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Abstract

Propellers are a promising option for future sustainable aviation, as they can be powered by electric
or hybrid-electric systems and, for a given thrust requirement, can achieve higher potential propulsive
efficiency than ducted fans. This efficiency advantage comes from their ability to operate at larger diam-
eters without incurring significant nacelle drag and weight penalties. The main challenge for propeller-
driven aircraft is to reduce noise while maintaining high efficiency. Unlike turbofans, propellers lack a
nacelle for acoustic liners, so noise reduction relies on optimization of blade geometry and operating
conditions. Modern propeller designs therefore feature advanced sweep and lean distributions. Sweep
is used to enhance both aerodynamic and acoustic performance by inducing destructive interference
in noise signals and reducing aerodynamic losses associated with shock wave formation, thereby re-
ducing noise emissions and enhancing efficiency. Lean, in turn, is introduced to alleviate the structural
stresses that arise in swept blades. The objective of this work is to develop an aeroelastic analysis tool
for propeller blades with sweep and lean, based on a low-fidelity aerodynamic model tightly coupled
to a structural model, and to use this tool to study the effect of sweep and lean on the aerodynamic
performance and structural response of composite propeller blades.

The aerodynamic loads were computed using blade element momentum (BEM) theory, which does not
inherently account for sweep and lean. To include these effects, sweep was modelled by the quarter-
chord alignment, while lean was represented by the face alignment. The corresponding sweep and
lean angles were defined as the angles between these alignments and the pitch axis. A correction
for sweep was applied to the BEM model, as it changes the orientation of the airfoils relative to the
blade’s rotational velocity. No correction was needed for lean, because it does not directly affect the
airfoil orientation. The aerodynamic model was validated against experimental data for two baseline
propellers: the unswept TUD-XPROP and the swept TUD-XPROP-Λ. While BEM tends to overestimate
the aerodynamic performance of these blades, it accurately captures the trends in thrust as well as the
sensitivity of thrust and efficiency to sweep. Additionally, both the experimental measurements and
the BEM results indicated that, for the low freestream Mach number and modest sweep amplitude
considered, the effects of sweep and lean on aerodynamic performance are limited.

Aeroelastic analysis was performed using PROTEUS, developed by TU Delft. Within this tool, the BEM
model is tightly coupled to the structural model through sensitivities of the aerodynamic, centrifugal,
and structural loads with respect to structural deformations. These aerodynamic sensitivities of the
extended BEM model were analytically derived in this work to reduce computational cost. Comparison
with numerical sensitivity computations confirmed that these analytical expressions accurately predict
aerodynamic sensitivities in all required degrees of freedom. Compared to the loosely coupled method,
which computes aerodynamic and structural loads iteratively, this tightly coupled approach reduced the
computational time of the aeroelastic analysis by approximately 30%.

A parameter study was conducted to investigate the effects of sweep and lean on the aerodynamic per-
formance and structural response of flexible propeller blades. Sweep was parametrized using scaled
TUD-XPROP-Λ blades, while lean employed fully up- or downstream distributions. Flexible blades were
first compared to rigid counterparts, showing that flexibility affects the thrust and power coefficients but
has a minimal impact on peak aerodynamic efficiency, with differences typically within ±0.3%. Next,
the aerodynamic performance of flexible curved blades was compared to that of the straight blade un-
der constant thrust coefficient TC . Blades combining backward sweep with upstream lean achieved
the highest efficiency, with gains up to 1.7%. Part of this efficiency gain, however, was attributed to
the increased disk area of propellers with curved blades. Finally, the blades’ structural response was
assessed under constant thrust. Blades with backward sweep and upstream lean experienced most
stress. The root bending moment was dominated by the moment about the x-axis, which could be
reduced significantly by applying upstream lean. Additionally, analysis at doubled thrust showed that
obtained values depend on operating conditions, which were not optimized, so emphasis should be on
the trends rather than absolute values when interpreting the results of this work.
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Nomenclature

Abbreviations

Abbreviation Definition
BS Backward Sweep
BE Blade Element
BEM Blade Element Momentum
CFD Computational Fluid Dynamics
DL Downstream Lean
FS Forward Sweep
FPP Flight Performance and Propulsion
LC Loosely Coupled
LE Leading Edge
LLT Lifting-Line Theory
MDO Multi-disciplinary Design Optimization
QC Quarter-Chord line
RANS Reynolds-Averaged Navier-Stokes
SB Straight Blade
SQP Sequential Quadratic Programming
TC Tightly Coupled
TE Trailing Edge
UL Upstream Lean

Symbols

Symbol Definition Unit
CP Power coefficient (CP = P/(ρ∞n3D5)) [-]
CQ Torque coefficient (CQ = Q/(ρ∞n2D5)) [-]
CT Thrust coefficient (CT = T/(ρ∞n2D4)) [-]
Cd Sectional drag coefficient [-]
Cl Sectional lift coefficient [-]
Cm Sectional moment coefficient [-]
Cp Sectional pressure coefficient [-]
Cq Sectional torque coefficient [-]
Ct Sectional thrust coefficient [-]
Cx Sectional tangential force coefficient [-]
Cz Sectional axial force coefficient [-]
D Drag [kg m s-2]
D Propeller diameter [m]
Ek Kinetic energy [kg m2 s-2]
F Prandtl tip-loss and root-loss factor [-]
F Integrated force [kg m s-2]
Fcrit Tsai-Wu failure index [-]
FA Face alignment [m]
FA∗ Normalized face alignment [-]
J Advance ratio [-]
K Stiffness matrix
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Symbol Definition Unit
L Lift [kg m s-2]
M Mach number [-]
M Root bending moment [kg m2 s-2]
M Integrated bending moment [kg m2 s-2]
M Mass matrix [kg]
MCA Mid-chord alignment [m]
Nb Number of propeller blades [-]
P Power [kg m2 s-3]
PC Power coefficient (PC = P/(ρ∞V 3

∞D2)) [-]
Q Torque [kg m2 s-2]
QC Torque coefficient (QC = Q/(ρ∞V 2

∞D3)) [-]
QCA Quarter-chord alignment [m]
QCA∗ Normalized quarter-chord alignment [-]
R Propeller tip radius [m]
R Residual vector for aeroelastic calculations
RBEM Residual vector for BEM calculations
R Rotation matrix [-]
Re Reynolds number [-]
S Blade element planform area [m2]
T Thrust [kg m s-2]
T Transformation matrix [-]
TC Thrust coefficient (TC = T/ρ∞V 2

∞D2)) [-]
V Velocity [m s-1]
V∞ Freestream velocity [m s-1]
Y Blade span (undeformed blade) [m]
YD Blade span (deformed blade) [m]

a Axial induction factor [-]
a′ Tangential induction factor [-]
c Local chord length [m]
cair Speed of sound [m s-1]
f Forces and moments acting on structural node
f̃ Force acting on eccentric node [kg m s-2]
l Blade element length [m]
m Moment acting on structural node [kg m2 s-2]
ṁ Mass flow rate [kg s-1]
m̃ Moment acting on eccentric node [kg m2 s-2]
n Propeller rotational speed [s-1]
p Momentum [kg m s-1]
p Structural deformation vector [m, rad]
r Propeller blade radial coordinate [m]
r Radial vector [m]
r′ Radial auxiliary variable [m]
t Time [s]
x Global x-coordinate [m]
y Global y-coordinate [m]
z Global z-coordinate [m]

Λ Sweep angle [rad]
Ψ Lean angle [rad]
Ω Angular velocity [rad s-1]
Ω Rotor speed matrix [rad s-1]

α Local angle of attack [rad]
β Blade twist angle [rad]



ix

Symbol Definition Unit
β0.7R Collective pitch angle [rad]
γ Lean angle (gradient-based) [rad]
ϵP Principal strain [-]
ϵS Shear strain [-]
η Propulsive efficiency [-]
η Sectional propulsor efficiency [-]
ηi Sectional induced efficiency [-]
ηP Propulsor efficiency [-]
ηp Sectional profile efficiency [-]
θ Blade pitch angle [rad]
ξ Sweep angle (gradient-based) [rad]
ρ∞ Ambient air density [kg m-3]
ζ Angular auxiliary variable [rad]
σ Blade solidity [-]
φ Local flow angle [rad]
ω Rotor speed [rad s-1]

Subscripts

Subscript Definition
∞ Freestream flow quantity
0 Incompressible quantity
a Quantity related to aerodynamic loads
c Quantity related to centrifugal loads
e Quantity related to eccentric loads
eff Effective quantity corrected for sweep or lean
root Quantity at the blade root
s Quantity related to internal structure
tip Quantity at the blade tip

Superscripts

Superscript Definition
BE Quantity in Blade Element theory
M Quantity in Momentum theory
flex Quantity for flexible blade
rigid Quantity for rigid blade
target Target value
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1
Introduction

Since the invention of jet engines, propeller-driven aircraft gradually gave way to jet aircraft, as mid-
20th century aircraft design prioritized speed over efficiency [1]. To some, the use of propellers on
aircraft may seem like a step back in both time and technology, but they have rapidly gained interest
as sustainability is nowadays a main focus within the aviation industry. Instead of relying on fossil
fuels, propellers can be powered by electric or hybrid-electric systems, which can reduce overall carbon
emissions and help tominimize the environmental impact of aviation. This would be amajor progression
towards the net zero carbon emissions goal by 2050 [2]. Additionally, for a given thrust requirement,
propellers can achieve higher propulsive efficiency than ducted fans because they can operate at larger
diameters without significant nacelle drag or weight penalties.

The challenge with propeller-driven aircraft is not necessarily to enhance their propulsive efficiency, as
they already offer the potential for high propulsive efficiency compared to jet engines, but to reduce
noise production while maintaining this high efficiency. Especially around residential areas, noise pol-
lution has become a more recognized problem resulting in tighter restrictions. Unlike commonly used
turbofan engines, which have a nacelle to absorb acoustic energy using acoustic liners on their in-
ternal wall and chevrons at the trailing edge of the engine nozzle to reduce jet noise, propellers lack
a casing for noise mitigation. As a result, reducing propeller noise relies heavily on optimization of
both blade geometry and operational conditions. Recent propeller designs therefore feature complex
geometries with sweep and lean to ensure both optimal aerodynamic and acoustic performance. Intro-
ducing sweep, for example, can reduce noise by inducing an acoustic phase shift along the blade span,
leading to destructive interference in the noise signal [3]. Moreover, blade sweep lowers the effective
Mach number, reducing aerodynamic losses due to shock wave formation and thereby improving the
overall efficiency of the propeller [4].

While sweep offers aerodynamic and aeroacoustic benefits, it also introduces structural challenges
that may negatively affect aerodynamic and structural performance [5, 6]. In particular, swept propeller
blades experience increased bending moments and torsional loads which may lead to higher stresses
and larger deformations. This effect can be mitigated by adding lean [6], which redistributes the loads
along the span and can help to reduce the bending moments at the root. Therefore, sweep and lean
should be viewed as complementary design features, where lean is used to counterbalance the un-
favourable structural effects of sweep while still benefitting from the aeroacoustic advantages. Despite
this, preliminary design studies often neglect the influence of lean, and focus mainly on sweep as the
dominant geometric parameter. Such simplifications can lead to incomplete assessments of the pro-
peller’s aero-structural behaviour and may overlook valuable blade designs. Considering both sweep
and lean together is therefore important to achieve realistic and well-balanced propeller blade designs.

This study investigates the combined effects of sweep and lean on both the aerodynamic performance
and structural response of propeller blades. The objective is therefore to develop a low-fidelity aero-
dynamic model for blades featuring sweep and lean, couple it to a structural model, and analyse the
aeroelastic behaviour of flexible blade designs. To accomplish this, the TU Delft aeroelastic analysis
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tool developed by Rotundo et al. [7] is extended to enable analysis of arbitrary blade geometries. The
extended framework is then applied to assess how curvature of propeller blades affects aerodynamic
performance and structural behaviour, thereby providing insights into the aero-structural trade-offs as-
sociated with sweep and lean.

This chapter starts with a discussion on propulsive efficiency of propellers. Then, an overview of state-
of-the-art research on sweep and lean is provided in section 1.2. It examines the latest advancements
and applications of swept propellers designed for both improving the aerodynamic performance and re-
ducing noise. Due to its importance for the performance evaluation of swept propeller blades, structural
modelling is addressed in section 1.3. Next, section 1.4 identifies the existing gaps in current research
and outlines the primary objectives of this study. The section also defines the research questions of
this work to establish a clear framework for the subsequent chapters. Finally, the research outline is
discussed in section 1.5.

1.1. Propeller Efficiency
It was stated without proof that the potential propulsive efficiency of propellers is higher than that of jet
engines. A strong indication for this claim can be found in the current trend of modern turbofan engine
development toward ever-higher bypass ratios, see Figure 1.1, which is defined as the ratio of the mass
flow bypassing the engine core to the mass flow passing through it. In today’s ultra-high bypass ratio
engines, a large portion of the incoming air does not pass through the combustion chamber but instead
flows around it, effectively mimicking the working principle of a propeller. The higher the bypass ratio,
however, the larger the engine nacelle diameter must be, which in turn increases both the engine’s drag
and weight, potentially negating the efficiency gains from the increased bypass ratio [8]. To overcome
these limitations, propeller-driven aircraft are often considered an alternative.

Figure 1.1: Bypass ratio trend of the past few decades [9].

To really understand the high efficiency potential of propellers, the governing equations should be ex-
amined. As with any force, thrust can be described by Newton’s second law of motion, namely as the
time derivative of momentum. Furthermore, the momentum gain of the aircraft is equal and opposite to
the added momentum to the airflow, which implies that the thrust is proportional to mass flow through
the propeller disk times the resulting change in velocity [10].

T =
dp

dt
= ṁ∆V (1.1)



1.2. Review on Swept Propeller Blades 3

The propulsive efficiency is then defined as as the ratio of useful power output to the rate of kinetic
energy added to the flow [10].

η =
TV∞

∆Ėk

=
1

1 + ∆V
2V∞

(1.2)

These expressions clearly illustrate why propellers are so efficient at propelling aircraft. To achieve the
highest possible efficiency, ∆V/2V∞ must be minimized. This means that ∆V , which is the velocity
induced by the propeller, should be as small as possible. However, staying airborne requires a certain
amount of thrust. So, according to Equation 1.1, a large mass flow is required, which explains the
trend toward increasing bypass ratios observed over the past few decades. Unlike turbofan engines
and ducted fans, propellers can satisfy these requirements because their diameter can be increased
without significantly increasing weight and drag. As a result, propellers are capable of achieving higher
propulsive efficiencies.

1.2. Review on Swept Propeller Blades
Already back in 1985, Miller et al. [3] developed a design tool to optimize propeller blade twist, chord
and sweep distributions with respect to both fuel efficiency and noise levels. To predict the aerodynamic
performance, a vortex lattice method was used within the optimization scheme. Even at that time, it
was concluded that increasing the sweep angle had a big impact on the noise level reduction, while the
aerodynamic performance was little affected.

In 2021, Geng et al. [11] developed a low-fidelity geometric optimization method using BEM theory that
accounted for sweep. This model was used to optimize the sweep distribution of a rigid propeller blade
for noise reduction while maintaining the aerodynamic efficiency. Sweep was modelled by the mid-
chord alignment (MCA), represented by the mid-chord line of the blade in the plane of rotation. Using
the dimensionless parameter MCA/R, the sweep distribution was compared between the optimized
propeller blade and the original blade, see Figure 1.2. Lean, however, was not accounted for in this
study.

Figure 1.2: Mid-chord alignment distribution of the optimized (OPT) and the original (ORG) propeller
blade [11].

The results indicate that the point of maximum sweep distribution has shifted radially inward. Further-
more, close to the root of the blade, the forward sweep has increased, while the tip remains backward-
swept. In the end, due to this modified sweep distribution, the noise was reduced by 2.9 dB. Later, Geng
et al. [12] also performed a multi-fidelity optimization by combining low-fidelity BEM theory with high-
fidelity CFD simulations. Again, a noise reduction could be achieved by optimizing the blade sweep
distribution, showing the importance of sweep for propeller design.

In that same year, Keil [13] studied the impact of blade sweep on aerodynamic and acoustic perfor-
mance through a sensitivity study using 1000 swept propeller designs. Importantly, the study found
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that, due to a favourable radial blade loading distribution, the most efficient configuration features a
moderately forward-swept mid-segment and a backward-swept tip. It was further recommended to
include a structural model for a more realistic evaluation of the propeller performance.

To highlight the importance and potential of propeller-driven aircraft once more, the IRON project is
discussed. This initiative is part of the Clean Sky 2 program, which is a public-private partnership co-
funded by the European Union that aims to improve the sustainability of European aviation [14]. IRON
focuses on designing highly advanced propellers to reduce noise without affecting the aerodynamic
performance [15]. Its goal was to reduce the near-field noise during cruise by 6 dB compared to a
baseline design. Therefore, five propeller concepts were developed by IRON partners, but only two
were selected for testing against the baseline in DNW’s High-Speed Tunnel, see Figure 1.3. Both
optimized propeller designs feature sweep and lean, but their exact distributions have not been made
public. Although the 6 dB target was not reached, test data showed a noise reduction of approximately
5 dB at the measurement location and an estimated 5.5 dB at the position of aircraft fuselage [15].

(a) Baseline propeller by Dowty
Propellers.

(b) Propeller design by
Cenaero.

(c) Propeller design by GE AAT
Deutschland.

Figure 1.3: IRON propellers in the DNW High-Speed Tunnel [15].

Margalida et al. [16] developed a low-fidelity geometric optimization tool that integrates aerodynamics,
aeroacoustics, and structural behaviour to design quiet and efficient propeller blades. Using this tool,
TU Delft’s reference propeller TUD-XPROP was first optimized for its aerodynamic performance by
minimizing the energy consumption irrespective of the noise performance, and after for noise under
a constrained power requirement. The study showed that although the performance curves may be
offset, aerodynamic and acoustic trends were captured accurately, confirming the reliability of low-
fidelity models for trend prediction. Despite sweep and lean were not optimized in this study, a version
of this tool was later used to design a new propeller for TU Delft, called TUD-XPROP-Λ, which features
increased sweep compared to TUD-XPROP [4]. These blades, however, do not include any lean. As
both propellers will be used in this work, a side-by-side comparison is presented in Figure 1.4.

(a) TUD-XPROP [17]. (b) TUD-XPROP-Λ [4].

Figure 1.4: TU Delft reference propellers.

https://www.dowty.com/news/the-iron-project-the-future-of-regional-aviation#:~:text=The%20IRON%20project%20falls%20under,levels%20without%20degrading%20aerodynamic%20performance.
https://www.clean-aviation.eu/about-us/who-we-are
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Following the research of Margalida et al. [16], Prud’homme van Reine [4] recently conducted wind
tunnel tests on both TUD-XPROP and TUD-XPROP-Λ, commonly referred to as XPROP and XPROP-
Λ, in the TU Delft’s Low-Turbulence Tunnel, to study the impact of sweep on propeller performance
experimentally. Even though the sweep distribution of XPROP-Λ was not optimized for aerodynamic
performance, the results showed that its effect on the overall performance was limited. A comparison
between their geometries is shown in Figure 1.5.

Figure 1.5: Comparison between the XPROP (red) and XPROP-Λ (blue) blade geometries [4].

In 2024, Thielen [6] published his work on the impact of structural deformations on the aerodynamic and
acoustic performance of swept propellers. To this end, a parametric study was conducted by varying
the sweep distribution of a baseline propeller, after which the aerodynamic, acoustic, and structural
responses were analysed to reveal their interdependencies. The study showed that swept blades
experience significant bending and torsional deformations. Centrifugal loads tend to straighten the
blades, which causes both in-plane and out-plane bending due to their coupling, reducing the effective
amount of sweep while introducing lean. Aerodynamic forces, on the other hand, were found to be the
main cause of torsional deformations. Finally, Thielen [6] concluded that elasticity plays a critical role in
the performance evaluation of highly swept propellers and suggested that introducing lean could help
mitigate torsional deformations.

1.3. Structural Modelling
Given the importance of structural modelling for swept blades, some relevant research on this topic
is reviewed. In 2014, Sodja et al. [5] developed a numerical model to predict the aerodynamic per-
formance of flexible propeller blades with arbitrary blade axis geometry, meaning arbitrary sweep and
lean distributions. Therefore, an extended BEM model was coupled to a structural solver, and blade
axis geometry optimization was included as, for flexible blades, sweep and lean have a significant im-
pact on the performance [5]. To validate the model, three blade designs were manufactured and tested
experimentally, see Figure 1.6.

Figure 1.6: Forward-swept blade (FB), straight blade (SB) and backward-swept blade (BB) used for
experimental investigation [5].

https://www.tudelft.nl/lr/organisatie/afdelingen/flow-physics-and-technology/flight-performance-propulsion/flight-performance/propeller-aerodynamics/facilities/wind-tunnels
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The study showed that the blade axis geometry has a large impact on its deformation. Backward-swept
propeller blades were found to exhibit the most favourable deformation characteristics with varying
advance ratio in terms of aerodynamic performance. In addition, Sodja et al. [5] concluded that propeller
flexibility can enlarge the efficiency envelope significantly compared to rigid blades.

Möhren et al. [18] developed an aeroelastic model by coupling a BEM model to a Timoshenko beam
model to predict the behaviour of flexible propellers. The study examined the influence of elasticity
and blade sweep on aerodynamic performance, showing that both the structural properties and sweep
significantly affect the performance due to torsion and bending. Composite propellers, in particular,
were highlighted for their ability to provide design flexibility in tailoring structural characteristics.

To this end, Rotundo et al. [19] developed an aeroelastic optimization tool for structural tailoring of
propeller blades with fixed geometry [7]. Similar to Möhren et al. [18], a BEM model was coupled to a
Timoshenko model. Instead of iteratively computing aerodynamic and centrifugal loads along with the
resulting structural deformation, the coupling was performed using gradients of these loads with respect
to blade deformation. The tool was applied to a dual-role propeller to determine the optimal structure
that minimizes the total energy consumption for a flight mission, including propulsive conditions during
climb and cruise and regenerative conditions during descent. It was found that structural optimization of
the flexible blade resulted in a better performance than the rigid blade for all test cases. The developed
model, however, is limited to straight blades without significant sweep or lean.

1.4. Research Objectives
The presented state-of-the-art research, such as that by Geng et al. [11] and Bown et al. [15] showed
the importance of blade sweep in designing future-proof propellers. Additionally Thielen [6], Möhren et
al. [18] and Sodja et al. [5] have shown that structural modelling is essential when evaluating swept pro-
peller blades. Lastly, Rotundo et al. [19] demonstrated the potential of aeroelastic tailoring to improve
propeller blade performance.

Most of these studies, however, did not consider blade lean. Lean is expected to positively affect struc-
tural performance of swept blades [6], but its inclusion can also impact the aerodynamic performance
due to changing blade deformations [5]. This gap in the current research motivates the work presented
in this thesis.

In this study, TU Delft’s aeroelastic tool developed by Rotundo et al. [19] will be extended to enable
analysis of flexible propeller blades featuring both sweep and lean. The objective is to develop an aero-
dynamic model for swept and leaned propeller blades, to extend the tight coupling between the aero-
dynamic and structural model for computationally efficient aeroelastic analysis of such curved blade
geometries, and to use this framework to study the effects of sweep and lean on the aerodynamic per-
formance and structural behaviour of flexible propeller blades, with particular focus on the impact of
introducing lean to swept blades. This research will therefore focus on the development of a low-fidelity,
robust, and computationally efficient preliminary design tool. To achieve this objective, the following
research questions have been formulated which will be examined in this report:

1. How can the geometry and aerodynamics of propeller blades with sweep and lean be modelled?

(a) How should sweep and lean be defined?
(b) How can blade element momentum theory be extended to account for sweep and lean when

predicting aerodynamic performance trends of swept propellers operating at low Mach num-
bers?

2. How can the aerodynamic and structural model be tightly coupled for propeller blades with sweep
and lean?

(a) Which aerodynamic sensitivities are required for tight aeroelastic coupling?
(b) How can the required aerodynamic sensitivities be computed analytically?
(c) How do the derived analytical sensitivities compare with numerically computed sensitivities?
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3. What is the effect of combining sweep and lean on the aerodynamic performance and structural
response of an isolated propeller?

(a) How does the aerodynamic performance of flexible blades featuring sweep and lean com-
pare to that of rigid blade designs?

(b) What is the effect of sweep and lean on the aerodynamic performance of flexible blades
compared to a straight blade?

