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DROPLET MOTION WITH CONTACT-LINE FRICTION: LONG-TIME
ASYMPTOTICS IN COMPLETE WETTING

LORENZO GIACOMELLI, MANUEL V. GNANN, AND DIRK PESCHKA

ABSTRACT. We consider the thin-film equation for a class of free boundary conditions modelling
friction at the contact line, as introduced by E and Ren. Our analysis focuses on formal long-
time asymptotics of solutions in the perfect wetting regime. In particular, through the analysis
of quasi-self-similar solutions, we characterize the profile and the spreading rate of solutions
depending on the strength of friction at the contact line, as well as their (global or local) correc-
tions, which are due to the dynamical nature of the free boundary conditions. These results are
complemented with full transient numerical solutions of the free boundary problem.

1. INTRODUCTION

1.1. Thin-film equations. Thin-film equations are a class of fourth-order degenerate-parabolic
equations whose prototype, in one space dimension, is

Oth + @,(m(h)@ih) =0 on {h>0}:={(ty) € (0,00) xR: h(t,y) >0}, (1.1)
where m is a mobility which degenerates at h = 0.

Thin-film equations are formally derived as leading-order approximations of the Navier-Stokes
equations in a suitable regime, which is known as the lubrication approrimation . In this case,
h represents the height of a thin layer or droplet of a Newtonian fluid on a flat solid substrate and
the mobility m often has the form m(h) = h3 +b3~"h", the parameters b and n being related to a
slip condition imposed at the liquid-solid interface: in particular, n = 1 corresponds to Greenspan’s
slip condition , n = 2 corresponds to (linear) Navier slip and n = 3 (or b = 0) corresponds to no
slip at the substrate. The case m(h) = h may also be seen as the lubrication approximation of the
two-dimensional Hele-Shaw flow in the half-space 7 and in this case the lubrication approximation
has been given rigorous justifications . Nonlinear free boundary problems with m(h) =1 are
discussed in the context of surface diffusion . General traveling wave solutions for m(h) = h"
with 0 < n < 3 and beyond are discussed in [11-13].

We are interested in situations in which an interface exists which separates a dry region of the

substrate from a wetted one:

{h(t,) >0} = (s (1), 54 (1))- (1.2)
In this case, is complemented by two obvious boundary conditions at s4(t), respectively: the
defining condition

h(t,s<(t)) =0, (1.3)

and the kinematic condition

(A m(R)DTR) | yms. ) = $(1), (1.4)
where here and after we agree that

f|y=sJr = lim f(y)v f‘y=s, = lim f(y)

Y—>S4 Yy—S_
y<sy Yy>s_

We are interested in situations in which the support {h(¢,-) > 0} is allowed to evolve in time,
leading to a genuine free boundary problem for which a third condition is required. Appropriate
choices of such a third boundary condition are being debated since decades by now. Starting with
the work of Bernis and Friedman [14], most of the analytical theory concentrated on the condition
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partially supported by the Deutsche Forschungsgemeinschaft (DFG) under project # 334362478. DP thanks Luca
Heltai and Marita Thomas for fruitful discussions and acknowledges the financial support within the DFG-Priority
Programme 2171 by project # 422792530.
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of constantly zero contact angle, focusing on existence of weak solutions [15H19], on their qualitative
properties [20H32], and on well-posedness in weighted spaces [3342]. For the constant, non-zero
contact angle case we refer to [43-51]. For quasistatic models of droplet evolution we refer to [52]
for the Stokes flow and to [4[53}/54] for thin-film models.

We focus on a class of contact-line conditions, first considered in [4,/55] in special cases, that
relate the contact-line velocity, $, to the dynamic contact angle. Analytical works for this class are
limited to a few contributions [56-58|. The class has been motivated and generalized by E and Ren
building up on a simple, basic principle: consistency with the second law of thermodynamics in
the isothermal case [59H61]. We now introduce this class directly at the level of lubrication theory.

1.2. Contact-line frictional laws in complete wetting. At leading order in lubrication ap-
proximation, and after a normalization, the surface energy reads

s4(1)

ER@)] = / (1(0yh)* — S)dy, (1.5)
s—(t)

where S € R is (proportional to) the so-called spreading coefficient [6]. We are interested in a

regime where the spreading coefficient of the solid/liquid/vapor system vanishes, i.e., the complete

wetting regime S = 0. This is a generic situation in the so-called “moist” case, which concerns for

instance a surface which has been pre-exposed to vapor [62]: thus

s4(t)
i) =4 [ | @y (1.6)

in what follows (for the case S # 0, see e.g. the discussions in [45}/63-65]). After integrations by
parts (see [58| formula (1.13)]), (L.1)-(1.4) formally yield
s4(t)

LED)] =5+ (15 0,0)y=s. — 5 (D3 (Oyh)?ly=s_ + / , Qoh0i0,dy

= = 5 (O(0,0)” = hO2h) s, + - (6) (A(DyR)? — hOZR) |y

— /S+(t)m(h)(8§’h)2 dy. (1.7)
s_(t)

If by contradiction h(0zh)|, = s+(t) =: k+ # 0 then one would have

1
Eay((ayh)2) = (8,h)(92h) ~ kxh~'Oyh = k0, logh as y — s+ (t)F,
whence (9,h)? would become unbounded as y — s+ (t)T. Hence, h(92h)|, = s+(t) = 0 for solutions
with finite slope at the contact line, which is the class we are interested in. Therefore, (|1.7) reads
as

d 1. 2 1. 2 s+ 372

SEIO) =~ (OO = ) + 35~ OO~ [ L M@y 1)
Consistency with the second law of thermodynamics implies that the first two terms on the right-
hand side of (1.8) must be non-positive. A simple form of constitutive relations which enforces
non-positivity is

(0yh)?|s = s4(t) = fo(£é+) with fi(o)o >0 forall o € R. (1.9)

According to , receding fronts with speed o < 0 only exist if fy(c) = 0. Hence, in complete
wetting, receding fronts (if any) have zero contact angle. Furthermore, note that the more standard
zero contact-angle condition (0yh)(t, s+(t)) = 0 corresponds to the limit of vanishing contact-line
dissipation, fy = 0. For the analogue of in partial wetting (S < 0) we refer to [58,/66).

