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SUMMARY 

. A .. simple . lll,ethod of calculating the extent of the interactio~ 
of. a corner ·.·expansienwave .with . a hypersonicboundary layer is presented. 
Arguments are presentedto suggest that for small turning angles the principal 
feature of the flow is the interaction of the boundary layer and the expansion 
wave downstream of the corner. The net result is a large increase in the 
thickness of the boundary layer, and a greatly extended region of pressure 
decay. Numerical resul ts based on the "cold wall" or local similari ty approx­
imation are given. 
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1 . INTRODUCTION 

The interaction of a laminar supersonic or hypersonic boundary 
layer with a steady corner expansion wave is a problem of considerable 
current theoretical and practical interest. When the boundary layer remains 
attached downstream of the corner, the turning process involves at least 
three mechanisms. Firstly, the presence of the corner is signalled upstream 
through the subsonic portion of the boundary layer, and the surface pressure 
commences to fall ahead of the corner. Secondly in the immediate neighbour­
hood of the corner the boundary layer created shear flow is turned by 
predominantly inviscid forces. Pressure gradients normal to the streamlines 
are expected to be significant and viscous shear stresses are believed to be 
important only in a very small layer near the wall, where the zero slip 
condition must be satisfied. Finally continuity of pressure along the wall 
and the pressure gradient required to sustain centrifugal acceleration requires 
that immediately downstream of the corner, the turning process in the external 
inviscid flow, which is assumed to be accomplished through a non-centered 
simple wave, is incomplete. Furthermore the expansion of the boundary layer 
through the corner implies that just downstream of the corner it is growing 
rapidly. Therefore in the region downstream of the corner an interaction 
occurs between the inviscid flow and boundary layer. The net result is a 
gradual decay in surface pressure to the Prandtl Meyer value for the wall 
turning angle aw• 

For moderate and high Mach numbers the downstream interaction 
process can extend for many boundary layer thicknesses beyond the corner. The 
relative importance of the three mechanisms depends on the turning angle 
~ and the Mach number MU of ~he inviscid flow just upstream of the corner. 
In addition to the effects just mentioned separation of the boundary layer 
can occur at or near the corner for certain downstream geometries. The 
resultant flow is then very complex . The present work is concerned only with 
the attached flow case . 

Attempts have been made to treat the problem within the frame­
work of boundary layer theory (Refs. 1, 2, 3, and 4). Zakkay et al (Ref. 1) 
calculated heat transfer for axisymmetric shapes by treating the upstream 
flow as if the upstream effect did not occur. They allowed the boundary­
layer-created shear flow to undergo frictionless expansion around the corner 
and then evaluated the subsequent development of the boundary layer by rep­
resenting it as a new boundary layer which starts at the corner on top of 
which the upstream developed boundary layer turned by the corner was matched 
as a viscous shear layer. The pressure gradient downstream of the corner was 
assumed to be zero for the numerical results presented for laminar flow. No 
upstream influence effects were allowed for in this formulation. 

Runt and Sibulkin (Ref. 2) examined the change in momentum 
thickness and shape factor 5*/~ of the boundary layer through the corner 
region by means of a momentum integral technique modified to account for radial 
pressure gradients. They predicted large changes in the momentum thickness 
of the boundary layer as it passed through the corner region. More recently, 
Oosthuizen (Ref. 3) undertook an ext~nsive analysis of the problem. Ris work, 
which was a generalization of an earlier, much more approximate treatment by 
Curle (Ref. 4) used the momentum integral form of the boundary layer equations 
and the equations of a non-centred Prandtl-Meyer simple wave to describe the 
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flow. He calculated the flow field both upstream and downstream of the corner 
region by allowing the boundary layer and expansion wave to interact, and 
matched the upstream and downstream solutions he so obtained by specifying 
continuity of inviscid flow properties and by matchihg the shape factor 
6* /-fJ of the boundary layer at the córner. He ignored centrifugal effects in 
the neighbourhood of the corner and modelled upstream influence effects using 
the Prandtl boundary layer e quati ons . 