(c) How does lean influence the structural response of swept blades?

The findings will facilitate aeroelastic analysis for swept and leaned propeller blades, paving the way
for future advancements in preliminary aeroelastic design methods. Ultimately, this work will contribute
to the development of highly efficient next-generation propellers, while ensuring manufacturability and
practical applicability to aviation propulsion systems.

1.5. Research Outline
This work builds mainly upon the research of Rotundo et al. [19] by extending the model, hereafter
referred to as PROTEUS, to include blade sweep and lean. Therefore, a precise understanding of
the underlying geometric definitions is required, as addressed in chapter 2. This chapter provides two
definitions for representing sweep and lean, along with two approaches to specify the blade’s airfoil sec-
tions used in the aerodynamic model. The aerodynamic model itself is presented in chapter 3, which
outlines the motivation for BEM theory and the mathematical details of its implementation. Since classi-
cal BEM models do not account for sweep and lean, correction factors are introduced to capture these
effects. Finally, the extended BEM model is validated against experimental data from Prud’homme
van Reine [4] for the XPROP and XPROP-Λ propellers.

Once the aerodynamic model is validated, the tight aeroelastic coupling is developed in chapter 4.
This requires the gradients of the aerodynamic loads with respect to the blade deformation. Given
the importance of computational efficiency in the preliminary design stage, these gradients are derived
analytically and then validated against numerical calculations to ensure accuracy. The implementation
of the tight aeroelastic coupling is verified by comparison with a loose coupling, and the computational
times of both couplings are compared to highlight the efficiency of the tight coupling.

With the aeroelastic model fully developed, a parametric study of sweep and lean is conducted in chap-
ter 5. To reduce the number of variables, these distributions are parametrized using Bézier curves. The
study begins with a comparison between the aerodynamic performance of rigid and flexible blades to
show the impact of structural deformation on the aerodynamic efficiency. It then proceeds to a more de-
tailed analysis of flexible blades, investigating how variations in sweep and lean affect both aerodynamic
performance and structural behaviour. The aerodynamic analysis examines the change in propulsor
efficiency of the curved blades relative to that of a straight blade, which demonstrates how sweep and
lean distributions can enhance overall performance. For the structural analysis, blade stresses and
root bending moments are evaluated, showing how geometric tailoring can reduce stress levels and
improve structural integrity. In addition, the effect of thrust on structural behaviour is examined to study
how aerodynamic loading affects the results.

Finally, the conclusions of this work are presented in chapter 6, while its limitations and the recommen-
dations for future work are outlined in chapter 7.





2
Geometric Modelling

This chapter provides a description how the geometry of a swept and leaned propeller blade is modelled.
It defines the three-dimensional shape of the blade, including the sweep, lean, and twist distributions
along the span, as well as the reference axes used. Additionally, the distinction between the aerody-
namic grid and structural grid is explained.

2.1. Geometric Parameters
The geometry of a propeller blade is characterized by several key parameters that together describe its
three-dimensional structure. In case of a straight blade propeller, the most fundamental geometric pa-
rameters are the chord, twist and airfoil shape distributions, and the diameter. Since these parameters
define the blade’s three-dimensional geometry, they also govern its aerodynamic performance.

The chord distribution affects the aerodynamic performance as variations in chord length affect the
loading distribution of the propeller blade. The twist distribution controls the inflow angle of the airflow
along the blade span and therefore has a significant impact on the aerodynamic forces as well. Note
that the pitch angle is the sum of the local twist angle and the collective blade pitch, which, in this work,
is defined as the angle between chord line at 70% of the quarter-chord line and the plane of rotation
[20].

θ(r) = β(r) + β0.7R (2.1)

The airfoil shape determines the cross-sectional lift-to-drag ratio, which has a strong impact on the
aerodynamic efficiency. Finally, the diameter sets the overall propeller size and therefore its thrust
capability. All of these quantities are typically specified as spanwise distributions, which allows them
to vary along the blade length in order to achieve an optimal balance between thrust, efficiency, and
structural requirements, while remaining within the imposed design constraints.

For swept and leaned propeller blades, however, two additional parameters are required to fully de-
scribe the geometry. Typically, sweep and lean are defined in terms of alignments, as in the study
by Geng et al. [11]. These alignments represent offsets of the propeller’s reference line relative to the
global spanwise coordinate axis. In this work, the global coordinate system is defined such that the
z-axis is aligned with the propeller’s axis of rotation, meaning that the entire blade rotates around the
z-axis during flight. The y-axis is oriented in spanwise direction of the blade, such that it aligns with the
pitch axis of the blade. Lastly, the x-axis is defined perpendicular to both the y- and z-axis, and positive
toward the trailing edge of the blade. Furthermore, the quarter-chord line is chosen as reference line,
because it approximately coincides with the airfoil’s aerodynamic centre [21], which makes it a natural
reference line for evaluation of the aerodynamic loads.

The sweep alignment is defined as the offset of the quarter-chord line from the global y-axis in x-
direction, as illustrated in Figure 2.1, while lean corresponds to the offset in the z-direction. In other
words, sweep represents the tangential displacement and lean the axial displacement. These offsets
are referred to as the quarter-chord alignment (QCA) and the face alignment (FA), respectively, and
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are also specified as spanwise distributions along the blade. The QCA and FA effectively describe
the x- and z-coordinates of the quarter-chord line, which provides a straightforward and convenient
three-dimensional representation of the blade’s reference line.

x

y

QCA

r

Λ

TE

LE

QC

Ω

Figure 2.1: Quarter-chord alignment and sweep angle for a backward swept propeller blade.

Instead of specifying sweep and lean as geometric offsets, it is sometimes more convenient to express
them as angles. As illustrated in Figure 2.1, the sweep angle is defined as the angle between the global
y-axis and the vector pointing towards the quarter-chord line projected onto the xy-plane. Similarly, the
lean angle is defined as the angle between the global y-axis and the vector to the quarter-chord line
within the yz-plane.

Λ := arctan

(
QCA

y

)
(2.2)

Ψ := arctan

(
FA

y

)
(2.3)

2.2. Geometry Definition
The geometry of a propeller blade can be defined in several ways. For straight blades, airfoil sections
are typically taken as cross-sections perpendicular to the blade axis, meaning they are all aligned and
parallel to each other. This approach, however, cannot be directly applied to swept blades. Because
the blade axis is curved, the airfoil sections cannot simultaneously be aligned with each other and
perpendicular to the axis. Nevertheless, one of the two conditions can still hold. The first approach, in
which all airfoil sections are kept perpendicular to the pitch axis and thus remain parallel to each other,
as illustrated in Figure 2.2, is referred to in this work as the parallel airfoil description. The second
approach defines the airfoil sections perpendicular to a chosen blade axis, also called the formation
line [22]. This requires a rotated airfoil orientation to follow the curved blade axis, as shown in Figure 2.3,
and is therefore referred to as the rotated airfoil description.

Swept propeller blades described by parallel airfoils have all their considered airfoil sections alignedwith
the global xz-plane, see Figure 2.2. Although this makes their geometry description somewhat similar
to that of a straight blade, the key difference is that due to the curved quarter-chord line, the effective
inflow direction experienced by the blade due to rotation is different. Consequently, this description
requires a correction for the rotational velocity component.
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Chord lines

Ω ⋅ 𝑅

y

Formation line

Figure 2.2: Swept propeller blade with parallel airfoil sections (adapted from [22]).

As mentioned already, the rotated airfoil description does not have airfoil sections that are parallel to
each other. Instead, the airfoils are oriented perpendicular to the blade’s formation line, see Figure 2.3.
In section 2.1, the geometric parameters are defined with respect to the quarter-chord line, effectively
making it the formation line.

Chord lines

Formation line

y

Figure 2.3: Swept propeller blade with rotated airfoil sections (adapted from [22]).

Due to the airfoil’s rotation, using only Equation 2.2 and Equation 2.3 is no longer sufficient to construct
the blade geometry. Since the airfoils must be oriented perpendicular to the quarter-chord line, the
gradients of the QCA and FA with respect to their spanwise position are required to determine their
correct orientation. The local angles that correspond to these gradients are given by Equation 2.4 and
Equation 2.5. So, for the rotated airfoil description, the angles Λ and Ψ are required to construct the
quarter-chord line in three-dimensional space, while the angles γ and ξ ensure that each airfoil section
is correctly oriented perpendicular to this line. Note that all four angles can be expressed in terms of
the quarter-chord alignment and face alignment.

γi = arctan

(
QCAi+1 −QCAi

yi+1 − yi

)
(2.4)

ξi = arctan

(
FAi+1 − FAi

yi+1 − yi

)
(2.5)
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To construct the three-dimensional propeller blade shape, rotation matrices can be used to adjust the
airfoil orientation of each blade element according to the prescribed twist, sweep, and lean distributions.
Twist is applied as a rotation around the y-axis, while sweep and lean are applied as rotations around
the z-axis and x-axis, respectively [22].

Rβ =

 cos(β) 0 sin(β)
0 1 0

− sin(β) 0 cos(β)

 (2.6)

Rγ =

cos(γ) − sin(γ) 0
sin(γ) cos(γ) 0

0 0 1

 (2.7)

Rξ =

1 0 0
0 cos(ξ) − sin(ξ)
0 sin(ξ) cos(ξ)

 (2.8)

Finally, the total transformation matrix, which ensures the correct perpendicular orientation of the airfoils
along the entire quarter-chord line, is obtained by multiplying the individual rotation matrices. Since
rotation matrices are non-commutative, the multiplication order can impact the resulting orientation
significantly. Therefore, it is essential to apply them consistently in the same order to avoid unintended
deviations.

T = Rβ ·Rγ ·Rξ (2.9)

In this work, the parallel airfoil description was selected for two reasons. The first and most important
reason is that it enabled straightforward validation of the aerodynamic model developed in chapter 3.
Experimental performance data is available for the XPROP and XPROP-Λ propeller blade geometries,
see Appendix A, including lift and drag polars for its airfoil sections taken parallel to each other. Using
the rotated airfoil description would have required generating new airfoil polars, because the blade
cross-sections perpendicular to the quarter-chord line can deviate significantly from those parallel to
each other for blades with steep sweep or lean gradients. This would have introduced significant
additional complexity and effort, which could not be accommodated within the limited time frame of
this project. Second, the rotated airfoil description causes the aerodynamic planform area to overlap
when considering propeller blades with steep sweep or lean gradients. A highly curved quarter-chord
line causes large rotations of the perpendicular airfoil sections, which may result in overlap when the
discretization of the aerodynamic grid is fine, see section 2.3. This complicates both the geometric
representation of the blade as well as the aerodynamic modelling. Together, these considerations
made the parallel airfoil description the most practical choice for the objectives of this work.

2.3. Aerodynamic and Structural Discretization
Finally, the blade geometry in PROTEUS is discretized into two separate grids: the aerodynamic grid
and the structural grid. Their distinction is important, as they serve fundamentally different purposes
within the aeroelastic framework.

As the name suggests, the aerodynamic grid is used to resolve the aerodynamic loading acting on the
blade. It defines the discrete locations along the quarter-chord line at which aerodynamic forces and
moments are evaluated, based on the blade’s airfoil geometry and local flow conditions. The loads
computed at these points can be integrated along the blade span to determine the overall aerodynamic
performance of the propeller.

In contrast, the structural grid represents the discretization of the blade for structural analysis. To
establish this grid, a reference line which is called the structural axis, must be defined. For convenience,
the structural axis is taken as the quarter-chord line in this work, although in principle any other line
could equally be selected without loss of generality. Consequently, the structural axis is aligned with the
aerodynamic axis. However, because the aerodynamic and structural grids serve different purposes,
they are discretized independently, meaning that their nodes do not coincide.

The blade structure is then modelled using linear Timoshenko beam elements, where each element is
defined by two end nodes and assumes uniform properties along its length [23]. Each node has six
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degrees of freedom, three translational and three rotational, while an additional eight internal degrees
of freedom describe deformations at any point along the element [24]. This results in a total of twenty
degrees of freedom per beam element. Since loads can only be applied at the nodes and not within
the interior of a beam element [23], this work focuses on the twelve degrees of freedom associated
with these nodes. These degrees of freedom are defined relative to the local coordinate system of the
structural axis. For each blade element, this local system is oriented such that the y-axis follows the
spanwise direction tangential to the structural axis, the x-axis aligns with the local chord line pointing
toward the blade’s trailing edge, and the z-axis is perpendicular to the other two axes, pointing down-
ward [23]. This static structural model allows the structural grid to capture both the deformation and
load transfer characteristics of the blade, in contrast to the aerodynamic grid, which only captures the
aerodynamic forces acting on its nodes. For a more detailed discussion on the structural modelling of
PROTEUS, the reader is referred to [24].





3
Aerodynamic Modelling

This chapter provides an overview for aerodynamic modelling of propeller blades. First, the basic
expressions to express propeller performance are provided. Then, the selection procedure for the
aerodynamic model used in this study is discussed in section 3.2. Finally, the selected aerodynamic
model is explained in more detail and validated against experimental data.

3.1. Propeller Performance Theory
The fundamental purpose of an aircraft propeller is to generate thrust by acceleration of air, effectively
converting rotational kinetic energy into translational kinetic energy. This process relies on aerody-
namic principles that are largely analogous to those of aircraft wings. For a propeller cross-section, the
underlying velocities and blade loading of these aerodynamic principles are illustrated in Figure 3.1.

As a propeller rotates, the pressure difference across the airfoil generates lift and drag. These forces
can be decomposed into thrust and a component of aerodynamic force contributing to torque, which
act parallel and tangential to the propeller’s axis of rotation, respectively. Thrust produces the forward
motion of the aircraft, whereas torque represents the rotational moment required to generate this thrust
[25]. Additionally, Figure 3.1 highlights the induced axial and tangential velocities resulting from the
flow acceleration. Due to this acceleration, the axial velocity increases and can no longer be described
solely by the freestream velocity. Similarly, the tangential velocity decreases, causing it to deviate from
the purely rotational velocity [25]. To capture these effects, so-called induction factors are introduced,
which are essential parameters for evaluation of the aerodynamic blade loading and performance.

𝜑

𝜃

Figure 3.1: Velocities and blade loading of a swept propeller blade cross-section (adapted from [25]).

The performance of a propeller is often expressed in non-dimensional numbers, which serve as a pow-
erful tool for comparing the performance of propellers across different sizes and operating conditions.

15
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Commonly used non-dimensional numbers are the thrust coefficient CT , power coefficient CP and
torque coefficient CQ, which relate thrust, power and torque to the propeller’s size and rotational speed
[26].

CT =
T

ρ∞n2D4
(3.1)

CP =
P

ρ∞n3D5
(3.2)

CQ =
Q

ρ∞n2D5
(3.3)

Alternatively, thrust, power, and torque can be normalized using the freestream velocity instead of
the rotational speed, producing the coefficients TC , PC and QC , which are directly related to the disk
loading. Thus, using this normalization, propellers that operate under the same inflow conditions and
disk loading T/D2 will have the same TC , even when their rotational speeds differ.

TC =
T

ρ∞V 2
∞D2

(3.4)

PC =
P

ρ∞V 3
∞D2

(3.5)

QC =
Q

ρ∞V 2
∞D3

(3.6)

Likewise, the operating condition of a propeller is typically expressed in terms of the non-dimensional
advance ratio, which relates the forward speed of the aircraft to the propeller’s rotational speed at
the blade tip. Put differently, it represents the forward distance travelled during one revolution of the
propeller, normalized by its diameter.

J =
V∞

nD
(3.7)

Finally, the propulsor efficiency is defined as the ratio of the generated thrust power to the total power
of the propeller, which can be expressed in terms of the thrust and power coefficients, see Equation 3.8.
This differs from the propulsive efficiency defined in Equation 1.2, as the propulsor efficiency includes
losses at the rotor, like drag, while the propulsive efficiency accounts only for losses associated with
the axial acceleration of the flow behind the propeller [4]. Maximizing the propulsor efficiency is crucial
to achieve the most fuel-efficient operation under given propulsive conditions.

ηP =
V∞T

P
=

JCT

CP
(3.8)

3.2. Review on Blade Element Momentum Models
Aerodynamic modelling is important for the aeroelastic analysis of a propeller design, because its ac-
curacy has significant impact on the overall outcome of the study [27]. It depends on the accuracy
required, computational resources available, and the stage of design, what fidelity level of aerody-
namic modelling is applied. Low-fidelity models, based on simplified theoretical approaches [28], offer
rapid assessments but they lack the precision required for final design evaluations. High-fidelity models
on the other hand, use advanced numerical techniques and require significant computational power to
capture detailed fluid dynamics. This makes them suitable for final design evaluation, but less practical
for high-iteration preliminary design studies.

Blade element (BE) models are the most widely used low-fidelity aerodynamic models due to their
simplicity and reasonable accuracy. In brief, BE theory divides the rotor blades into spanwise elements
where the aerodynamic loads are computed for each segment based on local flow angles and induced
velocities. The required lift and drag polars typically rely on empirical data. However, since the induced
velocity is generally unknown in BE models, they must be coupled with an additional aerodynamic
model to supply this information [28]. Therefore, BEmodels alone cannot fully provide the aerodynamic
loading.
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Blade element models are often coupled with momentum theory, also called actuator disk theory, which
assumes that a propeller can be described by an infinitely thin disk divided into concentric annuli [29].
This rotor disk inserts momentum into the flow which causes a pressure jump that is related to the
induced velocity. Unsurprisingly, the combination of the blade element model with momentum theory is
called blade element momentum (BEM) theory. BEM theory iteratively couples the two approaches to
determine the induced velocity and subsequently calculates the forces, moments, and power generated
by the rotor. Since the wake is not resolved in BEM theory, tip-loss factors are applied for the results
to be more accurate [30].

Ismail et al. [31] compared BEM theory and lifting-line theory (LLT) for a small wind turbine, which can
be considered as a large propeller operating under negative thrust, using two different rotor airfoils: Got-
tingen GO 398 and Joukowski J 0021. Their analysis assessed both aerodynamic performance and
computational efficiency. The power coefficient varied by 4.4% and 6.3% between the two methods
for the wind turbines with the Gottingen GO 398 airfoil and the Joukowski J 0021 airfoil, respectively.
BEM theory overpredicted the aerodynamic performance compared to LLT due to the neglected wake
effects. Although LLT required less iterations to reach convergence, its computational time was sig-
nificantly higher. For the turbine with the Gottingen GO 398 airfoil, the computational times of the
simulations were 149.32 s for BEM theory and 1007.7 s for LLT, while for the Joukowski J 0021 airfoil,
they were 17.31 s and 580.3 s, respectively. This study therefore highlights the efficiency advantage of
BEM theory over LLT, as it offers significantly lower computational costs while it maintains comparable
performance accuracy.

Since the focus of this study is on propeller analysis during the preliminary design phase, minimizing
computational cost is crucial. Aeroelastic procedures typically require many iterations to find conver-
gence, making it crucial to minimize the computational time of the aerodynamic analysis during each
iteration. Since BEM theory offers a significantly lower computational time compared to LLT while it
maintains reasonable accuracy, it is the preferred aerodynamic model for this study. However, clas-
sical BEM theory, as often used for performance calculations of straight propeller blades, does not
inherently account for sweep and lean. Therefore, several attempts have been made in the past to
extend classical BEM theory to accurately model swept propeller blades.

In 2008, Rosen et al. [32] developed an extended BEMmodel by adding a radial velocity term to account
for radial velocity variations enabling sweep modelling. Similar as in chapter 2, the local sweep angle
was defined with respect to the quarter-chord line of the blade. Burger [33] implemented this extended
BEM theory and validated the model for three randomly swept blade designs, as shown in Figure 3.2.
It was concluded that the alignment between BEM and CFD is reasonable for Design 1 and Design 3.
Design 2, however, shows larger discrepancies due to its lean which was not accounted for.

(a) Thrust coefficient. (b) Power coefficient. (c) Efficiency.

Figure 3.2: Comparison between extended BEM theory by Rosen et al. [32] and RANS CFD for three
randomly swept rigid blade designs [33].

Geng et al. [11] also developed an aerodynamic model that accounts for sweep, by extending the BEM
model from Liu et al. [34]. Instead of defining the sweep relative to the quarter-chord line, the mid-
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chord line was used as the reference, as this is the input required by the noise model of Hanson [35]
used for predicting the far-field noise emissions from the propeller. This extended BEM model was
validated through experiments for a six-bladed propeller with a maximum sweep angle of MCA/R ≈
0.09, see Figure 1.2. The results are presented in Figure 3.3. Since only high advance ratio values
were considered during their optimization procedure, Geng et al. [11] concluded that their BEM theory
was sufficiently accurate.

(a) Thrust coefficient. (b) Power coefficient. (c) Efficiency.

Figure 3.3: Comparison between extended BEM theory of Geng et al. [11] and experimental
measurements.

The two previous methods only accounted for in-plane sweep angles, relative to the plane of rotation.
As discussed previously, Sodja et al. [5] developed a BEM model capable of handling arbitrary geome-
tries, including lean. The three propeller blade geometries shown in Figure 1.6 were experimentally
tested and the results were compared with the predictions from the extended BEM model in Figure 3.4.
Although there are noticeable differences between the model predictions and the experimental mea-
surements, the overall trends remain similar.

(a) Thrust coefficient. (b) Power coefficient. (c) Efficiency.

Figure 3.4: Comparison between extended BEM theory of Sodja et al. [5] and experimental test
results for three flexible propeller blades.

Finally, Bergmann et al. [36] examined various sweep corrections for blade element models and com-
pared the results with RANS CFD simulations. Initially, the models were tested for an unswept blade to
assess the capabilities, followed by an evaluation of swept blades. From this analysis, two noteworthy
conclusions were reached. First, when evaluating swept propeller blades with BE theory, it is essential
to correct the local tangential velocity to account for the changed inflow direction at the blade element.
Second, the results showed good agreement with RANS CFD simulations for sweep offsets of up to
25% of the blade span.

To conclude, reasonable agreement for BEM with sweep was found in studies like [33, 11, 5], where
each of these aerodynamic models has been validated using either experimental test results or high-
fidelity CFD simulations. These models typically overpredict the aerodynamic performance of swept
propeller blades due to the neglected wake effects, but their predictions generally exhibit similar trends
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to experimental results and CFD simulations. Additionally, Bergmann et al. [36] showed that if sweep
corrections are taken into account by the model, reasonable results can be generated for sweep offsets
of up to 25% of the blade span. Due to this balance between accuracy and low computational cost,
the extended BEMmodel is selected for the aerodynamic analysis in the optimization framework of this
study.

3.3. Blade Element Momentum Theory
The BEMmodel used in this work is based on the model developed by Adkins et al. [37]. The mathemat-
ical formulation underlying this model will be summarized briefly, but for a more detailed explanation,
the reader is referred to the Master’s thesis of Rotundo [23]. Additionally, the model is extended to
account for the effects of blade sweep and lean.

Momentum theory models the propeller as an infinitely thin disk that generates thrust by adding momen-
tum to the flow, resulting in an increase in total pressure and flow velocity. According to the principle
of conservation of mass, the cross-sectional area of the streamtube must decrease accordingly, see
Figure 3.5. In this figure, the velocity increase induced by the propeller is expressed in terms of the
non-dimensional induction factor.

Figure 3.5: The streamtube of a propeller as modelled by Momentum theory [20].

By applying the principle of conservation of momentum, the thrust force acting on the flow can be
related to the change in momentum and, consequently, the change in velocity [37].

CM
t (r) = 4a(1 + a) (3.9)

Similarly, an expression for the torque coefficient can be derived.

CM
q (r) = 4a′(1 + a)

ωr

V∞
(3.10)

Note that these expressions depend on the radius as the induction factor varies radially along the blade
span. To account for this variation, the propeller disk is divided into a finite number of annular sections.
The coefficients are then computed individually for each annulus, which allows for a more accurate
computation of the aerodynamic loads.

In order to compensate the momentum losses at the tip and the root of the propeller blade due to
the local reduction in circulation, a tip-loss and root-loss factor are applied to the thrust and torque
coefficient. Several loss factors have been proposed in literature [38], but the expressions selected for
this work are those from Prandtl, as these offer a reasonable level of accuracy at low computational
cost [23].