The simple argument above can in fact be embedded into a more general formal gradient-
flow structure of the system, based on a separation of dual forces into a bulk and a contact-
line dissipation. This structure, which we elaborate in Appendix [A] is also at the basis of the
discretization that we adopt in numerical simulations.
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1.3. Goals. Intermediate asymptotics for with the Ren-E boundary condition , such
as the Voinov-Cox-Hocking law (see the discussions in [13]/67H70]), has been formally worked
out in [57]. Instead, here we will focus on the long-time dynamics. In complete wetting, it is
expected that generic solutions spread indefinitely, covering the whole real line with a layer of
zero-thickness in the limit as ¢ — +oo. Therefore, the long-time dynamics can be equivalently
captured by considering a power-law form m(h) = h™ of the mobility, instead of its full form

m(h) = b3 +b>~"h". Then (1.1)) reads

O¢h+ 8y(h"03h) =0 on {h >0}, nell,3), (1.10)
and we are led to consider the following free boundary problem:
Och + 0y (h”@;h) =0 for € (s—(t),s4(t)), (1.11a)
h=0 at y:Si(t)7 (1.11b)
(Oyh)? = ful£5+(1)) at y=s(t), (L1Lc)
RN 05R) = $+(t) at y = s4(t). (1.11d)

In the absence of contact-line friction (f, = 0), admits self-similar solutions 71|, which are
expected to describe the long-time dynamics of generic solutions (however, rigorous results are
available for n = 1 only [361/39,[72H75]). If fo £ 0, breaks the self-similar structure of
. Nevertheless, long-time dynamics may be inferred from the analysis of (quasi-)self-similar
solutions, where the non-self-similar part of the operator is seen as a small modulation in time.
This method has already been applied to thin-film equations for related asymptotic studies [67./69).

1.4. The model problem. We assume prototypical power-law forms of f, i.e.,
Jlo) = dgalo),  where ga(0) = max {0,]0[* "0} or ga(0) = o, (112)

and a > 0 and d > 0 are constants encoding the strength of friction at the contact line. For § = 0,
the former g, allows for receding fronts, while the latter alternative does not.
Equation (|1.11al) and the kinematic condition (|1.11d|) have two scaling invariances,

(t,y,h) — (T.t,Y, 4, H,h), where T,=Y*H". (1.13)

We use one invariance to normalize the droplet’s mass to be 2, i.e.
s4(t)
M = / h(t,y)dy = 2H.Y,. (1.14)
t)

With the choice in (1.12)), (L.11c) reads as

(8 h|y 34 ( t)) = D2ga(:|: djfi (Lz)) where D? .= dix 2x

If o #£ we may use the second scaling invariance to fix the constant D > 0 to be 1:

_4
n+3’

2—3a
dyzte dy2—se d(‘y) 4- 2-3
N2 _ * * 2 a(n+3) M <«
PP ST T e T g T =d(y)” 7 (L1)

Therefore, removing hats, we will consider the following free boundary problem with initial mass
MzQandWi‘chD:lifa;:éniJr3

O¢h+ 9y (h"93h) =0 for ye (s—(t),s4(1)), (1.16a)
h=0 at y=s+(t), (1.16b)
(%ayh)z = go(£5+ (1)) at y=s4(t), (1.16¢)
R 1O0h = 54(t) at y=s4(t), (1.16d)
s+(t)
/ h(t,y)dy = 2. (1.16e)
s—(t)

We seek even solutions, with s = s(t) = s4(t) = —s_(¢) denoting the position of the right free
boundary. Furthermore, since we are interested in the long-time dynamics, we seek solutions with
3



advancing contact lines § > 0, whence (1.12)) reduces to go($) = ($)*. It is convenient to pass to a
fixed domain by the change of variables

h(t,y)=s 'H(t,x), ==s'y. (1.17)
Then, taking symmetry into account, reads as

s"MOH — s"150, (xH) + 0, (H"02H) =0 for x€(0,1), (1.18a)
H=0 at x =1, (1.18b)
54 (D_lawH)2 = (%) at x =1, (1.18¢)
s~ HNTIH = at x =1, (1.18d)
0. H=0H =0 at x =0, (1.18¢)
/01 H(t,z)dx =1, (1.18f)

which we will consider in what follows. Note that the combination of (1.18c) and (1.18d)) yields
(D70, H)? = s*= 003 (=193 1) at x=1. (1.19)

A generic symmetric solution of problem (|1.16)) is shown in Fig. [l where we choose initial condi-
tions highlighting transient behavior and convergence to self-similar solutions for h(t,y).

1.5. Outline. It is apparent from ((1.19) that (1.18)) has a self-similar structure if and only if

4
- : 1.20
= (1.20)

In We discuss the case (|1.20)), identifying for any D > 0 a unique self-similar profile (cf. Theorem
2.2); we also discuss its behavior with respect to D and its stability. In §3| we investigate quasi-

self-similar solutions. Our analysis shows that the long-time dynamics is dominated by:

e contact-line dissipation if a@ < ’ﬂi“r?) (strong contact-line friction, §3.2): in particular, the
long-time scaling law depends on «;
e bulk dissipation if a > 7%3 (weak contact-line friction, 1‘.) leading to the same long-time

scaling law as in the case of null contact-line dissipation.

For , both dissipations contribute equally and we speak of the balanced case. A summary
of the results obtained is given in §4 which also contains their discussion and indicates further
directions. Finally, in Appendix [A] we detail the gradient-flow formulation of the problem and we
discuss how this formulation drives our numerical scheme.

