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Distributed quantum entanglement plays a crucial role in realizing networks that connect quantum devices.
However, sharing entanglement between distant nodes by means of photons is a challenging process primary
due to unavoidable losses in the linking channels. In this paper, we propose a simple loss-tolerant protocol for
the Greenberger-Horne-Zeilinger-state distribution. We analyze the distribution rate under feasible experimental
conditions and demonstrate the advantages of rate-loss scaling with respect to direct transmission. Our protocol
does not use quantum repeaters and is achievable with current quantum optics technology. The result has
direct application to tasks such as conference key agreement or distributed sensing. Moreover, it reduces the
requirements for implementing distributed quantum error correction codes such as the surface code.

DOI: 10.1103/PhysRevA.111.022624

I. INTRODUCTION

Quantum links allow distant nodes to be connected in
quantum networks [1-3], which are expected to impact such
fields as cryptography [4-8], high accuracy clock synchro-
nization [9], longer-baseline telescopes [10,11], quantum
sensing [12-15], and quantum computing [16,17]. In quan-
tum networks, users can exchange arbitrary quantum states
between distant nodes through quantum teleportation [18],
which consumes shared entanglement. Therefore, bipartite
entanglement distribution is one of the most important pro-
cesses for quantum networks. Multipartite entanglement was
often distilled from copies of the bipartite one and became a
standard procedure both in experimental and theoretical stud-
ies. However, generating multipartite entangled states directly,
also showed advantages in specific cases [19,20].

In typical networks, quantum entanglement is shared by
means of transmitted photons. Considering star networks, as
in Fig. 1, the simplest protocol distributing multipartite entan-
glement consists of generating a desired quantum state locally
at the central node and transmitting it by photons to each user
node as in Fig. 1(a). This solution was demonstrated experi-
mentally [7] and proven feasible, however, its efficiency was
strongly limited by the photon loss. Indeed, here, N photons,
where N is the number of end-node users, must simulta-
neously successfully survive transmission through the lossy
channels. Therefore, the distribution rate scales as O(n"),
where 7 is the probability that one photon successfully passes
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through the channel of a given length [21,22]. This proto-
col is referred to as the “direct transmission protocol” due
to the absence of any repeater-like operations. In principle,
a perfect quantum repeater with quantum memory at the
central node can be implemented in a protocol achieving
the distribution rate that scales as O(n) and high fidelity
[23-29]. However, although quantum repeaters technology,
for instance, with diamond centers or ion trap-based memo-
ries, has made significant progress in recent years and some
experimental demonstrations have been performed [30-32],
its implementation in multipartite scenarios was still beyond
the reach of current technology. Indeed, even two-party imple-
mentationwas still challenging. Therefore, how to achieve an
advantageous multipartite entanglement generation rate with-
out preshared Bell pairs and quantum memory in fully optical
setup with current technology remains a major, unsolved issue
which we address in this paper.

In [33] the authors proposed a simple loss-tolerant protocol
to distribute the M-photon N-mode Dicke states

1 &
X
i=1

where YCy; is the number of combinations and | fi(N’M >) are
states with N modes and M photons, such that there is, at
most, one photon per mode. The authors showed a protocol
with rate loss scaling O(y™). It was, however, not known if
it could be generalized to generate stronger correlated states
like the Greenberger-Horne-Zeilinger (GHZ) state defined as
a superposition of two terms perfectly anticorrelated in each
of N subsystems

ID(N, M)) =

1

G =
|GHZ)n 7
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FIG. 1. Generating multipartite entangled states in a star net-
work. (a) Direct transmission protocol. (b) Proposed protocol with
appropriate interference and conditional measurement in the central
node. Black lines indicate optical fibers of equal length. n is the
transmittance of the links.

