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Abstract—This paper addresses graph topology identification for appli-
cations where the underlying structure of systems like brain and social
networks is not directly observable. Traditional approaches based on
signal matching and spectral templates have limitations, particularly in
handling scale issues and sparsity assumptions. We introduce a novel
covariance matching methodology that efficiently reconstructs the graph
topology using observable data. For the structural equation model (SEM)
using an undirected graph, we demonstrate that our method can converge
to the correct result under relatively soft conditions. Furthermore,
we extend our methodology to polynomial models and any known
distribution of latent variables, broadening its applicability and utility in
diverse graph-based systems.

Index Terms—graph topology identification, covariance matching,
structural equation model, polynomial model

I. INTRODUCTION

Graph topology identification remains a critical issue in graph
signal processing (GSP), where systems are modeled as networks, yet
their actual underlying structure is often invisible. Examples of such
systems include brain functional connectivity networks and social
networks. In these applications, while the direct graph structure is not
observable, nodal data is typically available. For instance, in academic
networks [1], the advisor-advisee links may not be visible, yet we can
analyze collaborative patterns to uncover these connections. Similarly,
in brain networks [2], neural signals provide indirect clues about
the connectivity. Therefore, the primary challenge in graph topology
identification lies in deducing the hidden graph structure from these
nodal observations, a task that is fundamental for analyzing and
understanding the interactions within these networks.

The structural equation model (SEM) is a popular tool to link
nodal data with the graph, and it has been frequently used in
graph topology identification [3], [4], [5], [6]. A remarkable result
was provided by [6], where it was demonstrated that for sparse
directed acyclic graphs (DAGs), the graph can be uniquely determined
when the unknown external inputs are Gaussian with equal variance.
This foundational work spurred further developments, leading to
more efficient algorithms as evidenced by [7] and [8]. However, for
undirected graphs, methods using signal matching have performed
poorly without the presence of exogenous variables, even with the
introduction of sparsity constraints [9], [10]. On the other hand,
spectral template-based approaches, such as the polynomial graphical
lasso (PGL) algorithm, have shown potential in handling certain
graphs [11], but the results typically differ from the true structure
by a scale factor and require extensive restrictions (sparsity and sign)
on the graph for the method to be effective.

To the best of our knowledge, no existing work has exhaustively
addressed topology identification for undirected graphs using a SEM.
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This paper fills this gap by proposing a novel covariance matching-
based method. We will prove that under relatively soft conditions, our
proposed method consistently converges to the correct result without
encountering the scale issue often associated with other approaches,
and our method is more robust. Furthermore, we do not need to
make any assumptions about sparsity. We will also extend our method
to accommodate polynomial models and any known distribution of
latent variables, broadening the applicability of our approach in graph
topology identification.

II. PRELIMINARIES

In this section, some background information is presented that is
required to explain the main contributions of this work.

Graph signal processing: We describe a graph as G = {V, £, S},
where V = {1,..., N} represents the set of vertices, € C V x V
denotes the set of edges, and S € RV*¥ is referred to as the graph
shift operator (GSO). It is an N x N matrix that captures the local
structure of the graph, whose entries S;; are non-zero only if ¢ = j
or if (j,4) € £ [9]. The adjacency matrix or the combinatorial graph
Laplacian are matrices that can be used as GSO. Each node i € V
is associated with a scalar value x;. By stacking these values into
a vector x = [z1,...,2n] € RY, we obtain what is known as a
graph signal.

Structural equation model: Considering a simplified SEM ex-
cluding the influence of exogenous variables, the internal structure
of a graph signal x can be expressed as

x=Sx+e. €8

Here, the matrix S represents the GSO of the graph. Clearly, this
GSO should have zero diagonal entries indicating no self-influence
and hence can be interpreted as an adjacency matrix. Furthermore, the
vector e, assumed to follow a zero-mean white Gaussian distribution,
i.e., e ~ N(0,1), accounts for the noise. This assumption is inspired
by the findings in [6]. Therefore, the covariance of x can be derived
as Exx | =E[I-S)'ee'I-8)" "]=I-8)"'T-8)"".

