<]
TUDelft

Delft University of Technology

Spin-orbit coupling and linear crossings of dipolar magnons in van der Waals
antiferromagnets

Liu, Jie; Wang, Lin; Shen, Ka

DOI
10.1103/PhysRevB.102.144416

Publication date
2020

Document Version
Final published version

Published in
Physical Review B

Citation (APA)

Liu, J., Wang, L., & Shen, K. (2020). Spin-orbit coupling and linear crossings of dipolar magnons in van der
Waals antiferromagnets. Physical Review B, 102(14), Article 144416.
https://doi.org/10.1103/PhysRevB.102.144416

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright
Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without the consent
of the author(s) and/or copyright holder(s), unless the work is under an open content license such as Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1103/PhysRevB.102.144416
https://doi.org/10.1103/PhysRevB.102.144416

PHYSICAL REVIEW B 102, 144416 (2020)

Spin-orbit coupling and linear crossings of dipolar magnons in van der Waals antiferromagnets
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® (Received 16 July 2020; revised 23 September 2020; accepted 28 September 2020; published 12 October 2020)

A magnon spin-orbit coupling, induced by the dipole-dipole interaction, is derived in monoclinic-stacked bi-
layer honeycomb spin lattice with perpendicular magnetic anisotropy and antiferromagnetic interlayer coupling.
Linear crossings are predicted in the magnon spectrum around the band minimum in I" valley, as well as in the
high-frequency range around the zone boundary. The linear crossings in K and K’ valleys, which connect the
acoustic and optical bands, can be gapped when the intralayer dipole-dipole or Kitaev interactions exceed the
interlayer dipole-dipole interaction, resulting in a phase transition from semimetal to insulator. Our results are
useful for analyzing the magnon spin dynamics and transport properties in van der Waals antiferromagnets.

DOI: 10.1103/PhysRevB.102.144416

I. INTRODUCTION

Since the experimental demonstrations of magnetism in
two-dimensional (2D) van der Waals materials [1,2], 2D
magnetic materials and the spin excitations therein have at-
tracted great research interest. For Crl;, one of the most
important 2D magnetic materials, the strong atomic magnetic
anisotropy makes it beyond the Heisenberg model addressed
in the Mermin-Wagner theorem [3] and is responsible for
the existence of the long-range magnetic order. Interestingly,
the magnetic ground state of a bilayer Crl; is predicted to be
either ferromagnetic or antiferromagnetic, depending on the
way of stacking [4,5]. In particular, the monoclinic-stacked
structure, as illustrated in Fig. 1(a), has been demonstrated
experimentally to be a P77 -symmetric antiferromagnet, where
the two ferromagnetic monolayers align antiferromagnetically
with a relative shift along the zigzag direction [6].

The dynamics and transport properties of magnons, quanta
of collective spin waves, have recently received intensive in-
vestigations in traditional bulk antiferromagnets [7-11]. One
outstanding property of the magnons in antiferromagnets
is the coexistence of different spin-polarized modes, which
supplies more interesting physics due to the additional spin
degrees of freedom [12,13], compared to magnons in ferro-
magnets. The studies in van der Waals antiferromagnets in
this direction, however, remain limited. In bilayer Crls, for
instance, the magnetization dynamics of the uniform mode
has been observed only very recently through an ultrafast
optical pump/magneto-optical Kerr probe technique [14] and
magneto-Raman spectroscopy [15]. There is, so far, rare re-
porting on spin dynamics and transport of the propagating
magnons.

In this paper, we perform a theoretical study on the magnon
spectrum of the monoclinic-stacked antiferromagnetic bilayer
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in Fig. 1(a) by taking into account the magnetic anisotropy, ex-
change interaction, and dipole-dipole interaction (DDI). Two
linear crossings, as shown in Fig. 1(c), are predicted around
the band minimum near the I" point. Other linear crossing
points in the short wavelength regime with THz frequency,
e.g., those in K and K’ valleys shown Figs. 1(f) and 1(g)
and discussed in detail below, are also found. The effective
Hamiltonian, which captures the main features, is derived.
Moreover, a phase transition between semimetal and insulator
will also be discussed.