Weinbaum (Ref. 5) examined the flow field in the immediate 
neighbourhood of the corner by using the method of characteristics in the 
supersonic portion of the flow and assuming that the sonic line remained 
parallel to the wall downstream of the corner. His results suggested that 
for locally hypersonic flows and small turning angles the flow was highly 
underexpanded just downstream of the corner. 

It must be noted that the use of the boundary layer equations 
to model upstream influence effects in supersonic flow involves conceptual 
difficulties. It has been pointed out (see, for example Ref. 6) that since 
the boundary layer equations are paraboiic and the inviscid supersonic flow 
equations are hyperbolic , nowhere d n the' flow field in this model is there a 
mechanism for upstream influence effects. That is to say an elliptic be­
haviour is required to correctly model upstream influence. There are two 
possible mechanisms;the supersonic diffusion of vorticity and the propagation 
of signals in the subsonic portion of the boundary layer. The former 
mechanism is almost certainly negligible (Ref. 7) so that the equations for 
the subsonic portion of the boundary layer should be elliptic. This type 
of approach has been used by several authors, ' perhaps the most complete of 
which is the paper by LighthilI (Ref. 8). LighthilI treats the boundary layer 
as a parallel shear flow, on top of which a perturbation was superimposed 
which was inviscid in the subsonic porti0n of the boundary layer with the 
exception of the region immediately adjacent to the wall. His analysis is 
limi ted to small disturbances and moderate external Mach numbers, Mu: 

It follows that the use of the boundary layer equations to 
model the upstream influence problem in the manner described in Refs. 3 and 
4 implies the assumption that, although the upstream influence effect is not 
correctly represented, if a solutfon can be ob~ained it is probably reasonable 
since, except in the immediate neighbourhood of the corner, the boundary layer 
equations are arealistic representation of the conservation laws. In the case 
of hypersonic flow a solution upstream using the boundary layer equations is 
not possible, since in contrast to supersonic flow, the hypersonic boundary 
layer equations do not permit thinning to occur under a falling pressure 
gradient. This point is developed in Sectionsf 2' :ail.d', lt. 

It is evident that a complete solution to this problem will 
probably require direct solution of ~he Navier Stokes equations, especially 
if the details of the flow in the neighbourhood of the corner are required. 
However, for locally hypersonic flows simplifications are possible which 
render the calculation of the major features relatively straightforward. 
In Section 2 it is argued that the dominant feature of the flow for large 
Mach number the interaction of the expansion wave and boundary layer down­
stream of the l corner. Calculations based on this simplified model are 
presented here. 
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2 . BEHAVIOUR IN HYPERSONIC FLOW 

A characteristic feature of inviscid hypersonic flow is that small 
deflections produced by slender bodies generate large changes in pressure and 
density, but very small changes in fluid speed. Typically, an expansion of 
a perfect gas with a specific heat ratio 1 = 1.4 through a 100 turning angle 
by a simple wave from a Mach number MU = 10 causes the pressure to drop by 
a factor of 21 and the density by a factor of 9, whereas the speed increases 
by less than 2%. This affects ~he growth of a locally hypersonic boundary 
layer. A decrease in pressure at the edge of the boundary layer is associated 
with a negligible velocity change so that the principal effect on the boundary 
layer is a decrease in the density and an increase in ~he displacement thick­
ness. This behaviour is demonstrated formally using an approximate model 
in sect . 4. It is in direct contrast with the behaviour of the incompressible 
boundary layer, where a decrease in pressure tends to thin the boundary layer 
because the only effect is an increase in the velocity at the edge of the 
boundary layer. For supersonic boundary layers if the Mach number Me at the 
edge is low enough it is possible for the boundary layer to thin, or at 
least grow at a slower rate than it does under constant pressure. 

