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Introduction

In a variety of applications, when machine elements are actuated inertia forces and moments are generated.
They produce reaction forces and moments on the base which are called shaking forces and shaking mo-
ments and induce undesired base vibrations. These result in noise, wear and fatigue problems [1] and can
compromise the accuracy of the machines [2]. In addition, issues related to the stability of the systems can
occur when machines are placed on bases which are not fixed, an example consists in manipulators which
are mounted on satellites [3]. When dynamic balance is achieved, shaking forces and shaking moments are
canceled as well as vibrations on the base: dynamically balanced mechanisms are designed. Force balanced
and moment balanced mechanisms are created, respectively, when only shaking forces and shaking moments
are canceled.

Dynamic balance is generally achieved by introducing additional elements which do not affect mechanisms’
motions. Counterweights are introduced to achieve force balance: the center of mass (CoM) of a mechanism
is kept on a stationary point and the linear momentum is constant, therefore no external forces are applied on
the mechanism. On the other hand, moment balance is achieved by introducing counter-rotating elements
in order to keep the angular momentum constant, therefore no external moments are applied. Both coun-
terweights and counter-rotating elements can be introduced in mechanisms and connected to the links in
different ways. Counterweights can be mounted on links or connected to them through pantograph linkages
[4]. These, in particular have been widely used thanks to their copying properties [5, 6]. On the other hand,
counter-rotating elements can be introduced on the base and connected to their respective links through
either gears [7], belt transmissions [8], or idler loops [9]. In addition, counter-rotating elements can be intro-
duced on their respective links and used as counterweights as well. In this case, they are called counter-rotary
counterweights and are driven by either gears [10], belts or chains [11] in order to make their rotations oppo-
site to the ones of the respective links. Also, dynamic balance can be achieved by introducing axial and mirror
symmetric duplicate mechanisms which perform opposite motions with respect to the initial one [11].

The introduction of additional elements, whose function consists in only dynamic balancing, implies the in-
troduction of additional mass and inertia leading to an increase of the power required to drive the resulting
mechanisms. Its design results to be more complex as well. This because dynamic balance is generally con-
sidered after the design process. Nevertheless, inherent dynamic balancing [12] considers dynamic balance
as a design principle. It aims at designing mechanisms in which all the links contribute to both the kinemat-
ics and the dynamic balance, therefore additional elements are not included. These mechanisms are called
inherently dynamically balanced (IDB) mechanisms. By considering dynamic balance as a design principle,
IDB mechanisms result to be synthesized from inherently force balanced linkages. These are called princi-
pal vector linkages as their design is based on the method of principal vectors [1]. Force balance is achieved
by keeping the common CoM on a stationary point and relating all the links’ positions and motions to this
point. The overall kinematics results to be a combination of those of the parallelograms forming principal
vector linkages. As a result, when only a link rotates, its parallel links rotate while the others only translate.
The force balance conditions, which are derived from the linear momentum equations as described in [12],
are based on this essential kinematics of principal vector linkages.

Although several examples of synthesized linkages were provided [12-14], issues can be identified and can
constitute a limitation in real applications. Even though the kinematic properties of parallelograms are es-
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sential to maintain force balance, these linkages can constitute a problem. In particular, they are change
point mechanisms [15]. When all the links become collinear, the change point state is reached and the mech-
anism’s motions are not uniquely determined: parallelograms can switch to their anti-parallelogram config-
uration and force balance is not maintained. In addition, links can potentially overlap each other: this can
represent a problem for those applications in which making overlapping links is complex. Furthermore, the
single design of principal vector linkages can represent a limitation in their functionality and applicability. As
they consist of only links, which need to form parallelograms to maintain the force balance, their design can
not be adapted to specific motion and space requirements.

This thesis presents techniques to modify principal vector linkages in a variety of ways and can be used to syn-
thesize inherently force balanced mechanisms. They can consist of additional machine elements like sliders,
gears, belt and chain drives to reduce the number of DoFs and to replace the original links. Potential advan-
tages can consist in creating new inherently force balanced designs. These are still based on the kinematics
of the original principal vector linkages, but they can be adapted to specific motions and space requirements
while preventing issues like singularities of parallelograms.

All the techniques maintain the force balance of principal vector linkages as they do not modify their essen-
tial kinematics, on which the force balance conditions are based. This implies that, given any principal vector
linkage together with the force balance conditions, it can be modified by applying the techniques. The force
balance conditions do not need to be derived for the resulting linkage because the kinematics of the initial
principal vector linkage is maintained. Therefore, the same equations are considered. Only possible adjust-
ments can be required when links’ position are modified and additional machine elements are introduced.

Approach and outline

In order to realize how additional machine elements could be introduced in principal vector linkages, the
literature study, presented in chapter 2, focused on these linkages’ design and on how machine elements are
generally introduced in mechanisms. In addition to describing the synthesized IDB mechanisms including
additional elements, two categorizations are presented and describe how rotating elements of gear, belt and
chain drives and sliders are generally introduced in mechanisms.

The techniques to modify principal vector linkages are presented in chapter 3. They were derived by observ-
ing how the machine elements presented in chapter 2 could be introduced and how similar outcomes can be
achieved without their introduction. As a result, the number of DoFs can be reduced by constraining links’
motions. Furthermore the position of the links can be modified and the parallelograms forming principal
vector linkages result to be resized. Links can be also replaced by machine elements like sliders, gear, belt
and chain drives. These substitutions do not affect the kinematics of the parallelograms and therefore the es-
sential kinematics of the overall principal vector linkages is maintained. Potential advantages are presented
as well as a inherently force balanced mechanism which was synthesized by applying these techniques. Its
design results to be different from the original principal vector linkage and, by performing a simulation, it is
proven that the force balance is maintained.

Chapter 4 describes how the force balance conditions are adjusted when techniques are applied in principal
vector linkages, especially when mass-asymmetric links and machine elements are considered. The equa-
tions which are presented in this chapter apply for principal vector linkages having mass-symmetric links
and machine elements: mass symmetry is indeed a particular case of mass asymmetry. In addition, when
mass-asymmetric additional elements are considered, force balance conditions can be complex to adjust,
depending on how the elements move with respect to the other links.

After the discussion and the conclusion which are presented in chapters 5 and 6, respectively, Appendix A
shows the force balance conditions of the synthesized inherently force balanced mechanism which was pre-
sented in chapter 3 and describes how the techniques’ application prevents issues regarding parallelogram
linkages. Appendix B, on the other hand, presents calculations in order to introduce mass-asymmetric gear
trains in principal vector linkages.

Since principal vector linkages are only force balanced, the techniques only aim at maintaining force balance
and not at defining moment balanced solutions. Moreover, all the links and machine elements are assumed
rigid. In addition, no backlash is considered in gear and chain drives as well as no slippage of the belt is
considered in belt drives.



Methods to introduce gears and sliders in
Inherently Dynamically Balanced
mechanisms

Dynamic balance is normally considered as the next step after mechanical design: mechanisms are designed
first and subsequently balance is considered. Additional elements acting as counterweights and counter-
inertias are generally introduced. On the other hand, Inherent Dynamic Balancing considers dynamic bal-
ance as a design principle: balanced mechanisms are synthesized from linkage architectures which are force
balanced. As a result, no additional element is introduced, leading to practical and low mass and low in-
ertia solutions. This is achieved by designing principal vector linkages, which are force balanced during all
their motions. Inherently Dynamically Balanced mechanisms results to be synthesized from these linkages.
However, not much is known about all the possibilities for mechanisms’ synthesis, especially those regarding
the application of additional machine elements like gears and sliders in principal vector linkages. In order to
investigate how mechanisms can be synthesized, while possibly including these additional elements, a study
was conducted. At the beginning, it focused on the design principles and the different types of principal vector
linkages. Issues regarding the parallelogram structures within these linkages were identified. Then, an inves-
tigation in the literature, focused on how elements such gears and sliders are normally used in mechanisms,
was performed. Categories were defined basing on how these elements are connected to the other links of
the mechanisms and the base. It was supposed that the introduction of these elements can be advantageous
in order to prevent issues related to parallelogram linkages.
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1 Introduction

Dynamic balance has always been a serious issue in designing mechanical systems. Due to
the motion of machine components, reaction forces and moments are generated on the base.
This leads to base vibrations which can cause noise, wear, fatigue problems, together with
a reduction of the performances. In manufacturing and metrology systems, for example,
base vibrations due to unbalanced machines compromise the accuracy of all the systems
which are placed on the same base. This problem is more serious in high-tech industry,
where high speed and high precision are required. Many balancing methods have been
formulated [1]: they include the addition of counterweights and counter-inertias. However,
the introduction of these elements increases the total mass and total inertia of the resulting
mechanisms. As a result, the power required to drive these mechanisms can significantly
increase as well as their design complexity. This is due to the fact that the traditional
approach consists in balancing mechanisms after their design. However, the approach pro-
posed by Van der Wijk |2], known as Inherent Dynamic Balancing, consists in considering
dynamic balancing as a design principle, in order to design mechanisms that are already
balanced. These, which are called Inherently Dynamically Balanced (IDB) mechanisms,
are synthesized from force balanced linkages architectures which will be shown section 2.
A problem which was identified consists in the parallelogram linkages constituting these
architectures. Parallelogram linkages are called change point mechanisms [3]: when all the
revolute joints become collinear, the change point state is reached and the mechanism’ mo-
tions can not be uniquely determined. Singularities can occur and the force balance of the
overall architectures is not maintained. In addition, overlapping links may not be possible
in many real applications and therefore the range of motion of the synthesized mechanisms
results to be limited. In order to prevent this problem, different machine elements, such
gears and sliders, could be introduced. By constraining the mechanisms, overlapping links
could be removed and singularities could be prevented. However, only two examples of
synthesized IDB mechanisms were provided in which gears and sliders were used to add
constraints and replace links. This led to the question "Are there any other ways in which
gears and sliders can be introduced in IDB linkages?". An investigation in the literature was
made in order to find mechanisms in which gears and sliders were introduced in different
ways. The results of this investigation, shown in section 3, consist in two categorizations
describing, respectively, how gears and sliders are introduced in mechanisms. As several
ways to introduce these elements were observed, the research proposal which is carried out
consists in "Synthesizing IDB mechanisms having gears and sliders” by introducing these
elements as they are presented in the categories described in section 3.

After the categorizations, which present potential advantages and disadvantages of the
different categories, the intended approach to the research is discussed in the fourth sec-
tion, together with potential risks and potential benefits of introducing additional machine
elements.

2 Inherently dynamically balanced (IDB) linkage architec-
tures

In order to reduce the additional mass and inertia, Van der Wijk |2] proposed an approach
which considered dynamic balancing as a principle in mechanisms design. This led to the
design of inherently force balanced linkage architectures from which mechanisms can be
synthesized. They are called principal vector linkages and are force balanced as their center
of mass (CoM) is stationary during all the motions. If the CoM of a system is stationary



or moves with constant velocity with respect to the base, the system is force balanced
and therefore the reaction forces to the base are zero. This means that the summation of
external forces acting on the system is zero and linear momentum is constant during all the
motions of the system, according to Newton’s second law. On the other hand, these linkage
architectures are not moment balanced. Therefore, the summation of external moments
is not zero and there are moments acting on the base when the architectures move. This
means that the angular momentum of the system is not constant. However, it was shown
that moment balance conditions can be defined and solutions can be obtained by adding
constraints.

2.1 Principal vector linkages

Principal vector linkages are force balanced linkages consisting in principal elements, which
are connected together through revolute joints called principal joints, and principal vector
links, which allow the relative motion of the the principal elements with respect to the
common CoM. This is possible thanks to the principal vectors method. Vectors having
constant magnitude describe the position of principal points with respect to the common
CoM: for each principal element, a principal point represents the CoM of the reduced-mass
model of the linkage when only the rotation of that principal element is allowed and the
masses of the moving elements are projected on it. The force balance conditions, consisting
in the derivatives of linear momentum equations which are set equal to zero, describe the
position of the principal points within the respective principal elements. Principal vec-
tors describe the position of the principal points with respect to the common CoM. Their
magnitudes, which are called principal dimensions, are derived from the force balance con-
ditions as well. Since their lengths are constant, principal vectors are transformed in rigid
links, the principal vector links, whose masses are taken into account when the position of
the common CoM and the reduced-mass models are defined.

It can be stated that in principal vector linkages the CoMs of all the links are related to
the common CoM. Force balance is achieved by keeping this point invariant. This prop-
erty is found in pantograph linkages. The pantograph in Figure 1 can be considered as
a 2 DoF principal vector linkage where S is the common CoM and the principal vectors
correspond to links SP; and SP» having principal dimensions, respectively, as and aj.
Principal elements APy and APs, having principal points P, and P, and CoMs in @) and
R, are connected through principal joint A. Considerations about balance conditions and
similarity properties were made in [2].

Figure 1: 2 DoF force balanced pantograph. Common CoM fixed in joint S. Source [2]
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Figure 2: 2 DoF force balanced pantograph. Links having mass. Source [2]

When principal vectors are replaced by principal vector links and the links’ CoMs are
placed in generic positions (Figure 2), reduced-mass models are made when each DoF
is singularly actuated (Figures 3 and 4). Thanks to parallelogram SP;AP», links whose
angle is not actuated solely translate: their masses can be easily projected on the rotating
principal element. The force balance conditions are derived from the linear momentum
equations in each model. Equations (1) are defined when 6; is actuated and equations (2)
when 65 is actuated.

Figure 3: Pantograph of Figure 2. 6; actuated, reduced-mass model. Source [2]

mip1 = Maa1 + Mms3ps3

miqir = ms3qs



m, P2
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Figure 4: Pantograph of Figure 2. 6, actuated, reduced-mass model. Source [2]

Map2 = M1a2 + M4Py

maq2 = Myq4

2.1.1 Open chains principal vector linkages

The presented pantograph linkage is a 2 DoF open chain principal vector linkage having two
principal elements. Other open chains principal vector linkages were designed having more
principal elements as well. The design of these linkages is based on the principle that the
CoMs of two principal elements can be related their common CoM with one pantograph,
whose links can be incorporated in the principal elements themselves. These pantographs
are connected with others until one single pantograph is centered on the common CoM of
the overall principal vector linkage.

Figure 5: 3 DoF principal vector linkage, three pantographs. Source [2]

Figure 5 shows a 3 DoF principal vector linkage having three principal elements. Two
pantographs have links incorporated in the principal elements: they trace, respectively,
the common CoM related to m and part of me, and the common CoM related to ms3 and
part of mo. Another pantogrpah connects the previous ones with the common CoM, which
is always in an invariant point to achieve force balance. Thanks to the kinematic property
of the parallelograms which are included in the pantographs, they can be combined and
the result consists in the linkage in Figure 6 which has always 3 DoF and less links than
the one in Figure 5.



8 2. Methods to introduce gears and sliders in Inherently Dynamically Balanced mechanisms

Figure 6: 3 DoF principal vector linkage, combined parallelograms. Links CoMs in generic
positions. Source [2]

With respect to Figure 6, the principal vectors describing the principal points Py, Py
and Ps are shown in Figure 7. The force balanced conditions are derived from the linear
momentum equations written for each DoF. The same procedure seen for the pantograph
linkage was carried out [2].

't /
4

Figure 7: 3 DoF principal vector linkage of Figure 6. Principal vectors. Source [2]

Principal vector linkages having more principal elements were designed by following
the same procedure. As an example, Figures 8 and 9 show, respectively, a 4 DoF principal
vector linkage having four principal elements and its relative principal vectors configura-
tion.



Figure 9: 4 DoF principal vector linkage of Figure 8. Principal vectors. Source [2]

2.1.2 Closed chains principal vector linkages

In addition to open chains, closed chains principal vector linkages were designed. One
method to derive these linkages consists in closing an open chain, that is, connecting the
outer principal elements through a revolute joint. By connecting the outer elements of
Figure 8, the 2 DoF closed chain shown in FigurelO is obtained.
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Figure 10: Closed chain principal vector linkage derived by closing open chain. Source [2]

It is possible to locate the common CoM in principal element AyAs as shown in Fig-
ure 11. In doing so, the linkage becomes overconstrained but yet movable because of the
similarity of quadrilaterals AgAjAsAs, AgP1B1C1 and C1B3yP3As. This is because paral-
lelograms Py A1 P> By, B1P,B>Cy and CyB3P3Bs are movable as well.

Figure 11: Closed chain principal vector linkage, common CoM in principal element AyAs.
Source [2]

Another method to derive closed chains principal vector linkages consists in making a
mass equivalent model of a principal element and, therefore, studying the remaining open
chain principal vector linkage while considering the equivalent masses. For example, by
considering the closed chain of principal elements in Figure 10, a mass model related to
ApAs can be defined and can replace the principal element itself. As shown in Figure 12,
two real equivalent masses mZ and m§ are located, respectively, on the principal joints Ag
and Az, and two virtual equivalent masses m§ are located on points Jy; and Jyo. All the
equivalent masses are considered in the remaining open chain principal vector linkage. In
particular, the real equivalent masses are located on Ay and As, while the virtual equivalent
masses are considered on each principal element. The resulting linkage is shown in Figure
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13. It can be observed that the configuration of the principal vector links is similar to the
one of the 3 DoF principal vector linkage shown in Figure 6.

ay

m,
Jo%

Figure 12: Principal element AgAs of the linkage in Figure 10. Mass equivalent model.
Source [2]

Figure 13: Closed chain principal vector linkage of Figure 10 with AgAs modeled with
equivalent masses. Source [2]

This procedure is used to design closed chain principal vector linkages having more
than four principal elements as well.

By looking at Figure 13, the parallelograms A P,B1 P, B1P,B2S and P,A3P3Bs do
not involve principal element AgAs, as a mass equivalent model was made. Therefore, it is
possible to make different design alternatives by making a mass equivalent model for each
principal element. All the four alternatives can be included together in a single linkage,
as Figure 14 shows. As it can be observed, mass-symmetric links can be considered as well.
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A'} F: 3 P-'-.z F!.1 A3

Figure 14: Combination of principal vector configurations for closed chain principal vector
linkage. Source [4]

Then, it was discovered that some principal vector links could be extended and con-
nected to others. The resulting linkage, shown in Figure 15, was called Grand 4R Four-bar
Based Inherently Balanced Linkage Architecture, [4]. As it is overconstrained but yet mov-
able, IDB mechanisms can be synthesized from this architecture by removing links, as
shown in [4] and [5].

A‘J F:a F:z Rn AE‘

Figure 15: Grand 4R Four-bar Based Inherently Balanced Linkage Architecture. Source
[4]

Another method to design closed chain principal vector linkages consists in using similar
linkages: the common CoM of a three moving links 4-bar linkage describes a curve which is
similar to the coupler’s curve of the linkage [6]. Figure 16 shows two similar 4-bar linkages:
the coupler’s curve described by point 7" is similar to the curve described by point .S, which
is the common CoM.
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Figure 16: Similar three moving links four-bar linkages. Source [2]

Principal vector linkage architectures were designed from this linkage. In order to
constrain the motions of similar linkages to be similar, solutions based on the method of
principal vectors were derived (Figures 17 and 18).

Figure 17: Closed chain principal vector linkage including similar linkages. Source [2]
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Figure 18: closed chain principal vector linkage of Figure 17. Design alternative. Source

2|

Making parallelograms which include similar links is sufficient to constrain the motions.
One example is shown in Figure 19 where, by adding links DgFg and DgFEg, parallelograms
AgDgEgA, and A7E9DgAs were made: only one of them is sufficient to obtain a 2 DoF
closed chain principal vector linkage with similar elements. Although the linkage in Figure
19 is overconstrained, it is still movable.