In case we consider multiple independent realizations of e, which
can be stacked in E = [e1, ez, ..., er], we obtain multiple indepen-
dent realizations of x, grouped in X = [x1, X2, ...,XT], as

X =SX +E. (@)

Polynomial model: The SEM described in (1) (or equivalently (2))
essentially takes the form x = He, where H = (I — S)~!. This
representation can be viewed as a special case of a polynomial
relationship because the matrix H = (I — S)™! can usually be
expanded into a power series of S. This concept forms the basis
of the polynomial model, which considers

x = h(S)e. (3)
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In this model, h(z) represents any polynomial of the form h(x) =
Zf;ol hyz'. We again assume that e ~ A/(0, T).

III. TOPOLOGY IDENTIFICATION FOR SEM

In this section, we focus on the SEM for undirected graphs, which
we then later on will extend to any other known polynomial model
or latent variable distribution. Note that we will use a hat notation to
represent the optimization variable whereas we use a star to indicate
the optimal solution.

A straightforward approach to estimate a symmetric hollow S
from (2) is to minimize || X — SX |2 using the constraints diag(S) =
0 and S = ST However, it can be shown that this does not lead to
the ground truth S, even when the number of samples 7" grows to
infinity and e ~ N'(0,I). To prove this, observe that for an infinite
number of observations, the objective function can be defined as
f(S) = E{||x — Sx||3} = tr((I — S)"2(I — S)?). Given that S
is a symmetric matrix, for the optimal solution we should obtain
% = af + aas’fr — Diag(%) = A [12], where A is a diagonal
matrix because non-zero off-diagonal elements would allow gradient
descent to further minimize f ' However, setting S to the true S, it
can be proven that %|S:s = —2(I-8)~'. As aresult, %|S:s =A
is only possible when S is a diagonal matrix, which is not possible.

Instead, we focus on a covariance matching approach, where we
match the sample covariance matrix Cx = XX /7 to the theoretical
covariance matrix X, = E{xx "} expected from the model. Under
the conditions € ~ A(0,I) and S = ST, the latter is given by

S.=1-8)"'0-8)" " =({1-8)"2 )
Introducing H = (I — S)™! as earlier, we thus obtain X, = H>
Estimating H instead of S, our covariance matching problem can be
formulated as

H* =argmin |H> — Cx||7
H

subject to  diag(H™') =1, ®)

H=H".

This problem is hard to solve though, so we further tune this into a
more manageable form.

Let the eigenvalue decomposition (EVD) of the symmetric matrix
variable H be given by H = Udiag(A)U7, which leads to> H? =
Udiag(A?)U . This allows us to replace the matrix variable H by
two new variables U and A. Consider now also the EVD of Ci,
which is given by Cx = Uxdiag(Ax)U, . Then we can simplify
problem (5) by setting U = Uy and restricting the problem to the
single vector variable . Problem (5) can then be approximated as

A" =argmin A% — A3
> ©)

subject to diag(deiag(j\fl)UI) =1.

Since this constraint is still hard to handle, we further approximate
the problem by setting the objective to zero and turning the constraint
into an objective.

'We adopt the definition of matrix differentiation for structured matrices
from [12]. Specifically, for a scalar function g(A), we define ddAi - =
= 09 0Ay !

kL DAy, 0A;; "

2 All powers of vectors should be considered as element-wise.

Setting the objective to zero means that A% = A.. This however
introduces a sign ambiguity, which we can interpret as our new
variable. So introducing § € {—1,1}"*! we can change the variable
X into the binary variable ¢ by setting A = diag(§)Ax /2 where
(-)/2 represents the positive square root.