or the equivalent form with a different basis [e.g., Eq. (3)].
GHZ states are of capital importance for tasks such as con-
ference key agreement [7,8] or quantum sensing [12—15]. The
setup from [33] could not generate GHZ states with N > 4
producing always more than two terms in Eq. (2). Further-
more, previous studies have not shown that this setup can
project the input state to the GHZ states when N = 4. In the
present paper, we show that it is possible to design an alterna-
tive setup in which unwanted terms destructively interfere. We
establish an alternative specific protocol, and investigate its
performance under realistic experimental conditions. Namely,
we calculate the rate and fidelity of GHZ states’ generation
in a star network considering realistic accessible sources and
imperfections of measurement devices. We show that our
protocol significantly beats the direct transmission protocol.
Note that, although for a given rate, the achievable fidelity
may be smaller compared to the memory-based protocols [29]
assuming that the quantum state can be stored for a long
time and manipulated in the central node, its advantage lies
in feasibility with existing quantum optical technology. Our
protocol has an immediate impact on well-known protocols
based on the GHZ states. Moreover, we propose its application
to improve the implementation of stabilizer codes between
distributed qubit memories.

II. PROTOCOL
A. Four-partite GHZ-state distribution

In this subsection, we discuss how to distribute a four-
partite GHZ state

1
IGHZ)4 = E(“OlO)xlxzxm +1010D)x,xxx,). (3

where the indexes indicate the users, |1) denotes one photon,
and |0) denotes a vacuum. Note that the state Eq. (3) has the
same entanglement properties as that of the standard form of
GHZ states in Eq. (2) and thus is directly useful for applica-
tions. For the sake of clarity of the presentation, we assume
no loss. The scenario with losses and other imperfections is
discussed in the next subsection.

Consider a star network, as in Fig. 1, with four users
equally distant from the central node. We assume that each
user locally generates the state

[V)xx; = al00)xx; + bl11)xx;, “4)

where |a|? + |b|? = 1. Here, X; and X/ denote the subsystems
retained by the ith user node, which may be photonic or
atomic system, and transmitted to the central node, the flying
qubit in a photon number basis, respectively. At the central
node, the flying qubits interfere with each other, after which
a measurement in the photon number basis is performed. The
goal is to find an optical circuit which makes flying qubits
interfere appropriately to conditionally transform the retained
qubits into the GHZ state depending on the result of the central
node measurement. The role of the central node resembles that
of the Bell-state measurement [34] in entanglement swapping.

The initial state of the entire system can be described as the
product

4

4
Q) 1¥)xx = X (al00)xx + bl11)xx)

i=1 i=1

= W) XXX X, X[ XXX, ®)

At the central node, the subsystem X/ ...X; undergoes a
unitary transformation induced by the four-mode circuit
[Fig. 2(a)] and is measured by a ray of photon detectors. The
circuit consists of two rays of half beam splitters. Each beams
plitter is described as a unitary transformation of the input
photon creation operators

Vs = — |1 ! 6
HBS—EI_1~ (6)

If we denote the input and output modes creation operators
as aj and b/, respectively, the transformation induced by the
circuit is

a bi
il T
a b,
| =ul i, 7
a; 4mc b; (7
az bz
where
1 1 1 1
|| 1 -1
Umme =Unps @ Unss = 5| | | _| _4 ®)
1 -1 -1 1

We obtain state Eq. (3) at the user nodes when only two
photons arrive at the central node and are detected by appro-
priate pair of detectors. There are *C, = 6 terms in the shared
subsystems X . .. X, of the input state Eq. (5) that contain two
photons. These terms are transformed by the four-mode circuit

022624-2
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FIG. 2. (a) Central node four-mode circuit generating state |GHZ), in users’ nodes Xj, ..

Central node

o

a8

., X4 when specific pair of bucket detectors detect

photons. (c) Central node circuit generating |GHZ)¢ at users’ nodes when specific configuration of four bucket detectors detect photons. The
central node uses adjacent modes of (a) building blocks and (b) single-photon source to connect the blocks. The setup can be extended to
generate |GHZ)y with arbitrary N by adding further building blocks and connect their adjacent modes analogously.

at the central node as follows:

ala}|0000);,

— LB — b + b}’ — b}7 + 2bTb5 — 2b}b])10000) oy
ala;|0000);,

— (b7 + b} — b}’ — b} + 2b1b — 21D 0000) 6y
ala;|0000);,

— LB — b — b + b} + 2bTb], — 2b}b%)0000) oy
a}a$|0000);,

— (b7 — b — b}’ + b}’ — 21} + 2b}b%)|0000) 6y
aja; |0000);,

— LB + b — b}? — bI? — 2676} + 2b}5})10000) oy
aja;|0000);,

— Y7 — b} + b}’ — b}? — 2bTbE + 2b}b})|0000) .