Figure 19: Closed chain principal vector linkage with similar linkages connected by paral-
lelograms. Overconstrained but yet movable. Source [2]

Mechanisms in Figures 17, 18 and 19 can be derived from the Grand 4R Four-bar Based
Inherently Balanced Linkage Architecture in Figure 15 as well.

2.2 Examples of IDB mechanisms with different elements

All the principal vector linkages which have been presented include parallelogram linkages.
As previously stated, this can represent a problem in all the applications in which links
can not overlap and singularities can occur. Nevertheless, it is possible to prevent overlap-
ping links and singularities by introducing gears and sliders to constrain principal vector
linkages and replace links. In [2] two examples were shown and are now presented.
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Figure 20: Principal vector linkage with gear train. Source [2]

The mechanism in Figure 20 represents the principal vector linkage in Figure 19, where
link E9Dg has been replaced by a gear train located between principal joints A7 and Asz. In
particular, the gears whose axes coincide with these joints are fixed to principal elements
AgA7 and AsAz. Therefore, the rotations of these elements are kept the same and the
kinematic properties of parallelogram A7Fq9DgAs are maintained. In addition, the gears
masses can be included in those of the elements to which they are pivoted. As two gears
are fixed with principal elements, their inertia can be considered together with the one of
elements AgA7 and Ay Az in the angular momentum. On the other hand, tha mass of the
gear in the middle can be included in the one of AgAs. In addition, this gear has an oppo-
site rotation with respect to the others: its inertia can not be included in any other element.

Figure 21: IDB 2 DoF grasper. Source [2]



16 2. Methods to introduce gears and sliders in Inherently Dynamically Balanced mechanisms

On the other hand, Figure 21 shows a IDB 2 DoF grasper which was synthesized from
the 4 DoF principal vector linkage in Figure 8. Two DoFs were constrained by introducing
sliders in joints As and Bs. Their paths consist in a straight line through S, which is the
common CoM of the mechanism. Sliders are non-rotating elements, so they have no inertia,
while their masses can be included in one of the links connected to them, |7]. Dynamic
balance is achieved because, together with the symmetric design, the sliders make both the
sides of the mechanism move similarly and oppositely. In particular, slider in As, whose
motion is made by an actuator between As and S, allows the links pivoted in Ay rotate
oppositely. The motion of the slider in By is made by an actuator between joints C and
C5: this allows the links connected between S and Bs to rotate similarly and oppositely
together with all their parallel links.

These two mechanisms are examples of how gears and sliders can be introduced in
principal vector linkages. In addition to removing links, as seen in Figure 20, the introduc-
tion of these elements can reduce the number of DoFs to make the resulting mechanisms
perform specific motions. However, by looking at the different principal vector linkages, it
is clear that gears and sliders can be introduced in different ways.

3 Categorizations. How elements are introduced in mecha-
nisms

After having described how gears and sliders had been already introduced in principal
vector linkages, an investigation was performed in the literature in order to find different
ways of introducing gears and sliders in mechanisms. This led to two categorizations
describing where these elements can be introduced and how they are connected to the
mechanisms. In all the presented categories, gears and sliders were assumed having their
CoM placed on their geometric center. Considerations were made about how the additional
elements’ masses and inertias affect the common CoM and the angular momentum of each
mechanism.

3.1 Gears categorization

It was observed that gears are introduced in mechanisms for several functions. For example,
they are introduced to constrain and make path generation mechanisms, to generate dwell
motions and convert uniform rotary motions in nonuniform or reciprocating motions. All
the categorized mechanisms include a couple of gears, while the categorization was based
on the number of gears which are pivoted to the base. In each category, possible situations
in which one of the gears’ rotation needs to be defined, even equal to zero, were investigated
separately. Each category was investigated with both external and internal gears. If any
mechanism had not been found in the literature, a SAM model was designed. In Appendix
A, a table is presented showing an overview of the different categories.

1. Both gears pivoted to the base
It was observed that both external and internal gears are introduced to constrain
mechanisms and design particular paths which can be modified by changing the gear
ratios.

Figure 22(a) shows a 1 DoF 6-bar linkage in which two external gears are fixed to
the cranks AC and BD, pivoted to the base. This creates one constraint as the two
cranks rotate according to the gear ratio. In particular, since the gears have the same
radius, the rotations are equal and opposite. These are converted in a reciprocating
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(a) External gears. (b) Internal gears.

Figure 22: Mechanisms with both gears pivoted to the base. (a) Source [8]. (b) SAM
model

vertical translation of link 5. Since the gears are pivoted to the base, their masses
are not considered in the common CoM of the mechanism. On the other hand, their
inertias have to be taken into account in the angular momentum. In this particular
situation, as the gears have the same radius and counter-rotate, their inertias balance
each other.

Figure 22(b) shows a 1 DoF 5-bar linkage where two internal gears are fixed to links
1 and 4, which are pivoted to the base, so their rotations are related. Introducing
internal gears requires a large space and makes the two links rotate in the same
direction. This effect can be made by introducing either two pulleys driven by a belt,
two sprockets driven by a chain, or a train of three gears where the outer ones are fixed
to the links. These alternatives require less space. As seen for the external gears, the
masses of the internal gears are not considered in the common CoM because they are
pivoted to the base. On the other hand, their inertias have to be taken into account
and, since internal gears rotate in the same direction, they could never balance each
other.

. One gear pivoted to the base
For both internal and external gears, the situations in which either only one gear
rotates or both rotate were investigated separately.

(a) Rotation equal to zero. Gear fized to the base
In both the mechanisms in Figure 23 (a) and (b), the rotations of the gears
pivoted to the base are fixed. Figure 23(a) shows a 5-bar linkage consisting in
four links pivoted to each other. The gear pivoted to the base is fixed to the
link representing the base itself: both of them constitute link 4. Gear 2, on the
other hand, is considered as a link. The set of gears is a planetary one: since
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the sun gear’s rotation is fixed, the rotation of the planetary pinion (gear 2)
depends on the one of the planetary carrier (link 3). This gear configuration,
in which gear 2 is not fixed with other links, does not make any additional con-
straint: the rotations of all the links are related. As the sun gear is fixed to the
base, it does not affect both the common CoM and the angular momentum. On
the other hand, the mass of gear 2 can be considered on its joint and as part
of the connecting links, while its inertia is taken into account in the angular
momentum.

g ;
?”
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(a) Faxternal gears. (b) Internal gears.

Figure 23: Mechanisms having one gear fixed the base. (a) Source [9]. (b) Source [10]

Figure 23 (b) shows a different planetary gear set. The planetary pinion is con-
nected trhough a revolute joint to a crank pivoted to the base, while the ring
gear is fixed. On the pinion, an inverted-slider-crank mechanism is built with
the inverted-slider pivoted to the base and the crank fixed to the pinion. Since
the pinion’s diameter is half the one of the ring gear, the joint connecting the
crank on the pinion and the coupler describes a straight line. The mass and the
inertia of the ring gear are not considered in the common CoM and the angular
momentum of the mechanism, while the mass and the inertia of the pinion are
taken into account. The inertia of the crank driving the pinion can be balanced
with the inertia of the pinion, as the elements rotates in opposite directions.
In addition, by modifying the position of the inverted slider, the coupler would
only translate along a straight line and its inertia would not be considered. An
experimental study was performed by making a Hypocycloidal Mechanism with
this property for an air compressor [11]: after having added counterweight for
the pinion, the results of the test showed lower vibrations reaction forces on the
base and therefore lower vibrations.

(b) Rotation defined. Both gear rotates
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(a) External gears. (b) Internal gears.

Figure 24: Mechanisms with one gear pivoted to the base. Both gear rotate. (a) Source
[9]. (b) SAM model

Figure 24 (a) and (b) show the same 4-bar linkage in which different planetary
gear sets are added. In both the cases the pinion is fixed to the coupler which
can perform a complete rotation. Therefore, the mechanisms are 5-bar linkages
having 1 DoF and the rotations of the gears pivoted to the base are considered
the inputs. Thanks to the gear sets, which transmits the input rotation, the
complete rotation of a link which is not pivoted to the base is allowed. In Figure
24 (a) the gear set consists in a sun gear and the pinion: as they counter-rotate,
their inertias can balance each other. As the sun is pivoted to the base, its
mass is not considered in the common CoM, while the mass of gear 4 can be
considered in joint A and therefore as part of link 3. For the mechanism in
Figure 24 (b) a SAM model was made. The ring gear and the pinion rotate in
the same direction, so their inertias can not balance each other. An equivalent
kinematic solution can be made by replacing the gears with pulleys driven by a
belt or sprockets driven by a chain.

3. Both gears not pivoted to the base
For both internal and external gears, the situations in which either only one gear’s
rotation is defined or no rotation is defined were investigated separately. Several
SAM models have been made because only one example was found in the literature.

(a) One gear’s rotation defined
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(a) External gears. (b) Internal gears.

Figure 25: Mechanisms with no gear pivoted to the base. One gear’s rotation defined. (a)
SAM model. (b) SAM model

Figures 25 (a) and (b) show a 5-bar linkage having 2 DoF where a couple of
gears is added. In both the mechanisms, the gear pivoted in joint 3 is fixed
to link 2, while the rotation of the gear pivoted in joint 4 is defined. In both
the mechanisms, different paths are made either by fixing different links to the
gears or by changing the gear ratios. Furthermore, the masses of both the gears
are considered in the common CoM. They can be considered as point masses
placed on the revolute joints connecting the gears to the links. Only the iner-
tias of the rotating gears has to be taken into account in the angular momentum.

(b) No gear’s rotation defined

LIS

(a) External gears. (b) Internal gears.

Figure 26: Mechanisms with no gear pivoted to the base. No gear’s rotation defined. (a)
Source [9]. (b) SAM model
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Figures 26 (a) and (b) present 4-bar linkages to which a couple of gears is added.
In (a) one of the gears is fixed to link 4, while in (b) the ring gear is fixed to
link 1. The linkages have 1 DoF: if any link is actuated the others rotate. In
both the linkages, as one of the gears is not fixed to any link and can rotate,
changing the gear ratios would only modify the relative rotation between the
gears. Therefore, for different ratios, different values in the angular momentum
would be made. As seen previously, in both the mechanisms the masses of all
the gears are considered in the common CoM and all the inertias are considered
in the angular momentum, as all the gears rotate.

It was observed that, in order to replace internal gears requiring more space, either gear
trains, pulleys driven by belts, or sprockets driven by chains can be introduced.

In order to introduce rotating elements in IDB structures, it was observed that potential
purposes, in addition to replacing links, could be introducing constraints or transmitting
motions along different links, as seen in Figure 24(a). It could be seen how introducing
counter-rotating gears in IDB linkages could be useful for moment balance by looking
at several balancing techniques [12, 13, 14|. For the same purpose, links’ rotations can
be transmitted by using rotating elements driven by belts or chain [1, 15]: the rotation is
therefore transmitted to the base where counter-rotating elements are placed. Also, Arake-
lian and Smith [16] proposed several balancing solutions based on pantographs including
gears, since it can be hard to have parallel links in a mechanism where some links perform
a complete rotation.

On the other hand, about constraining mechanisms, the number of constraints introduced
by gears can vary. In fact, it was shown how a couple of gears introduces one additional
DoF if they are free to rotate with respect to the other links. The number of DoFs of the
resulting mechanism, on the other hand, does not change if one gear is fixed to either a link
or the base. One constraint is made when gears are fixed to different links. In the cases in
which gears’ rotations were defined, the number of DoFs of the resulting mechanisms was
the same of the initial one. Also, the gear ratio can affect the kinematics of the mechanism.
However, a potential risk of introducing gears in IDB structures consists in increasing the
mass and the inertia of the system. Therefore, more power would be required to drive the
mechanisms.

3.2 Sliders categorization

The following categorization was based on where the sliders had been located, either on
the base or on the links, and which kinds of kinematic pairs had been used, provided that
a slider has always a sliding pair. In Appendix B, a table is presented showing an overview
of the different cases.

1. Sliders connected to the base

(a) Through a sliding pair
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A
’.

Figure 27: Crank-slider mechanism. Slider translating on the base. Source [17]

The most common mechanism including a slider translating on the base is the
crank-slider mechanism. Figure 27 shows an aligned crank-slider engine mech-
anism where the cylinder 2 actuates slider 3 which allows the crank to rotate.
The mechanism could be considered as a 4-bar linkage where the slider is a
link connected to the coupler by a revolute joint, and to the base by a sliding
pair. Without the slider, the mechanism could be seen as a double pendulum
having 2 DoF. The introduction of the slider constrains one DoF. The slider is a
non-rotating link and therefore it has no inertia to be considered in the angular
momentum. On the other hand, as its CoM can be located on the joint, its
mass can be considered as part of the coupler.

Sliders can perform circular trajectories on the base as well [17]. The only dif-
ference with the slider presented in Figure 27 consists in the element’s motion:
the slider rotates and therefore its inertia needs to be included in the angular
momentum.

Through a revolute joint

Figure 28: 6-bar mechanism. Slider pivoted to the base. Source [17]

Figure 28 shows a 6-bar mechanism consisting in 3 links and two sliders, all
of them connected through revolute joints. Point D describes an elliptic curve
when links AB = BC'. It is not a pantograph as links AB and DE are not al-
ways parallel. In point E, a slider is pivoted to the base and adds one constraint
to the system: link 4 can translate only along the slider’s guide and rotate
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about its axis on point E. As the slider is connected to the base, its mass is not
considered in the common CoM. On the other hand, because it can rotate, its
inertia has to be taken into account in the angular momentum. In particular, it
can be considered together with the inertia of link 4 as their rotation is the same.

2. Sliders connected between links

(a) Trough revolute joint (two mechanisms in parallel)

Figure 29: 6-bar mechanism. Slider translating along a link. Two mechanisms in parallel.
Source [18]

The 6-bar linkage shown in Figure 29 consists in a 4-bar linkage in parallel with
a crank-slider mechanism. The red link acts as the crank of both the mech-
anisms, while the slider, in green, translates along a guide made in the grey
coupler of the 4-bar linkage. The slider would describe different paths if the
lengths of the links were changed. Both the inertia and the mass of the slider
have to be considered: this element is not connected to the base and its angle is
the same of the coupler of the 4-bar linkage. Therefore, the inertia of the slider
can be considered together with the one of the grey link, while the mass can be
considered as part of the yellow one.

(b) Through revolute joint

Figure 30: 6-bar mechanism. Slider translating along a link. Source [17]

The mechanism shown in Figure 30 is a 6-bar linkage similar to the one in Fig-
ure 28. In point D, which describes an elliptic curve when AB = BC, a slider
is connected between links 5 and 2. Because of the revolute joint connecting
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the slider to link 2, the relative rotation between link 5 and link 2 is allowed,
together with link 2 translation along link 5. The mass of the slider can be
considered as part of link 2, while its inertia can be considered together with
the one of link 5, as the two elements have the same rotation. It was observed
that point D moves along link 5. This could represent a problem if a slider
was introduced in IDB linkage architectures between two links: the principal
vector links would have a varying length and the condition about the constant
magnitude of the principal vectors would not be respected.

Slider fixed to a link

Figure 31: 4-bar linkage. Slider fixed to a link. Source [17]

Figure 31 shows a 4-bar linkage where a sliding pair is introduced between
links 2 and 3. This can be considered as a slider fixed to link 3, so only the
translation along link 2 is allowed. Therefore, a constant angle is fixed between
links 2 and 3. As crank AB rotates, link 2 performs a circular translational
motion while link 3 moves along guide b-b made on the base. As the slider is
fixed to link 3, they can be considered as a single element with proper mass
and inertia. Although link 3 does not rotate in the mechanism, its inertia and
the one of the slider could be considered together with the inertia of link 2 in
the angular momentum, as the angle between the links is always constant. On
the other hand, it was observed that, as the sliding pair moves along link 2,
the distance between the revolute joint in point B and the sliding pair is not
constant. This could represent the same problem mentioned in the previous
case about introducing sliders within IDB linkage architectures.

It was observed that cases 2(a) and 2(b) are similar. Although the function of both
mechanism is path generation, it was decided to consider them separately because
the linkage discussed in case 2(a) is a combination of two mechanisms in parallel,
and there could be room for investigation of such mechanisms in IDB architectures.

It was observed that sliders are introduced to create path generation mechanisms and to
add constraints. These functions can be potentially used in IDB linkage architectures.
About the number of constraints that are introduced, this depends on how the slider is
connected either to the other links or to the base. Together with the sliding pair, if a slider
is connected through a revolute joint, it adds one constraint, while it adds two constraints
if it is fixed to a link. On the other hand, it was observed that adding sliders between
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links could represent a problem for IDB linkage architectures. Principal vector links having
varying length would be created, in contrast with the principal vector method that requires
vectors having constant magnitude.

It is possible to combine different cases of the two categorizations in the same mecha-
nism. Soong, in [19], proposed two variations of a "geared linkage mechanism", shown in
Figure 32.

3D skeleton
3D skeleton

(a) Geared linkage mechanism, crank-slider (b) Geared linkage mechanism, scotch-yoke mech-
mechanism in parallel. anism in parallel.

Figure 32: Geared linkage mechanism, two variations. Source [19]

Both Figures 32 (a) and (b) show a 1 DoF 7-bar linkage which consists in a planetary
gear set where the rotation of the sun (gear 1) is fixed (like in case 2(a) in gears categoriza-
tion) while link 3, the carrier, is the input link and drives gear 2. On link 3, a crank-slider
and a scotch-yoke mechanisms are built, respectively, in Figure 32 (a) and (b). In both
the mechanisms, the crank is fixed to gear 2 and it is connected to slider 5, which slides
along link 3 (like in case 2(a) in sliders categorization), through either coupler 4 (Figure
32 (a)) or slider 4 (Figure 32 (b)). Link 6 is then connected through a revolute joint to
slider 5 and to the output slider 7. Both the mechanisms are considered as crank-slider
mechanisms with a variable-length crank. This is constituted by the planetary gear set
together with either the crank-slider, in Figure 32 (a), or the scotch-yoke, in Figure 32 (b).
Thanks to the variable crank, when the gear ratio is equal to one, the output slider 7 can
generate two required motion cycles while the input link 3 completes a single motion cycle.
Although synthesizing an IDB mechanism having this property is supposed to be complex,
it was decided to report these two variations of the same mechanism in order to show
that combining gears and sliders in the same mechanism can lead to different mechanisms’
functions and properties.

4 Discussion and conclusion

At the end of each categorization, potential purposes of introducing gears and sliders
were presented. Potential disadvantages consist in the additional mass and inertia of
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the additional elements: in addition to modifying the position of the common CoM, the
total mass and inertia of the mechanisms results to be increased such that higher power
is required to drive the resulting mechanisms. About the sliders, it was observed that a
potential issue consists in not maintaining the force balance conditions if links with varying
length are created.

