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Abstract

In this paperwe presenta nev methodfor esti-
mating confidenceand curvature of 3-D curvilinear
structures.The gradientstructuretensor(GST) mod-
els shift-invariance. The eigenstructureof the ten-
sor allows estimationof local dimensionality orien-
tation,andthecorrespondingonfidencevalue.Local
rotationalinvariance,which occursoftenin images,
causesa lower confidenceestimate. This underesti-
mationcanbe correctedfor by a parabolicdeforma-
tion of the data,in sucha way thatit becomedrans-
lationalinvariant. We show thatthe optimaldeforma-
tion canbe found analyticallyandyields a local cur-
vature estimateas a valuableby-product. We tested
our newv methodon syntheticimagesandappliedit to
thedetectionof channelsn 3-D seismicdata.

1 Introduction

Translationinvariantstructuresn 3-D imagescan
have threedifferentdimensionalities.Isotropestruc-
tures(3-D) with translationinvariancein all orienta-
tions, plane-like structureg2-D) with translationin-
variancean aplane,andline-like structureg1-D) with
translationinvariancealongoneorientation.A math-
ematicalmodelfor translationinvariantstructuress
given by the structuretensor[1, 2, 3, 4]. Theeigen-
vectorsof the tensoryield a robust estimatorfor lo-
cal orientation. In addition, the eigervaluescontain
informationaboutthe resemblancef the translation
invariantmodelto the image. This information can
be interpretedasa confidencenmeasurdor the orien-
tationestimation.

A lack of smoothnes®r deviation of the local
structureto translationinvariance e.g. dueto curva-
ture, leadsto a decreasef the confidencemeasure.
Curved structuresoccur more often in real images
than straightstructures.We presenta generalization

of the structuretensorthat modelscurved structures.
A local coordinatetransformis appliedto theimage
in sucha way that the curved structurewithin the
analysiswindow becomestranslationinvariant, i.e.
straight. The structuretensordefinedon the trans-
formeddatais expressedn the original coordinates.
Thisyieldsacurvaturecorrectecconfidencaneasure.
Maximization of this confidencemeasureoccursfor
alocal parabolictransformatiorthat "closestresem-
bles” thelocal structure.From the parametersf the
optimal modelwe obtainan estimateof local curva-
ture. This methodwas successfullyappliedin 2-D
[5, 6] andis now extendedo 3-D.

We apply the curvaturecorrectedstructuretensor
to the detectionof channeldn a seismicvolume. A
channelis a curvilinear sedimentarystructurethatis
characterizedby its meanderingmorphology The
occurrenceof sedimentanstructuress animportant
cluefor thegeologicalmodelof aregion.

In section2 we summarizehetraditionalanalysis
of 3-D structureausingthe gradientstructuretensor
Thetheoryof [5] is extendedo 3-D curvilinearstruc-
turesin section3. Sectiond4 shovstheresultsof atest
of robustnesf the new estimatorson syntheticim-
agesandin sections thechannebetectiorapplication
is presented.

2 TheGradient Structure Tensor

For a local neighborhoodf (x, y, z) the Gradient
StructureTensor(GST) is givenby eq.(1),usingthe
derivative notationby indexes.

Tas = fwfy f_y2 @ (1)
fofe fyf:  f2

Where(.) indicatessomeweightedaverageobtained
by spatialintegration. In [7] a closed-formanalytical



solutionfor the eigervaluesandeigervectorsof T s
is presented Furthermorethey shawv thatthe eigen-
valuesof T s canbeusedto definelocal dimension-
ality measures.
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Thesemeasuresandifferentiatebetweerthefollow-
ing local structures.

Isotrope: A1 =~ X2 ~ A3 Chiane ® 0 Cline = 0
Plane-lile: A1 > Ay = A3 Cplane ~ 1 Cline =0
L|ne'l|ke )\1 ~ AQ >> )\3 Cplane ~ 0 Cline ~ 1

Theorientationsof theeigervectorsyield arobustes-
timateof thelocal orientation.

