l1e1, t )−u±(x±, t ) = l1ε(t )e1 x ∈ ∂Ω4 ∩Γt±(x±+ l1e1, t ) =−t±(x±, t )
u±(x±+ l2e2, t )−u±(x±, t ) = l2ε(t )e2 x ∈ ∂Ω5 ∩Γt±(x±+ l2e2, t ) =−t±(x±, t )
u±(x±+ l3e3, t )−u±(x±, t ) = l3ε(t )e3 x ∈ ∂Ω6 ∩Γt±(x±+ l3e3, t ) =−t±(x±, t )

(3.3)

where ε is the prescribed macroscopic strain tensor.
For all points that are not in the crack surface, the microscale strain field, ε, is obtained from the displace-

ment field,u, through the kinematic relation for small strains, which can be written as:

ε= 1
2

(∇u+∇uT
)

x ∈Ω\Γ (3.4)

where ∇ denotes the gradient operator and the superscript T the transpose.
In terms of constitutive relations, all constituents are assumed to behave as linear elastic materials until

fracture. Once formed, the crack surface’s constitutive response is governed by a traction-separation relation.
This can be expressed as:

σ=Cε x ∈Ω\Γ (3.5)

t = fcoh (�u�,κ,m) x ∈ Γ
(3.6)

where C is the stiffness tensor. For each phase and interface, a different traction-separation relation, fcoh, is
used, which is a function of the crack normal m, the damage variable(s) κ and the crack opening �u�. The
latter is defined as:

�u� = u+−u− x ∈ Γ (3.7)

which, when combined with the equations for periodic boundary conditions, yields the following relations:

�u(x , t )� = �u(x + l1e1, t )� x ∈ ∂Ω4 ∩Γ
�u(x , t )� = �u(x + l2e2, t )� x ∈ ∂Ω5 ∩Γ
�u(x , t )� = �u(x + l3e3, t )� x ∈ ∂Ω6 ∩Γ

(3.8)

3.3. Micro/macro scale coupling
Having formulated the microstructural problem, the way quantities are translated between scales will now
be described.
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3.3.1. Strain relations
As mentioned before, the microscale problem is loaded by prescribing the macroscopic strain tensor. This
tensor is defined as:

ε= 1

|Ω|
∫
∂Ω

[�u�⊗n]sym ds (3.9)

where the subscript "sym" indicates the symmetric part of the tensor. As demonstrated in Turteltaub et al.
[98], in the presence of a crack, the applied strain can be decomposed at any time instant in the following
way:

ε= εb +εf (3.10)

where εb is the bulk strain and εf is the fracture strain, which in turn are respectively given by:

εb = 〈ε〉Ω = 1

|Ω|
∫
Ω
εdv (3.11)

εf = 1

|Ω|
∫
Γ

[�u�⊗m]sym ds (3.12)

where the notation 〈·〉Ω = (1/|Ω|)∫Ω(·)dv is used to represent averaged quantities.

3.3.2. Stress relations
Likewise, the externally applied (macroscopic) stress tensor is defined as:

σ= 1

|Ω|
∫
∂Ω

t ⊗x ds (3.13)

Once again, as demonstrated in Turteltaub et al.[98], the applied (macroscopic) stress tensor matches the
volume-averaged stress tensor i.e:

σ= 〈σ〉Ω (3.14)

with 〈σ〉Ω being defined as:

〈σ〉Ω = 1

|Ω|
∫
Ω
σdv (3.15)

3.3.3. Power relations
The externally applied power density (per unit volume) done on the boundary of the volume element is de-
fined as:

P ext = 1

|Ω|
∫
∂Ω

t · u̇ds (3.16)

From this quantity, a fracture power density, P f, and a bulk power density, P b, can be extracted, which are
given by:

P ext = P b +P f (3.17)

P b = 〈P〉Ω = 1

|Ω|
∫
Ω
σ · ε̇dv (3.18)

P f = 1

|Ω|
∫
Γ

t · �u̇�ds (3.19)

On the other hand, the macroscopic power is defined as:

P M =σM · ε̇M = 〈σ〉Ω · ε̇ (3.20)

3.3.4. Hill-Mandel condition
The Hill-Mandel condition states that for a homogenization procedure to be valid, the scale transition needs
to be energetically consistent, i.e the macroscopic and microscopic power densities must match:

P M = P ext (3.21)

This global form of the Hill-Mandel condition (since it takes both bulk and fracture contributions into ac-
count) is satisfied a priori when PBCs are used, even in the presence of a crack. However, when a localized
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Figure 3.2: Comparison between microscale and macroscale crack representation. All quantities that define the macroscale crack are
obtained directly from their microscale equivalents. Both of these cracks have the same rate of work, due to the crack-based Hill-Mandel
condition that couples them. Obtained from [98].

crack forms, having the volume element converge to an RVE is challenging, as the ratio between the crack
surface’s area and the volume element’s volume changes while increasing the volume element’s size. As a
result, the crack’s response has to be isolated from that of the surrounding material and used in a separate
scale transition.

In this crack-based scale transition, the microscopic crack domain is homogenized into a straight equiv-
alent macroscopic crack (see Fig. 3.2), which follows a traction-separation response that encapsulates all
relevant information from the microscale. This response is defined in the following way:

t f = ff
coh

(
�u�f,κf,mf

)
(3.22)

which depends on the same parameters used in equation 3.6 and where the subscript f denotes effective
quantities. For this scale transition, a dedicated crack-based Hill-Mandel condition needs to be verified as
well, and its given by:

|Ω|P f
Γ =

∫
Γ

t · �u̇�ds︸ ︷︷ ︸
Microscopic

= |Γ|ft f · �u̇�f︸ ︷︷ ︸
Macroscopic

(3.23)

where |Γ|f is the effective (macroscopic) crack surface area. Unlike its global counterpart, the crack-based
Hill-Mandel condition isn’t necessarily satisfied by simply applying PBCs. Furthermore, since in general, the
product of averages isn’t equal to the average of products, the effective traction and effective crack opening
cannot be simultaneously defined as averages of their microscale equivalents.

3.4. Effective quantities
So far, the reasoning as to why part of the response concerning the cracked domain is treated differently
and the resulting equivalent macroscopic crack(s), it’s now time to present how the effective quantities that
describe a macroscopic crack are obtained from the microscopic crack domain.

First, these quantities are obtained from the periodic crack(s) within the crack domain, which also con-
tains branches and isolated segments. A detailed description of what a periodic crack is and how it is iden-
tified can be found in Turteltaub et al.[98]. Unless a periodic crack has formed, the volume element is only
considered as being partially cracked since load can still be carried through it. Multiple periodic cracks might
be present in a fully-cracked volume element due to anisotropy and each of them has a separate traction-
separation response.

For a given periodic crack, the effective crack orientation is obtained by averaging the crack normals of all
segments that form the periodic crack:

mf = 〈m〉Γ = 1

|Γ|
∫
Γ

m ds (3.24)
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with |Γ| denoting the area of all segments that form the periodic crack. As for the effective crack surface area,
it is obtained by adding up the area of all those same segments projected onto a plane normal to the effective
crack orientation:

|Γf| =
∫
Γ

m ·mf ds (3.25)

Alternatively, this quantity can be obtained from the effective crack normal and from the volume element’s
size in the following way:

|Γf| =
{

|Γf
min| if r ≥ rmax

|Γf
max| if r < rmax

(3.26)

where:

|Γf
min| = min

(
l1l2

|n3 ·mf| ,
l1l3

|n2 ·mf| ,
l2l3

|n1 ·mf|
)

(3.27)

|Γf
max| = max

(
l1l2

|n3 ·mf| ,
l1l3

|n2 ·mf| ,
l2l3

|n1 ·mf|
)

(3.28)

r = |Γf
max|

|Γf
min|

(3.29)

and rmax is a prescribed cut-off value to determine when the effective crack normal is sufficiently close to
one of the principal directions, thus limiting the number of times the crack surface is allowed to reenter the
volume element.

With these two quantities, the geometry of the respective equivalent macroscopic crack is established. In
order to define its response, the effective traction, t f, and effective crack opening, �u̇�f, need to be obtained.
As mentioned before, for consistency reasons, these quantities cannot be determined simultaneously by av-
eraging their values over the crack. In order to deal with this issue, a methodology was initially proposed
[98]. In it, the effective crack opening is obtained directly through crack averaging. On the other hand, the
effective traction is obtained through a weighted average between two effective traction values (one from the
crack averaging and the other from the bulk stress and effective crack orientation), which is adjusted using
an α parameter such that Hill-Mandel’s condition is satisfied, approximately, as best as possible. Since then,
two new methods by Turteltaub and R. Suárez-Millán [97] have been developed. For them, one of the quan-
tities (effective traction or effective crack opening) is obtained through averaging, and the other is obtained
directly from Hill-Mandel’s condition. With these methods, Hill-Mandel’s condition is satisfied exactly. Out
of these two possibilities, the method where the effective traction is obtained through crack averaging and
the effective crack opening is obtained from Hill-Mandel’s condition was found to be the most robust option.
This method is the one presented here.

As mentioned, the effective traction is obtained by averaging the traction acting on all segments that form
the periodic crack:

t f = t f
Γ =

1

|Γ|
∫
Γ

t ds (3.30)

For the effective crack opening, the effective crack opening rate that satisfies Hill-Mandel’s condition can be
computed as follows:

�u̇�f = �u̇�f,HM
Γ

=β�u̇�f
Γ (3.31)

β=

∫
Γ

t · �u̇�ds

|Γf|t f
Γ
· �u̇�f

Γ

(3.32)

where �u̇�f
Γ is the crack-averaged effective opening rate, given by:

�u̇�f
Γ =

1

|Γf|
∫
Γ
�u̇�

(
m ·mf

)
ds (3.33)

From the effective crack opening rate, the effective crack opening, �u�f
Γ, is obtained through time integration.





4
Numerical Implementation:

Pre-processing

This chapter touches upon the way the numerical models used in the analyses are created. It is divided in
two sections. In section §4.1, the data that describes the final model is presented and in section §4.2 the
architecture and algorithms of the software used to create the models in an automatic way are described.

4.1. Finite Element Model
The finite element model, created in Abaqus, consists of some fibers within a box volume (Fig. 4.1). The
fibers are organized in plies and for each of these, a random fiber distribution is used. Periodic boundary
conditions are used, and as a result, the geometry is also periodic at the boundaries. Cohesive elements are
inserted between all bulk elements to model the fracture behaviour. All data required to replicate the model
will be presented next.

Figure 4.1: Example of a meshed geometry.

25



26 4. Numerical Implementation: Pre-processing

4.1.1. Elements
Any mesh created for these analyses uses two different types of elements. For the bulk part, C3D4 elements
(4-node linear tetrahedrons) are used. As described in section §2.2.2, fracture can be modelled by inserting
cohesive elements between bulk elements. Here, COH3D6 elements (6-node three-dimensional cohesive
elements) are employed. The numbering and position of nodes and integration points, in both elements is
shown in Figure 4.2. All cohesive elements added have an initial geometrical thickness of zero (i.e faces 1-2-3
and 4-5-6 are coincident at the start of the analysis) and the constitutive thickness is kept at its default value
of 1, thus making the strain and opening values equal.