II. MODEL AND HAMILTONIAN

We model our spin system by a Hamiltonian including
magnetic anisotropy, Zeeman term, exchange interaction, and
DDI:

K
H=23" (55" +gus > Si-B—> JiiSi-S;
i i (i, )
1to(gup)? < R7;(Si-8)) — 3(Rij - SHRi; - S ;)
2 a -
ij

_l’_
i)
)]

For the stable classical antiferromagnetic ground state indi-
cated in Fig. 1(a), we take the anisotropy parameter K < 0
and the nearest intralayer and interlayer exchange parameters
J > 0and J' < 0, respectively. The magnetic field is normal
to the plane.

By applying the Holstein-Primakoff transformation [16],

Si=8-— aa, St =428 —ataa,
S =-S+d'd,S; =d'V25 —did, 2)

we derive the magnon Hamiltonian under the basis
(@, ask, dii, dok, @) _y, @y di ., dy )" with ag (dy) and

a:.fk (d;k) representing the magnon annihilation and creation
operators for the ith sublattice in the top (bottom) layer,
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FIG. 1. (a) The monoclinic lattice of bilayer Crl; with antiferromagnetic interlayer coupling. Only the magnetic atoms are shown. The

coordinates of atoms within the unit cell are r,, = (0,0, n;)ao, r,,

(Os 1, 771)610, rdl = (2\/3/35 0’ _nz)aOi and rd2 = (_\/§/3s 1’ _’Iz)ao

with ay being the shortest distance between neighboring atoms. The interlayer distance is 2n,ay. The ground-spin configuration corresponds
to the spins in the upper (lower) layer colored in red (blue), orientating along Z (—Z%) direction. The orange bonds stand for those bearing
antiferromagnetic interlayer coupling. (b) Full magnon spectrum and the fine structures in (c) I, (f) K, and (g) K’ valleys. (d) and (e) are the
enlarged view around the left and right crossing points, respectively, in I" valley.

respectively. The first line of Hamiltonian Eq. (1) leads to
[13,17]

[H] o 0 [
o [H7] [T o
H) = d k , 3
S YO I T T
B’ 0 o [H]

where each block is a 2 x 2 matrix with i, j = 1,2 and the
diagonal ones read

[H;{d)] = <éi(§) e:(,;))’ 4)
The matrix elements are defined as
€4 = Wex + 20 + Wan — g, ®)
€4 = Wex + 20, + O + OH, (©6)
e = —exVi» (7
M = ol ®)

with wex = 38J, wan = —KS, w), = —SJ', and wy = gupB.
The form factors are y = 30 e®% and y,’ = e*%
with the relative coordinates between the neighboring atoms
being

8 = (0, ap, 0), ©)

8 = <*/§“°, —“3",0), (10)
53=(—€“°,—“2—°,o>, (11
h=108n= (— @ 0, —2nzao), (12)
2 = (— ‘/2“0, 3 —2nzao>, (13)
b= (@ T —2'7za0)~ (14)
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The DDI term, i.e., the second line in Hamiltonian Eq. (1),
gives

aa; a1t a;a;1t a1t
SO )
d,-aj d,’d/ d,’aj d,'dj
HDDI [Bk ] [Ak ] [Ak ] [Bk ] ( 1 5)
k,—k aid; dia;T aa; aid; '
(B 471 AT [B"]

k
RN
The matrix elements are defined as

Spo(gmp)*

A = 5 G*, (16)
2
B = S,uo(ills) e, a7
in which

(X2 — iy ) ’

0(/3 _ mn mn lkRmf"l
3 Z T , (18)

R"‘ﬁ) —3(228)? . s
Gaﬁ — ( mn 'mn lk Rm” (19)

¢ Z (RaEY’

with R*# = mv, + nv, +rg —r,. The unit translation vec-
tors read

v; = (349, 0, 0), (20)
3 3
V) = (— %LIQ, 5(10, 0) (21)

The entire magnon spectrum thus can be calculated from
Hamiltonian Egs. (3) and (15). The main features in the ab-
sence of the magnetic field are plotted in Fig. 1, for which
we have adopted the parameters in bilayer Crl; with S =
3/2,K = —0.49 meV,J =22 meV,J = —0.04 meV, ay =
3.98 A, and 2n,ay = 3.98 A [4,18].

