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We propose an architecture for bit-flip error correction of Andreev spins that is protected by Kramers’
degeneracy. Specifically, we show that a coupling network of linear inductors and Andreev spin qubits
results in a static Hamiltonian composed of the stabilizers of a bit-flip code. The electrodynamics of the
many-body spin states also respect these stabilizers, and we show how reflectometry off a single coupled
resonator can thereby accomplish their projective measurement. We further show how circuit-mediated
spin couplings enable error correction operations and a complete set of single- and two-module logical
quantum gates. The concept, which we dub the “Ising molecule qubit,” is experimentally feasible and
provides a path for compact noise-biased qubits.

DOI: 10.1103/lqf3-6r5z

Introduction—Andreev spin states are a new qubit plat-
form composed of microscopic spin degrees of freedom
that couple to macroscopic supercurrents [1–9]. Such direct
integration of spins with superconductivity raises the
prospect for strong or ultrastrong coupling to other super-
conducting degrees of freedom [10], including microwave-
frequency resonators and qubits [7–9,11,12], and to other
Andreev spins [9]. One key consequence, as pointed out in
a recent blueprint [13], is that Andreev spins can be the
basis of a solid-state qubit platform endowed with fast-
tunable, all-to-all connectivity. All-to-all connectivity can
significantly reduce the overhead for both quantum error
correction [14–17] and analog quantum simulation appli-
cations [18,19].
Here, we show how Kramers’ theorem [20] can gainfully

constrain the spin-spin couplings by guaranteeing the
absence of couplings involving odd numbers of spins.
We propose a hardware-efficient implementation of bit-flip
error detection that relies on a single readout resonator by
leveraging the many-body electrodynamics of the spin
array. Local spin control then allows error correction while
the logical basis states remain degenerate. Multifrequency
drives and fast flux control further provide a complete set of
logical gates. Experimentally demonstrated hardware is
capable of accomplishing a demonstration of our proposal,
provided future improvements in spin dephasing times
[6,8]. In the main text we describe the salient aspects of our
concept, while the End Matter and published code [21]
provide technical details.

The setup—The Andreev spin can be modeled as a
Josephson weak link with a spin-dependent energy-phase
relation [2],

Uσ ¼ E0 cosðφÞ þ Eσσz sinðφÞ; ð1Þ

where E0 describes the spin-independent contribution (and
may be positive or negative), Eσ > 0 describes the magni-
tude of the spin-dependent contribution, σz is the Pauli z
matrix for the spin, whose orientation is defined locally,
and φ is the phase drop across the weak link.
For this Letter, we focus on aminimal circuit hosting three

Andreev spins in series, as shown in Fig. 1(a). The spin-
dependent supercurrent from each spin biases the other
spins, which results in spin-spin interactions. Attachment of
linear inductors to all nodes eliminates circuit offset charges,
which may contribute to set-point drift [22]. The series
configuration of spins is convenient for avoiding wiring
crossovers and for controlling the range of interactions. The
depicted field-effect gate electrodes serve two roles: tuning
up the spins and accomplishing fast (∼20 ns) and local
spin control through electric dipole spin resonance (EDSR)
[2,7,8,23,24]. Finally, an attached resonator with average
frequency ωr;0 results in one dynamical phase degree of
freedom across the entire array, which we will show can be
used for readout of the spin array. We implemented an
algorithm (detailed in the End Matter) to determine the
energy of each spin configuration and their influence on the
resonator. We note that the basic physics described here is
also compatible with parallel arrays and with nonlinear
inductive couplers [2,9,13].
The effective Ising Hamiltonian—With this setup, we are

now ready to inspect the Hamiltonian. For generic values of
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the circuit parameters, the eight distinct spin configurations
all have distinct energies [2,13] and an effective
Hamiltonian of the circuit contains all possible Z-type
couplings between any number of spins. If the magnetic
fluxes in all loops are zero or π, a time-reversal symmetric
configuration, Kramers’ theorem guarantees that any cou-
pling involving an odd number of spins vanishes [20]. The
following static Hamiltonian results:

