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Abstract

In the context of reservoir engineering, determining the ideal strategy, in order to
get an optimized oil production, is one of the most sought after objectives. Tak-
ing into consideration the fact that we are currently living in a world dominated
by the pursuit of fast and accurate results, what we are trying to do, is to come
up with the most accurate production strategy in the shortest amount of time. A
standard production optimization implementation requires numerous model runs
during the course of the optimization process. A practical reservoir model contains
thousands, if not millions of grid blocks, that in turn contain multiple parame-
ters. Running this kind of model several times results in quite a time consuming
endeavour. Then the main problem that this study addresses is: how can the com-
putational cost for the optimization process be reduced in such a way that it still
provides sufficiently accurate optimization results. One way to tackle this problem
is by reduced-order modelling procedures, seen as an alternative to the classical gra-
dient based approach, in which the adjoint of the tangent linear approximation of
the forward model is replaced by the adjoint of a linear approximation of a reduced
forward model. Proper orthogonal decomposition is used to compute the reduced
model, by using the reduced adjoint, the gradient of the objective function can
be approximated and the maximization problem can be solved in a reduced space.
This work researches the viability of performing production optimization based on
model-order reduction, by comparing several aspects of the implementation with
similar aspects of Ensemble Optimization, a already well known way of solving the
production optimization problem, that computes the gradient information from an
ensemble of model realizations. The conclusion on whether this method is suited for
practical applications is drawn after the analysis of aspects such as computational
cost, accuracy of the results and implementation difficulty, which were compared
with EnOpt first on a simple 2D reservoir model and then on a more complex 3D
reservoir model.
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Chapter 1

Introduction

About ninety million years ago, in a period call the late Cretaceous when dinosaurs
still roamed the earth it was a period of extreme global warming. As continents
drifted apart, ocean water flooded the rifts that were forming and algae were thriving
in the newly formed seas. The algae died and fell in the bottom of the rifts and over
a long period of time sediments, washed by rivers, covered the organic material.
As the sediment layer grew so did the pressure and heat until a chemical reaction
transformed the organic material into hydrocarbon fossil fuel. Our modern way
of life is entirely dependent on these fossil fuel, but most of the population in
developed countries takes this for granted. Since 1860 geologist have discovered
over two trillion barrels of oil and since then the world has used approximately
half. At first the oil was easy to find and cheap to extract, but for a oil well is
only a matter of time until the production values start to decline. This means
that the reservoir production has peaked and from that point on the production is
permanently declining.

Looking at the rate of discovery for new oil fields we can see a clear and constant
decline. In the past, for every six barrel of oil discovered we consumed about a
barrel, now we have reached the point when for every barrel of new oil discovered
we consume three to four barrels of oil. Combining this with the fact that modern
society is not yet ready to satisfy its energy needs by using alternative energy sources
like solar, wind nuclear or geothermal. We come to the logical conclusion that new
optimized production strategies need to be developed and implemented in order to
stop or keep current oil reservoirs from peaking in production to early. Also we need
to produce as much oil as possible, until a solution to the energy need is found. One
such production strategy is known as water flooding, which is the secondary recovery
phase in the reservoir life cycle. Water is injected through water injection well in the
reservoir in order to re-pressurize the reservoir and to produce more oil. The other
parts in the reservoir life cycle are, the primary recovery phase, which represents
the initial reservoir production under the natural pressure difference between inside
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2 Introduction

the reservoir and the well pressure, this phase usually takes several years and yields
around 20-30% recovery. The tertiary recovery phase or enhance oil recovery phase,
gas, chemicals or steam are injected to alter the fluid’s properties and wash the
rock. For example during steam recovery steam is injected to alter the viscosity of
the oil and make it flow more easily.

The optimization of the water flooding stage is the main objective of this thesis.
The optimization is done with the help of a model order reduction optimization
method (MorOpt). Computer simulations are now performed routinely for many
physical, chemical and other processes, and virtual design environments have been
set up for a variety of problem classes in order to ease the work of designers and
engineers. In this way, new products can be designed faster, more reliably, and with-
out having to make costly prototypes. Originally, Reduced Order Modeling (ROM)
or Model Order Reduction(MOR) was developed in the area of systems and control
theory, which studies properties of dynamical systems in application for reducing
their complexity, while preserving their input-output behavior as much as possible.
In the oil and gas industry ROM techniques provides a computationally efficient
prototyping tool that replaces large scale models with approximate reduced order
models, that are capable of capturing the essential dynamical behaviour and also
preserve critical properties of the large models. A good model reduction technique
will try to focus on the necessary information and ignore irrelevant information that
comes from the high order model. One of the main reasons for using model reduc-
tion techniques is computational speed-up of simulation time. As a consequence of
this simulation speed-up, a simulation might finish in hours instead of days which
is customary for some reservoir cases, then re-evaluation of method which prior
were considered too computationally expensive can be done or improve results by
allowing for more simulations.

1-1 Literature Review

The aim is to optimize an objective function with respect to the control values, dur-
ing the water flooding operations. There are several ways to accomplish this goal.
One is the simultaneous perturbation stochastic approximation (SPSA) which is an
alternative gradient based algorithm where an approximated gradient is calculated
using a stochastic perturbation of all parameters together, which was proposed for
use in the recovery optimization by Wang et al. (2009). Another way to realize
the goals of production optimization is by employing a method, known as "en-
semble optimization", that uses an ensemble of control variables and computes the
cross-covariance between the control variables and the objective function, which
can successfully be used as an approximation of the gradient. It was first pro-
posed for recovery optimization by Lorentzen et al. (2006) where it was shown
that the limitations of optimal control could be avoided, given the fact that ad-
joint equations are not needed and the model equations are treated as a black box.
This is a powerful technique, and was refined by Chen et al (2009), where it was
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1-1 Literature Review 3

shown that it can be an integral part of closed-loop production management. A
method that could be considered an alternative to these two previously mentioned
methods is the model-reduced production optimization method. It was proposed
by Vermeulen and Heemink (2006) and avoids implementing the adjoint model of
the tangent linear approximation of the original nonlinear model. The method is
based on the fact that the adjoint of the tangent linear approximation of the orig-
inal forward model is replaced by the adjoint of a reduced linear forward model,
using this reduced adjoint the gradient of the objective function is approximated
and the maximization problem is solved in the reduced space. In this approach, the
Proper Orthogonal Decomposition (POD) method is used to obtain an approximate
low order version of the tangent linear model. In the POD method, introduced by
Karhunen and Loeve (1964), the subspace on which the projection is done is con-
structed by processing data obtained from numerical simulation of the full order
model. The information obtained from the numerical simulations are expected to
contain significant insight on the dynamic behaviour of the system. The high-
dimension equations are projected onto the low-dimensional subspace resulting in a
low dimensional model. Vermeulen and Heemink (2006) use the POD method in a
somewhat different manner when doing the state space reduction applied for ground
water flow problems. Analysing the results, a significant computational advantage,
can be observed. Later a similar method was used for production optimization J.
van Doren (2006) and history matching M.P. Kaleta (2011).
Since the reservoir models are described by a nonlinear system of equations, it be-
comes more difficult to solve the optimization problem, than in the case of a linear
system. The difficulties appear in the implementation of optimization methods,
as well as in the chance of finding the global optimum. Well known methods to
solve this problems are iterative gradient-based optimization techniques, where the
gradient is calculated by the so called adjoint method. The problem for these types
of methods is the implementation, this is due to the complex form of the reservoir
model equations. This results in a tremendous implementation effort to obtain the
adjoint model and the sensitivities of the model with respect to the controls. Usu-
ally in reservoir models, the Jacobian matrices of the system are available because
they are used in a Newton-Raphson time step iteration during reservoir simula-
tion. Even so, the implementation of the adjoint equations, required in gradient
calculations is a considerable programming effort, which also requires access to the
simulation code. This is not something that can be easily obtained for commercial
reservoir simulators, it also implies that there is a strong need for gradient-based,
but adjoint free optimization methods. MorOpt, the optimization method studied
for this work, fulfils exactly these needs, and represents a gradient-based, adjoint
free optimization method that works with the reservoir simulator as a black box.
The approach studied obtains a reduce-order approximation of the tangent linear
model by projecting approximate derivatives of the full order model. Then due to
the linear characteristic of the reduce-order model, the corresponding adjoint model
is easy to obtain. The gradient of the objective function is approximated and the
maximization problem is solved, in the reduced space. The procedure can be it-
erated for the updated controls if necessary, to look for farther improvements of
the control vector. Also from the numerical experiments results, we will see that

Master of Science Thesis Dan Sava



4 Introduction

MorOpt proves to be a fast optimization method, with respect to the number of
times the reservoir simulator is required to run in order to get a final optimized
control vector. Also it is considerably less difficult to implement than a classical
gradient based method that requires the presence of the adjoint.

1-1-1 Parametrization

When dealing with a gradient based production optimization algorithm, the gra-
dient of the objective function with respect to the controls is required. Using the
adjoint based method it can be calculated by one solution of the reservoir model
and one solution of the corresponding adjoint model independently of the number of
controls. For production optimization the control parameters represent, particular
injection rates at specific times during the life cycle of the reservoir. The number
of controls is computed as the product of control steps and number of wells, this
means it grows with the scale of the problem. The object of parametrization is to
try and express the model control parameters using a smaller number of control
parameters. This is done while preserving the important geological features in the
new parametrization. Further two parametrization methods are briefly discussed
for potential application in reparametrizing the control space of the production
optimization problem.

Discrete cosine transform

This method originates in the image processing field and is seldom used as an
image-compression standard. It was applied by Jafarpourt and McLaughlin (2009)
for parametrization of a permeability field, in a history matching problem. Using
this approach, from a production optimization problem, one would express a control
vector as a linear combination of predefined basis functions weighted by uncorre-
lated random coefficients. The basis function are defined as cosine functions. The
total number of basis function is equal with the number of control values. If the
control vector was known only the basis function with the highest coefficients in
the expansion would be retained, which in turn would reduce the number of control
parameters. Dealing with the fact that the optimal control vector, is unknown, it
is not possible to identify the most relevant basis functions, by ordering the coef-
ficients. This posses problems when implementing this parametrization technique
for production optimization problems.

Karhunen-Loeve expansion

The Karhunen-Loeve expansion (Karhunen (1946), Loeve (1946)), is a powerful
parametrization approach that has been very well studied for history matching. It
has been applied for permeability and porosity parametrization by Gavalas et al
(1976), Reynolds et al. (1996). Using this approach in production optimization,
each control parameter can be expressed as a linear combination of deterministic
basis functions weighted by uncorrelated random coefficients. The basis functions
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1-2 Chapter Outline 5

are defined by the eigenvectors of a specified control covariance matrix and are
obtained by solving a eigenvalue problem. In order to reduce the eigenvalue problem
the covariance matrix can be approximated by the sample covariance. In such a
case the parametrization depends on the given data. Usually only the eigenvectors
that correspond to the largest eigenvalues are used. The eigenvectors that are not
used correspond to the shortest correlation lengths present in the sample.

1-2 Chapter Outline

The second Chapter of this thesis presents the closed loop reservoir management, as
an essential part in increasing the maximum output of an oil reservoir. Chapter 3
describes the reservoir flow model used when building the mathematical models that
simulates what is happening deep inside the reservoir. Chapter 4 focuses on Model
Order Reduction, describes the motivation and theoretical part behind the method.
The implementation of the method is described in Chapter 5, which also contains the
description of Ensemble Optimization another gradient-based optimization method.
Chapter 6 presents results obtained from numerical simulations done on a simple
2D grid model and a more complex 3D grid model.

Master of Science Thesis Dan Sava
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Chapter 2

Closed Loop Reservoir Management

When dealing with oil reservoirs, the initial geological model is a physical represen-
tation of the underground reservoir. This representation is based on accumulated
knowledge from geology, exploration wells and seismic data. All of these are com-
bined to form a numerical model which is typically very complex and detailed,
containing sometimes millions of grid blocks. For each grid block of the model,
most of the time two parameters are defined, permeability and porosity. These two
parameters are essential for the next phase of the construction of the numerical
model for the reservoir, which is describing the flow through the reservoirs and into
the production wells. This description is done with the help of partial differential
equations, which are based on the mass balance law and Darcy’s law combined with
initial and boundary conditions. These equations form a complex set of coupled
equations. Using numerical methods, model variables, such as pressures and satu-
rations of phases or accumulations of components, can be calculated at discretized
time on the space domain.

Using the prior model, predictions regarding future performance of the reservoir
can be made. If predictions appear to be economically profitable, the reservoir goes
in the filed development stage. During this phase the main objective is to maximize
the expected profit. For this maximization to be possible, a numerical model is
used, which is expected to mimic as close as possible the processes that are taking
place in the reservoir during the production phase. In the best case scenario the
numerical model fully describes the behaviour of the reservoir system, in which case
an optimal operational strategy can be found by maximizing an objective function
representing the net present value (N.P.V).

Most unfortunate is that a numerical model can only describe the reality in a
broad way. This may be caused by several things, from which worth mentioning are
the following: the processes that are occurring in the reservoir are far too complex
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8 Closed Loop Reservoir Management

Figure 2-1: Closed-loop model-based reservoir management (Jansen et al 2009).

and the fact that they are happening deep underground where simple observations
cannot be performed only worsens our ability to come up with accurate models for
them. This unreliable understanding of the processes that are taking place in the
reservoir, to a certain degree, can be implemented as model error. One other thing
that can cause a numerical model to provide a inaccurate representation of reality
comes from the fact that rock properties, such as porosity and permeability, ap-
pear to be poorly known. These rock properties map to inaccurate flow equations.
One way to deal with these errors is to implement them in the model as uncertain
parameters. Ignoring these uncertainties and just simply assuming that the prop-
erties are correct may lead to erroneous predictions and wrong decisions. During
the production phase, data from the production wells is collected and compared
with the predicted production from the numerical model. A difference is always
noticed between these two elements, because as previously mentioned the model is
just a crude approximation of reality. This means that the numerical model needs
constant adjustment so that it can be closer and closer to reality. Measuring the
well data together with the numerical simulations from the model can be used to
improve the model and increase the recovery from an oil field.

In recent years the development of closed-loop model-based reservoir manage-
ment, in the oil industry, has brought together the procedures for model updating
and production optimization. It has integrated the two concepts into one structured
approach to provide real time reservoir management Jansen et al (2009). Figure
(2-1), presents the main ideas behind the closed-loop reservoir management through
a flow chart representation. The system box represents the reality, in the form of
the reservoir with wells, facilities and sensors. The system is controlled by a number
of inputs which are located in the wells and also influence the flooding process. The
input that reaches the system is known to a limited extent due to the unknown reser-
voir properties which are indicated by noise in the Figure (2-1). Production data is
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2-1 Data Assimilation 9

monitored via an array of sensors located in the wells, or by additional seismic data
gathered all over the reservoir. The measured data is assumed to be contaminated
with measurement errors, again these errors are represented by noise in the Figure
(2-1). The system and sensors models box represents the model equations that
are supposed to mimic reality and provide a forecast of the production rate. The
multiple boxes represent the possible geological models of a given reservoir. These
models are created after a detailed analysis of the available data and then they are
up-scaled. The figure contains two loops, one red and one blue. The loops represent
two processes, the "red loop" represents the data assimilation process while the "blue
loop" represents the production optimization process. Compared to the standard
approach of performing either production optimization or data assimilation, what
the closed-loop model-based reservoir management does, is that by combing data
assimilation with production optimization it improves overall oil production. The
idea is that when production data is available, this data, via the data assimilation
loop is used to update the model parameters, resulting in a more accurate model.
The assimilation is then followed by an optimization loop, "blue loop", that uses
the new updated model or models to provide the updated optimal strategy for fu-
ture production. The procedure is supposed to be iterated every time new data is
available.

2-1 Data Assimilation

Data assimilation combines information from the numerical model and the infor-
mation present in the observations, as well as taking into account the uncertainties
that come from the observations and the model to provide more realistic results.
Applications of data assimilation can be found in various fields such as, groundwater
flow, meteorology, oceanography, and petroleum engineering. Data assimilation can
be used in any filed where the existing numerical models do not provide an accurate
description of reality. This happens because physical properties of the system are
hard to observe, understand and ultimately describe in a numerical way.