A first approach to the research project consists in introducing the elements, as described in
the different categories, in given principal vector linkage architectures. Possible differences
are supposed to be observed between open chain and closed chain principal vector linkages.
At the beginning, the elements of each category will be introduced separately, and its
outcomes about the kinematics, the position of the common CoM and the linear momentum
equation will be observed. Then, combinations of these categories will be introduced and
their outcomes will be studied. By having an overview of the different ways in which
additional elements can be introduced in IDB architectures, it is assumed to be possible
to design several IDB linkages including sliders and gears, together with other rotating
elements like pulleys driven by belts and sprockets driven by chains. Since some links
could be removed, it will be also studied how the force balance conditions will change.
Potential benefits consist in improving the range of motion of synthesized mechanisms
by preventing overlapping links and singularities in parallelogram linkages, as previously
stated. Further potential benefits consist in new mechanisms functions and properties that
can be generated by introducing gears and sliders, as seen in [19] and Figure 32.
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A Gears categorization overview

External gears

Internal gears

Both gears pivoted
to the base

One gear pivoted
to the base

One gear
rotates

Both gears
rotate

No gear pivoted
to the base

One gear’s
rotation

defined

No gear’s
rotation
defined
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B Sliders categorization overview

Slider connected | Through Sliding
to the base pair

Through revolute
joint

Through revolute
joint
(parallel mech.)

Slider connected
between links

Through revolute
joint

Through clamping
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Techniques to modify Principal Vector Linkages
by keeping force balance

Lorenzo Girgenti

Volkert van der Wijk

ABSTRACT

Inherent dynamic balancing is a principle consisting in designing mechanisms whose links contribute to both
the kinematics and the dynamic balance, in order to avoid counterweights and counter-rotating elements which
are typical of the other principles. Inherently dynamically balanced mechanisms can be synthesized from force
balanced linkages, namely principal vector linkages. This article presents different synthesis techniques aiming to
modify the principal vector linkages while keeping the kinematics equal. Constraints can be introduced to modify
the number of degrees of freedom and to create specific motions. Links can be changed in position to meet specific
space requirements. They can be also replaced by other machine elements to prevent possible issues related to the
original principal vector linkages’ design. Techniques can be combined or applied on different points of the same
linkage. A synthesized inherently force balanced mechanism in which various techniques have been combined is
finally presented. With a simulation it is proven that the techniques indeed lead to a new inherently balanced design
while maintaining the force balance of the original principal vector linkage.

1 Introduction

In machine design, dynamic balancing plays an important role in order to provide reliable and accurate mechanical
systems. If machine components were dynamically unbalanced, their motions would generate reaction forces and moments
on their bases, leading to base vibrations [1]. These vibrations cause noise, wear and fatigue issues which compromise the
accuracy and reliability of all the systems which are placed on the same base [2].
Most of the common balancing principles include the introduction of counterweights and counter-rotating elements (counter-
rotations) to achieve, respectively, force balance and moment balance, according to the conservation of linear momentum
and angular momentum [3]. In particular, the principles differ in the ways the elements are introduced. There can be separate
counterweights and counter-rotations: either gear trains [4, 5] or pantograph linkages [6] can be introduced, depending on
where the counter-rotations are placed within the mechanisms. In addition, thanks to their copying properties, pantograph
linkages can be used to achieve force balance [7, 8]. It is also possible that the same elements act as counterweights and
counter-rotations at the same time: they are called Counter-rotary Counterweights [9, 10]. Also, dynamic balancing can be
achieved by adding both axial and mirror symmetric duplicate mechanisms [11]. Nevertheless, a new principle, which is
called inherent dynamic balancing [12], is based on designing mechanisms which are already balanced: these are called
inherently dynamically balanced (IDB) mechanisms. Compared to the other principles, which involve additional elements
to already designed mechanisms, inherent dynamic balancing considers dynamic balance as a design principle: every link
contributes to both the kinematics and the balance of the mechanisms. As a result, no additional element, therefore no addi-
tional mass and inertia, is introduced and less power is required to drive IDB mechanisms.
In particular, these mechanisms are synthesized from force balanced linkages known as Principal Vector Linkages (PVL).
They consist in multi-degree-of-freeedom (multi-DoF) kinematic chains whose elements are connected to their common
center of mass (common CoM) through several parallelogram linkages, representing pantographs. According to the method
of principal vectors [2], these linkages are designed such that the common CoM is always placed on the same point. There-
fore, PVL result to be force balanced by simply fixing this point. As a result, IDB mechanisms are synthesized from force
balanced linkages which are constituted by parallelograms. This can represent a limitation for designers, as singularities
can occur within parallelogram linkages. These are called change point mechanisms [13] since their motions can not be
determined when their links become collinear. Furthermore, in some applications, it is hard to make links overlap, since they
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theoretically could within PVL. Moreover, the single design of the different PVL represents a limitation in their function-
ality and therefore in their application. Mechanisms consisting in only links can be adapted to a limited number of design
requirements, especially when links need to form specific structures like parallelograms within PVL. However, it was inves-
tigated how the PVL’s overall design can be modified while maintaining the essential kinematics, which is based on those
of the parallelograms. This represents a considerable advantage because the force balance conditions, which are derived as
described in [12], are based on the PVL’s essential kinematics: if this is maintained, the force balance conditions do not have
to be derived again when the PVL’s overall design is modified.

The goal of this paper is to present different techniques which modify principal vector linkages while maintaining the same
kinematics and can be used to synthesize inherently force balanced mechanisms. After a brief introduction about PVL in
Section 2, next sections will describe the different techniques. Section 3 presents techniques based on reducing the number of
DoFs of PVL, which can possibly include machine elements like sliders, gear, belt and chain drives, in order for the resulting
linkages to perform specific motions. Section 4 presents a technique which modifies links’ positions and section 5 presents a
technique in which links are replaced by machine elements. Finally, Section 6 presents how the different techniques can be
combined, together with a synthesized inherently force balanced mechanism.

As the techniques modify PVL’s overall design while maintaining the essential kinematics, the force balance conditions of
the initial PVL are still considered: they do not need to be derived for the new linkage. Only slight adjustments can be
required when links’ positions are modified and additional elements are introduced.

Moreover, since PVL are only force balanced, the techniques only aim at maintaining the force balance and do not aim at
achieving moment balanced solutions. Nevertheless, as moment balance conditions for each PVL can be defined from the
angular momentum equations, as described in [12], it can be possible to consider the inertia of the additional elements. These
result to be included in the equations constituting the moment balance conditions of the original principal vector linkage.

2 Principal Vector Linkages

Principal vector linkages are force balanced linkages since their common CoM is always kept fixed on the same point.
They are constituted by a kinematic chain whose elements, which are called principal elements, are connected through
revolute joints. When the kinematic chain is open, the resulting number of DoFs of PVL corresponds to the number of
principal elements, due to the parallelogram linkages connecting them to the common CoM. An example is shown in Fig.
1. A 4 DoF PVL is constituted by the open kinematic chain of principal elements PiA|, A1A;, ApAz and A3Py which are
connected to the common CoM placed in S. As each link results to be parallel to one of the principal elements, their
angles are considered the linkage’s DoFs. In particular, the links constituting the parallelograms are called principal vector
links, since they are designed according to the method of principal vectors. This method relates the position, therefore
the motion, of each principal element to the position of the common CoM. This is made by using vectors having constant
magnitude, the principal vectors, which are replaced by actual links, i.e. the principal vector links. As a consequence, the
parallelograms network is derived by connecting all the principal elements to the common CoM. In [12] it is described how
these parallelograms represent pantograph linkages and how linear momentum equations are involved into the force balance
conditions to determine the lengths of principal vector links, namely principal dimensions. In [12] it is also explained how
the parallelograms’ kinematic property, consisting in letting a link translate while rotating two parallel links, is essential in
making the principal elements move relatively to each other, while keeping the common CoM in the same position.
Once principal elements are connected to the common CoM through the principal vector links, force balanced is achieved by
simply fixing the common CoM to the base. In Fig. 1, therefore, a pivot fixed to the base is placed on S. In addition, Fig. 1
shows that the principal elements and the principal vector links can be mass-asymmetric, which means that their own CoMs
are not on the lines connecting their revolute joints. Nevertheless, the force balance conditions described in [12] consider
this mass asymmetry as well.
PVL can be constituted by closed chains of principal elements as well. In particular, principal vector links can connect
the principal elements to the common CoM in different ways, leading to different designs: these can be all included in an
extensive force balanced linkage architecture, namely a grand inherently balanced linkage architecture.

In [14] and [15], the Grand 4R four-bar based inherently balanced linkage architecture, shown in Fig. 2, was presented
together with many derived inherently force balanced solutions. The linkage is overconstrained but yet movable, as all the
links are parallel to each other and the overall motion is based on the parallelograms kinematics. Different design solutions
are derived by removing different links while maintaining the same kinematics. In addition, in the linkage architecture
shown in Fig. 2, all the links are mass-symmetric. Nevertheless, [15] presented the same linkage architecture having mass-
asymmetric links as well. However, more attention is generally paid to linkages having mass-symmetric links because this
kind of links is more common in real applications.

By looking at Figs. 1 and 2, it can be observed that the essential kinematics of the overall linkages depends on those of the
parallelograms forming PVL. As a result, when a link rotates, its parallel links rotate by the same amount while the others
only translate. The force balance conditions, which are derived as described in [12], are based on this kinematics. As all
the synthesized mechanisms, which were presented in [12, 14, 15], maintained the essential kinematics of the initial PVL, it
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Fig. 1. 4 DoF Principal Vector Linkage having mass-asymmetric links in which the common CoM of all links is in S for any pose. Source [12].

Fig. 2. Grand 4R four-bar based inherently balanced linkage architecture. The common CoM is in S for any pose. The numerous internal
links make the overall linkage overconstrained yet movable. Source [14]

can be observed that the overall design of any principal vector linkage can be modified without changing this kinematics.
This implies that the force balance conditions, which were derived for the initial PVL, do not need to be derived again: the
same equations are considered. Therefore, given any principal vector linkage and its force balance conditions, the techniques
which are presented in the next sections can be applied to modify its overall design while maintaining its essential kinematics.
The force balance conditions of the original linkage are still considered: only slight modifications can be required when links’
positions are modified and additional machine elements are introduced. As the force balance conditions do not need to be
derived when techniques are applied, they are not presented in the next sections, which focus on how PVL can be modified.
Chapter 4 will describe how the equations of the force balance conditions are adjusted when links’ positions are modified
and additional elements are introduced. An initial PVL will be presented, together with its force balance conditions, then
the techniques and the adjustments in the equations will be applied. A general overview will be presented by considering
mass-asymmetric links and machine elements.

In order to make simple figures describing each technique in the next sections, mass-symmetric links will be considered in
the PVL. It is assumed that each technique can be applied to mass-asymmetric links as well. In addition, both principal
elements and principal vector links will be assumed having mass, even if their CoM will not be shown in the figures. PVL
constituted by open chains of principal elements will be considered. This because the effects of the techniques constraining
PVL are more clear if the initial linkages have a high number of DoFs. In fact, for the same number of principal elements,
open chains PVL have more DoFs than closed chains. Nevertheless, it is assumed that the same techniques can be applied to
closed chains PVL as well.

3 Constraining Principal Vector Linkages

A straightforward approach to synthesize IDB mechanisms consists in constraining PVL, then reducing the number of
DoFs, to create the desired motions. This basically consists in constraining the links, which can be principal vector links and
principal elements. The constraints can be applied to either links’ absolute motions, with respect to the base, or the relative
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ones. It is important to notice that this kind of techniques does not affect the force balance conditions unless the mass of
additional elements has to be considered. The common CoM is always kept on the same point and the kinematic properties
of the parallelograms are maintained: only the motions of the overall linkages change. On the other hand, when the mass of
additional elements needs to be considered, the force balance conditions shall be adjusted: in doing so, the linkage has to be
considered having the original number of DoFs.

Examples will show the different types of constraints that can be introduced. A 4 DoF PVL is considered. The angles
of its principal elements, 0, for AgA|, 0, for A1A,, 03 for ApA3 and 0,4 for A3A4, will be considered as the initial DoFs.
The common CoM § will be kept pivoted to the base and considered as the origin point of the reference frame. In each
example, kinematic relations will be defined: they describe how the original DoFs are constrained. Furthermore, specific
cases regarding the introduction of each constraint will be described as well.

//AO A

Fig. 3. Principal Vector Linkage having 2 DoF. A»Aj3 is pivoted to the base in R, therefore it is allowed to only rotate.

3.1 Pivoting links to the base

Figure 3 shows a PVL in which principal element AyA3 has been pivoted to the base on point R. As aresult, AyA3 is only
allowed to rotate around R and the resulting PVL has 2 DoF. It can be proved by using Griibler’s equation. As the number of
DoFs has been reduced by two, it is possible to derive kinematic relations describing two of the original DoFs as functions
of the remaining two. They are derived by describing the position of R with respect to S using a vector loop, as a summation
of vectors SE‘Q, C;B3,B;P3, P;R. These have constant magnitudes and varying angles, which are the original DoFs. In
particular, the relations are derived from the system constituted by Eqns.(1) and (2), representing the scalar equations of the
vector summation along X and Y components.

SR, = 8C>c0s0| + CrB3¢080y + B3P3cos03 — P3Rcos 0y (1)

SRy = 8C;sin6; + B3 sin®; + B3 P3sinB3 — P3Rsin 0y 2)

By considering, for example, 63 and 64 as the remaining DoFs, the solution of the system will give the relations for 6; and
0, as 0; = 0(03,0,4) and 6, = 0,(03,04). As Eqns. (1) and (2) show, the relations depend on the position of R.

Fixed pivots can be introduced in almost all the links of PVL. It is important that the same link is not pivoted twice, in
order to prevent redundant constraints: pivots can not be introduced on links SC; and SC, as they are already pivoted in S.
Moreover, if two contiguous links are pivoted to the base, they will result to be fixed and can be removed. For example, this
occurs when one of links C1 By, C1B,, C2B; or C> B3 is pivoted. In particular, links of parallelogram SC;B,C, can be removed
if either CyB, or C>B; is pivoted to the base. The revolute joints belonging to the removed links need to be pivoted to the
base, if they are still connected to other links.
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Fig. 4. Principal Vector Linkage having 2 DoF. B3 P5 is only allowed to translate along a straight sliding guide on the base.

3.2 Constraining links’ rotation

In Fig. 4, the rotation of B3 P; has been constrained by making this link translate along its orientation. The resulting PVL
has 2 DoF, as can be proved by using Griibler’s equation. It is possible to derive kinematic relations between the original
DoFs by using a vector loop from S to any point of the constrained link, for example B3. As 04 is fixed and B3 can move,
the remaining DoFs can be chosen among 01, 0, 63 and B3 displacement A_B3; the latter is defined with respect to a known
position SI§'370. The vector loop shall describe a random position of B3, given by the sum of S§3,0 and A793, as the summation
of S_Cz and C;B3. Equations (3) and (4) constitute a system and represent the scalar equations of the vector loop along X and
Y components.

SB3 0x +AB3 cos04 = SC; cos 0 + C2B3cos 0 3)

SB3 0y + AB3sin04 = SC»5in0; 4+ C2B35in 6, 4)

As Eqgns. (3) and (4) show, 63 is not included. This because the constraint lies on a principal vector link which is connected
to principal element A»Az. When only 03 is actuated, ApA3 rotates around its principal point P; while the other principal
elements only translate: this can be seen in Fig. 4, as the translation of A3Ay is partly due to A»Aj3 rotation. Therefore, it
is recommended to consider 63 as one of the two remaining DoFs. The system of Eqns. (3) and (4) will give the relations
between the others: by considering AB3 the second remaining DoF, for example, the results will be 8; = 8;(AB3) and
0, = 0,(AB3). These relations depend on the fixed value of 04, as it is included in Eqns. (3) and (4).

B3 P3 has been connected to the base through a straight sliding guide. This can be applied to almost all the links, including
principal elements. Exceptions about introducing this constraint regard links which are already pivoted to the base. If a fixed
sliding guide is connected to either SC; or SC,, redundant constraints will be created. Similarly to the previous section, if
the rotations of two contiguous links are constrained, the links will result to be fixed and can be removed. The same result is
achieved if one of these links is pivoted to the base. As a consequence, the same observations made in the previous section
for links C1B1, C1B;, CoB, and C, B3 apply.

When a link’s rotation is constrained, its parallel links will only translate. If the translation of a link is not allowed, like SC;
in Fig. 4, this link will result to be fixed and can be removed. On the other hand, it is possible to constrain rotations while
making the links translate along given trajectories. However, this can be achieved by introducing sliders.

3.3 Introducing sliders

Sliders can be introduced to constrain linkages as they allow links to rotate and translate along either a given trajectory or
a specific direction. These different motions depend on how these elements are connected to the links and the base. Examples
will show how sliders can be introduced in PVL. They are assumed to be mass-symmetric, then their CoM is placed on their
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geometric center. The revolute joint connecting them to either the base or the links, depending on the different example, is
assumed to be placed on the geometric center as well.

3.3.1 Slider pivoted to the base

Fig. 5. Principal Vector Linkage having 3 DoF. Slider pivoted to the base in V' allows B3 P5 to rotate around this point and to translate along
its sliding pair.

In Fig. 5 aslider has been pivoted to the base in point V and connected to link B3 P; through its sliding pair. The resulting
PVL has 3 DoF, as can be proved by using Griibler’s equation. In order to derive the kinematic relations, the vector loop
from S to V can be defined as the summation of vectors 562, C;B3 and B;V. The magnitude of the latter, in particular, can
vary and can be considered as one of the remaining DoFs. Equations (5) and (6) represent the scalar equations along X and
Y components and constitute a system. Its results will consist in the kinematic relations among 01, 6, 64 and B3V

SV, =8C>c0801 +CrB3c080, + B3V cos04 5

SV, = 8C>sin 01 + C,B3sin 0, + B3V sin By (6)

By considering 04 and B3V as the remaining DoFs, the system will give 6; = 0;(64,B3V) and 8, = 0,(04,B3V). For the
same reason seen in the previous section, 63 does not appear in the equations and it is recommended to be considered as the
third remaining DoF.

A slider pivoted to the base can be placed on every point within a PVL. Particular situations occur when it is connected
to links which have been already constrained. If a link is pivoted to the base, the introduction of this kind of slider will
completely constrain the link. It is the case of links SC| and SC;: they will result to be fixed, together with their angles,
therefore they can be removed. On the other hand, if a link’s rotation is already constrained as seen in the previous section,
the introduction of a slider pivoted to the base will create a redundant constraint: the link is already allowed to move only
along its orientation and the slider pivoted to the base does not introduce any further constraint. The same motion can be
made by introducing two pivoted sliders to the same link; in this case no redundant constraints are introduced.

As the slider is assumed to be pivoted to the base on its own CoM, its mass does not affect the force balance of the linkage.
On the other hand, this element rotates, therefore its inertia needs to be considered in the angular momentum of the linkage
if moment balance conditions have to be defined. Since the slider rotates together with the link to which it is connected, its
inertia can be added to the link’s one.
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Fig. 6. Principal Vector Linkage having 3 DoF. Slider pivoted on W to A2A3 allows this link to rotate around this point and to translate along
its trajectory on the base.

3.3.2 Slider moving on the base

Sliders can be also connected to PVL through a revolute joint and to the base through their sliding pair. Their masses
have to be considered in the total mass, and therefore in the force balance conditions. They are assumed to move along paths
that can be curved: in this case, their inertia shall be considered in the angular momentum of the linkage.
Figure 6 shows a resulting 3 DoF PVL where a slider has been connected to A»A3 through a revolute joint in point W. This
moves along a given path. The vector loop describing W position with respect to S can be defined: three variables can be
chosen as remaining DoFs among 01, 0, 03, 04 and the position of the slider along its path. It is assumed that each point of
this path, therefore every position of W, is known and determined by a variable called /. In doing so, the vector describing
W position shall be in the form S_W(lw); this will be equal to the summation of vectors 562, C;Bg, B;P3, P;W.