€))

Here, we ignore the case in which two or more photons come
from one user, or two or more photons are detected at one
detector. Then, using Eq. (9), we derive states |®)y, x, of
the remaining subsystems depending on the detection pattern.
Table I lists the detection pattern (the detectors clicked) and
the resulting states at the end users.

Suppose detectors 1 and 2 detect single photons. If we
denote the entire state after the transmission and interference
|W’), the state in subsystem X ... X4 becomes

|@)(PIX = Trx [(1100]x (|¥")(W']XX")|1100)x]

1(11010) — [0101))({1010] — (0101]), ~ (10)

where we use a simplified notation X;...X4; — X and
X{...X4 — X’'. Note that the circuit in Fig. 2(a) was also
used in [33,35] to generate (or project to) W and Dicke states
and is analyzed also in the context of linear optical quantum
computing without considering losses [36].

B. Generalization of the central node

For simplicity, we assume that N is even. The Ap-
pendix discusses the case with odd N. To generate GHZ
states with N > 4, we use a circuit from Fig. 2(a) as a
building block. However, to obtain larger GHZ states, this
circuit is not extended trivially. For that, we propose to use
a setup as in Fig. 2(c). Here, copies of circuit Fig. 2(a) are
connected through the edge modes by means of auxiliary
circuits with a single photon source as in Fig. 2(b). This
method succeeds if one of the following detection patterns
(1,2),(1,3),(1,4), (2, 3), (2,4), (3,4) is signalized in each
of the building block circuits. Thus, in the circuit in Fig. 2(c),
we have 36 four-photon detection patterns that, up to known
local unitaries, leading to |GHZ)¢ in six user nodes. By anal-
ogously connecting more four-mode circuits with adjacent

TABLE I. States in subsystem X; ... X, depending on detection
pattern in subsystem X; ... X;.

Detection pattern State |®)y, x,

1,2 %(|1010> —10101))
1,3 -5 (11100) — |0011))
1,4 - (/1001) —0110))
23 %(—|1001> +10110))
24 %(—|1100)+|0011))

34 —[1010) + [0101))

LS

022624-3



SHIMIZU, ROGA, ELKOUSS, AND TAKEOKA

PHYSICAL REVIEW A 111, 022624 (2025)

X1, 4 )
e 4-mode circuit
3
\_ J
2f N\
X, .
X. 4-mode circuit
\_ J
e N
X . R
X 4-mode circuit

J

FIG. 3. Loss-tolerant GHZ distribution protocol for N users.
HBS: half beam splitter.

auxiliary modes, the circuit can be expanded to generate
|GHZ)y with arbitrary N (see Fig. 3).

The required resource budget consists of % — 1 four-mode
building blocks, N — 4 auxiliary modes, 2N — 4 detectors,

and %’ — 1 single-photon sources.

C. Performance analysis under the ideal condition

In this subsection, we analyze the performance of our
protocol. Here, we consider only losses; other imperfections
will be discussed in the next section. To consider loss in each
channel, we introduce ancillary modes E; for each subsystem
X/ and describe photon loss as the interaction between mode
X/ and E; via a beam splitter.