Now turning the constraint in problem (6) into an objective
function, we obtain

|| diag(Usdiag(A~") Uy ) — 1|3

= ||diag(Uxdiag(g ™ ")diag(A;/*)UT) — 1|3
@)
= ||diag(Usdiag(d)diag(Ax /*)UL) — 1|3

= [[(Ux © Ux)diag(Ac/*)a - 13,

where © is the element-wise (Hadamard) product and where we
have used § = §~'. Hence, the objective now becomes a sim-
ple quadratic function in the binary variables . Defining W =
(Ux © Ux)diag(Ax 1 %) our proposed problem can finally be stated
as the following binary least squares problem also known as an
unconstrained binary quadratic programming (UBQP) problem:

min
ge{—1,1}Nx1

(P g =arg IWa - 1]5. @®)
For this problem, we can state the following identifiabily theorem.
Let the EVD of the true GSO S be given by S =
U diag(A)U . Further assume P is a binary variable and consider

the equation

Theorem 1:

(U@ U)|I - diag\)|p—-1=0. )

If this equation only has one binary solution p*, then the estimator
S*, obtained from the solution of problem (P1), ie., S* = I —
U, diag(q*) diag(Ax /?)Uy, will converge to the true S when the
number of observations 7' goes to infinity.

Our proof sketch starts with observing that at 7' = oo we have
Cx=%=(I- S)72. As a result, the EVD of Cy then is Cx =
U(I — diag(A))"2U", and thus Uy = U and Ax/? = |1 — Al
Hence, saying that (9) has a unique binary solution p* is the same
as saying that (8) has a unique solution q* at 7" = oo and these
solutions are then also the same.

Although this theorem may seem evident, it can be considered as a
broadening of the theorem mentioned in [13], where rank(U®U) =
N — 1 is required. Under this condition, our theorem holds trivially.
However, our theorem has the potential to handle cases where
rank(U ® U) < N — 1 and in our experiments, we will verify
this.

There are many ways to solve an UBQP. Here we consider the
traditional semi-definite relaxation approach and we refer the reader
to [14] for more details.

IV. EXTENSION TO POLYNOMIAL MODEL

In this section, we extend the SEM approach to the polynomial
model. If e ~ A(0,T) and S = ST, then according to (3) we have

(S) = h*(S)

Similar as in Section III, we will then try to match Cy to h%(S). To
do that, we basically follow the same ideas as for the SEM and start
by defining the EVD of the matrix variable S as S = U diag(A)U .
Further decomposing Cyx as Cx = U, diag(Ax) U, we can set

2. =h(S)h" (10)
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U = U,. This allows us to match h?(diag(\)) to diag(As) under
the hollow constraint diag(Uxdiag(A)U,l) = (Uyx ® Uy)A = 0.
Switching again the objective and constraint, we finally obtain the
problem
A" =argmin  [|(Ux ©@ Ux)A||3
> (11)

subject to k% (diag(A)) — diag(Ax) = 0.

The constraint basically represents a set of scalar polynomial con-
straints of the form h2(5\¢) —Xix = 0,7 =1,2,...,N, where
i (Ai,x) denotes the ith element of A (Ax). Denoting the roots of
the ith scalar polynomial as C; = {c}7 2., '} we can replace
h%?(Xi) — Xix = 0 by A; € C;. Our proposed problem can finally be
stated as

(P2) A =argmin [ (Ux© Ux)A|3
2 (12)

subject to N€EC, i=1,2,...,N.

Let us explore how (P2) specializes to (P1). If we set h(S) =
(I—S)~! in (P2), then all solutions to the equation h?(diag(X)) —
diag(Ax) = 0 can be expressed as A = diag(Ax 1/2) — 1, where
g € {—1,1}*!. Therefore, the objective of (P2) can be rewritten
as (Ux ©Uy)(diag(Ax 1/2)q 1), which, due to the property (Ux®
Ux)1 = 1, becomes identical to the problem defined in (P1). Thus,
(P2) can be viewed as an extension of (P1).

Similar to the semi-definite relaxation approach used for the SEM
problem, this problem can also be solved using convex relaxation
approaches [15]. Additionally, solvers like Gurobi [16] that support
integer programming can also be used to find a global minimum.