3 The GST in parabolic coordinates for
3-D curvilinear structures

In the previous sectionwe statedthatfor line-like
structuresheeigervaluesof thestructureensorelate
as\; =~ Ay > \3. Forthesimplestine-likestructure,
a straightline, Cj;,. = 1. However for a slightly
bendline the third eigervaluewill increasecausing
a decreas®f the value of Cy;,., indicatinga worser
fit of theline-model. In this sectionwe will improve
thisfit by incorporatingcurvatureinto the model. We
must note that the methodworks on individual lines
aswell ason bundlesof lines.
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Figure1: Thetransformatiorfrom the Euclideanco-
ordinatesuvw to the parabolic coordinatesu’v'w’
straighten<ircularbendedine bundles.

We usetheorthonormaketof eigervaluesof T¢g
to definethelocal axesu, v, w in suchway that

M= =2, \=f2 3)

Thetangento aline is givenby thethird eigervector
of the GST, thatwasdefinedasthe w-axisin eq.(3).
For curvedlineswith acircle-symmetricross-section
the 'bend-plane’is the vw-plane, or the osculating
planein termsof the Frenetframewith v asthe nor
mal and« asthe bi-normal. This is not the casefor
curved lineswith lesssymmetricalcross-sectionsA

curved line hasin generaltwo extra degreesof free-
dom that can be expressedn k1, k2, the curvatures
in resp. the uw-planeand the vw-plane. The total

cunvaturex alongtheline is thendeterminedy

k=K + K3 4)

Thecoordinatdransformto straightercurvedlines
is givenby
u = u— %me u=u + %mw’Q
v = v~ grow? v =0 +ikuw® (5
U}/ = w w = wl

Thederivativesof f expressedn thenew straightened
coordinates/, v’, w’, canbefound usingtheinverse
coordinategransformfrom eq.(5).

Jur =t fu + vur fo + wur fro = fu
Jor = ot fu + Vo fo + W fur = fo
Sw' = Uw! fu + Vu! fo + Wt fu

= KW fu + Kawfy + fu

(6)

We now considera curvedline throughthe origin of
theuvw-spacewith its rotationcenterin theuv-plane,
seefigure 1. By applyingthetraditional GST method
to the v/v'w’-spacefor arbitrary k1, k2, we get the
parabolicgradientstructuretensor(PGST)

f_i/ fu’fv’ fu’fw’

Tpgs = Jur for 3/ forfw | =
2

fu’fw’ fv’fw’ w’
20 0
0 f2 0 (7

0 0 Q+f2-K
with theabbreviations
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+ (ko — Ka0)3c

_ be—2cd
MO0 = G — 12
_ bd — 2ae
720 = Jac — b2

— 2 2
I( = al{lo —|— b;‘ilolizo + Clizo

— 2 £2 = 2 — 2 £2
a=w2f2, b=2wf,f,, c = w?f?

d=2wfufw, e =2wWf, fw.

Due to the symmetry f(u,v,w) = f(u,v, —w), we
get
fu’fw’ = le—fg"i_"{waufv +fufw =0
fv’fw’ = lefufv + ’i2wf12v +fvfw =0
fu’fv’ :fufv =0




The lastequationrequiresmirror symmetrywith re-
spectto someaxisin the uv-plane. The eigervalues
of Tpgs are

Alz_ga)\Q:f_gaAl)):Q‘Ff_guiK' (8)
The third eigervalue can be minimized by choosing
K1 = k19 andkay = kag, causingCy;,. to be maxi-
mized. Thereforewe interpretx1g andkzg astheac-
tual curvatures.By substitutingx, = k19, k2 = k20,
we obtainthe "curvaturecorrected’eigervalues

M=F2  e=f s=f2—-K (9

In thelimit x; — 0, k2 — 0, theequationgeduceto
thoseof thetraditionalanalysisvhereAs; = f2.

