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Abstract

In this paperwe presenta new methodfor esti-
mating confidenceand curvatureof 3-D curvilinear
structures.Thegradientstructuretensor(GST)mod-
els shift-invariance. The eigenstructureof the ten-
sor allows estimationof local dimensionality, orien-
tation,andthecorrespondingconfidencevalue.Local
rotational invariance,which occursoften in images,
causesa lower confidenceestimate.This underesti-
mationcanbe correctedfor by a parabolicdeforma-
tion of thedata,in sucha way that it becomestrans-
lationalinvariant.Weshow thattheoptimaldeforma-
tion canbefoundanalyticallyandyieldsa local cur-
vatureestimateasa valuableby-product. We tested
ournew methodon syntheticimagesandappliedit to
thedetectionof channelsin 3-D seismicdata.

1 Introduction

Translationinvariantstructuresin 3-D imagescan
have threedifferentdimensionalities.Isotropestruc-
tures(3-D) with translationinvariancein all orienta-
tions, plane-like structures(2-D) with translationin-
variancein aplane,andline-likestructures(1-D) with
translationinvariancealongoneorientation.A math-
ematicalmodel for translationinvariantstructuresis
givenby the structuretensor[1, 2, 3, 4]. The eigen-
vectorsof the tensoryield a robust estimatorfor lo-
cal orientation. In addition, the eigenvaluescontain
informationaboutthe resemblanceof the translation
invariantmodel to the image. This informationcan
be interpretedasa confidencemeasurefor theorien-
tationestimation.

A lack of smoothnessor deviation of the local
structureto translationinvariance,e.g. dueto curva-
ture, leadsto a decreaseof the confidencemeasure.
Curved structuresoccur more often in real images
thanstraightstructures.We presenta generalization

of the structuretensorthatmodelscurvedstructures.
A local coordinatetransformis appliedto the image
in such a way that the curved structurewithin the
analysiswindow becomestranslationinvariant, i.e.
straight. The structuretensordefinedon the trans-
formeddatais expressedin the original coordinates.
Thisyieldsacurvaturecorrectedconfidencemeasure.
Maximizationof this confidencemeasureoccursfor
a local parabolictransformationthat ”closestresem-
bles” the local structure.Fromtheparametersof the
optimal modelwe obtainan estimateof local curva-
ture. This methodwas successfullyappliedin 2-D
[5, 6] andis now extendedto 3-D.

We apply the curvaturecorrectedstructuretensor
to the detectionof channelsin a seismicvolume. A
channelis a curvilinearsedimentarystructurethat is
characterizedby its meanderingmorphology. The
occurrenceof sedimentarystructuresis an important
cluefor thegeologicalmodelof a region.

In section2 we summarizethetraditionalanalysis
of 3-D structuresusingthe gradientstructuretensor.
Thetheoryof [5] is extendedto 3-D curvilinearstruc-
turesin section3. Section4 showstheresultsof a test
of robustnessof the new estimatorson syntheticim-
agesandin section5 thechanneldetectionapplication
is presented.

2 The Gradient Structure Tensor

For a local neighborhood�������
	����� the Gradient
StructureTensor(GST) is givenby eq.(1),usingthe
derivativenotationby indexes.

������� ���� � � ��� � � ���� � � � � �� � � � �� � � � � � � � ����
(1)

Where �
��� indicatessomeweightedaverageobtained
by spatialintegration. In [7] a closed-formanalytical



solutionfor theeigenvaluesandeigenvectorsof
�����

is presented.Furthermore,they show that the eigen-
valuesof

�����
canbeusedto definelocaldimension-

ality measures.

�! #"%$'&)( �+*-,!./* �*-,102* � �
�!"%3�&)( �+* � ./*54* � 02*54 (2)

Thesemeasurescandifferentiatebetweenthefollow-
ing local structures.

Isotrope: *6,879* � 79*54 �  #"%$'&)( 7/: � "%3�&)( 7/:
Plane-like: *6,8;<* � 7=*>4 �  #"%$'&)( 7@? � "%3�&)( 7/:
Line-like: * , 79* � ;<* 4 �! #"%$'&)( 7/: �!"%3�&)( 7@?

Theorientationsof theeigenvectorsyield arobustes-
timateof thelocalorientation.