III. MAGNON SPIN-ORBIT COUPLING

For a better understanding of the numerical results, we
perform an analytical analysis, for which we ignore the
particle-hole coupling, i.e., the 4 x 4 off-diagonal blocks in
Hamiltonian Egs. (3) and (15), by considering the fact that
the interlayer exchange interaction (w,, ~ 0.06 meV) and the
DDI (|A(B),‘:’3 | ~0.01 meV) in bilayer Crl; are much weaker
than the particle-hole splitting (twice of the magnon gap) due
to the anisotropy (w,, ~ 0.7 meV) and intralayer exchange
interaction (wex ~ 10 meV), and therefore do not cause a
qualitative change in the magnon spectrum (unless otherwise
clarified in Sec. IIIC). Then we can restrict our discussion
within the particle subspace (aix, dox, di, dax )" . The reduced
Hamiltonian can be in general written as

€ate At o e
)\* + )\/* € + 6/ 7,’/>|< é-*
H = | % T ™ aT € k JA 2
¢ i Mo ate mtr| P
Nk Ck MAA ete

with intralayer DDI parameters

6 = AP = Al (23)
A = A = AD® (24)
and interlayer ones
& = BY, (25)
e = B, (26)
m = By, (27)

It is convenient to transform Hamiltonian Eq. (22) into the
representation under the basis of the eigenstates of intralayer
interaction, i.e., (¢, d;", a; , d; ) with

1 )\,* /*
= ald)y + =%~ "k
ﬁ[()“‘ T

The Hamiltonian Eq. (22) thus becomes

a(d)f = a(d)Zk] (28)

6tjk ;-k + 77+ k 0 ni,k
> Sk + N+ k er —n_ 0
Hk = () i f— d k - * a0k ’
n—,k €uk (¢ Nk
Nk 0 ;‘k — N+ E;,k
(29)
with
Ejzd),k = €ua) + € £ [ + 2, (30)
(A 4+ AOm £ O + A )M
Nej = LKk k2 a31)

20k + A

Here, the superscripts — and + denote the acoustic and optical
bands, respectively. Since the excitations, ax and di, have
opposite spin polarization [13], Hamiltonian Eq. (29) reveals
that the interlayer DDI introduces not only an intraband spin-
orbit coupling to the acoustic and optical branches separately
via { — N4k and & + N4k, but also an interband spin-orbit
coupling scaled by n_ x. The momentum dependence of these
spin-orbit parameters are plotted in Fig. 2, in which inactive
momentum points with vanishing value are observed. The
situation of the acoustic branch, i.e., {x — 14k, is explicitly
shown in Fig. 3. The vanishing value around the I" point and
the boundary of Brillouin zone explains the formation of nodal
points shown in Fig. 1(c). The orientation of the spin-orbit
field, as indicated by the colored arrows, varies with wave
vector around the nodal points.

A. Effective Hamiltonian and nodal points in T valley
In the vicinity of the I"'-point, Ay >~ —(1 — kza(z) /4)wex. The
acoustic modes and the optical modes are well separated in
frequency. Thanks to the relation |n_ | << wex, One can treat
them separately. The Hamiltonian thus reduces to two subsys-
tems involving only the spin degree of freedom

+
~ € = n
Hi — ak k +, k) 32

k (g-k + N+.k ed k ( )
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© k /K,

FIG. 2. DDI-induced intraband

spin-orbit
(a) acoustic and (b) optical magnon bands and (c) the interband
coupling. The arrows stand for the arguments of these complex
parameters. Ky = 47r/(3«/§a0).

parameters of

where the diagonal and off-diagonal components read

Suo(gus)*
Et:l‘zd),k = €a(d) — T(GZW1 + GZ]QZ)
2
+ (1 — —0k2>wex, -
4
SMO(gMB)z dia delaz +de2a1
GEn =" (BN F T ) G

After evaluating the summation in F# and G;” in the long
wavelength limit, as explained in Appendix A, we achieve an
analytical expression:

HE =&f + (wnz + Ay) - 0. (35)

(b) -0.001 kx/(;(o

0.001

FIG. 3. DDI-induced intraband spin-orbit field of the acoustic
magnon bands (a) in first Brillouin zone and (b) in the vicinity of
I' point. W is the winding number of each loop.