2. SELF-SIMILAR SOLUTIONS

We seek symmetric and mass-preserving self-similar solutions of (1.16)) in the case when the
balance condition ([1.20]) holds. In terms of H, this translates into the ansatz

1
H(t,x)=H d s(t) = (v 1B%), = , 2.1
(t.0) = Hz) and s(t)= (B, y= (21)
n=10,a=1
1.5 T R —
- - -initial data
—t>0
— 1
=
T % N
7] {
0 1 j 7—1 T X T
-10 -5 0 5 10
Y

FIGURE 1. Solution h(t,y) of the transient problem (L.16)) with n = a =1and D =1
with (symmetric) initial data h(t = 0,y) = 22((1 + y)(1 — y) — 2(1 4 cos(my)) for
si(t =0) = +1.



where B > 0 is an unknown constant. Inserting (2.1) into (1.18), integrating once using (1.18¢])
and recalling (1.19)), we find

H I By in (0,1), (2.2a)

i — at =0, (2.2b)

H=0 at =1, (2.2¢)

(dH) = pY(Hriei)e B2 2 poa at w1, (2.2)

/ H(x (2.2¢)

where we recall that in this case D cannot be set to 1 by scaling. For n = 1, we have a %2 1 and

can be integrated explicitly to the unique solution

Hp(z) = 2821 - 22) + B2 (1 222, B=B, = 75( D+\/§+D2). (2.3)

In particular,

|5

) B1-2%2 for D=0
b 1

(1-2%) as D — oo. 24

{ =45 for D =0,

hence Hp(x
~9/D? as D — oo, o ){

DIw g

Remark 2.1. We remark that Hp for D = 0 coincides with the Smyth-Hill solution . Further
note that the profile ([2.3) was formulated already in Eq. (6.1)] and later on in [37], without a

justification of the contact-angle dynamics, that is, instead of (2.2d)) the condition =constant
at z = 1 was assumed (cf. (2.3)]).

For n > 1, the solution of (2.2)) is not explicit. However, the situation is analogous:

Theorem 2.2. Let n € [1,3). For any D > 0 there exists a unique solution (Bp,Hp) to (2.2).
In addition, Bp—g > 0, (Bp=o, Hp=0) is the unique solution to (2.2)) with D =0, and

DB§, — -3 and Hp(z)— 2(1—2*) inC([0,1]) as D — +oo.

Remark 2.3. Theorem [2.2] shows that for large, respectively small, contact-line frictional co-
efficients the evolution is controlled by the contact-line frictional law, respectively the complete
wetting regime. In addition, since s(t) ~ (y~"'B%¢t)Y and Bp — 0 as D — +00, as D — +0o0 solu-
tions approach a quasi-stationary interface shape with respect to the time-scale t”. The behavior
of Hp for varying D is shown in Fig.

4 4
— D=0 2 —_—

. ij’” A LT

T T T T

FIGURE 2. Exact self-similar solutions Hp(x) = H(z) of the ODE system (2.2)) and first
derivative df—xD for n = 1 (first two panels) and n = 2 (last two panels) with a = 4/(n+3)
shown for various friction coefficients 0 < D < oo (D = 0 with df;{—f =0at x = +1;

D — 400 with linear df—xD). Numerical solutions are obtained by shooting method.

We conclude the section with the proof of Theorem
Proof of Theorem[2.3 We rescale (2.2)) as follows:

f=idpr and H=323'H, ip:=Bw, (2.5)
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so that (B, H) solves (2.2)) if and only if (B, H) solves

an% _ for %€ (0,2p), (2.6a)
% —0 at =0, (2.6b)
(H%):(O,—DBO"%H)(O,—DBW) at & =g, (2.6¢)

/ udd = 1. (2.6d)
0

In [67, Theorem 2.1], and in |71, Theorem 1.2] for D = 0 (up to a rescaling), it is shown that the
system

unfl% —y for y € (0,y9), (2.72)
(u, ) = (0,~0) Aty =, (2.7

Yo
/ udy = 1. (2.7d)
0

has for any 6 > 0 a unique solution (y,u) = (yg,ue) (see [37, Theorem 3.2 and Theorem 3.3] for
an alternative proof of existence and uniqueness). Furthermore, yy is a decreasing function of
with 0 < yo < 00 and Yoo = 0. Note that the proof in [67] applies to inhomogeneous mobilities,
but carries over to our situation without any change of the reasoning.

If D =0, (2.6) coincides with with 6 = 0, hence Theorem [2.2/holds with (2, H) = (yo, u).
If D > 0, for any B > 0 let

4
0p := DBt

and let (yp,up) be the unique solution to with @ = 6p. Since B — 0p is increasing, in view
of the above, B — yp is decreasing from yg t0 Yoo = 0: hence there exists a unique B (whence a
unique ) such that yp = &g = B, This proves the well-posedness of .

It remains to consider the limit as D — +o00. Let p, Bp, and yp = Zp be the unique constants
identified above. By construction, they are related by

4 2
9D — DBBL+3)(71+4) and Yp = BB+4'
If by contradiction p — 6 € [0, +0c) for a subsequence D — +oc (not relabeled), then on one

hand Bp — 0, hence yp — 0; on the other hand, (2.7) would imply that yp — 7 € (0,%0], a

contradiction. Therefore 8p — 400, hence yp = B? — 0 as D — +4o00. Hence, in the limit
D — +00, it follows from ([2.2]) because of Bp — 0 that Hp(x) converges uniformly in [0, 1] to the
unique solution of

1
‘31213 =0 in (0,1), H(1)= %(0) =0, /0 H(z)dr = 1.

