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Quantum Phase Transition in the Skyrmion Lattice
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We investigate the ground state of the 2D electron gas in the quantum Hall regime at a filling
factory slightly deviating from unity, which can be viewed as a sparse lattice of Skyrmions. We
have found that in the low density limit Skyrmions are bound in pairs, the latter forming an actual
lattice. We have shown that with an increase in density the lattice undergoes a quantum phase
transition, which is analogous to the superconducting phase transition in Josephson junction arrays.
[S0031-9007(97)05060-6]
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The Skyrmion [1] has been a favorite model particle of E = Egi¢r + Ez + Ecoulomb
field theorists for decades. Only recently has it been un-

. e : s B
derstood that the low-lying charged excitations of the inte- = ] dzr[% Iaﬂml2 + lglﬂ% (1+ mz)i|
ger quantum Hall ground state may be Skyrmions ([2], see )
[3] for review). This interesting development prompted 1 ) 2 e ,
intensive experimental studies [4,5] which proved these * 2 dr | driqr) elr — r/| q@). (1)

exotic particles to be real. A Skyrmion can be viewed as ) o ] )
a topologically nontrivial distortion of the spins afany It contains three terms describing spin stiffness, Zee-
ground state electrons which makes its spin much biggeP@n energy, and electrostatic energy, respectively, and
than unity, although the Skyrmion bears a unitary chargedepends onm(r), a unitary vector characterizing lo-
The size of the Skyrmions is controlled by a parametef@ Spin density. We adopt the microscopic expres-
&, which is the ratio of the Zeeman energy to exchangéion [8] for the spin stiffness at filling factor Ip, =
energy per particle. The smaller tie the bigger the (1/16v27)(e*/€A), A being the magnetic length. In
Skyrmion. the _Zeeman termg stands for the electrop fa_ctor, and

If the filling factor deviates slightly from unity, the low- s is the Bohr magneton. In the electrostatic tegfx)
lying charged excitations must appear at the backgrounBresents the deviation Qf the electron densny from the uni-
of the quantum Hall state to compensate for the exces9rm background density, = 1/27A%, ¢ being related
charge. Therefore, the deviation of the filling factor t0 the density of the topological charge [2]
sets the Skyrmion concentration and the many-Skyrmion
ground state can easily be made by changing either the 9= Tgn €uy(m[d,m X 9,m]). ()
magnetic field or the electron density of the 2D gas. Tw
studies of the many-Skyrmion ground state at finjte
have been recently reported [6,7]. Despite the differenf
methods applied and the different results obtained, it wa

assumed in both studies that Skyrmions form a plai A .
regular lattice. In both studies no quantum effects wer nd Polyakov [9] that the textures minimizing the stifiness

taken into account erm are highly degenerate. They parametrized the spin
' : density as follows:
Our results demonstrate that the formation and devel*

OThe precise definition 0f readsg = gupB/Eex, Eex =
2/€eA.

The stiffness term dominates the energy and must be
e first to be minimized. It has been shown by Belavin

opment of the multi-Skyrmion state is more complicated W= my + im, me + im. = 2w

and interesting than it has been previously assumed. We 1 —m, * Y1+ w2
show that at low concentrations Skyrmions always appear W2 — 1

in pairs to form a triangular Wigner lattice. With increas- m, = WE 1 3)

ing concentration, the distance between pairs decreases
and the interaction between the pairs strengthens. Thi turns out that all the textures corresponding to any
leads to a quantum transition in the Skyrmion lattice. Be-analytical function W(z = x + iy) with N poles pos-
low the transition point, the component of the spin of sess the same energy+/7 /32 Ex. Neither the poles
each pair is well defined. We call the variable that is(Skyrmion positions) nor the pole residuals (Skyrmion
canonically conjugate to the component of the spin the radii) are fixed. These are determined by the interplay
phase Above the transition point, it is this phase that is of the weaker interactions, namely, Zeeman and electro-

well defined. static energy.
We begin with the energy functional that describes spin Let us start with a single Skyrmion [2]. We take
textures in the limit of smalf (see, e.g., Refs. [2,7]). W(z) = a/z, a being the Skyrmion radius to be evaluated.
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The Coulomb energy is given b§, = (372/64)e*/ea.  therefore there is a barrier to the binding of two Skyrmions.
The integral that gives the Zeeman energy appears to diFhe binding is energetically favorable providétdR =
verge logarithmically at long distances from the core, sincd)) < E(R = «). Within the applicability of the continu-
the x,y spin components decrease very slowly with in-ous approach we use, that — 0, this is always true.
creasing distance. A slightly improved calculation showsThe situation might change at some critical valuegab
that the divergence is to be cut at= Az~!/2, and the be determined from microscopic theory.