Here, the spin-independent energy can be expressed as

>
a
& = wm + 20, + f2 + f] + vok + wexzokz, (36)

2
a
glj_ = Wan + 2(wex + wéx) + fz - f/ - wex_OkZ’ (37)

: 4
and the spin-orbit fields are
A, = (vok cos 2¢y — fo, vok sin 2¢y, 0), (38)
Al =(=3/5,0,0), 39)

where fy and vy are positive real numbers. It is interesting
to note that while the spin-orbit coupling of the optical band
is a simple constant, the one of the acoustic band contains
an additional contribution varying with the direction of mo-
mentum. Such an angular dependence is a common feature of
dipolar field in the long wavelength limit [13]. Another im-
portant feature one can observe from spin-orbit field Eq. (38)
is that, distinct from the three-dimensional (3D) case [13], the
magnitude of the angular dependent term here is linear in k.
Apparently, the spin-orbit field Eq. (38) vanishes at kL =
(£f0/v0,0) =~ (£0.001Kjp, 0), which well explains the nu-
merical results in Fig. 3(b). At wy = 0, kL corresponds to
the two nodal points in Fig. 1(c). We expand the spin-orbit
coupling Eq. (38) near k = k.. + k and obtain an effective

144416-4
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Hamiltonian up to the linear order in k,
Hy (INc) = :I:(volzxax + 2v012ycry)

. 0 tvg(k, — 2iky)

- (ivo(léx + 2iky) 0 » 40)
where the spin-independent term €,_ has been discarded. This
Hamiltonian has chiral symmetry CH, (I})C 1= —H (l})

with C = o,. As a result, the chirality of the nodal points is
characterized by the winding number,

W = (1/27) fi de ) /e ), @1)

where the integration performed over a closed loop around
the nodal point and & (k) is defined as the phase factor of the
off-diagonal matrix element in Eq. (40), i.e.,
ky — 2ik,

lky — 2iky|
This leads to chirality of —1 for both nodal points. The
nonzero chirality, the linear crossing, and the twofold degen-
eracy together indicate that these nodal points can be regarded
as a magnon analog of the 2D Weyl points recently proposed
in an electronic system [19].

As shown in Fig. 3(b), the winding number —1 also co-
incides with the direct observation of a 2w rotation of the
spin-orbit field through a closed loop around each nodal point.
The total winding number of the I" valley [for a single loop
besieging both nodal points in Fig. 3(a)] is therefore —2, being
the same as the one around the dipolar-induced nodal line in
3D cubic lattice [20]. Figure 3(a) shows that another two nodal
points at the zone boundary both have winding number +1,
compensating the chirality from k. near I" valley. In contrast
to the 3D Weyl points, which are robust against any perturba-
tion [21-24], the 2D Weyl points can be gapped by particular
perturbation [19]. In the present case, for example, the inclu-
sion of a nonvanishing wy due to an out-of-plane magnetic
field, according to the effective Hamiltonian Eq. (35), opens
a gap at the crossing points, very similar to the situation in
2D electron gas with Dresselhaus- or Rashba-type in-plane
spin-orbit field.

Eull) =+ (42)

B. Nodal points in K and K’ valley

At K and K’ points, the band splitting |Ax + A} | vanishes,
therefore, one has to treat the acoustic and optical bands
together by using the complete 4 x 4 Hamiltonian Eq. (29).
By expanding the Hamiltonian around these points,

k =K(K") + g(cos b, sin6,), (43)
with K(K') = (FKp, 0) and ¢ <« K, we obtain
Nt kg = —Cxle % + U] 2, (44)

Nt K'tg = :l:{Kf[e_m" + ei(9q+2n/3)]/27 (45)

with {g = ¢¢. The derivation of Egs. (44) and (45) is given in
Appendix B. At 6§, = £ /3, all elements of the off-diagonal
blocks depending solely on 7_ 4 vanish for K and K’ valleys,
respectively. The four dispersion curves along this momen-
tum line become linear in g, i.e., éx — vpq £ +/3|¢k| and

€x + vrq £ |¢k|. The intersections between them give rise to
four nodal points in each valley, namely,

ki, = M(Z ﬁ) 46)
2vp 22
by, = M(E \/_3)’ (47)
’ 2ur 22
ks - =M(_E,_V_§), 48)
2up 2 2
(V3= 1Dl T V3
ko= F) W