Ftip =
2

π
arccos

(
exp

(
− Nb

2
· rtip − r

r| sinφ|

))
(3.11)

Froot =
2

π
arccos

(
exp

(
− Nb

2
· r − rroot
rroot| sinφ|

))
(3.12)

F = Ftip · Froot (3.13)
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Lastly, a correction is applied for large negative axial induction factors, as developed by Buhl [39], to
correct for the non-physical flow reversal that occurs in the propeller wake for axial induction factors of
-0.5 and below [23]. Since these negative induction factors correspond to negative thrust, the correction
is only applied when the propeller operates under negative thrust conditions. The final expressions of
the thrust and torque coefficient in momentum theory are given by Equation 3.14 and Equation 3.15.

CM
t (r) =

{
4a(1 + a)F, if a ≥ −0.326

(1.39(1 + a)− 1.816)F, otherwise
(3.14)

CM
q (r) = 4a′(1 + a)

ωr

V∞
F (3.15)

These expressions for the coefficients, however, do not provide sufficient information to assess pro-
peller performance, as the axial and tangential induction factors remain unknown. To address this,
Blade Element theory is used to close the aerodynamic model. Similar to Momentum theory, an ex-
pression for the thrust and torque coefficient can be derived within the framework of Blade Element
theory.

Again, the propeller blades are divided into several elements along the blade span. The difference is
that for each element, the thrust and torque acting on the blade are now related to the lift and drag
forces through decomposition of these forces into normal and tangential forces acting on the blade
with respect to the plane of rotation. This decomposition, represented by the two-dimensional rotation
matrix, can be derived from Figure 3.1 and is given below.[

Cz

Cx

]
=

[
cos(φ) − sin(φ)
sin(φ) cos(φ)

]
·
[
Cl(α,Re)
Cd(α,Re)

]
(3.16)

The thrust and torque coefficient for Blade Element theory are then expressed in terms of these force
coefficients, the blade solidity and the local flow velocity [37]. Note that the sectional lift and drag
coefficients in Equation 3.16 are computed using empirical polar data depending on the angle of attack
and the Reynolds number.

CBE
t (r) = Czσ(r)

(
V

V∞

)2

(3.17)

CBE
q (r) = Cxσ(r)

(
V

V∞

)2

(3.18)

σ(r) =
Nbc

2πr
(3.19)

In these expressions, the local flow velocity over the blade can be expressed in terms of the induction
factors and the radial coordinate.

V =
√
(V∞(1 + a))2 + (ωr(1− a′))2 (3.20)

Finally, the BEM model is solved based on the assumption that the global forces of momentum theory
match the local forces acting on the blades as found by blade element theory. In other words, the
thrust force and torque that act on each annulus in momentum theory must equal the combined thrust
and torque of all elements of blade element theory within that annulus. Therefore, the BEM model is
solved iteratively by minimization of the residual vector as defined below. The aerodynamic loads and
performance can then be computed using the equations stated in section 3.1.

RBEM =

[
CBE

t

CBE
q

]
−

[
CM

t

CM
q

]
(3.21)

When using this BEM model, several underlying assumptions must be considered [40]. The fluid is
assumed to be incompressible, inviscid, and isentropic, while the propeller is modelled as an infinites-
imally thin disk divided into multiple annular sections. Momentum analysis of each annulus is one-
dimensional, with momentum losses at the root and tip accounted for using the Prandtl root-loss and
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tip-loss factors, respectively. Axial and tangential velocities are considered uniformly distributed across
each annular section, meaning that the thrust force acting on the flow is also uniformly distributed. It is
further assumed that the global forces acting on the disk match the local forces acting on the blades.
The aerodynamic loads for each blade element are based on two-dimensional airfoil properties, and
interactions between adjacent blade elements are neglected.

3.3.1. Compressibility Effects
An aerodynamic correction is applied to the BEM model to account for compressibility effects, which
become important as the flow velocity reaches transonic speeds. In this operating regime, the pressure
difference over the blade increases which results in a higher lift [41]. Below the critical Mach number,
the change in drag remains small because it is dominated by friction in the subsonic flow regime [41].
However, when reaching transonic speeds, the pressure drag might increase due to its dependence
on the pressure difference over the blade.

To capture these effects, the Prandtl-Glauert compressibility correction could be applied, as shown in
Equation 3.22 [42], which can be used to scale the lift coefficient and the pressure drag coefficient.
Alternatively, compressibility effects could be included through airfoil polar data of the lift and drag
coefficients. In this case, no compressibility correction is applied to the expression for lift and drag
coefficients of the BEM model directly. Instead, an airfoil polar database is used that accounts for the
Mach number of the flow over the airfoil.

Cp =
Cp,0√
1−M2

(3.22)

Since Mach dependent polar data is not available, the Prandtl-Glauert correction is used in this work.
Furthermore, the available polar data does not discriminate friction drag and pressure drag, but only pro-
vides the total drag coefficient. Therefore, the compressibility correction is applied to the lift coefficient
only.

3.3.2. Sweep Correction
Since momentum theory is one-dimensional, it does not account for the effects of sweep and lean. Like-
wise, blade element theory neglects these effects because it treats each blade element independently,
assuming two-dimensional flow around them. To incorporate sweep and lean, correction factors are
therefore applied within the blade element framework.

As illustrated in Figure 2.2, the blade elements of a swept propeller are no longer positioned in the same
way as those of a straight blade. While the elements remain aligned with the incoming freestream flow
along the span, a geometric offset shifts each element, in case of sweep, in x-direction. This offset
causes the rotation vector to be no longer oriented perpendicular to the chord line, which affects the
effective rotational velocity experienced by the airfoil. Figure 3.6 shows that only the component of the
rotational velocity that is aligned with the chord line contributes to the relative flow experienced by the
airfoil section. As a result, the tangential velocity component of Equation 3.20 is reduced by a factor of
cosΛ. The axial component, however, remains unaffected because sweep does not affect the inflow in
this direction.

The resulting expression for the sweep corrected local flow velocity over each blade element is provided
below.

V =
√
(V∞(1 + a))2 + (ωr(1− a′) cosΛ)2 (3.23)

The lift and drag coefficients are then obtained by evaluating the available polar data using the Reynolds
number and by applying the compressibility correction based on the Mach number, both computed
from the corrected flow velocity, see Equation 3.24 and Equation 3.25. Note that this correction is
crucial because the aerodynamic characteristics of the airfoil are only valid when the velocity component
parallel to its chord line is used. If the reduction in effective tangential velocity is not considered, the
predicted lift and drag will fail to accurately represent the true aerodynamic loading on the blade section.

Re =
ρ∞cV

µ
(3.24)
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Figure 3.6: Effective rotational velocity experienced by the airfoil.

M =
V

cair
(3.25)

Additionally, the local flow angle, defined as the angle between the axial and tangential velocity com-
ponent, is expressed as a function of the sweep angle.

φ = arctan

(
V∞(1 + a)

ωr(1− a′) cosΛ

)
(3.26)

These corrected values of the lift and drag coefficients, as well as the local flow angle, are then used in
Equation 3.16 to compute the modified axial and tangential force coefficients. Finally, the thrust coeffi-
cient can be computed by substitution of these expressions into Equation 3.17. The torque, however,
must not be computed along the chord line but perpendicular to the rotation vector [36]. Therefore, the
torque coefficient is multiplied by cosΛ. These coefficients are provided as input to the residual vector
as defined in Equation 3.21 to iteratively solve the BEM model.

CBE
q (r) = Cxσ(r)

(
V

V∞

)2

cosΛ (3.27)

Lastly, the aerodynamic loads acting on each propeller blade section can be computed using BE theory.[
f̃a
m̃a

]
= q∞S

[
Cx 0 Cz 0 Cmc 0

]T (
V

V∞

)2

(3.28)

This extended BEM model does not apply a direct correction for lean because, unlike sweep, the
orientation of the airfoil does not depend on variations in lean. As a result, the local velocity over
each blade element remains unaffected, and no explicit lean correction is required. However, this does
not mean that lean has no impact on the aerodynamic performance at all.

Recall that, in this work, the QCA and FA are defined as the x- and z-coordinates of the quarter-chord
line, respectively. Consider a blade that features only lean, so no sweep, at a zero pitch angle, see
the top-left propeller cross-section in Figure 3.7. When this blade is pitched, the rotation transforms
the quarter-chord line’s z-coordinate (FA) into the x-coordinate (QCA). In other words, pitch converts
lean into sweep. As illustrated by Figure 3.7, pitching the blade to 45◦ reduces the FA while increasing
the QCA such that the two become equal. When the blade is pitched to 90◦, the initial lean disappears
entirely, and the quarter-chord line’s z-coordinate is fully rotated into the x-coordinate, resulting in pure
sweep. By being geometrically transformed into sweep under pitched conditions, the initial lean indi-
rectly affects the blade loading through the sweep correction in Equation 3.23. Thus, although lean
itself does not require a direct correction in the BEM model, it can still affect the blade’s aerodynamic
performance. Similarly, blade pitch can convert sweep into lean. This highlights that lean and sweep
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are not independent under blade orientations, and their combined effects must be understood when
interpreting the aerodynamic predictions of the model.

𝛽0.7𝑅 = 0°

y 
x

z

FA

𝛽0.7𝑅 = 45°

𝛽0.7𝑅 = 90°

FA

QCA

QCA

Figure 3.7: Effect of pitch on the quarter-chord alignment and face alignment.

Lastly, it should be noted that aerodynamic interaction effects between neighbouring blade elements
are still neglected in this extended BEM model, meaning that sweep and lean only affect the individual
blade elements. However, for propeller blades with significant curvature, this assumption becomes
invalid. At large lean angles, the leading edge vortices move over the downstream neighbouring blade
elements and therefore affect the aerodynamic loading. Similarly, for highly swept propeller blades,
these vortices can impact the loading of adjacent elements [20]. Also, sweep induces a more pro-
nounced spanwise flow, directed parallel to the quarter-chord line, compared to an unswept propeller.
These effects could potentially be accounted for by adding additional sweep and lean correction factors
based on their respective gradients as shown in Equation 2.4 and Equation 2.5. This is further sup-
ported by the research of Bergmann et al. [36]. For a more detailed discussion on alternative sweep
and lean corrections, see Appendix B. Additionally, the model becomes less reliable near the blade
root and tip, where three-dimensional effects dominate and invalidate the underlying two-dimensional
assumptions of BEM theory. Although the Prandtl tip- and root-loss factors are applied to compensate
the momentum losses in these regions, they do not account directly for the geometric influences of
sweep and lean. Moreover, previous studies have indicated that Prandtl’s formulation may not be the
most appropriate correction for swept rotors [43]. In contrast, the mid-span region is only weakly af-
fected by these three-dimensional tip and root effects, which makes this region more suitable for the
two-dimensional analysis of the extended BEM model.

3.4. Validation of Aerodynamic Model
Finally, the extended BEM model is validated to assess its accuracy in predicting the aerodynamic
behaviour of the propeller blades. For this purpose, two blade geometries are considered: the six-
bladedXPROP (Figure 1.4a) andXPROP-Λ (Figure 1.4b), the latter being amodified version ofXPROP
with an increased amount of sweep. Asmentioned in section 1.2, Prud’homme van Reine [4] conducted
wind tunnel tests on both propellers, and his measurement data are used for validation. Further details
on both propeller geometries are provided in Appendix A.

The experimental measurements were obtained at a freestream Mach number of M = 0.12 and col-
lective pitch angles of 30◦ and 45◦. For β0.7R = 30◦, the advance ratio ranges approximately from 0.8
to 1.3, while for β0.7R = 45◦, it varies roughly between 1.4 and 2.3. These operating conditions were
also applied for validating the extended BEM model because validation across multiple pitch angles
and sweep configurations not only increases credibility but also allows the model’s sensitivity to pitch
and sweep to be evaluated. For further details on the experimental methodology and the associated
confidence intervals of the measurement data, the reader is referred to [4].
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In the BE theory calculations, airfoil polar data from Rotundo [23] were used. These polars were gener-
ated numerically using RFOIL for angles of attack ranging from -24◦ to 24◦ with increments of 3◦. The
relatively large increment was chosen to limit the dataset size and thus computational time. Rotundo
[23] showed, by comparison with aerodynamic results obtained using 0.1◦ increments, that the larger
3◦ increment has no significant impact on the predicted aerodynamic performance. When generating
airfoil polar data, RFOIL incorporates rotational effects of the propeller by accounting for centrifugal
forces and the resulting Coriolis effects. These forces establish a favourable pressure gradient that
delays stall and therefore increases lift, particularly near stall conditions occurring at high angles of
attack [44]. Furthermore, the transition from laminar to turbulent flow is modelled by the eN -method
using a critical amplification factor of N = 4.5, although RFOIL neglects the effect of rotation on this
transition location [23]. Finally, for the BEM calculations, the aerodynamic model used 100 spanwise
nodes which were all distributed using cosine spacing to achieve higher resolution near the blade ends.
Also, central differencing was used in the numerical scheme to update the induction factors during the
minimization of the residual vector, as given by Equation 3.21.

Figure 3.8 compares the BEM predictions with the experimental measurements, showing the thrust
and power coefficients, and the efficiency, as defined by Equation 3.1, Equation 3.2 and Equation 3.8,
respectively. As expected from the discussion in section 3.2, the BEM model tends to overestimate
the aerodynamic performance. In fact, as reported in Table 3.1, BEM overestimates the propulsor effi-
ciency by up to 0.091, equivalent to an error of 11.8%, while the corresponding advance ratio exhibits
a discrepancy of 0.34, representing a misprediction of 19.3%. This discrepancy may arise because the
BEM model assumes two-dimensional behaviour for the airfoil profile performance, neglecting three-
dimensional aerodynamic effects such as tip vorticity and spanwise flow, which limits its ability to accu-
rately represent reality. Second, the transition of the airflow from laminar to turbulent in the experiments
is a process that, despite using the eN -method, may not be captured accurately within the polar data
due to the neglected impact of rotational effects. This could lead to inaccurate predictions of the lift and
drag of the blade sections. Especially at a pitch angle of 45◦, where the angle of attack is high, rota-
tional effects become more pronounced, which may explain the larger discrepancies observed at 45◦
compared to 30◦. Furthermore, whenever laminar separation occurs on the blade in the experiment, a
strong three-dimensional flow field develops, which is not captured by the BEM model. Together, these
factors can cause the BEM model predictions to exceed the experimentally measured performance.

Table 3.1: Comparison between BEM predictions and experimental measurements of the maximum
propulsive efficiency and the corresponding advance ratio for XPROP and XPROP-Λ.

β0.7R Propeller Method ηP ∆ηP ∆ηP (%) J ∆J ∆J (%)

30◦
XPROP

BEM 0.829
0.085 11.4

1.21
0.14 13.1

Exp. 0.744 1.07

XPROP-Λ
BEM 0.830

0.079 10.6
1.21

0.13 11.9
Exp. 0.751 1.08

45◦
XPROP

BEM 0.857
0.089 11.6

2.08
0.31 17.6

Exp. 0.768 1.77

XPROP-Λ
BEM 0.858

0.091 11.8
2.08

0.34 19.3
Exp. 0.767 1.74

The differences in thrust and power coefficients, as well as in efficiency, between the BEM model
predictions and the experimental measurements are shown in Figure 3.9. Percentage differences are
omitted, since they become less meaningful when baseline values approach zero.
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(a) Thrust coefficient at β0.7R = 30◦. (b) Thrust coefficient at β0.7R = 45◦.

(c) Power coefficient at β0.7R = 30◦. (d) Power coefficient at β0.7R = 45◦.

(e) Efficiency at β0.7R = 30◦. (f) Efficiency at β0.7R = 45◦.

Figure 3.8: Aerodynamic performance of XPROP and XPROP-Λ at M = 0.12, comparing the
extended BEM model with experimental data, including a third-order polynomial fit to the experimental

data points from [4].
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(a) Difference in thrust coefficient at β0.7R = 30◦. (b) Difference in thrust coefficient at β0.7R = 45◦.

(c) Difference in power coefficient at β0.7R = 30◦. (d) Difference in power coefficient at β0.7R = 45◦.

(e) Difference in efficiency at β0.7R = 30◦. (f) Difference in efficiency at β0.7R = 45◦.

Figure 3.9: Aerodynamic performance difference between the predictions of BEM and the
experimental measurements for XPROP and XPROP-Λ.
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The results in Figure 3.9 clearly show once again that the BEM model consistently overestimates the
aerodynamic performance, as all differences are positive. Notably, the trends for XPROP and XPROP-
Λ are quite similar for all performance metrics. In the mid-range of the advance ratios, between J = 0.9
and 1.2 for 30◦ pitch and between J = 1.6 and 2.0 for 45◦ pitch, the discrepancies in thrust coefficient
are smallest. At 30◦ pitch, the differences range from 0.017 to 0.020 for XPROP and from 0.020 to
0.021 for XPROP-Λ, while at 45◦ pitch they range from 0.038 to 0.046 and from 0.045 to 0.050 for
XPROP and XPROP-Λ, respectively. This suggests that, for these pitch angles, the model provides its
most reliable thrust predictions within these advance ratio ranges. Furthermore, within these ranges,
the offset for XPROP-Λ is greater than that for XPROP in both thrust and power coefficients, indicating
that the BEM model tends to overestimate the performance of the swept blade more than that of the
straight blade. The difference in power coefficient steadily decreases with increasing J at 30◦ pitch,
whereas at 45◦ pitch it reaches its minimum between J = 1.6 and 2.0, with minimum values of 0.033
for XPROP and 0.048 for XPROP-Λ. The difference in efficiency, however, diverges with increasing J
for both blade configurations and pitch angles.

The effect of sweep on aerodynamic performance is small, as shown by the close agreement between
the performance curves of XPROP and XPROP-Λ in Figure 3.8 for both the experimental measure-
ments and the predictions by BEM. This is highlighted in Figure 3.10, which shows the difference in
aerodynamic performance between XPROP and XPROP-Λ for both methods. When interpreting these
results, it should be noted that at a 45◦ pitch angle, the blade orientation is such that sweep effectively
translates into an equal amount of lean. These results therefore indicate that the influence of lean on
the aerodynamic performance is also limited.

In the mid-range of J = 0.9 to J = 1.2, where the BEM model most accurately predicts thrust at
30◦ pitch, the difference in thrust coefficient between XPROP and XPROP-Λ ranges from -0.0044 to
-0.0039 for BEM and from -0.0037 to -0.0024 for the experiments. Similarly, at 45◦ pitch and J = 1.6
to 2.0, ∆CT ranges from -0.0036 to -0.0034 for BEM and from -0.0076 to -0.0022 for the experiments.
These negative values indicate that the thrust coefficient decreases with increasing sweep, while their
small magnitudes show that the sensitivity of thrust to sweep is small. Similarly, the effect of sweep
on the power coefficient is negative for both the BEM predictions and the experimental results at these
mid-range advance ratios. At 30◦ pitch,∆CP ranges from -0.0065 to -0.0058 for BEM and from -0.0072
to -0.0045 for the experiments, while at 45◦, the ranges are -0.0086 to -0.0084 and -0.0161 to -0.0060
for BEM and the experiments, respectively. Overall, the BEM model accurately predicts the sign of the
aerodynamic performance change between XPROP and XPROP-Λ, indicating that the sensitivity to
sweep is well captured in direction, though its magnitude differs.

Although the absolute values of thrust and power are overestimated, the validation demonstrates that
the extended BEM model successfully reproduces the performance trends of thrust and power at a 30◦
pitch angle, including the effects of sweep, within the mid-range advance ratio of J = 0.9 to 1.2. This
accuracy decreases at the higher pitch setting of 45◦, probably due to stronger three-dimensional aero-
dynamic effects. The results indicate that, for sweep and lean sensitivity studies focused on propeller
performance in terms of thrust and efficiency, the model provides sufficient fidelity at 30◦ pitch, with
these trends well captured, as shown in Figure 3.10a and Figure 3.10e. However, the accuracy of the
model decreases at 45◦ pitch. Accordingly, the extended BEMmodel can be applied to parametric stud-
ies aimed at identifying design trends, though it is less suitable for detailed design optimization. This
aerodynamic model can therefore provide valuable insights into the aerodynamic effects of geometric
and operational changes even when absolute values are offset.
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(a) Difference in thrust coefficient at β0.7R = 30◦. (b) Difference in thrust coefficient at β0.7R = 45◦.

(c) Difference in power coefficient at β0.7R = 30◦. (d) Difference in power coefficient at β0.7R = 45◦.

(e) Difference in efficiency at β0.7R = 30◦. (f) Difference in efficiency at β0.7R = 45◦.

Figure 3.10: Aerodynamic performance difference between XPROP and XPROP-Λ as predicted by
BEM and observed experimentally.



4
Aeroelastic Coupling

This chapter presents an overview of the aeroelastic coupling used in this project. It starts with a
mathematical explanation of how this coupling works. Next, analytical expressions of the aerodynamic
sensitivities are developed and validated by comparison with numerical calculations in section 4.2 and
section 4.3, respectively. Finally, in section 4.4, verification of the aeroelastic coupling is performed.

4.1. Aeroelastic Coupling
To perform static aeroelastic analysis on the propeller blade, the external forces and moments that act
on the blade must be in equilibrium with its internal forces and moments. The external forces include
the aerodynamic, centrifugal and other eccentric forces, like gravity, while the structural forces are
considered to be internal. Although the aerodynamic forces could be regarded as eccentric forces,
since they are not evaluated on the structural nodes, they are evaluated separately for convenience.
However, when the internal forces are not in equilibrium with the external forces, the blade deforms.
This deformation changes the blade geometry, which in turn affects both the internal and external
forces. To account for this interdependence, the internal and external forces are coupled by a residual
vector, see Equation 4.1, whose minimization ensures equilibrium is reached. In other words, the
coupling guarantees that the structural forces balance the sum of the aerodynamic, centrifugal and
eccentric forces, and that all forces are resolved consistently with their dependence on the structural
deformations.

R(p) = fs(p)− (fa(p) + fc(p) + fe(p)) (4.1)

To find this equilibrium, an iterative scheme is employed, in which the blade deformation is updated
using the Newton-Raphson method.

pi+1 = pi −
(
∂R

∂p
(pi)

)−1

·R(pi) (4.2)

This could be solved by a loosely coupled method that iteratively computes the aerodynamic loads
and the resulting structural deformation, as applied by Thielen [6]. However, Rotundo [23] developed
a tightly coupled method that incorporates also the gradients of the forces, which increased the ro-
bustness and convergence rate significantly compared to the loose coupling, while keeping excellent
agreement with the loosely coupled method. Within this approach, the residual vector is expressed in
terms of the gradients with respect to the deformations of the blade for both the internal and external
forces.

−R(pi) =

(
∂fs
∂p

− ∂fa
∂p

− ∂fc
∂p

− ∂fe
∂p

)∣∣∣∣
pi

(pi+1 − pi) =: (Ks −Ka −Kc −Ke) · (pi+1 − pi) (4.3)

Because of its computational efficiency, the gradient-based coupling is also applied in this work. Accord-
ing to Equation 4.3, updating the blade deformation requires the structural, aerodynamic, centrifugal,

29
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and external stiffness matrices. For each stiffness matrix, it is necessary to verify whether the current
computation method in PROTEUS is applicable to blade geometries with sweep and lean.

Since the structural computations in PROTEUS can accommodate arbitrary three-dimensional blade
geometries, the calculation of the structural stiffness matrix is compatible with generic geometries [45].
The analysis of the structural stiffness matrix should therefore perform equally well for swept and leaned
blades as it does for straight blades. Furthermore, gravity is not considered in this study, as its effect
on propeller blades is minimal compared to fixed wings due to their considerably lower mass. As no
other external forces are applied, the external stiffness matrix is not utilized.

4.1.1. Centrifugal Loads
The original model of PROTEUS was developed for fixed wings only, meaning that the effect of cen-
trifugal force was not included. Rotundo et al. [19] extended the model for propeller blades by including
the centrifugal force and its derivative with respect to blade deformation.

fc(p) = −M ·Ω ·Ω·(r+ p) (4.4)
dfc
dp

= −M ·Ω ·Ω =: Kc (4.5)

For the twelve degrees of freedom of each beam element, the squared rotor speed matrix is given
below. Note that its values for rotational degrees of freedom are all zero, meaning that these do not
contribute to the centrifugal force [19].

Ω ·Ω =


ω2 03x3 03x3 03x3

03x3 03x3 03x3 03x3

03x3 03x3 ω2 03x3

03x3 03x3 03x3 03x3

 where ω2 =

−ω2 0 0
0 −ω2 0
0 0 0

 (4.6)

Since the definition of the rotor speed matrix is independent of blade geometry parameters, it remains
unchanged when sweep or lean is introduced. The mass matrix does depend on blade geometry,
but its existing formulation in PROTEUS is already applicable to arbitrary three-dimensional shapes.
Therefore, no adjustments are required for the computation of the centrifugal loads.