These elements were chosen simply because they are the 3D equivalents of the elements used in the
previous implementation (CPE3 and COH2D4) [92].
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Figure 4.2: Position and numbering scheme of nodes and integration points in elements C3D4 and COH3D6. Adapted from [14, 15]

4.1.2. Materials
Having picked the elements, in order to fully describe their mechanical behaviour, material properties are re-
quired. For all the analyses performed, the material properties used in the 2D analyses [92] were not changed
for the 3D analyses. They are based on HexTow IM7 carbon fibers and HexPly 8552 epoxy matrix. Such prop-
erties are also kept constant throughout the model and no damage is present at the start.

Bulk

For the bulk part of the mesh and in accordance with what was seen in section §2.3.4, the fiber’s material
is modelled as being a linear elastic transversely isotropic homogeneous solid, using the properties given in
Table 4.1. On the other hand, the matrix material is modelled as a linear elastic isotropic homogeneous solid,
using the properties given in Table 4.2.

Table 4.1: Material properties used in fiber phase.

Property Value Unit
ρ f 1.78E-06 ton/mm3

E1 f 275E+03 MPa
E2 f 20E+03 MPa
E3 f 20E+03 MPa
ν12 f 0.2 -
ν13 f 0.2 -
ν23 f 0.333 -
G12 f 27.5E+03 MPa
G13 f 27.5E+03 MPa
G23 f 7.5E+03 MPa
Note: Direction 1 is the fiber’s axial direction

Table 4.2: Material properties used in matrix phase.

Property Value Unit
ρm 1.31E-06 ton/mm3

Em 4E+03 MPa
νm 0.35 -
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Cohesive
The cohesive element’s constitutive response is defined by a bilinear intrinsic TSL (see Fig. 2.6e) for each

opening mode. Since a mode-independent fracture behaviour is assumed, the TSLs used for each mode are
identical. Such response can be separated in three stages: initial response, damage initiation and damage
evolution. All expressions presented here are obtained from the Abaqus documentation [12].

The initial response is linear elastic, where a stiffness matrix, E, relates all traction, t, and opening, δ,
components. This can be written as:

t =
tn

ts

tt

=
Enn Ens Ent

Ens Ess Est

Ent Est Et t

δn

δs

δt

=
Ecoh 0 0

0 Ecoh 0
0 0 Ecoh

δn

δs

δt

= Eδ (4.1)

where the subscripts n, s and t denote the normal and two tangential components, respectively. For this
problem, it was assumed that there’s no coupling between the traction and separation components of differ-
ent directions, making all non-diagonal components equal to zero. Additionally, since mode-independent
fracture is also assumed, all the diagonal stiffness matrix values are equal and denoted by Ecoh. A high value
is used for Ecoh to minimize the artificial compliance, but not excessively high to avoid numerical errors due
to ill-conditioned matrices.

The damage onset occurs when the damage initiation criterion is met. For this problem, the Maximum
Nominal Stress criterion was used, which can be expressed as:

max

{ 〈tn〉
t o

n
,

ts

t o
s

,
tt

t o
t

}
= 1 (4.2)

with t o
n ,t o

s and t o
t being the ultimate traction values in each opening direction and the operator 〈·〉 being the

Macaulay’s operator (〈·〉=max(·,0)).
Once damage forms, the damage evolution is controlled by a scalar variable D ∈ [0,1], which evolves

according to the specified criteria

tn =
{

(1−D)t n for t n ≥ 0
t n for t n < 0

(4.3)

ts = (1−D)t s (4.4)

tt = (1−D)t t (4.5)

(4.6)

where t i = Ecohδi . For this problem, linear damage evolution based on energy is considered, which means
that the damage variable evolves according to:

D = δ
f
m

(
δmax

m −δo
m

)
δmax

m

(
δ

f
m −δo

m

) (4.7)

δ
f
m = 2G f

T o
eff

(4.8)

with δmax
m being the maximum effective displacement observed during the loading history (see effective dis-

placement definition in eq. 2.14), δo
m the effective displacement at damage initiation, G f the fracture energy

and T o
eff the effective traction at damage initiation.

Table 4.3: Material properties used for cohesive phases.

t o

Interface Type Ecoh tn ts tt G f

[MPa] [MPa] [MPa] [MPa] [kJ/mm3]
Fiber - Fiber 1E+09 5000 5000 5000 7.5
Fiber - Matrix 1E+08 85 85 85 0.2
Matrix - Matrix 1E+08 80 80 80 0.2



28 4. Numerical Implementation: Pre-processing

The cohesive model parameters used can be found in Table 4.3. Once again, these are the same values
used in the 2D simulations performed by Suárez-Millán [92]. They were not changed to facilitate the com-
parison of the results with what was observed previously and because they already provided physically sound
results in 2D.

4.1.3. Boundary Conditions
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Figure 4.3: Nomenclature used for corners, edges and faces.

As mentioned earlier, multiscale problems of this nature use PBCs in the majority of the cases, since they
provide the most accurate approximation of the material properties and eliminate the wall-effect.

Before introducing the equations that govern PBCs and describing how these are implemented in the
Abaqus model, the nomenclature used to describe the faces, edges and corners (Fig. 4.3) is explained. The
coordinate system used has the Z axis aligned with the stacking direction and the Y axis aligned with the 0◦
fiber direction. The 6 faces are all named in a way such that they have a unique letter identifier. These are:
Down, Up, Left, Right, Front and Back. An easy way to keep track of this naming convention is by imagining
that the 2D analyses were performed on the Front face, with all the other names being given according to
this perspective. As for the edges, their names are derived from which face intersection originates them. For
example, edge FL is formed by intersecting the Front and Left faces. Lastly, all corners have a number which
is obtained by keeping the numbers used in the 2D implementation on the Front face and then replicating
the numbering order in the Back face.

The non-redundant set of equations for implementing PBCs in 3D problems can be found in the work of
Varnamkhasti [99] and are, for the previously mentioned nomenclature, as follows:

Faces

uU −uD −uDU
DUMMY = 0

uR −uL −uLR
DUMMY = 0

uB −uF −uFB
DUMMY = 0

(4.9)

Edges
Edges aligned with the X direction

uFD → Independent

uFU −uFD −uDU
DUMMY = 0

uDB −uFD −uFB
DUMMY = 0

uUB −uFD −uFB
DUMMY −uDU

DUMMY = 0

(4.10)



4.1. Finite Element Model 29

Edges aligned with the Y direction

uLD → Independent

uLU −uLD −uDU
DUMMY = 0

uRD −uLD −uLR
DUMMY = 0

uUR −uLD −uLR
DUMMY −uDU

DUMMY = 0

(4.11)

Edges aligned with the Z direction

uFL → Independent

uFR −uFL −uLR
DUMMY = 0

uLB −uFL −uFB
DUMMY = 0

uRB −uFL −uFB
DUMMY −uLR

DUMMY = 0

(4.12)

Corners

uC1 → Independent

uC2 −uC1 −uLR
DUMMY = 0

uC3 −uC1 −uLR
DUMMY −uDU

DUMMY = 0

uC4 −uC1 −uDU
DUMMY = 0

uC5 −uC1 −uFB
DUMMY = 0

uC6 −uC1 −uLR
DUMMY −uFB

DUMMY = 0

uC7 −uC1 −uLR
DUMMY −uFB

DUMMY −uDU
DUMMY = 0

uC8 −uC1 −uFB
DUMMY −uDU

DUMMY = 0

(4.13)

Besides all the constraints added to employ PBCs, the translational DOFs of corner C1 are also fixed to
prevent rigid-body motion due to numerical errors.

In the set of equations for PBCs, the uDUMMY terms refer to the nodal displacements of dummy nodes.
These equations are applied using Abaqus’ equations, which are actually linear MPCs (Multi-Point Con-
straints) [16]. Their implementation requires equations to be specified in the format Aiui +Ajuj + ... = 0. Be-
cause of this, the introduction of terms that don’t depend on a nodal displacement is not allowed and dummy
nodes are created to circumvent this. The loading is directly applied to them as a prescribed displacement
(see section §4.1.4) and their nodal displacements are then used in the equations as shown previously. In
total, 3 dummy nodes are used (one for each direction).

Since all equations relate two nodes (excluding dummy nodes), the mesh used needs to be periodic to
ensure that every node has a pair. However, in order to add cohesive elements, the nodes of the original mesh
must be replicated, which complicates the identification of node pairs as there are multiple coincident nodes.
In order for PBCs to be applied correctly, only boundary nodes must be coupled. A boundary node is defined
as a node that belongs to a boundary face, which in turn is defined as a set of 3 nodes from the same element
that all lie on the RVE’s boundary. In Figure 4.4, the correct way of forming pairs using boundary nodes (red
dots) is shown. If the node pairing is not done this way, the cohesive element’s opening is restricted.

Different types of equations have been presented: for faces, edges and corners. The type of equation used
is based on how many boundary faces (of different RVE faces) share the same node. Face, edge and corner
equations are applied to nodes shared by one, two and three boundary faces, respectively, after the nodes are
replicated to allow the introduction of cohesive elements, as shown in Figure 4.5. The decision of which type
is implemented is not solely based on the node’s location due to the presence of cohesive elements. For two
boundary faces that meet at an edge or corner, if they are split by a cohesive element, the type of equation
used for the shared nodes (before replication) is "downranked". Taking the mesh of Figure 4.5 as an example,
both the two orange faces and the purple and grey faces make pairs of faces with shared nodes before cohesive
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Figure 4.4: Example of mesh with the respective node pairing after cohesive elements’ insertion. Only the boundary nodes (red dots) are
paired and used in the PBC equations. Obtained from [92].

elements were added. When the nodes are replicated, the two edge nodes of the grey and purple faces are
"downranked" to face nodes. The corner node would also be an edge node if one of the green faces belonged
to another element. Although a similar methodology should have been used for corners in the previous 2D
work, it was never required because the meshing software used (Gmsh) always generated a mesh where the
corners ended up being split by a cohesive element, thus downranking them to the same type used for all
other nodes.

With the equations for PBCs being implemented this way and requiring a pair of the same type on the
opposite side, the mesh used needs to meet an unusual requirement for the equations to be properly imple-
mented. This requirement can be summarized in the following way: prior to node replication, all free edges1

observed along all 4 RVE edges aligned with a particular direction must have the same relative position and
all nodes in the corners need to be of the same type. If the mesh doesn’t meet this condition, spurious crack
arrest will occur at the RVE edges, as schematically shown in Figure 4.6. Because this is a requirement that
cannot be directly enforced through the meshing software, a workaround had to be implemented (see sec-
tion §4.2.5) to fix a mesh in order for it to be met. In theory, it is possible to implement these equations, while
avoiding spurious crack arrest, with only the free edge distribution of diagonally opposite edges matching.
However, that doesn’t remove the need for a mesh fixing procedure and it also makes their implementation
much more cumbersome.

1A free edge is defined as an edge that only belongs to a single element.