Hσ ¼ J12σ1;zσ2;z þ J23σ2;zσ3;z þ J13σ1;zσ3;z: ð2Þ

Because of the similarity to the Ising model, coupled with
the finite size consistent with a small molecule, we dub this
an “Ising molecule,” or “Isene.” The specific values and
signs of the spin-spin couplings Jij depend on the details of
the circuit and weak links, and so they are designable.
When the inductors and ASQs are not identical, the Jij will
be different: for our purposes, this is a desired feature as it
eliminates accidental degeneracies. We note in particular
that this Hamiltonian form scales to more than three
Andreev spin qubits (with additional higher-order inter-
actions involving even numbers of spins) and that the range

of the interaction depends on the vertical inductances. We
also expect double degeneracy of the full spectrum to be
protected from charge noise-induced dephasing, mitigating
a common concern about spin-orbit type qubits [25].
Finally, coupled-qubit modules based on bosonic degrees
of freedom, e.g. [26], do not have a generic way to remove
the single- and three-spin interactions.
We recognize the Ising Hamiltonian (2) as being com-

posed of the stabilizers of a bit-flip error correction code.
The eigenstates are pairwise degenerate as guaranteed by
Kramers’ theorem, and the excited states are connected to
the ground state by single-spin flips as shown in Fig. 1(b).
We remark that the Hamiltonian (2) was also described for
parallel arrays [2,13], but the physics of operation at
Kramers’ point as the idling point was not considered.
Error detection and correction—We now go further to

consider the linear response to the phase drop across the
array. We focus here on the inductance of the circuit that
terminates a resonator, Fig. 1(a). The Andreev spin con-
figuration affects the resonator frequency, resulting in
contributions to the Hamiltonian at Kramers’ point given by

Hr ¼ ℏωr;0â†âþ
X
i≠j

ℏχijσi;zσj;zâ†â; ð3Þ

where â is the lowering operator for the resonator,ωr;0 is the
spin-unconditional resonator frequency, and χij are spin-
conditional frequency shifts.
The total static Hamiltonian is then H ¼ Hσ þHr. We

note that Hr respects the same pairwise structure of spin-
spin couplings as Hσ . Therefore, a microwave reflectom-
etry measurement commonly used on Andreev spins and
superconducting qubits [5,23,27–29] would accomplish
projective measurement of the stabilizers, provided that
the shifts χij are different. We note that, as before, Kramers’
theorem guarantees that only coupling terms between two
spins appear inHr. The absence of single-spin terms avoids
the need to fine-tune the matching of resonator shifts due to
individual qubits in order to perform error detection, as
necessary with, e.g., superconducting qubit architectures
[26,30–32].
This scheme also allows error correction without deviat-

ing from Kramers’ point. The many-body spin configura-
tions related by a single spin flip are not time-reversed
partners, so Kramers’ theorem does not forbid those tran-
sitions. Indeed, a local EDSR drive to spin j accomplishes

Hd;j ≈Mjσj;y
X
k≠j

Akjσk;z; ð4Þ

where M encloses a drive amplitude, and Akj are matrix
elements proportional to spin-induced phase shifts: Akj is
nonzero because spin-spin interactions mediated by the
inductors ensure that the equilibrium value of the phase
difference across each individual junction is nonzero and

FIG. 1. (a) Circuit for minimal bit-flip encoding with Andreev
spins. The field-effect gate lines on each spin (black) include
dc gate voltages (not shown) and ac drive (colored). Control
circuitry for flux Φ is not shown. Andreev spins are modeled by
Eq. (1), while linear inductors by a quadratic energy-phase
relation UL ¼ ðφ2

0=2LÞφ2, with φ0 ¼ ℏ=2e the reduced flux
quantum. (b) Schematic level structure as a function of flux,
with the Kramers’ point at zero flux. Colored arrows correspond
to EDSR-induced single-spin transitions between the logical
manifold (lowest) and the error manifolds while they remain
degenerate.
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depends on the spin configuration. This results in a nonzero
matrix element to EDSR control (see EndMatter for details).
Therefore, the stabilizer readoutmay be followed by a single
EDSRπ pulse on the relevant spin to restore the system to the
logical manifold. We remark that our scheme can extend
beyond three spins to N spins for higher-order bit-flip error
correction.
We can now compare our concept with implementations