Hence, DB — —3 and Hp(z) — 5(1 — 2?) as D — oc. O

3. QUASI-SELF-SIMILAR SOLUTIONS

3.1. Scaling and ansatz. As we have just seen, only the case a = n%rg yields exact self-similar
solutions to . For o # niﬁ, we may nevertheless consider quasi-self-similar solutions, which
are expected to describe the large-time asymptotics of generic ones. As mentioned in this
method has been applied to thin-film equations for related asymptotic studies [67,/69]. Quasi-self-
similar solutions are characterized by ignoring the explicit dependence of H on time in ,
that is, the term 0;H is dropped while the dependence on time through s is retained. We may

then integrate (1.18al) using the boundary conditions (|1.18b)), (1.18d)), and |$| < co. Recalling also
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(1.19)), this yields

H" '03H = s"P3sx for z€(0,1), (3.1a)
H=0 at oz =1, (3.1b)
(8,H)? = s*=o ) (=193 ) at x =1, (3.1c)
0,H=0 at = =0, (3.1d)

1
/ Hdz =1, (3.1e)
0

where in View of (1.15)) we have assumed without loss of generality D = 1. The free boundary
condition ([3.1c) suggests that for ¢ > 1, i.e. s> 1, the solution is

e dominated by contact-line friction if o < 7= (strong contact line friction);
e a perturbation of the complete wetting solutlon if a> +3 (weak contact-line friction).

In the next two sections we will show that this is indeed the case. To this aim, we will use the
asymptotic expansion

s"TA(t) = 50T 4 T (1 4 0(1)), H(t,z) = Ho(z) + wH;(z) + O(w?), (3.2)

With so(t) > 1 and s1(t) < so( ) for t> 1, and w =w(s) < 1as s — oo. Under the expansion

, we obviously have from (3.1b]) and ( - ) that

Hy(1) =0, o0y =0,  Hy(1)=0, 4 () = 0, (3.3)

dz
and from ([3.1€]) that

1 1
/ Ho dx = 1, / H1 dz = 0. (34)
0 0

On the other hand, the leading order term in the contact-line condition (3.1c|) depends on the sign

of a — m This motivates distinguishing the two cases.
3.2. The case a < —' strong contact line friction. Since o < = and so > 1, using ,
at leading order the bulk equation ([3.1a)) and the contact-line condltlon are

Hgildjgo sat3s0x for 2 € (0,1) and H371d§g0 =0 atx=1, (3.5)

respectively. The two equations are obviously incompatible, pointing to the necessity of considering
the correction wH;. Therefore,

a3 H,
dr30 =0

in (0,1) (3.6)

and the leading-order terms in (3.1a)) and (3.1c]) are, respectively,

w(Hy G+ (n - 1) Hy PG ) = 5550 for we(0,1),  (37)
(d0)? = gam o d3) o (gp-t L (1) Hy 2 ) at z=1. (3.8)

Combining (3.3]), , and (3.6) yields n-independently the unique solution
Hy = 3(1-27) for =€ [-1,1]. (3.9)

On the other hand, separation of variables in (3.7)) yields with (3.6) and (3.9),

T =z (1—a2?)' in (0,1), (3.10)
n—1
w=(3)" 5575, (3.11)



where, since the expansion (3.2]) only depends on the product wH;, we were free to choose the
normalization factor of w. Now, we use

1
0

dz

1
—% (dd (2 — 1)) d(gl dz = —0- dH1 (1) + %dﬂl (0) + %/0 (x? —1) d;gl dz

giving with (3.10)),

1
ThL(0) = —C, Cr:=1 / z(z® — 3z +2)(1 — 2%)1 7" da. (3.12)
0

Thus we can integrate ([3.10]) as follows:
EI0), E12) I n
%(w) E.10.6.13 —-C1 + / ry (1 — 2 ™" day,
0
33 “
%(m) £ —Ciz + / 1 (x—x) (1= x%)l_” dxq,
0
so that with (3.3)),
1
Hy(z) = %(1 —2%) - / / Ty (x1 —x2) (1 —23) " dagdr;  for = €[-1,1). (3.13)
z JO
For n =1 we have C; = % and this solution reads
Hi(z) = 35(1 —2°) — 3 (1 —2*) = 35(1 — 2°)(1 — 52?) for ze[-1,1]. (3.14)
For n =2 we get C1 = £(5 — log2) and the correction
Hy(z) = $(1—2%) — 2(3—32% —2logd + (z — 1)%*log(1 — x) + (z + 1)*log(1 + z)).  (3.15)
Next, we compute syp and w. With help of (3.9) and (3.10)), (3.8]) takes the form

32 = sé_a(n+3)wa (%)a(nil) — w=234 (3)n ! sg+377. (3.16)

Thus we obtain
. BID g\n—1  _,_3 BI0) 2 -4
S = (5) ws = 35y @,

so that by normalizing s0(0) = 0 through a time shift,

So(t) = 31777’)/_7{7, Y= m < m (317)
because a < +3, and consequently
w(t) - 37 ( )n 1 (So(t))fl_n{(wnﬂ) _ 7177(n+4)2n7136—n—(2n+4)"1 (1 (nt4)) (3.18)

Finally, the correction s; is obtained from the next-to-leading order terms in equation ([3.1a)):

2(n+4)v-1 if v #
n+3. 2\ (3.18) —2(1—v(n+4)) nia ) O ) ify 2(n+4)’
s1T08 = O(w ) = O(t ) & st = O(log ) if = (3.19)

(n+4)
Since
s = (siH 4 21 4 o(1))) 7 = s0(1 4 O(s7H s Y), (3.20)
we have
0 muYiny) SR (14 Ot~ (+4)))  if ~ £ m (3.21)
(1+0(t~ §logt)) if’y:m. .
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The combination of (3.9), (3.13)), and (3.18]) in (3.2) yields at leading order as s — oo (or equiva-

lently ¢t — oo) the quasi-self-similar profile H according to

H(t,z) = 3(1—2%)+ Co t= U= I () + O(t_Q(l_"’(”+4))) for xe[-1,1],
02 — ,yl—’y(n+4) 27L—1 3767'”7§”+4)’Y (3.22)
where v = ;97 and H; is defined in (3.12)-(3.13). For n = 1 this equation reduces to
5(—y) ,_
H(t,x) = 3(1 —2?) + 22202 =055 (1 — 22) (1 — 52?) 4 O (¢~ 2 =57)) (3.23)
for z € [-1,1].
3.3. The case a > 1%3: weak contact-line friction. On assuming o > n%rg, separation of

variables in (3.1a]) yields, at leading order for sg > 1,
$0 = B2sy ") (3.24)

and

n—1d%H,
HO da3

for some unknown constant By > 0, whilst the condition (3.1¢) at the contact line yields

dh =9 at x=1. (3.26)