Face Node

Corner Node
Edge Node

Figure 4.5: Example of a mesh (only boundary faces are shown) and the type of equations used for each node. Faces with the same color
belong to the same element.
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Figure 4.6: Example where a mismatch between the mesh at the edges (corners in the 2D view) leads to a spurious crack arrest. If a crack
is growing past the cohesive element (red line) shown, it cannot cross the RVE boundaries as there’s no adjacent cohesive element to
form a continuous crack.

4.1.4. Loads
Loads are introduced in the model in the form of a displacement-based loading, according to the prescribed
macroscopic strain tensor, ε. These displacements are applied on the dummy nodes, as described in equa-
tions 4.14, and the magnitudes of the tensor components are chosen such that the RVE fully breaks (i.e. forms
a periodic crack).

uDU
DUMMY = ε13te1 +ε23te2 +ε33te3

uLR
DUMMY = ε11we1 +ε21we2 +ε31we3

uFB
DUMMY = ε12l e1 +ε22l e2 +ε32l e3

(4.14)
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4.2. Software
Having so far described all details of a model at the end of pre-processing, in this section it will be explained
how the software used to create these models works.

4.2.1. Overview

Generating Geometry
(gen_tools.py)

Database 
Entry Data

Manual 
Inputs

Generating the Bulk Mesh
(gmsh_PBC_subroutine.geo +
gmsh_mesh_parameters.geo)

Generating INP File
(gen_inp.py)

main.py

Gmsh

Correcting the Bulk Mesh
(fix_mesh_PBC.py) Cluster

Figure 4.7: Flow diagram of pre-processing procedure.

The software architecture implemented for pre-processing can be seen in Figure 4.7. In summary, the
pre-processing starts by taking the parameters stored in the respective database entry, as well as other inputs
which are manually provided (such as paths or which test is to be processed) and feeding them to the main
pre-processing script. This data is first used to create the geometry, with its entities being written to a .geo file
at the end of it. Other routines are appended to this file, which is submitted to the meshing software Gmsh
to obtain a mesh for the geometry. The resulting mesh data is then read and fixed to meet the requirements
for a correct implementation of the equations for PBCs. Having a valid bulk mesh, the final step consists in
inserting cohesive elements between all elements and creating the INP file that describes the model. This file
is then submitted to the cluster for analysis.

4.2.2. Test Definition
For each test/analysis, the parameters that define it are stored in a dedicated entry within an SQL database.
A complete list of the database parameters and their definition can be found in Appendix A.

4.2.3. Generating the Geometry
In order to perform the required analyses, a geometry consisting of a given number of fibers within a volume
with the shape of a rectangular prism needs to be created (see Fig. 4.8, for example). Furthermore, with
PBCs being used, every time a fiber intersects an RVE boundary, a periodic replica needs to be present on the
opposite side face. Here, the algorithm implemented to create such geometry is described.

Implementation Overview
The module used to generate the geometry has an object-oriented architecture organized in 3 entity lev-

els: RVE, Plies, Fibers. The Fibers object definition is done in another sub-module to facilitate the introduc-
tion of other types of phases (e.g. voids) in the future. In a very simplified way, the geometry generation
process can be summarized as going from larger to smaller entities - first, the RVE is created, then the plies
and only at the end the fibers. In order to reduce the complexity of this algorithm, only straight fibers per-
pendicular to the stacking direction are generated. The roles played by each entity level on the geometry
generation are described in the next sections.
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Figure 4.8: Example of a fiber distribution in an RVE with a [0/90/0] layup and V f = 30%

At the RVE level
The RVE object holds all the information regarding the geometry and is given as input for the mesh gen-

eration. Besides some entity-specific parameters (e.g dimensions, boundary conditions, ...) all other infor-
mation is stored in the Ply entities that make up the RVE.

At the RVE level, geometry creation begins with determining its dimensions. For 3D RVEs that contain
certain angles, size constraints arise due to the required periodicity. Using the work of Shi [88], which dealt
with a similar problem when modelling slip systems in steel alloys using PBCs, and adapting it to individual
fibers within a ply, it can be concluded that infinite repetitions of a straight fiber will be generated unless the
RVE’s dimensions are such that the distance between a fiber and its first periodic image is an integer multiple,
n, as shown in Fig. 4.9. Since the goal is to obtain a fiber distribution that is random within the RVE and is
only periodic at the boundary, n = 1 is used, giving the following governing equation for the size constraint:

l = w

tan(θ)
(4.15)

w

l
θ

a) Size constraint met b) Size constraint not met

Figure 4.9: Schematic representation of how the periodic replicas of each fiber create a size constraint. In a), the bounding geometry has
the correct size. For such a case, the two generic fibers (represented in green and red) cross the geometry in a way such their end point
is also the starting point. For b), the size constraint is no longer met. For this case, the same fibers as before now intersect the bounding
geometry in different points, such that more replicas are added (only the 2 first replicas for each fiber are represented). Since the new
size used is not an integer multiple of the other dimension, regardless of how many replicas are added, no replica will ever end at the
original starting point, leading to the creation of infinite replicas. Adapted from [88]
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Since this relation determines the RVE’s length based on the position of the next periodic image of the
fiber, it’s not applicable to 0◦ and 90◦ fibers, since they have no periodic images, thus allowing for an arbitrary
RVE size to be used. Furthermore, although in theory the correct w can be determined for any angle θ, in
practice this is not true. Due to round-off errors, the only angles besides 0◦ and 90◦ that are allowed are
30◦, 45◦ and 60◦. The symmetric values of these angles can also be used. Moreover, since different angles
will enforce different RVE sizes, combinations involving different angles that are not 0◦ or 90◦ can only occur
between fibers with symmetric angles (for example, if the layup already has a 45◦ ply, the only other angle
besides 0◦ and 90◦ that is allowed is −45◦). Thus, before fiber generation within each ply can proceed, the
layup is evaluated to see if all the angle requirements are met and to identify which one is the driving angle
regarding the RVE’s size. Taking all of this into account, the 3 RVE’s dimensions (see Fig. 4.3) are obtained as
follows:

• Width (w): Prescribed directly as an input

• Length (l ): If angles that impose a size constraint are present, it’s determined from w using equation
4.15. If none are present (i.e layup only has 0◦ and/or 90◦ plies), the ldefault value, given as input, is taken
instead.

• Thickness (t ): Determined by adding the thickness of all the plies in the layup, which in turn are spec-
ified directly as an input.

In terms of boundary conditions, there are two different sets: boundary conditions for the geometry and
boundary conditions for the analysis/input file. The first ones control if fibers are allowed to cross the bound-
aries, while the latter define what equations are used in the Abaqus model. Most of the time, they are both
periodic for all faces, but other combinations are allowed, such as wall boundary conditions for the geome-
try with periodic boundary conditions for the model or periodic boundary conditions for the geometry with
uniform boundary conditions for the model. After determining the size of the RVE, each ply entity is cre-
ated. Once completed, the geometry’s boundary conditions for the whole RVE are translated into the specific
boundary conditions of each ply, which depend on its relative position in the stack.

At the Ply level
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Figure 4.10: Simplified representation of the algorithm used to generate a single fiber.



4.2. Software 35

Once the appropriate information has been passed from the RVE to each ply, the fiber distribution within
each of them is generated. For that, a "2.5D" implementation of the Hard-Core Model([5]) has been used. It
couples the sequential selection of a random point in a planar grid to be the fiber center and the extrusion of
that point along the plane’s normal direction to form a straight line. The way this algorithm works for a single
fiber is shown in Fig. 4.10 and is as follows:

1. The generator plane (represented in green) is created. This plane is perpendicular to the fiber direction
of the ply. It is formed by the base and top diagonals of the ply’s box, as well as the vertical edges that
connect them. In Fig. 4.10, the generator plane drawn is one used for a 45◦ ply. For negative angles, the
other diagonal is used. For 0◦ the plane y = 0 is used and for 90◦ the plane x = 0 is used.

2. From the points that form a uniform grid over the generator plane, one of them is randomly picked.
This point is then used as a fiber center.

3. From the fiber center, a straight line segment is drawn until a boundary is reached. The generator plane
is also considered a boundary and the algorithm ignores the boundary where it started the extrusion as
a possible intersection.

4. The periodic image of the point where the boundary was crossed is created. From there, a new segment
is drawn, using this new point as a starting point, until the next boundary is found. When the boundary
crossed is the generator plane, another fiber center is added to the generator plane, removing the points
within the fiber cross section from the list of available points in the grid.

5. New segments are drawn from the previous point (in this case, the second crossing with the generator
plane) until a new boundary is found.

6. The periodic image of the crossing point is created and used, once again, as a starting point for a new
segment. When a segment stops at the initial point (first fiber center), the loop formed by the multiple
segments is considered to be closed. A single fiber is considered to be a closed loop composed of one
or more segments.

The number of fibers to be created for each ply is controlled by the target fiber volume fraction (V f ) of
each ply, which is given as an input through the SQL database. Since all fibers have the same diameter and
it is kept constant along their length, the target fiber volume fraction can be converted to a total length of
segments, which is equivalent. This value is then used as a threshold during fiber generation. Furthermore,
given that the fibers are straight, all fibers in a given ply have the same total (loop) length. This can be used
to determine the actual number of fibers required to meet the fiber volume fraction target before generating
the fibers.

As multiple fibers are added, it is necessary to make sure there’s no overlap/interference between them.
While fibers are being created, interference is checked for every time a fiber crosses the generator plane.
This is done by evaluating if the minimum distance between the position of the current fiber center and the
position of all other fiber centers already in the generator plane, as well as their periodic images, is larger than
a fiber diameter.

Once the target number of fibers has been reached, the periodic images of fibers (clones) are created.
These are necessary because, even though the lines that form the segments are fully contained within the
RVE’s volume, the fibers have a non-zero diameter, which leads to certain portions crossing the RVE bound-
aries if they are too close to them. Having already performed the interference detection while also checking
for the potential presence of the periodic images, creating them simply consists in copying and translating
segments for which the distance between the generator plane boundary and the associated fiber center is
smaller than a fiber radius. Since the fiber volume fraction is determined based on total the segment length,
the contribution of these periodic images to the fiber volume fraction has already been taken into account.

At the Fiber level
The Fiber level is the most basic one. It’s only used to group and store information about each fiber. It

also includes methods to create its geometry in Gmsh.
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4.2.4. Generating the Bulk Mesh
Once the geometry has been created, the next step is meshing it. The open-source software Gmsh (version
4.9.3) [31] was used for this.

To generate a mesh, a .geo file needs to be provided. In it, information regarding the geometry and the
meshing parameters to be used is specified. The creation of this file starts by defining the geometry. First,
a box that defines the RVE volume is created. Then, for each fiber segment in the RVE, a cylinder entity
is created after extending the segment to ensure that the cylinder fully crosses the RVE boundary (see Fig.
4.11). The resulting "excess" lying outside of the RVE is trimmed using the boolean operations provided by
the OpenCASCADE kernel. Lastly, Physical Groups (sets of geometrical entities for which a physical group ID
will be attributed to all elements associated with their geometrical entities) are created for each segment and
for the matrix. Information about phase and, for fibers, also ply, fiber and segment IDs is passed through the
physical group’s name using a specific format.