of the bit-flip code that use conventional qubits [33,34].
There, error detection of a single bit-flip error in three
physical data qubits requires four CNOT gates to two ancilla
qubits, which must both then be read out. In comparison,
our protocol requires a single readout, no gates, and no
ancilla qubits; hence, we consider our approach as hard-
ware-efficient, as it comprises the minimal number of
dynamical degrees of freedom to implement a qubit
repetition code. Moreover, two-qubit gates and measure-
ment are two of the leading causes of errors in scaled
systems [35,36], so their elimination or reduction com-
prises notable features.
Logical quantum gates—We now describe available

logical quantum gates. A total Hamiltonian containing
the static part (2) and drives of the form (4) commute
with the operator X ¼ σ1;xσ2;xσ3;x. Therefore, the manifolds
can be decomposed into decoupled symmetric (þ) and
antisymmetric (−) subspaces of X, as shown in Fig. 2(b).
The static Hamiltonian, (2) and (3), and the drive
Hamiltonian (4) are block-diagonal in this basis,

H¼

0
B@
Hþ

σ þHþ
r þP

j
Hþ

d;j 0

0 Hþ
σ þHþ

r −
P
j
Hþ

d;j

1
CA: ð5Þ

The opposite sign for the driving terms in the two
subspaces, Hþ

d;j ¼ −H−
d;j, will enable logical RXðθÞ gates.

While the use of one spin transition alone cannot achieve
a logical gate, we find involvement of three states sufficient
to achieve a relative logical phase in the X basis. Following
the sequence of transitions indicated in Fig. 2(b), and
assuming on-resonant rotations within the rotating wave
approximation, three sequential π pulses accomplishes
RXðπÞ. To accomplish arbitrary θ, one can instead start
with rotations of π=2 and π for the first two pulses to
accomplish a manifold-independent Hadamard operation
between the first and third level. Then one can apply a
drive between those same levels with the operator
�ðj0�ih2� j þ j2�ih0� jÞ, where � refers to the sym-
metric and antisymmetric subspaces, and j0�i and j2�i
refer to the first and third states. This drive is used to
accomplish a relative phase θ based on the rotation angle.
Then one accomplishes the inverse of the first two pulses to
return to the original manifold. Therefore, any logical
rotation RXðθÞ is possible.

In real systems, operations that rely on rotating wave
approximation may require pulses that are too long in
duration. Using Krotov optimization [37], we further found
diabatic operations with time-dependent Mj that accom-
plish RXðθÞ for θ ¼ fπ=2; π=4; π=8g, with arbitrary pre-
cision (absent nonidealities like decoherence). The details
of this procedure are given in the End Matter. Therefore, we
expect that a continuous range of logical rotation angles
with fast driving are possible, using pulses derived by
optimal control methods.
Additionally, a continuous logical phase gateRZðθÞ can be

accomplished by local flux control. Consider the dispersion
in flux shown in Fig. 1(b). A local flux pulse ΦðtÞ detunes
the energy difference ΔEðtÞ between the many-body spin
configurations within (and between) the computational
manifolds. By ensuring that the flux starts and ends at zero,
Φð0Þ ¼ ΦðTÞ ¼ 0, the total accumulated logical phase
difference is θ ¼ ℏ−1 R T

0 fE↑↑↑½ΦðtÞ� − E↓↓↓½ΦðtÞ�gdt. We
note that, in principle, this does come at the cost of breaking
the manifold degeneracies afforded by Kramers’ theorem
while the gate is being applied. Nonetheless, continuous
logicalRXðθÞ andRZðθÞ are sufficient for universal quantum
control of the logical manifold of the module.
Finally, a two-module logical RZZðθÞ gate can be accom-

plished by turning on and off an inductive coupling between
the modules, schematically shown in Fig. 3. We denote the
two modules with a and b. When the inductive coupling
is activated, the dominant spin-spin interaction will be
nearest-neighbor, or J3a;1bσ3a;zσ1b;z. The intermodule spin