=Bz in (0,1) (3.25)

The system for Hy is complemented with the boundary conditions (3.3)) and the mass constraint
(3-4]), hence it coincides with (2.2]) with D = 0. Therefore

(Bo, Hp) is the unique solution to (2.2) with D = 0, (3.27)

(cf. Theorem |2.2| and |71, Theorem 1.2]), i.e. Hy = Hp=o is the unique exact self-similar solution
of (1.10) with zero contact angle and unit mass. Integrating ([3.24) with normalization s¢(0) = 0
then yields

so(t) = ((n+ 4)B2t) ™. (3.28)

Remark 3.1. It is to be noted that the leading-order expansion given by sy and Hy is self-
consistent. This is in contrast to the case of strong contact-line friction, where the leading-order
expansions in the bulk and at the contact line were incompatible with each other (cf. (3.5)). How-
ever, since we are interested in quantifying the correction coming from the contact-line frictional
law, we shall be looking at wH; and s; in this case, too.

At next-to-leading order for sy > 1, the contact-line condition (3.1c|) implies

_143 « ([B25) _
G = -(H T gR) = B at x =1, (3.29)
_atdn-1 _ami3) 4
w=s; 2 E2((nya)B2) 0 (3.30)

where we have normalized w conveniently since only the product wH; enters the expansion in
(3.2). Furthermore, we have used that w% has to have (strictly) negative sign at = 1 for the
expansion to make sense around z = 1 and be nontrivial. In the bulk, the next-to-leading order

terms in (3.1al),
w((n—1)Hy™? 4 Hofr) H371d3H1) =T34 for z€(0,1),

dz3 dz3

yield by separation of variables with ([3.25))

2(1—n)

w=-Cy'B; " st (3.31)

and

(n—1)zH, + f"4H = _Cyuf in (0,1) (3.32)
for some Cy > 0 without loss of generality (since the expansion only depends on wH;), where we
have defined ,

f =B, " Hy. (3.33)
9



Integrating (3.31)) using (3.30) we obtain

dsn e 4—a(n+3)

= 0w =0 =) = s?“:{g

and with (3.20]) and (3.28]) this produces

2(n46)—a(n+3)

(¢ 2oF0 ) if a #2048

: n 6
(logt) if a= 2n+3,

_ a(n+3)—4 . n
s(t) = ((n+ 4By | (1HO(7 =0507)) if a2 2055, (3.34)
(1+0(@t logt))  if a =248

Next, we turn our attention to determining H; and Cs. We distinguish three cases.

n = 1. For n = 1, an explicit integration gives (cf. (2.3)), (2.4), and (3.33))

f(z) = i4(1 —2%?, B2=45 and Hy= 1f:(l —2%)? for x€[-1,1], (3.35)
whence s¢(t) €23 (225t)%, and and reduce to
—2(a—1) . 7
— (2250)~ % ”, s(t) = (25t { (LHO0 7)) ifaz g, (3.36)
(1+O0(t " logt)) ifa=1.
We integrate (3.32) using the four conditions (3.3, (3.4), and (3.29)), leading to Cy = (45)% and
Hy = S0 (30— - 10— ) = -7 (1 - 2)(1 - 50%). (3.37)

Collecting (3.35), (3-36) and (3.37) in (3.2), at leading order as s — oo (or equivalently ¢ — o)
the approximate position of the free boundary is given by (3.36]), and the quasi-self-similar profile

H is given by

a—1 3a+42 _ 2(a—1)

H(t-’ﬂ):%(l—x?)Z_%g 5 5710 ¢ 7(1—3? )(1—51} )+O( 40— 1)).

n € (1, %) We now consider n > 1. Defining g as

Hi=-%f+g, (3.38)
we get from
(n— 1)xg + f" = =0 for x€(0,1), (3.39a)
and the boundary conditions and transform into
g=0 at x =1, (3.39b)
@ =-B at x =1, (3.39¢)
2 = at x=0. (3.39d)

Once ¢ is determined, the mass constraint (3.4]) leads to

Cy = —M. (3.40)
fo f(z)dx
In order to determine solvability of 7 we use Theorem 1.3], that is,
Cs(1 — 2)%(1 + o(1)) for 0 <n <3,
f= {02 (- log(1—2))% (1+0(1)) forn=3, asz 1, (3.41)
Cs(1— )7 (1+0(1)) for 3 <n <3,

where C3, Cy,C5 > 0 only depend on n. The asymptotics (3.41)) imply that (| - ) has no solution
for n € [2,3): indeed, for n € (2,3) from (3.39))-(3.39d) and (3.41)) we infer

by [ABRCTT (1-a) (- log(L—a) 7! form =1,
- asz /1,
—(n—1)BgC;™(1 —2)2(140(1)) forne (3,3),

in contradiction with ((3.39¢)).

e ol
wlQ

x
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For n € [1, %), we apply a further splitting according to

g=13By(1—2%) +v+uw, (3.42)

where
& — lonpag (1 - 4?) for € (0,1), (3.43a)
v=9=0 at =1, (3.43b)
qu =0 at x =0, (3.43c)

and

Lw:=n-1zw+ 4 dx3 =1-n)zv for € (0,1), (3.44a)
w=92=0 at x =1, (3.44b)
dw =0 at = =0. (3.44c)

We first construct a solution to (3.43]). We have

I3a T (1 — a2
0

do® (f(z1))"
dv n—1 pa /I o 1‘2(1 _ J}%)
et _-2=2B =2 drydxy + Cg
- 270 ) o flaa)ym 2 ¢
r — 1—22)
:_L—lBa/ za(x 1,'2)( Y dzo + C z,
270 ) (f(z2))" 2

o EED ni pa /1 el -2y (l+e) (;Ef)()lf ?) 4a,

so that

T _ 1 2
g n— 1BO / / IE 1’2 ( 1’1) dIQ dIl - %(1 - 12)~ (345)