Zeeman energy read8; = gugB(a®/A%)In(ry/a) pro- Therefore, we have shown that charged excitations
videda < ry. The minimization of the total energy with with lowest energy are eventually Skyrmion pairs bearing
respect taz yieldsa = A[In(1/g)g]~'/3, with a < r; as  charge+2e. We proceed now with analyzing the many-

required. Skyrmion ground state [10]. Let us compare the Zeeman
Let us consider nowtwo Skyrmions with opposite and Coulomb contributions to the interaction between
phases, pairs. The latter prevails provided the separation between

a a pairs exceeds their equilibrium radibg. Hence, the pairs
TR S_R’ (4)  behave very muc_h like pO'In.ﬂIk.e charges and form a trian-
z z gular Wigner lattice to minimize their Coulomb energy.
with the minus sign before the second term accounting foSuch an arrangement persists up to relatively high
the phase shift. We assume tiRaik r,. We see that the Skyrmion densitiesngy/ne = (bo/A) "2 = g2/3 where
x,y spin components are effectively quenchedAt>  they begin to overlap. Most probably, the overlap will
R, which lowers the Zeeman energy. For well-separate@iepair Skyrmions, and one of the single-Skyrmion lattices
Skyrmions(a < R) the logarithmical divergency is cut off proposed could be realized at higher densities. In the
at distances of the order & and the Zeeman energy reads present paper, we restrict our attention to lower densities,
2gupB(a’/A*)In(R/a). This results in an attractive force where the pairs certainly form a triangular lattice.
between Skyrmionsc1/R. At long distances it always  To reveal the interesting physics that persists even in this
prevails over Coulomb repulsion, so that the Skyrmionsimiting case, let us note that the two-Skyrmion solution
are bound to form pairs. To find exactly how they arefound is infinitely degenerate. All the spins can be rotated
bound, we have studied the question numerically. At about the; axis by an arbitrary angle yielding texture of the
given Skyrmion separatioR, we minimize two-Skyrmion  same energy. Or, alternatively, we can multiplz) by
energy with respect tax. Our results are plotted in  an arbitrary phase factor efih). We will call the variable
Fig. 1. It appears that the minimum energy is achievegharametrizing all of the degenerate textures fase
at zero separation, correspondingidz) = b*/z>. Two  This degeneracy is not physical and arises from the fact
Skyrmions merge as is sketched in Fig. 1. The optimathat we regard the pair, which is a quantum particle, as a
value of || is by = A/g'/3. The Skyrmion pair bears a ¢lassical object.
big spin, So = 0.78/3*°. We checked numerically that | et us consider quantization of an isolated pair. We
the Skyrmion attraction saturates, so that there is no furthgjote that the shift in the phase spage— ¢ + 6, is just
binding of pairs. a rotation in the spin space about thaxis represented by
While atR < I the interaction between Skyrmions is the quantum mechanical Operator éxpﬁgz) Here SZ
attractive, forR > r; the Zeeman part of interaction dies stands for the total spin of the Skyrmion. Expanding near

out and Coulomb repulsion prevails. This suggests thay = 0, we find thatS, = —i9/d¢. That leads us to the
the curve plotted in Fig. 1 has a maximummat= r; and  following important conclusion:

W(z) =

R [6.8.1=1i, (5)
« >+ *4" = > o the phase and the total spin of the pair are conjugate vari-
\ h h ables satisfying the Heisenberg uncertainty relation. Ow-

s : : ing to the degeneracy with respect to the phase, physical
isolated Skyrmion pairs have no definite phase but rather
possess a definite integercomponent of the spin. This
picture has very much in common with the Coulomb block-
ade in a superconducting island [11,12] that has no definite
superconducting phase but rather a certain integer charge.
Since the total spin of the pair is a function of its radius
. . b, as well as its energy, the spin quantization leads to the
) energy quantization of pair states. The spectrum can be
2R/bO obtained from classical dependené&s) ands.(b). Near

the minimum energy, it reads
FIG. 1. Binding of two Skyrmions. The two-skyrmion energy
as a function of their separation has a minimum at zero _ _ 2 —
separation. E = Eo + E(S; — So)7, E.
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Here Ey, S, are the optimal classical energy and spin, re-tances much larger than the screening radjué,/A)> =
spectively. Let us note thay is a continuous function ./7/4+/2%. We therefore evaluate it for interpair dis-
of g, to be contrasted with intege,. If we changeg, tancesr in the regionr > r;, b. We expand the energy
So changes continuously, whereas the optisialjumps  functional up to terms quadratic i}, and minimize the
between the integer values. At the point of jump, the enfesulting expression matching, near the pair cores with
ergies of the two states with differefif match, providing the asymptotics o (z). This yields
extra degeneracy.