In the petroleum engineering data assimilation is regarded as history matching and
its main focus is to adjust the model parameters. These model parameters are
plagued with uncertainty, they usually refer to rock properties such as porosity
and permeability, but might also refer to fluid properties such as viscosity and
relative permeability. An initial characterization of the reservoir is based on wellbore
and logging data that are interpolated to give regional descriptions of uncertain
geological properties. The uncertainty in the those parameters directly translates
to model uncertainty. History matching improves the geological model by using
subsurface and down-hole production data, represented by flow rates and bottom-
hole pressures. Looking at history matching as an optimization problem, what it
does is it minimizes an objective function that represents the differences between
the model prediction and the observed production data.
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10 Closed Loop Reservoir Management

Over the last few decades, in which history matching has been investigated, sev-
eral algorithm that tackle this problem have been developed. They can be cat-
egorized into four groups: gradient-based algorithms, Kalman filter algorithms,
streamline-based algorithms and stochastic algorithms. All these algorithms have
positive and negative parts to them regarding aspects such as: computational effi-
ciency, implementation complexity, assumptions on the flow model, the capability to
support complex geological constraints and the sensitivity to local optima. Two of
the four types of the algorithms used in history matching will be described, gradient
based algorithms and Kalman filter based algorithms. These were chosen because
they manage to provide the best accuracy versus computational cost ratio.
The gradient-based history matching algorithms represent a particularly efficient
class of history matching methods, that involves calculating the gradients of the
objective function with respect to the model parameters, by solving an adjoint
or co-state problem. So in the adjoint approach, the history matching problem
is treated as an optimal control problem, in which the control variables are the
unknown model parameters and the objective function is minimized subject to the
constraint that the state variables obey the prescribed reservoir model. The adjoint
approach in most cases is very efficient from a computational stand point. A single
simulation of the reservoir model is required for one gradient calculation when the
adjoint is available.
The Kalman filter method was proposed by Kalman in 1960, and it represents
a recursive method that estimates the state of a linear dynamical system from a
series of noisy measurements. It is assumed that both the initial state vector of
the system and the measurements vector are riddled with uncertainties. Using the
model equations, a prediction of the state is computed in what is called the forecast
step, this is done up to the moment new observations are available. In the analysis
step, an estimate of the state and its uncertainty is calculated by taking into the
account the available observations. The correction is done using the Kalman gain
matrix which is a matrix of weights that represent the combination of information
from the uncertain observation data and the information from the uncertain model
state. The method assumes an independent Gaussian world as the reality. This
means that the measurement noise is independent in time, there is no correlation
between model noise and measurement noise and that the measurement noise has
Gaussian distribution. Under all these assumptions the conditional probability is
Gaussian and is fully characterized by the first two statistics, the mean and the
covariance.

2-2 Production Optimization

During the production optimization phase of the reservoir management process,
one tries to identify the best position of wells and a configuration of controls that
would provide a maximized production from the reservoir. Describing the process
as an optimization problem, what we are trying to do, is to maximize an objective
function, in this case also known as the Net Present Value or Total Hydrocarbon
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2-2 Production Optimization 11

Recovery. Due to the fact that the economical objective that is improved involves
evaluations of future achievements, it requires a reservoir simulation model for pre-
diction. It is usually referred to as a model based optimization technique. Since in
most cases the underlying geological reservoir model is far from homogeneous, the
fluids flow with different velocities in different parts of the reservoir. This means
that, during water flooding, the injected fluid will move much faster through paths
which are highly permeable and if the high permeable region is connected with a
production well it will reach it very fast. The oil located outside this region is left
in the reservoir, resulting in a poor reservoir flooding. Continuing the injection
will result in the production of water instead of oil. This is known as water break-
through, something that is best avoided. To avoid early water breakthrough, one
needs to find an operation strategy that will sweep the oil uniformly towards the
production wells. This is usually done by changing the injection production controls
in the wells. To test whether one such strategy is efficient it should result in higher
recovery compared to the reactive production strategy, in which no action is taken
until significant changes are observed in the production wells.
Depending on the type of optimization problem that needs solving, some optimiza-
tion techniques perform better than others with respect to robustness and efficiency.
Generally, a trade off between robustness and efficiency is expected, deterministic
search algorithms usually are more robust than global search algorithm, while the
latter, as their name suggest, have a better chance of finding a global optimum.
Looking at a typical classification of optimization problems, manly divided into
continuous and discrete optimization problems it easy to observe:

Figure 2-2: Optimization Tree (Optimization Technology Center, 2008)

To check whether the chosen injection rates optimize the production profit the Net
Present Value is evaluated. The NPV is defined as:

J =
∫ tN

0
φ(t)dt (2-1)
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12 Closed Loop Reservoir Management

Where tN stands for the total simulation time and φ(t) represents a linear combina-
tion of well rates combined with monetary factors. In the case we are dealing just
with injection rates then it looks like this:

φ(t) =
∑
p

(rpo(t)qpo(t)− rpw(t)qpw(t))−
∑
i

riw(t)qiw(t), (2-2)

The first summation of equation (2-2) is over the production wells, while the second
one is over the injection wells. The rates qpo , qpw stand for the volume rates of oil
and water at reservoir conditions in the production well p at time t , qiw stands for
the injection rate of water in the injector i at time t. The weight factors, rpo(t) and
rpw(t) stand for the monetary of other type of value that is assigned to a one unit
volume of water or oil at time t. The weighting factor riw(t) stands for the value
assign to the unite volume of injected water in the injection well i at time t. For
each produced fluid the annual interest rate is take into account by defining rpl (t)
as:

rpl (t) = rpl (t0)f(t)(1 + bl)−(t−t0)/year (2-3)

Where l ∈ {o, w}, w stands for water and o stands for oil and rpl (t) is the unit price
of component l at reference time t0, f(t) is the price factor for component l at time
t, bl is the annal discount factor for component l and t0 is the discount reference time.

Figure 2-3: Important elements of the reservoir simulation

The aim of production optimization is to adjust the values of the control vector in
such a way that the resulting objective function reaches its maximum. In a typical
application, for the purpose of preventing unphysical values the control vector is
restricted between specified lower and upper bounds. The the optimization problem
can be written as:

maxuJ(u, x) =
N−1∑
i=0

Ji+1(ui+1, xi+1) (2-4)

subject to ulow ≤ u ≤ uup
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Chapter 3

Reservoir Flow Model

Predictions of reservoir performance are essential when business decisions regarding
field exploration need to be taken. In order to predict reservoir performance a
simulation model is created. This model describes the physical processes taking
place in a reservoir and is solved numerically. Typically, commercial software is
used, in the case of this study MRST-Sintef, an open source reservoir simulator
is used. Reservoir flow simulation usually is performed in two stages: first, one
or more geological models are created by geologist and geophysicists which aim to
provide a static description of the reservoir; second, reservoir simulation models are
created by reservoir engineers using information about reservoir geometry, and fluid
properties that are present in the reservoir. These dynamical reservoir models can
be used to simulate reservoir performance under different processes involved in oil
recovery, such as: water flooding, steam injection, polymers or chemical flooding.

3-1 Reservoir Geometry and Properties

Depending on the study case, the domain of the model can either be three dimen-
sional or two dimensional. Reservoirs with two dimensional geometry are used for
testing hypothesis before moving to a more realistic three dimensional model. The
typical grid that is used to model reservoir geometry is a Cartesian grid, where
the grid blocks are defined as small boxes. There are other types of grids that can
be used in place of Cartesian grids, such as: triangular and tetrahedral grids, 2D
Voronoi grids, extrusions of areal grids to 2.5D volumetric grid. All these types of
grids are supported by the reservoir simulator chosen for the numerical experiments.
Figure 3-1 is an example of a representation of reservoir geometry using a Cartesian
grid, this type of representation was used for all the numerical experiments. To
guarantee an accurate solution of the simulation, the grid blocks should be small
enough to accurately represent the reservoir heterogeneities, but large enough to
assure that the computational time required for the simulation stays within accept-
able limits. For each grid block of the model the absolute permeabilities, (pressure
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14 Reservoir Flow Model

Figure 3-1: Reservoir Grid Block representation

dependent) porosities need to be specified. For reservoirs that contain fractures
optional permeability compaction data needs to be specified too. For the purpose
of presenting a simplistic flow model in this chapter a model with a two dimensional
Cartesian grid is used, with no flow boundary conditions, no fractured structure,
no aquifers and no faults are present.

3-2 Phase Behaviour

The reservoir is considered to be a porous medium, in which the pores are filled
with hydrocarbons and water. The hydrocarbons are a mixture of large number of
chemical components with different densities at different concentrations. Although
the best case scenario would be construct a full multi component model this is
usually impossible due to the increase in computational time. Therefore, simpli-
fications of the reservoir fluid description are required so that a computationally
acceptable model can be obtained. The most simple approach is to model a phase
by considering it is comprised out of just one chemical component. Usually this
assumption is used only for the water phase, but is not valid for the oil phase. Since
the oil is mainly comprised out of two hydrocarbon components, heavy and light
hydrocarbon, it is common practice to assume that the hydrocarbon mixture con-
tains two pseudo components. The heavy component is defined as the part of the
reservoir fluid which, when brought to the surface will become the stock tank oil and
the light hydrocarbon component on the surface becomes the stock tank gas. All
these previously mentioned assumption lead to something that is well known in the
industry, called the black oil description. The distribution of the components over
the phases are specified using a semi-empirical rule. After the phase distribution
is set, different properties of each phase require to be specified, such as: viscosity
µ[Pa · s], density ρ[ kg

m3 ] and phase compressibility. In our study case, the reservoir
simulator used for the numerical simulations, does not support compressible fluid,
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3-3 Flow Modelling in Porous Medium 15

meaning that the phase compressibility will always be zero. Given the fact that
there is no direct access to the reservoir, this properties are not known and can-
not be measured easily, so they are derived by fitting the parameters to results of
well tests and laboratory test. Since the density and viscosity depend on pressure,
temperature or fluids composition, these dependencies need to be modelled too. In
the case of liquids like water or oil, the density and viscosity depend weakly on the
pressure, while for the gas or vaporous oil, they depend strongly on pressure and
relatively weakly on the fluid composition. The viscosity of oil and gas in most
cases shows a strong dependence on temperature. The simplistic flow model that is
considered in this thesis assumes the presence of oil and water phase and constant
viscosity, density and porosity.

3-3 Flow Modelling in Porous Medium

The way common reservoir simulators work, is that at each time step of a simula-
tion, pressure, saturation and temperature are determined, these three are called
primary variables or state variables. For the purpose of this study isothermal con-
ditions within the reservoir are assumed. This means constant temperature and
therefore temperature stops being one of the primary variables. The derivation of
the flow equations in porous media is based on two very important laws, the law of
conservation of mass and Darcy’s law. For the purpose of our study it is assumed the
reservoir acts as a partially closed system, there is now flow across the boundaries
of the reservoir, i.e. the reservoir is surrounded by impermeable rock, and the only
exchange of energy ( flow of liquid) occurs through the wells. This characterization
results in the following partial differential equations for phase l = o, w, where o
stands for oil and w stands for water:

∇ · (αρlvl) + α
∂(ρlφsl)
∂t

− αρlql (3-1)

The first term in equation (3-1) is called the transmissibility term and describes the
difference in the mass of phase l that flows with the velocity vl in and out of a unit
volume per unit time. The second term, which is also called the accumulation term,
describes the accumulation of the mass of phase l per unit time and volume. The
third term, called the source/sink term, describes the mass added or extracted from
the reservoir, through wells per unit time and volume. α stands for a geometric
factor, which accounts for the translation of the 1D or 2D model into the 3D. Now
looking at the individual components that construct the three terms of equation
(3-1) we have: sl represents the saturation of phase l, t stands for time, and usually
is measured in seconds, ρl is used to denote the density of phase l and is measured
in kg

m3 , φ, represents the porosity of the rock, ql represents the well rate per unit
volume of phase l, measured in 1

s
, last but not least, the velocity of phase l in the

porous medium,vl which is given by Darcy’s law:

vl = −krl
µl

K(∇pl − ρlg∇d) (3-2)
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16 Reservoir Flow Model

where pl, measured in pascals Pa denotes the pressure, µ measured in Pa·s, denotes
the viscosity and krl denotes the relative permeability of phase l. g is the gravi-
tational acceleration and d measured in meters represents the depth at which the
reservoir is situated. K is the absolute permeability tensor, which is constructed as
a 3× 3 matrix. In order to get a more simplified description the coordinate system
can be aligned with geological layering in the reservoir such that the permeability
tensor becomes a diagonal matrix :

1. For the 1D case: K = k

2. For the 2D case: K =
[
kx 0
0 ky

]

3. For the 3D case: K =

kx 0 0
0 ky 0
0 0 kz


Even though it almost never really occurs it is assumed that permeability is isotropic,
meaning that the permeability in the x direction is equal with the permeability of
the y direction (kx = ky). For the purpose of simplifying the presented reservoir
model it is assumed that the isotropic permeability field is horizontal (kx = ky = k),
this is not a realistic assumption and is taken just for purpose of simplifying the
the theoretical case. Now by substituting the Darcy’s velocity defined in equation
(3-2) instead of the phase velocity in equation (3-1) the following system of partial
differential equations is obtained:

∇ ·
(
−αρl

krl

µl
k(∇pl − ρlg∇d)

)
+ α

∂(ρlφsl)
∂t

− αρlql = 0 (3-3)

This is a system of two equations and four unknowns, which cannot be solved
without the help of additional information that is provided in the form of closed
equations.

so + sw = 1 (3-4)
and

po − pw = pc(sw) (3-5)

where pc(sw), measured in Pa represents the capillary pressure, who’s physical
meaning shall be discussed further on. In the simplistic model we are working with,
it is further assumed that density depends on pressure; therefore the accumulation
term becomes:

∂(ρφsl)
∂t

= ∂ρl
∂pl

∂pl
∂t
φsl + ∂φ

∂pl

∂pl
∂t
ρlsl + ∂sl

∂t
ρlφ. (3-6)

In the case of liquids (oil or water), the density is just weakly dependent on pressure
and its sensitivity can be expressed by using the compressibility of the phase, which
for a constant temperature is defined in the following way:

cl(pl) := 1
ρl

∂ρl
∂pl

(3-7)
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3-3 Flow Modelling in Porous Medium 17

Further more if the capillary pressure effects are very small, the oil pressure is
approximately equal to the water pressure and the compressibility of the water can
be expressed as a function of the oil pressure.

cw(po) := 1
ρw

∂ρw
∂po

(3-8)

The compressibility effect appears not just for liquids oil and water, it can be defined
also for the rock medium at a constant temperature as:

cr(pl) := 1
φ

∂φ

∂pl
(3-9)

and is assumed to be constant over the range of pressures of interest and equal
cr. Now combining equation (3-3),(3-4),(3-5) and the compresibility definition we
obtain:

For water

−∇·(αρw
krw
µw

k

[
∇po −

∂pc
∂sw
∇sw − ρwg∇d

]
)+αρwφ

[
sw(cw + cr)

∂po
∂t

+ ∂sw
∂t

]
−αρwqw = 0,

(3-10)

For oil

−∇·(αρo
kro
µo
k (∇po − ρog∇d))+αρoφ

[
(1− sw)(co + cr)

∂po
∂t

+ ∂sw
∂t

]
−αρoqo = 0.

(3-11)

Given that the reservoir simulator used for the numerical analysis does not support
any type of compressibility, in this case the above equations become:

For water

−∇· (αρw
krw
µw

k

[
∇po −

∂pc
∂sw
∇sw − ρwg∇d

]
)+αρwφ

∂sw
∂t
−αρwqw = 0, (3-12)

For oil
−∇ · (αρo

kro
µo
k (∇po − ρog∇d))− αρoφ

∂sw
∂t
− αρoqo = 0. (3-13)

Which is a system of coupled nonlinear equations.

Relative permeabilities are required when several phases in the porous medium are
modelled. In the case when more than one phase is flowing simultaneously through
a porous medium, it is expected that the flow of each phase to be slowed down by the
resistance of the pore structure and additional by the presence of other phases. The
resistance of the pore structure is expressed by the absolute permeability, denoted
as K, while the relative permeability of a phase l, krl, accounts for the permeability
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18 Reservoir Flow Model

reduction in the presence of other phases. The relative permeability is a dimen-
sionless quantity that ranges from zero to one, whereas the absolute permeability
is a rock property and measured in m2 or in Darcy units, 1Darcy ≈ 9.87 · 10−13m2.
The effective permeability of a phase is the product of relative permeability and
the absolute permeability. The relative permeability of the phase depends on the
phase saturation. If the relative permeability function is plotted, its shape is mainly
influenced by the wettability of the rock. The phase that preferentially sticks to the
rock is called the wetting phase, and the phase that preferentially flows in the center
of the pores is the non wetting phase. It is usually assumed that when dealing with
a three phase problem (i.e water, oil and gas) then water is the wetting phase, gas is
the non wetting phase and oil is the intermediate phase. The relative permeabilities
are considered as functions of their own saturations and they are derived from ex-
periments in a laboratory. By definition the relative permeability is zero when the
saturation of the phase equals its residual saturation which is defined as the largest
saturation for which the phase does not flow. The sum of the relative permeabilities
is usually less than one. The Corey model of the relative permeability, defines the
relative permeabilities in the following way:

krw = k0
rws

nw , (3-14)
kr0 = k0

ro(1− sn0), (3-15)

where

s = sw − swc
1− sor − swc

(3-16)

and k0
ro and k0

rw are the end point relative permeabilities for oil and water respec-
tively, no and nw are Corey exponents, sor is the residual oil saturation and swc is the
connate water saturation. The relative permeability curves for the fluid properties
that were used in the numerical simulations are presented in the next figure:
Previously, it was mentioned that the relative permeabilities are a function of their
own saturation, this being said Figure (6-2) tells a straight forward story of what
is expected to happen in the reservoir. Which is, that as water is injected, the
saturation of water is expected to increase and the saturation of oil to decrease.
This is a direct result of the fact that water is injected and just oil is extracted
initially.