PROTEUS contains two types of mass matrices. The consistent mass matrix integrates the mass over
the volume of the beam, thereby accounting for mass variations within the beam element. This pro-
duces non-zero off-diagonal matrix terms resulting in mass coupling between (neighbouring) degrees
of freedom of the nodes. On the other hand, the lumped mass matrix assumes that the beam element
mass is concentrated at its nodes, with the mass evenly distributed among the two nodes, resulting in
a diagonal matrix without any mass coupling [23]. Although the consistent mass matrix offers higher
fidelity, it increases computational cost due to the added complexity in the coupled equations of motion.
The lumped mass matrix, however, reduces computational effort while maintaining sufficient accuracy
for most engineering applications. For these reasons, the lumped mass matrix is adopted in this work.

4.1.2. Aerodynamic Loads
In contrast to the centrifugal loads, it is easier to evaluate the aerodynamic loads on the aerodynamic
grid instead of the structural grid, because that is where the aerodynamic quantities are known [23].
However, Equation 4.1 and Equation 4.3 require the aerodynamic loads and their derivatives with
respect to blade deformation to be evaluated on the structural grid. In his dissertation, Werter [24]
developed a method to transform eccentric loads to nodal loads. This method can also be applied to
map the aerodynamic loads from the aerodynamic grid to the structural grid, as shown in Equation 4.7.
For a more detailed mathematical explanation of the HTBT

e mapping, the reader is referred to [24].

fa = HTBT
e

[
f̃a
m̃a

]
(4.7)

This equation shows that taking the variation of the aerodynamic loads results in three contributions to
the aerodynamic stiffness matrix, see Equation 4.8. Werter [24] showed that this could be expressed
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as the sum of the geometric moment stiffnessKh, the geometric rotation stiffnessKg and the material
stiffness Km, each multiplied by the variation in blade deformation.

δfa = δHTBT
e

[
f̃a
m̃a

]
+HTδBT

e

[
f̃a
m̃a

]
+HTBT

e δ

[
f̃a
m̃a

]
=: (Kh +Kg +Km)δp (4.8)

Since Kh and Kg are only dependent on the aerodynamic loads and not on their variation, these
stiffness matrices do not require any adjustments in PROTEUS to account for sweep and lean. Thus,
when extending the aeroelastic model to include sweep and lean, extension of the aerodynamic model
itself is sufficient for these terms. The material stiffness matrix, on the other hand, does depend on
the variation of the aerodynamic loads. Therefore, it requires revision when using the extended BEM
model. Rotundo [23] showed that the material stiffness matrix can be expressed in terms of gradients
of the aerodynamic loads with respect to the structural degrees of freedom directly.

Km = HTBT
e · d

dp

[
f̃a
m̃a

]
·BeH (4.9)

A structural node contains both three translational and rotational degrees of freedom, meaning that the
derivative of the aerodynamic loads with respect to the blade deformation can be written in terms of
these six degrees of freedom. Rotundo [23] assumed in his work that the aerodynamic loads depend
only on the twist angle β. Due to the more general blade geometries considered here, this assumption
is not made. It is assumed, however, that the loads are independent of the axial position z, making the
corresponding aerodynamic sensitivities zero, as shown in Equation 4.10.

d

dpa

[
f̃a
m̃a

]
=

[
d
dx f̃a

d
dy f̃a

d
dz f̃a

d
dΛ f̃a

d
dβ f̃a

d
dΨ f̃a

d
dxm̃a

d
dy m̃a

d
dz m̃a

d
dΛm̃a

d
dβ m̃a

d
dΨm̃a

]

=

[
d
dx f̃a

d
dy f̃a 0 d

dΛ f̃a
d
dβ f̃a

d
dΨ f̃a

d
dxm̃a

d
dy m̃a 0 d

dΛm̃a
d
dβ m̃a

d
dΨm̃a

]
(4.10)

In the next section, analytical expressions for the aerodynamic sensitivities with respect to the defor-
mations in these remaining five structural degrees of freedom will be derived, and the results will be
compared against numerical calculations to assess their accuracy in section 4.3.

4.2. Aerodynamic Sensitivities
The derivatives in Equation 4.10 can be evaluated either analytically or numerically, using the extended
BEM model described in section 3.3. The numerical approach may seem more straightforward to im-
plement, as it relies on finite difference approximations. However, the analytical approach is computa-
tionally faster and could provide more insight into the dependencies of the aerodynamic loads on the
blade deformation parameters.

In the following subsections, the sensitivity expressions for each degree of freedom will be presented.
First, the analytical expressions for the sensitivity with respect to twist deformation will be derived in
detail. The sensitivities with respect to sweep and lean are then derived using a similar approach,
and therefore only the new derivatives are presented. Finally, the two remaining sensitivities of the
aerodynamic loads with respect to blade deformations in the translational degrees of freedom, x and
y, are addressed.

4.2.1. Sensitivities to Twist Deformation
The sensitivity with respect to twist deformation is expected to be the largest compared to other struc-
tural degrees of freedom, because it directly affects the blade’s local angle of attack. Therefore, the
analytical expressions of these sensitivities were also derived by Rotundo et al. [19]. However, this
was done for a BEM model without sweep and lean corrections. Here, the derivation is shown for the
extended BEM model from section 3.3.
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The first step is to take the derivative of the aerodynamic loads, see Equation 3.28, with respect to the
twist angle.

d

dβ

[
f̃a
m̃a

]
= q∞S

[
Cxβ

0 Czβ 0 Cmβ
c 0

]T (
V

V∞

)2

+ q∞S
[
Cx 0 Cz 0 Cmc 0

]T 2V

V 2
∞

dV

dβ

+ q∞
dS

dβ

[
Cx 0 Cz 0 Cmc 0

]T (
V

V∞

)2

(4.11)

The first terms that appear in this equation are the derivatives of the tangential and axial force coeffi-
cients. These can be rewritten in terms of the lift and drag coefficients using Equation 3.16. Since the
lift and drag coefficients, but also the moment coefficient in Equation 4.11 above, are dependent on the
angle of attack, the chain rule is applied. Furthermore, the derivatives of these coefficients with respect
to the angle of attack can be obtained numerically using available polar data. Clβ

Cdβ

Cmβ

 =

 Clα

Cdα

Cmα

 dα

dβ
(4.12)

⇒
[
Czβ

Cxβ

]
=

[
cosφ − sinφ
sinφ cosφ

] [
Clα

Cdα

]
dα

dβ
+

[
− sinφ − cosφ
cosφ − sinφ

] [
Cl

Cd

]
dφ

dβ
(4.13)

Note that the angle of attack and the flow angle are related as shown in Figure 3.1, from which the
following relationship becomes evident.

dα

dβ
=

d(β − φ)

dβ
= 1− dφ

dβ
(4.14)

Besides dφ/dβ, the derivative of the resultant velocity is required in the second line of Equation 4.11.
Using Equation 3.26 and Equation 3.23, respectively, these two derivatives are both expressed in terms
of da/dβ, da′/dβ, dΛ/dβ and dr/dβ.

dφ

dβ
= sinφ cosφ

(
1

1− a

da

dβ
+

1

1− a′
da′

dβ
+ tanΛ

dΛ

dβ
− 1

r

dr

dβ

)
(4.15)

dV

dβ
=

1

V

(
V 2
∞(1 + a)

da

dβ
− (ωr)2(1− a′)2 cos2 Λ

(
1

1− a′
da′

dβ
+

1

r

dr

dβ
− tanΛ

dΛ

dβ

))
(4.16)

Geometric Sensitivities to Twist Deformation
Some of the required derivatives in the sensitivity equations above depend solely on geometric pa-
rameters and therefore they do not depend directly on the load case settings. These sensitivities are
hereafter referred to as geometric sensitivities. In the derivation of the sensitivities to twist deformation,
these geometric sensitivities are dS/dβ, dΛ/dβ and dr/dβ. Since they cannot be solved for within the
BEMmodel itself, they are obtained by varying the blade geometry and analysing the resulting changes.

First of all, it is assumed that the planform area does not depend on twist as both the chord length and
the length of the quarter-chord line do not change due to twist.

dS

dβ
= 0 (4.17)

The sensitivity of the sweep angle with respect to deformations of twist is derived using the definition
of the sweep angle, given by Equation 2.2.

dΛ

dβ
=

1(
1 + tan2 Λ

)
y

dQCA

dβ
(4.18)
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The variation of the quarter-chord alignment with twist is still unknown. To determine dQCA/dβ, two
temporary parameters are introduced. First, r′ is defined as the distance between the global y-axis and
the blade’s quarter-chord point of the airfoil section under consideration, see Figure 4.1. Since both the
QCA and FA distributions are defined relative to the y-axis, its magnitude can be expressed in terms
of these quantities. Second, an angle ζ is defined as the angle between the global x-axis and r′.

FA

𝜁

QCA

r’

x

z

Figure 4.1: Illustration of ζ and r′.

From their definition, it follows that both parameters can be expressed solely in terms of QCA and FA.

r′ :=
√
x2
QC + z2QC =

√
QCA2 + FA2 (4.19)

tan ζ :=
FA

QCA
(4.20)

Obviously, for a rotation around the y-axis, which is what the twist deformation in the global coordinate
system represents, dr′/dβ = 0 and dζ/dβ = −1.

dr′2

dβ
= 2QCA

dQCA

dβ
+ 2FA

dFA

dβ
= 0 (4.21)

dζ

dβ
=

1

1 +
(

FA
QCA

)2

(
1

QCA

dFA

dβ
− FA

QCA2

dQCA

dβ

)
= −1 (4.22)

Equation 4.21 and Equation 4.22 can now be solved for their two unknowns.

⇒ dQCA

dβ
= FA (4.23)

⇒ dFA

dβ
= −QCA (4.24)

Finally, Equation 4.18 can be expressed in terms of FA.

dΛ

dβ
=

FA

y
(
1 + tan2 Λ

) (4.25)

The last geometric sensitivity that must be derived for the twist is dr/dβ. In this context, r is defined
as the distance from the axis of rotation to the quarter-chord line of the blade. From this definition,
the analytical expression for dr/dβ can be derived using Equation 4.23. Here, it should be noted that
dy/dβ = 0 as a rotation around the y-axis does not change the y-coordinate itself.

dr

dβ
=

d

dβ

(√
QCA2 + y2

)
=

QCA

r

dQCA

dβ
=

QCA · FA

r
(4.26)
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Sensitivity of Induction Factors to Twist Deformation
Finally, a numerical scheme is applied to compute the sensitivities of the induction factors, da/dβ and
da′/dβ, providing the last sensitivities required to determine the sensitivity of the aerodynamic loads
of Equation 4.11. This is achieved by iteratively evaluating the derivatives of the thrust and torque
coefficients from both momentum theory and blade element theory. This method was developed by
Rotundo [23] but it will be reviewed here, as the original model has been both improved and extended
to account for curved blades.

The thrust and torque coefficients in blade element theory are given by Equation 3.17 and Equation 3.27,
respectively. These expressions are used to determine their differentials with respect to twist deforma-
tion.

d

dβ
CBE

t = Czβσ

(
V

V∞

)2

+ Czσ
2V

V 2
∞

dV

dβ
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(
V

V∞

)2
dσ

dβ
(4.27)
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dσ

dβ
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(
V

V∞

)2

sinΛ
dΛ
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(4.28)

In Equation 4.27 and Equation 4.28, the sensitivity of the blade solidity appears. In contrast to straight
blades, this term must be accounted for when analysing curved blades because dr/dβ is non-zero
whenever both the quarter-chord alignment and face alignment are non-zero. To derive the sensitivity
of the blade solidity, its definition in Equation 3.19 is used.

dσ

dβ
=

−σ

r

dr

dβ
(4.29)

Similarly, the differentials of the thrust and torque coefficients with respect to twist deformation in mo-
mentum theory are derived using Equation 3.14 and Equation 3.15, respectively.

d

dβ
CM

t =

{
4(1 + 2a)F da

dβ + 4a(1 + a)dFdβ , if a ≥ −0.326

1.39F da
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(4.30)
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F
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(4.31)

In these expressions, the sensitivity of the Prandtl loss factor with respect to twist deformation dF
dβ

appears. Recall that this can be written as the product of the tip-loss factor and the root-loss factor.
According to Equation 3.11 and Equation 3.12, both factors depend solely on r and φ. Therefore,
the differential dF/dβ can be decomposed into partial derivatives with respect to these parameters.
Furthermore, using these equations, the partial derivatives of Ftip and Froot with respect to the inflow
angle can be obtained directly.

dF

dβ
=

(
∂Ftip

∂φ
Froot + Ftip

∂Froot

∂φ

)
∂φ

∂β
+

(
∂Ftip

∂r
Froot + Ftip

∂Froot

∂r

)
∂r

∂β
(4.32)

∂Ftip

∂φ
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Nb (rtip − r)

πr| sinφ|
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1√
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(
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r| sinφ|

)
− 1

(4.33)

∂Froot

∂φ
= −Nb (r − rroot)

πr| sinφ|
cosφ

sinφ

1√
exp

(
Nb(r−rroot)
rroot| sinφ|

)
− 1

(4.34)

To investigate the behaviour of these derivatives near the blade ends, the limits are evaluated as r
approaches rtip from below (r → r−tip) in Equation 4.33 and r approaches rroot from above (r → r+root)
in Equation 4.34. In both cases, the resulting limit is indeterminate because both the numerator and
denominator reach zero. Therefore, l’Hôpital’s rule is applied to evaluate this limit.

lim
u→0+

u√
eu − 1

= lim
u→0+

1

d

du

(√
eu − 1

) = lim
u→0+

2
√
eu − 1

eu
= 0 (4.35)
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As a result, ∂Ftip/∂φ and ∂Froot/∂φ approach zero at the blade tip and root, respectively. Since Ftip and
Froot also vanish at these locations, the inflow angle derivatives in Equation 4.32 vanish at the blade
ends.

The radial derivatives, on the other hand, require more careful consideration. Similarly, these partial
derivatives can be obtained using Equation 3.11 and Equation 3.12.

∂Ftip

∂r
= − Nb

π| sinφ|
1√

exp

(
Nb(rtip−r)
r| sinφ|

)
− 1

·
rtip − r

drtip
dr

r2
(4.36)

∂Froot
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= − Nb

π| sinφ|
1√

exp
(

Nb(r−rroot)
rroot| sinφ|

)
− 1

·
r drroot

dr − rroot

r2root
(4.37)

Thus, the behaviour at the blade tip and root now depends on the radial derivatives of their respective
radii, drtip/dr and drroot/dr. For example, if drtip/dr = drroot/dr = 0, the numerators in Equation 4.36
and Equation 4.37 are constant, causing the derivatives to diverge at the corresponding locations.
However, if drtip/dr = drroot/dr = 1, the same limit can be evaluated as in Equation 4.35, leading to
vanishing ∂Ftip/∂r and ∂Froot/∂r at the blade tip and root, respectively.

Unfortunately, an analytical expression for drtip/dr and drroot/dr could not be determined. For the pitch
sensitivities, however, the radial contribution in Equation 4.32 is assumed to be negligible, because
the derivative of the flow angle dφ/dβ is expected to dominate dr/dβ by several orders of magnitude.
This assumption is later proven to be correct in section 4.3 by comparison with numerically computed
sensitivities, see Figure 4.4e and Figure 4.6e.

Consequently, an exact evaluation of drtip/dr and drroot/dr is not required.

dF

dβ
≈

(
∂Froot

∂φ
Ftip + Froot

∂Ftip

∂φ

)
∂φ

∂β
(4.38)

Finally, the twist sensitivity model is closed by a residual vector that equates the derivatives of both the
thrust and torque coefficients from Blade Element theory and Momentum theory.

RBEM =

[
dCBE

t

dβ
− dCM

t

dβ

dCBE
q

dβ
−

dCM
q

dβ

]T

:= 0 (4.39)

This residual vector is minimized, to solve for the differentials da/dβ and da′/dβ, using the Newton-
Raphson method with the iteration scheme as shown below.[
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4.2.2. Sensitivities to Sweep Deformation
The expressions for the sweep sensitivities are largely similar as those derived for twist in subsec-
tion 4.2.1, with the primary difference being the replacement of d/dβ by d/dΛ. Similarly, the method-
ology for solving the sensitivity model using the iterative numerical scheme remains the same and will
not be repeated here. However, the geometric sensitivities associated with sweep deformations are
different and will be explicitly derived. Note that during these derivations, it is assumed that the orien-
tation of airfoil sections remain unchanged under blade deformations. In other words, it is assumed
that the airfoil sections remain parallel to the incoming flow, even when the blade is rotated around the
z-axis. For small deformation angles, this approximation is considered reasonable.

When applying the same derivation for sweep as was conducted for twist, three geometric sensitivities
appear: dS/dΛ, dβ/dΛ and dr/dΛ. Similar to the case of twist, it is assumed that the planform area
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does not depend on sweep, since neither the chord length nor the length of the quarter-chord line
changes due to such a deflection. Additionally, it is assumed that the sensitivity of the twist angle with
respect to sweep deformation is zero, because the orientation of the chord line relative to the global
xz-plane is unaltered.

dS

dΛ
= 0 (4.41)

dβ

dΛ
= 0 (4.42)

The only remaining sensitivity is therefore that of the radial displacement dr/dΛ, which represents the
radial shift of the blade sections due to sweep. In this differential, the radius r is defined as the distance
to the z-axis. Since a rotation around the z-axis does not affect the distance to it, it can be concluded
that also this sensitivity vanishes.

dr

dΛ
= 0 (4.43)

Note that the issue with the unknown radial derivative of the Prandtl loss factor, as explained in sub-
section 4.2.1, is avoided because ∂F/∂r is now multiplied by dr/dΛ, which equals zero.

4.2.3. Sensitivities to Lean Deformation
Also the sensitivities to lean deformations are derived analogously to those for twist. The resulting geo-
metric lean sensitivities are dS/dΨ, dβ/dΨ, dr/dΨ and dΛ/dΨ. Consistent with the earlier assumptions,
the sensitivities of the planform area and twist are taken as zero.

dS

dΨ
= 0 (4.44)

dβ

dΨ
= 0 (4.45)

In order to compute dr/dΨ, the radius is once more defined as the distance to the rotation axis.
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(4.46)

Similar to the derivations of dQCA/dβ and dFA/dβ, two temporary parameters r′ and ζ are introduced
to determine dy/dΨ and dFA/dΨ, but these are now defined slightly different. Again, r′ is defined as
the distance from the blade’s quarter-chord point to the deformation axis, which is now the global x-axis,
while ζ represents the angle between the global y-axis and r′. In this case, however, dζ/dΨ = 1.

r′ :=
√

y2 + FA2 (4.47)

tan ζ :=
FA

y
(4.48)

From these two definitions, the variations of the quarter-chord’s y- and z-coordinate with respect to lean
deformation can be determined.

dy

dΨ
= −FA (4.49)

dFA

dΨ
= y (4.50)

Substitution of dy/dΨ into Equation 4.46 yields the final expression for dr/dΨ.

dr

dΨ
=

−y · FA

r
(4.51)

Since this derivative is non-zero for blades with lean, the unknown radial derivative of the Prandtl loss
factor may result in an increased error. Nevertheless, it is assumed that the impact of this effect remains
negligible.
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Lastly, using the definition of the sweep angle given by Equation 2.2, the analytical expression for the
sensitivity dΛ/dΨ can be derived.
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=

−QCA

y2
(
1 +

(
QCA

y

)2
) dy

dΨ
=

QCA · FA

y2 +QCA2
(4.52)

4.2.4. Sensitivities to Radial Deformation
The two remaining sensitivities of the aerodynamic loads with respect to blade deformations are those
in the translational degrees of freedom. Instead of computing the derivatives directly with respect to x
and y, they can be expressed in terms of the radial deformations [23].
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The derivatives in Equation 4.54 and Equation 4.55 are obtained analogously to the twist sensitivities
as well. Even in this derivation, the partial derivative of the Prandtl loss factor with respect to r is
neglected as it could not be determined exactly.
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∂r
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∂φ
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(4.56)

The resulting geometric sensitivities that appear are dβ/dr, dΛ/dr and dS/dr. First of all, it is assumed
that twist remains constant with variations in radius because a radial displacement of the blade sections
should not change the angular orientation of the chord line. Therefore, the local twist distribution is
preserved.

dβ

dr
= 0 (4.57)

The expression for dΛ/dr is derived analytically from the definition of the sweep angle. SinceΛ depends
on both the x- and y-coordinate of the quarter-chord line, the chain rule is applied, leading to zero
sensitivity.
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)
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(
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y

)
= 0 (4.58)

Note that in this derivation, dQCA/dx = 1 becauseQCA is simply the x-coordinate of the quarter-chord
line.



38 Chapter 4. Aeroelastic Coupling

Finally, the variation of the planform area with respect to radial deformation must be determined. In
contrast to the other degrees of freedom, dS/dr does not vanish, as stretching the blade directly in-
creases its planform area. To account for this effect, the area increase is taken to be proportional to
the local chord length multiplied by the span of the blade section and divided by the total blade span.
Any change in chord length due to blade stretching, which could be captured through Poisson’s ratio,
is neglected in this work.

dS

dr
=

c∆r

rtip − rroot
(4.59)

4.3. Validation of Aerodynamic Sensitivities
To validate the analytical sensitivity expressions, the results are compared with numerical calculations
under the following operating conditions: advance ratios ranging from 0.6 to 1.5, a fixed collective pitch
angle of β0.7R = 20◦, and an incoming velocity of 30 m/s at sea level. For the numerical differentiation,
central differencing is applied with a small perturbations of ∆β = 10−7 degrees, ∆Λ = 10−7 degrees,
∆Ψ = 10−7 degrees, and ∆r = 10−7 m, to evaluate the sensitivities with respect to twist, sweep, lean
and radial deformation, respectively. Similarly, the lift and drag curve slopes used in Equation 4.13 are
obtained by perturbing the angle of attack with a step size of ∆α = 10−7 degrees. These small pertur-
bations ensure numerical accuracy while minimizing truncation errors [23]. Furthermore, 50 spanwise
cosine-spaced elements were used for the aerodynamic analysis. To assess the robustness and appli-
cability of the derived sensitivities for different blade designs, both the baseline XPROP geometry and
its swept configuration XPROP-Λ are analysed.

The model for computing the aerodynamic sensitivities with respect to twist deformation, developed in
subsection 4.2.1, has not only been extended to account for propeller blades with sweep and lean, but
also improved compared to the original model by Rotundo [23]. Before discussing the aerodynamic
sensitivity results for curved blades, these improvements are shown. To ensure a fair comparison, the
analyses are performed for a completely straight version of the XPROP propeller blade, with QCA = 0
mm and FA = 0mm along the span, which removes the effect of the geometric sensitivities. Figure 4.2
presents the comparison between analytical and numerical results for dCx/dβ obtained with the original
model, while Figure 4.3 shows the corresponding results for the improved version. These results are
obtained using the same numerical settings as described above. The figures illustrate the spanwise
distributions of the sensitivities for three advance ratios, J = 0.6, 0.9 and 1.5. Additionally, the absolute
difference between the analytical and numerical sensitivity is shown, emphasizing the critical regions
in advance ratio and spanwise position where the largest discrepancies occur. Comparisons between
the original and improved models for other sensitivities with respect to twist deformation, as well as
mathematical details on the specific improvements, are provided in Appendix C.

Figure 4.2: Comparison between analytically and numerically computed dCx/dβ using the original
model of Rotundo [23] for the modified XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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Figure 4.3: Comparison between analytically and numerically computed dCx/dβ using the model
developed in subsection 4.2.1 for the modified XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.

The figures clearly show that, across the entire range of J and along the full blade span, the discrep-
ancies between analytical and numerical results are reduced. The absolute differences in Figure 4.3
are substantially smaller than those in Figure 4.2, with the maximum error reduced by more than an
order of magnitude. These results confirm that the adjustments introduced in this work are a significant
improvement. Beyond increasing the accuracy of the sensitivities, the refinements are also expected
to increase the efficiency and robustness of the aeroelastic analysis by enabling faster and more stable
convergence of the tightly coupled procedure.