SW (lw)x = SCy 0801 + C2B3c0s0; + B3P;cos0s — P3W cos 03 7

SW(lw)y = SCy5in0; 4+ C>B3sin 0, + B3 P3 sin 04 — P3W sin 03 (8)

If 63, 64 and Iy, for example, are considered the remaining DoFs, the system constituted by the scalar equations of the vector
loop, Eqns. (7) and (8), will give, as a result, 0; = 01(03,04,/y) and 8, = 0,(03,04,lw ).

Similarly to pivoted sliders, this kind of sliders introduces one constraint and can be placed in every point of PVL. Depending
on the paths that they are allowed to move along, different situations can occur. If the paths are straight, these sliders can
perfectly constrain a link which is already pivoted to the base and that can be therefore removed. The same result can be
reached if a link’s rotation is already constrained as seen in section 3.2: in this case, the slider’s path must not be parallel to
the link’s orientation, otherwise it represents a redundant constraint. On the other hand, sliders having a path which is curved
can generate infinite solutions depending on the specific path. This kind of sliders can be used to constrain links’ rotations
as well. By introducing two sliders performing identical trajectories and pivoted on the same link, this will translate while
keeping the same angle.

3.4 Fixing links

Both rotation and translations can be constrained by fixing links, which indeed can be considered as the base and can
be removed. This implies the introduction of three constraints in a principal vector linkage. In the PVL shown in Fig. 7,
principal element AyA3 has been fixed to the base. Its angle 05 is fixed and its parallel principal vector links are allowed to
only translate. The resulting PVL has 1 DoF. Furthermore, A»A3 can be removed while introducing fixed pivots on Ay, P;
and As. In order to derive the kinematic relations between 01, 6, and 64, a vector loop describing the position of one of these
points can be defined. As an example, Az position is described by Eqns. (9) and (10), which represent the summation of
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Fig. 7. Principal Vector Linkage having 1 DoF. AAj is fixed to the base. All its motions are constrained and its parallel links can only
translate.

vectors 562, C;B3, B§P4 and P4j43, equal to SZlg, along X and Y components.

SA3 = SCyc0801 4 C2B3c0s 0 — B3 P4 cos 03 + P4A3 cos 0y ©)]

SA3y = SC;sin01 + C2B3sin0; — B3Py sinB3 + P4A3sin0y (10)

Both the equations constitute a system. If 04 is considered the remaining DoF, for example, the results will be 6; = 8;(04)
and 0, = 0,(04). It is clear that the relations depend on where principal element A»A3 has been fixed.

Particular situations occur when this kind of constraint is introduced in principal vector links. In particular, if these are
connected to any principal point, the only remaining DoF is the rotation of the principal element to which the point belongs.
On the other hand, links which are already constrained can not be fixed, as redundant constraints would be introduced. For the
same reason, constraining links which are contiguous to a fixed one could result in adding redundant constraints: they only
rotate about the revolute joints connected to the fixed link. Only the sliders of sections 3.3.1 and 3.3.2 can be introduced:
they will fix these contiguous links. However, redundant constraints are introduced if sliders are made rotate around the
revolute joints connected to the fixed link. Section 5 will show how this redundancy can be prevented by removing the links
to which these sliders are introduced.

3.5 Constraining angles between links

Sections 3.1 to 3.4 showed examples about how PVL can be constrained by limiting links’ absolute motions. On the
other hand, it is possible to constrain relative motions between links. Due to the parallelograms network constituting PVL,
constraining links’ relative motions means constraining the angles between them. This consists in either fixing these angles
or creating certain relations between them by introducing machine elements like gear, belt and chain drives.

3.5.1 Fixing angles

Figure 8 shows a PVL in which the angle between principal elements A;A3 and A3A4 has been fixed. This implies
that both of them will have the same rotation together with principal vector links B3Pz and B3P, therefore parallelogram
P3A3P4B3 will not change its shape. It is possible to prove that the resulting linkage has 3 DoF by using Griibler’s equation
and considering B3P3;, B3Py, A2A3 and A3zA4 as a rigid body connected to the rest of the PVL through revolute joints in Ay,
Pz and B3. The relation describing how the angles 03 and 64 are constrained can be defined by using angle properties. As the
fixed angle in A3 is assumed to be known, Eqn. (11) shows the relation between the angles.

/A3 =T — 03+ 64 (11)
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Fig. 8. Principal Vector Linkage having 3 DoF. Angle between AyA3 and A3A4 is fixed. Parallelogram P3A3P4Bj is rigid.

Due to the parallelograms network of PVL, fixing an angle between two links means fixing the angles between contiguous
links which are parallel to them. Therefore, in Fig. 8 the angle between SC; and C; B and the one between C;B, and B P>
are fixed.

It is also possible to fix an angle between two principal vector links and therefore constraining two angles which do not
belong to contiguous principal elements. For example, by fixing the angle between C1B, and C>B;, 61 and 64 will be
constrained making ApA;| and A3Ss have the same rotation; as a result, parallelogram SC|B,C, will be considered as a rigid
body pivoted to the base on S.

3.5.2 Introducing gear, belt and chain drives

Fig. 9. Principal Vector Linkage having 2 DoF. Belt (or chain) drive on A P>, pulleys (or sprockets) are fixed to A1 S| and B> P>. Meshed
gears on By P; are fixed to By P> and P3B3. The rotations of the links fixed to the elements of the same drive are constrained.

On the other hand, it is possible to define relations describing relative rotations between links. Compared to the previous
section in which the angle between links, therefore the relative rotation, has been fixed, here the angle varies as the links can
rotate relatively to each other. This can be achieved by introducing gears, belt or chain drives. After pivoting the rotating
elements, i.e. gears or pulleys or sprockets, to the ends of a link, they have to be fixed to one of their contiguous links.
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In particular, the CoM of each rotating element is assumed to be placed on the geometric center, on which the element is
pivoted to the links.

In Fig. 9, pulleys 5 and 6 have been pivoted on A; and P, and fixed to ApA| and B P>, while gears 7 and 8 have been pivoted
on B, and P3 and fixed to B, P, and B3z P3. The pulleys could be even sprockets of a chain drive, as both the elements rotate
similarly. Since each drive adds one constraint, the resulting PVL has 2 DoF. The relations describing how the original
DoFs are constrained are based on the drives’ properties. Compared to the previous sections where the angles are involved
in the kinematic relations, here the angular velocities © are involved: the relations will therefore include angular velocities.
Nevertheless, this is not a problem as the derived equations are still kinematic relations.

The drives that can be introduced are planetary, and therefore three angular velocities are involved in each relation: those
of the rotating elements and the one of the link on which they are pivoted. For example, in deriving the relation about the
belt drive and, in particular, the velocity of pulley 6 83, the superposition principle is used: pulley 5 and link AP, are made
rotate separately: their effects are the first and the second terms, respectively, on the right side of Eqn. (12).

0; = 1;591 + <1 — 1”5) 6, (12)
re Te

A similar procedure is made for the gear drive. For example, the angular velocity of gear 8 8, can be derived by using
superposition principle: the first and the second term on the right side of Eqn. (13) are, respectively, the effects of gear 7 (03)
and B, P3 (8,) velocities.

6,=—16,+ (1+’7) 6, (13)

rg rg

Equations (12) and (13) constitute a system. Any couple of angular velocity can be considered as the DoFs of the resulting
principal vector linkage.

Particular attention needs to be paid in introducing the drives. The rotating elements need to be fixed to links that are
contiguous to the one on which they are pivoted. This because fixing one element to this link will result in fixing the rotation
of the two elements, therefore fixing angles between links. Furthermore, drives can be introduced on links pivoted to the
common CoM as well. In doing so, it is possible that the rotating element pivoted to the common CoM will be fixed to the
base. In this case, the resulting kinematic relation will involve two angular velocities: the one of the link pivoted to the base
and the one of the link to which the other rotating element is fixed.

Furthermore, if the rotating elements of any drive are fixed to parallel links, the constraint will be redundant and different
scenarios can occur. If the transmission ratio is not 1, a conflict would be generated between the drive and the parallelogram
linkage to which the parallel links belong: these would not be allowed to rotate both by the same amount. On the other hand,
if the transmission ratio is 1, the parallel links will rotate by the same amount although the constraint will be still redundant.
Section 5 will show that this redundancy can be prevented by removing the link opposite to the one on which the drive is
introduced.

Gear drives can include internal gears as well. It is clear that, in this case, more space is required and certain transmission
ratios can not be reached. For example, it is impossible for internal gears to have a transmission ratio equal to 1.

As additional elements are introduced and fixed to the links, their masses can be considered as part of the links’ ones,
together with their inertias. As a consequence, the force balance conditions need to be adjusted and the principal dimensions
are expected to change.

4 Modifying links position

Another technique that can be used to synthesize IDB mechanisms from PVL consists in modifying the position of the
links without any change in the number of DoFs.
The 3 DoF PVL shown in Fig. 10 is considered. The principal elements ApA|, AjA; and AA3 are connected to the
common CoM S through the principal vector links constituting parallelograms. The overall linkage’s kinematics depends
on the combination of the different parallelograms’ ones and on the principal dimensions. As the parallelograms’ kinematic
property, which was mentioned in section 2, does not depend on the links’ length, it is possible to change the parallelograms’
sizes while keeping the essential kinematics and the force balance of the linkage. As a result, Fig. 11 shows the linkage in
which links B P, SB, and B, P; have been collocated at certain distances from, respectively, A1 P, Bi P> and P>A;. The new
links F1F3, K1Cy, C1C; and P>Cy in Fig.11 can no longer be considered principal vector links, since their positions have been
changed. In addition, other links can be modified as well, like link P,C,. The principal dimensions have been modified as the
force balance conditions had to be adjusted. Figure 11 shows that, when A;Aj3 rotates, links K;C; and C;C, translate, while
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Fig. 10. 3 DoF Principal Vector Linkage.

Fig. 11. 3 DoF Principal Vector Linkage of Fig. 10 with moved links. Kinematics is maintained.

their respective links in Fig. 10, SB; and B Pz, do not move. Therefore, the masses of these links have to be considered in
the linear momentum equation regarding 03. As a result, the principal dimension which is derived from this equation has
been changed. Thus, since SB; is still a principal vector link having this particular principal dimension, it has a different
length in Fig.11. A similar procedure has been made for linear momentum regarding 0, leading to a change of the relative
principal dimension and B1 P, length: this is still a principal vector link in the new linkage in Fig.11.

In conclusion, the resulting linkage is force balanced like the original PVL, although several links have been moved. The
linkage’s essential kinematics is maintained as well as force balance. Adjustments have been made to the force balance
conditions and principal dimensions have been changed. The overall linkage’s motions results to be similar to the initial
one’s, as shown by the dashed lines in Figs. 10 and 11. Moreover, the new principal dimensions do not correspond to the
new sizes of the parallelograms. In fact, the parallelograms are essential because of their kinematic properties, not their
specific sizes. On the other hand, the principal dimensions still determine the overall motions. This is the main reason why
certain links, like SBy and B B», still correspond to principal vectors in order to keep the correct references from the common
CoM together with the essential kinematics of PVL.

This technique can be applied to principal elements as well, but further adjustments are required. When a link which is part
of a principal element is moved, it is divided into two links which have to be kept parallel. This is possible by introducing
either gear, belt or chain drives whose transmission ratio is 1, and fixing the rotating elements to the divided links, as Fig. 12
shows. As the rotating elements are fixed to the links, their mass and inertia will be considered together with the ones of the
links. In this case, force balance conditions need to be adjusted as they have to include both the new position of the link and
the additional mass of the rotating elements.
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Fig. 12. 3 DoF Principal Vector Linkage of Fig. 10: principal element A1A; is divided in G1 G, and P1A. Belt (or chain) drive keeps
them parallel. Kinematics is maintained.

5 Substituting links

Fig. 13. 4 DoF Principal Vector Linkage. B3 P4, P3B3 and Cy B3 are substituted by belt (or chain) drive: outer elements are fixed to CB5.
and A3A4. B1 P is substituted by gear train: outer elements are fixed to AgA| and B P5.

In addition to modifying links’ position, within PVL links can be even substituted by different machine elements such
sliders and gear, belt and chain drives. This section will describe how these elements need to be introduced in order to
maintain the kinematic properties which are essential for force balance. Like in the previous sections, the additional elements
are assumed be mass-symmetric. The CoM is placed on the geometric center of each element, on which the revolute joint is
placed.

5.1 Introducing gear, belt or chain drives

Section 3.5.2 stated that a redundant constraint is created when the rotating elements of a drive having transmission ratio
equal to 1 are fixed to parallel links. This redundancy can be deleted by removing the link opposite to the one on which
the drive is introduced. This already describes how gear, belt and chain drives can be can be used to replace links within
principal vector linkages. The parallelogram’s kinematic property results to be maintained because the rotating elements
which are fixed to the links keep them parallel and make them rotate always by the same amount.
An example is shown in Fig. 13. In the 4 DoF PVL, B P; has been replaced by a gear train placed on A;P>. The external
gears are fixed to AgpA| and By P as they have the same radius, therefore the transmission ratio is 1, their rotations are equal
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and the links are kept parallel. Furthermore, it is possible to replace more links since contiguous parallelograms have parallel
links, like C>B;, B3Pz and A3A4 in Fig. 13: by fixing rotating elements having equal radius to these links, C;B3 and B3 P4 can
be removed. As a result, B3P; can be removed as well since no other link is connected to B3.
When links constituting principal elements are replaced, on the other hand, an additional drive is required for the same reason
seen in section 4. The PVL in Fig.14 presents a gear train on B P; whose external gears have been fixed to AgP; and By P,
in order to remove A P>. As links B P; and P,A; need to be kept parallel, a belt (or chain) drive is added on By P, and the
pulleys (or sprockets) are fixed to By Py and P,A,. In addition, P;A| can be removed, since no other link is connected to Aj.
When links are substituted, their contributions in the force balance conditions are removed, while those of the additional

Fig. 14. 4 DoF Principal Vector Linkage. A P> is substituted by gear train: outer elements are fixed to AgP; and B P;. Belt (or chain) drive
on B P;: elements are fixed to P»A> and B P; to keep them parallel.

elements are included. In addition, the inertia of the rotating elements need to be considered in the angular momentum
equations. Both the mass and the inertia of the elements which are fixed to the links can be considered together with the
links’ ones. On the other hand, when additional elements are only pivoted on links, like the gear trains in Figs. 13 and
14, only their masses can be considered as part of the links’. As a consequence of the adjustments of the force balance
conditions, the principal dimensions will change.

5.2 Introducing sliders

Due to the parallelograms network constituting PVL, introducing sliders to replace links seems unfeasible at first sight.
Sliders can not be connected between links through their sliding pairs: these would make contiguous links able to translate
relatively to each other. Therefore, the overall linkage’s kinematics would be lost as well as force balance. However, section
3.4 stated that introducing a slider creates a redundant constraint if it performs a circular trajectory around a fixed pivot. This
redundancy can be prevented by removing the link rotating around the same pivot. As a result, a slider replacing a link is
created. Potential issues regarding the introduction between links are prevented since sliders move along fixed trajectories:
their sliding pairs are connected to the base. Although the fixed pivots which have been discussed in section 3.4 were those
created by fixing a link, every PVL includes this kind of pivots on their common CoM. This implies that all the links pivoted
to the common CoM can be replaced by sliders.

Figure 15 shows this substitution in a 3 DoF PVL. Links SB; and SB, have been replaced by sliders pivoted on B; and B; and
performing circular trajectories around S having radii equal to, respectively, SB1 and SB;. The kinematics of parallelogram
SB1 P, B, has not been chaged, as the radii are equal to the length of the remaining links. As a result, sliders rotate by the same
amount of the substituted links , therefore their contributions in the force balance conditions replace those of the original
links. In addition, their inertia shall be considered in the angular momentum equations.

By considering the PVL presented in section 3.4 and shown in Fig. 7, B, Pz and B3 P; can be replaced by sliders pivoted on B
and B3 and moving along circular trajectories around Ps: the radii of the trajectories are equal to the lengths of the replaced
links. In addition, sliders can replace P,A, and A3A4 since they rotate around A and A3, respectively. However, they need
to be fixed to the remaining parts of the principal elements, i.e. A1P, and P4A4, in order to maintain the overall linkage’s
kinematics. As sliders substitute only parts of principal elements, they have to rotate in accordance with the remaining parts.
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Fig. 15. 3 DoF Principal Vector Linkage. Sliders on B and B; replace SB1 and SB> by moving along circular trajectories centered on S.

The resulting linkage is presented in Fig. 16. The force balance conditions need to be adjusted. In particular, sliders on P,
and Py can be considered together with links A; P, and P4A4, as they are fixed to them.

In conclusion, it is possible to state that, within a principal vector linkage, sliders can replace links if these are pivoted to the
base. They shall perform circular trajectories having radii equal to the distance between the sliders and the fixed pivots. If
only part of a link is substituted, the slider needs to be fixed to the remaining part in order to maintain the overall linkage’s
kinematics. It is important that links are pivoted to the base on one of their ends. If a slider replaces a link which is pivoted
on a different point, it will replace only part of the link: the slider’s motion will not be in accordance with the remaining
part of the original link. Fixing the introduced element with the remaining part, as previously described, is not possible since
they are not connected through any joint.

It is supposed that more links can be replaced by sliders when constraints are introduced in principal vector linkages. Section
6 will show an example.

Fig. 16. Principal Vector Linkage of Fig. 7. A2Aj3 is fixed to the base and removed. P,Aj, BoP3, B3P and A3 Py are replaced by sliders.
Sliders on P> and Py are fixed to A1 P> and P4A4 respectively, to keep the same rotations.

6 Techniques combined

All the techniques do not modify PVL in the same way. Section 3 presented techniques which modify the number of
DoFs, while sections 4 and 5 showed techniques which modify the linkage’s design. As a consequence, many solutions can
be derived, as the techniques can be applied on different points of PVL, therefore many mechanisms can be synthesized.
Moreover, in addition to applying different techniques on different points, some of them can be applied together on the same
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points in order to create new additional solutions. This procedure is considered as a combination of techniques.

An example consists in combining techniques described in sections 3.1 to 3.4, which constrain the links’ absolute motions,
with the technique described in section 4. By constraining a link whose position has been modified, the kinematic relations
depend on this new position. The derived motions of the resulting linkage are therefore unique as they can be achieved
only by the combination of those specific techniques. Figure 17 shows the 3 DoF PVL of Fig.11 in which link C;C; has

Fig. 17. Principal Vector Linkage of Fig.11. C1(; is pivoted to the base in V.

been pivoted to the base in point V. The resulting linkage has 1 DoF. The dashed lines show the resulting motion which
is characteristic of this particular linkage. As described in section 4, C1C, corresponds to principal vector link B, Pz of
Fig.10 which has been moved. If the original link B,P; was pivoted to the base, the motion of the resulting 1 DoF PVL
would consist in the one shown by dashed lines in Fig. 10. The clear difference between the two motions is due to having
pivoted a link which has been previously moved. By looking at the scalar equations of the vector loop from S to V, it is pos-
sible to notice that the position of the moved link and the one of the fixed pivot affect the relations between the original DoFs.