Furthermore, if PBCs are to be used, the mesh must also be periodic. If that’s the case, a dedicated routine
is introduced after generating the geometry to form pairs of periodic surfaces and enforce this constraint in
the meshing algorithm. The mesh periodicity is enforced using bounding boxes, which are rectangular boxes
that fully contain a geometry. First, the surfaces on a given face are selected by checking if their respective
bounding box is contained in the bounding box of the whole face. Then, for each of these surfaces, their
bounding box is translated to the position in the opposite face where their periodic counterparts are expected
to be and used to identify them. Once a match is found, the two faces are coupled using the Periodic Surface
option. This new methodology is more robust than the 3D equivalent of the implementation used in 2D,
since it doesn’t require any a priori knowledge regarding the shape of the surfaces being paired. This makes
it ideal for future problems where voids or fibers with cross sections that are not circular might be involved.

However, the way Gmsh creates these pairs of periodic surfaces introduces a new problem. When periodic
constraints are assigned, Gmsh ensures that the mesh that will be created is periodic by copying the seeding
used in each curve of a surface to its counterpart in the other surface. This becomes a problem in cases where
the surfaces have the same shape and size, but the curves and points that define them don’t (Fig. 4.12). For
the geometries used in this thesis, such cases occur for fibers that intersect the RVE at an angle. These fibers
have more than one segment, with each segment being created as a cylinder entity before trimming. While
in a single cylinder, the points and curves of the two circular ends match, the same is not always true for
the ends of different cylinders. Since the position of the curves and points is automatically defined by Gmsh
when performing the boolean operations for trimming, there’s no way to ensure that there’s a point and curve
match when the ends of different cylinders are paired. As a result, RVEs that contain fiber orientations other
than 0◦ or 90◦ cannot be processed, since the obtained mesh will not be periodic.

(a) Matrix and untrimmed fibers (b) Matrix and trimmed fibers

Figure 4.11: RVE geometry before and after fiber trimming.
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The two surfaces have the same shape and size. The 
curves and points used to de�ne them also have the 
same relative positions.As a result, Gmsh can enforce 
periodicity, since the seeding used in each curve can 
be passed to its equivalent in the other surface.

The two surfaces still have the same shape and size. 
However, the curves and points that de�ne them no 
longer have the same relative positions. Gmsh is 
unable to enforce periodicity in this situation.

Figure 4.12: Example involving two periodic circles where the problem with enforcing periodicity through Gmsh is illustrated. Unless
the curves and points that define a surface match, Gmsh is unable to assign its periodic mesh constraint to these surfaces

Lastly, the meshing parameters are defined. While the grid size is given as an input and can be changed
for each test, the remaining parameters were kept constant. A 3D Delaunay triangulation algorithm is used to
create a non-structured mesh of linear tetrahedrons. Similarly to what was done for 2D, 10 mesh smoothing
steps were used and the minimum and maximum element sizes are set to half the grid size and the grid size,
respectively.

4.2.5. Correcting the Bulk Mesh
As mentioned before, in order to apply the equations for PBCs, the mesh used needs to meet some require-
ments. Since one of them cannot be directly enforced through Gmsh, the mesh needs to be corrected sepa-
rately. At the end of this process, the mesh can be seen as being two separate meshes combined: the scripted
mesh (Fig. 4.13a) and the shell mesh (Fig. 4.13b). Both of them use the element faces that define the RVE
boundary in the mesh created in section 4.2.4 as a starting point. The scripted mesh is obtained by creat-
ing a mesh at the edges that meets the periodicity requirements using pairs of faces that share 2 nodes at an
edge. On the other hand, the shell mesh is obtained by using those edges that define the RVE boundary and
replacing the faces used to create the scripted mesh with the internal faces of its elements. The result is a
hollow polyhedron with triangular faces - the shell - which fills the remaining volume and is given to Gmsh
for automatic meshing.

The mesh fixing process starts by reading the mesh data and identifying the boundary faces on each of
the RVE’s faces. This information is then used to identify the edge and corner nodes. From this, segments are
created, which are lines formed by 2 consecutive edge nodes of the same RVE edge. The segments with the
same relative position in edges aligned with a given direction are grouped to form segment groups. Lastly, the
situation at each segment is assessed. For each segment there are two possible cases:

• Case 1: The faces that form that segment belong to the same element.

• Case 2: The faces that form that segment belong to the different elements.

The end goal of this mesh fixing procedure is to correct the initial mesh in a way that all segment groups have
the same case. The last step performed before proceeding with the scripted mesh generation is identifying the
interface faces. These are faces shared by elements belonging to different physical volumes. This is achieved
by first identifying the common faces between all elements (3 nodes shared by 2 elements). Interface faces are
then filtered by selecting common faces where the associated elements belong to a different physical volume.

The scripted mesh generation begins by assigning an equal target case for each segment in a group. When
all the segments in a group already have the same case, the target case is the one already observed or case
2 if one of the segment’s nodes is a corner. When the segments in a group have different cases, case 2 is
forced. In both situations, case 2 is enforced because a transition from case 1 to 2 is easier to handle than a
transition from case 2 to 1, as it will be shown later. After this, the situation in each segment is handled based
on the observed transition - the comparison between the old case and the new (target) case. Each transition
is handled as follows:
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(a) Scripted mesh. (b) Shell mesh

Figure 4.13: Scripted and shell meshes, which form the fixed mesh when combined.

• Case 1 to case 1 transition: The case is preserved. Elements are copied to the new mesh.

• Case 1 to case 2 transition: The element has to be broken in 2. This is done by creating a node at the
midpoint of the edge that connects the node that doesn’t belong to the segment in each boundary face.
Each element is then created from the set of 4 nodes formed by this new node and the 3 that define its
associated boundary face.

• Case 2 to case 1 transition: Currently not allowed. Although it could be handled by creating a single
element from the nodes of the two boundary faces (6 nodes in total, but only 4 are unique), there are
a few problems. One of them is that the elements whose boundary faces define the segment being
handled don’t necessarily share a face, which significantly complicates all the subsequent steps of the
mesh fixing procedure. This transition also requires the deletion of a node, which might be used in
describing an interface, thus requiring extra checks while performing the transitions.

• Case 2 to case 2 transition: The case is preserved. Elements are copied to the new mesh.

In the end, the scripted mesh consists in all the elements which were either copied or created while perform-
ing the transitions.

After generating the scripted mesh, the shell mesh follows. Here, a shell is considered to be a hollow poly-
hedron with triangular faces. The shell mesh part consists of different shells (one for each physical volume)
combined together to form the remaining RVE mesh. Its creation starts by making a global shell using all
the boundary triangles, which combined form the RVE’s outer surface. From these, the faces used to create
the scripted mesh are removed and replaced with the internal faces of the scripted mesh (i.e faces that are
not boundary and that are not shared by elements of the scripted mesh). The resulting shell completely fills
the RVE volume when combined with the scripted mesh. While removing and replacing faces, special care
must be taken to keep track of where interfaces between different physical volumes are. The implemented
algorithm does this by taking advantage of the fact that the new elements are self-contained in the old ele-
ments to match faces from one mesh to the other. Once the faces have been removed and replaced, the larger
shell is broken into individual shells for each physical volume. This is achieved by filtering the faces based
on the physical volume tags of their adjacent elements and on whether they are boundary or interface faces.
However, not all of the faces identified during this process form a shell. In some cases, such as the one shown
in Figure 4.14, faces that are not required for the shell volume definition are also present after the filtering is
done. Such faces can be easily identified and removed, since they have at least one free edge (an edge shared
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Figure 4.14: Shell where 2 free faces can be seen (colored in blue and green). It is not possible to generate 3D elements from these faces
and as a result, they need to be identified and removed.

only by a single face), which can never occur in a closed shell. The faces(triangles) and points that describe
them are then written to a .geo file. In it, each triangle is first created using independent IDs for the entities
that define it (for example, a point shared by 2 different triangles will be created twice with a different ID). The
shell is then closed by using the "Coherence" option, which automatically combined entities with redundant
definitions. After this, each shell is meshed separately using Gmsh once again. Once finished, the mesh of
each shell is read and given the respective physical volume tag.

The final mesh is obtained by sequentially combining the scripted mesh with the individual shell meshes.
As this is done, the nodes and elements on each mesh are renumbered to ensure that their numbering ranges
don’t overlap. In the end, duplicate nodes can be found at the interfaces between the different meshes. These
are merged and all nodes are once again renumbered, as subsequent scripts assume a continuous numbering
of nodes and elements. Lastly, the order in which nodes are specified in the elements’ definition is corrected,
as Abaqus follows a specific convention: all face normals need to point inwards. If not respected, faces will
not be displayed correctly.

In order to avoid creating an overly complex algorithm, some simplifications were introduced which re-
sulted in the algorithm having some limitations. All of them come as a consequence of the algorithm assum-
ing that the way the mesh is fixed on a given edge doesn’t influence the way that is done for another edge.
This breaks down at the corners, where interference will occur unless the following conditions are met:

• A boundary face can only be associated with a single segment.

• At a corner, 3 segments meet. The elements associated with the boundary faces of these segments
cannot be in contact with each other, even if they are associated with the same segment.

Currently, the only way to obtain a mesh that fulfills these requirements is by trying repeatedly to create a
new geometry and a new mesh until the mesh before fixing meets these conditions. The unintended conse-
quence of this is that a mesh refinement cannot be performed without changing the geometry, since there’s
no guarantee that if the mesh meets these for a given mesh size, that it will also meet them for a different one.

4.2.6. Generating the INP file
The model is described for analysis in the form of an INP file. Before writing its data to such a file, cohesive
elements are inserted between all bulk elements. To do this, common faces are first identified using the
same method applied during the mesh fixing process. Then, the elements are separated from each other. For
this, new nodes are created and replaced in the elements’ definition in a way such that every element has a
different node ID for a node that was previously shared by multiple elements. Lastly, cohesive elements are
created using the 6 nodes (3 for each element’s face) that can now be found at each common face. While the
node numbering had to follow an anti-clockwise convention in 2D to specify the thickness direction correctly,
this is not required in 3D. Instead, for each shared face and after the nodes have been replicated, the cohesive
element is defined by taking the nodes of one face, which will become the nodes 1 to 3 of the cohesive element
(Fig. 4.2), and then taking their respective duplicates in the same order, which will become the element’s
nodes 4 to 6.

Periodic boundary conditions are also applied. For that, boundary faces are, once again, identified. From
these, pairs of periodic nodes on opposite faces are formed. Then, the nodes are organized based on which
type of equations apply to them (face, edge or corner).

At last, with the model data organized, it is written to the INP file respecting the formats specified in the
documentation for each parameter.
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Numerical Implementation: Processing

and Post-processing

5.1. Post-processing procedure overview

As explained in chapter §3, having solved the boundary value problem, the data needs to be separated in
order to identify the periodic crack(s) and its/their response isolated from that of the bulk material to be
homogenized separately.