Capillary pressure is defined as the difference in pressure across the interface between
two immiscible phases, in our case the wetting phase and the non wetting phase,
which leads us to the following expression:

pc = pnon−wettingphase − pwettingphase. (3-17)

There are several types of possible interfaces and for every type different chemicals
act as the wetting and the non-wetting phase. In the case of the oil-water interface,
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Figure 3-2: Corey type relative permeabilities.

water is typically the wetting phase, while at the oil-gas interface oil is typically
the wetting phase. The reservoir simulator used for the numerical experiments,
supports the option of accounting for capillary pressure, but the numerical results
present in Chapter 6 do not account for capillary pressure.

The well model gives a relationship between grid block pressure and pressure in
the well, also known as bottom hole pressure. This special modelling is required
even though the average pressure and phase saturation in a unit volume grid block
can be described by equations (3-12) and (3-13) this is not enough to represent the
flow that takes place in the grid blocks where the wells are located. The well flow
equations used in reservoir simulation are a set of algebraic equations:

qt = Jp(pbh − pgb). (3-18)

where qt represents the total flow rate, pbh is the bottom hole pressure,pgb represents
the grid block pressure, and Jp is the well index, which is defined as a function of
saturation permeability, grid block geometry and reflects the effect of near-well
flow. An array of constrains can be set up to describe how the well operates. The
minimum and maxim bottom hole pressure, or maximum total flow rate can be
fixed. In the case the bottom hole pressure constraint is active, using equation
(3-18) the total flow rate qt can be computed. In case of operating a well at fixed
total rate, the bottom hole pressure can be calculated as:

pbh = pgb + J−1
p q. (3-19)

where q is the fixed total rate. For the numerical experiments a fixed total rate
constrain is used.
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20 Reservoir Flow Model

3-4 State space representation of the reservoir flow model

After the spatial discretization on a chosen grid, the system of partial differen-
tial equation becomes a system of ordinary differential equations, which can be
expressed as:

E(x(t))ẋ(t) = A(x(t))x(t) +B(x(t))u(t), (3-20)
x(0) = xinit,

where E is the accumulation matrix obtained after discretization of the accumu-
lation term, x(t) is a vector containing all unknown variables at time t, called the
state vector, it is usually comprised of pressure and saturation vectors, xT = [pT sT ],
matrix A is the transmissibility matrix which is obtained after discretization of the
transmissibility term, and u is the vector of well controls. ẋ(t) represents the deriva-
tive of the state vector with respect to time, xinit represents the initial condition for
the state vector. The initial value of the state vector is not known and is typically
considered to be uncertain, but its uncertainty is considered to be smaller compared
to the uncertainty in the parameters. For the purpose of this report the initial value
of the state vector is considered to be perfect, something which is impossible in the
case of a real life application. The matrices E,A,B are sparse matrices which are
functions of state x and the differential equations that follow from them are non-
linear. Matrix A depends on the state vector through the relative permeability
term which as previously mentioned is a function of saturation, which in turn is
part of the state vector. The matrix B, which is related to the sink/source term, is
dependent on the state vector because in the well model Jp, the well index is a also
a function of saturation. In the case of realistic reservoir models the nonlinearities
are larger because of more complex modelling of density, porosity, viscosity, or even
permeability.

3-4-1 The discrete-time state space representation of the reservoir flow model

A commonly used time discretization in the reservoir simulation models is the fully
implicit scheme, all dependent variables and inputs are evaluated at the next time
step. Using Euler implicit time stepping, equation (3-20) becomes:

E(x(ti))− δA(x(ti))x(ti) = E(x(ti))x(ti−1) + δB(x(ti))u(ti) (3-21)
x(0) = xinit,

where ti−1 denotes the current time step, ti denotes the next time step and i ∈
1, . . . , N , where the whole simulation time length is tN . This can be expressed in
the following way:

gi(x(ti), x(ti−1), u(ti)) = 0, (3-22)
x(0) = xinit.

An iterative approach is needed in order to solve this system. It is common to solve
the non-linear system of flow equations by using the Newton-Raphson method. At
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each simulation step a few Newton-Raphson iterations are required:

xk(ti) = x(k−1)(ti)−
[
∂gi
∂x(ti)

]−1

gi(xk(ti), x(ti−1), u(ti)), (3-23)

x0(ti) = x(ti−1).

where the Jacobian ∂gi

∂x(ti) is evaluated at xk+1(ti), and k stands for a Newton-
Raphson iteration number. When the specified stopping criteria are satisfied an
iteration terminates, this means that the Newton-Raphson iteration has converged
and the solution of the system at time ti is xk(ti). In the case the Newton-Raphson
iteration fails to converge, then the time step size is reduced and the procedure is
iterated again. In practice given the fact that computing the inverse of the Jacobian
is computationally intensive, it is never formed, instead at every iteration a linear
system of equations is solved. The fully implicit method is unconditionally stable
and therefore is commonly implemented. However, taking a time step which is too
large, may lead to many Newton-Raphson iteration or failure of convergence, and
larger discretization errors. The reservoir system can be described by the implicit
system of equation,

gi(x(ti), x(ti), u(ti), θ) = 0,
ji(y(ti), x(ti), u(ti), θ) = 0, (3-24)

x(t0) = xinit.

or the explicit system of equations,

x(ti) = fi(x(ti), u(ti), θ),
y(ti) = hi(x(ti), u(ti), θ), (3-25)

x(t0) = xinit.

where the functional fi and gi describe how the state vector x(ti) changes from time
ti − 1 to time ti, θ is a vector of uncertain parameters, in the case of production
optimization it can be a vector of control variables, u(ti) is a vector of well controls,
xinit is a given initial state of the system and y(ti) represent the outputs of the
system at time ti, given by the observation operator hi or ji.

3-5 Adjoint Model for the Reservoir Model

The flow models are used to solve production optimization or parameter estimation
problems. Both these problems can be seen as optimization of a scalar objective
function.

J = J(x(t1), . . . , x(tN), θ), or (3-26)
J = J(x(t1), . . . , x(tN), u), (3-27)

Equation 3-27 represents the objective function for a parameter estimation problem
and 3-27 represents the objective function for a production optimization problem.
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In both cases N corresponds to the total number of time steps and tN represents
the simulation time. J is typically a function of production data, therefore depends
on the state vector x(t). Computing the gradient of the objective function with
respect to control variables, requires the availability of the system’s sensitivity, this
is commonly obtained using the adjoint method. In the adjoint approach, first, a
modified function J is obtained by adjoining the system equations to J , and is given
by:

J = J(x1, . . . , xN , u) +
N∑
n=1

λTngn(xn,n−1 , u) (3-28)

where λn represents the adjoint variables at time tn and (for the moment) is an
arbitrary vector. The total variation of J which is sum of the variation with respect
to dxn, for n = 1, . . . , N and du, is

dJ = dJ +
N∑
n=1

(
λTn
∂gn
∂xn

dxn

)
+

N∑
n=1

(
λTn

∂gn
∂xn−1

dxn−1

)
+

N∑
n=1

(
λTn
∂gn
∂u

du

)
(3-29)

Changing the index in terms which involve x(tn−1) results in:

dJ = dJ +
N∑
n=1

(
λTn
∂gn
∂xn

dxn

)
+

N−1∑
n=0

(
λTn+1

∂gn
∂xn

dxn

)
+

N∑
n=1

(
λTn
∂gn
∂u

du

)
(3-30)

Rearranging the limits of the sums involving x(tn) results in:

dJ = dJ +
N∑
n=1

(
λTn
∂gn
∂xn

dxn + λTn+1
∂gn+1

∂xn
dxn

)
+

λT0
∂g1

∂x0
dx0 − λTN+1

∂gN+1

∂xN
dxN +

N∑
n=1

(
λTn
∂gn
∂u

du

)
(3-31)

Since the initial conditions are assumed to be fixed for our model, the term λT0
∂g1
∂x0
dx0

disappears. The boundary term λTN+1
∂gN+1
∂xN

dxN is required to be zero for any differ-
ential dxN , which in turn implies that λN+1 = 0. The first term in equation (3-28),
representing the total variation of J , is the sum of variations with respect to all
state variables xn and controls u and it is:

dJ =
N∑
n=1

(
∂J

∂xn
dxn

)
+ ∂J

∂u
du (3-32)

It becomes

dJ =
N∑
n=1

(
∂J

∂xn
dxn

)
+ ∂J

∂u
du+ (3-33)

N∑
n=1

(
λTn
∂gn
∂xn

dxn + λTn+1
∂gn+1

∂xn
dxn

)
+

N∑
n=1

(
λTn
∂gn
∂u

du

)
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Rearranging the terms results in:

dJ =
N∑
n=1

(
λTn
∂gn
∂xn

+ λTn+1
∂gn+1

∂xn
+ ∂J

∂xn

)
dxn (3-34)

+∂J
∂u
du+

N∑
n=1

(
λTn
∂gn
∂u

du

)
(3-35)

The adjoint model is obtained by setting all coefficients of dxn to zero, i.e.

λTn
∂gn
∂xn

+ λTn+1
∂gn+1

∂xn
+ ∂J

∂xn
= 0 (3-36)

Taking the transpose of the above equations gives the system of adjoint equations(
∂gn
∂xn

)T
λn +

(
∂gn+1

∂xn

)T
λn+1 +

(
∂J

∂xn

)T
= 0 (3-37)

for n = 1, . . . , N . This system is solved backward in time because of the given
ending condition, λN+1 = 0, which can also be regarded as the initial condition for
the adjoint system. If λn satisfies equation (3-37) then the total variation of J are
given by:

dJ = ∂J

∂u
du+

N∑
n=1

(
λTn
∂gn
∂u

du

)
(3-38)

it follows that the total derivatives of the objective function with respect to u are
given by:

dJ

du
= ∂J

∂u
+

N∑
n=1

(
λTn
∂gn
∂u

)
(3-39)

It is important to observe that the reservoir equations are non-linear, on the other
hand the adjoint equations are linear. The Newton-Raphson method requires few
iterations to converge at each time step of the reservoir flow model, whereas, the
adjoint model uses the sensitivity of the system at the converged solution of the
Newton-Raphson method and requires only one system of equations at each time
step to be solved.

3-5-1 Difficulties implementing an adjoint model

In a real life application, in order to capture and represent the complex dynamics of
the physical system, the reservoir simulator used needs to be able to model a high
number of details and becomes a very advanced and complex system. A reservoir
simulator that solves a non-linear system of equations, offers an advanced modelling
solution and consists of numerous lines of code which are implemented by a team
of people, over a long period of time. In the case of using such a simulator the
implementation of the adjoint method becomes a difficult task, because coding the
partial derivatives of the system requires detailed knowledge of the simulation code.
Even if the sensitivity matrices with respect to the current state vectors are avail-
able, the sensitivity matrices with respect to parameters can be very complicated

Master of Science Thesis Dan Sava



24 Reservoir Flow Model

to derive. On top of that, the sensitivity matrices with respect to the previous state
vectors are not implemented, the same is true for the sensitivities of the objective
function. At present, if all partial derivatives of the system are accessible, then the
adjoint code becomes relatively straightforward. Until recently computer storage
capacity was also an issue of the adjoint implementation. This was due to the fact,
that in order to solve the adjoint equations it was necessary to save the state vectors
of the forward simulations. One way to work around this was to store only a lim-
ited number of state vectors and by recomputing the remaining ones. Now, all the
simulated state vectors can be stored to disk and the storage problem disappears.

This is only possible in the case access to the simulator source code is available,
which is not a very easy thing to obtain for commercial reservoir simulators. For
the purpose of this thesis MRST-Sintef, reservoir simulator was used for all the
numerical experiments. MRST represents an open-source Matlab toolbox that can
be used as an efficient test platform for researching new optimization methods in
reservoir simulations. The aim of MRST is to provide reproducible research and
simplify the development, verification, validation and comparison of new methods
on general grids. MRST contains a set of data structures and routines for creating,
manipulating and visualizing petrophysical data, as well as routines for computing
single and multiphase incompressible flow. At the time the implementation was
done the adjoint-based gradient for controls and other parameters could not be
accessible and because of this, the study focuses on methods that do not require
access to the source code and are derivative free.
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Chapter 4

Reduced Order modelling

modelling physical systems usually results in complex high-order dynamic models.
The amount of information contained in a high-order dynamic model may hide
simple, insightful behaviours that need observation and quantification. It is often
desirable to replace (approximate) these models by simpler models with reduced
order, which can better captured and explore the simple behaviours that are needed.
In this process, it is important to design the reduced model as to capture the
important dynamics of the original high-order model. This chapter presents the
model reduction technique that was used for the numerical experiments: Proper
Orthogonal Decomposition (POD), is a method based on the projection of high-
order system equations onto a subspace derived from snapshots. What snapshots
are exactly and how they can be constructed is also described in this chapter.

4-1 Motivation

Simulations or, more generally, computational science has become an important
part of today’s technological world, and it is now generally accepted as the third
discipline, besides the classical disciplines of theory and (real) experiment. Physical
(and other) experiments lead to theories that can be validated by performing ad-
ditional experiments. Predictions based on the theory can be made by performing
virtual experiments, as illustrated by Figure 4-1.
Computer simulations are now performed routinely for many physical, chemical and
other processes, and virtual design environments have been set up for a variety of
problem classes in order to ease the work of designers and engineers. In this way,
new products can be designed faster, more reliably, and without having to make
costly prototypes. Originally, Reduced Order modelling (ROM) or Model Order
Reduction(MOR) was developed in the area of systems and control theory, which
studies properties of dynamical systems in application for reducing their complexity,
while preserving their input-output behavior as much as possible. In the oil and
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26 Reduced Order modelling

Figure 4-1: Simulation is the third big discipline.

gas industry ROM techniques provides a computationally efficient prototyping tool
that replaces large scale models with approximate reduced order models, that are
capable of capturing the essential dynamical behaviour and also preserve critical
properties of the large models. A good model reduction technique will try to focus
on the necessary information and ignore irrelevant information that comes from the
high order model. One of the main reasons for using model reduction techniques is
computational speed-up of simulation time. As a consequence, a simulation might
finish in hours instead of days which is customary for some reservoir cases. Re-
evaluation of methods which were prior considered too computationally expensive
could be done or results could be improved by allowing for more simulations. An
accurate and effective reduced-order model can be applied then for production op-
timization. In this thesis, the reservoir model is used for production optimization,
but can also be used for history matching or prediction uncertainty quantification.
Due to the fact that production optimization is the main focus, a very accurate
representation of all state variables is not of main interest, but rather a good ap-
proximation of the production data. Therefore, a significant compression of the
high-dimensional model is achieved. The conventional application of the ROM for
the state-space reduction, reduces the computational time of the model simulation,
but does not change the complexity of the model and as a consequence does not
solve the implementation problem of the adjoint model. This thesis presents an
non-standard application of model reduction where an approximate reduced order
version of the tangent linear reservoir model is obtained. The reduced model is
constructed by projecting the Jacobian of the model (which is approximated using
finite differences), onto the reduced order space. Detailed explanations regarding
the implementation process can be found in Chapter 5.

4-2 Projection-Based Reduced Order modelling Methods

The POD method is also known as the Karhunen-Loeve method, principal compo-
nent analysis (PCA) or the method of empirical orthogonal functions. The origin of
this method goes back to 1946 when it was introduced independently by Karhunen
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4-2 Projection-Based Reduced Order modelling Methods 27

and Loeve as a statistical tool to analyse random process data. The method was
first called POD by Lumely (1967) when it was used for the study of turbulent flow.
Lumley also traced the idea of POD back to independent investigations by Kosamby
(1943), Pougachev (1953) and Obukhov (1954). It has been used in various disci-
plines including random variables Papoulis (1965), image processing Rosenfeld and
Kak (1982),signal analysis, data compression and it has been successfully applied
to increase the computational efficiency of the reservoir simulation by Heijn et al.
(2004) Markovinovic et al (2002), Markovinovic and Jansen (2006) and Cardoso elt
al (2009). The use of POD in combination with adjoint based production optimiza-
tion has been investigated by Van Doren et al (2005). The POD method possesses
some desirable features for our application, such as: it allows non-linearities in
the system, it is suitable for model reduction of spatio-temporal systems and it is
feasible for large-scale systems.