Figures Figure 4.4 to Figure 4.7 present the comparison between the analytical and numerical results for
the twist sensitivities using the model developed in subsection 4.2.1. Figure 4.4 shows the sensitivities
for XPROP that directly appear in Equation 4.11, except for dS/dβ. The corresponding geometric twist
sensitivities, which are particularly relevant when analysing curved blades, are shown separately in
Figure 4.5. Similarly, Figure 4.6 and Figure 4.7 show the (geometric) twist sensitivities for XPROP-Λ.
Since the geometric sensitivities are independent of the advance ratio, only one representative curve is
shown. Similar comparisons for the sweep, lean and radial sensitivities are presented in Appendix D.

The figures show a good overall agreement between the analytically and numerically computed twist
sensitivities. All trends are captured accurately, as the plots show maximum absolute differences that
are roughly two orders of magnitude smaller than the sensitivities themselves. Most importantly, the
terms dCx/dβ, dCz/dβ, dCm/dβ and dV/dβ, which appear directly in Equation 4.11, closely match the
numerical results. In the end, these sensitivities directly determine the accuracy of the aerodynamic
stiffness matrix, making their reliable prediction of primary importance. Although the maximum error
does increase from XPROP to XPROP-Λ, the sensitivities remain reasonably accurate, showing the
robustness of the twist sensitivities to sweep. Possibly, the results could have been further improved,
as it is assumed in Equation 4.12 that the polar data only depends on the angle of attack, while it also
depends on the velocity through the Reynolds number. Incorporating this velocity dependency in the
analytical sensitivities might reduce the observed deviations.

In general, the largest errors in twist sensitivities are observed at the root for XPROP, while they appear
at the tip for XPROP-Λ. Although the results for dF/dβ confirm that the assumption in Equation 4.38 is
sufficiently accurate, including a more precise sensitivity of the Prandtl loss factor, by development of
drrip/dr and drroot/dr, might potentially increase the overall accuracy at the blade ends. The expected
impact, however, is limited, because dr/dβ is much smaller than dφ/dβ. Regarding the structural
deformations, the small error at the root for XPROP is unlikely to have a large impact on the predicted
deformation, since the dynamic pressure is low in these regions, resulting in small load variations [19].
In contrast, the largest errors occur at the blade tip for XPROP-Λ, where the dynamic pressure is high.
This could lead to a more noticeable impact on the structural deformation.
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Also the geometric sensitivities dΛ/dβ and dr/dβ show negligible differences, even for the swept blade
design. The results for dS/dβ are noisy, but since their magnitude is small for both XPROP and
XPROP-Λ, it is reasonable to assume them to be zero. All in all, the results indicate that the ana-
lytical expressions accurately predict twist sensitivities and that these predictions are robust for varying
blade designs.

The analytically computed sensitivities to sweep, lean and radial deformation show good agreement
with those computed numerically as well, see Appendix D. Unlike the twist sensitivities, the largest dis-
crepancies are located more towards the blade tip for both XPROP and XPROP-Λ, which could impact
the structural deformation prediction of the model. Nevertheless, all sensitivities predictions are ac-
ceptable, confirming their robustness to different blade geometries. Even the analytical predictions for
dF/dΨ and dF/dr closely match the numerical results, confirming the assumption that the radial effect
is indeed negligible. Lastly, all geometric sensitivities predicted to vanish show indeed no dependency
in the numerical computations, although dr/dΛ, dS/dΛ and dS/dΨ exhibit some low-magnitude noise,
supporting the validity of these assumptions. Furthermore, dr/dΨ, dΛ/dΨ and dS/dr are predicted
with high accuracy, which ensures that these geometric sensitivities can be applied with confidence.
Because the absolute error of dS/dr follows the same trend as the sensitivity itself, it is likely due to
a constant fractional offset, possibly caused by neglecting changes in chord length. Nevertheless, the
magnitude of this error remains relatively small.

It should be noted that the magnitudes of the sweep and lean sensitivities are smaller than those of
twist, while the radial sensitivities are significantly larger. However, these results must be interpreted
with care, as the variation of a given quantity not only depends on the sensitivity magnitude but also on
the magnitude of the corresponding deformation. Since the deformations in the rotational degrees of
freedom are expected to be of the same order of magnitude, the sensitivity magnitude itself determines
whether the effect is significant and must be accounted for, or whether it can be considered negligible.
The deformations in the translational degrees of freedom, however, are expected to be very small (as
later confirmed in Figure 4.8a and Figure 4.9a, where the deformations remain below 0.1% of the blade
span), which reduces their overall influence despite the larger sensitivities. Given that all sensitivities
are predicted with reasonable accuracy, none are neglected in the subsequent analysis of this work.

Finally, to demonstrate that the computational cost of the analytical sensitivities is lower than that of the
numerical approach, the two methods are compared for each degree of freedom, see Table 4.1. The
reported computational times correspond to the evaluation of the sensitivities for advance ratios ranging
from 0.6 to 1.5 with 0.1 increments. The corresponding numerical computational cost is evaluated for
the same set of sensitivities and load cases.

Table 4.1: Comparison of the computational cost required for evaluation of the analytical and
numerical sensitivities, computed on an AMD Ryzen 5 5500U processor using multithreading in

MATLAB across 6 cores.

Propeller Method tβ [s] tΛ [s] tΨ [s] tr [s]

XPROP
Numerical 6.753 6.750 6.959 3.728
Analytical 0.397 0.383 0.388 0.374

Reduction (%) 94.1 94.3 94.4 90.0

XPROP-Λ
Numerical 6.598 6.656 6.542 4.093
Analytical 0.388 0.373 0.373 0.254

Reduction (%) 94.1 94.4 94.3 93.8

These results show that the analytical method comes indeed with a much lower computational cost
than the numerical approach. With a reduction in computational time of at least 90%, this could have
a significant impact on the overall efficiency of the aeroelastic analysis, depending on the number of
iterations during which these sensitivities are applied, which in turn is influenced by the accuracy of the
sensitivities themselves through Equation 4.2.
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(a) Spanwise distribution of dCx/dβ.

(b) Spanwise distribution of dCz/dβ.

(c) Spanwise distribution of dCm/dβ.
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(d) Spanwise distribution of dV/dβ.

(e) Spanwise distribution of dF/dβ.

(f) Spanwise distribution of dφ/dβ.

Figure 4.4: Comparison between the analytically and numerically computed twist sensitivities for the
XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dΛ/dβ.

(b) Spanwise distribution of dr/dβ.

(c) Spanwise distribution of dS/dβ.

Figure 4.5: Comparison between the analytically and numerically computed geometric twist
sensitivities for the XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dCx/dβ.

(b) Spanwise distribution of dCz/dβ.

(c) Spanwise distribution of dCm/dβ.
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(d) Spanwise distribution of dV/dβ.

(e) Spanwise distribution of dF/dβ.

(f) Spanwise distribution of dφ/dβ.

Figure 4.6: Comparison between the analytically and numerically computed twist sensitivities for the
XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dΛ/dβ.

(b) Spanwise distribution of dr/dβ.

(c) Spanwise distribution of dS/dβ.

Figure 4.7: Comparison between the analytically and numerically computed geometric twist
sensitivities for the XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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4.4. Verification of Aeroelastic Coupling
Now that the analytical expressions of the aerodynamic sensitivities have been derived and validated,
the next step is to verify their correct implementation within the aeroelastic coupling framework. This
step is crucial to ensure that the tightly coupled model converges to the correct blade deformation un-
der prescribed load conditions. Therefore, the results of the tightly coupled (TC) model are compared
with those from a loosely coupled (LC) model. This loosely coupled model operates as follows: in
each iteration, the aerodynamic and centrifugal forces are first computed for the current blade geome-
try. These loads are then applied to the structural grid to obtain the corresponding blade deformation.
The updated geometry is subsequently used to recompute the aerodynamic and centrifugal forces,
which in turn produce a new deformation. This cycle is repeated until the differences in deformation
between successive iterations fall below a specified tolerance, at which point the solution is considered
converged to a static equilibrium [23]. As discussed in section 4.1, the tightly coupled model differs
in that the blade geometry is updated based on the sensitivities of the aerodynamic and centrifugal
loads. If both models converge to the same blade geometry, it can be concluded that the tight coupling
has been implemented correctly. Finally, the aerodynamic performance can be evaluated to assess
whether potential differences in geometry have a measurable effect on the predicted loads and propul-
sive efficiency.

To test the coupling under variations in sweep, both XPROP and XPROP-Λ are analysed. Especially
the latter requires attention, as its twist sensitivities, which are expected to have the largest contribution,
showed relatively large errors at the blade tip. This could have a significant impact on the structural
deformation predicted by the tightly coupled aeroelastic model due to the high dynamic pressure in this
region. Therefore, it must be tested whether this model also predicts the same structural deformation
as the loosely coupled model for swept blades.

The comparison between the two couplings is performed for both positive thrust (load case 1) and
negative thrust (load case 2). It should be noted that the aerodynamic model has not been validated for
the negative thrust load case. However, the test still allows verification of the coupling implementation,
as both coupling approaches rely on the same aerodynamic model.

Table 4.2: Operating conditions for verification of the aeroelastic coupling.

Load case Advance ratio [-] Pitch angle [deg.] Velocity [m/s] Altitude [m]

1 1.0 30 30 0
2 2.0 30 60 0

Since the analysis is aeroelastic, also the structural settings are of interest. However, as variations in
structural properties are not studied in this work, the same properties are used as by Rotundo [23]. For
completeness, these properties are briefly summarized below.

The top and bottom skin of the propeller, as well as its spars, are each modelled by a single laminate.
These laminates are symmetric and consist of AS4/APC2 composites with a thickness of 0.75 mm. The
front and rear spar are positioned at 2% and 90% of the chord length along the blade span, respectively.
The ply angles are defined by the laminate stacking sequence given in Equation 4.60.

S = {0◦ 15◦ 30◦ 30◦ 45◦ 45◦ 60◦ 60◦ 75◦ 90◦}S (4.60)

For the numerical computations, the structural model is discretized into 35 linearly spaced elements,
while the aerodynamic model consists of 100 elements using a cosine spacing. Furthermore, each
blade cross-section is modelled with 100 shell elements. A convergence tolerance of 10−4 is used,
meaning that the maximum element-wise difference in deformation between successive iterations must
be less than 0.01% for the solution to be considered converged.

Figure 4.8 and Figure 4.9 show the comparison of the predicted deformation between the tightly and
loosely coupled method for XPROP and XPROP-Λ, respectively. Additionally, the aerodynamic perfor-
mance of the deformed blades is compared between the two couplings in Table 4.3.
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(a) Translational deformations for load case 1. (b) Rotational deformations for load case 1.

(c) Translational deformations for load case 2. (d) Rotational deformations for load case 2.

Figure 4.8: Comparison of the blade deformation between the tightly and loosely coupled models for
the XPROP propeller.

(a) Translational deformations for load case 1. (b) Rotational deformations for load case 1.

(c) Translational deformations for load case 2. (d) Rotational deformations for load case 2.

Figure 4.9: Comparison of the blade deformation between the tightly and loosely coupled models for
the XPROP-Λ propeller.
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Table 4.3: Comparison of the aerodynamic performance between the tightly and loosely coupled
models.

Propeller Load case Coupling CT CP CQ ηP

XPROP
1

Tight 0.213 0.273 0.043 0.782
Loose 0.213 0.273 0.043 0.782

2
Tight -0.300 -0.391 -0.062 N/A
Loose -0.300 -0.391 -0.062 N/A

XPROP-Λ
1

Tight 0.208 0.265 0.042 0.785
Loose 0.208 0.265 0.042 0.785

2
Tight -0.298 -0.389 -0.062 N/A
Loose -0.298 -0.389 -0.062 N/A

The results indicate that the tightly and loosely coupled models match closely, with differences remain-
ing below 0.001% for both load cases and propeller geometries. The deformations in all degrees of
freedom are predicted very similarly by both models, yielding nearly identical aerodynamic performance
of the propeller. Therefore, it can be concluded that the tight coupling has been implemented correctly
and that it can be used with confidence. Moreover, the small errors observed in the analytical sensi-
tivities from section 4.2 do not result in noticeable differences in blade deformation, providing further
validation of the tightly coupled method.

Lastly, the computational cost required for the loosely and tightly coupled method is compared in Ta-
ble 4.4 for the propeller blades and load cases considered in this section. It is observed that the tightly
coupled method consistently reduces the computational time by up to 40.5%, confirming its efficiency
advantage. This reduction can have a significant impact on the overall computational cost, particu-
larly when multiple iterations of the static aeroelastic analysis are involved, as is often the case during
optimization studies.

Table 4.4: Comparison of the computational cost required for evaluation of the tightly and loosely
coupled models, computed on an AMD Ryzen 5 5500U processor using multithreading in MATLAB

across 6 cores.

Propeller Load case Coupling Computational time [s] Reduction (%)

XPROP
1

Tight 5.825
27.8

Loose 8.066

2
Tight 6.707

34.5
Loose 10.24

XPROP-Λ
1

Tight 4.859
40.5

Loose 8.171

2
Tight 7.549

33.8
Loose 11.40





5
Sweep and Lean Parameter Study

The primary objective of this chapter is to examine the influence of sweep and lean on the aerody-
namic performance and structural behaviour of propeller blades. To this end, a parameter study is con-
ducted in which the quarter-chord alignment and face alignment are parametrically varied using Bézier
curves. The aerodynamic efficiency and structural integrity are examined across a range of sweep
and lean configurations, thereby providing deeper insight into the aeroelastic behavioural trends of ad-
vanced propeller geometries. Beyond offering insights into the effects of sweep and lean, this study
also demonstrates the capabilities of the developed aeroelastic framework.

A parameter study is deliberately chosen as a first step rather than a design study since road para-
metric explorations offer general insights into how sweep and lean affect blade loading, efficiency, and
stresses, which are essential before pursuing any targeted optimization. A follow-up design study,
however, would require extensive additional development and computational effort that falls outside
the time constraints of this project. The results presented here therefore lay the foundation for future
design studies using the developed aeroelastic framework.

5.1. Parameter Space Selection
To systematically investigate the effects of sweep and lean, it is necessary to define a manageable
and representative parameter space for the blade geometry. Manually prescribing their distributions
across the blade span would not only be time-consuming but could also lead to discontinuities in these
spanwise distributions. To overcome this, the QCA and FA are parametrized using Bézier curves,
as introduced in Appendix E. Such parametric curves allow the blade geometry to be defined by a
small number of control points, which significantly reduces the number of design variables, while the
distributions remain smooth and continuous.

To demonstrate this, theQCA distribution of XPROP-Λ is approximated using a quadratic Bézier curve,
see Figure 5.1. The result shows that the Bézier parametrization indeed reduces the number of vari-
ables significantly as only three control points are required, resulting in six parameters, instead of 25
radial variables. The optimal coordinates of these control points are determined using the SQP algo-
rithm, with a maximum error of approximately ∆QCA/Y ≈ 0.001 for the reference distribution from
Appendix A. The resulting coordinates are listed in Table 5.1.

In this parameter study, the control points of XPROP-Λ are used as a reference to define the parameter
space of the quarter-chord alignment. Since the propeller includes a hub where the blade is clamped,
the blade is assumed to be fixed up to a spanwise position of y/Y = 0.195. Accordingly, the coeffi-
cients are updated, as shown by the baseline in Table 5.1, to enforce zero sweep at the hub while the
remainder of the distribution adjusts automatically. This shows the flexibility and effectiveness of using
Bézier curves. In reality, the XPROP hub radius is located at y/Y = 0.21. However, for convenience,
y/Y = 0.195 is used as the hub radius, corresponding to y = 39.62 mm based on the dimensions listed
in Table A.1. While the exact value of y/Y = 0.21 would be required for an accurate comparison with
XPROP, the small difference has no meaningful impact on the conclusions of the parameter study.
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Figure 5.1: Quadratic Bézier approximation of the QCA distribution for XPROP-Λ.

Table 5.1: Control point coordinates of the Bézier approximation for the QCA distribution of
XPROP-Λ, and of the baseline QCA distribution used in this parameter study.

Control point XPROP-Λ Baseline
QCA/Y y/Y QCA/Y y/Y

1 0.010 0.160 0.000 0.195
2 -0.125 0.678 -0.115 0.696
3 0.100 1.000 0.100 1.000

Various sweep distributions are generated by scaling the baseline QCA/Y distribution provided in
Table 5.1. This is a convenient method to vary the radial distribution as only a single scaling variable
is required. Since the tip of propeller blades is typically backward-swept, the scaling is varied such
that the resulting QCA at the tip ranges between QCAtip/Y = -0.1 and QCAtip/Y = 0.2, as shown in
Figure 5.2a. For convenience, QCA∗ is defined as QCAtip/Y in the subsequent analysis.

A slightly different approach is applied to change the lean of the blade. Instead of scaling an existing
distribution, entirely new distributions are defined. The lean distribution is assumed to be less complex,
as only fully upstream or fully downstream lean configurations are considered. The chosen control point
coordinates for the FA distribution are shown in Table 5.2, where FA∗ denotes the non-dimensional
face alignment at the blade tip, FA∗ := FAtip/Y . These control points are selected such that the rate
of change of FA increases progressively toward the tip. The range of FA∗ is slightly wider than that
of QCA∗, varying from -0.2 to 0.2, but it has the same maximum offset. Representative spanwise
distributions of FA that cover the entire parameter space are shown in Figure 5.2b.

Table 5.2: Control point coordinates for the FA distributions.

Control point FA/Y y/Y

1 0 0.195
2 0 0.500
3 FA∗ 1
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(a) Spanwise QCA distributions. (b) Spanwise FA distributions.

Figure 5.2: QCA and FA distributions of the analysed blade configurations.

Note that, by convention, positive QCA values correspond to backward sweep, whereas a positive FA
represents upstream lean, i.e., in the direction of thrust. Furthermore, Figure 5.2 shows that the se-
lected parameter space for sweep and lean is limited, not only because arbitrarily complex distributions
are avoided, but also due to the imposed limits on the minimum and maximum values of the quarter-
chord alignment and face alignment at the blade tip. However, in reality the magnitudes of the sweep
and lean offsets are restricted by the constrained propeller diameter, as their relative contributions to
the diameter vary across different pitch settings. Hence, the selected ranges should represent a subset
of practical configurations.

In the following sections, a comparative study between the aerodynamic performance of rigid and
flexible propeller blades is conducted first, followed by a more detailed analysis focusing on flexible
blades only.

5.2. Impact of Blade Flexibility on Performance
The aerodynamic performance of rigid and flexible propeller blades is compared to evaluate the impact
of structural flexibility on the performance across a range of blade geometries. To isolate the effects
of sweep and lean, the blade construction procedure first applies the pitch setting, after which sweep
and lean are applied through prescribed offsets of the quarter-chord line. It should be noted that this
approach results in slightly different blade geometries for each pitch setting. However, reversing this
order would change the sweep and lean offsets during pitch rotation, as illustrated in Figure 3.7.

Five blade designs are selected for this efficiency analysis. To study the effect of lean, three unswept
blades with QCA∗ = 0 and tip lean offsets of FA∗ -0.2, FA∗ = 0 and FA∗ = 0.2 are selected. Simi-
larly, to study the effect of sweep, blades with zero lean (FA∗ = 0) and sweep factors of QCA∗ = -0.1,
0, and 0.1 are analysed. Together, these cases define five distinct blade geometries. These blades
are analysed at a freestream Mach number of M = 0.12, for three pitch settings of 30◦, 35◦ and 45◦.
Furthermore, the aerodynamic calculations were performed using 75 cosine-spaced elements. The
flexible blade has the same structural properties as those in section 4.4, except for the number of struc-
tural nodes, which is increased to 50 to improve numerical accuracy. The comparison of aerodynamic
efficiency between the rigid and flexible blades is shown in Figure 5.3, where the propulsor efficiency is
plotted against the thrust coefficient TC , allowing for a direct comparison of the peak efficiency between
rigid and flexible blades as well as across the different blade designs.
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(a) QCA∗ = 0 and FA∗ = -0.2. (b) QCA∗ = 0.0 and FA∗ = 0.2.

(c) QCA∗ = 0 and FA∗ = 0.

(d) QCA∗ = -0.1 and FA∗ = 0. (e) QCA∗ = 0.1 and FA∗ = 0.

Figure 5.3: Comparison of propulsor efficiency between rigid and flexible blades.
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The differences in peak aerodynamic performance between the rigid and flexible blades are generally
small, typically below 0.003. An exception occurs for the blade with QCA∗ = 0 and FA∗ = -0.2 at
β0.7R = 30◦, where the peak efficiency decreases from 0.826 to 0.816 between the rigid and the flexible
blade, while the corresponding thrust coefficient increases from 0.09 to 0.10. Among the geometries
considered, positive sweep and negative lean tend to produce slightly more noticeable deviations than
negative sweep or positive lean, while for the straight blade, the peak efficiencies are almost identical at
all pitch settings. Furthermore, the sensitivity to flexibility does depend on the pitch setting, in particular
for the blade with QCA∗ = 0 and FA∗ = -0.2.

For most blades configurations and pitch settings in Figure 5.3, flexibility appears to have only a small
impact on peak aerodynamic efficiency. However, this does not imply that flexibility has no aerodynamic
impact at all. In fact, it has a noticeable effect on both thrust and power. This is shown in Figure 5.4,
which presents the thrust and power coefficient curves at 30◦ pitch for two blades without lean and
QCA∗ = -0.1 and QCA∗ = 0.1, whose efficiency curves are shown in Figure 5.3d and Figure 5.3e,
respectively. Since the curves for the flexible blade are shifted noticeably compared to those of the
rigid blade, this indicates that flexibility affects the achievable thrust and required power at the given
advance ratios. This effect on thrust and power is observed for all five blades across all three pitch
settings.

(a) QCA∗ = -0.1 and FA∗ = 0. (b) QCA∗ = 0.1 and FA∗ = 0.

Figure 5.4: Thrust and power coefficient comparison between the rigid and flexible blade at β0.7R =
30◦.

Thus, compared to the rigid blade, it can be concluded the impact of structural flexibility on peak aero-
dynamic efficiency is limited. Although structural flexibility can introduce torsional and translational
deformations that affect the local pitch angle and the spanwise loading distribution, causing changes
in both the generated thrust and required power, these aeroelastic effects are not strong enough to
significantly change the peak aerodynamic efficiency. Furthermore, as also concluded in section 3.4,
the effect of sweep and lean on the rigid blade at a given pitch setting is also limited.

Finally, the observation that the peak efficiency of the lower pitch setting lies within the efficiency curve
of the higher pitch setting, whereas in practice the peak efficiencies typically appear sequentially, can
likely be explained by two factors. First, as noted earlier, the QCA and FA offsets are applied after the
pitch setting, which means that different blades are being compared across the pitch settings. Second,
the discrepancy may be attributed to the limitations of the BEM model. As shown in Figure 3.8, the
BEM model predicts a shifted peak efficiency and different slopes in the efficiency curves compared to
the experimental data. These altered slopes can cause the by BEM predicted ηP–TC curves to stretch
laterally, offering an explanation why sequential peak efficiencies typically appear in practice but not in
the BEM results.
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5.3. Aerodynamic Performance of Flexible Blades
In this section, the aerodynamic performance of flexible blades is examined throughout the parameter
space by comparing each configuration to the straight blade. The aim is to understand how variations
in sweep and lean affect the aerodynamic efficiency when blade flexibility is considered.

5.3.1. Aerodynamic Efficiency
To assess the aerodynamic performance of flexible propeller blades, the aeroelastic analysis is per-
formed at constant thrust coefficient TC , which ensures each propeller is compared under the same
loading condition T/D2. This removes the effect of rotor diameter and isolates efficiency differences
between blade shapes, allowing a fair comparison of their aerodynamic effectiveness. The operating
conditions are set to M = 0.12 and J = 1, while the blade pitch is adjusted as needed to reach the
target thrust coefficient. The pitch setting is updated according to Equation 5.1, using the aerodynamic
sensitivities from section 4.2. Each blade is constructed at a zero-pitch setting, meaning that sweep
and lean are defined at zero pitch before the pitch setting is subsequently modified. This approach
follows the construction method used for XPROP-Λ [4]. So, unlike the results in section 5.2, the sweep
and lean values discussed in this section refer to their values at the zero-pitch configuration.

∆β0.7R =
T target
C − TC

dTC/dβ
(5.1)

The structural discretization and properties are identical to those described in section 5.2. Furthermore,
a target thrust coefficient of T target

C = 0.230 with a tolerance of 0.001 is prescribed. Using these settings,
all blade geometries were evaluated successfully and their final thrust coefficients were within tolerance.
The resulting difference in propulsor efficiency with respect to the straight blade across the parameter
space is presented in Figure 5.5.