This behaviour was first reported in the literature by Crocco and 
Lees (Ref 19) in connection with their study of the supersonic base flow 
problem. They introduced the concept of a critical Mach number Mecr > 1 for 
a given isentropic external flow. For Me < Mecr' d5/dPe >0 whereas for 
Me > Mecr' d5*/dPe < O. The two modes of behaviour have been called sub­
critical and supercritical respectively. A locally hypersonic boundary layer, 
which may be defined as one in which u~ z 2He' is always supercritical. 

The significance of the critical point in the present probiem is 
that, within the framework of the boundary layer theory, for Me < M the 
boundary layer will thin under the action of an isentropic simple w~i~ 
expansion generated by the displacement effects of the boundary layer itself. 
In the locally hypersonic flow case the boundary layer will thicken and a 
contradiction arises since this will tend to generate a compression wave. 

I 
Consequently, the type of analysis used by Oosthuizen (Ref 3) in which upstream 
of the corner, the boundary layer equations were matched to an expansion wave 
is only possible if ~, < M c' The corresponding behaviour in problems 
involving separated frow (~e~ for example, Holden Ref.10) is that if the 
boundary is originally supercritical it cannot generate its own adverse 
pressure gradient in the external inviscid flow. It is therefore required to 
undergo a supercri tical-subcritical "jump" before separation by means of 
a shock wave at the edge of the boundary layer. Of course, such a jump 
cannot occur in the corner expansion problem. 

An alternative way of viewing the effect just described is to 
remember that the supersonic boundary layer contains both subsonic and super­
sonic streamtubes. Any acceleration a9sociated with a decrease in pressure 
in the external flow will cause a decrease in the thickness of the subsonic 
stream~ubes and an increase in the thickness of the supersonic streamtubes. 
For sufficiently large Me' the expansion of the supersonic streamtubes will 
eventually dominate so that the boundary layer reacts by thickening at a 
grea~er rate than it would at constant pressure. The magnitude of M 
should increase with increase in the wall temperature Tw' but it caneg~ 
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readily demonstrated th at even for 'adiabatic walls the boundary layer should 
become supercritical for sufficiently large M. This is done in Sect. 4 by 
reference to the locally hypersonic similar s61utions. 

The implication of the above remarks is that no mechanism exists 
by which large pressure decay can occur upstream of the corner. Since in the 
hypersonic flow even small values of a can be associated with very large 
changes in pressure through a homentro~ic simple wave, continuity of pressure 
along the wall requires that almost all of the pressure decay occur downstream 
of the corner. There will of course~- some decay of pressure upstream of 
the corner; the presence of the subsonic pnrtion of the boundary layer ensures 
this. However, it has been noted that it is not pO,ssible to use the boundary 
layer equations to describe the upstream influence. ':n"E1é. .; significant pressure 
decay should be confined to a region fairly close to the corner, because it 
should scale with the thickness of the subsonic portion of the boundary layer 
rather than 5 itself. To apply the boundary layer type analysis upstream in 
the manner used by Oosthuizen(Ref. 3)the decay should extend many boundary 
layer thicknesses upstream of the corner. For locally hyper sonic boundary 
layers the subsonic layer thickness may well be a small fraction of the total 
boundary layer thickness so that significant pressure decay should be confined 
to a region which is relatively small whenccompared with 5, and in which 
centrifugal effects are important. Hence, the boundary layer equations are 
not appropriate to the analysis of the -upstream effects in the locally 
hypersonic flow. It is necessary to use a more realistic analysis such as that 
given by Lighthill (Ref. 8 )or more recently by Olson and Mes:s:llter(Ref. 18)and 
Weiss and Nelson(Ref. lO)for the base flow problem. 

For the present analysis it is assumed that the pressure decay 
down,stream of the corner is sufficiently spread out so that the majori ty 
occurs away from the immediate neighbourhood of the corner and in a region 
where the boundary layer equations can be used. Then a relatively simple 
interaction analysis can be used fOr this part of the flow. If the exter nal 
inviscid flow is turned through an angle &~ in the corner region where the 
baundary layer equations do not apply, then it is assumed that ac/aw « 1. 
The assumed behaviliour is illustrated in Fig. 1. 