The POD method is classified as a projection based method. The main idea be-
hind projection based, reduced-order modelling is to project the high dimensional
state space X onto the low dimensional subspace that contains the essential dynam-
ics of the system. A projection is a linear transformation and can be represented by
the use of projection matrix Π ∈ Rn×Rn, which satisfies the condition Π = ΠΠT . A
projection Π is defined as an orthogonal projection, if it is self-adjoint, i.e. Π = ΠT .
A Galerkin projection Π is an orthonormal projection defined as, Π = ΦΨT , where
Φ,Ψ ∈ Rn×l, ΨTΦ = Il, Ψ = Φ, and the columns of Φ come from an orthogonal
set. In the case that Φ 6= Ψ, the projection matrix becomes a Pertov-Galerkin pro-
jection. The various projection based techniques differ in the choice of the matrices
Ψ and Φ. Generally three main strategies, can be identified, for choosing Ψ and Φ:

• Heuristic schemes (Include choosing Ψ and Φ based on eigenvector analysis).
• Method based on rigorous system-theoretic analysis (Balanced Truncation).
• Parameter matching techniques (Krylov methods), for more details see An-
toulas (2005) .

A projection based method consists of the following steps:

• Determining the l-dimensional subspace SΦ and SΨ and their basis Ψ and Φ.
• Compressing the state information by projecting the state variables onto a
subspace spanned by the basis Φ.
• Compressing the system equations by multiplying them by ΨT .

In order to exemplify the above steps, let us consider the Hilbert space X ⊂ Rn×n,
where n is the number of state variables needed to describe the system. Let the
dynamic of the system be modeled by the following equations:

x(ti) = fi[x(ti−1), u],
y(ti) = hi[x(ti), u], (4-1)

x(t0) = xinit,
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where i = 1, . . . , N indicates the time steps, x(ti) is a solution of a functional fi at
tine ti, x(t0) = xinit is a given initial state of the system and y(ti) are the outputs
of the system at time ti, provided by the observation operator hi. It is assumed
that for all time instances x(ti) belongs to the Hilbert space X. For given matrices
Φ and Ψ the system described by equations (4-1) is approximated by the reduced
order system in the following form:

z(ti) = ΨTfi[Φz(ti−1), u],
y(ti) = hi[Φz(ti), u], (4-2)

z(t0) = ΨTx(t0),

where z(ti) is the reduced-order state variable which operates in the subspace SΦ ⊂
X of lower dimension l spanned by the basis Φ, and z(t0), represents the initial state
of the reduced order system. The reduced order system equations (4-2) describe the
dynamics of the l-dimensional reduced state vector z. Given that the reproduction
of the dynamics involved in the original system is conditioned by the choice for
matrices Φ and Ψ, this choice becomes the main obstacle for the ROM method.

4-2-1 Snapshots

In the POD method the projection subspace SΦ is obtained by processing data from
numerical simulations of the full order model described in (4-1). This data repre-
sents selected state vectors of a forward simulation of the full order model, called
snapshots. The information present in the selected data should provide relevant in-
sight about the dynamical behaviour of the system, and should be able to represent
the behaviour of the system for different spacial and time instants. The general
definition for snapshots, is the following:

xj(ti) = fi[x(ti−1), u] (4-3)

where ti = t1, . . . , tN and u is a parameter vector and x(ti−1) is a state vector
determined by u. In order to use the reduced-order model for parameter estimation.
The snapshots used for constructing the reduced-order model should be able to
represent the dynamics of the system for modified parameter values. This results
in the following snapshot.

xj(ti) = fi[xpert(ti−1), u+ upert] (4-4)

where upert is a perturbation to the initial parameter values and xpert(ti−1) is a
state vector determined by the perturbed parameters. These snapshots are the
sampled solutions of the numerical model at particular time steps and at particular
parameter values. Putting all snapshots as columns in a matrix the following matrix
is constructed:

X = {x1(t1), . . . , x1(tN), . . . , xp(t1), . . . , xp(tN)} (4-5)

where X ∈ Rn×s, n represents the dimension of the state vector and s = N × p, is
the total number of snapshots, where p is the number of parameter perturbations.
Generally it is true that s� n.
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4-2 Projection-Based Reduced Order modelling Methods 29

4-2-2 Projection matrices

As previously stated, the main issue of the POD method is expressing the essential
information that is present in the collected data by means of a few basis vectors Φ.
POD provides an optimal set of basis vectors, it guarantees the best reconstruction
of the data set X in the mean square error sense among all linear bases of the
same size. As it was stated, the aim of the POD is to find an orthogonal basis
Φ, which contains l, n-dimensional vectors, such that the total mean squared error
between the snapshots and their projections on the subspace spanned by the basis
Φ is minimized for any l, i.e. the given value.

1
s

s∑
i=1
||xi − ΦΦTxi||22, (4-6)

is minimal, where || · || is an L2 norm and x1 ∈ X, i = 1, . . . , s where 1 ≤ s� n is
assumed. This problem can be expressed as:

minΦ:φT
i φj=0,∀i 6=j||φi||2=1

1
s

s∑
i=1
||xi − ΦΦTxi||22. (4-7)

The second norm in (4-7) can be written as:

||xi − ΦΦTxi||22 = ||xi||22 − ||ΦΦTxi||22 (4-8)

which holds for any orthogonal projection, the minimization problem (4-7) is equiv-
alent to the following maximization problem.

maxΦ:φT
i φj=0,∀i 6=j||φi||22=1

s∑
i=1
||ΦΦTxi||22 (4-9)

where each element ||ΦΦTxi||2 of the sum can be rewritten as:

||ΦΦTxi||2 =
√

(ΦΦTxi)T (ΦΦTxi)

=
√
xiΦΦTΦΦTxi

=
√
xiΦΦTxi (4-10)

= ||ΦTxi||2

Therefore, problem (4-7) is equivalent to the following maximization problem.

maxΦ:φT
i φj=0,∀i 6=j||φi||22=1

s∑
i=1
||ΦTxi||22 (4-11)

which is a constrained optimization problem that can be solved by considering the
first-order necessary optimality conditions. First, this problem is solved for the case
when l = 1, i.e. Φ consists of a single vector φ. Let L be the Lagrangian functional
associated with equation (4-11)

L(φ, λ) =
s∑
i=1
||φTxi||22 + λ(1− ||φ||22). (4-12)
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A first-order necessary optimality condition is given by

∇L(φ, λ) = 0, (4-13)

the derivative of L with respect to φ is:

∂L

∂φ
(φ, λ) = ∂

∂φ

(
s∑
i=1

(φTxi)T (φTxi) + λ(1− φTφ)
)

= ∂

∂φ

(
s∑
i=1

(xTi φφTxi) + λ(1− φTφ)
)

= 2
s∑
i=1

φTxix
T
i − 2λφT (4-14)

= 2(φTXXT − λφT )

Now what we get is that:
2(φTXXT − λφT ) = 0 (4-15)

which provides the eigenvalue problem:

(φTXXT − λφT )T = 0⇐⇒ XXTφ = λφ (4-16)

This means that φ is the eigenvector corresponding to the largest eigenvalue from
problem (4-16), and the maximum reached value is equal to λ. It can be proven
that for any l ∈ 1, . . . , s the solution of problem (4-7) is given by the first l largest
eigenvectors of matrix XXT . The first l largest eigenvectors correspond to the first
l largest eigenvalues of the correlation matrix:

R := 1
s
XXT . (4-17)

Instead of the correlation matrix R, the covariance matrix can be used:

R := 1
s− 1

s∑
i=1

(xi − x)(xi − x)T (4-18)

where x, represents a mean of the snapshots, x = 1
s

∑s
i=1 xi. The decision on how

many eigenvectors should Φ contain, is based on the cumulative relative importance,
defined as:

l∑
i=1

λi∑s
j=i λj

> αe, (4-19)

where l, is chosen as the smallest number such that,
l∑

j=1
αj ≥ αe, αi = λi∑l

j=1 λj
(4-20)

Summing everything, the orthonormal projection matrix Φ is created by taking
vectors φj as its columns for j ∈ 1, . . . , l. The accuracy of the reduced order model
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can be increased by also increasing the number of vectors in the matrix Φ. The
highest accuracy is obtained for αe = 100%. On the other hand more patterns means
more runs of the full order numerical model and a low computational efficiency.
Therefore, there exists a trade-off between efficiency and accuracy.

Numerical issues
XXT ∈ Rn×n is a symmetric matrix satisfying:

φT (XXT )φ = (XTφ)T (XTφ) ≤ 0 ∀φ ∈ Rn (4-21)

which means that XXT is positive semi-definite, and therefore has non-negative
eigenvalues, λ1 ≤ . . . ≤ λs ≤ 0 and corresponding s eigenvectors. For large system
solving eigenvalue problem given by equation (4-20) is computationally demanding.
Another way to calculate the POD patterns is to perform a singular value decom-
position (SVD), on the snapshot matrix X. It circumvents calculating the product
XXT or XTX which can be dense matrices. The matrix X is decomposed as:

X = UΣV T (4-22)

where U ∈ Rn×n, V ∈ Rs×s, are orthogonal, meaning that, UTU = In, V
TV = Is

and σ ∈ Rn×s is a pseudo diagonal matrix with elements ordered in the decreasing
manner. Looking at the correlation matrix XXT , we see that:

XXT = UσV T (UΣV T )T = UσV TV ΣTUT = UΣΣTUT (4-23)

It follows that the POD patterns Φ can be computed as left singular vectors U ,
whereas, λi = σ2

i . They can also be expressed using right singular vectors, V,
because for XTX it holds:

XTX = (UΣV T )TUΣV T = V ΣTUTUΣV T = V ΣTΣV T . (4-24)

4-2-3 Reduced order model

The projection Π = ΦΨT us defined as a Galerkin projection with Ψ = Φ, where Φ
consists of l eigenvectors, φi, corresponding to the first l highest eigenvalues. The
state of the system can then be expressed in the new space as linear combination of
the POD patterns, i.e. x(ti) = Φz(ti) or x(ti) = x + Φz(ti), if the mean value was
subtracted from the snapshots. Then the reduced order system is described by:

z(ti) = ΦTfi(Φz(ti−1), u) (4-25)
y(ti) = hi(Φz(ti), u)

z(t0) = ΦTx(t0),

The reduced-order system captures the high-order dynamics that were present in
the snapshots.
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4-2-4 POD method comments

Using the POD method the high dimensional state spaceX is projected onto the low
dimensional subspace that contains the essential dynamics of the system. Besides
numerous advantages, the method also exhibits drawbacks.

• Optimality of a particular basis does not imply optimality of the reduced or-
der dynamical model. The method is highly dependent on the given data.
Therefore, it is essential to choose snapshots that represent the dynamics of
the model in the range of the parameters or control variables that we are in-
terested in. However, there is no guarantee that the reduced order model will
follow the same dynamics as the high order model.

• Error bounds cannot be calculated, using the POD method. It is system rep-
resentation dependent. There is no good measure to estimate the uncertainty
of the solution provided by the reduced order model.

• The sparse structure of the partial differential equations is lost during the pro-
cess of projection onto the reduced-order subspace. Leading to the conclusion
that the dense structure of the reduced-order model does not imply extraordi-
nary reduction in the computational time.

• In case of highly non-linear systems, the system matrices, fi(Φz(ti−1), θ) need
to be recomputed at every time step and projected on the low order subspace,
which is computationally expensive. Therefore, the POD method is more ef-
fective for linear cases, where system matrices have to be projected only once
in order to capture the main dynamics of the system.
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Chapter 5

Model-Reduced Gradient Based
Production Optimization

Gradient based production optimization algorithms can be used to update produc-
tion strategies for a reservoir model using production data. However, they require
the implementation of an adjoint model and sensitivity matrices of the reservoir
model with respect to the controls. This usually implies a considerable program-
ming effort. This thesis presents a new proposed approach to gradient-based pro-
duction optimization done using model reduction. The original non-linear high
order forward model is replaced by a linear reduced order forward model and the
adjoint model of the tangent linear approximation of the full order forward model is
replaced by the adjoint of a linear reduced order forward model. The construction
of the reduced order model is done using the POD method. The reduced order
model is not obtained by using a conventional projection based ROM technique,
that projects the non-linear system equations on the reduced subspace. This re-
quires access to the Jacobian with respect to the states and controls of the high
order tangent model. For the purpose of this thesis it was assumed that access
to the Jacobian was not possible. The approach studied obtains a reduced-order
approximation of the tangent linear model by projecting approximate derivatives
of the full order model. Then due to the linear characteristic of the reduced-order
model, the corresponding adjoint model is easy to obtain. The gradient of the ob-
jective function is approximated and the maximization problem is solved, in the
reduced space. The procedure can be iterated for the updated controls if neces-
sary, to look for further improvements of the control vector. The POD method is
adjoint free and can be implemented around any reservoir simulator. The method
is compared with ensemble-based optimization, another stochastic gradient-based
production optimization method, that is also adjoint free and can be used with any
reservoir simulator without the need for access to the source code.
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5-1 Introduction

Production optimization problem
As presented in Chapter 2, during the production optimization phase of the reservoir
management process, one tries to identify the best position of wells and a config-
uration of controls that would provide a maximized production from the reservoir.
For the purpose of this thesis the Net Present Value is considered. Describing the
process as an optimization problem, finding a control sequence that would maximize
the NPV, is defined as the solution to this problem.

J(x(t), u(t)) =
∑
p

(rpo(t)qpo(t)− rpw(t)qpw(t))−
∑
i

riw(t)qiw(t), (5-1)

At every time step t the objective function depends on the state vector x(ti) which
is constrained by the system equations

x(ti) = fi(x(ti), u(ti)) (5-2)

where x(t0) represents the initial saturation and pressure in each grid block of the
reservoir, and u(t0) = uinit, represents the initial control strategy, which generally
is a constant control strategy where the water injection remains constant over the
life time of the reservoir.

5-2 Reparametrization

The number of elements in the control vector is calculated as the number of wells
times the number of control times at which the control values can change. This leads
to the dimensionality problem with respect to the control vector, meaning, that if
the dimension of the case study grows (more wells and more control times), then
also the dimension of the control vector grows. This is not a big computational
burden for small theoretical studies.Because an approximation of the sensitivity
of the full-order reservoir model with respect to the controls is required in order
to construct the reduced model. This amounts to running the full order forward
model once for every element in the control vector and to a high computational
cost of building the reduced model. Also because the reduced order model, might
be constructed several times during the optimization process what was observed is
that a significant computational advantage is not achieved for complex reservoirs.
For the purpose of this thesis, this problem was avoided by reparametrizing the
control vector u in order to reduce the number of control variables. The method
proposed and used for the numerical simulations is, again, the POD method. The
control vector is approximated by:

u = uinit + Φηη ⇐⇒ ∆u = Φηη (5-3)

where the control patterns creating matrix Φη are the first pred dominant eigen-
vectors of a low-rank approximation of the covariance matrix of the control space,
represented by an ensemble of prior controls and uinit is the mean of the ensem-
ble. Alternatively, other reparametrization methods may be chosen, such as, the
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discrete cosine transform Jafarpour and McLaughlin (2009) or a discrete wavelet
transform Sahni and Horne (2005), as long as they lead to a significant reduction
in the number of controls. Description of the two mentioned methods can be found
in the literature review part of the thesis.

5-3 Gradient-Based Model-Reduced Production Optimization

Classical gradient-based production optimization formulated for a general model
represents a non-linear constrained optimization problem, that is very difficult to
solve. It can be simplified by considering that the objective function can be made
quadratic by assuming that the, model, fi and, observation, hi operators can be
linearized. The theoretical advantage of using a quadratic objective function is
that it has an unique solution, and it can be found, solving only linear equations.
Therefore, the tangent linear model of the original model is written using the first-
order Taylor formula in the vicinity of the background control vector ub. This results
in the following equation:

∆x(ti) = ∂fi[x(ti−1, u)]
∂x(ti−1) ∆x(ti−1) +

p∑
j=1

∂fi[x(ti−1), u]
∂uj

∆uj (5-4)

where p is the size of the control space and ∆x represents the change in the state
vector with respect to the change in controls. The partial derivatives in (5-4) are
evaluated at, (xb(ti−1, u

b)), where xb(ti)fi[xb(ti−1, u
b)]. Equation (5-4) can be re-

written as:[
∆x(ti)

∆u

]
=

 ∂fi[x(ti−1, u)]
∂x(ti−1)

∂fi[x(ti−1), u]
∂uj

0 I

 [ ∆x(ti−1)
∆u

]
(5-5)

which is a linear model in terms of variation. The maximization process is then
performed by the following iterative steps:

• Linearize the model around the background control value ubk, where k denotes
the iteration number and ub1 = uinit,

• Find ∆uk such that it maximized the quadratic objective function.