Figure 5.5: Propulsor efficiency compared to that of the straight blade.

The results indicate that the propulsor efficiency of a flexible swept and leaned blade can increase up
to 1.7% relative to the flexible straight blade. Backward sweep combined with positive lean yields the
largest improvement, while negative lean produces smaller gains. For blades with moderate backward
or forward sweep, whether the efficiency exceeds that of the straight blade depends on the amount of
lean, with large positive lean leading to a reduction in efficiency. Note that these trends only hold within
this parameter study, where sweep, lean and pitch are varied while all other geometric parameters and
operating conditions remain fixed. In a design study, where geometric and structural parameters as
well as operating conditions can be adjusted, the efficiency trends could differ substantially.

The observed variations in propulsor efficiency arise from changes in the spanwise aerodynamic load-
ing distribution. Geometric changes, along with variations in induced velocities, change the inflow
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angle, which affects the orientation of the lift and drag forces relative to the propeller disk. This, in turn,
changes how these forces are decomposed into thrust and torque components, ultimately affecting the
overall efficiency. To illustrate this, the sectional thrust and torque distributions, as well as their ratio,
are analysed for five representative blades. The selected blades include the straight blade (SB) and
the four corner configurations of the parameter space, as listed in Table 5.3, characterized by forward
sweep (FS), backward sweep (BS), downstream lean (DL) and upstream lean (UL). The results, as
shown in Figure 5.6, clearly demonstrate that the spanwise distributions of the aerodynamic loading
vary with blade geometry, affecting the corresponding ratio of thrust to torque. In these figures, YD

refers to the span of the deformed blade tip, which may differ from that of the undeformed configuration
due to blade stretching caused by centrifugal stiffening.

(a) Sectional thrust coefficient. (b) Sectional torque coefficient.

(c) Ratio of thrust coefficient to torque coefficient.

Figure 5.6: Spanwise distributions of the thrust and torque coefficients and their ratio for the blades
defined in Table 5.3.
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Table 5.3: Selected blades for further aerodynamic analysis.

Blade QCA∗ FA∗

SB 0 0
FS-DL -0.1 -0.2
FS-UL -0.1 0.2
BS-DL 0.2 -0.2
BS-UL 0.2 0.2

The BS-DL blade in particular exhibits a loading distribution that differs considerably from the other four
blades. Since the aerodynamic loads are highly sensitive to torsional deformation, which effectively
corresponds to changes in local pitch, it is natural to examine these torsional deformations of each
blade more closely. This comparison is presented in Figure 5.7, where the torsional deformation is
denoted by p5, together with the resulting pitch distributions.

(a) Torsional deformation distribution. (b) Pitch distribution.

Figure 5.7: Comparison of the torsional deformation and the resulting pitch distributions for the
blades defined in Table 5.3.

Compared to the other blades, the BS-DL blade exhibits a pronounced negative torsional deformation,
as shown in Figure 5.7a. Therefore, its washout is larger, which means that a higher twist angle is re-
quired at the root to compensate for the lower thrust generation near the tip in order to achieve the same
overall TC . In other words, the BS-DL blade twists so strongly that, compared to the other blades, the
inboard section must generated considerably more thrust, while the outboard region becomes aerody-
namically less effective. As a result, the thrust and torque coefficient distributions for BS-DL are shifted
inboard, as shown in Figure 5.6. This behaviour is confirmed by the twist distribution in Figure 5.7b,
where BS-DL shows the highest twist angle near the root and the lowest twist angle toward the tip.

To show that these variations in loading distribution indeed result in the efficiency trends observed in
Figure 5.5, the sectional propulsor efficiency is introduced. This quantity can be decomposed into the
induced efficiency and profile efficiency, which allows the losses due to profile drag to be decoupled
from those associated with the induced axial and swirl velocities. The sectional induced, profile and the
resulting propulsor efficiency, are defined in Equation 5.2, Equation 5.3 and Equation 5.4, respectively
[46].
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ηi =
1− a′

1 + a
(5.2)

ηp =
1− tanφCd

Cl

1 + 1
tanφ

Cd

Cl

(5.3)

η = ηiηp (5.4)

Increases in either induced or profile efficiency along the span yield higher sectional propulsor efficiency,
and therefore overall propulsor efficiency. Since the aerodynamic loads are largest near the blade tip,
this part of the span contributes most to the total propulsor efficiency. The spanwise distributions of
the induced, profile and sectional propulsor efficiency for the five selected blades from Table 5.3 are
analysed independently and presented in Figure 5.8.

(a) Induced efficiency. (b) Profile efficiency.

(c) Sectional propulsor efficiency.

Figure 5.8: Spanwise distributions of the sectional induced, profile and propulsor efficiencies for the
blades defined in Table 5.3.

This figure shows that the distributions of both the induced efficiency and profile efficiency vary with
blade geometry. The induced efficiency exhibits significant variation among the blades across the
entire span, which indicates that the geometric variations strongly influence the axial and swirl induced
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velocities. Differences in profile efficiency are most pronounced near the blade root and tip. This
implies that changes in blade shape primarily affect how the sectional lift and drag contribute to thrust
and torque in these regions. Furthermore, the trends observed at the blade tip for the induced and
profile efficiency do not follow the same pattern, meaning that the two mechanisms do not reinforce
each other in a straightforward way. As a result, the differences in sectional propulsor efficiency arise
from the combined impact of these two components. However, based on the trends of the sectional
propulsor efficiency, the effects of induced efficiency appear to dominate those of profile efficiency, as
their variations align more closely. Thus, the differences in sectional propulsor efficiency, and therefore
in overall propulsor efficiency are primarily driven by variations in losses associated with the induced
velocities. Moreover, the sectional propulsor efficiency closely aligns with theCt/Cq distributions shown
in Figure 5.6c, confirming that the observed efficiency trends are indeed driven by changes in the
spanwise loading distribution.

According to Figure 5.8c, the BS-DL and BS-UL blades achieve the highest sectional propulsor efficien-
cies near the tip. Between y/YD = 0.8 and y/YD = 1, BS-DL performs slightly better than BS-UL, while
BS-UL outperforms BS-DL in the inner sections of the blade. Although the root region contributes less
to the overall propulsor efficiency, the higher efficiency of BS-UL in this region more than compensates
for this. As a result, BS-UL achieves the highest overall propulsor efficiency, as shown in Figure 5.5.
Similarly, the FS-DL blade achieves a lower sectional propulsor efficiency near the tip than BS-DL, but
its higher performance at the root offsets this, yielding a higher overall propulsor efficiency as well. The
remaining FS-UL and SB blades show the lowest sectional propulsor efficiencies near the tip and, con-
sequently, the lowest overall efficiencies among the five blades. These two blades have very similar
spanwise distributions, with SB performing slightly better near the tip and root, but slightly worse in
between. Their overall propulsor efficiencies are therefore nearly identical, with SB exceeding FS-UL
by only 0.05, according to Figure 5.5.

5.3.2. Limitations of Efficiency Comparison at Constant Thrust Coefficient
An efficiency increase of 1.7% may appear significant, but it is important to consider how reliable this
result is given the fidelity of the aerodynamic model. The BEM model used in this study is not fully ac-
curate for highly curved blades, since it tends to overestimate the propulsor efficiency. However, this
overestimation is of a similar magnitude for the straight blade, as shown by Figure 3.9e and Figure 3.9f.
Consequently, while the absolute efficiency valuesmay be too optimistic, the relative performance differ-
ences between blades remain meaningful. The model is therefore expected to reliably capture relative
efficiency changes and trends caused by variations in sweep and lean, offering valuable insight into
the impact of geometry on aerodynamic performance. Furthermore, it was found that the BEM model
provides more accurate predictions at a pitch angle of 30◦ than at 45◦. As shown in Figure 5.9a, main-
taining a constant thrust coefficient of TC = 0.23 causes the collective pitch to vary between 28◦ and
38◦. Moreover, torsional deformation reduces the effective pitch angle at the reference location, indi-
cating that the BEM model is likely to perform even more accurately under these deformed conditions.
This should keep the operating conditions within a favourable range where the predictions of BEM are
most reliable.

To enable meaningful comparisons between different geometries, the operating conditions must be
defined consistently. For blades with sweep and lean, however, the pitch angle can change the propeller
diameter and, consequently, the aerodynamic and structural loading distributions. For comparison of
the aerodynamic performance, a constant thrust coefficient TC is applied by adjustment of the pitch
setting. By fixing TC , each propeller is compared under the same loading condition T/D2, regardless
of its diameter. The propulsor efficiency, given in Equation 3.8, can also be expressed in terms of TC

[25].

ηP =
J3TC

CP
(5.5)

Since TC and J are fixed, the efficiency depends solely on CP , which can be rewritten in terms of the
torque coefficient CQ.

ηP =
J3TC

2πCQ
(5.6)

Torque depends directly on the lever arm of each blade element, making the radial position, defined as
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(a) Pitch angle without torsional deformation. (b) Pitch angle including torsional deformation.

Figure 5.9: Comparison of the blade collective pitch angles at reference location for a thrust
coefficient of TC = 0.23, showing the effect of torsional deformation.

the distance from the rotation axis to the blade element in the global xy-plane, critical in determining
the overall propeller performance. The propeller disk area, that is the projected area swept by the
rotating blades perpendicular to the rotation axis, is therefore important as it is related to the radial
position of the blade tip. At zero pitch, blades with different sweep and lean distributions already have
different propeller disk areas because sweep contributes to this projected area, while lean does not.
However, when comparing blades at a constant thrust coefficient, the pitch angle is adjusted to trim
the thrust to the target value. Applying pitch changes the projection of the quarter-chord line onto
the global coordinate axes, effectively converting lean into sweep and vice versa, see Figure 3.7. As
a result, when comparing blade configurations to the straight blade at a constant thrust coefficient,
differences in disk area arise not only from the initial sweep and lean distributions but also from the
applied pitch angle. Any variation in disk area, whether due to geometry or pitch setting, changes the
radial positions of the blade elements and therefore the lever arms that determine torque, affecting the
aerodynamic efficiency as described in Equation 5.6. Thus, ideally, efficiency variations should reflect
only the changes in disk area caused by structural deformations.

For the blades considered in this analysis, the propeller disk radii compared to the straight blade are
shown in Figure 5.10. These values correspond to the non-rotating blade geometry, meaning that cen-
trifugal stiffening effects are not included. The figure shows that the differences in radius are small
for most blade configurations. A notable increase, up to 3.6%, only occurs for highly backward-swept
blades combined with upstream lean, and to a lesser extent for forward-swept blades with downstream
lean, due to the smaller range of forward sweep considered. Consequently, part of the observed ef-
ficiency gain in Figure 5.5 may be attributed to the increase in disk area. Again, this is why curved
propeller blades should ideally be compared at equal disk areas. However, the efficiency trends in Fig-
ure 5.5 do not directly match the trends in radius in Figure 5.10. This indicates that aeroelastic effects,
in particular for blades with significant backward sweep, also contribute to the efficiency increase. A
similar effect may occur for forward-swept blades, but the limited range considered here does not allow
for a reliable assessment. Thus, sweep has a beneficial impact on propulsor efficiency beyond the
effect of propeller disk area changes alone.

If the applied sweep and lean are increased further than in this study, a more consistent approach would
be to fix the propeller diameter and scale the radial positions of the blade elements accordingly. How-
ever, scaling all blade element radii to achieve an equal propeller disk area is not straightforward, as
it can be done either linearly or non-linearly, with both approaches introducing their own challenges. A
linear scaling preserves the overall geometric shape but does not necessarily maintain relative aerody-
namic characteristics between the blade sections, because the local flow conditions could vary, chang-
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Figure 5.10: Comparison of propeller disk radius for non-rotating blades compared to the straight
blade.

ing both the local Reynolds number and Mach number. Non-linear scaling could better preserve the
relative aerodynamic features between the blade elements, but it could affect the overall blade geom-
etry and therefore the structural response. Moreover, only adjusting radial positions is insufficient, as
the scaling must also account for the axial coordinates to ensure geometric consistency. This scaling
is beyond the scope and time constraints of this work.

Another complication is that maintaining a constant thrust coefficient requires adjusting the pitch angle,
which means that each blade configuration reaches its peak efficiency at a different advance ratio. As
a result, some propellers may operate near their peak efficiency while others may not. This further
complicates a fair assessment of the aerodynamic performance, but this approach is the most practical
approach within the current scope of this work.

Finally, it must be noted that the thrust coefficient was prescribed with a tolerance of 0.001 on a target
value of 0.23, corresponding to a tolerance of roughly 0.4%. Although this small variation could influ-
ence the calculated efficiency, this effect would be randomly distributed across the parameter space
and appear as noise in Figure 5.5, which is not visibly apparent.

5.4. Structural Behaviour of Flexible Blades
To compare the structural behaviour of flexible blades, focusing on blade stresses and root bending
moments, a constant dimensional thrust T is applied. This choice is motivated by the fact that the
structural response of the blade depends on the magnitude of the aerodynamic load. Using constant
TC would imply that both the thrust and propeller disk area may vary with the geometry, which would
complicate a direct comparison of structural behaviour. However, also at constant thrust, the propeller
disk area varies with sweep and lean, and therefore the lever arm used to generate torque also changes.
As a result, differences in structural deformation can still be attributed to variations in the applied load,
and not only to the blade’s geometry. This limits the validity of the comparison. Nonetheless, this
approach remains preferable to varying both thrust and disk area simultaneously, as would occur when
using constant TC .

In order to keep the dimensional thrust T constant, the pitch setting is updated according to Equa-
tion 5.7. The applied operating conditions, structural properties and grid discretization are the same
as in subsection 5.3.1, while the target thrust is set to T = 50 N with a tolerance of 0.1 N. To provide
perspective, this corresponds to TC = 0.15 for the rigid XPROP propeller.

∆β0.7R =
T target − T

dT/dβ
(5.7)
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5.4.1. Blade Stress
The structural stress of the composite propeller blades is evaluated using the Tsai-Wu failure criterion.
This criterion provides a measure of the stress level in the composite material, where values below 1
indicate that the material has not failed [47]. This failure index Fcrit can be evaluated across all the
structural members. For all blade geometries considered in this parameter study, the maximum values
on the top and bottom skin are presented in Figure 5.11, thereby providing insight into the most heavily
loaded propeller blades. Similarly, the maximum values of Fcrit for the leading edge and trailing edge
spar laminates are presented Figure F.1. These are positioned as close as possible to the leading and
trailing edges of the blades and, due to their small size, are expected to have a negligible effect on the
deformations [23].

(a) Top skin. (b) Bottom skin.

Figure 5.11: Maximum failure index based on Tsai-Wu failure theory for the top and bottom skin
laminates at a thrust of 50 N.

None of the propeller blades fail under the applied operating conditions. The top skin of the blade with
QCA∗ = 0.2 and FA∗ = 0.2 experiences the most stress with Fcrit ≈ 0.72, while the bottom skin
and both spars remain well below the failure threshold. However, the absolute stress values should be
interpreted with caution, as they are not the primary focus of this parameter study. Only in a design study,
the absolute values are important because they determine whether the structure approaches material
limits and to what extent it meets specific safety requirements. In this parameter study, the trends are
the primary focus, as they reveal how changes in geometry affect the blade stress. Nevertheless, the
absolute values could still provide insight into whether the structure is over- or underdesigned for the
given loading conditions, offering an indication of how much the geometry could be changed without
risking structural failure.

For all tip lean values, applying forward sweep yields the most favourable values of the maximum
failure index, while for a given sweep distribution, the optimal lean varies. These trends are explained
by the principal and shear strain contours in Figure 5.12, sampled at the same locations as Fcrit, which
reveal that the top skin of the blade with QCA∗ = 0.2 and FA∗ = 0.2 experiences both relatively
high principal and shear strains, whereas its bottom skin experiences negligible principal strain. This
difference explains why the top skin approaches the failure limit more closely than the bottom skin.
Additionally, for this particular blade, the Tsai-Wu failure factor is plotted across the blade surface in
Figure 5.13. The maximum stress is concentrated around y/YD ≈ 0.35, slightly inboard of the blade’s
most forward point, while the rest of the blade experiences relatively low stress levels. Given the
generally low stress across the blade, it may be considered overdesigned for these specific operating
conditions. Therefore, reducing the overall blade thickness could be an option to lower its weight and
reduce material costs. In the region of relatively high stress, however, the local thickness should be
reduced more conservatively to maintain structural integrity.
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(a) Top skin principal strain. (b) Bottom skin principal strain.

(c) Top skin shear strain. (d) Bottom skin shear strain.

Figure 5.12: Strain at the location of maximum Fcrit at a thrust of 50 N.

The variation in the spanwise position corresponding to the maximum Fcrit value across the parameter
space is shown in Figure 5.14, where ycrit/YD denotes the normalized spanwise location of this maxi-
mum. For the top skin, blades with significant Fcrit, characterized by positive sweep and positive lean
as shown in Figure 5.11a, reach their peak value of Fcrit at nearly the same spanwise position, around
ycrit/YD ≈ 0.35. This may be attributed to the use of scaled XPROP-Λ blades, which all reach their
maximum forward point at the same spanwise position, as shown in Figure 5.2a. In contrast, under
negative lean, substantial variations are observed for ycrit/YD. The associated Fcrit values, however,
remain sufficiently small to be of limited importance. Moreover, these variations in ycrit/YD are likely
due to numerical inaccuracies in Fcrit. Given that these values are very small across the entire blade,
this could result in large fluctuations of the spanwise location corresponding to the maximum Fcrit value
between different blades. A similar pattern is observed on the bottom skin, where the regions with large
variations in ycrit/YD correspond to the lowest Fcrit values, making this effect negligible as well. Also,
note that for blade configurations with sweep and lean near QCA∗ = 0.1 and FA∗ = 0.05, the maxi-
mum value of Fcrit on the bottom is located within the propeller hub, although its absolute value is too
small for this effect to be significant.
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Figure 5.13: Tsai-Wu failure index across the blade for QCA∗ = 0.2 and FA∗ = 0.2.

(a) Top skin. (b) Bottom skin.

Figure 5.14: Spanwise position of maximum failure index at a thrust of 50 N.

5.4.2. Root Bending Moment
The root bending moments, that are the moments acting at the propeller hub, are presented in Fig-
ure 5.15. Here, Mx represents the moment associated with bending out of the rotational plane; My

corresponds to the torsional moment about the pitch axis, which must be resisted by the pitch mech-
anism; and Mz represents the moment about an axis parallel to the propeller’s rotational axis at the
propeller hub. Therefore,Mz does not correspond directly to the moment that must be overcome by the
engine, since it is not calculated about the actual axis of rotation. The difference in radius between the
propeller hub and the axis of rotation causes both the aerodynamic and centrifugal forces to contribute
differently toMz at the hub compared to the axis of rotation. Since the blades are all straight within the
hub, My directly represents the torsional moment that must be resisted by the pitch mechanism.
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(a) Bending moment about the x-axis. (b) Bending moment about the y-axis.

(c) Bending moment about the z-axis.

Figure 5.15: Propeller hub bending moments at a thrust of 50 N. The lines in magenta highlight the
blade geometries with zero bending moment in the corresponding degree of freedom.

Figure 5.15 shows that lean has a pronounced impact on the bending moment about the x-axis, while
the effect of sweep is negligible. For My, both sweep and lean affect the result, although the overall
magnitude of My varies only slightly across the entire parameter space relative to Mx and Mz. This
indicates that the blade geometry has little impact on the moment required by the pitch mechanism.
Thus, compared to the variations observed in Mx and Mz, the variation in My could be considered
negligible. The moment about the z-axis increases consistently with increasing sweep and decreasing
lean.

The variations in the magnitude ofMx are substantially larger than those ofMy andMz, which indicates
that minimization ofMx could be an important design target. In Figure 5.15, the magenta line highlights
the blades for which the bending moment about the x-axis is zero, appearing at almost constant lean
values. According to Figure 5.11, blades along this Mx = 0 line with negative QCA∗ experience low
Fcrit and correspondingly low Mz. This indicates that for these configurations, the combined effects
of aerodynamic and centrifugal loading result in minimal structural demand both at the root and along
the span. On the other hand, blades with large positive QCA∗ along this zeroMx line experience both
higher values of Fcrit and of Mz, meaning that the structural stresses increase with positive sweep.

Two interesting blades are the straight blade and the blade with QCA∗ = 0 and FA∗ = 0.1, as Fig-
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ure 5.15 shows that the bending moment changes sign between them in all three degrees of freedom.
To clarify the trend of their root bending moments, the spanwise distributions of the integrated aero-
dynamic, centrifugal and resulting structural forces and moments are examined. These distributions
show how the loads accumulate from tip to root and thus illustrate how geometric variations affect the
spanwise blade loading and the resulting root bending moments, providing insight into why certain ge-
ometries produce a zero root bending moment. For each type of force, the integrated force is obtained
by summing the nodal forces provided on the structural nodes. Although the aerodynamic loads are
initially defined on the aerodynamic grid, they are mapped onto the structural grid as explained in sub-
section 4.1.2. At any structural node i, the integrated force is obtained by adding its nodal force to the
nodal forces of all nodes located further out along the span., see Equation 5.8. In this equation, N
refers to the structural node at the blade tip.

Fi =

N∑
j=i

fj (5.8)

Since the blade is in static equilibrium, a reaction force at the root must ensure that the sum of the
structural forces becomes zero at the hub.

Froot =

N∑
j=1

fsj = 0 (5.9)

The spanwise distributions of the integrated aerodynamic, centrifugal and structural forces for all three
degrees of freedom are shown in Figure 5.16 for the straight blade and the blade with QCA∗ = 0
and FA∗ = 0.1. While the structural forces in x- and z-direction are comparable in magnitude, the
force is y-direction is dominant. In x-direction, both the aerodynamic and centrifugal force contribute
to the structural force, whereas in the y-direction, the centrifugal force dominates. As expected for a
propeller rotating about the z-axis, the centrifugal force has no z-component, so the structural force in
this direction depends solely on the aerodynamic force.

These force distributions demonstrate how variations in lean change the balance of forces along the
span. In x-direction, the changes in blade geometry primarily affect the centrifugal force distribution.
The aerodynamic force, however, remains nearly constant in all degrees of freedom, consistent with ear-
lier observations in this work, indicating that geometric modifications can redirect the structural forces
to achieve a beneficial structural response without substantially changing the aerodynamic behaviour.
As the centrifugal force has no component in the z-direction, the resulting structural force in this direc-
tion is little affected by this variation in lean between the two blades. In contrast, the centrifugal force
varies in y-direction, although its effect is small compared to the absolute values, causing a change
in the structural force of about 1%. Lastly, it should be noted that the integrated structural forces in-
deed reduce to zero at the hub, which confirms that the blade is in static equilibrium. To assess the
contribution of these forces to the root bending moment, the integrated moments are examined next.
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(a) Forces in x-direction for FA∗ = 0. (b) Forces in x-direction for FA∗ = 0.1.

(c) Forces in y-direction for FA∗ = 0. (d) Forces in y-direction for FA∗ = 0.1.

(e) Forces in z-direction for FA∗ = 0. (f) Forces in z-direction for FA∗ = 0.1.

Figure 5.16: Spanwise distributions of aerodynamic, centrifugal and structural integrated forces for
two unswept blades.
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The integrated moment is computed by summing the nodal moments together with the moments gen-
erated by the nodal forces [5]. These nodal moments arise because the aerodynamic and centrifugal
loads do not act directly along the structural axis. The aerodynamic loads act on the aerodynamic grid,
producing an aerodynamic moment when mapped onto the structural grid. Similarly, the centrifugal
force acts at the cross-sectional centre of mass, which does not necessarily coincide with the structural
axis, generating an additional moment. The second contribution of the integrated moment comes from
the fact that each nodal force acting on a structural node further outward along the span generates
a moment about the chosen reference point of integration. Therefore, at any structural node i, the
integrated moment is obtained by summing its nodal moment to the nodal moments of all spanwise
outward nodes, and by adding the moments produced by the nodal forces acting at those same nodes,
see Equation 5.10. In this way, the integrated moment distribution captures the cumulative effect of all
loads acting from the blade tip toward the reference node.

Mi =

N∑
j=i

mj + (rj − ri)× fj (5.10)

As with the integrated structural force, static equilibrium requires that the integrated structural moment
reduces to zero at the hub.