3 The GST in parabolic coordinates for
3-D curvilinear structures

In theprevioussectionwe statedthat for line-like
structurestheeigenvaluesof thestructuretensorrelate
as *6,87=* � ;<*>4 . For thesimplestline-likestructure,
a straight line,

� "%3�&)( � ? . However for a slightly
bendline the third eigenvaluewill increase,causing
a decreaseof the valueof

� "%3�&)(
, indicatinga worser

fit of the line-model. In this sectionwe will improve
this fit by incorporatingcurvatureinto themodel.We
mustnotethat the methodworks on individual lines
aswell ason bundlesof lines.
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Figure1: Thetransformationfrom theEuclideanco-
ordinatesACB>D to the paraboliccoordinatesA-EFB�E%DGE
straightenscircularbendedline bundles.

Weusetheorthonormalsetof eigenvaluesof
�����

to definethelocalaxesAH�
B6�
D in suchway that

*6, � ���I �8* � � ���J �8*>4 � ���K � (3)

Thetangentto a line is givenby thethird eigenvector
of the GST, thatwasdefinedasthe D -axis in eq.(3).
Forcurvedlineswith acircle-symmetriccross-section
the ’bend-plane’is the B5D -plane, or the osculating
planein termsof theFrenetframewith B asthenor-
mal and A asthe bi-normal. This is not the casefor
curved lineswith lesssymmetricalcross-sections.A

curved line hasin generaltwo extra degreesof free-
dom that can be expressedin L-,'�L � , the curvatures
in resp. the AMD -planeand the B>D -plane. The total
curvatureL alongtheline is thendeterminedby

L � L � , 02L �� � (4)

Thecoordinatetransformto straightencurvedlines
is givenby

A6E � AN. ,� L , D �B E � BO. ,� L � D �DPE � D
A � A6EM0 ,� L , DGE �B � B�EM0 ,� L � DGE �D � DGE (5)

Thederivativesof � expressedin thenew straightened
coordinatesA-EQ�
B�EQ�
DGE , canbefoundusingthe inverse
coordinatetransformfrom eq.(5).

� ISR � A ISR � I 0TB ISR � J 0TD ISR � K � � I
� J'R � A J'R � I 0NB J'R � J 0TD J'R � K � � J
� K�R � A K�R � I 0NB K�R � J 0TD K�R � K� L6,QDU� I 02L � DU� J 0V� K

(6)

We now considera curved line throughthe origin of
theAMB5D -spacewith its rotationcenterin theAMB -plane,
seefigure1. By applyingthetraditionalGSTmethod
to the A-EFBWEFDGE -spacefor arbitrary L6,X��L � , we get the
parabolicgradientstructuretensor(PGST)

��Y ��� � � �I R � ISR � J'R � ISR � K�R� ISR � J'R � �J R � J'R � K�R
� ISR � K�R � J'R � K�R � �K R

�

���I : :: ���J :: : Z=0 � �K .\[ (7)

with theabbreviations

Z@]@�
L6,�./L-,_^W� �a` 0/�bL-,H./L6,c^W�d�
L � ./L � ^W�
e0\�
L � ./L � ^>� �5f
L ,c^ ] e'gh.ji fkl `Wf ./eb�
L � ^ ] e k .ji ` gl `Wf .2ed�[m] ` L � ,_^ 02e'L ,_^ L � ^ 0 f L �� ^` ] D � � �I �8en]/i D � � I � J � f ] D � � �J
k ]/i Do� I � K �8gG]/i DU� J � K �

Due to the symmetry ����AH�
B6�
Dp� � ����AH�
B6��.hDp� , we
get

� I R � K R � L , DU���I 0VL � DU� I � J 0 � I � K � :� J R � K R � L6, DU� I � J 0/L � DU���J 0 � J � K � :� ISR � J'R � � I � J � :



The last equationrequiresmirror symmetrywith re-
spectto someaxis in the ACB -plane. The eigenvalues
of
� Y ���

are

* , � � �I �8* � � � �J �8* 4 � Z=0 � �K ./[q� (8)

The third eigenvaluecanbe minimizedby choosingL-, � L6,_^ and L � � L � ^ , causing
� "%3r&a(

to be maxi-
mized.Thereforewe interpret L-,_^ and L � ^ astheac-
tual curvatures.By substitutingL6, � L6,c^5�L � � L � ^ ,
we obtainthe”curvaturecorrected”eigenvalues

*6, � ���I �8* � � ���J �8*>4 � ���K ./[ (9)

In thelimit L ,Gs :t��L � s : , theequationsreduceto
thoseof thetraditionalanalysiswhere *>4 � � �K .