• Update ubk+1 = ubk + ∆uk

The production optimization procedure becomes a two loop scheme, containing
a inner loop, which finds the maximum of the quadratic objective function and
an outer loop, where the original model is used to redefine the model trajectory
and to calculate the original objective function. It iterates until some predefined
criteria is met. The computational speed-up sought after by the model reduction
technique, is obtained by replacing the tangent linear model with a simpler low
resolution linear model, constructed using the information from the perturbations
of the original model. Because the reduced-order model is designed to capture
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36 Model-Reduced Gradient Based Production Optimization

the dominant dynamics of the original system, it is expected that it can be used
successfully for a fast maximization of the objective function in the inner loop. It
is worth mentioning that there is no guarantee that the reduced-order model will
always lead to the same response with respect to control variations as the full-order
model.

5-3-1 Initialization

The initial control vector is chosen as a general constant injection rate strategy,
meaning, that the injection rate in the injection well is keep constant during the life
cycle of the reservoir. Next the high order reservoir simulation is run for the initial
controls and the initial objective function is calculated.

5-3-2 Collection of the snapshots and pattern selection

As previously stated, the POD method can be used to obtain a low order version of
the tangent linear approximation of the model. This is different than the conven-
tional application of the POD method for state-space reduction. In the conventional
approach, a data matrix is built from selected state vectors of a forward simula-
tion of the full-order numerical model, called snapshots. Spatial basis functions
are obtained by computing a low rank approximation of the covariance matrix of
the data and by selecting the leading eigenvectors. Next the tangent linear model
equations are projected on the low-order subspace, spanned by the basis vectors,
which are still able to reproduce the dynamical behaviour of the original model
Cardos et al (2009) or Van Doren et al (2004). If the original model is non-linear
then the matrix coefficients of the tangent linear high-order model need to be re-
computed every time step before applying the reduction, which significantly reduces
the computational advantage of the POD method, as compared to the linear case.
Furthermore, the conventional POD method requires access to the Jacobians with
respect to states. The approach present in the numerical examples, aims at ob-
taining the reduced-order approximation of the tangent linear model directly by
computing approximate derivatives of the reduced-order model. For the purpose
of our application, the reduced-order model is used for production optimization
therefore the snapshots need to be able to represent the dynamics of the system for
modified control values. The snapshots are created in the following way:

xj(ti) = fi[xb(ti, ub + φjηηj)]− fi[xb(ti−1), ub] (5-6)

where φjη is the jth pattern in matrix Φη and ηj is the size of the perturbation. This
snapshots are ordered as columns in matrix:

X = {x1(t1), . . . , x1(tN , . . . , xpred
(t1), . . . , xpred

(tN)} ∈ Rn×s (5-7)

where s is the total number of snapshots, n represents the dimension of the state
vector and pred is the dimension of the control space after reparametrization. The
given space of snapshots spans a subspace on which the reduced-oder model is
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built. Since typically s � n, instead of solving the eigenvalue problem for matrix
XXT ∈ Rn×n the reduced eigenvalue for matrix XTX ∈ Rs×s is solved.

(XTX)wi = λiwi, i ∈ 1, . . . , s (5-8)

The eigenvalues for both problems are the same and the following relationship holds

between the eigenvectors: φi = λ
−

1
2

i Xwi for i ∈ 1, . . . , s. The eigenvectors corre-
sponding to the largest eigenvalues of matrix XXT represent the dominant direc-
tions present in the snapshots, called patterns. Each pattern has a relative impor-
tance associated with it, αi, which is defined as the percentage of the eigenvalues
in the total sum of eigenvalues, αi = λi∑s

j=1 λj
. By choosing nred as the number

of patterns with the largest relative importance, an orthonormal projection matrix
Φ is created, where nred ≤ s. nred is chosen as the smallest number such that∑nred
j=1 αj ≥ αe, where αe is some percentage of the total relative importance.

5-3-3 Building the reduced-order linear model

A model can be reduced by reconstructing the incremental state ∆x(ti), according
to

∆x(ti) = Φz(ti) (5-9)
where Φ is the projection matrix derived in the previous subsection and z ∈ Rnred

is the reduced state vector. Combining equations (5-4), (5-3) and (5-9) results in:

z(ti) = Niz(ti−1) +Nu
i η (5-10)

where

Ni = ΨT ∂fi[x(ti−1), u]
∂x(ti−1) Φ (5-11)

Nu
i = ΨT ∂fi[x(ti−1), u]

∂u
Φη

and where z represents the response of the original model to a perturbation of the
controls, such that we can write:[

z(ti)
η

] [
Ni Nu

i

0 I

] [
z(ti−1)
η

]
(5-12)

The partial derivatives in equation (5-12) represent the sensitivity of the model with
respect to the states and to the controls, but can not be easily computed explicitly
and should be approximated by:[

fi[x(ti−1), u]
∂u

]
j

≈
fi[x(ti−1), u+ εui

u
j ]− fi[x(ti−1), u]
εu

(5-13)

and [
fi[x(ti−1), u]
∂x(ti−1)

]
j

≈ fi[x(ti−1) + εij, u]− fi[x(ti−1), u]
ε

(5-14)

Master of Science Thesis Dan Sava



38 Model-Reduced Gradient Based Production Optimization

where ε and εu are the intervals in which the partial differential equations are lin-
earized and ij and iuj are the jth column of the identity matrices, In×n and Ip×p.
These perturbations are too expensive for large-scale models. Looking at equations
(5-12), here is no need to calculate those partial derivatives explicitly and instead of

approximating terms ∂fi[x(ti−1), u]
∂x(ti−1) the term ∂fi[x(ti−1), u]

∂x(ti−1) Φ is approximated as:

∂fi[x(ti−1), u]
∂x(ti−1) φj ≈

fi[x(ti−1) + εφj, u]− fi[x(ti−1), u]
ε

, (5-15)

where φj represents the jth patterns from matrix Φ. Following the same scheme we

approximate the term ∂fi[x(ti−1), u]
∂u

Φη as:

∂fi[x(ti−1), u]
∂u

φjη ≈
fi[x(ti−1), u+ εuφ

j
η]− fi[x(ti−1), u]

εu
, (5-16)

where φjη is the jth column of Φη. It results in a reduced-order model which is lin-
earized along patterns. The dimension of the reduced-order model depends on the
number of patterns and on the number of variables pred, that need to be estimated,
which are both expected to be small. The matrices that are involved in the reduced-
order model are known explicitly and the reduced-order model is linear. Therefore,
the computational time for one reduced-order simulation can be neglected. How-
ever, the computational time required for constructing reduced-order model may be
significant.

So far, the description of the procedure involved in building the reduced-order
model, was presented. The formulation of the method was presented using an
explicit form of the reservoir equations, which was motivated by the resulting sim-
plification in the description of the method. An explicit method calculates the state
of the system at the previous time step, while an implicit method finds a solution by
solving an equation involving both the current state of the system and the previous
one. Since the tangent linear model for both cases can be rewritten such that it
calculates the approximate state at a current time step from the approximate state
at the previous time step, and from the parameters, the choice of an explicit or an
implicit method is irrelevant.

5-3-4 Improving parameters in the reduced space

The moment when the reduced-order approximate linear model is available, the
adjoint model is easy to implement. A gradient-based optimization technique is
available, where the gradients are obtained with the aid of an adjoint equation in
terms of Lagrange multipliers λ(ti). The multipliers represent the objective function
sensitivities to changes in the state variables and originate from adding the dynamic
system as a constraint to the objective function. In our application, the controls
are formed by the injection rates in the injection wells at the control times. The
adjoint equation can be written in discrete time as:
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λTti

(
∂gi+1

∂x(ti)

)
=
[
−λ(ti+1)T ∂gi

∂x(ti)
− ∂J(x(ti), u(ti))

∂x(ti)

]
, (5-17)

where
gi = x(ti−1)− fi(x(ti−1), u(ti)) = 0 (5-18)

is a compact representation of the system equation. In the implementation, instead
of the full-order model, the reduced-order model is added as a constraint to the
objective function J with the aid of a set of low-order Lagrange multipliers µ,

Jred(z(ti),Φuu(ti)) =
N−1∑
i=0

[J(Φz(ti), u(ti)) + µ(ti+1)Tg(Φz(ti+1),Φz(ti), u(ti))]

(5-19)
where the average of the state vector x, needs to be added to each product Φz.
Taking the first variation of equation (5-19), and reworking the results, a reduced-
order equation in terms of reduced-order Lagrange multipliers is obtained:

µ(ti)T ΦT ∂gi−1

∂x(ti)
Φ︸ ︷︷ ︸

p×p

=

−µ(ti+1)T ΦT ∂gi
∂x(ti)

Φ︸ ︷︷ ︸
p×p

− ∂J(x(ti), u(ti))
∂x(ti)

Φ︸ ︷︷ ︸
p×p

 (5-20)

Starting from the final condition µ(tN) = 0 it can be integrated backward in time.
Because the derivative in equation (5-20) consist of state dependent parameters
they are approximated using finite differences, as previously shown. Then they are
projected onto the low-order subspace. After calculating µ for every time step, we
can calculate:

∂L(ti)
∂η(ti)

= ∂J(z(ti), η(ti))
∂η(ti)

+ µ(ti+1)T
{

ΦT ∂gi
∂η(ti)

}
(5-21)

. The updated reduced controls are computed using a steepest ascent method,
ηk+1 = ηk + ε

∂L(ti)
∂η(ti)

, where ε is a weighting factor, that is adjusted during the
maximization process.

5-3-5 Improving controls for the full-order model

The solution provided by the reduced-order model control optimization process,
represents an optimum for the reduced-order linearized system, but not necessary
for the original full order model. The value of the original objective function with
respect to the new controls, ubk+1 = ubk + Φηηopt, where ηopt represents the solution
of the reduced order maximization process. The optimization process stops when
either there is no improvement in the objective function from one iteration to the
next, or a specified number of iteration is reached.
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Figure 5-1: Model-reduced gardient-based production otpimization

If the objective function does not obey the stopping criterion, then the process
restarts around a new background control vector ubk+1. Since there is a relationship
between patterns and model parametrization, whenever the background parameter
is changed, a new background state and a new set of patterns needs to be identified.
This lead to the construction of a new reduced order-model, which in turn lead to a
new inner loop run, that performs a new optimization of the reduced-order control
vector. The production optimization algorithm presented in this chapter can be
summarized by the flow chart in Figure (5-1).

5-3-6 Computational complexity

The computational cost of the reduced-order production optimization approach can
be split in two main parts: the cost of constructing the reduced order model, and
the cost of solving the reduced system and the production optimization problem.
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The Cost of constructing the reduced order model

• Generating "good" snapshots is an essential part of the POD method, which
is a data driven method. The actual generation of the snapshots is done by
generating an ensemble of controls around a initial control. For each member
in the newly generated ensemble the full-order model is ran, and the values for
pressure and saturation at each time step are saved. The saved values are then
subtracted from the pressure and saturation values of a full-order model run
with the background controls ub. The computational cost of performing this
part of the optimization process, expressed in full-order model runs is equal
with the number of members in the generated ensemble.

• The cost of solving the reduced eigenvalue problem is equivalent to the cost of
a Singular Value Decomposition of matrix X in case of POD method. Since
the number of snapshots can be kept low, this cost is also low.

• Cost of approximating partial derivatives along patterns, represents the most
computationally expensive part of the optimization procedure based on model-
order reduction. The computational time expressed in full-order model runs
is equal to the number of patterns generated. Let P be the total number of
patterns, then P = pred + nred, where pred, represents the number of control
patterns, and nred, is the number of state patterns.

The cost of solving the reduced optimization problem

• The cost of solving a system of nred linear equations is equal to O(n2
red), which

can be neglected in our case.

• The cost of the reduced optimization procedure, is limited to the number of
times the new controls constructed for the purpose of improving the reduced
objective function are verified to also improve the original objective function.
This requires a full order model run for each original objective function calcu-
lation.

5-3-7 Additional issues

Pressure and saturation variables have different physical behaviour, a different or-
der of magnitude and generally a different variability in their values. The POD
procedure favours variables which values show grater variability, and this can have
negative effects on the pattern identification. Following the information available
in the literature, it was decided that snapshot collection for pressure and saturation
should be done separately. Instead of solving one eigenvalue problem to obtain
the POD matrix Φ,two separate eigenvalue problems were solved, one for pressure
snapshots, and one for saturation snapshots. Later, because MRST, the reservoir
simulator used for the numerical experiments, works with incompressible flow, it was
observed that approximating the partial derivatives along the patterns for pressure
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provided no information that would be useful for the reduced-order model. Given
this circumstance, the decision to ignore the pressure patterns was taken, leaving
us with a reduced model built only using saturation patterns.

5-4 Ensemble-Based Optimization

The ultimate goal of production optimization is the development of an improved
operating plan, called field development plan (FDP), which has the potential to
substantially increase the ultimate oil recovery. The NPV and the ultimate recov-
ery are considered the objective functions in an optimization problem, and are the
quantities that need to be maximized in order for the production optimization pro-
cess to be successful. Because the NPV is an economic objective calculated based on
evaluations of future production behaviour, a reservoir simulation model is required
to provide this forecasted production values. Due to the fact the reservoir is not
easily observable, the reservoir geological model is possible to be highly uncertain.
In order to obtain a suitable production strategy for the reservoir of interest, pro-
duction optimization needs to be combined with a parameter estimation method
that reduces the uncertainty of the estimate of the reservoir geological properties
in a closed loop optimization Chen et al. (2008). In the approach presented in
this thesis it is assumed that the geological properties are known and no parameter
estimation method is implemented.

5-4-1 Ensemble optimization

The ensemble optimization approach, is based on the work of Chen et al (2008). It
uses the statistical information from an ensemble of random perturbations of control
variables, so that the cross covariance between the objective function and the control
variables can be estimated. The cross-covariance needs to be computed because it
contains the information regarding the correlation between the control variables
and the objective function. In laymen terms it explains that if a control variable is
positively correlated with the objective function (this is denoted by a positive value
in the covariance matrix). It is expected that an increase in that control variable
will result in an increase in the objective function. For the numerical experiments
present in Chapter 6,EnOpt has the same goal as MorOpt, which is to maximize the
net present value of the reservoir. The net present value has the same expression as
presented in Chapter 1. The vector of control variables u, also known as the control
vector, contains all the well constraints at different control steps and is represented
in the following way:

u = [u1, u2, u3, . . . , uNu ] (5-22)

where Nu is the total number of control variables, and is computed as the product
of the number of wells and the number of control steps. Let x be a typical state
vector for a two phase flow problem, for each grid block of the underlying geological
model x contains porosity, permeability, pressure and water saturation and all the
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Figure 5-2: Expected Value of the Objective Function

available production data, water production rate and oil production rate.

x = [φ, ln k, P, Sw,WPR,OPR]T (5-23)

The objective function, J , is going to be a function that depends on the control
vector (see 5-22) and on the state vector (see 5-23), J = J(u, x), because the oil
and water production rates both depend on the control vector and on the reser-
voir properties. In a practical application, because the reservoir is deep under-
ground, the geological properties of the reservoir are subject only to indirect obser-
vations. This in turn generates uncertainty, which is assumed to be captured by a
set x = [x1, . . . , xM ] representing the state vectors of M equiprobable models. The
optimization goal becomes maximizing the expected value of the objective function
over the uncertain description of the model parameters. The optimization problem
becomes:

maxuJ(u) (5-24)
subject to ulow ≤ u ≤ uup

where J(u) is given by

J(u) = 1
M

M∑
i=1

J(u, xi) (5-25)

As previously stated, for the numerical experiments, the the uncertainty of the
model parameters is not considered, the model is considered to be exact. This means
that in the previously presented optimization problem the models are identical and
the problem reduces to a deterministic optimization problem.

Master of Science Thesis Dan Sava



44 Model-Reduced Gradient Based Production Optimization

5-4-2 Gradient optimization

Before further introducing the stochastic gradient. It is useful to describe exactly
how the classical gradient is used in an optimization process. The objective func-
tion is assumed to be "smooth" meaning is once or several times differentiable with
respect to the controls. When considering problems which deal with "smooth" ob-
jective function, it is of interest to consider some calculus based aspects of analysis.
The gradient of the gain function is defined as the Nc-dimensional column vector.