IDx/(0)e, = /nlx 100 + /1 —nl0)xDg.  (11)

Denote this beam-splitting unitary as Ujoss. Since E; is un-
controllable, we describe the evolution of subsystem X! by
averaging over the degrees of freedom of E; as follows:

Tr, (Uloss [¥) (¥ 1X] ® 10) (OIEU). (12)

The transmittance of the beam splitter and the channel
are assumed to be equal to the link power transmittance
n. For any even N due to the symmetry of channel loss
and the circuit, the success probability is always the same
for all possible successful detection patterns. Therefore,
without loss of generality, hereafter we consider a particular
detection pattern that the first and second detectors in
each four-mode building block detect single photons. This
means that the state at the detectors are projected onto
[1100...1100)x4, where A indicates auxiliary modes.
Consider the initial state, before the channel transmission
but including the auxiliary modes, represented by a
superposition in the photon number basis. The terms that
have finite probability to be projected onto [1100. .. 1100)x4
are in the form of |Y)x|lijlizliz... liy—2)xya and
[W)x|jilja1j3l. .. jy—21)xa, where ij, j; =0, 1 VI. |y/) are
some states depending on {i;}; and {j;},. In the superposition

form, the probability amplitudes of these terms are

-2

N
N N 1 2
Y,=a>""b2t" x <—> , (13)
V2
where m =0, 1,2, ..., N/2 is the number of modes in which

i; or j; are 1. After the successive detection event, i.e., trans-
mission and projection onto |[1100...1100)x4, the initial
state reads

N

1 7 2(M2Cy) )
px = ——= | PoYg 1PN (D] ) puY, |Gt} (Dmi| |+
(14)

where |®) is the desired GHZ state, |¢,;) are some states
that are orthogonal to |®), and A is a normalization factor.
Physically, m is the number of photons that are lost during
the transmission and |¢,,) is an unwanted state that are lost
m photons during the channel transmission and is projected
onto [1100...1100)x4 with nonzero probability. For each
m, there are 2 x V/2C,, different |¢,), where 2 comes from
two types of the terms, |1i;1i, .. .)x4 and |ji11 /21 .. .)x4, and
each of them has V/2C,, combinations of {i;}; and {j;};. Thus,
k is just the index of the states. p, is the probability that
the subsystem of X’A with m photon loss are projected onto
[1100...1100)x4. They are given by

N m ¥
pn=nr(1—n" x (%) P, (15)
and combining it with Eq. (13), we have
5 m %—1 —2m m -2
merﬁzng(l—n) x(%)' x a2 pN+2 ><(%)2
In_
=t (1= (3) T AN, (16)

Then, we have the probability of obtaining the target detection
pattern as

N
2
N
pP=2 mey,s X 2 Cm
m=0

N 3

2 N 1 aN—4 N
= 22177(1 - 77)"’(5) aV=ImpN I 5,

m=0

1 IN-5 . 5 N N
- <§> by TG BN — )"

m=0

1\2VS ¥

_ <§> 3 Vla® + (1 — )l (17)

The total distribution rate R is obtained by multiplying P by
the number of combinations of detection patterns which lead
to the GHZ states, i.e.,

N
2
’

R=6>"xP=3""(H)" 2V + (1 — )]
(18)

where we note that 6 is the number of the detection patterns at
each four-mode building block and N/2 — 1 is the number of
the building blocks.
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FIG. 4. GHZ generation rate versus distance for different num-
bers of users. The fidelity is fixed at 0.9. The top-red, middle-blue,
and bottom-green lines, respectively, represent cases of four, six, and
eight users. The solid lines indicate our protocol, while the dashed
lines show the direct transmission, the rate of which is #". The lines
characterizing the scenario with more users show a lower rate.

The fidelity between py and the ideal GHZ state is also
derived as

| 4Y¢ po aV

Figure 4 shows the distribution rates R from Eq. (18) of this
protocol and the direct transmission protocol for N =4, 6, 8
user nodes. Here, we assume that the rate of the direct trans-
mission is

Riirect = 77N . 20)

Figure 5 shows the dependence of the rate on the distance
for fixed fidelities and comparison with the performance of
the direct transmission protocol. In both figures, the fiber loss
is assumed to be typical, 0.2 (dB/km). The figures confirm the
advantage of the proposed protocol with respect to the direct
transmission method, especially in the limit of large distances
with larger loss and when the number of users increases.

102
< 1073
i)
2 10®
o
T 10711
e« —— F=0.95 el

10-14} — F=0.99 e

---- direct e
0 50 100 150 200

Distance [km]

FIG. 5. GHZ generation rate versus distance for different fideli-
ties. The fidelity varies between 0.8 and 0.99. The number of user
nodes is four. The solid lines indicate our protocol, while the dashed
line is the direct transmission. The lines with lower rate are charac-
terized by the higher fidelity.