4 Test results
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Figure2: A comparisonof thetraditional(GST)and
the curvature corrected(PGST) confidenceestima-
tion. The averageconfidenceestimationis depicted
asa functionof theradiusof thetorusatdifferentdif-
ferentSNR.The error-barsindicatethe standardde-
viation.

To measurethe robustnessof the new estimators
for confidenceandcurvature,we created3-D images
of a torus (donut) with various radii y and added
different levels of Gaussiannoise,seefigure 5 and
6. The cross-sectionof the torus has a Gaussian
profile, which makes the object band-limited. We
choosethewidth of thecross-sectionz>{ � iC� : voxel.
Sincethe grey valuesof the testobjectarebounded,:2|}�����~�b	������|�? , we usethe following definition
for thesignal-to-noiseratio

�!� y � ia:1�r�5� ,c^ �p�a� �
���6. �
�r� �
���

z & k>�
� .nia:1�r�5� ,c^ �
z & � k>�

(10)

where z & is thestandarddeviationof thenoise.
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Figure3: Averagecurvatureestimationon the torus-
imagefor differentSNR.The error-barsindicatethe
standarddeviation.

The resultsof the confidenceand curvatureesti-
mationon the torusimagesaredepictedin resp. fig-
ure 2 and3. The averageandthe standarddeviation
for eachpoint in thesefiguresis taken over 12 mea-
surements.For both the gradientregularisationand
thelocal averagingof thestructuretensora Gaussian
window wasused.We computedthegradientatscalezW� � ?)� : andthetensorsmoothingat scalezW� �/l � :
for all measurements.The scale zW� is chosensuch
thatanoptimalSNRfor all measurementsisachieved.
We will elaborateon thescaleselectionof thetensor
smoothingin thediscussionsectionbelow.

In figure 2 we seethat at 10 and20 dB, the cur-
vaturecorrectedmethodyieldsasignificantimprove-
mentin theconfidenceestimation.At 3 dB, however,
thereis nosignificantimprovement,whichmeansthat
thereis notenoughsignalenergy for aconfidentfit of
the model. As a consequence,the curvatureestima-
tion at 3 dB is not reliable. Thecurvatureestimation
at 10 dB hasanaveragerelativeerrorof 12%.

Note that
� "%3r&a(�� �#�b�P| � "%3�&)(��  �#�b� for all radii. This

canbe explainedby the fact thataddinganextra pa-
rameterto the model, always resultsin a betterfit.
The increaseof the bias in the curvatureestimation
for decreasingSNR,is explainedin appendixA.

5 Application

For theautomaticdetectionof channelsin 3-D mi-
gratedseismicreflectiondata,we modelchannelsas
curvilinearstructuresmeanderingin 3-D space.The
seismicvolumethatwe aregoing to analyzeis visu-
alizedby 2-D cross-sectionsin figure 7 and8. The
xy-axesarespatialandthez-axisspanstheamplitude
of the reflectionof an acousticwaveletasa function
of thetravel time from thesurface.Thez-axiscanbe
invertedto depth(spatial)if thevelocityof theacous-



tic wave is known at eachdepth.
The meanderingnatureof channelssuggeststhat

the curvaturecorrectedmodelgivesa moreaccurate
descriptionof a channelthan the traditionalstraight
model. Thereforewe expect that the curvaturecor-
rected confidenceestimationyields a significantly
higher value than the traditional confidenceestima-
tion.

As apreprocessingstep,wecreateanattributevol-
ume by computingthe standarddeviation within a
window of (D � � DG� �=� �
DG� ��� ) voxels,for each
voxel in the seismicvolume. A cross-sectionof this
volume,correspondingto figure 7 (a), is depictedin
figure11. Weperformedtheconfidenceestimationon
theattributevolume,with boththeGSTandthePGST
method.We applieda gradientsmoothingz � � ?S� :
and a tensorsmoothing z � ��� � � for all measure-
ments.
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Figure4: Cumulative distributionsof theconfidence
estimationin selectedregionsof theseismicvolume.