OJ(u) = ∂J

∂u
=


∂J/∂u1
∂J/∂u2

...
∂J/∂uNc

 (5-26)

where u is the control vector and Nc represents the number of controls

Stochastic Gradient

Dealing with a deterministic optimization problem, the question arises: what is
the advantage of using a stochastic gradient optimization approach in order to
get the maximum of the objective function? Unfortunately for a practical large
scale optimization problem, it is not possible to obtain the closed-from analytical
solution of the objective function. In order to solve for one control vector u∗, that
would maximize J(u, x), an iterative algorithm is used. A step by step procedure is
implemented that moves from a initial guess (or set of guesses) for u to a final value
that is expected to be as close as possible to u∗ (optimal control vector). Because in
the set of all possible optimal control vectors U∗ any one control vector is as good
as any other it is common practice to seek only one u∗ in the algorithmic search
process. There is no reason to try and use an impossible amount of resources to
find the full set U∗. One of the major difficulties in optimization is the distinction
between global and local optimization, in our case global or local maximum. A
global optimum solution to the maximization problem i.e. at least one u∗ in the set
U∗, with each u∗ ∈ U∗ providing a higher value of J , than any other u /∈ U∗. In
most practical cases one must be content with obtaining a local solution because a
global solution might not be available.
A stochastic gradient of J with respect to an ensemble of control vectors of size M, is
obtained by performing M simulation of the reservoir model, each with a perturbed
control vector ui, (i = 1, . . . ,M). The perturbed control vector is obtained from
the initial control vector which is perturbed using a random vector sampled from
Gaussian distribution with zero mean and standard deviation one. Thus in ensemble
matrices the control and objective function standard deviation.

U =


u1

1 − u1 · · · u1
Nu
− uNu

... . . . ...
uM1 − u1 · · · uMNu

− uNu

 and Ji =


J1
i − J
...

JMi − J

 (5-27)
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where uk = 1
M

∑M
i=1 u

i
k for k = (1, . . . , Nu), Ji = J(ui, x), J = ∑M

i=1 Ji. Now ap-
plying linear regression through the M points (ui−u, Ji−J) with u = (u1, · · · , uNu)T
results in a regression coefficient vector βi = (UTU)−1UTJi that approximates the
gradient of Ji. Averaging the coefficients βi leads to a stochastic gradient G that
approximates the gradient of J . Now the stochastic gradient G is defined as:

G = C−1
u

1
M − 1

M∑
i=1

(ui − u)(Ji − J) (5-28)

where Cu ≈ 1
M−1(UTU) and J = 1

M

∑M
i=1 Ji. Equation (5-28) requires the evalu-

ation of the objective function M times, in the non deterministic case the compu-
tation of the stochastic gradient G would require M2 evaluations of the objective
function. This is due to the fact that for every member of the state vector ensemble
of size M ,the objective faction is evaluated M times Olwijn et al.(2010). It was
observed that a direct use of the stochastic gradient in a steepest ascent optimiza-
tion procedure is not the best possible choice. To eliminate this lack of optimality
a regularized gradient is obtained by pre-multiplication of G with a matrix R of the
following form R = Cu · Cu. It is suggested by Chen et al.(2009) this choice for R
will provide a preconditioning for the steepest ascent optimization method as well
as a smoothing to correct for noise resulting from the use of a small ensemble.

ui+1 = 1
α
CuG+ ui (5-29)

Another interpretation, is that by premultiplying the gradient G with Cu, the
smoothness that was lost while approximating G using a small-sized ensemble, is
restored.

There are numerous studies that attempt to compute the gradient of the expected
net present value with respect to a control variables. One way of doing exactly
such a thing can be found in Sarma et al. (2005), where the adjoint method is used
to compute the expectation of the net present value with respect to the controls,
and the uncertainty of the reservoir description is propagated using the propagation
collocation method. Other approaches also consider the use of NPV expectation
as the objective function, they use an ensemble of reservoir models to reflect the
uncertainty of the geological model and solve the adjoint equation for each realiza-
tion. The average of the resulting gradients is considered to be the gradient of the
expected NPV with respect to the control vector. Both approaches have one major
drawback, that is they require the adjoint code to be available, which in most cases
is something hard to obtain. Compared to these two methods EnOpt circumvents
the need for the adjoint by simply approximating the average sensitivities of the
expected NPV with respect to the control variables from the coupled ensemble of
controls. It uses the reservoir simulator as a black box system, and it is fairly flex-
ible in terms of choice of control variables and objective functions that need to be
optimized Chen et al.(2008).
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Figure 5-3: The flowchart for the Ensemble-Based Optimization
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5-4-3 Implementation of ensemble-based optimization

The procedure of the ensemble-based production optimization implementation is
summarized in Figure (5-3). A more detailed step by step view of the procedure is
further presented. A general outlook contains three main parts, the initialization
part, an outer loop and an inner loop. During the initialization phase all the re-
quired parameters of the procedure are declared, the underlying geological model is
setup with the assumed rock and fluid properties. Also a background solution for
the optimization problem is picked, in this case the background solution represents
the control vector. Around the control vector an initial ensemble of control vectors
is generated. Using this ensemble an initial search direction is calculated. The outer
loop computes the objective function for the new controls and checks weather or not
an improvement of the NPV is achieved. Also, a new set of ensembles of controls is
generated an a new search direction is calculated. The inner loop provides further
improvement of the NPV by adjusting the step size and/or the search direction.
This is done using either line search or trust region.

EnOpt Initialization

Step 1 Let i = 1. Generate initial control variables u1 and initial ensemble control
variables u1,j, j = 1, 2 . . . Ne. ui,j are generated in two steps. First, a mean
control is sampled from a uniform distribution with upper and lower limits
equal to the maximum and minimum possible well constraints for each realiza-
tion of each well. Second, a temporally correlated Gaussian random field with
zero mean is generated for each realization of each well and added to the mean
control. Set u1 = 1

Ne

∑
j = 1Neu1,j.

EnOpt Outerloop

Step 2 If i 6= 1 a temporally correlated Gaussian random field with zero mean is
generated for each realization of each well and is added to the control variables
ui.

Step 3 Run the simulator for the entire chosen time interval and compute the objective
function, with the help of the simulator results.

Step 4 Compute the gradient G which is also the search direction using equation 5-28.

Step 5 Compute the updated control variable ui+1.

Step 6 Evaluate the objective function for the new controls J(ui+1, x), this requires
Ne model simulations

Step 7 If J(ui+1, x) > J(ui, x), then ui = ui+1 and let i = i+ 1 .

Step 8 If J(ui+1, x) < J(ui, x) start the inner loop, keep the ui decrease the step size
by increasing α and go to Sept 5.
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Step 9 Check if the stopping criteria has been reached. If not go to Step 5, else set
u = ui and exit the outer loop.

Note that the stopping criteria that is checked in Step 9 usually refers to the relative
increase of the NPV, meaning that if the increase of the objective function is lower
than 0.01% then the stopping criteria is reached. Another option is to look at the
change between two or more consecutive control vectors and if that change is less
than 1% then again the optimization process is stopped. For testing purposes a
stopping condition is not used. Instead a fixed number of iterations is used. This
choice is supported by the fact that the optimization process has a high chance
of reaching a local maximum instead of a global maximum. Given the stochastic
nature of the method, using more iterations provides a better change of escaping
the local maximum and reaching a better local maximum or even a global one.
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Chapter 6

Numerical Results

This chapter contains all the numerical results of the model reduction approach to
production optimization, described in Chapter 5. The method was implemented for
two test cases and the results were compared with numerical results from EnOpt.
The first experiment represents the implementation of MorOpt on a simple two-
phase 2-D reservoir model and the second one represents the implementation of
MorOpt on a more complex two-phase 3-D reservoir model. In both cases, the goal
of the optimization process is maximization of the objective function. This chapter
shows that optimizing the controls using MorOpt leads to a maximization in the
NPV. All the numerical experiments were performed using an open source Matlab
simulation toolbox (MRST-Sintef).

6-1 Matlab Reservoir Simulation Toolbox (MRST)

MRST represents an open-source Matlab toolbox that can be used as an efficient test
platform for researching new optimization methods in reservoir simulations. The
aim of MRST is to provide reproducible research and simplify the development,
verification, validation and comparison of new methods on general grids. MRST
contains a set of data structures and routines for creating, manipulating and visu-
alizing petrophysical data, as well as routines for computing single and multiphase
incompressible flow.

MRST has the following functionality for rapid prototyping of solvers for flow and
transport:

Grids: MRST contains a common data structure and interface for all types of grids.
It does not contains a grid generator but instead it contains grid factory
routines for rectilinear grids, triangular and tetrahedral grids, 2D Voronoi
grids,extrusions of areal grids to 2.5D volumetric grids. It also contains nu-
merous tutorial examples and a few realistic data sets.
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Input and Output: MRST provides routines for reading and processing industry
standard input files for grids, petrophysical parameters, fluid models, wells,
boundary conditions, and simulation setup.

Parameters: The toolbox works with a data structure for petrophysical parameters
and a few, very simplified, geological routines. The version of MRST used,
2011a supports just incompressible fluid models, but a version that supports
compressible black-oil fluids has been announced. Also as parameters of the
simulator, we could consider routines for setting and manipulating boundary
conditions, sources/sinks and well models.

Units: MRST works in a strict SI units but supports conversion to and from other
unit systems like field-units. The simulator supports multiple types of unites,
when an industry-standard input format is not used, the user is responsible for
the explicit conversion and consistency of the units.

Reservoir state: The toolbox works with results data structure that contains state
variables like pressure saturation and fluxes in every grid cell of the reservoir.

Postprocessing: MRST has implemented visualization routines for scalar cell and
face data, that make plotting useful results very easy.

Solvers: The toolbox contains several flow and transport solvers which may be readily
combined using an operator splitting framework. In particular it provides
an implementation of the multiscale mixed finite-element method working on
unstructured,polyhedral grids.

Linear algebra: MRST relies on Matlab’s build in linear solvers but these can easily
be replaced by specialised solvers.

6-2 Numerical Results 2D Case

For the numerical experiments presented in this section, the model reduction ap-
proach is applied in order to get an optimized control vector. The optimized control
vector provides a maximization of the NPV. First the simple 2D study case is chosen
and all the data from the numerical experiments is recorded and analysed. When
the more complex 3D study case is considered, the results from it are expected to be
similar to the 2D study case. No significant differences are expected to be observed
between the two numerical trends.

Model Settings

The model used for the numerical experiments is a simple synthetic 2D reservoir
model, which describes iso-termal incompressible two phase (oil and water) flow,
see Figure (6-1). All the numerical experiments were performed using the MRST
reservoir simulator presented in beginning of this chapter. All the model parameters
are assumed to be known including permeability and porosity. No history matching
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Figure 6-1: The reservoir Grid used in this section for the numerical experiments. The red squares
correspond to the producers and the blue squares correspond to the injectors

is done for the reservoir. The 2D reservoir model represents the first layer of the
3D model used in the next section.

Model assumptions: The reservoir operates under water flooding conditions. Given
the fact that the simulator only supports incompressible flow, this becomes a forced
model assumption. Also, it is assumed that the effect of the gravity can be neglected,
the permeability is known and that all parameters are pressure independent. Deal-
ing with a two-phase oil-water problem, first the two-phase pressure equation is
solved:

∇ · v = q, v = –λK∇p, (6-1)
where v is the Darcy velocity (total velocity) and lambda is the mobility, which
depends on the water saturation S. The saturation equation (conservation of the
water phase) is given as:

φ
∂S

∂t
+∇ · (fw(S)v) = qw (6-2)

where φ is the rock porosity, f is the Buckley-Leverett fractional flow function, and
qw is the water source term.

Fluid properties: As previously mentioned we are dealing with a two-phased prob-
lem, for which the relative permeabilities Figure (6-2), represents the additional
resistance to flow of a phase. This is caused by the presence of the other phase and
follows a Corey model. Corey exponents for oil and water are equal to two, and the
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Figure 6-2: Relative permeability curves.

end points for the relative permeabilities of oil and water were taken equal to 1 and
0.8, respectively. The residual oil saturation and the connate water saturation were
considered to be equal to 0.2. Oil and water viscosity was chosen as 1 · 10−3Pa · s
water and 5 · 10−3Pa · s oil.

Reservoir geometry and properties: The reservoir is constructed as a Cartesian grid
of size 60-by-60-by-1 cells, where each cell has dimension 10-by-10-by-10 meters.
The permeability K is set to be homogeneous, isotropic and equal 100 mD and the
porosity to be equal to 0.3 for all the grid cells. Not all cells are considered active,
only 1853 cell are active and give the egg shape from Figure (6-1).

Initial conditions: The initial reservoir pressure is assumed to be 32.5·106Pa and the
initial water saturation is taken as the connate water saturation.

Well settings: There are 12 wells, eight injector wells and four producer wells, po-
sitioned as shown in Figure (6-1). The injector well is a vertical well controlled by
injection rate, which is going to be optimized in order to get an improvement in the
NPV. The four producer wells are also vertical wells, but are controlled by bottom
hole pressure (bhp) this is set at 30 ·106Pa. MRST uses Peacemann model in order
to describe the wells, this gives an extra set of equations, that need to be assembled.
For a vertical well, the model is of the following form:

q = J(p–pbh), J = 2πKh
µ(ln(re/rw) + s) , re = 0.2

√
∆x∆y (6-3)
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where q is the flow rate pbh is the bottom-hole pressure, re is the effective (Peace-
mann) radius, rw is the radius of the well, K is the permeability, and h the height
of the well. The radius of the wells was set 0.1 meters.

6-2-1 Production optimization settings

All the numerical optimization experiments were performed, under the same set-
tings: injectors are only controlled by water injection rate, additionally there is a
constraint on the total injection rate which is, given the small size of the 2D case,
chosen to be 10 m3/day. This very low maximum constraint on the total injection
rate and was chosen because of two decisive factors. First the relative small size
of the reservoir and volume of liquid it contains (1.2754 ·105m3) and second the
reservoir simulator works only with incompressible flows. This combined with the
fact there is no boundary flow, leads to the observation that the volume of liquid
injected is equal with the volume of liquid that is observed from the producers.
In order to evaluate the NPV, for our optimization problem we need to specify some
financial parameters. The price of oil is set as 150$ the cost of water disposal is set
at 25$ and the cost of water injection is set at 5$. The discount rate is chosen to
be 8 %. Time frame for the NPV optimization is four years, 1460 days, the control
settings are modified every 182 days, which gives us eight control steps.
The 2D study case contains eight injectors and the total number of controls is equal
with the number of control parameters times the number of wells, i.e. 64 control
variables. At every control time every one of the eight wells has its injection rate
updated. The ensemble used for constructing the snapshots contains 25 members
and a complete optimization process involves 15 runs of the outer loop. An initial
control vector is chosen and is updated for every control step so that we obtain an
improvement of the NPV. In order to get the updates for the control vector the
reduced order model is constructed, and the controls are optimized in the reduced
space. This involves generating the 25 members of the ensemble by perturbing the
initial controls with a Gaussian noise with mean zero and standard deviation 0.05.
Using the generated ensemble by running the full order model for each member in
the ensemble, the snapshot matrix is constructed. from the the snapshot matrix, the
main patterns that are used in constructing the reduced order model, are obtained
using the POD technique. In the end we compare the results from the constant in-
jection rate approach to water flooding with the results from the optimized controls,
for both the MorOpt and EnOpt.

6-2-2 Production optimization results

In production optimization the goal is to find the best strategy which will maxi-
mize an objective function which can either be the net present value (NPV) or the
ultimate recovery (UR). This section will show that MorOpt can do exactly this
in a short computational time and in a robust manner. Here robustness is defined
as the ability of the method to provide similar maximum optimized values for the
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Figure 6-3: NPV for the case when the optimization process is started using different initail controls

NPV independent of the initial control vector chosen. Also the optimization results
obtained using the MorOpt are compared with best case scenario optimization re-
sults obtained using EnOpt. The EnOpt process can contain two iterative search
methods that describe how the optimization process goes from one iterate to the
next iterate. This methods are called linesearch and trustregion. In this section
when referring to EnOpt we assume that the method uses trustregion in order to
provide the optimized control strategy. The results, of EnOpt using linesearch are
not presented in this section because, they prove to be similar to the results obtained
from EnOpt using trustregion. The method robustness is evaluated by starting the
optimization process from different initial control and checking if the optimization
process converges to the same level NPV toward the end, Figure (6-3). This test
shows that the final result of the optimization process is independent of the initial
chosen control vector.

This is a good thing, because it shows that unlike using a simple implementation
of the steepest ascent method, using MorOpt it is more likely to reach a optimum
which is global than local.

Table (6-1) presents the same information as Figure (6-3) as well as the NPV
improvement, which is computed as the percentage the NPV is higher than the
NPV obtained for initial constant controls.