FIG. 2. (a) Each spin can be driven locally via EDSR. The two
tones depicted imply two possible frequencies for resonant
transitions. The solid line is the higher frequency drive. (b) Oper-
ations that invoke three or more states that complete a loop in
state space can accomplish logical XðθÞ gates. Three sequential π
pulses at the transitions shown would accomplish a logical XðπÞ
gate. See main text for other θ. We have chosen here a gauge
where matrix elements for the symmetric eigenstates of X are
equal to the negative of the antisymmetric eigenstates.
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interaction should be set to be weaker than the intramodule
spin interactions, J3a;1b < Jij;a; Jij;b, to ensure the logical
states remain well separated from the error states. As a
result, this interaction accomplishes a logical RZZðθÞ gate
with θ determined by the area θ ¼ ℏ−1

R
T
0 2J3a;1bdt. The

tunable inductance could be accomplished either with flux-
modulated superconducting quantum interference devices or
gate-modulated superconductor-semiconductor Josephson
junctions [38,39].
Feasibility and outlook—The experimental feasibility of

our concept requires balancing the energy scales of the
Andreev spins in Eq. (1) with the characteristic energy
scales of the inductors, φ2

0=2L. Typical measured values for
E0 and Eσ range from 0.1 to 1 GHz [4–9,23,24]. We find
that by using inductors of the scale 1 to 10 nH, which are
commonly implemented [5,24,40,41], we can achieve
couplings Jij=2π at the MHz scale. This is sufficient for
gates as fast as ∼100 ns with baseband control. We note
that the required inductance is inversely proportional to Eσ.
Modeling the coupling to a typical distributed-element
resonator from previous Andreev spin experiments [5,24],
the resonator frequency shifts χij=2π are predicted to
be 0.1 to 1 MHz, is which can achieve single-shot
dispersive readout [5,6]. Finally, we estimate the EDSR-
activating parameter Akj ≳ 0.01, sufficient for gate driving.
The expected improvement to the logical bit-flip rate for
our three-spin module can be estimated: presuming
Andreev spin relaxation times of 30 μs [5,6,24] and a
readout and correction cycle of 0.4 μs [36], the three-spin
module could achieve logical relaxation time of 0.8 ms, and
a five-spin module could achieve 20 ms. More spins could
be integrated by exiting the perturbative coupling regime as
demonstrated [9] and motivated [13] elsewhere.
However, the dephasing rates of the Andreev spins pose

a challenge. The existing experimental implementations for
Andreev spins rely on nanowires of the semiconductor
InAs, in which confined electronic spins are consistently

observed to dephase at the 10 ns scale [6,8,42]. One
main suspect for this dephasing is the nuclear spin bath
of InAs [43], which should result in a similar scale of
decoherence at Kramers’ point. Therefore, our proposal can
serve as a target for next-generation platforms for Andreev
spins, such as in isotopically purifiable germanium [44,45]
and carbon [46,47]. Note that although our proposal
involves flux loops, our device parameters imply a flux-
noise-based dephasing of about 300 μs, using reported
values for flux noise [48–50], which remain higher than
conventional spin qubit dephasing times at 10 μs scale [51].
Those dephasing times should be more than sufficient to
accomplish the physics of this module. Charge noise is also
a concern [43], for which our proposal should provide first-
order protection at the idling point. Finally, we remark that
spin relaxation should also improve in planar Ge, as
conventional spin qubits there typically exhibit T1 ∼
10 ms scale, which will improve the error correcting
properties of our module further [52,53].
We also speculate on how one might extend to full

quantum error correction. The module proposed here
allows for a computationally complete set of single- and
two-module logical quantum gates while actively cor-
recting one type of error. The RZðθÞ and RZZðθÞ gates
commute with the dominant error channel (dephasing),
while the RXðθÞ gate does not. As a result, the module has
the potential to be a noise-biased qubit embedded in a larger
encoding. This is attractive because noise-biased qubits
benefit from improved scalability in quantum error correc-
tion [54–59]. Unlike noise-biased qubits based on bosonic
cat codes in superconducting oscillators [60–62], Andreev
spin qubits are microscopic in size. However, X and
controlled-X gates that commute with the dominant error
channel are considered necessary to unlock increased
thresholds of noise-biased encodings. A search for such
gates will be left for later work.
Finally, we remark on possible connections with an