Mroot =

N∑
j=1

msj = 0 (5.11)

For the same unswept blades as in Figure 5.16, with FA∗ = 0 and FA∗ = 0.1, the integrated bending
moments for all degrees of freedom are shown in Figure 5.17. As expected, the reaction moment at
the root ensures that the integrated structural moments reach zero at the hub for both blades in all
directions. The aerodynamic moment remains largely unaffected by the change in lean in all three
degrees of freedom, whereas the moment due to the centrifugal force does vary in magnitude only.
This variation causes the integrated structural bending moment to change sign between the two blades
in all directions.

The analysis now concentrates on Mx, since minimizing this moment may be a relevant design target
due to its largest variations. The aerodynamic moment in x-direction remains largely unchanged with
variations in lean, so the centrifugal force component of Mx becomes the primary focus. Because
Mx partially arises from the cross-product of the radius vector with the force vector, only Fy and Fz

contribute. The centrifugal force, however, has no component in the z-direction, while its y-component
varies only slightly. This indicates that the observed changes in Mx are primarily driven by the change
in geometry, affecting both the nodal moment contributions along the span and how the centrifugal
forces contribute to the integrated moment through their associated moment arms. More specifically,
introducing lean affects the positions of the centres of mass relative to the structural axis, changing
the moment arms of the centrifugal forces and thus affecting the magnitude, and possibly the sign,
of the nodal moments. At the same time, the geometry affects the positions of the structural nodes
relative to each other, changing the three-dimensional distances between the structural nodes. This
affects how the nodal forces contribute to the integrated moment, again influencing both the magnitude
and possibly the sign of the resulting force-induced moments. Together, these effects determine the
variation of the centrifugal force component of Mx observed between the two blades.

As the centrifugal force component of Mx changes magnitude between the two blades, the integrated
structural moment changes sign. As a result, the reaction at the root also switches sign, being negative
for the straight blade and producing a negative root bending moment, and positive for the blade with
lean, matching the trends observed in Figure 5.15. This implies that there must exist an intermediate
lean distribution for which the blade experiences a zero root bending moment about the x-axis. Simi-
larly, the spanwise distributions of the integrated moments My and Mz indicate that intermediate lean
distributions must exist for which the blade experiences a zero root bending moment in the respective
degree of freedom. As shown in Figure 5.15, some blade configurations even satisfyMx = 0 andMz =
0 or My = 0 and Mz = 0. However, no single blade configuration both satisfies Mx = 0 and My = 0,
nor does any blade meet all three conditions simultaneously.
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(a) Moments about the x-axis for FA∗ = 0. (b) Moments about the x-axis for FA∗ = 0.1.

(c) Moments about the y-axis for FA∗ = 0. (d) Moments about the y-axis for FA∗ = 0.1.

(e) Moments about the z-axis for FA∗ = 0. (f) Moments about the z-axis for FA∗ = 0.1.

Figure 5.17: Spanwise distributions of aerodynamic, centrifugal and structural integrated bending
moments for two unswept blades.
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5.4.3. Impact of Increased Thrust Level
The effect of thrust on structural behaviour is studied by increasing thrust from 50 N to 100 N, which in
practice corresponds to applying a higher pitch setting, while keeping all other parameters fixed. This
change affects the blade stresses, as shown by the maximum failure index on the top and bottom skin
laminates in Figure 5.18. The corresponding principal and shear strains are provided in Figure F.2.

Compared to Figure 5.11, the maximum value of Fcrit for the top skin decreases for the blades with
positive lean, suggesting a redistribution of the aerodynamic and centrifugal loads that lowers the re-
sulting structural stress. However, this reduction is small, with∆Fcrit < 0.1. For the bottom skin, on the
other hand, the changes between the two thrust settings are negligible. As shown by Figure 5.19, the
corresponding spanwise location of maximum Fcrit on both skins remains largely unchanged between
the two thrust settings. For the top skin, the blades with the highest Fcrit, characterized by positive
sweep and positive lean, show a slight outward shift in this location from ycrit/YD = 0.35 at the 50 N
thrust setting to ycrit/YD = 0.37 at 100 N thrust setting, whereas for the bottom skin this difference is
too small to determine. This indicates that the region of the blade most vulnerable to structural failure
is largely insensitive to this change in operating condition.

(a) Top skin. (b) Bottom skin.

Figure 5.18: Maximum failure index for the top and bottom skin laminates at 100 N thrust.

(a) Top skin. (b) Bottom skin.

Figure 5.19: Spanwise position of maximum failure factor at a thrust setting of 100 N.
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The root bending moments for the 100 N thrust setting are presented in Figure 5.20. Overall, the trends
are consistent with those observed at 50 N. ThemomentMx still primarily depends on lean and remains
largely insensitive to sweep. However, the magnitudes of Mx have decreased throughout the entire
parameter space. As a result, theMx = 0 line now occurs at higher lean values. In fact, whereas at 50
N the Mx = 0 line was located around FA∗ = 0.02, it has shifted to approximately FA∗ = 0.04 at 100
N. This means that a larger positive lean is required for the blade to achieve zero Mx under the higher
thrust setting. The range of My has slightly increased but it remains small compared to the ranges of
Mx and Mz. Therefore, My continuous to play a small role in structural stress at the blade root. The
values of Mz have increased across the parameter space, and its overall range has also expanded,
meaning that the sensitivity of Mz to sweep and lean has increased. Furthermore, a consequence of
the decreased Mx is that the lines of Mx = 0 and My = 0 are located closer to each other at 100 N
than at 50 N. However, this comes at the cost of increased Mz.

(a) Bending moment about the x-axis. (b) Bending moment about the y-axis.

(c) Bending moment about the z-axis.

Figure 5.20: Bending moments at the propeller hub for a thrust setting of 100 N.

Similar to the 50 N thrust setting, Mx again exhibits the largest variation in magnitude across the pa-
rameter space at 100 N, compared to My and Mz. This implies that minimization of Mx could still be
a design target. The underlying behaviour can again be analysed through the integrated forces, com-
puted for the same unswept blades used in the 50 N study, with FA∗ = 0 and FA∗ = 0.1. The results
are shown in Figure 5.21. As expected, in order to achieve the higher thrust setting, the integrated
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aerodynamic forces in x- and z-direction have increased for both blades. In the x-direction, the force
has increased from 4.8 N to 10.5 for the straight blade and from 4.7 N to 10.4 N for the leaned blade. In
the z-direction, the aerodynamic force increased from 8.3 N at 50 N to 16.7 N at 100 N for both blades.
Due to the two-dimensional nature of the BEM model, the aerodynamic force in y-direction remains
zero for both blades at both thrust settings. The increase in pitch angle, and the resulting increase of
aerodynamic loads, also affects the centrifugal force. Among its components only Fx changes signifi-
cantly, increasing from 2.0 N to 3.4 N for the straight blade and from 10.4 N to 14.7 N for the leaned
blade. These changes in forces result in the differences in root bending moments observed at 50 N in
Figure 5.15 compared to those at 100 N in Figure 5.20.

Lastly, the integrated moments for the 100 N thrust setting are shown in Figure 5.22 for the straight
blade and the leaned blade with FA∗ = 0 and FA∗ = 0.1. The corresponding reaction moments for
both blades, and also both thrust settings, are summarized in Table 5.4. The reaction moment at the
root in x-direction is lower at 100 N than at 50 N for both blades, that in y-direction remains nearly
unchanged and the reaction moment in z-direction increases, consistent with the trends observed in
Figure 5.20. Furthermore, also at 100 N, the reaction moment changes sign between the straight and
leaned blades in all three degrees of freedom. This suggests the existence of an intermediate lean
value where the reaction moment vanishes, resulting in a zero root bending moment. As in the 50 N
case, this sign change is primarily driven by centrifugal loads, since the aerodynamic forces are nearly
identical for the two blade configurations, as shown by the integrated force distributions in Figure 5.21.

Table 5.4: Comparison of the reaction moments at the propeller hub between the two thrust settings
of 50 N and 100 N for both the straight and leaned propeller blades.

Blade Thrust [N] Mx [Nm] My [Nm] Mz [Nm]

Straight
50 -0.59 0.07 0.37
100 -1.32 0.08 0.84

Leaned
50 2.55 -0.02 0.02
100 1.69 -0.05 0.37

These results highlight that the numerical values obtained in this parameter study depend on the oper-
ating conditions, which have not been optimized in this work. Therefore, when interpreting the results,
emphasis should be placed on the observed trends, as they provide insight into how variations in the
design parameters affect both the structural behaviour and aerodynamic performance of the blades,
allowing for informed design decisions. A comprehensive design study should thus consider multi-
ple operating conditions across the entire mission profile to ensure both the structural behaviour and
aerodynamic performance are accurately captured.
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(a) Forces in x-direction for FA∗ = 0. (b) Forces in x-direction for FA∗ = 0.1.

(c) Forces in y-direction for FA∗ = 0. (d) Forces in y-direction for FA∗ = 0.1.

(e) Forces in z-direction for FA∗ = 0. (f) Forces in z-direction for FA∗ = 0.1.

Figure 5.21: Spanwise distributions of integrated forces for two unswept blades at a thrust setting of
100 N.
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(a) Moments about the x-axis for FA∗ = 0. (b) Moments about the x-axis for FA∗ = 0.1.

(c) Moments about the y-axis for FA∗ = 0. (d) Moments about the y-axis for FA∗ = 0.1.

(e) Moments about the z-axis for FA∗ = 0. (f) Moments about the z-axis for FA∗ = 0.1.

Figure 5.22: Spanwise distributions of aerodynamic, centrifugal and structural integrated bending
moments for two unswept blades.
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Conclusion

In this thesis, an aeroelastic analysis tool was developed for propeller blades with arbitrary sweep and
lean distributions. To achieve this, an aerodynamic model capable of accounting for sweep and lean
was developed and coupled to the existing structural model through a tight coupling approach. Finally,
a parameter study was conducted to systematically study the effects of sweep and lean on aerodynamic
performance trends and structural response.

Accordingly, the research was structured into three main parts, each addressing one of the research
questions defined in chapter 1. The first research question concerns the geometric representation of a
swept blade and the development of the aerodynamic model, as addressed in chapter 2 and chapter 3,
respectively. The second research question focuses on the establishment of the tight aeroelastic cou-
pling, with particular emphasis on the derivation of the analytical sensitivities, as discussed in chapter 4.
The third research question focuses on the parameter study, presented in chapter 5.

The conclusions of this research, along with the corresponding answers to these research questions,
are presented below. The research questions are repeated for convenience.

1. How can the geometry and aerodynamics of propeller blades with sweep and lean be modelled?

a) How should sweep and lean be defined?
b) How can blade element momentum theory be extended to account for sweep and lean when

predicting aerodynamic performance trends of swept propellers operating at low Mach num-
bers?

To define the geometry of a swept and leaned propeller blade, the global coordinate system must be
defined first. In this thesis, the coordinate system is oriented such that the y-axis and z-axis align with
the pitch and rotation axes, respectively, while the x-axis is perpendicular to both and oriented positively
toward the trailing edge of the blade. Sweep and lean are then defined relative to these axes.

In this work, the geometry of the swept and leaned propeller blade is defined in terms of the quarter-
chord alignment QCA and the face alignment FA. These alignments represent the offsets of the
quarter-chord line from the global y-axis in x- and z-direction, respectively. In other words, QCA and
FA correspond directly to the x- and z-coordinates of the quarter-chord line in the global coordinate
system, respectively. This quarter-chord line was chosen as the reference line because it approximately
coincides with the aerodynamic centre of the airfoil.

In addition to using geometrical offsets, sweep and lean should also be defined in terms of angles. Two
definitions for each parameter were mentioned. First, the sweep angle can be defined as the angle
between the global y-axis and the vector pointing towards the quarter-chord line projected onto the xy-
plane, while the lean angle is defined similarly using the yz-plane. The alternative definition expresses
the sweep and lean angles in terms of the spanwise gradients of the associated alignments. Since
the airfoil sections used to evaluate the lift and drag polars are aligned parallel to the incoming flow,
these gradient-based angles are not required to determine the airfoil orientation. Additionally, they are
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not applied in the sweep correction of the aerodynamic model, which accounts only for the absolute
offset of the quarter-chord line and not its spanwise variation. Hence, in this work, the sweep and lean
angle are defined as the angles corresponding to the quarter-chord line offsets in the global coordinate
system.

As mentioned, the airfoil sections used to evaluate lift and drag polars in this work are oriented par-
allel to each other for two main reasons. First, this arrangement enabled straightforward validation
of the aerodynamic model, as the experimental data from Prud’homme van Reine [4] contained mea-
surements for XPROP and XPROP-Λ where the airfoil sections parallel to the freestream flow were
known and the corresponding lift and drag polars were readily available. Second, aligning the sections
in this way prevents overlap of adjacent blade elements, which can occur for highly curved blades due
to steep gradients of the quarter-chord line, particularly when the blade is finely discretized along the
span. These considerations made the use of parallel airfoil sections the most practical.

In this work, the aerodynamics are modelled using blade element momentum (BEM) theory, which does
not inherently account for sweep and lean. Therefore, to enable BEM to capture the aerodynamics of
curved blades, a correction factor must be applied. As in swept blades the blade elements are no longer
positioned such that the rotation vector is perpendicular to the local chord line, a sweep correction must
be applied to the rotational velocity. The orientation of the airfoil relative to the axial freestream velocity
remains unchanged, so no correction is required for this component. Lean does not change the airfoil
orientation relative to either velocity component, and thus no correction factor is needed to account for
blades with lean. However, when pitching the blade, lean transforms into sweep, which indirectly affects
the aerodynamic performance. Additionally, the torque coefficient must be adjusted by the sweep angle
to account only for the component of torque perpendicular to the rotation vector.

Validation of the extended BEM model against the experimental data from Prud’homme van Reine
[4] showed that, although the absolute values are overestimated, the BEM model accurately predicts
overall aerodynamic performance trends in terms of thrust, with less accuracy for efficiency. Consistent
with the measurements, the predicted effects of sweep and lean on the performance are small. The
model reliably captures the sensitivity to sweep for both thrust and efficiency at 30◦ pitch, though this
accuracy decreases at 45◦ pitch, likely due to stronger three-dimensional aerodynamic effects. This
confirms that, despite its limited effect, the extended BEM model can reliably predict the influence of
sweep. Thus, for sweep and lean sensitivity studies, the model provides sufficient fidelity at pitch angles
around 30◦. Accordingly, the model can be applied to parametric studies aimed at identifying design
trends, but it is less suitable for detailed design optimization due to the overestimation of absolute
performance.

2. How can the aerodynamic and structural models be tightly coupled for propeller blades with sweep
and lean?

a) Which aerodynamic sensitivities are required for tight aeroelastic coupling?
b) How can the required aerodynamic sensitivities be computed analytically?
c) How do the derived analytical sensitivities compare with numerically computed sensitivities?

The aerodynamic BEM model is tightly coupled to the structural model, meaning that the aerodynamic
and centrifugal loads, along with the resulting structural deformations, are not computed iteratively. In-
stead, the deformations are updated based on the gradients of the aerodynamic and centrifugal loads
with respect to the blade deformations. While the gradients of the centrifugal loads were already cor-
rectly included in PROTEUS, those of the aerodynamic loads needed refinement due to the extension
of the BEM model. Since computational efficiency is essential for a preliminary design tool, it was
decided to derive these gradients analytically.

A node on the structural grid is defined with three translational and three rotational degrees of freedom
corresponding to the three axes of the global coordinate system. Since the aerodynamic loads are
independent of the z-coordinate, the sensitivities are only required in the remaining five degrees of
freedom, which include translations along x and y and rotations about the x-, y-, and z-axes. These
sensitivities can be derived analytically using the methodology developed by Rotundo et al. [19], though
improvements are introduced in this work to enhance their accuracy. Based on the extended BEM
model, the sensitivities are further adapted to account for blades with sweep and lean. In addition,
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geometrical sensitivitiesmust be introduced, defined as sensitivities that do not depend on the operating
conditions but solely on the geometry of the quarter-chord line, to predict how the geometric parameters
change with translational and rotational variations of the blade. Unlike straight blades, these are non-
zero for swept and leaned blades, meaning that they can impact the overall accuracy of the sensitivities.
The radial derivative of the Prandtl loss factor, however, presents some difficulties, as it introduces non-
zero radial derivatives of the hub and tip radii. Since this radial contribution is small, it can be safely
neglected.

The aerodynamic sensitivities with respect to blade deformation in the other degrees of freedom can
be derived similarly, except that the sensitivities with respect to blade deformations in the translational
degrees of freedom require reformulation in terms of the radial derivative. These derivations were
therefore not reproduced in this report. Only the geometric sensitivities were derived explicitly, as they
cannot be obtained analogously.

To validate the analytically derived sensitivities, they were compared with numerically computed sen-
sitivities, showing strong agreement across all degrees of freedom. While the error increases slightly
between XPROP and XPROP-Λ, the results remain accurate, which demonstrates the robustness of
the analytical sensitivities across different blade geometries. Despite neglecting the radial contribution
of the Prandtl loss factor, the comparison with numerical results is satisfactory. The geometric sensitiv-
ities, in particular, show excellent agreement. Since the sensitivities show such strong agreement, all
of them were used in the aeroelastic analysis of chapter 5.

In terms of computational efficiency, the analytical method shows significant improvement, reducing the
computational cost by over 90% compared to numerical computations. For XPROP, this results in a
30% reduction in computational time of the aeroelastic analysis when using the tight coupling compared
to the loose coupling, while for XPROP-Λ the reduction is even larger. At the same time, the predicted
structural deformations and aerodynamic loads show excellent agreement between the two methods,
confirming that the tight coupling approach can be used with confidence.

3. What is the effect of combining sweep and lean on the aerodynamic performance and structural
response of an isolated propeller?

a) How does the aerodynamic performance of flexible blades featuring sweep and lean com-
pare to that of rigid blade designs?

b) What is the effect of sweep and lean on the aerodynamic performance of flexible blades
compared to a straight blade?

c) How does lean influence the structural response of swept blades?

To study the effects of sweep and lean on the aerodynamic performance and structural response of a
propeller blade, a parameter study was performed. Sweep was parametrized by scaling the geometry
of XPROP-Λ, while lean was represented using a simplified distribution oriented either fully upstream
or fully downstream.

The aerodynamic efficiency of five flexible blades was compared with their rigid counterparts at pitch
settings of 30◦, 35◦, and 45◦. The selected blades included the straight blade, two unswept blades with
positive and negative lean, and two blades without lean featuring positive and negative sweep. Overall
efficiency differences were found to be small. Backward sweep and downward lean caused noticeable
deviations, but the pitch setting dictated which configuration performed better, so no consistent trend
could be determined. Differences in peak aerodynamic efficiency were generally below 0.3%, except
for the unswept blade with downstream lean at a pitch of 30◦, where the rigid blade outperformed
the flexible blade by 1%. Despite this limited effect on peak efficiency, blade flexibility does have a
measurable aerodynamic impact, as it affects both the generated thrust and required power. Thus,
although structural flexibility introduces torsional and translational deformations that influence the local
pitch angle and spanwise loading distribution, thereby changing both the generated thrust and required
power, it can be concluded that these aeroelastic effects are not strong enough to significantly change
peak aerodynamic efficiency.

The aerodynamic performance of flexible blades was further examined through aeroelastic analysis at
a constant thrust coefficient TC . The results show that, within the considered parameter space and
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operating conditions, the propulsor efficiency can increase by up to 1.7% compared to the flexible
straight blade. Blades combining backward sweep with upward lean achieve the highest efficiency,
while negative lean yields a smaller, yet positive, effect. A reduction in efficiency compared to the
straight blade only occurs for blades with moderate backward or forward sweep combined with positive
lean. These efficiency differences result from changes in the aerodynamic loading distribution along the
blade due to the varying geometries. The observed efficiency trends can be attributed to changes in the
spanwise distribution of induced and profile efficiencies, which together define the spanwise variation of
sectional propulsor efficiency. Induced efficiency was found to be the dominant factor, meaning that the
blade geometry primarily affects efficiency by changing the induced velocities and causing variations in
the associated losses due to swirl. Part of this observed efficiency increase, however, can be attributed
to the larger disk area of propellers with highly curved blades. Nevertheless, the efficiency trends do
not directly match the trends in disk radius, which indicates a contribution from aeroelastic effects, in
particular for backward-swept blades. To clearly isolate these aeroelastic contributions, curved blades
should ideally be compared at equal disk areas. Forward sweep may offer similar benefits, but that
could not be determined due to the limited range of forward sweep considered in this study.

The structural behaviour of flexible blades was assessed through aeroelastic analysis at constant di-
mensional thrust. Using the Tsai-Wu failure index Fcrit, trends in blade stress could be visualized.
This revealed that the top skin laminate experiences the highest stress, which increases with back-
ward sweep and upstream lean. These trends are explained by the principal strain and shear strain,
showing that higher values of one or both correspond to a higher Fcrit. Furthermore, for geometries
with significant Fcrit, the maximum value of Fcrit consistently occurs at nearly the same spanwise lo-
cation, which was attributed to the use of scaled XPROP-Λ blades. Regarding the effect of lean on
swept blades, both forward-swept and backward-swept blades exhibit the most favourable structural
response in terms of Fcrit when no lean is applied.

The structural response of swept blades was further analysed using root bending moments, which
provide an indirect measure of blade stress at the propeller hub. The root bending moment about the x-
axis, corresponding to bending out of the plane of rotation, was found to vary most across the parameter
space, which could make minimization of Mx an important design target. Lean has a pronounced
impact on the bending moment about the x-axis, while the effect of sweep is negligible. Therefore,
applying upstream lean to a swept blade can significantly reduce the root bending moment about the
x-axis. In fact, for a given blade sweep, it is even possible to apply an amount of upstream lean that
results in zero Mx. Due to the small variation in My across the parameter space, applying lean has
a negligible effect on it, while increasing lean also positively impacts Mz. Thus, lean can significantly
affect the root bending moment for swept blades, although the resulting changes in blade stress, as
indicated by Fcrit, must also be considered.

These trends in root bending moments with varying geometry can be explained by the spanwise dis-
tributions of the integrated forces and moments. The analysis showed that varying lean changes the
spanwise distributions of the centrifugal force and the resulting moments, while the distributions of the
aerodynamic forces andmoments remain nearly unchanged. Thus, changing lean affects the spanwise
distribution of the centrifugal loads, which could result in a favourable bending moment at the propeller
hub.

Lastly, the effect of thrust setting on the structural response was examined by doubling the thrust. This
increase caused a slight decrease in maximum Fcrit for the top skin, suggesting that the aerodynamic
and centrifugal loads are redistributed in a way that lowers the resulting structural stresses, while Fcrit

for the bottom skin remained nearly unaffected. The root bending moments were also affected, with
decreasing Mx and increasing Mz. Due to the negative sign of Mx, a higher lean is required for a
given blade sweep to achieve zero Mx at the higher thrust setting. Meanwhile, My remains small
compared to Mx and Mz. The trends in root bending moment could again be explained by variations
in the spanwise distributions of the integrated forces and moments, which show that changes in the
centrifugal load remain the primary driving factor at higher thrust. Comparison of the results between
the two thrust settings highlights that the numerical values obtained in this parameter study depend on
the operating conditions, which have not been optimized in this work. Therefore, when interpreting the
results, emphasis should be placed on the observed trends rather than on the absolute values.



7
Recommendations

In this chapter, the limitations of this work are examined and the assumptions that may influence the
accuracy of the results are discussed. In addition, recommendations for future research are provided,
focusing on potential methodological improvements, extensions of the aeroelastic framework, and fur-
ther studies that could enhance the understanding of sweep and lean effects on propeller performance.

Regarding the geometry of the propeller blade, the aeroelastic model assumes that the airfoil sections
retain their shape and remain parallel to the freestream flow at all times. In other words, as the blade
deforms under aerodynamic and centrifugal loads, the cross-sections are assumed not to undergo sig-
nificant shear or twisting that would change either their shape or their orientation relative to the axial
flow, apart from variations in pitch angle. This assumption is likely reasonable for small deformations
but becomes less accurate as the deformations grow larger. In such cases, bending–twisting coupling
can change the orientation of the airfoil section under transverse loads, while extension–shearing cou-
pling can change the airfoil shape under axial loads. This could affect both the aerodynamic loading
and the structural response. By neglecting these effects, the model may predict local deformations
incorrectly, particularly near the blade root where the bending moments are large, or near the tip where
the aerodynamic loading is high.

In this work, the aerodynamic model was validated only for XPROP and XPROP-Λ, whereas the pa-
rameter study considered a much larger range of sweep. Moreover, the validation was limited to blades
with negligible lean. Wind tunnel testing of highly curved blades would therefore be valuable to assess
whether the extended BEM model remains accurate for larger sweep and lean. Such tests could also
indicate whether additional sweep and lean corrections, for example based on their local gradients, are
necessary.