V. EXTENSION TO GENERAL DISTRIBUTION

In this section, we go back to the regular SEM and explore
extending the distribution of the latent variable e. More specifically,
consider e to be normally distributed as e ~ A (0, X¢), where Ze
is known.

Estimating S then again boils down to estimating H = (I—S)~!
At first sight, one could exploit the fact that 3, = HXHT
and match HX H' with C,. Solving this matching problem is
challenging though. As an alternative, observe that (HX.)? =
HYX . HX. = X,X.. This allows us to match (ﬂEe)2 with CxXe
which is similar to (5), where we matched H2 with Cx. As aresult,
we follow again the same steps.

First, we introduce two new variables U and A by considering the
EVD of HX,, ie., HE, = Udiag(A)U~'. This obviously leads

(ﬂEe) = Udiag(A)?U~'. Computing the EVD of CyZ.,
we obtain® CxZe = Usxe d1ag(>\ ¢)Uxd. Setting now U = Use
and replacing the matching problem by the constraint A? = Ao
introduces once agaln a sign ambiguity. More specifically, we can
change the Varlable A by the binary variable q € {—1, 1}N *1 using

A= diag(g )A . Overall, this allows us to write H as a function
of q through
H = U, diag(q)diag( AL’ ) Uxe S5 . (13)
The inverse of H is then given by
H ! = B, Uycdiag(Axe’?) diag(q) Use (14)

3Note that we use the notation U primarily to align with the previous
notation and it does not imply that U is unitary

and the diagonal of H'is

diag(H ") = [(ZeUxe) ® Uxe Jdiag(An/?a.  (15)
Finally, defining W = [(ZeUxe) ® Uy |diag(Axe’?), the opti-
mization problem simplifies to:
(P3) min_|Wq - 1|3, (16)
qe{1,1}Nx1

which is again an UBQP that can be solved using semi-definite
relaxation.

Comparing (P1) and (P3), their formulations are almost identical.
Furthermore, if we assume X = I, then Uy in (P3) reduces to Uy,
and U;J also reduces to Ux. Moreover, )\;el /2 reduces to Ax 1/2
This extension of the SEM problem is quite elegant, as it scarcely
alters the structure of the problem, and the complexity of solving the
optimization problem remains the same.

VI. EXPERIMENTS

Here we consider some experiments using simulated and real
graphs. For the simulated graphs, we generate 100 realizations. We
evaluate the normalized squared error, defined as NSE(S,S*) =
IS* — S||1%/IIS||%, averaged over these 100 graphs across various
sample sizes T ranging from 10 up to 10°.

Comparison with other methods:

Here, we compare our approach (refered to as CovMatch) with
SpecTemp [13] and with a trivial signal matching approach (Sig-
Match) [4] based on minimizing || X — SX||%. Due to the sign
constraints of SpecTemp, all graphs are assigned positive weights
ranging from 0.1 to 2. At the same time, we adopt the simplest
assumption that 3¢ = I. In the first scenario (labelled as simple),
we deliberately generate graphs where rank(U ® U) = N — 1. In
the second scenario (labelled as hard), we only generate graphs with
rank(U ® U) < N — 1 to check the robustness of our method. In
both scenarios, the number of nodes and edges are set to 20. For each
scenario, we calculate the average NSE. Note that a singular value
less than 5 x 10™* is considered as a rank loss here.

CovMatch Simple
CovMatch Hard
SpecTemp Simple
SpecTemp Hard
SigMatch Simple
SlgMatch Hard

Average NSE

102 103 104 105 106
Number of Samples

Fig. 1: Average NSE for different samples.

As shown in Fig. 1, it is evident that SpecTemp often fails due
to a loss of rank. Conversely, our method, CovMatch, continues
to perform well. This highlights the robustness and reliability of
CovMatch. Further, the SigMatch approach never converges to the
correct result, but it performs better than others with less observations.
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(a) SEM sparse graph

Number of Samples

(b) SEM fully connected graph

Number of Samples

(c) Polynomial model sparse graph

Fig. 2: Distribution of NSE across different graph configurations and methods. (a) SEM sparse graph, (b) SEM fully connected graph, and
(c) polynomial model. As T — oo, the NSE values are all smaller than 2 x 107°.