Here, 7 is the valley index with K (t = 1) and K’ (t = —1).
This is consistent with the spectrum from a full calculation
plotted in Figs. 1(f) and 1(g). To uncover the nature of these
nodal points, we again expand the Hamiltonian near k =
k. +k and derive a 2 x 2 effective Hamiltonian for each
nodal point under the basis of the two branches involving

Hi: =n; .5, —n(tsy +5y), (50)
Hy: =n, 5, +ny(T5 — 5,), (&2))
H3; = —ng 5, — nj (s — 5y), (52)
Hyr = —ng s, +ny (T8¢ +5y), (53)
where
Ny = (vr/2)(ket + V/3k,), (54)
e = (W /A3ket — k). (55)

Here, s;—. . are Pauli matrices. These effective Hamiltonians
can be classified into two groups, i.e.,

Hy =n;s, +ny(s, L sy), (56)
which have chiral symmetry
Ce = (5 F8)/V2, (57)

and therefore can be brought to a block off-diagonal form by
a unitary transformation U..

_ 0 —n, Fiv2n
U7'H. U, = : Y, (58
+ £ (—nzﬂ:iﬁn 0 ) ( )
with
1/1+i —1Fi
UL = — . 59
=30 ) &2

By substituting the phase factor of the off-diagonal matrix
element in Hamiltonian Eq. (58), i.e.,

n, + l'«/zl’lH

In, £ iv/2n|
into Eq. (41), we find that all four nodal points near K (K’)
valley have the same chirality of +1 (—1). By considering

their twofold degeneracy and the linear dispersion nearby, we
conclude that these nodal points are also 2D Weyl points [19].

£ = (60)
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k,\_/kx

¥ K

k
K,ﬂx ¥

FIG. 4. Magnon spectrum around the K and K’ points from the
calculation, in which the interlayer DDI is suppressed by increasing
the interlayer distance by 30%.

C. Phase transition from semimetal and insulator

We should point out that the particle-hole coupling due to
the intralayer DDI, which has been neglected in the above
analysis, actually is able to cause quantitative or even qualita-
tive changes for different parameter choices. Specifically, the
nodal points P 4 in Figs. 1(f) and 1(g) from full calculation are
found to deviate from the momentum line with 6, = £ /3.
By increasing the ratio between the strengths of the intra- and
interlayer DDI via decreasing the interlayer distance, P, and
P; become closer and finally overlap at a critical ratio. When
this ratio increases further, a global gap is opened between
the acoustic and optical branches, leading to a transition from
semimetal phase to insulating phase. The fine structure around
K and K’ points for the gapped phase is plotted in Fig. 4, for
which the interlayer distance in enhanced by 30%.

According to Eq. (B21), the particle-hole coupling induced
by intralayer DDI gives

Buluz — Bazal — f]([l _}_ei%r(lil) +e—i%(li1)]’ (61)

K(K') K'(K)
which suggests By® = Bg" =0 and B¢“ = By # 0.
Similarly, one has B4 = B;‘?,d‘ =0and B2 = Bf(‘,dz #0.

On the other hand, as recently shown in Ref. [25], the
Kitaev interaction, an anisotropic term of the intralayer ex-
change interaction between the nearest-neighboring Cr atoms,
can produce a similar insulating phase in single layer Crl;. To
examine its role in our bilayer structure, we take into account
this additional intralayer interaction [26,27],

HS = K'Y (Sibw) - (S bx). ()
(isJ)

ps, = < % 0 \/I> (63)
p31 - - 37 ) 3 )

(T T o
pSZ - < 61 Es 5)1 ( )
(T [T
Ps, = < 5 V7o 5) (65)

where

After applying the aforementioned standard procedures, we
obtain

(5] o [T o

0 [T 0 K]
o] o o |
0o K0 [

HY =

where the nonvanishing blocks are expressed as

[H,fj]zKAS<_;k* _1”"), (67)
[/c;'j]zKAs(_g_k _g"). (68)

The form factor y4 here is the same as above and
e G e o) M ()

As one may notice, the diagonal blocks can be included into
the Hamiltonian Eq. (4) by simply replacing the exchange
parameter wex by wex + KAS. The off-diagonal blocks are
additive to those from intralayer DDI [Bzia’] and [BZidf]. In
particular, at K and K’ points, we have

Pry = L1+ TIFD 4 oI5 AFD), (70)

which contains the same factor as Eq. (61) and gives K%' =
K =0 but K2 = Kz} # 0. This indicates that the Kitaev
affects the spectrum of K and K’ valleys in the same way as
the intralayer DDI.