However, it was not possible to fully implement such a workflow in its entirety. The first reason for this
was the delay caused by the need to implement the mesh fixing step. The other was the lack of good data
to properly debug the scripts where the algorithms for 3D were implemented, due to reasons that will be
explained in more detail in the results chapter. Consequently, an alternative post-processing scheme was
used. In the absence of data where the crack has been identified and its response isolated, the elastic response
of the bulk material was used.

In the next section, the simplified approach used to post-process the results presented in chapter §6 is first
introduced. Then, the newly developed but still untested algorithms for the conventional post-processing
procedure are described. Some suggestions for possible solutions to the parts which have yet to be imple-
mented are also given.

5.2. Simplified post-processing

As mentioned before, the conventional homogenization procedure requires the identification of which co-
hesive elements constitute the periodic crack. Since the dedicated algorithm to perform such a task has yet
to be implemented and tested in 3D, an alternative possibility to analyse the material’s fracture behaviour
and assess how certain mechanisms influence it is looking at the elastic response of the bulk elements in
the model. Although it’s not ideal, it’s nonetheless possible to get a general idea of what an ETSL obtained
through the conventional post-processing would look like.

The first step in homogenizing the bulk elements’ data is extracting it from the .odb file obtained at the
end of an analysis. For every time step, the required elemental quantities are obtained through equations 5.1,
5.2 and 5.3. While the volume of an element, υelem, is a scalar and is provided directly, the stress, σelem, and
strain tensors, εelem, are extracted as a vector and need to be reshaped. Furthermore, as noticed by Suárez-
Millán [92], the shear strain components extracted from Abaqus are actually engineering strains, which need
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to be divided by 2.

σelem =
S11 S12 S13

S12 S22 S23

S13 S23 S33

 (5.1)

εelem = 1

2

2LE11 LE12 LE13

LE12 2LE22 LE23

LE13 LE23 2LE33

 (5.2)

υelem = EVOLelem (5.3)

(5.4)

From these quantities, the volume averaged stress and strain tensors for the bulk domain are then computed
at each time step using equations 5.5 and 5.6. These are the numerical versions of equations 3.15 and 3.12,
respectively.

〈σ〉Ω = 1

|Ω|
∑

elem ∈Ω
σelemυelem (5.5)

〈ε〉Ω = 1

|Ω|
∑

elem ∈Ω
εelemυelem (5.6)

where |Ω| is the total domain volume. It is obtained by adding the volume of all bulk elements at that given
time step:

|Ω| = ∑
elem ∈Ω

υelem (5.7)

The averaged quantities are then plotted as a function of the applied strain at the respective time instant,
which is given by:

ε(t ) = tεt=1 for t ∈ [0,1] (5.8)

5.3. Full post-processing - Proposal of possible implementation
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Figure 5.1: Code structure for the conventional post-processing’s first step. Obtained from [92].

The complete software structure of the proposed conventional post-processing is the same one used in
the 2D implementation [92], but the individual scripts are modified to include the necessary changes. The
conventional procedure is divided in two major steps. The first one, shown in Figure 5.1, consists in pro-
cessing the data associated with the cracked part of the domain. It starts with the preparation of the data
associated with the cohesive elements, which is then used to identify where the periodic cracks are. In the
second step, the oriented cracks’ data is used in combination with the data for the bulk part of the domain
and the relevant volume and surface integrals are computed.

5.3.1. Crack normal reorientation and data preparation
In the first step of post-processing, the crack is identified. The first part of this step consists in reading the
cohesive element’s data from the .odb file using a dedicated module and preparing it to be used by the crack
identification module in the second part of this step.
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Figure 5.2: Opening displacement and normal vectors as a function of the nodal displacements.

This module works in the following way. For each time interval, it iterates through all cohesive elements
in the model. Data is extracted from cohesive elements for which the damage variable ( SDEG) is larger than
the specified cut-off value, with the remaining being ignored. For each element considered, on the last time
frame, the following quantities are stored: element and node IDs, frame time, damage variable, section, open-
ing displacement vector and normal vector. All of these, except the last two, can be extracted directly, while
the others are computed from the nodal displacements shown in Fig. 5.2.

The opening displacement, �u�, is obtained as follows:

uF123 = 1

3
(uN1 +uN2 +uN3) (5.9)

uF456 = 1

3
(uN4 +uN5 +uN6) (5.10)

�u� = (uF456 −uF123)∗ fu (5.11)

where fu is the flip function, defined as:

fu =


1 if |uF456| > |uF123|
ind if |uF456| = |uF123|
−1 if |uF456| < |uF123|

(5.12)

The flip function ensures that the opening displacement vector always points from the side with the smallest
displacement to the side with the largest. When both sides have the same displacement, the flip function is
indeterminate. When this happens, the zero vector is taken as the opening displacement vector.

As for the element normal, it is obtained in the following way:

uM14 = 1

2
(uN1 +uN4) (5.13)

uM25 = 1

2
(uN2 +uN5) (5.14)

uM36 = 1

2
(uN3 +uN6) (5.15)

uC = 1

3
(uM14 +uM25 +uM36) (5.16)

m∗ = ((uM14 −uC)× (uM25 −uC)) (5.17)

m = m∗∗ fm (5.18)
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where fm is the flip function for the normal, defined as:

fm =


1 if m∗ · �u� > 0
fu if m∗ · �u� = 0
−1 if m∗ · �u� > 0

(5.19)

This flip function orients the normal in such a way that m · �u� ≥ 0 is always verified. When the flip function
fu is indeterminate, the normal vector is also taken as the zero vector.

In the end, the cohesive element’s filtered data is exported to be used in the crack identification module.

5.3.2. Crack Identification
Having filtered the cohesive element’s data and computed the opening and normal vectors of each element,
the cracks within this data need to be identified, since only its periodic part is relevant to the homogeniza-
tion procedure [98]. This constitutes the second part of the first post-processing step and is handled by a
dedicated Python module, as shown in Fig. 5.1.

In the 3D implementation, this module follows the same steps as its 2D counterpart [92], but with sig-
nificant changes. It starts by combining the filtered cohesive elements into segments. A segment is a set of
elements that form a surface, which is either delimited by intersections with other segments or free ends.
Having identified the segments, these are grouped into crack groups, which can either be sets of segments
that form a main periodic crack or simply a disconnected group of isolated segments and branches.

Prior to both of these steps, node IDs are reconverted to their original IDs and the data is updated to treat
cohesive elements as triangles defined by the nodes in a single face on the reference configuration.

Segment Identification
After this, segment identification is performed. In order to understand it, a key concept - the boundary

status - must be introduced first. A segment’s boundary is composed of a set of edges, which are referred to
as boundary edges. Each boundary edge has a boundary status, which can take one of the following values
(Fig. 5.3):

• Free/Closed: the boundary edge is only shared by a single cohesive element, which is already part of
the segment.

• Intersection: the boundary edge is shared by more than two elements.

• Open: the actual status of the boundary edge has yet to be determined i.e, it can still become an inter-
section, a free/closed edge or just be shared by two elements, in which case the element is added to the
segment.

Figure 5.3: Illustration of the different boundary statuses and how they can change while the segment is growing. All triangles represent
a cohesive element in the reference configuration. Cohesive elements with the same color belong to the same segment. Boundary
edges with an "Open" status are marked as green, "Free/Closed" as black and "Intersections" as red. Internal edges are marked as grey
dashed lines. In this example, the 3 boundary edges illustrated all start as "open". After one loop, the first one has been identified to be
free/closed, the second as an intersection. The third one is only shared by two elements, and as a result, the new element is added to the
segment. This "open" edge is turned into an internal edge and the new edges are marked as "open" for the next loop to evaluate.
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The general idea of the segment identification algorithm consists in picking an element which initializes
the segment and iteratively adding adjacent elements to it, based on the status of its boundary edges. A
segment is considered to be finished when all of its boundary edges are either free/closed or intersections.
New segments are created until all elements belong to a segment. The segment identification algorithm is as
follows:

• Iterate over all filtered cohesive elements:

· If the element is part of a segment already, ignore it.

· If the element isn’t part of a segment yet, a segment is initialized with that element

− Mark the element as part of the new segment

− Identify the IDs of the element’s edges and make them the boundary edges with an "open"
boundary status

− Make a backup of the current status of each boundary edge.

− While there are open edges (in the edges of the backup):

◦ Iterate over all boundary edges that are open in the backup:

▷ See how many filtered cohesive elements share that edge, besides the one
associated with the edge being evaluated

▷ If no other element shares this boundary edge:

∗ Update the boundary edge’s status to "free/closed".

▷ If one element shares this boundary edge:

∗ Add this other element to the segment.

∗ Identify the IDs of the new element’s edges.

∗ For each of those edges, check if they are boundary edges already:

• If they aren’t boundary edges:

· Make them and set their status to "open"

• If they are:

· Check their status:

− If it’s free/closed, raise error, since this shouldn’t
be possible

− If it’s an intersection, do nothing, since the seg-
ment is already correct in terms of elements and
boundary

− If it’s open, remove it from the boundary since
its now an internal edge

▷ If more than one shares this boundary edge:

∗ Update its status to intersection.

∗ Add all elements that share the edge (including the current one) to
the incidence matrix for intersections

◦ Update the backup of which edges are boundary edges and their status

◦ Check if there are still open edges

− Create a segment object with data describing the segment (ID, elements, boundary edges,
intersections)

− Add the segment object to the list of segments

Crack Group Identification
Once all elements have been assigned to a segment, these are grouped into crack groups, some of which

will form main periodic cracks, which is the relevant part of the crack for homogenization. The 2D implemen-
tation by Suárez-Millán [92] adds segments to crack groups based on orientation, taking advantage of the fact
that the maximum number of main cracks that can exist in 2D is two. This happens because main cracks
only form in the longitudinal and transverse fiber directions and because the only two fiber directions that
can be analyzed in 2D are 0◦ and 90◦. Although this algorithm is quite reliable in 2D, it doesn’t work as well in
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Original Internal Crack GroupsSegments

Global Crack Groups

Global Crack Groups (during segment trimming)

Figure 5.4: Extraction of a crack’s periodic part from a fully-cracked domain. For each image, different colors are used to identify different
entities according to the respective labels. The crack pattern was obtained from [98].

3D, since more fiber orientations are now possible. Instead, the proposed algorithm for 3D performs the full
shifting mapping, as originally proposed in Turteltaub et al.[98]. Once this is done, the periodic cracks are ex-
tracted by identifying periodic boundary loops and iteratively growing the main crack inwards after removing
all branches.

The algorithm’s first step is the formation of internal crack groups (ICGs). These are groups of adjacent
segments delimited only by the free/closed edges and RVE boundary edges (an edge that lies in one of the
RVE faces) of its segments. These are obtained in a relatively simple way: after initializing it with a segment,
new adjacent segments are added until there are no more adjacent segments left. New ICGs are created
until all segments belong to an ICG. Segments that are only connected after the shifting is carried out are
not considered adjacent to each other during an ICG’s creation. An example of how ICGs are obtained from
segments can be found in Fig. 5.4.