The validity of the model just suggested will have to be 
checked by experiment. At the time of writing there does not appear to be 
suita~le experiments for this purpose available in the literature. However, 
some recent experiments by Holden Ref. 11 on the interaction of boundary layers 
with compression corners suggested that the present model may be very good. 
His ,experiments, which included measurements of heat transfer and pressure for 
completely attached boundary layers showed that for this case, if the wall 
was "cold'~ th at is Tw/To «1, upstream influence effects were negligible. 
Presumably, the compression corner would be a more severe test of the upstream 
influence effects than would the eXPansion corner. 

3. COLD WALL SIMILARITY IN HYPERSONIC BOUNIYARY LAYERS 

A number of methods for the calculation of laminar hypersonic 
boundary layers for arbitrary external pressure distributions are described 
in the literature (Ref. 12). Integral methods (Ref. 13) for example, have 
been developed to apply to this type of interacti:on problem. However in view 
of the approximate nature of the present model, the "cold wall similarity" 
method suggested by Lees (Ref. 14) was applied since it enabled a very simple 
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formulation to be developed. In spite of its simplicity, for favorable 
pressure gradieqts and cold walls (Tw/To « 1) this method is known to 
yield reasonably accurate results. In this section "cold wall" similarity 
theory is developed in a form suitable for the present calcu1ations. 

For two dimensiona1 bodies the boundary layer equations 
are 

d (pu) + d "(pv) ° (3.1) di ~ 

GU + pv dU dPe +~~ dU ) (3.2) pu di dy dx dy 

+ pv d (~ dH ) d (( 1) d (U2)~ dy Pr dy + dy- ~l-Pr dy '2 ') 

where 
H = h(p,p) + ~ u2 (3.4) 

The usual transformations of compressible boundary layer theory are applied: 

J p dy (3.5) ~ = J Pwwuedx ; T] ~ 
J2f, 

u df H - d1ï g = ue He 
(3.6) 

Continuity is automatically satisfied so that if the solutions are assumed 
to be a function of T] only the equations reduce to 

(Nf") , + ff" + 2~ 
dUe 

[ ~e _ f,2 ] ° ue crr-

(~ 
, 2 

g) + fg' + 
ue (~) 

[N (1 - ~) f' f" J - ,, ) ° H \, 
e 

(3.8) 

where 
d ( ) , and N = 
dT] ~ 

I-'P~W 

The boundary conditions are, with ue ( ~) or Pe ( ~) given 

i) at y or T] 0, f = f' 0, g = gw ( ~) 

11) as T] -7 00 f' -71 g -71 

5 



In general, ; independence, or self similarity exists only under 
very restricted circumstances. If it is assumed that 

(i) 

(il.) 

2 
the flow is locally hypersonic so that u - 2H , and 

e e 

the gas is calorical1y perfect so- that 

h = 

--
'L­
)'-1 

.E 
p 

.E = RT 
p 

I (iii) Pr = constant 

(iv) Il~'ltl so that N = 1, 

(v) g = constant w 

the equations (3.7) and (3.8)reduce to 

where 

f' I I + ff" + t3(x) (g _ f,2 ) = 0 

g" + Prfg ' + 2(Pr-l) (f ' f") I = 0 

[JPe diÇ ] 
P 2 e 

(3.10) 

(3.11) 

Self similarity exists only if t3 = constant or Pe C(.- xI:. If, in place of 
assumption (v) it is assumed that g « 1, that is, the wall is "cold" 
then the boundary conditions suggest that the term t3(x) (g_f'2) « 1 over 
the range of integration. The boundary equations are approximately self 
similar -for arbitrary Pe = Pe(x) since the momentum becomes approximately 

f' I I + ff" = 0 (3.12) 

The usefulness of the "cold wal1" assumption was first pointed out by Lees 
Ref (14). 