Therefore, a material with weaker Kitaev interaction is
preferred for experimental observation of K (K')-valley nodal
points. Another option would be to use an artificial structure
to avoid anisotropic exchange interaction. Nevertheless, the
linear crossings between the two spin bands in the I'-valley
are robust against the intralyer DDI and Kitaev interaction,
even in the insulating phase.

D. Discussion on P77 symmetry

Before closing this paper, we would like to discuss the role
of the P77 symmetry in magnonic systems. It is well known
that in a P7 -symmetric fermionic system, Weyl fermions
are forbidden because the P77 symmetry introduces twofold
degeneracy of Weyl cones [28]. In the present magnonic case,
such a degeneracy is removed by the interlayer DDI, which
can be understood as follows. Without any interlayer cou-
pling, for any magnon mode in the top layer ax, one can find
its PT partner in the bottom layer b;. The bosonic nature of
magnons requires (P7)? = 1, and therefore PT a; = by and
PTbr = ar. The interlayer DDI then introduces a coupling
between a; and by and generates hybrid eigenstates generally
in the form of
%(ak + €% by). (71)
The phase factor & relies on the explicit expression of the
coupling. The PT partner of v reads

Y =

] A
PT Yk =e ™ E(ak + e by), (72)

144416-6
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equivalent to ¥y except a marginal global phase factor e~%.
In other words, v, itself is P77 symmetric and no additional
degeneracy is necessary. By contrast, the relation (P7)? =
—1 in fermionic systems results in the P77 partner of a hybrid
state Eq. (71) as

P | .
PT i =e ™ ﬁ(_ak + by, (73)
which is orthogonal to v, indicating that P7 ¥, and ¥ must
be different states.

IV. SUMMARY

In summary, we predict magnon spin-orbit coupling due to
DDI in monoclinic-stacked van der Waals antiferromagnetic
bilayers. Such a spin-orbit coupling is expected to activate the
intrinsic magnon spin-relaxation mechanism and magnon spin
Hall effect recently predicted in Ref. [13]. Specifically, in the
long wavelength limit, the spin-orbit coupling contains both
momentum-independent and linearly momentum-dependent
effective magnetic fields, which give rise to two nodal points.
Due to their low energy, these magnon states would have
a large thermal population and are relevant even at low
temperature. The sub-THz range of their frequencies, al-
though much higher than the usual ferromagnetic resonance,
is already achievable by current techniques [10,11,14,15],
which supports their observation and potential applications
in magnonics. In the K and K’ valleys, four nodal points are
found in each valley. These nodal points connect the acoustic
and optical magnon bands and make a magnonic semimetal.
By tuning the interlayer distance or introducing intralayer
Kitaev interaction, a phase transition to insulating phase is
predicted.
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APPENDIX A: DIPOLAR INTERACTION IN THE LONG
WAVELENGTH LIMIT

We now calculate the summation appearing in the inter-
layer DDI:

. 2
FP — 3 Z (Xow — i¥5r) kR,
kK aB\5 .
mn (le‘l)
Focusing on the long wavelength regime, one can take a
cutoff distance p satisfying 1/k > p > ay. For all in-plane
distances shorter than p, it is safe to use e "R ~ 1,

FP (k) ~ -3 Z

|k-R%P|>kp

mn

_32

Ik-Riyf | <kp

(AD)

. 2
(sz‘f B ergf) eikARdﬁ

(Re)’
(X2 — iver)’

mn

(Rin)’

1
vr2+h?

(A2)

1 ,
== / dre™®T (3} — 82 — 2id,d,)
A r>p ’ i

1
—;(ﬂff — B —2ipsl),
with A being the area of a unit cell and /& the inter-
layer distance. Apparently, the atomistic detail of a specific
crystal only affects the k-independent parameters ﬂf‘jﬂ . The
k-dependent term can be calculated analytically.