existing three-spin module, the exchange-only qubit [63].
There, the three spins are coupled through the exchange
interaction; this interaction is of the isotropic Heisenberg
form when spin-orbit coupling is not considered, which has
been found to be reasonable for spins hosted in silicon. This
interaction generically leaves behind a fourfold degeneracy,
so it is unlikely to be useful for single-spin error detection
and correction. In contrast, the supercurrent-based inter-
action of our proposal constrains the spin-spin couplings to
be along one axis only. However, for spins in germanium,
the stronger spin-orbit interaction has been observed to
induce anisotropic exchange interactions [64,65], so an
analog of our proposal may be possible without super-
conductors if an extreme anisotropy can be engineered.
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FIG. 3. Tunable inductors (inductor symbols with arrows) can
used to turn on and off a spin-spin interaction between the
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of module b (indicated by the green boxes) translates to a logical
ZZ interaction.
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End Matter

Solving the circuit—The readout technique of the
Andreev spins relies on the spin-dependent inductance
of the circuit [27,66,67]

EL ¼ φ2
0

∂
2Eg

∂Φ2
in

����
Φ�

in

; ðA1Þ

where Eg is the ground state energy of the circuit, EL is
the inductive energy scale proportional to the inverse
inductance, Φin is the incoming flux through the circuit,
and Φ�

in indicates the value of Φin at the energetic
minimum. We note that we neglect virtual spin transitions
[67] that can also contribute but are expected to be weak
[6]. In this section, we describe how to compute the
energies of the eight spin configurations and their
respective inductances.
To solve the circuit, we first write its energy,

V ¼
X3
i¼1

�
Ui

�
ΦBi

φ0

�
þΦ2

Ti

2Li

�
þ Φ2

M1

2L12

þ Φ2
M2

2L23

; ðA2Þ

where i is the index of each Andreev spin qubit, UiðϕÞ ¼
EJ;i cosðϕÞ þ Eσ;iσz;i sinðϕÞ is the Josephson potential of
the weak link, and L are the inductances. The branch fluxes
ΦTi

, ΦBi
, and ΦMi

label the top, bottom, and middle
branches of the circuit, respectively. In terms of the node
fluxes, the branch fluxes are

ΦT1
¼ Φin −Φu1 −Φe1 ; ΦB1

¼ Φin −Φd1 ; ðA3aÞ

ΦT2
¼ Φu1 −Φu2 −Φe2 ; ΦB2

¼ Φd1 −Φd2 ; ðA3bÞ

ΦT3
¼ Φu2 −Φe3 ; ΦB3

¼ Φd2 ; ðA3cÞ

ΦM1
¼ Φu1 −Φd1 ; ΦM2

¼ Φu2 −Φd2 ; ðA3dÞ

whereΦin is the input flux to the circuit,Φui andΦdi are the
node fluxes of the vertical branch nodes, and Φei are the
external fluxes threaded through each loop (see Fig. 4). We
input these node fluxes in Eq. (A2) and rescale them into
phase variables, ϕi ¼ Φi=φ0, to get

V ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
0;1 þ E2

σ1

q
cos

�
ϕin − ϕd1 − γ1σ

ð1Þ
z
	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
0;2 þ E2

σ2

q
cos

�
ϕd1 − ϕd2 − γ2σ

ð2Þ
z
	
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
0;3 þ E2

σ3

q
cos

�
ϕd2 − γ3σ

ð3Þ
z
	

þ 1

2
EL1

�
ϕin − ϕu1 − ϕe1

	
2 þ 1

2
EL2

�
ϕu1 − ϕu2 − ϕe2

	
2 þ 1

2
EL3

�
ϕu2 − ϕe3

	
2 þ 1

2
EL12

�
ϕu1 − ϕd1

	
2

þ 1

2
EL23

�
ϕu2 − ϕd2

	
2: ðA4Þ

To compute the inductance of the circuit using Eq. (A1),
we need to find the energies of the eight spin configura-
tions. Because the energy of the circuit does not depend on
dynamical variables, we find the ground state by minimiz-
ing the potential energy for each spin configuration,