Pressure and saturation have different physical behaviour and also have a differ-
ent variability in their values, therefore they were considered separately when the
patterns were chosen. The pressure behaviour shows less variability than the satu-
ration behaviour. It is expected that more patterns would be required to represent
the saturation field than the pressure field. As previously mentioned, because of
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Case Injection Rate [m3] Initial NPV [104$] Optimized NPV [104$] NPV Increase [%]
1 64 5.9962 9.0382 50.73
2 96 6.2157 9.1335 46.94
3 128 5.9755 9.1075 52.41
4 160 5.4633 9.4940 73.77
5 192 4.7853 9.4490 97.46
6 224 3.9919 9.4390 136.45
7 256 3.1147 9.1662 194.28
8 288 2.1749 9.3084 327.99

Table 6-1: Optimization results for different background controls

Figure 6-4: Water saturation distributions at six month time interval

the limitation of the reservoir simulator in dealing with compressible flow the pres-
sure patterns are ignored and the reduced order model is constructed using only
saturation patterns. In order to cover the dynamic behaviour of the system, snap-
shots were taken during all the model integration times for every member in the
control ensemble. Figure (6-4) describes the behaviour of the saturation field under
water-flooding condition for the 2D test case. Initially the reservoir is completely
saturated with oil (blue), then water (red) is pumped through the eight injection
wells.

A number of main parameters can be identified as being important for the per-
formance of the model reduction technique: size of the control ensemble, standard
deviation used when the ensemble is generated, perturbation size of the finite differ-
ence approximation, relative importance used when picking the saturation patterns
and the control patterns. For all this parameters a sensitivity analysis is done, using
the 2D model, Table (6-2). The first case from Tabel (6-2) represents the reference
case parameters that is seen as a blue line in Figure (6-5).
The information present in Table (6-2) can also be visualized in Figure (6-5). From
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Case Rel Importance Nr of Enseble Members STD Pert Size NPV [$] # Model Runs
1 0.7 25 0.05 10−4 9.1795 357
2 0.7 25 0.1 10−4 9.1512 384
3 0.7 25 0.2 10−4 8.2414 320
4 0.7 50 0.05 10−4 9.2021 598
5 0.7 100 0.05 10−4 9.4846 1163
6 0.8 25 0.05 10−4 8.4846 423
7 0.7 25 0.05 10−3 6.7766 492

Table 6-2: Optimization results for different parameter values

Figure 6-5: MorOpt Parameter Sensitivity

the results present in Figure(6-5) and Table (6-2) it is clear that using a total
relative importance of 70% is enough to capture the main dynamics of the small
2D reservoir model. Also a small standard deviation is better when generating the
control ensemble. This is due to the fact that our reduced order model is accurate
in the vicinity of the background controls and to much variation in the control
ensemble has a negative effect on the final results of the process. On the other hand
increasing the number of samples also increases the maximum NPV value reached
by the optimization procedure. This in turn also is positively correlated with the
full order model runs that the optimization process requires.

The comparison of the optimization results, coming fromMorOpt using reparametrized
controls and the best case parameters, which are: relative importance 70% 100 en-
semble members used when generating the snapshots for the reduced order model,
0.05 standard deviation and 10−4 perturbation size for both the control patterns
and the saturation patterns. With the optimization results coming from the EnOpt
method, again using a set of optimized parameters, and with MorOpt using Non-
reparametrized controls is present in Figure (6-6).
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MorOpt using non-reparametrized controls builds the low order model using the
saturation patterns and the sensitivity of the model with respect to the controls.
The sensitivity is approximated using finite difference for every element in the con-
trol vector. Concluding that every time the reduced order model is build, we need
to run the full order model Nu + p times, where Nu is the number of elements in
the control vector and p is number of saturation patterns. This is not a particular
problem for small test cases, but as the test case grows, more injection wells, more
control times, resulting in more control elements in the control vector. This also
leads to more full order model runs in order to build the reduced model, which def-
initely cuts the computational advantage that the method is supposed to provide.
Never the less, Figure (6-6) shows the MorOpt using non-reparametrized controls
performs better in terms of the maximum NPV the optimization process reaches,
when compared with the MorOpt using reparametrized controls. But this is done
with a clear computational disadvantage when the number of full model runs is anal-
ysed. The same thing is true for EnOpt, Figure (6-6), shows that EnOpt performs
better than both the MorOpt using non-reparametrized controls and MorOpt using
reparametrized controls but at a higher computational cost than both of them. This
information is better visualized in Table (6-3). Figure (6-6), suggest that the com-
putational cost observed from EnOpt can be reduced by implementing an stricter
stopping criterion but this is also true for other two method as well. For the pur-
pose of this thesis, a strict stopping criterion was not implemented, in the case of
EnOpt, due to the stochastic nature of the gradient obtained using the method.
Details were presented in Chapter 5.

Case Optimization Method Max NPV Reached [104$] Number of Model Runs
1 MorOpt Reparametrized Controls 0.9494 361
2 EnOpt 1.0242 2638
3 MorOpt Non-Reparametrized Controls 1.0047 870

Table 6-3: Comparison of Optimization Results 2D case

The number of full order model runs from Table (6-3), shows that, MorOpt using
re-parametrized controls, provides a 86.31 % reduction in number of model runs,
which can be directly translated to a reduction in overall computational time, while
providing a maximum NPV which is 7.3% smaller than the maximum NPV obtained
using EnOpt. Compared to MorOpt using Non-reparametrized controls, MorOpt
using reparametrized controls provides a 58.5 % reduction in number of model runs,
while providing a maximum NPV which is 5.5% smaller than the maximum NPV
obtained using MorOpt using Non-reparametrized contols.

The production strategy for the three methods, Figure (6-7) shows the optimized
controls that provide the maximum NPV from each of the three methods. There
is an upper and lower bound for the injection rate, which is put in place so that
the reservoir simulator does not return non-physical values for pressure. The initial
control vector contains constant injection rates for every injector at every time step.
There is no correlation set on any given two controls at consecutive time steps, i.e.

Master of Science Thesis Dan Sava



58 Numerical Results

Figure 6-6: 2D Comparison of Optimization Results

the optimized control vector can contain the maximum value for the injection rate
of one injector at a specific time, and for the next time step the minimum value for
the same injector. Figure (6-7) presents the optimized control strategy retuned by
the three optimization methods, MorOpt with reparametrized controls (blue line),
EnOpt (green line) and MorOpt with Non-reparametrized controls (red line). It
shows that the optimized control strategy of the three methods is similar for the
injection wells.
Figure (6-8) describes the evolution of the total volume of water, in m3/day, ob-
served in the four producing wells of the reservoir. The water volumes come from the
optimized controls of the three optimization methods, MorOpt with reparametrized
controls (blue line), EnOpt (green line), MorOpt without reparametrized controls
(red line). Because the NPV objective function penalises water production and
injection and rewards oil production, with different weights. It is interesting to ob-
serve the optimization method that provides optimized controls which deliver the
lowest water production rates. Looking at Figure (6-8) it is not easy to decide which
of the three methods does this. The decision can be simplified by considering Figure
(6-9) where the water production rates for all the producers are summed together
and presented as one.
One other indicator of performance of the optimization process could be the moment
in time, when water is observed in the production wells, also more commonly known
as water breakthrough time. Although, the optimization methods were not designed
to increase the water breakthrough time it is worth mentioning that Figure (6-9)
shows, that for all the three optimization methods, water breakthrough is present
after a period of six months.
Figure (6-10) describes the evolution of the total volume of oil, in m3/day, observed
in the four producing wells of the reservoir. Again, oil volumes come from the
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Figure 6-7: 2D Optimized Control Strategy

Figure 6-8: Cumulative Water Production for each Production Well

optimized controls of the three optimization methods, MorOpt with reparametrized
controls (blue line), EnOpt (green line), MorOpt without reparametrized controls
(red line). Again, it is not easy to observe which of the three optimization methods
provides optimized controls that results in the highest oil rates. Figure (6-11) makes
is more clear by combining the overall oil production into one picture.

Figure (6-11) and Figure (6-9) show that the optimized controls obtained using
MorOpt with reparametrized controls leads to the highest volume of produced oil
but also to the highest volume of produced water. Also, by taking into account
that the difference in oil volume production between the three methods is not that
significant, it is now clear where the difference in the maximum NPV comes from.
For more details about the optimized water and oil volumes in Figures (6-9) and
(6-11) see Table (6-4).

The results shown by Table (6-4) are not surprising, because as previously men-
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Figure 6-9: Cumulative Water Production

Figure 6-10: Cumulative Oil Production for each Production Well

tioned in the beginning of this chapter MRST, the simulator used for the numerical
experiments, does not support compressible flow. This fact coupled with no flow
boundary conditions, means that the amount of liquid, for the purpose of this the-
sis, water injected in the reservoir. Is equal with the amount of liquid observed as
production from the producer wells. Although the intuition is correct, in the sense
that higher volumes of oil translate to higher NPV values. The explanation for the
higher values of the NPV in the optimized cases, observed for a lower volume of
oil recovered, comes from the properties of the objective function. As previously
described, the NPV function rewards oil production and penalizes water injection
and water production. In Table (6-4), even though we observe higher volumes of
produced oil, we also observe higher volumes of water production and higher volume
of water injected over the lifetime of the reservoir.
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Figure 6-11: Cumulative Oil Production

Case Optimization Method Inj Water [103 ·m3] Water Prod [103 ·m3] Oil Prod [m3] NPV [104$]
1 MorOpt Repar Cont 2.0470 1.1094 937.6139 0.9494
2 EnOpt 1.6815 0.7552 926.3395 1.0242
3 MorOpt Non-Repar Cont 1.7475 0.8278 919.7572 1.0047

Table 6-4: Comparison of Total Liquid Volumes for 2D case

6-2-3 Conclusions

In the experiments presented in this chapter the model reduced production opti-
mization method was used in order to obtain a control strategy that maximized the
NPV, as the objective function. The method was further refined by reparametrizing
the control space and was compared with an ensemble based optimization method
and with MorOpt without reparametrized controls. The following conclusions were
drawn from this study:

• The presented POD-based approach is adjoint free, is relatively easy to imple-
ment and can be implemented around any reservoir simulator.

• MRST as the reservoir simulator used for the numerical experiments, is a
Matlab toolbox that can be used as an efficient test platform for researching
new optimization methods. Even though it proves to be a versatile and easy
to work with. We need to consider also the limitations it posses, such as, the
fact that it simulates only incompressible flows.

• Fist thing that was tested is whether or not by reparametrizing the control
space we could still get reasonable optimization results. This is confirmed
by Figure (6-3), where it is clear that by starting from different background
controls, we manage to converge to a similar value for the maximum NPV.

• We looked at the development of the NPV and the control strategies obtained
by changing key parameters of the model-order reduction method. It was
useful for the purpose of observing if MorOpt method was overly sensitive to
certain parameters and also made it possible for us to pick the combination of
parameters which provides the biggest increase in the finial NPV.
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• From the several tests performed these parameters, we observed that their
impact on the optimization process to be significant. The size of the ensemble
used to generate the snapshots is a relevant parameter. Because the reduced
order model is a linearized form of the original equations, the snapshots should
be taken in a relative close vicinity of the linearized trajectory. Choosing less
snapshots and less patterns results in less variability and may results in the
optimization process converging to a maximum NPV which is significantly
lower than the optimized NPV obtained using EnOpt.

• The numerical experiments show that a relative importance of around 70% is
sufficient in order to capture the significant dynamics of the full order model
using the reduced order approximation. This percentage for the total relative
importance is expected to increase with the increase of the complexity of the
reservoir. The number of snapshots used, the total relative importance used
and number of patterns used, all have a direct proportional relationship with
the computational cost of the reduced-order method.

• In both cases with and without reparametrized controls MorOpt performed
very well in terms of the maximum NPV value reached and also with respect
to the number of full order model runs needed, in order to complete the opti-
mization process.

• MorOpt using re-parametrized controls, provides a 86.31 % reduction in num-
ber of model runs, while providing a maximum NPV which is 7.3% smaller
than the maximum NPV obtained using EnOpt. Compared to MorOpt using
Non-reparametrized controls, MorOpt using reparametrized controls provides
a 58.5 % reduction in number of model runs, while providing a maximum NPV
which is 5.5% smaller than the maximum NPV obtained using MorOpt using
Non-reparametrized contols.

Though all this conclusions are true for this rather small 2D model, they are ex-
pected to have a small variation when dealing with a more complex 3D model.

6-3 Numerical Results 3D Study Case

Continuing the study started on the 2D model, the MorOpt method is used to
perform production optimization on a more complex 3D model. Like in the 2D
case the control vector is optimized in order to obtain the best production strategy
that maximizes the objective function. Asadollahi et al. (2009) shows that the
well liquid rates are the variables that present the strongest impact while trying
to maximizing the NPV using a gradient based optimization method. In other
works well bottomhole pressure has also been suggested to be a significant factor
in influencing the maximum NPV the process reaches. Based on Asadollahi work,
for the purpose of this thesis the control variables in the control vector, that we are
trying to optimized, represent the water injection rates.
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Model Settings

The model that is used for the numerical experiments, was first introduced by Van
Essen et al.(2009) and describes iso-thermal incompressible two-phase oil water flow,
in a channelized reservoir with eight injection and four production wells, see Figure
(6-12) for details. The model is based on the assumption that the effect of capillary
pressure and gravity can be neglected and the permeability is isotropic.

Figure 6-12: Reservoir permeability field with well locations. Injectors are indicated in black, pro-
ducers in red

Reservoir geometry: The reservoir model is part of a rectangular parallelepiped of
the size 480m×480m×28m, divided into 60×60×7 uniform Cartesian grid blocks,
of which there are 18553 active cells, forming an egg-shaped domain with no flow
boundaries.

Reservoir properties: The porosity is assumed to be uniform and equal to 0.2. The
"true" permeability field on a log scale can be seen in Figure (6-12). The permeability
contrast between the channels and the background fill is relatively mild.

Initial conditions: Initial reservoir pressure is set at 400 barsa (40M ·Pa), the bottom
hole pressure in the production wells is set at 395 barsa (39.5M ·Pa) and the initial
water saturation is taken as the connate water saturation Swc = 0.2

Well locations and constraints: The optimization process starts from a constant injec-
tion rate of 140m3/day for each of the eight injection wells, totalling at 1120m3/day
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for the entire reservoir. A maximum possible injection rate is set at 480m3/day for
each injector. Meaning that at no time during the optimization process, the water
injection rate for any injection well can exceed 460m3/day. The position of the in-
jection and producers can be observed in Figure (6-12). All the wells are perforated
at each layer of the reservoir and no constraints are imposed on the evolution of the
controls. The upper limit set for the water injection volume is calculated from the
pore volume of the reservoir. It is considered that the initial volume in the reservoir
is represented by the pore volume and in order to completely exchange that volume
with water we would need to inject a constant 3840m3 of water every day.

Fluid properties: The oil and water viscosities are identical: µo = µw = 10−3Pa · s.
The density of oil and water are given by ρo = 900kg/m3, and ρw = 1000kg/m3.

Relative permeabilities: We assumed Corey-type relative permeabilities with Corey
exponents for oil and water no = 4 and nw = 3. The residual oil saturation was
taken as Sor = 0.15.

Reservoir simulator: Like for the 2D model numerical experiments, MRST reservoir
simulator has been used. As previously mentioned the simulator has a build in
assumption,which is: incompressible flow. Other assumption made for the purpose
of the numerical simulations are, no effect of capillary pressure and no gravity effect.

Production optimization settings

The numerical optimization experiments were performed, under the following set-
tings: The injectors are only controlled by water injection rate. As in the 2D case
the upper limit constraints defined for the injection rate, are in place in order to
provide physically realistic values for pressure and saturations. In order to evaluate
the NPV, some financial parameters need to be specified. The price of oil is set as
150$ the cost of water disposal is set at 25$ and the cost of water injection is set at
5$. The discount rate is chosen to be 8 %. Time frame for the NPV optimization is
four years, 1460 days, the control settings are modified every 182 days, which gives
us 8 as the number of control steps. The 3D study case contains eight injectors,
then the total number of control is equal with 64. This is the total number of wells
multiplied with the number of control times. For every control time we have eight
wells for which we update the control vector. The ensemble size used for generating
the snapshots is chosen to be 25. The same ensemble size is chosen for EnOpt.
Even though the 2D numerical experiments suggest that for both the MorOpt and
EnOpt a large ensemble size leads to better optimization results. We choose to
limit the number to 25 because a large ensemble size leads to a large number of
full model runs, hence a high computational time. For as little as 25 ensemble
members the optimization methods will need around 600 full order model runs to
finish the process, and for the 3D reservoir model this means around 25 hours for
one optimization test.
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Even though initial test for the 2D for MorOpt with reparametrized controls,
suggest that 70% relative importance for both saturation patterns and control pat-
terns, will results in enough patterns, that are able to capture the desired full order
model dynamics. When the same relative information is used for the 3D numerical
tests, it is clear that the optimization process provides optimized controls that do
not improve the initial NPV to the same order of magnitude that EnOpt does. This
is due to the fact that reduced order model, in the case of the 3D reservoir model
needs to contain more information about the sensitivity of the full order model
with respect to the controls. This information can not be obtained using just 70 %
relative importance. Also from the numerical test we see that the method performs
better when different relative importance levels are chosen for saturation and con-
trols. The best optimization results are obtained for 70% relative importance for
saturation and 95-99% relative importance for controls. 95% relative importance
was chosen for the controls because a 99% realtive importance does not provide
significant increase in the maximum NPV but significantly increases the number of
control patterns, hence also, the computation time of the method. In the case of
MorOpt without reparametrized controls a 95% relative importance is chosen for
saturation. This is due to the fact that only saturation patterns and the sensitivity
of the full order model with respect to each individual control are needed in order
to build the reduced order model.