SV, = 8K cos03+ K{CjcosB; +C;V cos, (14)

SV, = 8K sin03 + K C; sinB1 +C1V sin 6 (15)

Equations (14) and (15) represent the scalar equations of the loop. The position of V' is described as the summation of vectors
SK 1, K f Cy and CfV, which have constant magnitudes and varying angles. SK indicates how much the links have been moved
from their original positions, while SV and C;V show how the position of the fixed pivot affects the kinematic relations. The
system constituted by these equations can be solved by considering any angle the remaining DoF: if 63 is considered, for
example, the kinematic relations will be in the form 6; = 0;(03) and 8, = 6,(03).

Although the previous example has shown how new kinematic solutions can be derived, a different type of solutions
resulting from the techniques combinations regards the elements constituting PVL.
The following example shows how links can be removed after having constrained a PVL and how this leads to the substitution
of links with sliders. It involves, in particular, the resulting 2 DoF PVL described in section 3.2 and shown in Fig. 4. The
rotation of B3Pz was constrained: the link was allowed to translate only along its orientation and its parallel links could not
rotate. Thus, principal vector link SC| resulted to be fixed. By removing this link, revolute joint C; needs to be pivoted to
the base, as it is still connected to links C;B; and C;B,, while the pivot in § is still connected to SC,. Since these three links
rotate around fixed pivots, according to section 5.2, it is possible to replace them with sliders placed on By, B, and C; and
moving along circular trajectories having radii equal to, respectively, C1B1, C1 B, and SC».
The resulting PVL, which is shown in Fig. 18, is a clear example of how constraining links, B3P; in this particular case,
can lead to the removal of links, SC;, and the substitution of others with machine elements, C;B;, C|B; and SC, replaced by
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Fig. 18. Principal Vector Linkage of Fig. 16. SC| is removed. Sliders in By, By and C, replace C1 By, C1 B3 and SC», respectively.

sliders. The resulting linkage is supposed to have 2 DoF like the one in Fig.4. However, it has a redundant constraint. After
having removed SC; and having pivoted C; to the base, link C;B, was supposed to be removed as well. Nevertheless, it has
not been removed as singularities can occur whenever S, C> and Bz become collinear, as well as C, B, and P3: parallelism
between B, P; and C; B3 could be lost, together with the one between SC; and C; B,. Link C; B, prevents this issue by always
keeping B, and C;, at the right distance between each other. It is clear, on the other hand, that this link is supposed to be
necessary only if the singularity can be reached: if points S, C, and B3 can never be made collinear, e.g. because of specific
design requirements, there is no reason to keep link C,B, within the linkage. As links have been replaced by sliders, the
force balance conditions need to be revised. In deriving the new conditions, the principal vector linkage shall be considered
having the original number of DoFs without any additional constraint.

Fig. 19. 2 DoF inherently force balanced mechanism synthesized from 4 DoF Principal Vector Linkage. CAD model.

As previously stated, many techniques can be simply applied to the same PVL on different points and therefore many
solutions can be derived. As an example, Fig. 19 shows a 2 DoF inherently force balance mechanism which has been
synthesized from a 4 DoF PVL. Figure 20 presents the scheme of the mechanism. The common CoM is pivoted to the base
on S. In addition to the fixed pivot introduced on point Ay, it can be noticed that, in order to replace links, different drives
have been introduced. Link B; P, has been replaced by the gear drive on PiA, whose external gears are fixed to ByP; and
A1A,. In addition, a drive having the same gears has been introduced on C;B; while a chain drive has been introduced on
By P3. The sprocket on P; is fixed to B3 P; while the other is fixed to the external gear on B;; the gear on C; is fixed to SC;.
Therefore, SC| and B3Pz are kept parallel. The rotation of A3A4 results to be transmitted to SC; through several transmission
elements: parallelogram A3P4B3P3, the chain drive and the gear train. Furthermore, points P; and B, are not connected by
any link: the distance between them is maintained as links A»A3 and KB, are kept parallel by parallelogram P,A>K>Kj,
which has been created by having moved link B, P; and created K| K>.
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A simulation was performed in order to prove that, after having applied the different techniques, together with the relative

Fig. 20. Scheme of the 2 DoF inherently force balanced mechanism of Fig. 19. AgA pivoted to the base on Ag. Gear and chain drives
replace links. Original link By P3 moved to K| K>.

adjustments of the balance conditions, the resulting mechanism is force balanced. The mechanism shown in Fig. 20 was
considered. All the elements were assumed having mass. All the links’ parameters such mass, length and CoM position
are presented in Table 1, together with the drives’ parameters. The values of P Sy, P»S2, P3S3 and P4S4, in particular, were
calculated with Matlab from the force balance conditions, which are presented in Appendix A. Then, the mechanism was
modelled with the multy-body dynamic simulation software package SPACAR. The CoM of each link, gear and sprocket
was introduced as a point mass on each element. Constant torques of 2 Nm and 0.3 Nm were applied, respectively, to links
SC and ApA1, in particular on the fixed pivots S and Ay, for a simulation time of 0.5s which was divided in 1000 time steps.
Figure 23 shows the modeled mechanism at the final time step. The reaction forces on the fixed pivots were calculated by
the simulation package. Then, they were summed up and plotted with respect to the simulation time in Fig. 21. The position
of the common CoM was derived from those of each link’s CoM, which were provided by the simulation. The X and Y
coordinates were calculated for each time step and plotted in Fig. 22. Both the plots were expected to show data equal to
zero. The difference between the expected values and the ones shown in the plots is due to the computation accuracy of

both the simulation package and Matlab. Therefore, both the reaction forces and the position of the common CoM can be
considered equal to zero.
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Fig. 21. Horizontal and vertical reaction forces calculated from the
simulation performed on the mechanism of Fig. 20

Fig. 22. XandY coordinates of the common CoM derived from the
results of the simulation performed on the mechanism of Fig. 20.
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Masses [kg]

Principal dimensions [mm)]

Links parameters [mm]

Elements parameters [mm]

mp = 0.360 PA; =28 ApA| = A3F =200 ReentrGear = 11
my =0.270 AP, =90 P1S; =117.5222 RevtGear =3
m3 = 0.300 PyA> = 60 A1A; = 150 Rsprocker = 14
my = 0.450 ArP; =40 P,S, =77.1667

ms = 0.165 P;A3z =100 K>)A; =160

mg = 0.060 A3zPy =20 P3S3 =36.0333

m7 =0.105 A3S4 =200

mg = 0.105 PS4 = 67.6444

mo =0.075 B,Ss = 45

mio = 0.180 C1S6 = 14

mi; = 0.030 K157 =30

miz = 0.030 B»>Sg =30

McentrGear = 0.009 C1S9 =20

MExtGear = 0.001 B3S10 =150

Msprocket = 0.015

Table 1.
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Fig. 23. 2 DoF inherently force balanced mechanism of Fig. 20 at the end of the simulation time. Dashed lines: initial position.

7 Discussion

The mechanism in Figs. 19 and 20 clearly showed how the techniques presented in the previous sections can be useful
to synthesized inherently force balanced mechanisms from principal vector linkages. These can be modified to meet specific
design requirements concerning, for example, the motions and the available space. In addition, the possibility to modify
links’ positions and to replace with other machine elements can be helpful as overlapping links can be prevented when these
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can constitute a limitation for the motions of the real mechanisms. Furthermore, it was shown how combining different
techniques can create more specific solutions in terms of motions and space requirements. This is due to the fact that tech-
niques modify PVL in different ways: the ones presented in section 3 modify the motions of the overall linkages while those
presented in sections 4 and 5 modify their design, in terms of links’ positions and substitutions with machine elements.

Basically, the techniques presented in section 3 reduce the number of DoFs, then the overall linkage’s mobility. This
kind of techniques could seem useless at first sight because different PVL have been designed, each one having a different
number of DoFs: rather than adding constraints, linkages having less DoFs could be used. However, the main potential
advantage of constraining linkages consists in performing specific motions which can be difficult to be performed by those
having no constraints. Nevertheless, linkages having different number of DoFs can be constrained differently and can rep-
resent design alternatives. For example, if a 2 DoF mechanism is required, this can be synthesized by either a 4 DoF PVL
or a 3 DoF PVL in which different constraints have been introduced. In addition, different motions can be performed by a
constrained PVL depending on the constraints’ types and where these have been introduced within the linkage.

This vast range of solutions that can be derived by constraining principal vector linkages depending on the initial number of
DoFs, the type of constraints and where these are introduced, shows the significant versatility of this kind of techniques.

On the other hand, the main potential advantage of the techniques presented in sections 4 and 5 consists in adapting PVL
to specific space requirements while maintaining the overall linkage’s kinematics. While the techniques presented in section
3 considerably modify the motions by reducing the number of DoFs, the ones presented in sections 4 and 5 only modify the
principal dimensions, then the links’ lengths.

Moreover, about the technique presented in section 5, it can be stated that different potential advantages are derived depend-
ing on the type of introduced machine elements.

Replacing links with gear, belt or chain drives can be derived from a specific case of constraining PVL, as described in
section 3.5.2, but it can be considered as an improvement of moving links as well: the resulting linkages in section 4 present
parallelogram linkages and therefore singularities can still occur. On the other hand, the drives introduced to replace links
prevent singularities as the links which are fixed to the rotating elements are made rotate always by the same amount. In
addition, overlapping links are prevented as well, particularly when drives replace more links: in Fig.13, principal elements
AA3 and A3S4 can be collinear without creating any singularity or overlapping links. This can be helpful in real mechanisms
in which overlapping links can not be made and, more generally, it can increase their range of motions.

However, the introduction of sliders to substitute links does not prevent singularities but shows a considerable change in
terms of space which can potentially represent a significant advantage. In particular, if fixed pivots, including the common
CoM, can not be physically connected to the linkage, introducing sliders to replace links constitutes a valid alternative.

All the techniques have been presented for principal vector linkages having mass-symmetric links. In fact, in section 2
it was assumed that the techniques can be applied to mass-asymmetric links as well. In principle it is possible since literature
shows that the theory for principal vector linkages also applies for mass asymmetry [12] and the presented techniques do not
modify links’ mass distribution. This applies in particular when additional machine elements are not introduced. As stated
in section 3, constraining PVL without modifying the total mass does not affect the force balance conditions. On the other
hand, links’ position can be modified within PVL even if these include mass-asymmetric links. It was stated that when links
are moved, then the parallelograms’ sizes are changed, the force balance conditions need to be adjusted and result in different
values of the principal dimensions. However, the equations related to links’ mass asymmetry are not modified. As Chapter
4 will show, the distance between links’ CoM and the line connecting the joints needs to be balanced separately from the
links’ lengths and the principal dimensions.

On the other hand, when additional elements are introduced, the eventual adjustments of the force balance conditions depend
on their mass distribution as well. In the previous sections, all the additional elements were assumed having their CoM on the
geometric center, therefore to be mass-symmetric. This assumption was made because this kind of elements is more common
in reality and force balance conditions are simple to adjust: only the principal dimensions result to be modified, regardless
of whether the initial linkage includes mass-symmetric or mass-asymmetric links. However, when additional elements are
introduced to replace mass-asymmetric links, further adjustments in the force balance conditions are required, especially in
the equation regarding the mass asymmetry of the links parallel to the replaced one. As the contribution of the latter has been
removed, the CoM of each remaining link will result to be placed at a different distance from the line connecting the joints.
Chapter 4 will explain in detail how the force balance conditions change in this case.

Moreover, it is possible to introduce mass-asymmetric machine elements, i.e. elements whose CoM is placed on any point
but the geometric center. This introduction will generally affect the force balance conditions concerning the mass asymmetry
of the links, regardless of whether these are mass-symmetric or mass-asymmetric. In particular, depending on the type of the
introduced elements and on how these are connected to the links, different scenarios can occur. Chapter 4 will present the
different scenarios and how the additional elements can be included in the force balance conditions. These can result to be
significantly complex to adjust, depending on the specific scenarios.
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All the presented techniques can be applied to closed chains principal vector linkages as their design is similar to the one of
the open chains. Since they include parallelogram linkages, the techniques presented in sections 4 and 5.1 can be applied. In
addition, links rotating around the common CoM can be replaced by sliders as shown in section 5.2. Closed chain PVL can
be constrained as well, even though the smaller number of DoFs constitutes a limitation in the types of constraints that can
be introduced.

8 Conclusions

After a brief introduction of the principal vector linkages, this article presented different techniques which can be used
to synthesize inherently force balanced mechanisms. They modify principal vector linkages while maintaining their overall
kinematics based on parallelogram linkages.
The overall motions, therefore the number of DoFs, can be modified by constraining links’ motions. Two techniques con-
strain, respectively, the links’ absolute translations and rotations. The former are constrained by pivoting links to the base,
while the latter are constrained by making links translate along straight sliding guides on the base. Both these techniques
reduce the number of DoFs by two. Two other techniques reduce 1 DoF and consist in introducing sliders between the
base and the links. One consists in pivoting the slider to the base and connecting it to a link through its sliding pair; the
other consists in connecting the slider to a link through a revolute joint and to the base through its sliding pair. In both the
techniques, the constrained links are allowed to rotate around the revolute joints of the sliders and to translate along their
sliding pairs. Furthermore, a technique reducing 3 DoF consists in fixing links to the base in order to constrain both their
absolute translations and rotations. In addition, a technique based on fixing angles between links reduces 1 DoF and makes
them rotate by the same amount. Another technique defines relations between links’ rotations by introducing gear, belt and
chain drives. When a drive is introduced, the rotating elements are fixed to the links and 1 DoF is reduced.
Other techniques modify the links of principal vector linkages. While a technique modifies their positions and changes the
sizes of the parallelograms, two techniques replace links with machine elements. One considers gear, belt and chain drives
whose elements are fixed to parallel links: parallelism is maintained by setting the transmission ratio equal to 1. The other
technique consists in introducing sliders to replace links which are pivoted to the base.
It was also explained how different techniques can be combined in the same principal vector linkage in order to create more
specific solutions in terms of overall motions and design. A 2 DoF inherently force balanced mechanism was presented. It
was synthesized by applying several techniques in order to reduce the number of DoFs and modify the design of the initial
principal vector linkage: specific motions were created by pivoting a link while other links were moved and replaced by gear
and chain drives. A simulation was performed in order to prove that the mechanism was still force balanced.
The different modifications that can be made to principal vector linkages suggest that they could be adapted to several ap-
plications. Potential limitations related to the original design of principal vector linkages, like the use of only links and the
parallelograms’ singularities that can occur, can be overcome by applying the presented techniques. The new designs that
can be synthesized significantly differ from those of the original linkages and can be adapted to more specific motions and
space requirements.
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The influence of mass asymmetry

Principal vector linkages can consist of mass-asymmetric links. These are bodies whose CoM is not placed on
the line connecting the revolute joints because of the mass distribution. As a consequence, the force balance
conditions consider links’ mass asymmetry as well. These conditions are presented in this chapter together
with their eventual modifications due to the relocation and replacement of links within principal vector link-
ages. Similarly, mass-asymmetric elements such gears, pulleys, sprockets and sliders can be introduced in
principal vector linkages. This leads to modifications of the force balance conditions. Depending on how
they are connected and move with respect to the other links, the force balance conditions can be potentially
complex to modify. When the elements’ motions can be related with respect to the other links’, new force
balance conditions can be defined.

1. Introduction

The techniques to synthesize mechanisms were presented in chapter 3 on principal vector linkages having
mass-symmetric links. It was stated that techniques not including additional machine elements can be ap-
plied to principal vector linkages having mass-asymmetric links as well. In particular, when constraints are
introduced without modifying the total mass, the force balance conditions do not change. It was also stated
that, when parallelograms’ sizes are modified, the force balance conditions change but no modification is
made in those equations regarding links’ mass asymmetry. These equations are modified when links are re-
placed by other machine elements, which can be mass-asymmetric as well. In this case, the force balance
conditions are therefore modified, including those equations regarding links’ mass asymmetry.

This chapter presents an overview of how force balance conditions change when techniques are applied to
principal vector linkages. Mass-asymmetric links and machine elements are considered in order to show in
detail how the mass distribution of the different components can affect the force balance conditions. After
having presented in section 2 a linkage on which the different techniques will be applied, section 3 shows
how force balance conditions change in both the cases in which parallelograms are resized and links are re-
placed by machine elements. These, in particular, are considered mass-symmetric in this section in order
to focus only on the effects of removing mass-asymmetric links. Section 4 presents how mass-asymmetric
machine elements can be included in the force balance conditions. The results which are observed in this
section clearly show how force balance conditions are modified when mass-asymmetric links are substituted
by mass-asymmetric machine elements.

2. Principal Vector Linkage

Figure 4.1 shows the 3 DoF principal vector linkage on which the different techniques will be applied. Both the
principal elements AygA;, A1 A» and Ay Az and the principal vector links are mass-asymmetric. With respect
to points S, By, By, P1, P, and Ps, the position of each CoM is described by a p coordinate along the line
connecting the joints and a g coordinate, which is perpendicular. The latter, in particular, describes in each
link the distance between the line connecting the revolute joints and the CoM itself and it is characteristic of
mass-asymmetric links. It is clear that, the g coordinate of a mass-symmetric link is zero. The lengths of the
principal vector links are the principal dimensions a, which are calculated from the force balance conditions

53
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Figure 4.1: 3 DoF Principal Vector Linkage. Mass-asymmetric links.

shown in Equations 4.1 to 4.6. These are derived from the time derivative of the linear momentum equations
by actuating each DoFE, 0, 6, and 03, separately. The common CoM is placed in point S which is pivoted to
the base.

my p1 = (M2 + m3 + mz1 + Mg2)ay + miz P12 + Mz P13 (4.1)
miqr = mi2qiz2 + mi3qi3 (4.2)

my p2 + M3dp3 + M31 P31 = My azy + mi pii (4.3)

Mz g2 = Mg + msi1qsi (4.4)

mgp3 = (M + my + myy + mi2)as + msp P32 + M33 P33 (4.5)
m3qs = m3z2q32 + M33(33 (4.6)

By looking at the equations, it is possible to notice that those presenting the principal dimensionsinclude only
the p coordinates, while the g ones are included in different equations. These consider only the contributions
of parallel links which rotate together when their angle is actuated. This implies that, when the links’ masses
are fixed parameters, the mass asymmetry, referred as the distance between the CoM and the line connecting
the joints in each link, is balanced separately: the values of the principal dimensions and the p coordinates
do not depend on links’ mass asymmetry.

3. Techniques application

As previously stated, techniques modifying the number of DoFs do not affect the force balance conditions,
unless additional elements are introduced. Therefore, this section analyzes techniques modifying the link-
ages’ design by moving links, then changing the parallelograms’ sizes, and substituting them with machine
elements, which are assumed mass-symmetric in this section.
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Figure 4.2: 3 DoF Principal Vector Linkage. D1 D> created by moving B Py by d. Dashed lines: 07 actuated.

3.1. Moving links
Figure 4.2 shows the 3 DoF principal vector linkage of Figure 4.1 in which B; P; has been moved by a distance
d, generating link D; D,. The force balance conditions are presented in Equations 4.7 to 4.12.

my p1 = (mp + m3 + ma1 + maz)ay + Mz p12 + Mizp1s + mnd (4.7)
myq1 = mi2qiz + Mmsqis (4.8)

My p2 + mzags + mz1 ps1 = My az + mi pn (4.9)

Mz 2 = M11q11 + M31431 (4.10)

mzps = (M + my + my + Mi2)as + msz P32 + M3z P33 (4.11)

msqs = M324qs2 + M33qs33 (4.12)

By comparing these equations with those regarding the original linkage, it can be noticed that the only dif-
ference consists in Equation 4.7: this involves mass mj;, multiplied by the distance d of link D; D, from its
original position. This because, when 0, is actuated, this link translates, and therefore its mass needs to be
considered in the linear momentum. Since a principal vector link has been simply moved without modifying
its mass properties, i.e. its CoM coordinates and the mass value, the force balance conditions regarding the
mass asymmetry are not modified. For the same reason, Equation 4.9, in which m,, and p;; are involved,
has not been changed as well. As described in chapter 3, the parallelogram’s kinematic properties are still
maintained as well as force balance.