Another limitation concerns compressibility. Since the model applies the Prandtl–Glauert correction,
results are valid only for Mach numbers up to approximately 0.7. Furthermore, the BEM model could
only be validated at low Mach and Reynolds numbers due to the limited availability of experimental
data. Therefore, it would be interesting to identify up to which Mach number BEM remains accurate,
thus at which point accuracy degrades, andwhat additional sweep and lean correctionsmay be required
under such conditions. For higher Mach numbers, rather than applying the Prandtl–Glauert correction
to numerically computed airfoil polars, it may be better to use polar data from higher-fidelity numerical
simulations like RANS. This approach would directly account for compressibility effects and remove the
need for additional correction factors. Furthermore, RANS can better predict the transition from laminar
to turbulent flow, making the eN method unnecessary. However, BEM theory might not be adequate
for conditions where three-dimensional shock wave formation occurs.

In general, BEM models are unable to capture three-dimensional aerodynamic effects because they
neglect interactions between blade elements. An alternative would be to use a higher-fidelity aerody-
namic model such as lifting-line theory. Prud’homme van Reine [4] conducted a comparative study
of two different LLT methods against experimental performance data for the XPROP and XPROP-Λ
propellers. The results showed that both LLT methods failed to accurately predict the aerodynamic
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performance. In fact, switching between the two lifting-line methods had a larger impact on the perfor-
mance than changing from XPROP to XPROP-Λ. In other words, the sensitivity of LLT to the chosen
method is larger than the sensitivity of the aerodynamic performance to sweep. This suggests that
LLT may not be sufficiently reliable for accurately predicting the performance of swept propeller blades.
Therefore, replacing BEM with LLT offers little improvement. For higher aerodynamic accuracy, more
advanced methods such as the vortex-lattice method could be applied. However, these come with
increased computational cost, which might be undesirable during the preliminary design phase.

Although the analytical aerodynamic sensitivities showed high accuracy compared to numerically com-
puted results, they could be further improved by extending the sensitivity of the lift, drag, and moment
coefficients to account for velocity changes resulting from the structural deformation. For example, the
sensitivity of these coefficients with respect to twist deformation can be expressed in terms of dV/dβ. Clβ

Cdβ

Cmβ

 =

 Clα

Cdα

Cmα

 dα

dβ
+

 ClRe

CdRe

CmRe

 ρc

µ

dV

dβ
(7.1)

However, the magnitudes of ClRe
, CdRe

and CmRe
are expected to be much smaller than those of Clα

Cdα Cmα , because the effect of angle of attack on the aerodynamic performance is much more sig-
nificant than that of velocity change. This would therefore only have a minor impact on the analytical
results. Additionally, the radial contribution of the Prandtl loss factor sensitivities could be further ex-
amined to enhance the analytical sensitivities.

In the parameter study of this work, the applied range of sweep and lean was limited. For sweep,
only scaled versions of XPROP-Λ were considered. This simplification is reasonable, as tip sweep
is typically backward to reduce both the tip Mach number and noise, while blades are often forward-
swept near the root to limit the tip offset. Lean, on the other hand, was restricted to fully upward or
fully downward distributions. Using the Bézier parametrization, the parameter space could be easily
expanded by increasing the range of the control point coordinates or the number of control points, to
allow for more complex distributions. The use of scaled XPROP-Λ blades may also explain the nearly
constant spanwise location of maximum stress, which could be further investigated by testing sweep
distributions that are not scaled versions of XPROP-Λ. Additionally, when performing a parameter
study, scaling the propeller diameter could be considered to enable comparison of propellers of equal
size.

The next step would be to perform a design study focusing on structural optimization of curved propeller
blades. Geometric design variables could also be included into the optimization framework to achieve a
fully aeroelastically optimized design. However, improvements to the aerodynamic model may be nec-
essary to provide more accurate predictions, in particular for highly curved blades or blades operating
at high freestream Mach numbers or pitch angles. Moreover, the present aeroelastic model is limited
to static analysis, meaning that dynamic effects such as flutter are not considered. Studying these ef-
fects would be essential for a comprehensive evaluation of the blades’ aerodynamic performance and
structural integrity.
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A
Propeller Blade Geometry

The TUD-XPROP propeller, often referred to as XPROP, is the reference propeller within the Flight
Performance and Propulsion (FPP) department of TU Delft’s Aerospace Engineering faculty. It is a
six-bladed propeller with a diameter of 0.4064 m. Since its blades have negligible sweep and lean,
they can be considered straight. The propeller is designed with a variable-pitch mechanism that allows
the blades to be manually adjusted to any desired pitch setting [17], making the propeller suitable for a
wide range of experimental tests.

To investigate the aerodynamic effects of sweep, the FPP department has designed a propeller called
XPROP-Λ. This propeller shares the same geometry as XPROP with an increased amount of sweep,
which was achieved by displacement of the blade’s quarter-chord line in (negative) x-direction under
zero-pitch.

The geometric layout of XPROP is shown in Figure A.1, and the geometric properties of both propellers
are listed in Table A.1.

Figure A.1: Geometry layout of XPROP [48].
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Table A.1: Geometric properties of the XPROP and XPROP-Λ propellers [48, 4].

Spanwise
position

Twist angle Chord length FA QCA
XPROP

QCA
XPROP-Λ

[mm] [deg.] [mm] [mm] [mm] [mm]

32.51 26.82 32.57 2.229 -4.409 2.086
39.62 24.83 32.10 2.041 -4.410 0.176
46.74 22.89 31.63 1.858 -4.401 -1.518
53.85 20.99 31.15 1.694 -4.416 -3.007
60.96 19.15 30.68 1.596 -4.595 -4.300
68.07 17.38 30.23 1.476 -4.714 -5.401
75.18 15.62 29.85 1.339 -4.789 -6.315
82.30 13.87 29.58 1.195 -4.841 -7.042
89.41 12.14 29.49 1.055 -4.904 -7.581
96.52 10.43 29.58 0.918 -4.987 -7.928
103.6 8.730 29.84 0.781 -5.085 -8.076
110.7 7.050 30.18 0.643 -5.197 -8.015
117.9 5.390 30.52 0.498 -5.278 -7.736
125.0 3.750 30.78 0.351 -5.351 -7.223
132.1 2.120 30.94 0.200 -5.407 -6.460
139.2 0.600 31.05 0.057 -5.453 -5.429
146.3 -0.730 31.17 -0.070 -5.498 -4.107
153.4 -1.870 31.16 -0.180 -5.522 -2.472
160.5 -2.910 30.78 -0.279 -5.480 -0.498
167.6 -3.900 29.78 -0.363 -5.323 1.846
174.8 -4.800 28.04 -0.422 -5.030 4.589
181.9 -5.670 25.52 -0.456 -4.589 7.766
189.0 -6.530 22.23 -0.458 -4.000 11.41
196.1 -7.370 18.53 -0.430 -3.326 15.57
203.2 -8.000 13.83 -0.349 -2.481 20.27



B
Alternative Sweep and Lean

Corrections in BEM Modelling

The sweep correction applied to the BEM model in subsection 3.3.2 accounts for sweep effects on the
rotational velocity experienced by the blade. However, this is not the only possible approach. Instead
of correcting only the rotational velocity, as shown in Equation 3.23, one could also correct the total
inflow velocity in accordance with simple sweep theory for fixed wings [49].

V =
√
(V∞(1 + a))2 + (ωr(1− a′))2 · cosΛ (B.1)

However, due to the geometric analogy between sweep and lean for varying pitch angles, it may be
appropriate to extend this correction by including the lean angle as well.

V =
√
(V∞(1 + a))2 + (ωr(1− a′))2 · cosΛ cosΨ (B.2)

Alternatively, rather than applying a correction based on the angles associated with the geometric offset
of the quarter-chord line, the velocity could be corrected using the angles that correspond to the local
gradients of sweep and lean, as given by Equation 2.4 and Equation 2.5, respectively.

V =
√
(V∞(1 + a))2 + (ωr(1− a′))2 · cos γ cos ξ (B.3)

These three alternative sweep and lean corrections are implemented in the BEM model described in
section 3.3, and their aerodynamic performance predictions are compared against experimental data
in Figure B.1, Figure B.2 and Figure B.3, respectively.

Figure B.1 and Figure B.2 show equivalent behaviour, as sweep reduces thrust and power slightly, while
it leaves the efficiency approximately unchanged. This outcome is expected, as the face alignment of
XPROP and XPROP-Λ is small, resulting in minor lean angles. Consequently, the lean correction
has only a minimal effect on the velocity. Moreover, these results show little deviation from those in
Figure 3.8. Therefore, it can be concluded that the absolute magnitudes of the QCA and FA are
too small to test the effect of sweep and lean on the aerodynamic performance accurately. Larger
offsets would probably result in more pronounced variations which would provide a stronger basis for
validation. In contrast, Figure B.3 shows that the correction based on the local gradients of the QCA
and FA, given by Equation B.3, significantly overestimates the reductions in thrust and power. In other
words, it overpredicts the aerodynamic sensitivity to sweep. The change in efficiency, however, is
relatively small as observed in the experimental data.

Overall, these findings suggest that the corrections based on the absolute offset of the quarter-chord
line yield trends that are more consistent with the experimental data than those based on the local
gradients of the quarter-chord. Given that the differences between the results in Figure 3.8, Figure B.1
and Figure B.2 are minimal, due to the small quarter-chord offsets (QCA and FA), it could not be
determined which correction performs best. Since Equation 3.23 provides the most physically plausible
explanation, it is the correction applied in this work.
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(a) Thrust coefficient at β0.7R = 30◦. (b) Thrust coefficient at β0.7R = 45◦.

(c) Power coefficient at β0.7R = 30◦. (d) Power coefficient at β0.7R = 45◦.

(e) Propulsive efficiency at β0.7R = 30◦. (f) Propulsive efficiency at β0.7R = 45◦.

Figure B.1: Aerodynamic performance plots of XPROP and XPROP-Λ at M = 0.12, using the sweep
correction given by Equation B.1 and experimental data from [4].
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(a) Thrust coefficient at β0.7R = 30◦. (b) Thrust coefficient at β0.7R = 45◦.

(c) Power coefficient at β0.7R = 30◦. (d) Power coefficient at β0.7R = 45◦.

(e) Propulsive efficiency at β0.7R = 30◦. (f) Propulsive efficiency at β0.7R = 45◦.

Figure B.2: Aerodynamic performance plots of XPROP and XPROP-Λ at M = 0.12, using the sweep
correction given by Equation B.2 and experimental data from [4].



92 Appendix B. Alternative Sweep and Lean Corrections in BEM Modelling

(a) Thrust coefficient at β0.7R = 30◦. (b) Thrust coefficient at β0.7R = 45◦.

(c) Power coefficient at β0.7R = 30◦. (d) Power coefficient at β0.7R = 45◦.

(e) Propulsive efficiency at β0.7R = 30◦. (f) Propulsive efficiency at β0.7R = 45◦.

Figure B.3: Aerodynamic performance plots of XPROP and XPROP-Λ at M = 0.12, using the sweep
correction given by Equation B.3 and experimental data from [4].



C
Twist Sensitivity Model Comparison

The model for computing the aerodynamic sensitivities with respect to twist deformation, developed in
subsection 4.2.1, has not only been extended to account for propeller blades with sweep and lean, but
also improved compared to that in [19]. This appendix discusses these improvements, and compares
the twist sensitivities predicted by both models for a straight propeller blade.

The main difference is that Rotundo [23] assumed that the axial and tangential force coefficient vary
with the angle of attack only, see Equation C.1, while in this work, variations of the flow angle are also
accounted for, as shown by Equation 4.13.[

Czβ

Cxβ

]
=

[
cosφ − sinφ
sinφ cosφ

] [
Clα

Cdα

]
dα

dβ
(C.1)

Additionally, Rotundo [23] assumed that the thrust and torque coefficients in momentum theory depend
only on the induction factors because this theory is one-dimensional. However, when including Prandtl’s
tip and root loss corrections, these coefficients also become dependent on the flow angle. Therefore,
the decomposition of the twist derivative into axial and tangential induction factor components, as given
by Equation C.2, is not valid.

dCM
t

dβ
=

∂CM
t

∂a

∂a

∂β
+

∂CM
t

∂a′
∂a′

∂β
(C.2)

dCM
q

dβ
=

∂CM
q

∂a

∂a

∂β
+

∂CM
q

∂a′
∂a′

∂β
(C.3)

These modifications to the analytical expressions yield a significant improvement in the accuracy of
the sensitivity predictions for straight blades. This is demonstrated by comparing the analytical and
numerical sensitivities for both models, see Figure C.1 and Figure C.2. The calculations are performed
for a three-bladed XPROP propeller scaled by a factor of 4.5, as used in [19]. To ensure a valid
comparison, the geometry is slightly adjusted by settingQCA = 0mm and FA = 0mm along the entire
span, thereby eliminating the contribution of the geometric sensitivities. For consistency, both figures
use the same colour bar scale, although this scale is unnecessarily large for the improved sensitivities.
Furthermore, the figures only show dCx/dβ, dCz/dβ and dF/dβ because these sensitivities are directly
affected by the modifications. The other sensitivities, however, benefit indirectly through increased
overall accuracy.

The absolute differences shown in Figure C.2 are significantly smaller than those in Figure C.1, in
particular for dCx/dβ and dCz/dβ. This confirms that the modifications introduced in this work are
definitely an improvement. In addition to improving the accuracy of the sensitivity predictions, these
refinements are expected to enhance the efficiency and robustness of the aeroelastic analysis through
faster and more stable convergence of the tight coupling procedure.
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(a) Spanwise distribution of dCx/dβ.

(b) Spanwise distribution of dCz/dβ.

(c) Spanwise distribution of dF/dβ.

Figure C.1: Comparison between analytically and numerically computed twist sensitivities using the
sensitivity model developed by Rotundo [23] for the modified XPROP propeller at β0.7R = 20◦ and

V∞ = 30 m/s.
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(a) Spanwise distribution of dCx/dβ.

(b) Spanwise distribution of dCz/dβ.

(c) Spanwise distribution of dF/dβ.

Figure C.2: Comparison between analytically and numerically computed twist sensitivities obtained
using the developed model in subsection 4.2.1 for the modified XPROP propeller at β0.7R = 20◦ and

V∞ = 30 m/s.





D
Aerodynamic Sensitivity Analysis for
Sweep, Lean, and Radial Deformation

This appendix presents the aerodynamic sensitivity plots with respect to sweep, lean and radial defor-
mation in Appendix D.1, Appendix D.2 and Appendix D.3, respectively. For all degrees of freedom,
the results are structured in a consistent order for convenience. First, the sensitivities for the XPROP
propeller are shown, followed by the corresponding geometric sensitivities. Then, those obtained for
XPROP-Λ are presented. All plots are generated using the same load conditions and numerical settings
as described in subsection 4.2.1.
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D.1. Sweep Sensitivities

(a) Spanwise distribution of dCx/dΛ.

(b) Spanwise distribution of dCz/dΛ.

(c) Spanwise distribution of dCm/dΛ.
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(d) Spanwise distribution of dV/dΛ.

(e) Spanwise distribution of dF/dΛ.

(f) Spanwise distribution of dφ/dΛ.

Figure D.1: Comparison between the analytically and numerically computed sweep sensitivities for
the XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dβ/dΛ.

(b) Spanwise distribution of dr/dΛ.

(c) Spanwise distribution of dS/dΛ.

Figure D.2: Comparison between the analytically and numerically computed geometric sweep
sensitivities for the XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dCx/dΛ.

(b) Spanwise distribution of dCz/dΛ.

(c) Spanwise distribution of dCm/dΛ.



102 Appendix D. Aerodynamic Sensitivity Analysis for Sweep, Lean, and Radial Deformation

(d) Spanwise distribution of dV/dΛ.

(e) Spanwise distribution of dF/dΛ.

(f) Spanwise distribution of dφ/dΛ.

Figure D.3: Comparison between the analytically and numerically computed sweep sensitivities for
the XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dβ/dΛ.

(b) Spanwise distribution of dr/dΛ.

(c) Spanwise distribution of dS/dΛ.

Figure D.4: Comparison between the analytically and numerically computed geometric sweep
sensitivities for the XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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D.2. Lean Sensitivities

(a) Spanwise distribution of dCx/dΨ.

(b) Spanwise distribution of dCz/dΨ.

(c) Spanwise distribution of dCm/dΨ.



D.2. Lean Sensitivities 105

(d) Spanwise distribution of dV/dΨ.

(e) Spanwise distribution of dF/dΨ.

(f) Spanwise distribution of dφ/dΨ.

Figure D.5: Comparison between the analytically and numerically computed lean sensitivities for the
XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dβ/dΨ.

(b) Spanwise distribution of dr/dΨ.

(c) Spanwise distribution of dS/dΨ.
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(d) Spanwise distribution of dΛ/dΨ.

Figure D.6: Comparison between the analytically and numerically computed geometric lean
sensitivities for the XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dCx/dΨ.

(b) Spanwise distribution of dCz/dΨ.

(c) Spanwise distribution of dCm/dΨ.
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(d) Spanwise distribution of dV/dΨ.

(e) Spanwise distribution of dF/dΨ.

(f) Spanwise distribution of dφ/dΨ.

Figure D.7: Comparison between the analytically and numerically computed lean sensitivities for the
XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dβ/dΨ.

(b) Spanwise distribution of dr/dΨ.

(c) Spanwise distribution of dS/dΨ.
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(d) Spanwise distribution of dΛ/dΨ.

Figure D.8: Comparison between the analytically and numerically computed geometric lean
sensitivities for the XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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D.3. Radial Sensitivities

(a) Spanwise distribution of dCx/dr.

(b) Spanwise distribution of dCz/dr.

(c) Spanwise distribution of dCm/dr.
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(d) Spanwise distribution of dV/dr.

(e) Spanwise distribution of dF/dr.

(f) Spanwise distribution of dφ/dr.

Figure D.9: Comparison between the analytically and numerically computed radial sensitivities for
the XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dβ/dr.

(b) Spanwise distribution of dΛ/dr.

(c) Spanwise distribution of dS/dr.

Figure D.10: Comparison between the analytically and numerically computed geometric radial
sensitivities for the XPROP propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dCx/dr.

(b) Spanwise distribution of dCz/dr.

(c) Spanwise distribution of dCm/dr.
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(d) Spanwise distribution of dV/dr.

(e) Spanwise distribution of dF/dr.

(f) Spanwise distribution of dφ/dr.

Figure D.11: Comparison between the analytically and numerically computed radial sensitivities for
the XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.
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(a) Spanwise distribution of dβ/dr.

(b) Spanwise distribution of dΛ/dr.

(c) Spanwise distribution of dS/dr.

Figure D.12: Comparison between the analytically and numerically computed geometric radial
sensitivities for the XPROP-Λ propeller at β0.7R = 20◦ and V∞ = 30 m/s.





E
Parametrization of Radially

Distributed Design Variables

To represent a radially distributed design variable, a parametrization can be used to avoid the need
to define numerous coordinate points along the blade span. Parametric curves offer several advan-
tages in this context. First of all, they provide a flexible and efficient way to represent complex blade
shapes using a small number of parameters, rather than a large set of coordinate points [50]. This
makes parametric curves computationally efficient, which is important in design problems where com-
putational time is a limiting factor. Second, because parametric curves are defined by basis functions,
they inherently ensure smoothness of the curves which is essential to avoid infeasible designs. Lastly,
parametric curves can facilitate constraint handling [51]. Since the curve is described by a set of control
points, constraints can be applied directly by restriction of these points. This guarantees that the final
design meets the requirements.

Various parametrization techniques have been developed to represent arbitrary complex curves by a
minimum number of control points, some of which are outlined below. By applying these methods, the
number of variables for the radially distributed QCA and FA in chapter 5 can be reduced significantly,
while their distributions remain smooth and continuous.

E.1. Cubic Spline
Sodja et al. [5] implemented cubic splines to define the blade axis in polar coordinates.

φ(r) =
φ0

2

(
3

(
r − rroot
rtip − rroot

)2

−
(

r − rroot
rtip − rroot

)3)
(E.1)

z(r) =
z0
2

(
3

(
r − rroot
rtip − rroot

)2

−
(

r − rroot
rtip − rroot

)3)
(E.2)

In this case, φ0 and z0 are the parameters being optimized during the process. However, these curves
cannot represent arbitrary complex shapes, as they are constrained to be either monotonically increas-
ing or decreasing over the range r ∈ [rroot, rtip], depending on the sign of φ0 and z0.

E.2. 1-Cosine Curve
Möhren et al. [18] parametrized the quarter-chord line using a 1-cosine function.

x = xtip

(
1− cos

(
π

2

y

ytip

))
(E.3)

The parameters xtip and ytip can be varied to adjust the curvature of the blade axis, but they also allow
only monotonically increasing or decreasing geometries. This parametrization is applied only to sweep
in the work of Möhren et al. [18], but it can also be used to model lean.
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E.3. Power Law Function
A generic power law function to parametrize sweep was introduced by Thielen [6].

x

R
=

QCAtip

Y

( y

R

)dΛ

+ κ

(( y

R
− 0.5

)2

− 0.25

)
(E.4)

Here, QCAtip defines the tip offset of the quarter-chord line, dΛ controls the curvature of the sweep
distribution, and κ specifies the additional forward or backward sweep without affecting the tip sweep.

E.4. Bézier Curve
The Bézier curve is a widely used parametrization, constructed with Bernstein basis polynomials which
serve as the basis functions of the parametric curve [52, 53]. A Bézier curveC(t) of degree n is defined
by a set of n+1 control points P0, P1, ..., Pn, also known as Bézier points, which determine the shape of
the curve.

C(t) =

n∑
i=0

PiBn,i(t), t ∈ [0, 1] (E.5)

Bn,i(t) =

(
n

i

)
ti(1− t)n−i (E.6)

In 2D, each control point is defined by a set of (X,Y )-coordinates. The first and last control points, P0

and Pn, specify the start and the end point of the curve, respectively, while the other control points
typically do not lie on the curve. As previously mentioned, one of the advantages of parametric curves
is the possibility to impose constraints to the design. For Bézier curves, this is achieved by restricting
the coordinates of their control points, which ensures the design stays within the desired limits [13].

E.5. Parametrization Selection
The cubic spline and 1-cosine curve are not selected for further use, as they only allow either mono-
tonically increasing or decreasing blade axis geometries. Since the Bézier curve can parametrize the
same sweep and lean distributions as the power law parametrization of Thielen [6], the more generic
Bézier curve is the selected parametrization method in this work. What remains is to verify whether
these curves can accurately parametrize propeller blade geometries. Fortunately, Bézier curves are
used extensively in literature. Margalida et al. [16] used them in their optimization study to describe ra-
dial distributions of geometric variables along the blade span. Geng et al. [11] successfully determined
the radial distribution of sweep using a 4th degree Bézier curve, as shown in Figure 1.2. Furthermore,
Bézier curves were successfully applied by Burger [33], Gruijl [54], Keil [13] and Shen et al. [55].

Finally, Haan [20] conducted an error analysis on the Bézier parametrization of XPROP, in which,
among other parameters, the chord distribution was specified at 25 radial positions along the blade
span. His study evaluated how accurately the Bézier curve approximates the blade shape at these
positions. With a maximum error for non-dimensional chord of approximately 2 · 10−6, which corre-
sponds to a chord discrepancy of 0.0001 mm [20], it can be concluded that the Bézier curve is able to
parametrize the blade geometry accurately. Therefore, the Bézier curve can be used with confidence
as the parametric curve for this work.



F
Additional Parameter Study Results

This appendix presents additional results from the parameter study on structural behaviour of flexible
blades, as discussed in section 5.4. First, the maximum failure index based on Tsai-Wu failure theory
is provided across the parameter space for both the leading edge and trailing edge spars in Figure F.1.
Next, additional outcomes for an increased thrust setting of 100 N are shown, illustrating the blade’s
principal and shear strain in Figure F.2, which allows for a comparison with the 50 N operating condition.

(a) Leading edge spar. (b) Trailing edge spar.

Figure F.1: Maximum failure index for the leading edge and trailing edge spar laminates at a thrust of
50 N.
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(a) Top skin principal strain. (b) Bottom skin principal strain.

(c) Top skin shear strain. (d) Bottom skin shear strain.

Figure F.2: Strain at the location of maximum Fcrit for a thrust setting of 100 N.
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