The "cold wal11!. similarity approach is distinct from the local 
similarity method (Ref. 12, p 312) which treats t3 as a parameter which varies 
slowly with x a10ng the boundary layer. The local va1ue of dPe/dx is used 
to determine 13 and the boundary layer profiles are then determined from the 
similar solutions for the same value of 13. 

For self similar profiles the dis~lacement thickness 9* is given 
by 

5*_JOO [1 - -BlL-JdY = .../2; J
OO
[ pe_~] dT) (3.13) 

- - - P eU ePe u e P ue 
o 0 

Application of the assumptions (i.) to (v) above leads to 
1 

* 1:1 3/2 
5 = ~ Uoo 

IJ.w 
RT 

w 
G 

[J oPedxJ 2' 

p (x) 
e 

(3.14 ) 
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00 

where 

It is convenient to write this relation in terms of the appropriate free 
stream variables ~, Pro &Iloo. Af ter some algebra it turns out that (3.14) 
can be cast into the form 

where 

and C is the 
00 

1- 1 
---::]2" 

R 
Z _ ex,oo, 

- M 6c 
00 00 

1 
2" 

G (Fr) ,. [JPclliJ 
Z P / 

Chapman Rubesin factor ' , giveJ7. by 

~w T 
00 

C = T ~oo w 

(3.16) 

The quantity Z is proportional to x and is re1ated to the hypersonic viscous 
interactionparameter X = ~-2. 

00 

Simp1e expressions for heat transfer and skin friction can be 
simi1ar1y derived: 

St M3 ~ P = J2Pr [gr ~J (1PdZ) 1/2 00 00 

Cfoo M3 J2 f" ( 0) P 
00 (J PdZ)1/2 

where g=-' = H:-,/H and H=-' is the recoveryentha1py, and r r e' r 

St p UC <-~ - T ) 00 
00 p r w 

Cft 2 G (Ju ) 00 P U2 dy y= 0 
00 

(3.22) 

It has Qeen pointed out (Ref. 15) that even if the co1d wa11 
assumption does not app1y and the pressure gradient term in equation (3.7) 

1 
is retained its contribution can be sma11 for favorab1e pressure gradients. 
From equation 3.12 for ~ = constant 

n 
n + 1 , 

1 
so that if PeQtx-2" as in strong shock boundary 1ayer interaction, 
~ = 0 . 286. Hence the co1d wa1l simi1arity concept should be app1icable over 
a wider range of gw than suggested sole1y by consideration of the term 
(g _ (f')2 ). 
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Since in the present ana1ysis the momentum 
reduced to &lasius' equation, then f"w = 0 .470 (Ref. 12). 
G and g~ were computed by integrating equation (3.11) for 
other parameters in the range 0.6 ::: Pr ::: 1.2 and 0 ::: gw ::: 
given in Tab1e 1. 

equation is 
Some va1ues of 

N=l, and the 
0.4. They are 

4.BEHAVIOUB OF THE HYPERSONIC BOUNDARY LAYER IN A FALLING PRESSlJRE GRADIENl' 

The expression for 5*, equation (3.14), can be used to 
demonstrate that for hypersonic flows, a decrease in pressure Pe causes an 
increase in 5*. For given free stream conditions 

so that 

-

d5* 
dx 

5* W r. D ~tt dxJ~ 
Pe 

w {~ Cf Pe dxJ~ 

Now w> 0 , so that for d 5*/dx < 0, it is required that 

dp 
e 

dx 
> P 2 . e 

(4.1) 

(4.2) 

(4.3) 

sincelp~dx > 0 equation (4.3) requires dp~/dx> o. Alternatively it can be 
shown hat when dPe/dx < 0, d5*/dx> 0 a1ways. In the present problem 
dPe/dx < 0 upstream of the corner, so that a contradiction arises, and the 
boundary layer equations are unable to provide a mechanism for significant 
pressure ·decrease upstream. 