As the force balance conditions have been modified, the results derived from Equations 4.7 to 4.12 can be dif-
ferent from those derived from Equations 4.1 to 4.6. In particular, when the equations are decoupled, there-
fore each unknown parameter is involved in only one equation, the only difference consists in the different
values calculated from Equations 4.1 and 4.7.

3.2. Substituting links

In the linkage shown in Figure 4.3, a belt drive has been introduced to replace link B; P;: the pulleys, each
one having mass m, have been pivoted on A; and P, and fixed to AgA; and By P», respectively. In addition,
a slider, having mass mg, has been pivoted on B, to replace link SBjy: it performs a circular trajectory having
radius equal to the length of the replaced link.
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Figure 4.3: 3 DoF Principal Vector Linkage. By P; replaced by belt drive on A; P». SBy replaced by slider pivoted on By rotating around S.

myp1 = (Mg + mg + may + M3z +2my + ms)ay + mizp12 (4.13)
myqy = mi2qi2 (4.14)

My p2 + M3 ags + mg1ps1 = (M1 + Mp) az (4.15)

my gz = M31431 (4.16)

mgps = (my + my + myz + 2mp) as + msz P32 + M33 P33 (4.17)
mzq3 = M32432 + M33(33 (4.18)

Equations 4.13 to 4.18 represent the force balance conditions. By comparing them with those of the original
linkage, it can be noticed that different equations have been modified because the elements constituting the
linkage have been changed. The terms related to the removed links have been replaced by those related to
the additional elements: my1 p1; in Equation 4.3 has been replaced by m, a>; in Equation 4.15, while m;3 p13
in Equation 4.1 has been replaced by m;a; in Equation 4.13. In addition, the terms related to the mass asym-
metry of the replaced links have been removed as well. However, they have not been replaced by any term
of the machine elements because the pulleys do not rotate together with the links parallel to B; P; and the
slider, although it rotates like the replaced link, is mass-symmetric.

The results derived from the force balance conditions can be significantly different from those of the initial
linkage. Several equations have been modified, including those regarding the mass asymmetry of the links
parallel to the replaced ones. In particular, these equations will modify either the links’ mass values (my)
or the distances between the CoMs and the lines connecting the joints, i.e. the g coordinates. Adjustments
regarding links’ mass properties, including mass distribution, could be necessary.

4. Introducing mass-asymmetric machine elements

This section describes how introducing mass-asymmetric machine elements affects the force balance con-
ditions in principal vector linkages, especially the equations regarding links’ mass asymmetry. Different sce-
narios will be presented, each one showing a specific type of elements, either drives or sliders, which are
connected to the links in different ways. The drives’ rotating elements can be either fixed or pivoted to links,
while sliders can be either pivoted or connected through their sliding pairs to the links.

4.1. Mass-asymmetric rotating elements
When additional mass-asymmetric elements are introduced, it is important to describe their CoM with re-
spect to a point of the linkage in order to include them in the force balance conditions. These, in particular,
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need to be maintained during any motion of the linkage. Figure 4.4 shows a mass-asymmetric rotating ele-

Figure 4.4: Mass-asymmetric rotating elements pivoted to a link. p and g coordinates describe the CoM position with respect to the
revolute joint.

ments, representing either a gear, pulley or sprocket, which is pivoted to a link. Its CoM is placed at a certain
distance from the revolute joint. Its position can be described by the same kind of coordinates describing
the CoM of each link. The p coordinate describes the distance between the CoM and the pivot along the line
connecting the link’s joints, while the g coordinate describes the distance between the CoM and this line.
Itis clear that, whether the rotating elements are fixed or simply pivoted to links, the coordinates can be either
constant or varying. Therefore, the force balance conditions can be complex to define. The cases in which
the elements are either fixed or simply pivoted are presented separately.

Rotating elements fixed to links

As drives’ rotating elements rotate together with the links to which they are fixed, both p and g coordinates
describing the CoM are constant. In particular, their values can be defined when the elements are added to
the linkages. It is possible to set one of the coordinates equal to zero as well. Figure 4.5 shows the cases in

Figure 4.5: Mass-asymmetric rotating elements fixed to a link. On the left, g coordinate equal to zero. On the right, p coordinate equal
to zero.

which one of the coordinates is set equal to zero. Particular attention needs to be paid when the g one is
zero: in this case, the introduction of a mass-asymmetric rotating element does not affect the force balance
conditions regarding the mass asymmetry: its CoM is placed along the line connecting the link’s joints. On the
other hand, when the p coordinate is set equal to zero, the element’s introduction still affects the equations
regarding the principal dimension, as an additional element is introduced. The following example will show
how the force balance conditions change when rotating elements having these different mass distributions
are introduced.

Figure 4.6 shows a resulting 2 DoF principal vector linkage in which two drives have been introduced. In
order to substitute B; P;, the pulleys of a belt drive are pivoted on A; and P, and fixed to AgA; and B; Py,
respectively. On the other hand, two meshed gears are pivoted on B, and P; and fixed to SBy and A;As,
respectively, to constrain their rotations. A chain drive can be introduced instead of the belt one, as the
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Figure 4.6: Resulting 2 DoF principal vector linkage. Belt drive on A; P replacing By P1. Gear drive on By P3 relating SBp and A A3
rotations. Mass-asymmetric rotating elements.

motion of their rotating elements is similar.

mypy = (Mg + mz + may + M3z + My + my)al + miapr2 + Mizpis + ms(ay + ps) + mg(ay + pe) (4.19)
myqi + Mags+ msqs = mizqi2 + Mi3qi3 (4.20)

myp2 + (M3 + mz) azs + ma) ps1 = (M + mg)az (4.21)

M2z = M31431 (4.22)

maps3 = (M1 + my + Mo + Mg + Ms)az + Mzp P32 + M33 P33 + My pr (4.23)

msqs + My g7 = M3 32 + M33433 (4.24)

The force balance conditions, corresponding to Equations 4.19 to 4.24, are valid for all the motion of the
resulting linkage.

By looking at both the equations and the linkage, different observations can be made. Although the CoM of
pulley 4 has its p coordinate equal to zero, its mass my is still included in Equation 4.19 and multiplied by
a;. Both the pulleys are included in Equation 4.20 regarding the mass asymmetry of links parallel to AgA;.
However, gear 6, which rotates together with these links, is not included in this equation as its CoM is placed
along the line connecting the joints: gg is equal to zero. On the other hand, gear 7 rotates together with A, As
and, since its CoM has both p and g coordinates different than zero, it is included in Equations 4.23 and 4.24.
The contributions of the replaced link B; P; have been removed as previously described.

Rotating elements pivoted to links

Compared to the previous case, the definition of the force balance conditions results more complex when
drives’ rotating elements are only pivoted to links. This situation occurs when gear trains are introduced in
principal vector linkages. The CoM of each gear moves with respect to the link on which they are pivoted, and
therefore the p and g coordinates vary. Figure 4.7 shows an example of gear train that can be introduced. The
link on which the gears are pivoted has an angle 6 and rotates with an angular velocity wg. All the gears have
a diameter D, and an angular velocity w,. For simplicity, the angular velocities are assumed to be constant.
These are all described with respect to the absolute reference system XY placed on point O, on the center of
gear 1. The outer gears, having diameters D; and D, are fixed to other links and can be included in the force
balance conditions as described in the previous example. Therefore, only the masses of the pivoted gears are
considered in this study. The angular velocities of these gears can be defined in the same form presented in
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Figure 4.7: Mass-asymmetric gear train introduced on a link. Absolute reference system.

chapter 3. They are presented in Equations 4.26 to 4.29.

D, D,
wg——D—2w1+(l+D—2)w0 (4.25)
Dy D,
w3 = D—3w1 +11- D_3) wo (4.26)
D, D,
w4 = —D—4w1 + (1 + D_4) wo (4.27)
D, ( Dl)
ws=—w;+|1—-—|wo (4.28)
Ds 5

Each gear’s CoM rotates around the respective revolute joint. Therefore, the p and g coordinates change
during the motion and can not be included in the force balance conditions.

However, it can be possible to define a common CoM which considers only the pivoted gears. By setting
its position invariant with respect to the link, it can be included in the force balance conditions. For this
purpose, a relative reference system X'Y’ has been defined: it is placed on O and rotates together with the
link. Each parameter that will be presented is defined with respect to this reference system. Figure 4.8 shows
the gear train with respect to the relative reference system X'Y’, in which X’ direction corresponds to the link’s
axis. Each element rotates with an angular velocity w,,; which is different from the respective one which
was previously defined. With respect to the link, which rotate with an angular velocity wy, the relative angular
velocities of the gears are obtained by subtracting the one of the reference system, wg, to the absolute ones
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Figure 4.8: Mass-asymmetric gear train of Figure 4.7. Reference system relative to the link.

defined in Equations 4.26 to 4.29. The results are shown in Equations 4.30 to 4.33.

Warel = g—; (wo —w1) (4.29)
W3rel = ID)—; (w1 —wo) (4.30)
Wyrel = g—l (wo —w1) (4.31)
Wsrel = g—; (w1 —wop) (4.32)

Moreover, in each gear, the position of the CoM can be defined by a vector rcy with respect to the revolute
joint. The angle between this vector and the link is defined as 0,.;. It is important to notice that this angle
changes during the motion. For each vector rcy, a p, and a g, coordinate can be defined, respectively, along
and perpendicularly to the link.

Px =T1CxC080y 0] Gx = 1CxSiNOyxpe; x=2,3,4,5 (4.33)

With respect to the origin of the reference system O, the position of each gear’s CoM is defined with g, along
Y’, and with a vector pos, along X’. The latter consists in the summation of the vector describing the position
of each revolute joint plus py, as shown in Equations 4.35 to 4.38.

D;+ Dy
—+

posz == P (4.34)
Dy +2Dy+ Ds
poss = ————— + p3 (4.35)
D1 +2Dy+2D3+ Dy
posy = > + Pa (436)
Dy +2Dy +2D3+2Dy+ D
poss = 1 2 23 4 5 + ps (4.37)

The position of the common CoM C_ .5, can be defined with a pcomm and a gcomm coordinates along X’ and
Y’, respectively. In order to be included in the force balance conditions, they have to be constant. Equations
4.39 and 4.40 show how these coordinates depend on the position of each gear’s CoM.

MmMopoSy + Mm3posSs+ nMypposSs+ mMsposs
Pcomm = P p P P =constant (4.38)
my +ms+ my+ ms

ma s+ m3qs + Mags + Ms(qs
Gcomm = a q q q =constant (4.39)
my + ms+ mgy + ms

In order to keep these coordinates constant, their time derivatives are set equal to zero. As the only time
dependent parameters are the angles 0,,,; within the py and g, coordinates, the time derivatives of pcomm



61

and q.omm are defined and set equal to zero.

Apcomm 1 ( dp> dps dpy dpS)
— e 2 — — =0 4.40
dt my + mz + my + Ms e dt s dt M dt s dt ( )
dqcomm 1 ( gp dqs dqy dq5)
_ . e 2 445) 4.41
dt P ——— L PR I PR PP (441

A solution for Equations 4.41 and 4.42 is found when the parentheses are set equal to zero. In addition, time
derivatives of p, and g, can be defined as Equations 4.43 and 4.44 show.

dp . dO e

dtx =—rcy s1n0ml% x=2,3,4,5 (4.42)
dq 40,10l

d_tx =rcy cos@x,el% x=2,3,4,5 (4.43)

As the time derivative of 6,7 is Wy, it can be replaced by Equations 4.30 to 4.33 for any value of x. There-
fore, Equations 4.43 and 4.44 can be included in 4.41 and 4.42. Equations 4.45 and 4.46 correspond to the
parentheses set equal to zero.

. Dy . Dy . Dy
—myrcySinfy;e; D—(wo —w1) —mgrcs 51n93relD_((1)1 —Wo) — MyTcy Sln‘94relD—(w0 —w1)+
2 3 4

D (4.44)
— 15705 8i0 B5701 — (@1 — wo) =0
Ds
D, D, D,
M1 Cp €080 re) — (Wo — W1) + M3 C3CO8 03101 — (W1 — Wo) + M4 T C4 COS 0401 — (Wo — 1)+
D2 D3 D4
D (4.45)
+mM57C5C0S05,4; = (W1 —wp)=0
Ds
These equations can be written as shown in 4.47 and 4.48.
rc re re rc
D (wp—w1) —mz—z Sinfy,,; + m3—3 Sinfz,.; — m4—4 Sinf,e14 + m5—5 sin95rel] =0 (4.46)
D, Ds Dy Ds
re re re re
D (wo —wy) [mg—z c0885,01 — M3 = cosB3,e + m4—4 coS80,e14 — m5—5 cos95rel] =0 (4.47)
D2 Dg D4 D5

By setting the square parentheses equal to zero, conditions to keep the common CoM in an invariant position
are defined. When wy is equal to w;, therefore gear 1 and the link rotate with the same velocity, the pivoted
gears do not rotate relatively to the link itself. In addition, a solution consisting in D; equal to zero does not
make sense in practice.

It is clear that the number of terms in the parentheses depends on the number of pivoted gears. Moreover,
it can be noticed that terms in sine and cosine change during time in different ways. In each gear, O,
describes the angle between the rc, vector and the link. As each gear rotates, 0,,.; values are different in
each time instant. However, it is possible to define this angle with respect to the time.

Oxrel (1) = Wxrert + Oxrelin x=2,3,4,5 (4.48)

By having assumed w,.; constant, Equation 4.49 shows that each angle is equal to its angular velocity mul-
tiplied by the time, plus an initial value 0,;,;,. This, in particular, can be the angle between the rcy vector
and the link when each gear was assembled.

Therefore, Equations 4.47 and 4.48 include constant parameters which are multiplied by sines and cosines of
angles changing in time with different velocities. These velocities depend on the diameter of each gear and
their directions depend on gears’ position within the train, as these are counter-rotating elements. Solutions
can theoretically be achieved if each term is balanced by another in each instant of time in both the equa-
tions. For this purpose, a considerable number of gears is supposed to be required and, on the other hand,
solutions can be hard to achieved when, for example, only four gears are pivoted to a link.

Nevertheless, if the angular velocities of gears rotating in the same direction are assumed equal, as well as
their diameter, a solution can be obtained. In gears rotating in the same direction, their CoMs would, there-
fore, rotate with the same velocity. As a result, solutions would depend on the constant parameters my, rcy
and Oyyey,in-



62 4. The influence of mass asymmetry

A formulation can be obtained by substituting Equation 4.49 to each respective term in Equations 4.47 and
4.48. By using trigonometric addition formulas, each term in parentheses can be written as shown in Equa-
tions 4.50 and 4.51.

rex . Fex (. )
my—= SiN@y e = mx 7= [SIn (@ yxrert) COSOyrelin +COS (Wyrer ) SINO yrep in] x=2,3,4 (4.49)
X X
rCy rey . .
me_ €080Oyrer = me_ [COS (Wxrer?) COSOyre,in —SIN (Wyrer 1) Slnexrel,in] x=2,3,4 (4.50)
X X

With respect to Figure 4.8, by considering gears 2 and 4 having the same angular velocity w,.; and diameter
D,, and gears 3 and 5 having velocity ws;.; and diameter D3, the square parentheses in Equations 4.47 and
4.48 are written and set equal to zero in 4.52 and 4.53.

rco . .
—my = [SIn (W2re17) COSO2rep,in +COS (Ware 1) SINO2rer in | +
2

res . .
+mg3 D_ [Sln (W3rert) Cosesrel,in + COS (W37e1 1) Slne3re‘l,in] +
3

res (4.51)
B w [Sin (W2re1t) COSOarer,in + COS (Warer 1) SINO4rerin] +
2
rcs . .
+m5D— [Sin (W3e11) COSO51,in + COS (W3 e 1) SINO5rerin] =0
3
re . .
my D_ [COS (warert) COS 92rel,in —Sin (warer ) SanZrel,in] +
2
rcs . .
+m3D— [cOS (W31 1) COSO3re1,in — SIN (W3 e 1) SINO31erin] +
3 (4.52)

recy . .
+1my D [cOS (W2rert) COSOurer,in — SIN (Warer ) SINOarer,in] +
2

rcs . .
+m5D— [cOS (W3re11) COSO5rel,in — SIN (W3 e 1) SINOs5perin] =0
3

These equations can be written by considering together those terms having sine and cosine of the same an-
gular velocities, as shown in Equations 4.54 and 4.55.

—W [ma1cyc0802r1,in + M4t C4COSO4rel,in) — W [marcysin®yrep,in + MarcysinOarerin] +
2 2
+sin(;u)%lt) [m3rcs cosOsrerin + MsTcs5C0805re0,in] + %me [m3ressinBsyerin + Msressinfs e in] =0
(4.53)
W [erCZ €080 e1in + Myrcy C0594rel,in] - W [mZ rC28in0zpep in + Myrcy Sine4rel,in] +
2 2
+%§rem [m3rcs3cosOsyerin + Msrcs cosOspein] — w [msrcssinOsyepin + MsressinBsyerin] =0

(4.54)

In both the equations, each square parenthesis contains constant terms. By setting each parenthesis equal to
zero, the conditions for a common CoM having invariant position are defined. These, in particular, are valid
during all the motions. It can be noticed that the conditions derived from Equation 4.54 are the same derived
from Equation 4.55.

It is clear that a solution can be made by assuming 05, ;,, different from 64, ;,, by an angle of 180°, as well
as 03;¢1,in from Os,¢1 ;.. The resulting conditions are presented in Equations 4.56 and 4.57.

Morcy —myrcy =0 (4.55)
msrcs —msrces =0 (4.56)

In addition, Equations 4.54 and 4.55 clearly shows how defining a solution including the all terms is complex.
The t parameter within the sine and cosine terms represents the time dependence: for any value of ¢, then
for any instant of time, both the equations have to be zero. Moreover, although gears rotating in the same
direction have been set having the same diameters and angular velocities, the sine and cosine terms include
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different velocities which have opposite directions, as gears are counter-rotating elements.

The presented calculations have been made with respect to the gear train of Figures 4.7 and 4.8. It is clear
that more gears can be included: their diameters shall be set equal to those of the gears rotating in the same
direction in order to define equations similar to 4.54 and 4.55. On the other hand, it can be observed that a
minimum number of mass-asymmetric pivoted gears is required in order to define conditions: at least two
gears rotating in the same direction at the same velocity are required. Therefore, conditions can be defined
with at least three pivoted gears, in which the one rotating oppositely to the others is mass-symmetric, or
four, in which each gear rotating in the same direction has the same diameter.

4.2. Mass-asymmetric sliders

As stated in section 4.1, in order to include additional elements in the force balance conditions, it is impor-
tant to describe their CoM with respect to a point of the linkage. The position of a mass-asymmetric slider’s
CoM can be described with a p and a g coordinate, as described in the previous sections. However, as Fig-
ure 4.9 shows, these coordinates can change during the motion. Nevertheless, depending on the trajectory

Figure 4.9: Mass-asymmetric slider. p and g coordinates describing CoM change during motion.

performed by the slider, the position of its CoM can be defined such that the element can be included in
the force balance conditions. It can be noticed in Figure 4.9 that the slider could be considered as a mass-
symmetric element if it was pivoted on its CoM. However, this case will not be discussed as it is not relevant
for the purpose of this chapter, which consists in presenting how the force balance conditions change when
mass-asymmetric links and elements are considered. The sliders described in chapter 3 are presented.