After this, the individual ICGs are shifted to form global crack groups (GCGs), as shown in Fig. 5.4 for
example. First, the information regarding the node periodicity is used to create its equivalent for edge peri-
odicity. A GCG is initialized by picking an ICG which doesn’t have one yet. This first ICG is used as a reference
for the remaining shifting associated with that GCG. Its boundary edges which are also RVE boundary edges
are picked and their periodic images are identified. For each ICG associated with a periodic image which is
not yet part of the current GCG, the shifting is performed on the whole ICG by by marking the ICGs, segments
and edges as adjacent in the relevant arrays (no node merging or renumbering is done) and computing an
offset to be later applied on the nodes’ coordinates. The algorithm was only implemented up to this point.
All further discussion is simply a general description of what was planned.

The step that follows is loop identification. In 3D, the concept of periodic crack extends from being a
curved path with periodic end points to a curved surface with a periodic loop as boundary. This loop is
formed by RVE boundary edges that are also part of the GCG’s boundary. The loop being periodic means that
the periodic image of an edge in the loop is also part of that same loop. From each loop, a main crack group
will be created, although it is not always guaranteed that it will eventually become a periodic main crack.
However, the existence of at least one periodic loop is a requirement for a volume element to be considered
as fully-failed. As explained before, the number of periodic main cracks is not known a priori, the individual
loops must be extracted from the set of edges that meet the previously mentioned requirements without
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d1 d2

Figure 5.5: Periodic main crack with a small region where it separates in two segments that later reconnect. Since the length of this
separated region, d2, is small enough when compared with the crack length, d1, the interpretation that this is a single crack that briefly
separates in two is reasonable. However, if d2 becomes larger, eventually it will become two separate cracks that briefly overlap (imagine,
for example, that the overlapping and separated regions shown were swapped). The point where the transition occurs is hard to establish
and has a direct influence on the number of loops that will be identified.

the knowledge of how many loops are actually present. This is an especially hard task due to the degree of
ambiguity associated with distinguishing between two separate cracks that briefly overlap and a crack that
briefly separates in two (see Fig. 5.5).

The proposed algorithm for loop identification begins with grouping the individual edges into loop seg-
ments that are easier to work with. For this, the 2D segment creation algorithm can be used. Once this is
done, loop segments that are branches are trimmed, since the loop must be closed. After that, an intersection
point is picked and all possible paths are followed simultaneously. Every time a new intersection is found, a
new alternative path is created. During this process, some paths will become invalid, such as going over the
same loop segment but in the opposite direction or not actually being periodic. A loop can only be considered
complete once it returns to the point where it started. In the end, only the boundary loops remain.

Once the loops have been identified, segments are trimmed from the global crack groups if they are
branches (see Fig 5.4). As more segments are trimmed, other segments will become branches, until only
the segments that will form the main periodic cracks remain. The main crack groups are built by picking the
crack segments associated with the periodic loop and growing the crack inwards. Care must be taken while
doing such inward expansion because there are segments which are shared by multiple cracks. The way such
segments are handled has yet to be established, but one possibility is a weighted, shared contribution to the
relevant quantities between all main periodic cracks that share them, possibly based on the angle.

After this, the remaining procedure is identical to that used in 2D. With the main periodic cracks iden-
tified, the cohesive element normals can be reoriented in a consistent way. Then, the area, traction and
opening of each element can be determined. From these, the effective quantities that define the effective
macroscopic crack are extracted. The orientation of the macroscopic crack can be obtained by averaging all
oriented normals of the cohesive elements that form a main periodic crack. On the other hand, the area can
be determined by projecting the area of its main periodic crack (obtained after shifting mapping) to a plane
with normal equal to the crack-averaged normal. The effective traction is obtained by integrating the trac-
tion over the crack and the effective opening is obtained through the energetically consistent relation. Lastly,
in order to verify that the Hill-Mandel condition for the crack is met, the power dissipated at both scales is
obtained using the respective relations.

Lastly, note that the way artificial compliance was dealt with by Suárez-Millán [92] also assumes the pres-
ence of only two main periodic cracks, and thus needs to be revised.





6
Results

In this chapter, the results obtained for the most relevant layup and load case combinations tested are pre-
sented. Unfortunately, only limited conclusions could be extracted from the results, due to a strange numer-
ical artifact that will be described in more detail later. For this reason, the end of the chapter is reserved for
some remarks about its possible causes, as well as ways each of them can be tested and fixed in the future.

6.1. Individual Test Results and Discussion
With the pre-processing setup in place, some analyses were performed. As mentioned before, it was not pos-
sible to test orientations different than 0◦ and 90◦ due to limitations of the meshing software. Nonetheless,
the two available directions were tested both individually, in unidirectional layups, and together, in multi-
directional layups. In total, 14 analyses were performed in TU Delft’s HPC cluster. This is a relatively small
number of analyses compared with what’s usually needed for verification and to draw relevant conclusions
about the material’s behaviour. The main reason for this was the limited number of Abaqus tokens combined
with the large computational cost associated with each analysis. Since each analysis required 1 node and 4
CPUs, only 3 could be performed simultaneously without exceeding the budget for Abaqus tokens allocated
to a single user of the cluster. As for the computational cost, even with a very coarse mesh and a relatively
small node count (usually between 50000 and 75000 after adding the cohesive elements), each analysis could
take up to 2 weeks to finish.

6.1.1. Unidirectional layups
Unidirectional layups are made up of a single ply. The two possible directions, 0◦ and 90◦, were tested, even
though they are equivalent. For this type of layups, multiple load cases were considered - transverse, longi-
tudinal and biaxial stretching. Compression and shear were not tested because they require a contact algo-
rithm, which has yet to be implemented. The individual tests performed for each load case will be discussed
next.

XY

Z

Figure 6.1: Geometry and mesh used in tests #8, #9, #10, #12 and #13, with a [0] layup.
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Transverse Loading
Using the geometry and mesh shown in Figure 6.1, tests #8 and #9 were performed, where uniaxial load-

ings along the X and Z directions were respectively applied. Only the results from test #8 are shown, since the
results from test #9 are identical. A table with the relevant parameters used for these and all other tests can
be found in Appendix B.

The contour plots for the stress component aligned with the applied load and the damage variable in test

Figure 6.2: Test #8 results: S11 component of the stress tensor on all bulk elements.

Figure 6.3: Test #8 results: SDEG on all cohesive elements.

(a) Stress (b) Logarithmic Strain

Figure 6.4: Volume averaged bulk elastic stress and strain for test #8. These averages are performed over all bulk elements, except those
which have at least one node in the RVE boundary.
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#8 are shown in Figures 6.2 and 6.3, respectively. For this test, the expected fracture behaviour would be a
single crack surface, perpendicular to the applied load. Damage should nucleate at the fiber interfaces and
then the individual cracks should coalesce to form a single crack. Instead, it can be observed that two crack
surfaces form near the RVE boundaries perpendicular to the loads, with little to no influence of the fibers in
the damage onset. This behaviour will also be observed in subsequent analyses and section §6.2 is reserved
for a more detailed discussion of this aspect. Test #9 was carried out using the same geometry and mesh
as test #8, but pulling in the other transverse direction to see if the relative position of the fibers had any
influence on this behaviour.

Because of this behaviour, all bulk averages were performed ignoring the elements which have at least,
one node in the RVE boundary to remove the influence of this artifact. For test #8, such averages are shown
in Figure 6.4. When looking at the plotted curves, it can be observed that the stress component aligned with
the applied load is the highest. The difference in magnitude between S22 and S33 relative to S11 has the same
order of magnitude as the Poisson’s ratios of the materials involved. The components S22 and S33 being
positive makes sense, since the material needs to be stretched laterally in order for the lateral dimensions of
the volume element to remain constant, as no lateral strain was applied. On the other hand, the results for
the strain are a bit more puzzling. Since a similar behaviour is observed in other analyses, further discussion
regarding this aspect is done at the end of this chapter.

However, a previous attempt, test #3, didn’t exhibit this behaviour at the boundaries. Its geometry and
mesh are shown in Figure 6.5. It uses a larger fiber diameter in conjunction with a smaller fiber volume
fraction, V f . The reason for that is that this test was initially only supposed to be used for algorithm test
purposes. This geometry was also created prior to the mesh fixing procedure implementation. The need

XY

Z

Figure 6.5: Geometry and mesh used in test #3, with a [90] layup.

Figure 6.6: Test #3 results: S22 component of the stress tensor on all bulk elements.
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Figure 6.7: Test #3 results: Von Mises stress component on the matrix bulk elements.

to increase the V f used, since the 15% used for this one is not large enough to be representative of typical
composite materials used in aerospace applications, ended up motivating the creation of the mesh fixing
step in the pre-processing workflow. This was because, in the absence of such step, the geometry creation and
meshing steps had to be repeated until, purely by chance, a mesh which met the requirements was obtained.
This was hard but achievable for low V f values, but virtually impossible for larger values, requiring an extra
step where this is fixed to be added.

The contour plot for the stress component aligned with the applied load in test #3 is shown in Figure 6.6.
To better understand the results, the contour plot with the Von Mises stress on the matrix’s bulk elements

(a) Stress (b) Logarithmic Strain

Figure 6.8: Volume averaged bulk elastic stress and strain for test #3. These averages are performed over all bulk elements.

(a) Stress (b) Logarithmic Strain

Figure 6.9: Volume averaged bulk elastic stress and strain for test #3. These averages are performed over all bulk elements, except those
which have at least one node in the RVE boundary.
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can also be found in Figure 6.7. In the absence of the strange behaviour at the boundaries, the expected
single crack perpendicular to the load vector is now observed. However, it does not start on the fiber matrix
interfaces as expected, something that can be explained by the low V f used. The fibers also remain intact due
to the small load that they end up carrying. It can also be observed that, despite being fully cracked, some
elements that are still loaded can still be founded, especially in the fragments within the cracked region. Some
loaded elements can also be found near the corners. It is important to remember that the corner equations
for PBCs are not actually used, since a node which is shared by three boundary faces is never present by the
meshing software and, as a result, the corner nodes are actually treated as edge or face nodes.

The plots with the volume averaged bulk elastic stress and strain are shown in Fig. 6.8. The same plots
but obtained while ignoring the elements with nodes on the RVE boundary are also shown in Figure 6.9 for
consistency. Once again and as expected, the stress component aligned with the applied load is the highest.
The same conclusions drawn before in terms of the curves’ relative magnitudes also apply here. It can also
be observed that there’s a noticeable decrease in all stress curves due to the unloading caused by the crack
formation. However, the S22 component doesn’t go to zero as it should, as a result of the elements that are
still loaded.

Longitudinal Loading
To test the fracture behaviour of unidirectional layups loaded along the fibers’ direction, two tests were

performed - test #12 and #13. Both of them use the same mesh and geometry as tests #8 and #9 (Fig. 6.1). The
first one is identical to tests #8 and #9, with the only difference being the applied load. In the second one, the
material properties used are slightly different, for reasons that will be explained later.

The contour plot for the stress component aligned with the applied load in test #12 is shown in Figure
6.10. For this load case, it was expected that fibers would break first, forming fracture surfaces perpendicular

Figure 6.10: Test #12 results: S22 component of the stress tensor on all bulk elements.