∂V
∂ϕu1

¼ ∂V
∂ϕu2

¼ ∂V
∂ϕd1

¼ ∂V
∂ϕd2

¼ 0: ðA5Þ

This is justified if parasitic capacitances are all small
enough [68]. This gives a set of four nonlinear coupled
equations that determine the values of the internal nodes
phase variables ϕu1 , ϕu2 , ϕd1 , ϕd2 as a function of the
external variables ϕin, ϕe1 , ϕe2 , ϕe3 . We used analytical
differentiation to compute exact solutions to Eq. (A5). First,
we compute the gradient of the potential energy with
respect to the phase variables of the internal nodes and
the incoming phase using the automatic differentiation
library JAX [69]. This gives the system of equations in
Eq. (A5) with an additional equation for the incoming
phase. Second, we solve the five nonlinear coupled

equations using a root-finding algorithm [70], and find
ϕ�
in, ϕ�

u1 , ϕ�
u2 , ϕ�

d1
, and ϕ�

d2
that minimize V. Finally,

we compute the inductive energy EL as the Schur
complement of the Hessian of the potential energy
V; ðϕ�

in;ϕ
�
u1 ;ϕ

�
u2 ;ϕ

�
d1
;ϕ�

d2
Þ. This procedure successfully

computes the spin-dependent energy and inductance of
the circuit without numerical derivatives or numerical
minimization. The procedure is also straightforwardly
extensible to additional spins and inductors.
To obtain the dispersive shift, we simulate the Andreev

circuit as a termination of a transmission line resonator.
The resonance frequency is given by the smallest solution
for ωr in

cot

�
ωrl
veff

�
¼ −

iZL

Zc
; ðA6Þ

where Zc is the characteristic impedance, l is the length of
the transmission line segment, veff is the light velocity in
the transmission line, and ZL ¼ 2iωrφ

2
0=EL the impedance

of the Andreev circuit obtained from Eq. (A1).
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We obtain the dispersive shift contribution χij and the
interspin coupling energy Jij from the resonator frequency
and ground state energies. We first assume a general form,

H ¼ J0 þ
X
h¼1

Jhσh;z þ
X
h≠j

Jhjσh;zσj;z

þ J123σ1;zσ2;zσ3;z; ðA7Þ

Hr ¼ ℏâ†â

�
ωr;0 þ

X
h¼1

χhσh;z þ
X
h≠j

χhjσh;zσj;z

þ χ123σ1;zσ2;zσ3;z

�
: ðA8Þ

With simulated data from all eight spin configurations, for
Zc ¼ 50 Ω, veff ¼ 0.39c (c is the free space speed of light),
and varying l∈ ½0.1; 3.3� mm to fix ωr;0 ¼ 9 GHz. We then
extract each coefficient in Eqs. (A7) and (A8).We found that
the odd-order terms indeed vanish at Kramers’ point, bring-
ing the Hamiltonian to the forms of Eqs. (2) and (3). As an
example calculation, Fig. 5 displays J12 and χ12 as a function
of the vertical and horizontal inductances (the inductors of
the same orientation are uniform). It shows that the magni-
tude of the dispersive shift has a strong dependence on both
vertical and horizontal inductors, while the interspin cou-
pling energy depends more on the vertical inductor.

EDSR drive—As pointed out by Padurariu and
Nazarov, phase-biased Andreev spins can be driven by a
finite-frequency drive on the gate [2]. This is because
the spin-orbit polarization pseudovector can depend on
the gate voltage. Taking the case a single Andreev spin,
they described the following drive Hamiltonian:

HðtÞ ¼ ½ϵ⃗SO þ δϵ⃗SO cosðωtÞ� · σ⃗ sinðφ̂Þ; ðB1Þ

where ϵ⃗SO has the unperturbed spin-orbit vector, δϵ⃗SO is
the modulation of that vector due to the gate with the
condition jδϵ⃗SOj ≪ jϵ⃗SOj, and σ⃗ is the unperturbed Pauli
matrix vector. Here, we take a simplifying assumption
that ϵ⃗SO ∝ ẑ and δϵ⃗SO ∝ ŷ, providing