4 Test results
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Figure2: A comparisorof thetraditional(GST)and
the curvature corrected(PGST) confidenceestima-
tion. The averageconfidenceestimationis depicted
asafunctionof theradiusof thetorusat differentdif-
ferentSNR. The errorbarsindicatethe standardde-
viation.

To measurehe robustnesof the new estimators
for confidenceandcurvature ,we created3-D images
of a torus (donut) with variousradii R and added
differentlevels of Gaussiamoise, seefigure 5 and
6. The cross-sectiorof the torus has a Gaussian
profile, which makes the object band-limited. We
choosehewidth of thecross-sectiow. = 2.0 voxel.
Sincethe grey valuesof the testobjectarebounded,
0 < f(z,y,2) < 1, we usethe following definition
for thesignal-to-noiseatio

max(f) — min(f)) B

SNR = 20log,q <
= —201log,y(0n)dB

whereo,, is thestandardleviation of the noise.
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Figure3: Averagecurvatureestimationon the torus-
imagefor differentSNR. The errorbarsindicatethe
standardieviation.

The resultsof the confidenceand curvature esti-
mationon the torusimagesaredepictedin resp. fig-
ure 2 and3. The averageandthe standarddeviation
for eachpointin thesefiguresis taken over 12 mea-
surements.For both the gradientregularisationand
thelocal averagingof the structuretensora Gaussian
window wasused.We computedhegradientatscale
o4 = 1.0 andthetensorsmoothingat scalesr = 4.0
for all measurementsThe scaleor is chosensuch
thatanoptimalSNRfor all measuremenis achieved.
We will elaborateon the scaleselectionof the tensor
smoothingin thediscussiorsectionbelow.

In figure 2 we seethatat 10 and 20 dB, the cur
vaturecorrectednethodyields a significantimprove-
mentin the confidenceestimation.At 3 dB, however,
thereis nosignificanimprovementwhichmeanghat
thereis notenoughsignalenegy for a confidentfit of
the model. As a consequencehe curvatureestima-
tion at 3 dB is not reliable. The curvatureestimation
at10dB hasanaveragerelative errorof 12%.

Notethat Ciine,gst < Cline,pgst fOr all radii. This
canbe explainedby the factthataddingan extra pa-
rameterto the model, always resultsin a betterfit.
The increaseof the biasin the curvatureestimation
for decreasin@NR, is explainedin appendixA.

5 Application

For theautomatiadetectionof channelsn 3-D mi-
gratedseismicreflectiondata,we modelchannelsas
curvilinearstructureameanderingn 3-D space.The
seismicvolumethatwe aregoingto analyzeis visu-
alized by 2-D cross-sectionén figure 7 and8. The
Xy-axesarespatialandthez-axisspangheamplitude
of the reflectionof an acousticwaveletasa function
of thetravel time from the surface.The z-axiscanbe
invertedto depth(spatial)if thevelocity of theacous-



tic wave is known at eachdepth.

The meanderingnhatureof channelssuggestghat
the curvaturecorrectedmodelgivesa more accurate
descriptionof a channelthanthe traditional straight
model. Thereforewe expectthat the curvature cor-
rected confidenceestimationyields a significantly
higher value than the traditional confidenceestima-
tion.

As apreprocessingtep,we createanattributevol-
ume by computingthe standarddeviation within a
window of (w, = w, = 5,w. = 9) voxels,for each
voxel in the seismicvolume. A cross-sectiorf this
volume, correspondingdo figure 7 (a), is depictedin
figure11. We performedheconfidencesstimatioron
theattributevolume,with boththeGSTandthePGST
method. We applieda gradientsmoothings, = 1.0
and a tensorsmoothinger = 3.5 for all measure-
ments.
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Figure4: Cumulatve distributionsof the confidence
estimationin selectedegionsof the seismicvolume.