Sliders pivoted to the links

It was shown that these sliders can be introduced to either constrain or substituting links in principal vector
linkages. Although the CoM’s p and g coordinates can change, as shown in Figure 4.9, the elements can
be easily included in the force balance conditions when these perform specific motions. In particular, the
trajectories have to be either straight or circular. The latter are characteristic when sliders replace links.

Sliders having circular and straight trajectories. Figure 4.10 shows a resulting 2 DoF principal vector link-
age, whose force balance conditions are presented in Equations 4.58 to 4.63. A slider, having its CoM on S,
and mass my, has been introduced on B; to replace SB,. It performs a circular trajectory around S having
radius equal to SB,. In addition, a slider, having its CoM on S5 and mass m15, has been pivoted on Az and per-
forms a straight trajectory. Therefore, it is a non-rotating element and its CoM can be assumed to be placed
on any point. Assumed its CoM is placed on As, the slider can be considered as a point mass on principal el-
ement A As and its mass ms can be easily included in the force balanced conditions, especially in Equations
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Figure 4.10: Resulting 2 DoF principal vector linkage. Slider pivoted on By replacing SBy. Slider pivoted on A3 moves along straight
trajectory.

4.58, 4.60 and 4.62.

myp1 = (M2 + mg + Ms + mz1 + msz)ay + miz p12 + ma(ay — pa) (4.57)
miqi = miz2qiz2 + maqy (4.58)

My p2 + (M3 + Ms) azz + M31 P31 = M1 a1 + M1 p11 (4.59)

M2z = Mg + mM31431 (4.60)

m3ps + Msps = (M + mz + myy + M) as + msz ps + M33 P33 (4.61)
m3q3 = m32432 + M33433 (4.62)

On the other hand, slider pivoted on B, rotates together with the links parallel to the replaced one. Therefore,
the position of its CoM S, can be described with respect to B, with p and g coordinates which are always
parallel to the respective ones of links B; P, and AgA;. As a consequence, slider’s contributions can be easily
included in the force balance conditions, as seen in Equations 4.58 and 4.59.

Sliders having random trajectories. On the other hand, sliders can perform random trajectories, which can
be partially curved. Figure 4.11 shows a resulting 2 DoF principal vector linkage in which a slider has been
pivoted on Az and performs a trajectory which is partially curved. In this case, the force balance conditions
are complex to define, as the additional element can both translate and rotate. A single translation could be
considered like in the previous example, but the resulting equations do not consider the slider’s rotation. This
suggests that it is impossible to modify the balance conditions of the initial principal vector linkage in order
to include the slider’s contribution during all the motions. In addition, slider’s rotation can be different from
the one of any other link: when this element rotates, the motion of its CoM is not considered by the common
CoM S.

Since force balance conditions including the additional element can not be defined, it is possible to consider
the slider as a principal element. Therefore, it can be connected to the other links through principal vector
links, represented as dashed lines in Figure 4.11. The new common CoM S’ considers the slider motions.
Furthermore, new force balance conditions need to be defined. The length of all the links, even those of the
initial linkage, needs to be calculated.

The resulting linkage can be considered as a 4 DoF principal vector linkage in which a principal element is
constrained to move along a given trajectory, leading to a decrease of 2 DoE

The proposed solution significantly changes the design of the initial principal vector linkage. This results to
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Figure 4.11: Resulting 2 DoF principal vector linkage. Slider pivoted on A3z moves along random trajectory. Dashed lines: possible
principal vector links connecting the slider to the new common CoM S’

be necessary as the motion of a mass-asymmetric element’s CoM can not be related to those of the other
links.

Sliders pivoted to the base

Figure 4.12: Resulting 2 DoF principal vector linkage. Slider pivoted to the base on T. AgA; rotates around 7 and translates only along
its orientation

Figure 4.12 shows a resulting 2 DoF principal vector linkage in which a slider, having mass my, has been piv-
oted to the base on point 7. Its sliding pair is connected to principal element AgA;: this can therefore rotate
around T and translate along its orientation. The slider’s CoM Sy is placed at a certain distance from the
center of rotation: p4 and g4 coordinates describe this position. In particular, p, is defined as the coordi-
nate parallel to Ay A;, while g, is perpendicular. Since these coordinates are constant during all the linkage’s
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motions and the slider rotates together with a link, it is possible to include this element in the force balance
conditions. However, particular attention has to be paid since the slider can move relatively to principal
element ApA;: the distance between its CoM S4 and principal point P, changes during the motion. Never-
theless, the slider can still be included in the force balance conditions.

In particular, it is an element which rotates with respect to the base by the same amount of Ay A; and its par-
allel links. This implies that, regardless of whether this element is placed, it can be considered in the linear
momentum equation when its angle 0, is actuated. When this is the case, AygA;, B; P» and SB; rotate around
P;, By and S, respectively, which are fixed; by considering the slider, it rotates around the fixed pivot T. Al-
though B; and P, are not fixed when the slider is introduced, the linear momentum equation has to consider
only the contributions related to ;. As mentioned in chapter 3, when additional elements are introduced to
constrain the linkage, the force balance conditions have to be defined by considering the linkage having the
original number of DoFs. Therefore, regardless of where the slider is pivoted, it can be included in the force
balance conditions by being considered as a link parallel to AgA;: its CoM’s ps and g4 coordinates correspond
to the respective ones of the other links. Therefore, slider’s mass multiplied by these coordinates is included
in the force balance conditions, represented by Equations 4.64 to 4.69, especially in 4.64 and 4.65, regarding
the actuation of 6;. As the slider does not translate, it is not included in the other equations.

myp1 = (My + m3 + may + mz2)a; + Mz P12 + M3 P13 + My py (4.63)
miqr +myqs = Mi2qi2 + Mi3qi3 (4.64)

My p2 + M3azs + ms1 ps1 = Midz1 + M1 pi (4.65)

Mgz = Mi14q11 + M31431 (4.66)

mgpsz = (M + mp + My + Mi2)as + ms2 P32 + M3z P33 (4.67)

mzqs = M32432 + M33(33 (4.68)

The presented example is important in order to understand that, regardless of where a machine element is
placed with respect to a principal vector linkage, it can be included in the force balance conditions. It is suffi-
cient that this element rotates together with one of the principal elements. This clearly modifies the position
of the common CoM. In Figure 4.12, it is not placed on S, as an additional element has been introduced.
However, its position does not change during the overall linkage’s motions as the force balance conditions
assure that the linear momentum is always constant.

5. Discussion and Conclusion

This chapter presented how the force balance conditions change when techniques modifying principal vector
linkages’ are applied. Mass-asymmetric links and additional elements were considered. The resulting force
balance conditions in each example constitute a general form: they can be considered for mass-symmetric
links and elements by setting links’ g coordinates and additional elements’ p and g coordinates equal to zero.
Furthermore, it is important to notice that specific equations are defined to balance links’ mass asymmetry.
They do not change when links are simply moved, like in section 3.1. They change when links are replaced or
mass-asymmetric elements are introduced. When mass-symmetric elements were introduced in Figure 4.3
to replace links, equations regarding mass asymmetry changed since the replaced links’ contributions had
been removed: as the elements were mass-symmetric, they were not included in these equations.

On the other hand, when additional elements are mass-asymmetric, they can be included in the equations
regarding links’ mass asymmetry, depending on how they are connected to the linkage and which motions
they perform. For example, mass-asymmetric rotating elements are not included in these equations if they
are fixed to links and their CoM has only a p coordinate. This is not the only case, as it was shown that a slider
moving along a straight path does not affect the equations regarding links’ mass asymmetry. In addition, it
can be observed that in other cases additional elements could not be included in these equations. For exam-
ple, in Figure 4.10, if the CoM of the slider replacing SB, had only its p coordinate, the slider would have been
mass-asymmetric but it would not have been included in Equation 4.59. A similar reasoning can be made
about the slider in Figure 4.12: if its CoM had its g coordinate equal to zero, the element would not have been
included in Equation 4.65.

Moreover, introducing mass-asymmetric elements can lead to conditions which are complex to adjust and
can require specific parameters in order to achieve a solution. This is the case for gears which are only pivoted
to links: their CoMs rotating at different velocities and in different directions constitutes a problem in which
time dependency plays a role. Nevertheless, by defining certain parameters like the diameters, it was shown
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that conditions can be defined. Appendix B will show how conditions can be defined while considering dif-
ferent number of gears. In particular, it will be shown that the gomm coordinate of the common CoM Ceomm
result to be zero. Therefore, although pivoted mass-asymmetric gears can be included in the principal vector
linkages’ force balance conditions, they do not affect the equations regarding links’ mass asymmetry.
However, due to the motions performed by the additional elements, it is possible that conditions can not be
adjusted. This was presented in Figure 4.11, in which the motions of a slider performing a random trajectory
can not be considered by the common CoM of the linkage. The proposed solution consisted in introducing
principal vector links making the new common CoM consider these motions. As previously stated, this im-
plies a change in the actual design of the initial principal vector linkage as well as the definition of new force
balance conditions. An alternative solution can be identified by placing the revolute joint on the slider’s CoM.
However, as stated at the beginning of section 4.2, this case was not considered since it is irrelevant for the
study conducted in this chapter.

In conclusion, the techniques presented in chapter 3 can involve mass-asymmetric links and machine ele-
ments. If the latter are introduced in linkages having mass-symmetric links, equations regarding the mass
asymmetry need to be considered in the resulting force balance conditions. Since machine elements can po-
tentially perform different types of motion, the force balance conditions can be complex to modify. Neverthe-
less, it can be stated that, if these motions can be related to those of the other links, and therefore considered
by the common CoM, force balance conditions can be adjusted.






Discussion

Techniques which modify principal vector linkages and can be used to synthesize inherently force balanced
mechanisms were presented in chapter 3. Potential advantages that were observed consist in making the re-
sulting mechanisms perform specific motions and adapting them to certain space requirements. In addition,
it was observed that constraining principal vector linkages can lead to possible links’ removal. This can result
in potential advantages like the reduction of the mechanisms’ total mass.

The techniques were derived by following the approach described at the end of chapter 2. This consisted in
introducing machine elements in principal vector linkages as described in the categorizations of chapter 2.
Observations were made while introducing the elements. These led to the definition of the different tech-
niques and are now presented. Subsequently, the considerations made in chapter 4 are discussed. Finally,
potential guidelines for applying techniques to principal vector linkages are presented.

Introducing machine elements in principal vector linkages

In the mechanisms presented in chapter 2, machine elements were introduced principally to constrain link-
ages, therefore to reduce the number of DoFs. It was observed that the same results can be achieved by in-
troducing these elements in principal vector linkages. Gears, together with belt and chain drives, need to be
fixed to different links in order to relate their rotations. On the other hand, sliders need to be connected to the
base to constrain links” absolute motions: they can perform curved paths as well. Moreover, it was observed
that constraints can be introduced without the introduction of additional elements. DoFs can be reduced
by pivoting links, constraining their rotations, and fixing them to the base: links’ motions with respect to the
base result to be either partially or completely constrained. While gear, belt and chain drives relate different
links’ rotations, these can be kept equal by fixing angles between links. All of these alternatives constitute the
techniques which modify principal vector linkages’ motions.

In addition, machine elements can be introduced to replace links. An example of gears replacing a link within
a principal vector linkage was already found in the literature: this can be made with belt or chain drives as
well, provided that their transmission ratio is equal to 1. By fixing the outer rotating elements to parallel links,
the parallelogram kinematic properties, which are essential for force balance, are maintained. On the other
hand, as sliders can perform circular paths on the base, it was observed that they can replace links which
are pivoted to the base. The parallelogram properties are maintained since the radii of the circular paths are
equal to the lengths of the replaced links.

Although chapter 2 stated that possible differences could be observed between open and closed chains prin-
cipal vector linkages, the only one which was observed consists in the different number of DoFs for a given
number of principal elements. The design principle of both the kinds of kinematic chains is the same: force
balance conditions are derived in the same way and parallelogram linkages are included. Therefore, all the
presented techniques and the considerations which were made in chapters 3 and 4 for open chains principal
vector linkages can be applied to closed chains as well.

However, not all the elements described in the categories of chapter 2 can be applied to principal vector link-
ages. It was observed that sliders can not be introduced between links as these would not be kept parallel: the
parallelograms’ kinematic properties would not be maintained as well as force balance. On the other hand,
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it was observed that introducing drives whose elements are all placed on the base seems unfeasible, since
the common CoM is the only point pivoted to the base of principal vector linkages. Nevertheless, when con-
straints are introduced, it is possible that more links result to be pivoted to the base: their rotations can be
related by introducing drives whose elements are all pivoted to the base. On the other hand, it is clear that
drives having one element pivoted to the base can be always introduced. This element result to be pivoted to
the common CoM and, in order to reduce the number of DoFs, it needs to be fixed either to the base or to the
link to which the other drive’s elements are not pivoted.

Mass-asymmetric links and elements and force balance conditions

Chapter 4 showed how the force balance conditions are adjusted when techniques are applied to principal
vector linkages. By considering mass-asymmetric links and machine elements, it was observed that solutions
are achieved when machine elements’ motions, especially their rotations, can be related to those of either the
other links or the base.

The force balance conditions presented for each example represent an exhaustive overview of how they are
generally adjusted when the different techniques are applied to principal vector linkages. In particular, they
do not change when the applied techniques modify the number of DoFs and do not include additional ele-
ments. They are modified when machine elements are introduced, regardless of whether they replace links or
constrain linkages, and when links’ positions change. In addition, the equations regarding mass-asymmetry
are modified when mass-asymmetric machine elements and links are, respectively, introduced and removed.
All the presented force balance conditions, which were related to principal vector linkages including mass-
asymmetric links and machine elements, represent a general form. As stated in chapter 4, these conditions
still apply when mass-symmetric links and machine elements are included. A mass-symmetric distribution
is a particular case of mass asymmetry: the distance between the geometric center of a body and its CoM is
equal to zero.

The main difference between including mass-symmetric or mass-asymmetric links and elements consists in
the different inertias: those of mass-asymmetric bodies are generally higher. Therefore, more power would
be required to drive linkages having mass-asymmetric links and machine elements. Nevertheless, a potential
advantage of using this kind of elements can consist in setting different inertia values in order to potentially
achieve moment balance solutions.

Guidelines for applying techniques to principal vector linkages

As stated in chapter 3, the presented techniques modify the overall design of principal vector linkages but
maintain their essential kinematics, which is based on those of the parallelograms forming the linkages. This
is important because, when techniques are applied, the force balance conditions, which are based on this
kinematics, do not need to be derived for the resulting linkages. As stated in chapter 3 and shown in chapter
4, the equations need to be simply adjusted when links’ positions are modified and additional elements are
introduced. Possible guidelines can be defined in order to synthesize mechanisms. They consist in, first, con-
sidering a principal vector linkage together with its force balance conditions. Then, the different techniques
can be applied in order to adapt the linkage to specific design requirements, which can include the motions
that the resulting linkage needs to perform. If the applied techniques modify links’ positions or introduce
machine elements, regardless of whether they constrain motions or replace links, the equations constituting
the force balance conditions of the initial principal vector linkage need to be adjusted. The parameters con-
cerning the mass and the length of all the links are defined in order to meet the force balance conditions and
the resulting mechanism can be manufactured.



Conclusion

This thesis presented ten techniques which modify principal vector linkages and can be used to synthesize
inherently force balanced mechanisms.

Linkages’ overall motions can be modified. One technique consists in pivoting links in order to constrain their
absolute translations, with respect to the base: 2 DoF of the initial principal vector linkage are reduced when
a link is pivoted to the base. Another technique consists in constraining links’ absolute rotations by making
them translate along a straight guide on the base: 2 DoF are reduced when a link is constrained. While a
technique consists in introducing a slider pivoted to the base and connected to a link through its sliding pair,
another one introduces a slider moving on the base and pivoted to a link. Both these techniques reduce 1
DoF and the constrained links are allowed to translate along the sliding pair and rotating around the sliders’
pivots. A different technique constraining both the absolute translations and rotation of a link is based on
fixing the link to the base: the number of DoFs results to be reduced by 3. Links’ relative rotations can be
constrained with two techniques. One consists in fixing the angle between the links, allowing them to rotate
always by the same amount. The other technique requires the introduction of gear, belt or chain drives in
order to define a relation between the rotations of the two links: these are fixed to the rotating elements of
the drives. 1 DoF is reduced both when one angle between links is fixed and when a drive is introduced.

A different technique modifies the position of the links within principal vector linkages. The sizes of the par-
allelograms within the linkages result to be modified while the overall kinematics and motions do not change.
Two other techniques consist in replacing links with machine elements like sliders, gear, belt and chain drives.
While the drives need to have a transmission ratio equal to 1 in order to keep links parallel, the sliders can
only replace links pivoted to the base. These elements shall perform circular trajectories around the fixed
pivot of the original links.

Furthermore, it was described how the techniques can be applied to principal vector linkages having mass-
asymmetric links and how mass-asymmetric machine elements can be introduced and considered in their
force balance conditions.

It was shown how techniques can be combined on the same principal vector linkage. A simulation was per-
formed on a mechanism which was synthesized by combining different techniques. The results proved that
the force balance of the initial principal vector linkage was maintained.

In addition, the synthesized mechanism clearly showed how the application of techniques can lead to con-
siderable modifications of the overall design of principal vector linkages. The applicability of these linkages
was initially limited, as they consist of only links which need to form parallelograms to achieve force balance.
With the new different design solutions that can be synthesized by applying the presented techniques, the
balancing principle based on principal vector linkages can be adapted to a variety of additional motion and
space requirements and applications.
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Synthesized inherently force balanced
mechanism

The force balance conditions of the synthesized 2 DoF inherently force balanced mechanism, which was
presented in chapter 3, are presented. Subsequently it will be presented how the singularities due to the
parallelograms’ change point are prevented by substituting links with gear, belt or chain drives.

Force balance conditions

Figure A.1: 2 DoF inherently force balanced mechanism synthesized from 4DoF Principal Vector Linkage

Figure A.1 shows the synthesized mechanism. As described in chapter 3, the force balance conditions of the
initial principal vector linkage are adjusted in order to consider links’ new positions and additional machine
elements. Therefore, they consist in four equations corresponding to the rotations of each principal element,
without considering the fixed pivot in Ay which reduces the number of DoFs by two.

The rotations of each principal element are now presented. They are around principal points Py, P», P3 and
P4, respectively. For each rotation, only one equation, regarding the distance between links’ CoM and the
principal points, is presented as all the links and machine elements are mass-symmetric. The parameters
shown in Table A.1 are included in these equations.