Production optimization results

Unlike the 2D numerical experiments, when comparing optimization results from
MorOpt with and without reparametrized controls, with results from EnOpt, we
will also include results from EnOpt using linesearch. Even though from Figure
(6-13) it is easy to see that EnOpt using linesearch has a tendency to get stuck in
a local maximum.

Figure 6-13: Comparative Optimization Results

All the numerical experiments start with the same control vector, which describes
a constant injection rate of 140m3/day for each injection well or 1120m3/day for
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the whole reservoir. This amounts to half of the maximum possible injection rate.
Looking at Figure (6-13) it is clear what influence picking a certain iterative method,
line search or trust region, has on the optimization of the NPV. It is clear that, even
though for the 2D numerical experiment there was no significant difference. For the
3D case there is a quite significant difference in the maximum EnOpt reaches. This
difference depends on what iterative method we chose to use. EnOpt using trust
region has a stepper increase in the NPV for a lower number of iterations and also
reaches a maximum value which is greater than the value reached by EnOpt using
line search. On the other hand it does not appear to converge to a maximum value
and it ends in an ascendant trend. This suggests that if more iteration are allowed
the NPV function might increase even more. EnOpt linesearch appears to get stuck
in a local maximum after just a few iterations of the optimization process. As in
the 2D case there is no convergence criterion implemented for the method in order
to benefit from the stochastic nature of the gradient.

Figure 6-14: EnOpt two iterative methods

Figure (6-14), presents in the left image the comparison between the two optimiza-
tion methods, MorOpt with and without reparametrized controls, and EnOpt with
trust region and with line search. The left image shows how the objective function
develops during the optimization process and the right image shows the evolution
of the NPV under optimized controls provided by the two methods. Table (6-5)
presents more details from Figure (6-14) that cannot be seen by just analysing the
picture, it also includes the computational cost of each approach.

Case Optimization Method Max NPV [105$] Model Runs
1 MorOpt Repar Cont 7.9937 453
2 MorOpt Non-Repar Cont 8.0294 736
3 EnOpt Trust Region 8.1718 686
4 EnOpt Line Search 5.4475 712

Table 6-5: Comparison of Optimization Results 3D Case

It is easy to see that EnOpt using trust region provides a control strategy that re-
sults in the highest NPV. Also comparing the computational cost of the method we
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can see that in this particular example it is more cost effective than using MorOpt
without reparametrized controls. MorOpt with reparametrized controls performs
better in terms of maximum NPV reached by the optimize controls when compared
with EnOpt using line search, but not better than the other two approaches. In
terms of computational cost, MorOpt with reparametrized controls is better than
the other three approaches, it is 38.45% less computational demanding than Mo-
rOpt without reparametrized controls reaching an maximum NPV which is 99.55%
of the NPV reach by MorOpt using non-reparametrized controls. It is 33.96% less
computational demanding than EnOpt using trust region reaching 97.82% of the
maximum NPV reached by EnOpt using trust region. As it can be seen from Figure
(6-13) and Figure (6-14) EnOpt using line search does not appear provide a control
strategy that can reach the same level of NPV as the other three approaches. This
might be due to the fact that for the line search approach a search step is defined
and the size of the search step needs to be optimized during the optimization pro-
cess. The step size can be optimized by considering it one more variable in the
control vector. This information was not available during the implementation of
the EnOpt and because of this is to integrated in the code.

Figure (6-15) presents the optimized production strategy obtained using one of
the four mentioned approached, MorOpt with reparametrized controls (blue line),
MorOpt without reparametrized controls (green line), EnOpt using trust region (red
line) and EnOpt using line search (light blue line).

Figure 6-15: Comparative Production Strategy

Looking more closely at the optimized strategy provided by EnOpt using line search,
it is easy to see that, the optimized control strategy elements never reach the max-
imum injection possible or are completely shut down. This suggest that the opti-
mization process has not stopped and father improvements of the objective function
can be obtained. This is shown to be possible by the other three approaches.
Figure (6-16) presents the total volume of water that is injected in the reservoir
using the optimized controls from the four optimization approaches. It is easy to
observe that EnOpt both with line search and trust region present a higher volume
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Figure 6-16: Optimized Water Injection Strategy

of water injection, than MorOpt with and without reparametrized controls. Taking
into account the fact that the reservoir simulator works under incompressible flow.
We conclude that using the optimized controls from the EnOpt method will result
in a higher volume of liquid that is observed in the four producers.

Figure 6-17: Water Production Under Optimized Controls

Higher liquid volumes produced are not always what is needed. One such example
would be the case when the in total volume of liquid produced, more water is
observed then oil. This will results in a low NPV value. For this purpose Figure
(6-17) and Figure (6-18) present the total volume of water produced and the total
volume of Oil produced. From this two figures and also from Figure (6-16) it can
also be seen were the difference in the maximum objective function reached using
optimized controls, comes from. Figure (6-17), similar to Figure (6-16), shows
that using ensemble based optimized controls, water production volumes that are
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higher than those coming from MorOpt optimized controls, are reached. This should
results in a low value for the objective function which penalizes water production
and injection with different weights. This is not the case for EnOpt using trust
region as Table (6-5) shows us. Looking at Figure (6-18) we can see where the
difference in the max NPV value comes from. Using the optimized controls from
EnOpt trust region, higher volumes of water injected and produced are observed,
also significantly higher volumes of oil are produced. Furthermore, the impact
attributed to water production and injection and also oil production are different.
The volume of oil produced has a bigger positive impact on the final NPV value
and the water injection and production volumes have a smaller negative impact on
the same final NPV value.
For the MorOpt method, we can see that the two approaches, using reparametrized
controls and non-reparametrized controls, provides a very similar control strategy
that results in similar volumes of water injection and production as well as oil pro-
duction. This explains why the maximum NPV value reached using the optimized
controls from both approaches are so similar. Using the optimized strategy provided
by the EnOpt line search approach, we detect high volumes of water injected and
produced but lower levels of oil volumes produced, hence, the low final NPV.

Figure 6-18: Oil Production Under Optimized Controls

Further analysis of Figure (6-17) reveals the water breakthrough times for the par-
ticular optimization approaches. It is easy to see that using optimized controls
from EnOpt trust region delays the the water breakthrough time to nine months
after the injection process has started. This is three months later that the water
breakthrough time observed when using MorOpt. For a more detailed description
of what is going on in Figures (6-16),(6-17) and (6-18) see Tabel (6-6).
from Table (6-6) a detailed picture emerges when trying to understand why the
EnOpt line search optimized controls leads to such a low final NPV value. Even
though the optimized controls present the highest volume of water injected and also
the highest volume of water produced, not the same is true for the volume of oil
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Case Optimization Method Inj Water [m3] Water Prod [m3] Oil Prod [m3] NPV [$]
1 MorOpt Repar Cont 1.4275·104 0.6978 ·104 7.2966·103 7.9937 ·105

2 MorOpt Non-Repar Cont 1.4546·104 0.7179·104 7.3678·103 8.0294·105

3 EnOpt Trust Region 2.1600·104 1.2961·104 8.6393·103 8.1718·105

4 EnOpt Line Search 2.4309 ·104 1.7145·104 7.1646 ·103 5.4475·105

Table 6-6: Comparison of Total Liquid Volumes for 3D case

produced, which is the lowest. Looking at Figure (6-12) it is clear that the reservoir
model contains high permeability channels, and injecting high volumes of water
through injectors that are close to these channels will results in a fast transport of
the water to the producers which are also along these channels.

6-3-1 Conclusions

The model-order reduced production optimization method was used to construct
a optimized production strategy that involves water injection rates. It was done
using a two-phase, (water-oil) reservoir simulation model that contains 18553 active
cells. An ensemble of 25 members was generated in order to obtain the necessary
snapshots.

• The results presented in this section contain information about four different
optimization approaches, MorOpt with and without reparametrized controls,
EnOpt trust region and EnOpt line search. These results suggest that the
model-reduced approach provides results which are comparable with results
coming from EnOpt. In terms of the final NPV that the optimized controls
result in, three of the four approaches providing similar results. EnOpt line
search gets stuck in a local maximum during the optimization process. Even
though we use a fixed number of iteration for EnOpt method, the stochastic
gradient constructed using just 25 ensemble members does not appear to help
the method escape the local optimum it reaches.

• In terms of computational cost, MorOpt with reparametrized controls is better
than the other three approaches, it is 38.45% less computational demanding
than MorOpt without reparametrized controls, it is 33.96% less computational
demanding than EnOpt using trust region.

• The reduction in the computation cost of MorOpt using reparametrized con-
trols comes from the actual reparametrization of the control space. This results
in fewer control patterns used in the construction of the reduced order model.
Analysing MorOpt without reparametrized controls we observe that in order
to construct the reduced-order model we need to run the full order model p
times, where p is the number of saturation patterns, plus an additional 64
times (64 control elements in the control vector). The number of patterns that
are obtained after POD depends on the total relative importance defined. For
a 70% relative importance we expect around 9 saturation patterns and when
it is increased to 95% we expect around 31 patterns.
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• Using reparametrized controls we construct reduced-order model using the sat-
uration patterns and the control patterns which for a relative importance of
95% results in 50 full order model runs. Which is significantly less that the 95
full order model runs needed for the construction of the reduced-order model
while using MorOpt without reparametrized controls.

• The results from this section prove that MorOpt can be considered a viable
optimization method. Also, choosing MorOpt as the preferred optimization
method, most of the time will provide optimized controls which are not signifi-
cantly lower than the results obtained using EnOpt trust region. On the other
hand choosing MorOpt with reparametrized controls will results in an average
reduction of the computational cost of 36% when compared with EnOpt or
MorOpt without reparametrized controls.

6-4 Summary

In this chapter numerical results from the model-reduced gradient-based production
optimization, based on the POD method were presented. The POD technique is
used to identify a low dimensional subspace of the state space and control space, in
which the dynamic of the reservoir states are well represented. Using this method a
simplified linear form of the reservoir flow equations is derived and used to maximize
an objective function. In both the 2D and 3D presented cases the model reduced
approaches performed similar to the ensemble based optimization approach. This
proves that MorOpt can be considered a viable optimization method.
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Chapter 7

Conclusions

Two different models were used for the reservoir simulation experiments, a small 2D
reservoir model and a relatively complex 3D reservoir model. Both models generate
state variables of the order 103 − 105. The aim of this thesis was to solve produc-
tion optimization problems assuming that the simulator does not contain automatic
gradient calculation for the desired controls and that the user does not have access
to the simulation source code. The method studied, satisfying these assumptions
is based on reduced-order modelling techniques, mainly the POD technique. The
studied approach avoids implementing the adjoint method by replacing the original
high order model with a linear low order approximation. The Jacobian involved
in the construction of the low order model is approximated using finite differences.
For the linearised low order model, an adjoint model is created by the transpose
of the Jacobian. The most important parameters for this particular problem are
the control values. They describe how much water is injected in the reservoir and
through which injection well. Changing the injection rate results in a limited con-
trol of the subsurface flow. The ideal optimized control strategy is represented by
the least amount of water injected that results in the maximization of the volume of
produced oil and the minimization of the volume of produced water. The research
objective of this thesis was to evaluate the performance a gradient based produc-
tion optimization routine which involves a model-order reduction approach. Two
different approaches were studied and compared with the ensemble optimization
method, which is a different gradient based optimization technique. This chapter
presents the conclusions of this thesis and recommendation for further research.

7-1 Conclusions

• The sparse structure of the partial differential equations is lost during the pro-
cess of projection onto the reduce-order subspace. Leading to the conclusion
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that the dense structure of the reduced order model does not imply extraor-
dinary reduction in the computational time. This is reflected in the 3D study
case results.

• Two synthetic reservoir models, that varied in complexity and size were used.
In both cases the model reduced approach performed well. For the more sim-
plistic 2D reservoir model the simulation results show that the method is not
particularly sensitive to the background control vector. This shows that the
method does not posses a particular tendency to stop at local optimums. The
quality of the of the optimization in terms of highest NPV value was compara-
ble to the quality of the optimization obtained by the ensemble based method.
The examples considered show that implementing the model-order reduction
optimization method reduces the overall computational cost with an average
of 35% when compared with the ensemble based optimization method.

• The ensemble optimization approach, uses the statistical information from an
ensemble of random perturbations of control variables, in order to estimate
the cross-covariance between the objective function and the control variables.
The cross-covariance contains information regarding the correlation between
the control variables and the objective function.

• The ensemble optimization approach, is adjoint free and is relatively easy to
implement around any reservoir simulator, without requiring access to the
simulator source code. The POD-based model reduced method, also, does not
require access to the simulator source code and is easy to implement. Both
method use a generated ensemble of controls. EnOpt uses the ensemble in
order to construct the stochastic gradient, as the cross-covariance between the
objective function and the controls, MorOpt uses the ensemble in order to
construct the snapshots from which the dominant patterns required for the
reduced order model are picked.

• In case of highly non-linear systems, the system matrices, fi(Φz(ti−1), θ) need
to be recomputed at every time step and projected on the low order subspace,
which is computationally expensive. Therefore, the POD method is more ef-
fective for linear cases, where system matrices have to be projected only once
in order to capture the main dynamics of the system.

• In the model-reduced approach the approximated function is quadratic, and
therefore the optimization problem solved using the reduced-order model is
more simple than the optimization problem in terms of the original objective
function. The model reduced gradient can be interpreted as an ensemble gradi-
ent which is supposed to prevent the method from converging to a local optima
in case of a non-smooth objective function.

• The numerical experimets show that using only a few control and state pat-
terns, the model reduced method provides approximate solutions for produc-
tion optimization problems and relatively good approximations for the gra-
dient. When very accurate gradients are required, POD-based model-reduced
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optimization method may require high number of patterns. This automatically
translates to a high computational cost.

• The initial approached proposed in this work has a few limitations. Since the
sensitivity of the system with respect to the controls has to be approximated
using finite-differences. Meaning that the perturbations needed in the model-
reduced method plus the number of control parameters reaches a order larger
than 100 and turns the method into a computationally demanding approach.
The thesis proposes a way to avoid this limitation by implementing a variation
to the MorOpt method, which involves reparametrizing not only the state space
but also the control space. This implies using the POD method in order to
derive not only state patterns, but also significant control patterns from the
randomly generated ensemble of controls.

7-2 Further Research and Recommendations

• This thesis main focus was to investigate the application of the model-order
reduction method for production optimization. The model-order reduction
method used, incorporated the POD technique, which presents advantages
for linear cases but does not offer the same advantages for non-linear cases.
Further research can be done in incorporating different reduction techniques
that perform better for non-linear system such as TPWL (Trajectory Piecewise
Linearisation), which represent the non-linear system with a piecewise-linear
system and then reduce each of the pieces with linear model reduction methods.

• Optimality of a particular basis does not imply optimality of the reduced or-
der dynamical model. The method is highly dependent on the given data.
Therefore, it is essential to choose snapshots that represent the dynamics of
the model in the range of the parameters or control variables that we are in-
terested in. However, there is no guarantee that the reduced order model will
follow the same dynamics as the high order model.

• During the numerical experiments on the complex 3D model, the number of
POD base functions preserving a certain fixed level of relative importance
decreases during optimization. For this reason it is advised to use a large
relative importance of 95-99% when building the reduced state subspace.
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Appendix A

Appendix

A-1 Figure Appendix Section

This part contains figures from numerical experiments without extensive analysis.

Figure A-1: NPV evolution: MorOpt reparametrize controls # Samples 25 relative importance 95%
(blue line) MorOpt reparametrize controls # Samples 50 relative importance 95% (red line) MorOpt
reparametrize controls # Samples 50 relative importance 75% (gree line) EnOpt # Samples 50 trust
region (black line) EnOpt # Samples 50 line search (magenta line)
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Figure A-2: Production strategy: MorOpt reparametrize controls # Samples 25 relative importance
95% (green line) EnOpt # Samples 50 trust region (blue line)

Figure A-3: NPV evolution

Figure A-4: Production strategy Figure (A-3)
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Figure A-5: 2D MorOpt Parameter Sensitivity Analysis

Figure A-6: 3D Production Strategy Comparison
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Figure A-7: 2D Cumulative Oil and Water Production

Figure A-8: 3D MorOpt NPV Comparison
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