(a)
SPDC
Y Photon number resolving
\, /Signal measurement
A e ™ X
7" idler  BS[* \/
I’ \ '
|TMSV) ———X
]lp)ini
(b)
1/n 1/n-1 1/n-2 1/2

Signal

> ‘I\"\“\ ...... "\»
Yy M

FIG. 6. (a) Schematic image of the SPDC source. The signal
mode is input to the photon number-resolving system (PNRD). The
idler mode is split by a beamsplitter (BS) into mode X and X'.
(b) An example of the setup performing quasi-PNRD with threshold
detectors. The numbers above each beamsplitter indicate respective
reflectance. The click in only one detector indicates a quasi-single-
photon state in the idler mode which is the input in our protocol.

III. IMPLEMENTATION WITH SPDC SOURCES
A. Scheme

In realistic experimental setups one could use the input
states Eq. (4) ideally generated with single-photon sources
such as trapped ions [37,38], NV centers [39], or quantum dots
[40]. However, these solutions require advanced technology
which we want to avoid, instead here, we propose to use
another source of quantum states approximating Eq. (4): an
optical system with spontaneous parametric down conversion
(SPDC). It is feasible with the current technology and widely
used in quantum optics experiments. Such a source generates
the two-mode squeezed vacuum (TMSV) state in the signal
and idler modes, S and /,

ITMSV) = /1 — A2 ZA"|n)5|n)1. (21)
n=0

Here, |n) indicates the n-photon number state, A = tanh r, and
r is the squeezing parameter. We refer to the squeezing level
in dB as 20log,y,e”(dB). The multiphoton terms in TMSV
cause reduction of fidelity since we cannot distinguish if two
photons come from the same or different sources. To avoid
this, we use the heralded single photon by measuring the
photon number of the signal mode. The initial state is prepared
by splitting the signal by an asymmetric beam splitter

1Y )ini = V1[10)xx + v/ T = 1]01)xx, (22)
where ¢ is the transmittance of the beam splitter (BS) in

Fig. 6(a).

While the technology of PNRDs developing, one can also
realize a quasi-PNRD by multiplexing threshold detectors,
which discriminate only zero or nonzero photons. An example
of that is illustrated in Fig. 6(b). It allows us to decrease the
probability of wrongly counting the photon number. Indeed, in
case of the two-photon term, the probability that one detector
detects two photons in the signal mode is 1/n, where n is the
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(a) 10-1 — 0.43d8B
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E
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FIG. 7. (a) GHZ generation rate versus distance for different
squeezing levels. The solid lines indicate our protocol, while the
dashed line shows the direct transmission. (b) Fidelity versus dis-
tance for different squeezing levels. The lines with smaller fidelity
are characterized by larger squeezing.

number of detectors. More generally, if k photons are input to
this system, the probability that we mistakenly recognize the
state as the single-photon state is (1/n)*~!. By increasing n,
one can identify the single-photon state in the idler mode with
arbitrary precision.

(a)

10-1 — ¢=0.99
— £=0.95
— 1074 — t=0.90
g -
=7 - =L.
E— 40 — t=0.75
% 10-10 ---- direct
-4
10—13
50 100 150
Distance [km]
(b) 10— —
— t=0.95
0.8 — t=0.90
— t=0.85
>0.6 — t=0.80
5 — t=0.75
£0.4
0.2
0.0

50 100 150
Distance [km]

FIG. 8. (a) GHZ generation rate versus distance for different
values of ¢ in (22). The lower rate lines are characterized by larger
t. (b) Fidelity versus distance for different values of . The solid
lines indicate our protocol, while the dashed line indicates the direct
transmission. The lines with higher fidelity for short distances are
characterized by larger 7.