To be ableto evaluatethe result,we definedthree
regionsin the seismicvolume. The first region con-
tains the channel,the secondregion a straightsedi-
mentarystructure seefigure9. Thelastregionconsist
of pointsfrom anareawithout sedimentarstructure,
andrepresentthenoisein thedata,seefigure 10. For
all threeregionswe computedthe cumulative distri-
bution of the confidenceestimatesn thatregion. The
cumulative distributionsaredisplayedn figure4.

6 Discussion and conclusions

Inspectionof figure 4 leadsto sereralconclusions.
As alreadyfoundin the testresultsthe PGST confi-
denceestimatealwaysyields a highervaluethanthe
GST confidencesstimate For corvenienceve denote
the confidencemprovementas

AC = Cline,pgst - Cline,gst- (11)

SinceAC > 0 in thenoiseregion, the significanceof
AC alongthechannekhouldbeprovenby acompar
isonwith theimprovementin the noiseregion AC,,.

We assumethat the noise hasthe samedistribu-
tion eachfor positionin the volume. The improve-
mentAC,, = 0.03 in the noiseregion givesan es-
timation of the improvementdueto noise(SNR =
—00). However, the value of AC,, is not constant
for all Cy;,,. values. Considera straightline with
SNR = oo, thenAC = 0. In the"straightstructure”
region, the curvature correctionimprovesthe fit by
giving a betterdescriptionof thenoise. Thereforewe
have AC,, = 0.01 atCj;,. = 0.55. We cannow con-
cludethatthe noisecontributionto AC' = 0.05 in the
channekegion AC),, < 0.01, andtheimprovements
thereforedueto abetterdescriptiorof themeandering
structureof thechannel.

Sincethe structuretensoris stabilizedby spatial
integration,the estimatorslerivedfrom it do not suf-
fer from rapid changesn the gradientfield. Increas-
ing the scaleof the tensorsmoothingor, increases
the stability of the estimatorsj.e. the errorbarsin
figure 2 and 3 becomesmaller However, whenthe
structuretensoris applied to linear structures,in-
creasingor decreasethe SNR. The signalof alin-
earstructurein a 3-D isotropicwindow increasedin-
earlywith theradiusR of thewindow. The noisein-
creaseswith R3/2, assuminguncorrelatechormally
distributed white noise. The solutionis to increased
the scaleonly along the channel. This requiresan
adaptie window steeredy the estimatedrientation
andcurvature.
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Appendix A

From figure 3 it is clear that noise introducesa
biasin the curvaturex estimation;the meanof the
estimatedcurvatureis smallerthanthetruecurvature.
This canbe explainedby examiningx1g, x2g.

K10 = wzfufv wfvfw - Uﬂfﬁ wfufw (12)

w? 3 w? 7 — (W fufv)?

Koo = w2fufv wfufw - w2f5 wfvfw (13)

w? f3 w? f7 — (w? fufv)?

K= /K3o + K3 (14)

The terms w? f2,i = w,v increasewhen noise is
addedwhile the othertermsdo not change Sincethe
increasingermsappeaiquadratian the denominator
andlinearin the nominator the curvatureestimation
becomessmallerwhen noiseis added. The sign of
K10, k2o IS lostin eq.14.

Figure5: A surfacerenderingof onehalf of atorus
with radiusR andGaussiarcross-sectionf width o.

(© (d)

Figure6: A xy-slice of thetorus-imageat z = 0 (a),
with Gaussiamoiseaddedto SNR20dB (b), 10dB
(c),3dB (d).



Figure10: A xy-slice of the seismicvolumewith the
noiseregion outlinedin white.

(b)

Figure7: Slicesof the seismicvolume: (a) xy-slice,
(b) yt-slice,centeredn the x-direction.

Figure8: A cross-sectiorof the seismicvolume: t-
axisplottedalongthe centerline of thechannel.

Figurel1: xy-slicethroughthe 3-D attribute volume,
correspondinghefigure 7 (a).

Figure9: The sameasfigure 7 (a) with the channel
region outlinedin white and the straightsedimental
structureoutlinedin black.