A very important point to note is that equation (4.1) applies 
to all self-similar flows, and in particular to those self similar solutions 
for which Pe CC xn. Since these solutions require gw constant : but not 
necessarily smal1, then they demonstrate that a locally hypersonic boundary 
layer is supercritical even if the wall is adiabatic or heated. 

5. APPLICATION TO SHOCK BOUNDARY LAYER INTERACTION THEORY 

The growth of the boundary layer on a flat plate is now 
calculated by the present theory. This is necessary to provide the initial 
condition, that is Pand R '= fPdZ for the expansioh wave boundary layer 
interaction process downstream of the corner. It also serves as a convenient 
check on the accuracy of the present theory since a direct comparison with 
more accurate calculations of this problem can be made. 

For shock boundary layer interaction ca1culations the tangent 
wedge rule is normally used to estimate the pressure at the edge of the 
boundary layer (Ref. 12). In this problem the effective body is usually 
slender, so that the pressure at the edge of the boundary layer is accurately 
given by the hypersonic sma11 disturbance solution for oblique shocks. The 
tangent wedge relation is [ Ref.12,p 279] 

8 



1 

~ [ { ( ~ + 1)2 1 }2-+ X + 
1 J (5.1) P-l='X 4 + ï(2 4 

where in the present problem 

P = Pe/Pcm K = ~ 
d5* 

(5.2) dx 

Differentiating Eq. (3.16) and inserting into (5.1) leads to the following 
expression for the shock-boundary layer interacti on problem: 

dR P = dZ 

[~ ~ 23/2 (P- 1 2 
1 { p(Jl + 12 + (l-l)} -~ ] dP ~ R2 (5.3) ........ = 1 (yj-l) G dZ 2R 2)' 

Solution of these two ordinary differential ~quations by standard Runge­
Kutta techniques leads to a pressure distribution P = P (Z) or p = p (x). - . e e 
It is known in the s trong int er ac ti on li mi t :x ---7 00 or Z ---7 0 tha t P --7 ,(x) • 

Hence to start the integration the appropriate expres sion corresponding to 
the strong interaction limit must be provided. This is done by simplifying 
(5.3) with the approximation P » 1 to obtain 

2R 

p2 

dP 
dZ 

(5.4) 

Note that as P ---700 , R ---7 0 so that both terms in the square brackets of 
equation (5.3) have to be retained. By assuming a solution of the form 
P = AZn it is found that 

P = 3 
J2 ()'-l) .jj, (J + 1 ) G 

This solution agrees with that given in Ref. 12, p. 358-9. lntegration of 
equation 5.3 the~ proceeds by obtaining starting values of Pand R at a 
value of ~oo = Z-2 which is chosen such that the strong interaction solution 
(5.5) and the complete solution{ give the same value of dP/dZ to within 
acceptable error. 

The heat transfer and pressure distribution on a cold flat 
plate in hypersonic flow were computed by the cold wall similari ty method 
and the results are given in Figures 2 aod 3. The validity of the present 
approximation was verified by comparison with other theoretical methods and 
some experimental results. The theoretical methods are the " local simi-
lari ty ti approach described in detail by Dewey( Ref .16) and a momentum integral 
method described by Chan(Ref. 131and the experimental results were obtained 
by Hall and Golian Ref. 17. The strong interaction solution as given by 
Ref. 12 is included in these comparisons. Excellent agreement is obtained 
between the theories and experiment in the case of the pressure distribution. 
Agreement in the case of the heat transfer distribution is somewhat less 
satisfactory; but the tlfla~ plate" similarity method used here does not appear 
to be significantly worse than the other methods. lts use in the present 
problem appears to be justified. 
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6. FORMULATION OF THE DOWNSTREAM FLOW FIELD 

The rate of growth of the boundary layer displacement thiekness 
immediately downstream of the corner reg ion d5*/dx/d is given by (see 
Figure 1) 

d5* I = d5* I + ex - ex 
dx d dx u w c 

(6.1) 

where d5*/dx/ is the rate of growth of the boundary layer displacement 
thickness imm~diately upstream of the corner. For the present analysis 
d5*/dx/ is assumed to be that value which would occur if no corner were 
present~ Also with exc«exw equation (6.1) can be written 

(6.2) 

That is to say the turning process is in the first approximation assumed to 
be carried out entirely in the region wherB ~ the boundary layer equations 
apply and therefore continuity of pressure requ~res Pu = Pd' 

Since the inviscid flow is assumed to be a simple wave the 
pressure downstream of the corner at the edge of the boundary layer is 
given by (Ref 20, p 36). 