1.0 —— 0.43dB
—— 0.65dB
0.9 — 0.87dB
— 1.3dB
> — 1.74dB
< 0.8 — 2.17dB
o
[
0.7
0.6

50 100 150
Distance [km]

FIG. 9. Fidelity versus distance for different levels of squeez-
ing. The solid lines are generated using quasi-PNRD with three
detectors, while the dashed lines indicate perfect PNRD. The lines
showing lower fidelities are characterized by higher squeezing. Here,
t =0.95.

B. Rate and fidelity under realistic conditions

We assume detector efficiency of 80% with dark count
rate of 107°, which are conservative numbers, as better
detectors, both in terms of efficiency and the dark count rate,
are currently available [41-43]. The rate and fidelity under
these conditions can be calculated by using Gaussian states
formalism [44—46] with a PYTHON library “THEWALRUS” [47].
In this analysis, one attempt means that all users send their
subsystems X’ to the central node. Figure 7 shows the GHZ
states’ generation rates and the fidelities of the states for
different squeezing levels in the four-users case. We fix ¢ in
Eq. (22) at 0.95. Figure 7(a) suggests that the distribution
rate is independent of the squeezing in TMSV. However, this
only reflects the fact that we do not include the input state
generation process into the rate. However, the fidelity strongly
depends on the squeezing level. This means that the multi-
photon residues in the initial states is an important factor of
the fidelity reduction. Figure 8 shows the generation rates and
fidelities for different values of transmittance ¢ in Eq. (22).
This figure shows the trade-off between the rate and fidelity.
We observe that at some distance the dark counts dominate the
detection. Then the generation rate tends to a constant value,
however, the fidelity drops down abruptly.

To see the effect of PNRD accuracy on the fidelity, we
compare the PNRD and the quasi-PNRD with three threshold
detectors. The result is in Fig. 9, where we fix ¢ at 0.95. The
dashed lines indicate the PNRD and the solid lines are for
the quasi-PNRD with three detectors. We observe that the
fidelities are almost the same for these two cases, especially
in the small squeezing regime. This is because the smaller the
squeezing, the smaller the probability of getting two or more
photon terms in the signal and idler modes.

Figure 10 shows the optimized generation rate for different
values of fidelity. We fix the squeezing level at 0.43 dB and
optimize the other parameters to obtain the highest rate satis-
fying the fidelity condition. We also assume perfect PNRD
since the gap compared to quasi-PNRD is very small in
0.43 dB squeezing parameter (see Fig. 12). The rate at the lim-
iting distance of the protocol approximately coincides with the
assumed rate of detectors’ dark counts and can be improved
by improving the detectors’ quality. Also, here, we observe a
trade-off between the rate and fidelity, as the rate of higher
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FIG. 10. GHZ generation rate versus distance for different values
of the fidelity. Solid lines indicate our protocol and dashed line the
direct transmission. The line with the lowest rate is characterized by
the highest fidelity.

fidelity states is lower. The figure shows the advantage of our
protocol even with feasible photon sources and realistic and
conservative experimental parameters.

IV. APPLICATION TO THE DISTRIBUTED
SURFACE CODE

In this section, we briefly discuss a possible application
of our protocol in a distributed architecture for topological
quantum computing with noisy network channels proposed in
[48]. There, many simple processor cells with a few qubits
each are networked via noisy links as shown in Fig. 11. In this
scheme, each data qubit is placed in a different network cell.
The main difference with respect to the standard surface codes
is that instead of using adjacent auxiliary qubits for the stabi-
lizer measurements, four-partite GHZ states are distributed to
neighboring four cells to perform the stabilizer measurements
among them. In consequence, the main challenge for such an
architecture is the ability to distribute high-quality GHZ states
at a high rate.

To address the GHZ distribution problem, the solution pro-
posed in [49] includes two steps: first, distribute high-quality
bipartite states with an efficient photonic linking protocol,
called the “extreme photon loss” (EPL) protocol [50]; and
second, fuse and purify the bipartite entanglement to create
high-quality GHZ states. With long-enough coherence times
[51], this combination has noise thresholds comparable with

FIG. 11. Scheme of distributed 2D surface code architecture.
Gray boxes are the cells consisting of a small number of qubits. Blue
cylinders are the central nodes connected via fibers (black lines) to
four nearby cells. The nearest four cells share a GHZ state, which
plays the same roll as the stabilizer in the surface code.