By applying partition integration, one obtains

. 1
dxdye™ 9> ——
[>p Y J \/}"2 +h2
ik- y
- _ d ikr____ >
(75 ey

: 1
+ik<?§dxe‘k"— - ik,yg
' L VF 2 + h? ’ r=p
‘ 1
—k? f dxdye* " ————.
Y r>p \Vr 2 + ]’l2
Here, L represents the outer boundary of the entire 2D system,
which is assumed be to sufficiently large so the factor e=/*”
oscillates at the boundary, resulting in a significant reduction
of the integration over L. At the inner surface with r = p, we
have e~*" ~ 1. Considering the interlayer distance % of the
same order of ag, we have h < p and therefore /72 + h? ~ r
for r > p. Equation (A3) then gives

ik-r Y
710 T h2)3/2>

dxeik-r

1
(A3)

. 1
dxdye® 9> ———
/r;,a Y Y v }"2 + h2

2
~ 27Tp2 N k_y/er do /Oodgeiécos9
(P2 +n2)¥2 ko kp
2
2m p? k_y

Similarly, one can calculate the other two integrals in
Eq. (A2):

A 1 2m p? k2
dxdye™® "> = —2mx, (A5
/Dp e e ke Y
f dxdye™ 9, S koky (A6)
r>p o Nrr+h? k-
Therefore, the summation Eq. (A1) can be expressed as

o 1 s po —2i

FP = —(BeF — B + 2ip2f + 2mke ), (A7)

A

with 6y representing the angle of k with respect to the x axis.
The spin-orbit-coupling parameters of the acoustic and op-

tical bands read
Fdltlz +Fd201
¥ %)7 (A8)

 Suo(gus)? (F"l‘“
k 2

e tnp k= >

which contain nine parameters ﬂfl]-ﬁ . However, these param-

eters are actually not independent, because any vector R%
(R“%2) can be obtained by rotating one particular R around
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the z axis counterclockwise by 27 /3 (—2m /3). Specifically,
we find

V3, 23
Rdlalll = q («/—m 32 3 >’ (A9)
3N
B, B, 3
RG i = “0< 2;,’;1_ zz,,n_Jrl : )
2 2
= R /3RLN . (A10)
Rd = ap m + V3n+ f
(—n)(m—4n-2),|| __m + 1
= R(=27 /3)R"“ (A11)

mn, ||

where the rotation operator around normal direction is defined
as

__(cos¢p —sing
R(¢) - (Sin¢ COS¢ ) (Alz)
By writing the ﬁf‘jﬂ in the form of matrices, we express
them as
gdiar _ (P Py Al
ﬁ B (lgxy IBY)’)’ ( 3)
Bl = R27 /3)BR(—27/3), (Al4)
phe = R(—27 /3)B(YRQ27/3), (A15)
which give
de1a1 = Byy — Bux + 2iPxy + 2mke™*™, (A16)
. 1 i3
dez = <§ - l_>(ﬂxx IB)’)’)

de1a2 — (2 + i)(ﬁ)cx 13)’)’)

_2<_£+

5 ) By + 2mke %, (A18)

In addition, for any vector R4 = (xad yad zady —
(V3m — 3n/2 — 2/3/3,3n/2, 2n.)ay with nonzero m,
one can always find another vector R(,‘n Layemy = = (+/3m —
V3n/2 —24/3/3, =3n/2, 2n,)ay = (XOd, —yadh zady)
Their contributions to B,, cancel with each other, meaning
Bxy = 0 in the present lattice.

Finally, we obtain

1
Gk = (1 + §>MouBM3D<ﬁyy = Bu)
+ (1 F DpopsMP2ke™™,  (A19)

with M?P = Sg?11p/(2A). Thus, the spin-orbit coupling in the
acoustic and optical bands become

Gk — N4 = —fo -+ voke 2% (A20)

and

&k + Ntk = —3fo, (A21)

respectively. Here, fo = 1uoupM?®(Bex — Byy) and vy =
/,L(),LLB4JTMSZD. The value of fy can be determined from the
numerical evaluation at £k = 0 in a lattice model.