(6.3) 

where ~ is the Mach number of the external flow just upstream of the corner, 
and the:;hypersonic small disturbance approximations have been used. Equation 
(6.3) can be combined with equation (3.16) to give the governing equation 
for the present problem: 

1 .z.:l: 
~ ~ : t -(~~.)~2 [Moo"T +( ~ ~=1{(;J 2y - l}] } 

~ - = P 
d.~ 

(6.4) 

The initial conditions are obtained from the shock-bourrdary layer interaction 
solution upstream of the corner: 

at- Z = Z, P = P, R = R 
u u u 

(6.5) 

which in turn are obtained from the solution of Equation 5.3. 

The two quantities ~~and ~/Moo have to be specified to complete 
the formulation. Since the tangent wed&e formula was used to relate the 
flow deflection to the pressure, d5*/dxlu cau be written down in terms 
of Pu: 

M 
00 d5* I 

dx u = 

10. 



Hence 

MexT=Mex + 
00 00 w 

P - '[ _P~_(_)'_+----"l,....)_+ _(_)'_-_1_) J-~ u'Y 1 -, U 

I 2)' 

(6.7) 

The choice of a suitable value of ~ is not quite as straight­
forward. The use of the tangent wedge concept to compute M is in general 
inadequate, since the fluid streamlines at the edge of the ~oundary layer at 
a given value of x or Z cross the shock wave at point where the entropy 
increase can be much higher than would be computed by the tangent wedge 
formula. Consequently the sound speed by the tangent wedge formula should 
be low. However, it can be argued that it is not reasonable to apply a simple 
wave description to the inviscid flow if there is a large difference between 
the Mach numbers at the edge of the boundary layer and at a point just behind 
the shock wave. Hence 'it is necessary to restrict the present model to 
values of x or Z sufficiently large that x is not in the strong interaction 
regime where Xoo »1. Consequently it is ~en consistent to use the oblique 
shock wave relatio~s to estimate Mu' The required relation is obtained from 
hypersonic small disturbance theory and is 

()'+l) ~ P + ( )'- 1) 

()'_ 1) p
U 

+ ( )'+ 1) 
u 

I 

1 

P 
-u 

(6.8) 

I -An additional reason for the constraint th at Xooshould not 
be too large at the corner is that in the strong interaction regime the shock 
wave is relatively close to the body. Then reflections of the corner expansion 
wave from the shock could intersect the boundary layer relatively close to 
the corner, and cause a significant deviation of the pressure distribution 
from the simple wave law used here. 

The present theory is readily generalized to the case when 
~he ~pstream body is a wedge. For a wedge angle ~ and corner angle ex the 
flow field upstream of the corner is given by 

dP 
dZ 

= p2[1+ 
2R 

1 

2J2 R 2" {K,9-­
G( )'- 1) 

dR/~ = P 

1 

(p ; l)[P()'+l~)'+ ()'_1)]-2"} ] 

(6.9) 
whereK _~= Moo~. The equation for the flow downstream of the corner is .the 
same as for the flat plate model . However the expression for the effective 
total turning angle at the corner ~ is different: 

d5* 
dx 

+ ex L+'M ex - M ~ -"r 00 00 
(6.10) 

where KT instead of Mood5*/dx is known in terms of Pu through the tangent 
wedge rule. Hence 

= P 
u 

1 l)J~ (6.n) 
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The expression for ~ remains the same as for the flat plate case. 