2 )n

Notably, in view of (3.41]), (3.45) only ylelds a well-defined solution for n € [1,2). Lastly, in order
to find the solution of (3.44)), we use

1 1 1
/ x 7w (Lw)dx = (n—l)/ x2f_"w2dx+/ xwd“’dx
0 0 0

1 1 1
B.220) (n—l)/o xzf_"w2dx—/0 wdwdx—%/o x%(%’)zdx
1 1
(n_1)/ x?f*"deHg/ (4)%dz >0 forall w#0.
0 0

This proves coercwlty forn € [1 , so that the Lax-Milgram theorem yields ex1stence of a umque
solution to (3.44). Together with (3 1) this yields existence of a unique solution g to (3.39)), hence
of a unique H 1-

n € (%, 3). The afore-mentioned non-existence of solutions to (3.39) for mobility exponents

n € [%,3) entails that the ansatz (3.2) breaks down for this range of mobilities in the regime
of strong contact-line friction o > ni”. This necessitates a matched-asymptotics approach in

which we distinguish between outer and inner region. Since the case n = % contains a logarithmic

resonance (see ([3.41)), we only concentrate on the range n € (2,3) in what follows.

With Hy and sg given by (3.27) and (3.28)), respectively, it follows from the previous analysis
that s = sp(1+0(1)) and H(t,x) = Ho(z) in the outer region (whose extent is to be determined).

Near z = 1, from (3.33)) and (3.41)), we infer for n € (2, 3) that
Hy=CsB (1—9;) (14 0(1)) for 0<l—-z<k1, (3.46)

where more precisely

Cs = (2(2—1)2—2)) ™. (3.47)

11



In the inner region x 1, we use the traveling-wave ansatz
H(t,z) = sFin(§) §=s(1—-x). (3.48)
Inserted into ([1.18a) with s = so(14+0(1)), this gives, after an integration using (1.18b)) and (1.18d)),

Eﬁ_ldsg" = =50 for &> 0. (3.49a)
The boundary condition (|1.18d)) is then automatically satisfied; the conditions (1.18b]) and (|1.18c)

translate into

Fu=0 and (%)% = (3)° at £€=0, (3.49b)
and are complemented with the condition
s 0 as £ —oo for §<n<3, (3.49¢)

which in view of ([3.46|) is required for the matching to the outer solution Hy. Well-posedness of
(13.49) may be obtained using the strategies in or , where related problems were considered.
Here we sketch the application of the argument in to the present case. For £ < 1, a one-

parametric solution family to (3.49a)) and (3.49b)) is given by

N A4S (1-n)
26— o 44 g2 +hot) forn#2
Fiu(€) = (QO ¢~ mEmE ¢ ) 72 EN0, am€R (3.50)
5¢ (5 + 50752 log & + ainé? + h.o.t.) forn =2

where h.o.t. denotes higher-order terms. For £ > 1, a one-parametric (plus translation) solution
family to (3.49a) and (3.49¢)) is given by

Fin = 5§ (C56% + b€ +hoot) for 2 <n<3 asé— oo, by€R (3.51)

Therefore, for % < mn < 3, (3.50) and (3.51) define two two-dimensional solution manifolds
(with parameters (§,ain) and (§,bin), respectively) of the three-dimensional dynamical system

1 2 1 . . . . . . . . .
(Fin, dé%, d d?z‘“ ): their intersection is the one-dimensional solution curve determining a;, and b,

and defining the solution to ((3.49).
In terms of z, expansion (3.51)) translates at leading order into
1 nt3
H(t,x) B9 soFin = 8§ 5™ Cs(1 — a:)%(l +0(1)) for s'<l—2z<1. (3.52)

For s > 1, expansions (3.46) and (3.52) thus have an overlapping region, s™! < 1 — 2 < 1:
matching them yields

1 s 2
S¢S ™ Cs = Bél Cs,

which is fulfilled because of (3.24). Since

3.50) - 3.2 4—a(n+3)
soFm B0 235 (1 _ 2y (1 + o(1)) B2 Bos = (1~ ) (1 + o(1))

4—a(n+3)
B ((n+4)B2t) T (1 - 2)(1+ o(1)) for 0<1-z<s,
we conclude that H(t,z) = Ho(t,z)(1 + o(1)), where
- Hy(x) for 1 —z > st aln+3) —4
Ho(t,z) ~ _ 1, g=""T0 "0,
o(t,2) { B§ ((n+4)BEt) 6(1755) for 1 —z < s7 1, i b 2(n+4)

(3.53)

4. CONCLUSIONS AND OUTLOOK

We have obtained an asymptotic description of the long-time dynamics of solutions (H,s) to
(1.18)). This translates back to the original height via h(t,y) = s~ H(t, s~ 1y) with support (—s, s).
In the balanced case, a = %_H,’, we have shown that ([1.18]) admits for any D > 0 a unique
self-similar profile, determined by , and s scales like £7+3. Both profile and speed depend on
D, the profile ranging from the zero contact-angle one for D = 0 to a parabolic shape as D — +oc.
Numerical solutions to have been provided in Fig.

A very interesting question concerns stability, i.e., the convergence of solutions H of
to the self-similar profile . This issue has already been raised in §6] and §8] in

12



n=10,a=1 n=20a=4/5
2] - - -initial data 2 - - -initial data |

height
height

FIGURE 3. For D =1 and n =1 (left) or n = 2 (right), the solution H(t, ) to (1.18) for
increasing times 0 < ¢ < oo (blue lines, time increases along arrows) with initial datum
H(t=0,2) = L((1+)(1 — ) — 2(1+ cos(nz)) (red dashed line), compared with the
exact self-similar solutions Hp(z) to approached as t — oo (red dotted line).

a similar context and could be faced, starting from n = 1, either by energy-entropy methods
, by studying global-in-time classical solutions for perturbations of special solutions like
a self-similar profile , a traveling wave , or an equilibrium-stationary solution
. In the three latter cases, the difficulty lies in finding suitable estimates for
the linearized evolution of perturbations. Unlike in the case of the Smyth-Hill profile , this
linearization does not carry an apparent symmetric structure, which is why the linear analysis is
presumably more involved. Fig. 3] provides numerical simulations supporting convergence in the
balanced case for n =1 and n = 2.