Similarly, for the intralayer parameters, we have

1 A
af ~ __gaB _ _ ikro2 L
G, ~ A,BZZ A/r>pdre 0; 7

Using V12 + h?2 ~ rforr >

2
dxdye’k’az— ~k|[ a0 / d& e f
/;>,0 kY% r2 + h? kp

(A22)

p, the second term gives

= 27rk, (A23)
leading to
2
€ — AT — _Suo(iug) Gaa
2D ( paja 1
= pousM:° (BL" + 27k) = f. + 5vok, (A24)
’ ara S:u“()(g/'LB)z ara
)‘szklzz_ 5 lez
2D ( paya / 1
= pousM°(BL“ +21k) = f/ + Svok. (A25)

APPENDIX B: RELATION BETWEEN THE SPIN-ORBIT
COUPLING PARAMETERS AT K AND K’ POINTS

According to the rotation relation addressed above, one
expresses the vectors as

R4 cos
Rdlul _ I mn Bl
mll <Rd““ sin 0, (B)

(Rfff ') €08 (Omn + % )) (B2)
Rdlal sin (emn"f_ 7{)

mn, ||

dza]
R(m n)(=n),|l

dia 2
len ]” cos (an - %)) (B3)

RO anayg _< d
—n)(m—4n=2),|| — a . 2
Ry, sin (Omn — )

By applying them into the general expression of spin-orbit-
coupling parameters, we have

; _ 3Spo(gus)? Z (Rsz'; 1||) o2
KK) = —
(K") 2 ~— (Riirbfl)s

djay

x KK R (B4)

d 2
3Suo(gmn)? Z (Rm'f,'u) ¢~ 2iOm—2%)

/

Mk =~ s
2 (R

zK(K/)R‘IILﬁ(m 4n-2) (B5)

d1a1
. _ 3Suo(gus)’ Z (Rmn |I) o 2iOm+%)
KK') — — 4 5¢ :

2 (R

« eiK(K’)-R‘([,ii',,)(_,l) (B6)
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at K and K’ points. By further substituting

KK ( 4n 0) (B7)
=\ F+ —F—> s
3«/5610
we obtain the relations
tk = ng =nge 7, (B8)
k= g = et (B9)

Here, the upper and lower signs stand for the K and K’,
respectively.

For the parameter A;, the involved vectors satisfy C; rota-
tion symmetry, i.e.,

Ve
R = ag ‘/i"” 2", (B10)
sn+1
R = RQr/BRYE, (B11)
RO = R(—21/3)RA® (B12)

(n+1)(=m—n—1),] m,|

This allows us to transform the summation around K (K”) into

_ Spo(gus)’ 3 (Raee) — 3(zaee)’

N oror =
K(K')+q 5
2 mn (RZ'LI;LZ_)
% ei(:FKo-Fq)-Rf;l;flz (B13)
2
_ Spolgus)’ Z (Rowi®) = 3(Zymi™)
= 5
2 mn (RZ’III‘?Z)
% %[ o (FRo+) R + I FKADREE )
+ e FRADRG i ], (B14)

We then expand it up to the linear order in g. Actually the
zeroth order vanishes. The linear order leads to

+etigy,, (B15)

/ —
KK)+q —

with

 Spolgus)® ~— (Rue) —3(zae)’
Up = — 4 % (R;yrfz)ﬁl

. [ 4n
X sin [?(m —n)+ 9,n,,i|. (B16)

Equation (B15) has the same form as the exchange term,

AKK') g = —Oex VKK yrg = FVFGe™, (B17)

where the exchange-induced velocity vp = agwex /2. As a re-
sult, we obtain

AR 4q + Ay ig = FOF = Um)ge™. (B18)

Typically, the intralayer exchange interaction is much stronger
than DDI, which leads to vg > v,, and

N k+q = —(nge ™ L nge)/2

= —ixle £ W), (B19)
) — r 0 + , —ify, 2
N+ K'+q (771(/6’ )44 )/
= tip e £ U] )2, (B20)

By using Egs. (B10)—(B12), one can also calculate the
particle-hole coupling induced by intralayer DDI:

aay — axd|
BK(K/) B BK’(K)

_ 3Suo(gus)’ e
R (Re2)’
e—2i9,,,,,

206 s

e$lK0-R

ayay

e:FiKo Ropn

_ Spo(gus)’
B (R)’

e 20 m—nyim-1)

+ apdn 3
(R(fmfn)(mfl))

200+ 1) =m—n-1)

+ aydy 3
(Gt 1)men—1))

. aja;
e:FlKO 'R(—m—n)(m—l)

. ajay
ePKO Riu ity mn—1)

— fK[l +ei2%(1:|:1) +€7i2%(1i1)], (le)
with

2 =26
_SMO(g:uB) e 3€:Fi%ﬂ(m_n).
2 (R

(B22)
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