To beableto evaluatetheresult,we definedthree
regionsin the seismicvolume. The first region con-
tains the channel,the secondregion a straightsedi-
mentarystructure,seefigure9. Thelastregionconsist
of pointsfrom anareawithout sedimentarystructure,
andrepresentsthenoisein thedata,seefigure10. For
all threeregionswe computedthe cumulative distri-
bution of theconfidenceestimatesin thatregion. The
cumulativedistributionsaredisplayedin figure4.

6 Discussion and conclusions

Inspectionof figure4 leadsto severalconclusions.
As alreadyfound in the testresultsthe PGSTconfi-
denceestimatealwaysyieldsa highervaluethanthe
GSTconfidenceestimate.For conveniencewedenote
theconfidenceimprovementas

  � � � "%3�&)(��  �#�b��. � "%3r&a(�� �#�b�X� (11)

Since
  �¢¡ : in thenoiseregion,thesignificanceof  �

alongthechannelshouldbeprovenby acompar-
isonwith theimprovementin thenoiseregion

  � &
.

We assumethat the noisehasthe samedistribu-
tion eachfor position in the volume. The improve-
ment

  � & � :C� : � in the noiseregion givesan es-
timation of the improvementdueto noise(

�1� y �
.¤£ ). However, the value of

  � &
is not constant

for all
�!"%3r&a(

values. Considera straight line with�1� y � £ , then
  � � : . In the”straightstructure”

region, the curvaturecorrectionimproves the fit by
giving a betterdescriptionof thenoise.Thereforewe
have

  �!& � :C� :-? at
�!"%3�&)( � :t� �a� . We cannow con-

cludethatthenoisecontributionto
  � � :t� : � in the

channelregion
  � &¦¥ :C� :-? , andtheimprovementis

thereforedueto abetterdescriptionof themeandering
structureof thechannel.

Sincethe structuretensoris stabilizedby spatial
integration,theestimatorsderivedfrom it do not suf-
fer from rapidchangesin thegradientfield. Increas-
ing the scaleof the tensorsmoothing zW� , increases
the stability of the estimators,i.e. the error-barsin
figure 2 and3 becomesmaller. However, when the
structuretensor is applied to linear structures,in-
creasingz � decreasesthe SNR.The signalof a lin-
earstructurein a 3-D isotropicwindow increaseslin-
earlywith theradius y of thewindow. Thenoisein-
creaseswith y 4#§ � , assuminguncorrelatednormally
distributedwhite noise. The solutionis to increased
the scaleonly along the channel. This requiresan
adaptivewindow steeredby theestimatedorientation
andcurvature.
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Appendix A

From figure 3 it is clear that noise introducesa
bias in the curvature L estimation;the meanof the
estimatedcurvatureis smallerthanthetruecurvature.
This canbeexplainedby examining L ,_^ ��L � ^ .

L6,c^ � DG�>� I � J DU� J � K . DG�5���J Do� I � K
DG�>���I DG�>���J .\� DG�5� I � J �c� (12)

L � ^ � D � � I � J DU� I � K . D � � �I DU� J � K
D � � �I D � � �J .\� D � � I � J � � (13)

L � L � ,_^ 0VL �� ^ (14)

The terms DG�5� �3 �
¨ � AH�
B increasewhen noise is
added,while theothertermsdonotchange.Sincethe
increasingtermsappearquadraticin thedenominator
andlinear in the nominator, the curvatureestimation
becomessmallerwhennoiseis added. The sign ofL ,_^ �L � ^ is lost in eq.14.
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Figure5: A surfacerenderingof onehalf of a torus
with radius y andGaussiancross-sectionof width z .

(a) (b)

(c) (d)

Figure6: A �C	 -sliceof thetorus-imageat � � : (a),
with Gaussiannoiseaddedto SNR20 dB (b), 10 dB
(c), 3 dB (d).
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Figure7: Slicesof the seismicvolume: (a) xy-slice,
(b) yt-slice,centeredin thex-direction.

Figure8: A cross-sectionof the seismicvolume: t-
axisplottedalongthecenter-line of thechannel.

Figure9: The sameasfigure 7 (a) with the channel
region outlined in white and the straightsedimental
structureoutlinedin black.

Figure10: A xy-sliceof theseismicvolumewith the
noiseregionoutlinedin white.

Figure11: xy-slicethroughthe3-D attributevolume,
correspondingthefigure7 (a).