This is reminiscent of the Coulomb blockade phenome- Ein = Ejcod¢1 — ¢2),
non in Josephson arrays [12]. Josephson arrays consist of b r\ /[ r
superconducting islands; the number of discrete charges E; = gunsB ,_2 exp(—r—> <ﬁ V7T”S’"/2>~ (7)
in each island is canonically conjugate to its supercon- : e )
ducting phase. The actual state of the array is determineS @ result, we have the foIIow‘l‘ng me}ny,-'body Hamilton-
by the interplay of the charging energy and the Josephsd@n: Which takes into account “charging” and Josephson
coupling. If charging energy dominates, the array is in theeNergies.

insulating phase. There is a gap for charged excitations: R Y 2

One has to pay charging energy in order to add a discrete H = ' Ec<_l ﬁ - SO)

charge to or extract it from the array. If the Josephson ! l

coupling increases, the quantum phase transition to the + 1 Z’EJ codp; — ¢)), (8)
superconducting phase takes place. A long-range phase 2 5

order appears and the gap vanishes. where E,. is given by Eq. (6) andg; > 0 is given by

~We expect similar behavior in Skyrmion lattices, with £q. (7).  The indices label the sites of the triangular
discrete charge replaced by discrefe At very low |attice, the prime restricting the sum ovgto the nearest
Skyrmion concentrations the pairs can be regarded ageighbors of a certain site. Note that in our case the
isolated ones, each having a well-defined spin and &jpsephson” coupling has an antiferromagnetic sign, to be
strongly fluctuating phase. The y components of the contrasted with Josephson arrays. In the liljt> E.
local spin density are undefined and have zero averagghe phases become well defined, and we can neglect the
as is sketched in Fig. 2(a). There is a “spin gap” in thischarging term. The Hamiltonian reduces to the energy
“insulating” phase: One has to pay energy of the order ofynctional. In the ground state, the lattice subdivides into
E, to increase or decrease the spin of the system by unityhree sublattices [13]. The phases of the sublattices are
If we increase the Skyrmion concentration, the pairs comegtated by27 /3 with respect to each other [Fig. 2(b)].
closer to each other. This increases coupling, tending e are interested in the transition characteristics. Since
to fix the phases of the neighboring pairs. Thereforethe exact solution of the Hamiltonian is beyond reach,
we expect a quantum transition to the“superconductingihe transition point is found in the Hartree approximation.
phase. At the transition point the spin gap vanishesywe approximate the exact ground state wave function by

Instead, a long-range phase order appears, i.e.xthe the product of site wave functions,
components of the local spin density become nonzero.

N
To give a quantitative description, we evaluate first the V(by,...,dx) = l_[ Vi), )
phase-dependent interaction between pairs. It appears that i=1
this interaction measures up. at inter-Skyrmion dis-  wijth ¥, to be determined from the minimum energy prin-
ciple. The site wave functions then satisfy the following

i mean-field Hamiltonian:
o * X 5 2
o o .. W = 2B~ g, S
Va7 1 ! . "
o v:Y Y:Y + ZEjlz]: [2I’lj exq_l(l’)i) - nn; + C.C.],
A, .
o o v,y where we introduce the order parameter
v:v v"A’v o . 2
o . m= [ exstio i(@)Pag
VAY 0
a b at each site. We assume that near the transition point

_ . the order parameter has the same symmetry ag foe
FIG. 2. Two phases of the Skyrmion lattice. (a) In the g The nontrivial solution for the order parameter first
insulating phase, the Skyrmion phase fluctuates strongly S&ppears at
that thex,y spin components have zero average (b) in the

superconducting phase, the Skyrmion phases are fixed and o E )
antiferromagnetically arranged. E; = ?C{l — 4([So + 1/2] = So)°}, (10)
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this equation determining the transition point. Making useeven for a disordered and/or unbound arrangement of

of Egs. (6), (7), and (10) we find that the transition oc-Skyrmions.

curs at Skyrmion densitys, ~ r;2In"%(1/g). To give In conclusion, we have investigated the many-

more detailed predictions, we plot the critical Skyrmion Skyrmion ground state at a low-Skyrmion concentration

density versug in the realistic range of this parameter. and have shown that Skyrmions are bound in pairs to

We assume that in this range the continuous approadierm a triangular Wigner lattice. The quantum phase

to Skyrmions still gives reasonable results. The curvdransition occurs in this lattice at a certain Skyrmion

exhibits sharp drops each time the energies of two spiconcentration.
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