(a) Stress (b) Logarithmic Strain

Figure 6.11: Volume averaged bulk elastic stress and strain for test #12. These averages are performed over all bulk elements, except
those which have at least one node in the RVE boundary.
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to the applied load, which eventually link up through a matrix crack. Some fiber pull-out should also be
observed. Unfortunately, this was not the case. As it can be seen, the same behaviour observed in tests #8
and #9 near the RVE boundaries is once again observed. Nonetheless, some differences can still be observed,
such as the fact that the load is now carried almost entirely by the fibers due to the stiffness difference relative
to the matrix.

Despite the unexpected behaviour near the boundaries, the fact that the expected fracture behaviour
was not observed here can also be partially explained by another aspect. In an actual composite, it’s the
defects present in the fibers that serve as starting points for the cracks. Since the fibers are modelled as
having no defects, there are no stress concentration points that can nucleate cracks. Local variations in the
mesh can also do this, but they may not be enough. This is also in agreement with some tests performed
using conditions similar to those of test #3, where this behaviour near the boundaries was only observed
when pulling along the longitudinal direction but not along the transverse direction.

The plots with the volume averaged bulk elastic stress and strain are shown in Fig. 6.11. The obtained
curves are very similar to those of Fig. 6.4, with only some small but still notable differences, such as that the
stress components that are not aligned with the applied load, relative to the aligned one, are much smaller
than before. The stress value at which the plateau is established in Fig. 6.4 is close to ultimate traction for
matrix and interface (see Table 4.3). When the elements with nodes on the boundary are not ignored, these
curves also exhibit the plateau at the same value and then an increase until the simulation ends. To check
if it was possible that the ultimate traction for the fibers was excessively high and that the stress value at
which they would break was never reached, a new test (#13) which uses different material properties was
considered. For this test, the ultimate traction and fracture toughness were reduced by a factor of 5, as shown
in Table 6.1.

Table 6.1: Material properties used for cohesive phases in analyses with reduced properties. The values which are different from those
used in other analyses are marked in red.

t o

Interface Type Ecoh tn ts tt G f

[MPa] [MPa] [MPa] [MPa] [kJ/mm3]
Fiber - Fiber 1E+09 1000 1000 1000 1.5
Fiber - Matrix 1E+08 85 85 85 0.2
Matrix - Matrix 1E+08 80 80 80 0.2

For test #13, the contour plot for the stress component aligned with the applied load is shown in Fig. 6.12,
being identical to that of Figure 6.10. The plots with the volume averaged bulk elastic stress and strain are
shown in Fig. 6.13. As it can be seen, they also have the same shape as those shown in Fig. 6.11, although the
stress value at which the plateau is established is now much smaller. As for the strain value, it is only slightly
smaller.

Figure 6.12: Test #13 results: S22 component of the stress tensor on all bulk elements.
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(a) Stress (b) Logarithmic Strain

Figure 6.13: Volume averaged bulk elastic stress and strain for test #13. These averages are performed over all bulk elements, except
those which have at least one node in the RVE boundary.

Biaxial Loading

After testing the material’s response when loading each direction individually, the next step is testing its
response under combined loadings. For that, test #10 was carried out. This test uses the same mesh and
geometry shown in Fig. 6.1 and is subjected to an in-plane biaxial stretching. Ideally, shear would have been
applied, by stretching in one direction and compressing in the other. However, a contact algorithm is needed
for that, since otherwise there will be interpenetration of bulk elements once fragments are formed.

For this test, it was expected that damage would start with a matrix crack at an angle. As this crack would
then grow, some fiber-matrix debonding would be observed as well, leaving only the fibers to withstand the
remaining load. The fibers eventually fail as well, but along crack planes perpendicular to the fiber’s longitu-
dinal direction, due to the way basal planes are arranged in carbon fibers.

The obtained contour plot for the stress component aligned with the applied load is shown in Fig. 6.14
Once again, the expected response was not observed. The same behaviour near the RVE boundaries is
present, but this time in a particularly weird form. A total of 4 cracks are observed, one for each face where
load is applied, which can also be easily identified when looking at the nodal displacements (Fig. 6.15). When
looking at the stress distribution, another strange result can be seen: there are large differences in terms of
the stress values between adjacent elements within the fibers.

As for the plots with the volume averaged bulk elastic stress and strain, these are shown in Fig. 6.16.
The stress curves are very similar to those obtained for test #13, but the stress component in the transverse
direction is larger, although still relatively small with the respect to longitudinal one due to the difference in
stiffness of the phases present.

Figure 6.14: Test #10 results: S22 component of the stress tensor on all bulk elements.
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(a) Default view (b) Top view

Figure 6.15: Test #10 results: magnitude of nodal displacements on all bulk elements.

(a) Stress (b) Logarithmic Strain

Figure 6.16: Volume averaged bulk elastic stress and strain for test #10. These averages are performed over all bulk elements, except
those which have at least one node in the RVE boundary.

6.1.2. Multidirectional layups
Multidirectional layups are made up of multiple plies with different directions. With only two directions
available, only a [0,90,0] layup was tested. The 90◦ ply has twice the thickness of a 0◦ ply, to ensure that the
same volume is allocated to each fiber direction. This layup (Fig. 6.17) was loaded in the same way as it was
done for unidirectional layups. The individual tests performed for each load case will be discussed next.

XY

Z

Figure 6.17: Geometry and mesh used in tests #1, #6, #11 and #14, with a [0,90,0] layup.
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Longitudinal/Transverse Loading
Two tests - test #1 and #6 - were initially carried out where the layup was independently loaded along the

two fiber directions, with test #1 being loaded in the Y direction and test #6 in X. Test #1 was also performed
using the previously mentioned reduced properties (Table 6.1). This corresponds to test #14.

For a multidirectional layup made up of only 0◦ and 90◦ plies, the first plies to fail are those where fibers
run perpendicular to the load. These are then followed by those where the fibers are aligned with the load.
All these plies fail in the exact same way as they do when loaded individually.

For test #1, the obtained contour plot for the stress component aligned with the applied load is shown in

Figure 6.18: Test #1 results: S22 component of the stress tensor on all bulk elements.

(a) Stress (b) Logarithmic Strain

Figure 6.19: Volume averaged bulk elastic stress and strain for test #1. These averages are performed over all bulk elements, except those
which have at least one node in the RVE boundary.

(a) Stress (b) Logarithmic Strain

Figure 6.20: Volume averaged bulk elastic stress and strain for test #6. These averages are performed over all bulk elements, except those
which have at least one node in the RVE boundary.
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(a) Stress (b) Logarithmic Strain

Figure 6.21: Volume averaged bulk elastic stress and strain for test #14. These averages are performed over all bulk elements, except
those which have at least one node in the RVE boundary.

Fig. 6.14. Once again, the weird behaviour near the boundaries is observed. Despite this, it was possible to
observe that damage started in the transversely loaded plies. The results obtained for test #6 are identical.

As for the plots with the volume averaged bulk elastic stress and strain, these are shown in Fig. 6.19 for test
#1 and in Fig. 6.20 for test #6. Regarding the stress curves, they are very similar, apart from the switched com-
ponents. Although there’s loading in both directions, one stress component is much larger than the others
due to the fibers that are aligned with the load. The peaks are roughly the same, which is a result of a similar
amount of fibers in each direction. As for the strain curves, they are identical to those obtained for analyses
done in unidirectional layups while applying the same strain tensor.

The same curves for test #14, with reduced properties, are shown in Fig. 6.21. Similarly to what was ob-
served in the analyses with unidirectional layups, there are no significant changes, besides the lower plateau
value.

Biaxial Loading
In terms of biaxial loading for multidirectional layups, only test #11 was performed. In this test, the pre-

viously mentioned mesh is subjected to an out-of-plane biaxial loading, i.e pulling along X and Z simultane-
ously. For this test, the expected fracture behaviour is a combination of what is expected for uniaxial loadings,
but with some delamination cracks forming in the process as well.

The obtained contour plot for the stress component aligned with the applied load is shown in Fig. 6.22.
Similarly to what was observed in other tests, the fracture behaviour didn’t match what was expected and the
weird behaviour at the boundaries was even especially pronounced in this case, probably as a result of some
fibers being very close to the boundary.

The plots with the volume averaged bulk elastic stress and strain are shown in Fig. 6.23. These curves are

Figure 6.22: Test #11 results: S22 component of the stress tensor on all bulk elements.
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(a) Stress (b) Logarithmic Strain

Figure 6.23: Volume averaged bulk elastic stress and strain for test #11. These averages are performed over all bulk elements, except
those which have at least one node in the RVE boundary.

nearly identical to test #10 (Fig. 6.16), except for a lower stress plateau, due to not all fibers being aligned with
one of the directions where it is being pulled.

6.2. Final Remarks
So far, all analyses (except for test #3) exhibited a strange behaviour near the boundaries of the RVE where
load was applied. In them, crack planes would form in the immediate vicinity of the loaded faces, regardless
of layup and load direction.

Since it occurs near the boundaries where load is applied, an immediately considered possibility is that
such errors could be caused by a wrong implementation of the PBCs or of the load application. For this
reason, the way PBCs were enforced was checked more carefully. For that, dedicated scripts were created to
check that everything was correct, before and after the analysis took place. The following aspects regarding
the implementation of the equations were verified in the input file :

• All nodes which belong to boundary faces are used in, at least, one equation

• No nodes (dummy nodes not included) are subjected to edge and face equations simultaneously.

• No nodes (dummy nodes not included) are used in multiple equations.

• For each equation, the nodes in the associated pair are at the correct distance from each other.

All of these conditions were met. Checks were also made on the output. For all node pairs, the evolution
of the difference in displacement between both nodes of a pair, with the dummy node contribution taken
into account, was compared. The largest errors observed were in the order 10−10, which is simply the result
of round-off errors and has no impact on an analysis. With this, it was concluded that all equations were
correctly applied in their current form. However, this doesn’t exclude the possibility that some error might lie
in the method by which the PBCs were implemented.

Nonetheless, other factors can also be a possible explanation for this behavior. One of them is that it might
have something to do with the parameters used to specify the cohesive elements’ response. On its own, this
is not enough to explain the problem, but needs to be addressed since, even in test #3 where this behaviour
wasn’t present, the full unloading was not observed after the volume element fully cracked.

Another possibility is that it might be a mesh-related issue. First, the mesh size might be too large relative
to the phases involved. In almost all analyses performed, there were only 2 or 3 elements in any direction
perpendicular to the fiber’s axis. Such a low number of elements is insufficient to fully capture the stress state
within a fiber. Since the same mesh size was used everywhere, the same comments are valid for any point
in the matrix as well. This hypothesis is supported by the fact that a larger fiber diameter was used in test
#3. However, any analysis able to verify it is currently impossible to carry out due to the prohibitively high
computational cost. It might also be related to a small bias introduced by the mesh fixing procedure. When
comparing cases in different edges, if there’s a conflict, case 2 is always favoured instead of case 1. Since
this isn’t a rare occurrence, there’s a predominance of edge segments associated with case 2. This leads to
a lot of cohesive elements close to each other with an almost identical orientation, which might favour the



60 6. Results

formation of a crack there. This is supported by the fact that the only test presented here where the behaviour
was not observed is also the only one where the mesh didn’t go through the mesh fixing procedure. Moreover,
the presence of fibers crossing the boundaries might also prevent this, by inserting cohesive elements with a
larger ultimate traction. Once again, this is not enough to explain the behaviour, since it was also observed
for initial tests similar to test #3 when load was applied along the fibers’ direction.