7. RESULTS AND CONCLUSIONS 

Some calculated values of surface pressure distribution, heat 
transfer and displacement thickness downstream of a corner are given in 
Figures 4 to 6 respectively. In each case the forebody is a flat plate. 
The most striking feature is the greatly extended region of pressure decay 
downstream of the corner and the very large growth in the thickness of the 
boundary layer. Significant pressure decayoccurs over a region, the . length 
of which can be many times longer than the original plate length. Typically, 
at a v~lue of Xoo such"that Pu = 1.97 the pressure decays to 4g1o of the corner 
value in a distance equal to the original plate length ~ whereas the 
asympototic value is 11% of the corner pressure. At a Qlstance of lOXU the 
pressure is still a factor of 1.8 larger than the asymptotic value. Almost 
all of the pressure. decay occurs in a region well away from the corner. For 
the above conditions,at a distanee of 3fi*U downstream of the corner the surface 
pressure is approximately 80% of the upstream value. Similar comments can be 
made for displacement thickness effects. The heat transfer is found to be very 
greatly reduced by the corner expansion. 

-\ -~ "...... . 
It can be concluded that the present model is self consistent 

since the calculations confirm·~ the basic assumption that the great majori ty 
of the pressure decay occurs well away from the corner and in a region where 
the boundary layer equations can be expected to hold. The present cal­
culations can be regarded as a first approximation to a complete solution to 
the problem which would include the details of the flow in the neighbourhood 
of the corner. Such a solution would supply a value of ac which would in 
turn enable an aypropriate correction to be made to the calculations ' 
described here. Ultimately of course suitable experiments will be needed to 
verify the use of this model. There does not appear to be available in the 
literature any experiments which can be appl~ed to test its validity. The 
crucial experimental test will be pressure m~asurements on a two dimensional 
body, since in this case the pressure decay downstream of the corner is 
related purely to the interaction between the expansion wave and the boundary 
layer. The use ofaxially symmetrie shapes or heat ~ransfer measurements 
create difficulties of interpretation since in other cases additional 
mechanisms exist which cause a decay in the observed quantities. Neverthe­
less, heat transfer measurements will be required to obtain the magnitude 
of the expected peak in heat transfer rate at the corner; a quantity which 
is of considerable practical importanee . y~tb which is not predicted by any 
of the present theories, including the one presented here. 
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TABLE 1. 
00 

Tabulated values of G = Jo (g-l?)dT] and g' (0) for 

0. 6 ::: Fr::: 1.2 and" Ç) '::: 'gw::: 0.4 obtained by solution of equation (3.11) 

for 5 = 1.4 and u~ ~ 2He (Me »1.). 

Fr gw G g' ( 0) G. t€lst 

0 .6 0.0 0.1801 0.3805 

0.1 0.3322 0.3425 

0.2 0.4842 0.3045 

0.4 0.7884 0.2284 

0.6 1.092 0.1523 

0 .8 0.0 0.3488 0.4220 

0.1 0.4828 0.3798 

0.2 0.6168 0.3376 

0.4 0.8849 0.2532 

0.6 /'" 1.1520 0 . 1688 

1.0 0.0 0.4624 0.4550 0.4698 

0.1 0.5849 0.4095 0.59 15 

0.2 0.7074 o . 364'b 0.7133 

0.4 0·9523 0.2730 0.9567 

0.6 1.1970 0.1820 1.2000 

1.2 0.0 0.5440 0.4827 

0.1 0.6582 0.4344 

0.2 0.7725 0.3861 

0.4 1.0010 0.2896 

0.6 1.229 0.1930 

Error 
% 

1.6% 

1.1% 

0.8% 

0.5% 

0.3% 

Note: For Fr = 1 the solution of equation (3.11) is available in closed 

form and is g (T]) = ~ + f' (T]) ( l-gw) ' This expression was used to 

compute Gtest . The comparison of Gtest with G is a measure of the 

computational error in the presenm G calculations. 
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