4

For strong contact-line friction, o < )

H and s obey the asymptotic

H(t,x) = 3(1 —2%) + Cot= 7D [ () 4 O(+7 200Dy for w e [-1,1],  (4.1a)

1y 1 + O t—(l—’y(n+4)) 'f #’

s(t) =372 4 7t7 ( ( _1 ) 1 7 2t (4.1b)
(1—|—O(t 2logt)) 1f7:m,

where H; and Cy are defined in (see (3.12)-(3.13) and (3.22)), and

Hi(z) = 155(1 — 2%)(1 — 52?) if n=1

The leading-order profile is a parabolic one, with finite non-zero contact angle, and coincides with
the exact self-similar profile in the limiting case D = oo (§2). In other words, Hp — Hy as
D — oo. In addition, the evolution of the contact line, as given by , is slower than the
standard one and is dominated by the contact-line frictional exponent «. Therefore, for a < 7%3
contact-line friction dominates the long-time dynamics uniformly in space and time (Fig. @ first
column). Notably, the correction Hj, which is dictated by attaining the dynamical contact-line
condition, is not localized near the contact line, but rather propagates throughout the solution’s
support (Fig. [5| middle and right).

For weak contact-line friction, a > %H’ the leading-order dynamics instead coincide with the
zero-contact-angle ones in terms of both profile and speed, in the sense that

H(t,x) = Ho(z) and  s(t) = ((n+4)B2t) ™ (4.2)

where (By, Hy) is the unique solution to with D = 0. In other words, Hy = Hp—o is the unique
self-similar profile of with zero contact angle and normalized mass (Fig. EI, second column).
Our results on the corrections turn out to depend on the mobility exponent n: if n € [1,3/2) we
find a global estimate as above, in the sense that

a(n+3)—4

H(t,x) = Ho(x) + ((n+4)B2t) "Hy(x) + O(t™%), B = S TCEwi (4.3a)
_ o ) (1+0077) if a #2055,
s(0) = ((n+ DB31) {(1 +O(t 'logt)) if a = 22—% (4.35)

13



n=10,a=1/2 n=10,a=2
2 N - - -initial data

n=20a=2

FIGURE 4. For D = 1 and n = 1 (top) or n = 2 (bottom), the solution H({,x) to
for different ¢ (blue lines) with initial datum H(¢t = 0,z) = 2 ((1 +2)(1 — z) —
2(14cos(wz))) (red dashed line) for strong contact line friction o = 1/2 (left) and weak
contact line friction o = 2 (right) compared with the exact self-similar solutions Hp(x)
to approached as t — oo (red dotted lines, with D — o for a = 1/2, cf. Theorem
and D = 0 for a = 2). Note that for a = % solutions go slightly above the graph
of Hp before relaxing (a manifestation of the lack of a comparison principle). The time
evolution is indicated by dark gray arrows.

2.5 n=2.0

= . —a=1/2n=1 15 e +H(z)

R —a=2n=1 —a=1/2

E a=1/2,n=2 1 o=

<.-41'5 = ™ 05

| 1 QO QO 0

%0.5 05

= | 4l 7 ‘

107 10”2 10" 10* -1 0.5 0 0.5 1

t x T

FIGURE 5. Convergence of the correction to the self-similar solution, where (left) we show
the L' norm of the difference between C(t,z) = (H(t,z)— Ho(x))/|H(t,) — Ho(-)|oo and
the theoretically predicted, normalized correction +H1(x)/|H1(+)|so. For comparison, in
(middle) and (right) we show C(t, z) at ¢ = 200 for n = 1, respectively n = 2. Corrections
C' (colored) are compared with theoretically predicted ones (dashed/dotted), when the
latter are available.

where Hi(x) is uniquely determined in On the other hand, if n € (3/2,3) we are only able
to qualify a local correction:

H(t,m)w{

It is apparent from our numerical simulation (Fig. |5} right) that the correction should consist, also
in this case, of a globally defined function H; and s; as in (4.3]), with the same time exponent [;

however, at the moment this is left as an open question.
14
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FIGURE 6. Convergence to self-similar solutions observed in the long-time behavior
s(t) ~ t7 of numerical solutions to for mobility exponents n = 1,2, where (left) we

llgii approaching the predicted v (black dotted
line) for n = 1 and (right) we show the evaluation of the logarithmic time-derivative at

t =107 for various o and for n = 1,2 compared to the theoretical prediction.
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FIGURE 7. Time correction, in the form £ (¢t77s(t)) versus ¢, for numerical solutions to
(T:18), shown using full lines for strong contact line friction n = 1, a < 1 (left), weak
contact line friction n = 1, a > 1 (center), and strong contact line friction n = 2, « < 4/5
(right). Dashed lines are the corresponding theoretical predictions.

As in the balanced case , a rigorous stability result is expected to hold for o # %_H,’ and would
be interesting to be pursued, showing convergence of solutions H of ([1.18]) to the corresponding
Hy. In this respect, Fig. [4] and [6] provide numerical simulations supporting convergence, and Fig.

and [7] numerically validate the next-to-leading-order corrections to the macroscopic profile Hy.

A final remark concerns dependence on the contact-line frictional coefficient d (cf. (1.12))), which
we could scale out. Let s, be the asymptotic position of the free boundary of the solution to (|1.16|)
with D =1 and M = 2, as given by (4.1b)) and (4.2)). Keeping mass equal to two, but for a generic
d > 0, the asymptotic position of the contact line in the original equation (1.11)) is given by

1.14] T.13) — 5 (15
s(t) = Yus (T, 't),  where H, y, ! T, " AT, =
yielding

1 m

((n+4)B2t)™* if a > ﬁ_?)