This is because both SpecTemp and CovMatch highly rely on an
accurate sample covariance, which requires many samples.

Besides the advantages mentioned above, our method can also
handle negative edge weights and some very challenging graphs. For
the next experiment, the edge weights of the 100 graph realizations
are chosen within the range [—2, —0.1] U [0.1, 2]. For the covariance
matrix of the latent variables 3., we begin by generating a random
N x N matrix, Xhar, with each element uniformly distributed between
[—1,1]. The covariance matrix is then formed as X = Zhar s,
ensuring it is symmetric and positive semi-definite. For the SEM,
we generate X according to this method, while for the polynomial
model, we still adopt ¥ = 1.

SEM for sparse graphs: In this scenario, we employ a graph
with 20 edges and 20 nodes, and intentionally create a challenging
condition by generating graphs with a rank of N — 3. This condition
may cause some methods to fail due to the presence of repeated
eigenvalues in Cx [11]. However, our method remains effective under
these constraints.

SEM for fully connected graphs: For the second configuration,
we test our method on a fully connected graph and we ignore the rank
constraint. Methods that rely on sparsity often fail in this scenario,
but our approach continues to perform well.

Polynomial model: Here we consider graphs with 20 nodes and 40
edges while ignoring the rank constraint and we apply the polynomial
model. Additionally, we define the polynomial function h(z) as a
third-order polynomial h(z) = $°7_, hix', where each coefficient
h; is randomly chosen from the interval [—1, 1].

As demonstrated in Fig. 2, our methodology has been notably suc-
cessful not only on two particularly challenging graph configurations
for a SEM but also on nontrivial polynomial models. As the sample
size increases, the average NSE generally decreases to significantly
low levels. In ideal conditions, with an infinite sample size, our errors
can approach zero, showcasing the robustness and effectiveness of
our approach. These results also provide indirect confirmation of the
correctness of Theorem 1.

Real data: We also compare our approach with network decon-
volution (referred to as NetDeconv) [17], which similarly involves
estimating S from H. In this experiment, each node within the
network corresponds to an amino acid residue, and the edges denote
mutual information, reflecting co-variation among residues across
multiple sequence alignments that include 2,000 to 72,000 sequences.
Our objective is to deduce structural constraints among amino acid
pairs to aid in predicting protein structures.

We employ a relatively straightforward polynomial h(z) =

= (2® 4 22 + 4z), whereas NetDeconv approximates h(z) = 1.

Terms such as “lwvn” shown in Figure 3 represent different pro-
tein labels. The figure illustrates that in various cases, our results
outperform those of NetDeconv.

0.7
g
U 0.6
=
@
o 0.5 =
L ===
£ 0.4
a o CovMatch 1wvn
@ 034 - NetDeconv 1wvn
G CovMatch 5pti
§ 0.2 NetDeconv 5pti
E 014 CovMatch 2hda
= - NetDeconv 2hda
0-0 T T

T T T T
100 150 200 250

Top prediction

0 50

Fig. 3: Real contact edge recovery as a function of the number of
edges considered.

VII. CONCLUSIONS

In this paper, we have introduced a promising topology identifi-
cation methodology based on covariance matching, which is funda-
mentally based on reproducing the theoretical covariance model from
the sample covariance matrix. This approach has significant potential
due to its foundation in regenerating observable data characteristics.
Focusing on the SEM as our primary area of study, we have described
how we can simplify the problem into a UBQP which can be
solved by semi-definite relaxation. For this UBQP we also provide a
convergence proof to the true graph. Furthermore, we assert that our
method can be extended to more complex scenarios, such as towards
the polynomial model framework, and even to any known distribution
of latent variables. We substantiate the efficacy and correctness of our
approach through extensive experimental validation, demonstrating its
robustness across a variety of settings.
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