In order to test all of these possible causes, many analyses would need to be carried out, something which
is impossible to do in this thesis alone given the time each analysis takes. As such, this is left as an open
problem for future work on this topic.

Besides the problem with the boundaries, there’s also a problem associated with the curves for the volume
averaged logarithmic strain. As seen before, the average bulk strain and the fracture strain correspond to the
applied strain tensor when combined (eq. 3.10). In all tests presented, there’s a mismatch. This can be
explained by the missing crack’s contribution. However, that’s not the only problem with the strain curves.
While the stress-aligned component matches its strain counterpart, the same cannot be said by the others.
In all tests presented, the strain components for directions where load is not applied are negative, while their
strain counterparts are positive. The stress curves’ sign can be understood as being a result of the stretching
required to ensure that the volume element doesn’t contract laterally, as enforced by the applied strain tensor.
As for the strain curves, it was expected that they would have the same sign as the stress curves One possible
explanation is that the fracture strain compensates for this such that their sum is equal to zero at any point
in time. However, even at the start of the analysis, where there’s almost no damage, the curves are already
negative. This problem can also be a windfall from the problem with PBCs, since it is related to how the
applied strain tensor is enforced. As such, no definitive conclusions as to why this occurs could be drawn
from the available data.

Lastly, even if both of these problems were not present, these results can only be considered as valid after
a full verification campaign is completed. This entails a mesh convergence study, a volume element size
convergence and a statistical convergence regarding the distribution of fibers within the volume element. It
is also necessary to check if Hill-Mandel’s condition, particularly the crack-based one, is also verified.
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Conclusions and Recommendations

7.1. Conclusions
Over the last years, there has been a growing presence of composite materials in aerospace applications. This
adoption has so far been hindered by the still limited understanding of how damage nucleates and grows in
these materials. This is a result of the complexity associated with such behaviour, which is governed by the
microsctructures of such materials and can be very sensitive to small changes. Multiscale methods, and more
specifically a methodology currently being developed at TU Delft, can provide a way of modelling fracture at
macroscopic scales, while implicitly taking into account the influence on the material’s response of all phases
present in its microstructure. Such information is passed to the larger scales in the form of effective traction
separation laws (ETSLs), which dictate the response of the associated effective macroscopic crack, with an
area and orientation that is also derived from the results obtained at the microscopic scales.

In this thesis, this newly developed multiscale methodology is extended to 3D. This is an important step
towards a more versatile way of fracture in composite materials. With it, the plane strain assumption made
for 2D problems is removed and it becomes possible to study problems with multiple fiber directions besides
0◦ and 90◦.

In terms of its analytical formulation, the 2D and 3D formulations are nearly identical. Most of the
changes required for its extension are simply a change in the dimension of the domain where integration is
performed. Besides that, some relations and concepts, such as those which rely on angles, were also adapted
to 3D.

On the other hand, in order to accommodate 3D problems, significant changes had to be made in the
Python scripts used to numerically implement this methodology. Regarding the geometry generation step,
the changes implemented were successful at creating a tool capable of generating multiple-ply layups with
random spacial distributions of straight fibers within each ply. The respective periodic replicas of fibers that
cross the RVE boundary are also created, as required. Due to this periodicity requirement, only certain angles
are allowed to avoid infinite periodic replicas. The geometry is then meshed in Gmsh. Limitations related
to this software prevented the use of orientations other than 0◦ and 90◦ in combination with the required
periodicity. Additionally, due to how PBCs are enforced, an extra step where the generated meshes are fixed
was added, since the specific requirements for a proper implementation of PBCs could not be enforced using
the available Gmsh controls. For those meshes which met all those requirements, cohesive elements are then
added between all bulk elements and the INP file describing the Abaqus model is created.

Regarding the post-processing, the required changes were not fully implemented and/or tested due to
time constraints and a lack of good data. Nonetheless, the algorithms which were implemented but could
not be tested were described and suggestions were given on possible ways to implement the remaining steps.

With the required changes in place, some analyses were performed. Only a relatively small number of
analyses were carried out due to the high computational cost associated with each one. These analyses fo-
cused mainly on representative load cases for both unidirectional and multidirectional layups. A verification
campaign was also not performed for the same reasons. As for the results, they were not what was expected.
With the exception of a single analysis, all others displayed a strange behaviour near the RVE boundaries
where load was applied. Even in the presence of such behaviour, some physically relevant aspects could be
observed in the results, but they were mostly overshadowed by this problem. Possible reasons as to why this
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might occur are laid out, but definitive conclusions could not be drawn from the available data and more
analyses to test some hypotheses could not be carried out due to time constraints.

7.2. Recommendations
Taking into consideration what was achieved and observed during this thesis project, as well as the overall
research objectives, the following recommendations are made regarding future work on this topic:

• Evaluate the possible causes behind the problem at the boundaries. During this thesis, a strange be-
haviour near the RVE boundaries where load was applied was observed, which had a significant im-
pact on the results. Some hypotheses as to why this was observed were presented already. In order to
properly assess its causes, as well as implement the required changes, time and resources need to be
dedicated to tackling this issue. Solving it is key to unlock the expected advantages of 3D over 2D sim-
ulations. Without addressing this issue first, it is also pointless to pursue any other recommendation
related to 3D, as the results are of insufficient quality for any relevant conclusions to be drawn from
them.

• Complete the post-processing in 3D. During this thesis, it was also mentioned that it was not possible to
implement and test the post-processing segment. Ideally, this should only be pursued once the strange
behaviour near the boundaries has been fixed.

• Implement a contact algorithm. This is a key step in order to unlock the full spectrum of load cases, as
shear and compression cannot be handled properly in the software’s current form. Even for load cases
where no compression loads are applied in any direction, some local interpenetration of elements can
still be observed. Due to its complexity and the high number of analyses required to test and verify this
modification, it might be better to first implement it in 2D and then adapt the algorithm to 3D.

• Include plasticity in the model. This is relatively simple to implement, since it requires minimal modifi-
cations in the current scripts. It could also be implemented in 2D before 3D to facilitate the verification
procedure.

• Use more accurate material models. Besides the already mentioned plasticity, the results could be
made more realistic by including defects on fibers and by forcing through the mesh that fiber cracks
only form along planes perpendicular to their axial direction. Fibers can also be slightly curved with
relative ease in the current implementation, although this only becomes significant under compres-
sion loads.
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A
Database parameters

Table A.1: Database Parameters.

ENTRY DESCRIPTION
ref Test reference number
status Current status in terms of progress
description Test name/description
id_group ID of batch/type of analysis being performed
grid_size Mesh size parameter for Gmsh
reps Statistical repetition number for that test
load_angle Angle of rotation of strain tensor
viscreg Viscosity used to stabilize cohesive elements
lastframe Time of last converged frame in analysis
geo_path Path to .geo file
mesh_path Path for .msh file of mesh before fixing procedure
mesh_fixed_json Path to json with fixed mesh data
RVE_ply_orientations Ply angles list. First ply is the bottom ply
RVE_w Width of RVE
RVE_l_default Default value for RVE length in case only 0◦ or 90◦ fibers are present
RVE_l Length of the RVE used in the final geometry
RVE_t_plies List with thickness of each ply
RVE_t Total thickness of RVE
RVE_V_f Fiber volume fraction target of RVE
RVE_f_diameter Fiber diameter
RVE_V_f_after_geo Actual fiber volume fraction on each ply after geometry generation
RVE_bc Boundary conditions of RVE for geometry
INP_bc Boundary conditions of RVE for analysis
e11,e12,e13,e21,e22,e23,e31,e32,e33 Macroscopic strain tensor components
rho_f Fiber density
E1_f, E2_f, E3_f Fiber’s elastic modulus values
nu12_f, nu13_f, nu23_f Fiber’s Poisson’s coefficients
G12_f, G13_f, G23_f Fiber’s shear modulus values
rho_m Matrix density
nu_m Matrix Poisson’s ratio
E_m Matrix elastic modulus
dam_init_cf Damage initiation criteria for fibers
dam_evol_cf Damage evolution criteria for fibers
t_ult_cf Ultimate traction of fibers
G_f_cf Fracture toughness of fibers
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Continuation of Table A.1
ENTRY DESCRIPTION
d_f_cf Fiber failure opening
E_coh_cf Cohesive stiffness of fibers
dam_init_cm Damage initiation criteria for matrix
dam_evol_cm Damage evolution criteria for matrix
t_ult_cm Ultimate traction of matrix
G_f_cm Fracture toughness of matrix
d_f_cm Matrix failure opening
E_coh_cm Cohesive stiffness of matrix
dam_init_ci Damage initiation criteria for interface
dam_evol_ci Damage evolution criteria for interface
t_ult_ci Ultimate traction of interface
G_f_ci Fracture toughness of interface
d_f_ci Interface failure opening
E_coh_ci Cohesive stiffness of interface

NOTE: Some of the parameters are legacy from the previous 2D implementations. These were kept because
the scripts which use them have not yet been completely changed and properly tested.



B
Test parameters

The parameters that are common for all tests are shown in Table B.1. The remaining parameters are presented
in Table B.2.

µ RVE w[mm] RVE l[mm] RVE t[mm] INP BC
0.0001 0.04 0.04 0.04 [P,P,P,P,P,P]

Table B.1: Test parameters that are common for all tests.

Applied Strain Tensor
ID Layup V f Fiber Diameter[µm] RVE BC 11 12 13 21 22 23 31 32 33
1 [0,90,0] 0.30 5.5 [W,W,W,W,W,W] 0 0 0 0 0.3 0 0 0 0
3 [90] 0.15 7.0 [P,P,P,P,P,P] 0 0 0 0 0.3 0 0 0 0
6 [0,90,0] 0.30 5.5 [W,W,W,W,W,W] 0.3 0 0 0 0 0 0 0 0
8 [0] 0.30 5.5 [W,W,W,W,W,W] 0.3 0 0 0 0 0 0 0 0
9 [0] 0.30 5.5 [W,W,W,W,W,W] 0 0 0 0 0 0 0 0 0.3
10 [0] 0.30 5.5 [W,W,W,W,W,W] 0.3 0 0 0 0.3 0 0 0 0
11 [0,90,0] 0.30 5.5 [W,W,W,W,W,W] 0 0 0 0 0.3 0 0 0 0.3
12 [0] 0.30 5.5 [W,W,W,W,W,W] 0 0 0 0 0.3 0 0 0 0
13 [0] 0.30 5.5 [W,W,W,W,W,W] 0 0 0 0 0.3 0 0 0 0
14 [0,90,0] 0.30 5.5 [W,W,W,W,W,W] 0 0 0 0 0.3 0 0 0 0

Table B.2: Remaining test parameters.
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