This shows that in the strong case, as expected, larger frictional coefficients d yield slower speeds;
notably, however, in the weak case the leading-order asymptotic speed in (1.11)) is instead oblivious

of both a and d, hence universal.

31_777*%17#%7 if o < 2
s(t) ~ as t — 4o0.

APPENDIX A. THE GRADIENT-FLOW FORMULATION AND ITS DISCRETIZATION

A.1l. Gradient-flow formulation. Problem ([1.11) and its discretization are based on a gradient
flow formulation for the height h and the wetted area {h > 0} = (s_, s4) as in (1.2)). The gradient
15



flow

h = —8,%* (h, DE[h]). (A1)
is formally defined in terms of the energy £ in (|1.5)) and the dual dissipation potential
1 1
W (hy) = = / m(h) (9,m)2dy + / men(9,h) Cds, = (m,0), (A.2)
2 Jinsoy 2 Jath>o)

where ¥*(h,0) = 0 and ¥* is convex in the second argument. The bulk mobility m and the
contact-line mobility m¢, are non-negative functions, which in the case of (1.11)) are given by

m(h) =h"  and mCL(z):d%|z|%. (A.3)

The first term in ¥* encodes the standard dissipation of the viscous fluid with nontrivial slip
boundary conditions, whereas the second term encodes the extra dissipation at the contact line
y = S4. This formulation relies on the formal assumption that for fixed time there exists a
representation of the dual force n = (7 : {h > 0} — R,{ : 9{h > 0} — R) such that

(n, h) = / mhdy +/ Chds for any rate h(t) : {h > 0} = R. (A.4)
{h>0} o{h>0}

Using this representatiorﬂ one identifies n with (n,7) = (DE[h], V) in a weak formulation, i.e.,

1

/ o dy +/ Cvods = / Oyh 0,0 dy +/ ((0yh)* + (—29))v ds.
{h>0} 8{h>0} {h>0} ath>0y 2|0y
(A.5a)

Testing the gradient flow (A.1]) with ;7 = (7, ¢) and using (A.2)) gives (7, h) = (7, —0,V*(h,DE[R])),

or in full detail

/ ht dy + / hds = — / m(h) Oy dy7 dy — / meL(0y,h)¢Cds.  (A.5b)
{h>0} 0{h>0} {h>0} 0{h>0}

We seek (h, 7, ¢) that satisfy (A.5) for all test functions (v, 7, (). By testing this weak formulation
with (9, 7,¢) = (h,,(), we can deduce the energy descent

HEm®) = ) =—( [ miw) @, dy+ [

mew(9,h) C2 ds) <o0. (A.6)
{h>0} 0{h>0}

Additionally, the solution h(t,y) and the contact line sy (t) satisfy the kinematic condition

Lh(t,55(0) = h(t, 52(0) + 52(00,h(t, 5(1) =0, (A7)

which we can use to reconstruct the boundary velocity and evolve the domain {h > 0} and the
solution h. Using integration by parts and assuming the solution is smooth enough, from
we identify 7 = —92h and ¢ = m((—QS) — (8yh)?). Using we can recover the general
evolution of h and {h > 0}. We will now focus on the complete wetting case, S = 0. Then the
thin-film dynamics are governed by

h = ,(m(h) d,r), T =—02h in {h >0}, (A.8a)
h=—5:0,h = —me(9yh) ¢, ¢ =—-10,h| on d{h > 0}. (A.8b)

with natural boundary conditions for 7 in (A.8a)). Assuming (A.3)), at the contact line 9{h > 0}
we get for positive speeds (which are of interest to us)

h=2d"= \8yh|% (3lhyl), or equivalently $4 = +d = |8yh|% at 0{h > 0}, (A.9)

which coincides with (1.12]). The Ren-E model with quadratic dissipation has « = 1; for a derivation
from the Stokes problem see [66].

1For dual forces 1 that do not admit such a representation, we formally set U*(h,n) = oco.
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A.2. Discretization. The weak formulation is discretized using a standard finite element
discretization in space. In the derivative of the energy, we replace d,h by d,h + 7d,h in order
to achieve a semi-implicit treatment of the highest-order derivative in the time-discretization, a
standard method in higher-order parabolic equations. For given h, we seek (h, 7, () using P finite
elements defined in {h > 0} and on {h > 0}, respectively, and solve

/ v — 7 dyh 8,5 dy +/ (vds = [ 0Oyh 9yvdy —|—/ 110, hlvds, (A.10a)

{h>0} 0{h>0} {h>0} 0{h>0}

/ ht dy + / hlds=— [ m(h) 9, 8,7 dy — me(0yh) ¢C ds. (A.10b)
{h>0} o{h>0} {h>0} 9{h>0}

where in the numerical scheme m = m(h) and mq. = me (Oyh) are evaluated explicitly from the
previous time step. Now, we introduce an arbitrary Lagrangian-Eulerian method by constructing
a mapping & : {h > 0}(tg) — {h > 0}(¢) using the linear construction

s .
€lt.) = Sy (= s 10) +5-(0) (A1)

which allows to define the function H(t) : {h > 0}(to) — R via H(t,y) = h(t,&(¢,y)). By construc-
tion we have H(t,s4(to)) = 0 and correspondingly 0,H = 0 at the fixed contact line y = s4 (o).
For the time derivatives we have H(t,y) = h(t,&) + d,h(t,£)E. The knowledge of h from the
solution of and the boundary condition H = 0 entirely determine the time derivatives H
and the mapping €. Note that, for a moving front, Oyh = 0 at 9{h > 0} is not an issue for the
application of P; finite elements, since on the last element connected to s, yields a possibly
small but nonzero value of |9yh|. In the reference domain we can update both the height function
H(t+7,y) = H(t,y) + TH(t,y) and the map &(t + 7,y) = £(t,y) + Té(t, y), which uniquely deter-
mines h(t,y) on a moving domain. A similar approach for partial wetting is studied in [66] and
higher-dimensional extensions are discussed in [77].
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