HðtÞ ¼ ½Eσσz þMσy cosðωtÞ� sinðφ̂Þ: ðB2Þ
For the single spin, shunted by a small inductance,
Kramers’ point is at hφ̂i ¼ 0, so that the EDSR drive
cannot induce the transition. This method for manipulation
of ASQs has been experimentally demonstrated [8,24].
When an additional spin is in the circuit, it induces a

spin-dependent phase bias to the other spins. Taking the
three-spin circuit of Fig. 1, when the weak link energies are
much smaller than the inductive energies, we can approxi-
mate the average phase across spin j as

hφ̂ji ≈
X
k

Ajkσk;z; ðB3Þ

where the dimensionless weights Ajk depend on the
details of the circuit. Assuming weak spin-spin interactions
giving hφ̂ji ≪ 1 (and consistent with simulations), we can
Taylor expand the interaction (B2) and apply the rotating
wave approximation for ℏω set to the relevant spin flip
transition frequency to get Eq. (4),Hd;j ¼Mσj;y

P
k Ajkσk;z.

Finally, we remark that the single-spin transition fre-
quency is conditional on the state of the other spins. For the
three-spin circuit, each spin is two spin-transition frequen-
cies: one when the other two spins are aligned, and one
where the other two spins are antialigned. To obtain an
consistent rotations in both transitions, the drive must
contain two frequency components resonant to the two
transitions (with more frequencies for larger arrays).
Multifrequency control has been accomplished in solid-
state qubit contexts in several other situations [71–74].

Krotov optimization for RXðθÞ—We demonstrate that
the EDSR drives are in principle enough to apply logical

FIG. 5. (a) Dispersive shift χ12 and (b) interspin coupling
J12 at Kramers’ point. Parameter used in the simulation:
Eσ1=h ¼ 0.4 GHz, Eσ2=h ¼ 0.3 GHz, Eσ3=h ¼ 0.2 GHz;
E0;1=h ¼ E0;2=h ¼ E0;3=h ¼ 0.4 GHz. Lvertical ¼ L12 ¼ L23

and Lvertical ¼ L1 ¼ L2 ¼ L3. For this configuration J23 and
χ23 are of similar scale, while J13 and χ13 are much smaller.FIG. 4. The circuit diagram labeling the individual inductors,

external fluxes, and circuit fluxes at each node. The gates at the
bottom (black T shapes) can be driven electrically at nonzero
frequency (wavy arrows).
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RxðθÞ rotations by performing numerical time-dependent
simulations for three rotation angles θ ¼ π, θ ¼ π=2,
and θ ¼ π=4. To do this, we use the Kramers-protected
Hamiltonian in Eq. (2) with the EDSR drive in Eq. (4)
with time-dependent amplitudes Mj. We use the Python

package Krotov [37] to find optimized pulse shapes of
M1ðtÞ, M2ðtÞ, and M3ðtÞ for the different θ objectives.
For the optimizations, we define the RXðθÞ gates over
the logical manifold, and we set a maximum pulse
duration of 5 μs; see Fig. 6(a) for the optimized pulses
for RXðπ=2Þ, and the code in the repository for details
on the other parameters.
As a result, a time-evolved state jΨðtÞi is described by

jΨðtÞi¼ αþðtÞeiϕþðtÞjþiþα−ðtÞeiϕ−ðtÞj−iþ
X
i

βiðtÞjEii;

ðC1Þ

where αþ and α− are the positive weights ofΨðtÞ on the jþi
and j−i logical states. The amplitudes βi are the weights on
the rest of theHilbert space states jEii, the noncomputational
states. Figure 6(b) shows the relative angle accumulated
by the time evolution of the jþi and j−i states, θðtÞ ¼
ϕþðtÞ − ϕ−ðtÞ, for the three example rotations. Figure 6(c)
shows the total weight of a time-evolved j0i logical state on
the logicalmanifold,WðtÞ ¼ α2þðtÞ þ α2−ðtÞ. All simulations
use 500 iterations of the Krotov algorithm.

(a)

(b)

(c)

FIG. 6. Gate pulse optimization for RXðθÞ in the logical
manifold. (a) Optimized pulse amplitudes of the EDSR drives
that achieve a RXðπ=2Þ. (b) Relative angle θ accumulated by the
jþi and j−i states throughout the application of π, π=2, and π=4.
(c) Weight of the time-evolved j0i state on the logical manifold
throughout the application of π, π=2, and π=4 rotations.
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