ApA; rotated

Figure A.2 shows the mechanism when only principal element Ay A rotates. Since C) B is the only parallel
link, it rotates around C; while the other links translate except for SC;, C; By and B P;. The mass of all the
additional rotating elements, i.e. gears and sprockets, are considered except for those of the gears pivoted on
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76 A. Synthesized inherently force balanced mechanism
Masses [kg] Principal dimensions [mm] Links parameters [mm] Elements parameters [mm]
m; =0.360 PiA; =28 AgAy = A3F =200 RcentrGear =11
my =0.270 A1 P>, =90 PSS =117.5222 RextGear =3
ms = 0.300 PZAZ =60 AlAz =150 RSprocket =14
my = 0.450 Ay P53 =40 PyS, =77.1667
ms =0.165 P3A3 =100 K2A3 =160
mg = 0.060 A3Py =20 P3S3 =36.0333
my = 0.105 A3S4 =200
mg =0.105 P,S, =67.6444
mg = 0.075 B;S5=45
myo =0.180 C186 =14
mi = 0.030 K1 57 =30
mip = 0.030 BzSg =30
McentrGear = 0.009 C189=20
MExtGear = 0.001 B3S510=50

Msprocket = 0.015

B3S11 =881, =10

Table A.1: Links and drive’s parameters of the 2 DoF inherently force balanced mechanism shown in Fig. A.1

Figure A.2: Synthesized inherently force balanced mechanism of Fig. A.1. Principal element Ay A; rotated

Py and C;.

miP1S1 = (my+ms+myg+my;+mg+

Mo + M1 +2Msprocket + 2MExtGear) P1 A1+

P Ay (A.1)
+(mg + McentrGear) C1S6 + McentrGear T

Figure A.3: Synthesized inherently force balanced mechanism of Fig. A.1. Principal element A; A, rotated
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A1 A, rotated

Figure A.3 shows the mechanism when only principal element A; A, rotates together with its parallel links
B1P; and K K,. All the other links translate except for SC;, C; B, C1B2 and B K;. The mass of the gears
on P;A; and the sprocket on Ps3 are considered. The gear drive on C;B; and the sprocket on B, are not
considered since C; B, does not move.

My Py Sy + (M1 + 2MgxiGear + McentrGear) P2 A1 + ms By S5 = A2)

= (mg + my + myo + M1 + Msprocker) P2 Az + m7K1 87

Figure A.4: Synthesized inherently force balanced mechanism of Fig. A.1. Principal element Ay A3 rotated

Ay A3 rotated

Figure A.4 shows the mechanism when only principal element A, A3 rotates around its principal point Ps.
Its parallel links B» K, Cy B and B3P, rotate around By, C; and Bs, respectively. All the other links translate
except for SC; and C;B>. Only the mass of the gears on P; A; are considered as well as the position of link
K K, which was moved from B, Ps.

mgP3S3 + (my + My +2MExtGear + McCentrGear + Ms)P3 Az + m7 P3Kz + mg B, Sg + mgCy Sg =

(A.3)
= myP3A3+m0B3S;0

Figure A.5: Synthesized inherently force balanced mechanism of Fig. A.1. Principal element A3 A4 rotated

Az A4 rotated
Figure A.5 shows the mechanism when only principal element As A4 rotates. Only its parallel links B3 P3 and
SC, rotate around Bsand S, respectively. All the other links translate except for B3 P4. The mass of the rotating



78 A. Synthesized inherently force balanced mechanism

elements of all the drives are considered.

Mg PySy = (my + my + mg + ms + Mg + M7 + Mg + Mg + 2Mgprocket + 4MExtGear + 2MCentrGear) PaAs+ (A4)
+my1B3S11 + m128S12

Singularities prevention

Equations A.1, A.2 A.3 and A.4 represent the force balance conditions of the mechanism. It can be observed
that the additional elements were included in the equations according to how they move when each principal
element rotates. By comparing Figure A.1 with Figure A.6, which represent the mechanism without links’

Ao

A

Figure A.6: Synthesized inherently force balanced mechanism of Figure A.1. No link moved nor replaced by machine elements

substitutions, it can be observed that different links overlap others. In particular, link C, B3 overlaps Ay A3.
The chain drive was introduced to avoid the overlapping between these links and to prevent singularities
due to parallelogram B, P3B3C,. During the simulation performed in chapter 3, the change point state of
this parallelogram was reached and singularity could have occurred: the parallelogram could have changed
to the anti-parallelogram configuration. This was prevented thanks to the chain drive and the gear one on
C1B, which kept SC; and BsP3 parallel to each other. As a consequence, no values that could be related
to singularities were observed in the plots showing the reaction forces on the base and the position of the
common CoM in chapter 3.

Nevertheless, it was decided to investigate how the values of the reactions forces and the position of the
common CoM change when singularities occur. By considering the synthesized mechanism in Figure A.1
and the parameters shown in Table A.1, a simulation on SPACAR was performed while applying a torque
equal to 0 Nm on Ap and one equal to 3 Nm on S for a simulation time of 0.5s divided in 1000 time steps.
By looking at Figure A.7, parallelogram P3;A3P,Bs reached the change point when its revolute joints were
aligned. Although the linkage maintained the parallelogram configuration, values which can be related to
singularities were observed. By looking at Figures A.8 and A.9, when the change point is reached, the plots of
both the reaction forces and the common CoM position present values which are significantly different than
zero. The parallelism between the parallelogram’s links could have been lost as well as force balance.

Conclusion

The force balance conditions related to the 2 DoF inherently force balanced mechanism mentioned in chap-
ter 3 were presented. Like those of the initial principal vector linkage, they are related to the rotation of each
single principal element. On the other hand, it was shown how introducing machine elements is advanta-
geous to replace links which overlap each other and to prevent singularities due to parallelogram linkages,
which can compromise mechanisms’ force balance.
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Figure A.7: 2 DoF IDB mechanism at the end of the simulation time. Dashed lines: initial position.
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Figure A.8: Horizontal and vertical reaction forces calculated from the simulation.
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Figure A.9: X and Y coordinates of the common CoM derived from the simulation results.






Mass-asymmetric gear trains

Chapter 4 showed how mass-asymmetric gears which are only pivoted to links can be included in the force
balance conditions. This is possible by defining a common CoM, considering only the pivoted gears, whose
position does not change with respect to the link on which the gears are pivoted. Specific conditions were
defined by setting the same angular velocity for gears rotating in the same direction. It was stated that, de-
pending on the number of gears involved in a train, different equations can be defined as well as different
solutions. In particular, at least two mass-asymmetric gears rotating in the same direction are required in or-
der to define a solution. Conditions can be defined with at least three pivoted gears, in which the one rotating
oppositely to the others is mass-symmetric. An example considering this configuration of pivoted gears will
be provided, together with two cases in which four and five mass-asymmetric gears are pivoted.

Each gear train will be presented with respect to the link on which the elements are pivoted. Their angular
velocities will be defined relatively to the link as well as the angles between the link and the vectors describ-
ing each gear’s CoM. It will be shown that the values of the angular velocities does not affect the resulting
conditions.

Three pivoted gears

m3, D1,(.U1

~.
—_—

63, in N
/’..-- - ---._\\ '.I
[ ™ \
1 ‘\_ j'

\ /

.

Figure B.1: Three pivoted gears. Outer gears are mass-asymmetric

Figure B.1 shows a train of three gears in which the one in the middle is mass-symmetric. Each gear has a
mass m, a diameter D, and an angular velocity w,. Since the outer ones rotate in the same direction, they
are assumed to have the same diameter D; and angular velocity w;. Their CoMs are at distances rc; and rcs
from their respective revolute joints. The parameters are presented in Table B.1. The angular velocities are
not presented as their values do not affect the solution. For simplicity in the calculations, they were assumed
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82 B. Mass-asymmetric gear trains

to be constant.
When the train was introduced on the link, the gears were assembled such that vectors rc; and rc3 created

Mass [g] Diameter [mm] Distance CoM [mm]
m; =10 D,=70 rey =27

nmy = 8 D2 =35

m3=13.5 D3=D1=70 r£‘3=20

Table B.1: Gear train of Figure B.1. Gears parameters

with the link an angle of, respectively, 0} ;, = 60° and 6, ;, = 240°. It was stated in chapter 4 that a solution
is defined for two gears rotating in the same direction when the angles between the rc, vectors and the link
differ by 180°.

The common CoM Copmm can be defined with peomm and Geomm coordinates, with respect to the origin O of
the reference system XY, as described in chapter 4.

m;pos; +mpposs + mzposs
Pcomm = P P P =constant (B.1)
m; + my+ ms

myqi +moqr+ m
dcomm = q q 3% _ constant (B.2)
my+my+ms

Where pos, and g, are defined with respect to the origin as follows.

posy =rcycos(wit+01,in) q1=rcsin(wyt+01,,) (B.3)
D, + Do
posz = — g>=0 (B.4)
D1 +2Dy+ D3 .
pos3 = ————— +rc3c0s (w1t +03i,) qs =ressin(wyt+03,,) (B.5)

2

In order to keep pcomm and gcomm constant, their time derivatives are set equal to zero.

d 1
Peomm _ (-mirciwr sin(wy t +64,in) — mareswy sin(wy £ +63,,)) =0 (B.6)
dt my+mo+ ms
d 1
Geomm _ (mirciwy cos (W t+64,in) + marcswy cos (it +05,)) =0 (B.7)
dt my+my + ms

A solution is obtained when the parentheses are equal to zero. It can be observed that the w; outside the sine
and cosine terms can be removed. As previously stated, its value does not affect the solution. By using the
trigonometric addition formulas, Equations B.6 and B.7 can be written as follows.

—sin (w1 1) [myrei cosOy,ip + marescosls iy —cos(wi 1) [myresindy i, + maressinds in] =0 (B.8)
cos (w1 1) [mirer cosby,in + marcs cosOz in] —sin (w1 1) [myre; sinby ip + msressinds ;| =0 (B.9)

By setting each square parenthesis equal to zero in both the equations, the derived results are the following.

myrcycosly ;, +marc3cosls i, =0 (B.10)

myrc;sindy j, + marezsinfs ;, =0 (B.11)

By substituting the values of the gears’ parameters and the angles, it can be observed that the equations are
verified. In particular, it is important that an angle of 180° is created between 6, ;, and 603 ;,. Therefore,
cos03 ;i results to be equal to —cosf) ;, and sinf3 ;;, results equal to —sinfs ;. As a result, Equations B.10
and B.11 can be written with a single equation.

myrcy —mgrez =0 (B.12)

The common CoM C¢ymm has its pcomm coordinate equal to 58.3333mm, while its g¢o,mm coordinate is equal
to zero. These values are constant while the gears rotate.
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Figure B.2: Four pivoted mass-asymmetric gears.

Mass [g] Diameter [mm] Distance CoM [mm]
m1:10 D1=70 7’61:27
my =28 D2:35 rco =10
m3=13.5 D3=D;=70 rez =20
I’I’I4=8 D4=D2=35 I'C4=10

Table B.2: Gear train of Figure B.2. Gears parameters

Four pivoted gears
Figure B.2 shows a gear train having four mass-asymmetric gears. The first and the third ones are the same of
Figure B.1, while the second is now mass-asymmetric and its mass m, and diameter D, are equal to those of
the fourth gear m4 and D,. In addition, the distances between their CoMs and their respective revolute joints
rcy and rey are equal. Like in Figure B.1, 8, ;, = 60° and 83 ;, = 240°. Therefore, they differ from each other
by 180° as well as 0, ;,, and 6,,;,, which are equal to, respectively, 110° and 290°.
The common CoM Cymm can be defined with pcomm and gcomm coordinates.
Peomm = M1 POy + MaPOSy + M3POS3 + MapOss _ constant (B.13)
my+my+ms+ ny
myqy+mpdz2+ msqs + myqy

= =constant (B.14)
Gcomm my+my+ms+ ny

Where pos, and g, are defined as follows.

posy =rcycos(wit+07,,) g1 =rcsin(wyt+0y,;,) (B.15)
Dy + Dy .

posy = — +rcycos(wet+602,) G2 =rcasin(wat+02,,) (B.16)
D1+2Dy+ D3 .

pos3 = - +rczcos(wit+03,) gs =rcssin(wyt+03,,) (B.17)
D1+2Dy+2D3+ Dy .

posy = +rcacos(wat+04,n) qa =rcasin(wat+04,n) (B.18)

2

Time derivatives of pcomm and qcomm are set equal to zero.

d 1
Peomm _ [—myreiwy sin(wyt+61 i) — Moo sin (wat + 62 1)+
dt my+myp+ ms+ Ny (B.19)

—mgrc3w sin (w1t +03ip) — Marcawosin(wat+64,;,)1 =0

d 1
deomm _ [my7c1w1 cos (1t +01,i,) + Marcows cos (ot + 02 i,)+
dt my+mo+ms+ ny (B.20)

+m3rc3wy cos (W £+ 03,i,) + Marcaws cos (ot +04,i,)] =0

In both Equations B.19 and B.20, each term within square parentheses has either w; or w,. Compared to the
previous case, in Equations B.6 and B.7 only w; was included and, since it was in each term, it was removed. In
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B.19 and B.20 neither w; nor w, can be removed, but the terms having the same parameters can be considered
together in order to derive the solutions. Equations B.21 and B.22 are derived, respectively, from B.19 and
B.20. Solutions are derived by setting the square parentheses equal to zero.

—w [mirersin(wit+01,i,) + maressin(wi t+6s,)] + B21)
—wy [marcasin(wat+6,i,) + Marcysin(wat +64,i,)] =0 )

w1 [mlrcl cos(wyt+0,;,) + marczcos(wy t+ 93,in)] + (B.22)
+wy [Marcycos (ot +02,i5) + Mmarcscos(wat+04i,)] =0 ’

It can be observed that the parentheses multiplied by w, lead to the same equations defined in the previous
case, as they are related to the first and third gears in the train. The parentheses multiplied by w, are related
to the second and fourth gears. By following the same steps shown in the previous case, solutions are defined
for these gears.

sin (w2 1) [Marcs 0862 in + Marcs o804 ip | +cos (wat) [Marcasindy in + marcasinfy jn] =0 (B.23)

cos (w2 1) [Marca cos0 in + Marcs o804 in| —sin(wa 1) [Marcasinby iy + marcysindy i) =0 (B.24)

Equations B.23 and B.24 are derived by using the trigonometric addition formulas. The square parentheses
in both the equations give the same results, which are shown in Equations B.25 and B.26.

Mo C2c0802 i, + MarcycosOyip =0 (B.25)

M1y 8inby j, + marcysinfy ;, =0 (B.26)

Like in the previous example, one equation can be derived as 0, ;, and 8,,;,, differ by 180°.
Morcy —miyrcy =0 (B.27)
Equations B.12 and B.27 represent the conditions for the gear train of Figure B.2. By substituting their param-
eters with the values shown in Table B.2, it can be observed that the equations are verified. By including the

angles, Equations B.10, B.11, B.25 and B.26, which are verified as well, have to be considered. The coordinates
of the common CoM pcomm and Gcomm are, respectively, 78.4177mm and zero.

Five pivoted gears

m,,D,w;, M3, D4,y ms,D,,w;

Figure B.3: Five pivoted mass-asymmetric gears.

A train of five mass-asymmetric gears is shown in Figure B.3. The first four gears are the same of Figure B.2
while the fifth is equal to the third one. All the gears parameters are shown in Table B.3.

While 0, ;;, and 0,,;, are the same of the previous case, i.e. 110° and 290° respectively, 81,i,, 03, and 65 ;5
are equal to, respectively, 40°, 160° and 280°. This value were set to prove that, when more than two mass-
asymmetric gears rotate with the same velocity, the vectors describing their CoMs do not have to differ always
by 180°.
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Mass [g] Diameter [mm] Distance CoM [mm]
m; =10 D, =70 rey =27

m2=8 D2=35 r6‘2=10

m3=13.5 D3=D1=70 r£‘3=20

m4:8 D4=D2=35 rc4:10

ms=13.5 D5:D1:70 rcs=rcg =20

Table B.3: Gear train of Figure B.3. Gears parameters

The common CoM of the gears can be defined with pcomm and gcomm coordinates.

mppos; +mopoSy + M3poss+ nypposs+ mMsposs
Pcomm = p P P p P =constant (B.28)
my;+mp+ms3+myg+ ms

miqy+mygz+msqs+mads + mMs(s
qcomm = q 4 q q q =constant (B.29)
my;+my+ms3+myg+ ms

Where pos, and gy, for x = 1,2,3,4, are defined in Equations B.15 to B.18, while poss and g5 are defined as
follows.
D1+2Dy+2D3+2Dy4+ Dy

poss = 5 +rc5cos(wrt+0s5,,) qs = ressin(wy £+ 05,i,) (B.30)

The time derivatives of pcomm and gcomm are set equal to zero.

dpcomm 1
= [-mirciwysin(wit+601 i) — Marcawssin(wat+ 605 i,)+
dt my + My + M3 + My + ms 1711 1 l,in 2122 2 2,in (B.31)

—mgrczw; sin (wy t+ 03,1'”) — My T C4w2 SIN (w2t+94,,~n) — msrcsw sin(wy £+ Hs,in)] =0

d 1
Gcomm _ [myrciwy cos (it +01,in) + marcawscos(wat+62,)+
dt my + my + mz + My + ms (B.32)

+m3rc3w; cos(wyt+03 ;) + Marcaws cos (Wt +04i,) + Msrcswy cos (@i t+05;,)] =0

Like in the previous case, the terms having the same angular velocity can be considered together.

—w1 [m1 reysin(wy t+0y,;,) + mgressin(wy t+03,;,) + msressin(wy £+ Hs,in)] + (B.33)
P [mg repsin(wyt +02,;,) + marcasin (w2t+94,in)] =0 '

w1 [mirercos (w1t +04,in) + marescos (@t +03,in) + Msrcs cos (it +0si,)] + (B34

+wz [mareacos (ot +02,in) + marcycos (Wt +04,:n)] =0 ’
In Equations B.33 and B.34, the parentheses multiplied by w» lead to the same results presented in the previ-
ous case. Therefore, only the parentheses multiplied by w; will be considered. Their terms can be written by
using trigonometric addition formulas and set equal to zero, as Equations B.35 and B.36 show.

sin (w1 1) [mirey cosBy,iy + mares;cosls iy + msrescosfs iy | + .35
+cos (w1 ) [miresindy i, + maressin®s i, + msressinfs i, | =0 ’

cos (w1 1) [myre cosBy,in + msrcs cosls in + msres cosbs in| + 5.36)

—sin(w 1) [myre; sindy ip + mgressinds i, =0 )
The square parentheses are the same in both the equations. Solutions are defined by setting them equal to
Zero.

myrcy cos0,i, + marescosls i, + msres cosls i, =0 (B.37)
myreysindy i, + mgrezsinds j, + msressinds j,; =0 (B.38)

Since 01,;5, 03,in and 05 ;,, do not differ by either 0 or 180°, a single equation can not be derived like in the
previous examples. When the gears are more than two, it is possible to set specific values for the angle. A rule
of thumb can be defined: given a certain number of gears rotating at the same angular velocity, by setting the
product m,rcy equal for each gear, the angles between each vector rcy can be derived by diving 360° by the



86 B. Mass-asymmetric gear trains

number of gears. Indeed, in the presented example, m;rc; = m3rcs = msrcs and the angles between each
vector were equal to 120° = 360°/3.

Equations B.37 and B.38, together with B.27, represent the conditions. These are verified by substituting for
each parameter the values presented in Table B.3. The coordinates of the common CoM pcomm and Geomm
are, respectively, 111.9340mm and zero.

Conclusion

The examples which were presented showed that it is possible to define conditions to keep the common
CoM constant when mass-asymmetric gears rotate. In particular, it was observed that the gcomm coordinate
resulted to be zero in all the examples. This is due to the fact that each gear’s CoM rotates around a point
which is placed at a distance equal to zero from the link. In addition, it was shown that the angles between
the r ¢, vectors and the link don’t have to differ by 180° when more than two gears rotate in the same direction.
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