(a) (b) (c)
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FIG. 12. (a) Bell states’ purification of the EPL protocol.
(b) GHZ-state distillation. (c) Purification process to get higher fi-
delity GHZ states as in [49].
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monolithic architectures even in the presence of link losses
and noise.

The generation of distributed surface code in a two-
dimensional (2D) regular quadrilateral grid of memory cells,
as discussed in the original proposal [49], is schematically
shown in Fig. 12. The first stage of that protocol consists
in distribution and purification of the Bell states between
neighboring nodes [Fig. 12(a)]. Purification was proposed to
be performed according to the extreme photon loss (EPL)
protocol [50]. Then the GHZ states are distilled as shown in
Fig. 12(b) and purified Fig. 12(c).

Here, we generalize the bipartite purification in the EPL
protocol to more than two end users (see Fig. 13) showcasing
the feasibility of our protocol to prepare high-quality GHZ
states. In consequence, our protocol can replace the two-step
process of bipartite entanglement generation and GHZ purifi-
cation. A drawback of fusing bipartite entanglement is that,
even in the absence of further purification, two-qubit gates are
needed, severely impacting performance [51]. Our protocol
allows for a direct generation of the GHZ state among the four
neighboring cells, sidestepping the need of two-qubit gates
for fusion. Quantitative evaluation of this advantage requires
intense numerical simulations and deserves separate research.

Here we discuss the details of the procedure of GHZ-state
purification from the mixed state

p = a|D)(D Y Biloi)(dil, (23)

where o + > B; = 1 and {|¢;)} are undesirable states. We no-
tice that different configurations of detectors signalize mixed
GHZ states up to different local unitary transformations. The
local transformations can correct the first component of the

R e . -
o ! ~ )@
T -
. -
& DY
f) [Z)@
P & DY
H— DL

FIG. 13. GHZ-state purification of our protocol.
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m 0110 1001 0000 1111 0101 1010 0010 0001 0111 1011 0011
|: 1001 0110 1111 0000 1010 0101 1101 1110 1000 0100 1100
m 0011 1100 0101 1010 0000 1111 0111 0100 0010 1110 0110
[m 1001 1011 1010 0101 1111 0000 1000 1011 1101 0001 1001
0100 1000 0010 1101 0111 1000 0000 0011 0101 1001 0001
0111 1110 0001 1110 0100 1011 0011 0000 0110 1010 0010
0001 1010 0111 1000 0010 1101 0101 0110 0000 1100 0100
1101 0010 1011 0100 1110 0001 1001 1010 1100 0000 1000
0101 1010 0011 1100 0110 1001 0001 0010 0100 1000 0000

FIG. 14. The first row and column of the table show the terms
from two copies of the mixed state (23), respectively. Here the first
copy serves as the control system (C), while the second as the target
(T). The inner part of the table shows values of the target states’
terms after a set of CNOT. Table of the state to which target states
transform through CNOT operation. “C” means control qubits and “7"”
means target qubits. If we get the results in green part, the unwanted
terms could be in the control qubits. The measurement 1111 is the
only result which heralds the elimination of unwanted terms denoted
in the last columns and rows (in green), and hence, the success
of the GHZ-state purification. We distinguished pairs of states that
correspond to the same set of detectors generating the mixed states
in our protocol.

Eq. (23), but the undesirable contributions are not transformed
to the same set. Therefore, the purification procedure requires
observing a given patterns of detection events which reduces
the rate by a constant factor. Let us explain how to generalize
the EPL protocol. As we mentioned, the appropriate patterns
of photon detections in the central node signal the generation
of a mixed state Eq. (23) in our protocol.

In particular, if detectors 1 and 2 in the central
node simultaneously click, the ideal term |®) is |®) =
(]1010) — |0101))/\/§ and the unwanted terms |¢;) €
{|1011), |1110), |0111), [1101), [1111)}. We assume that we
have two copies of p with the same ideal |®) from (23) and
perform purification just like the Bell-state purification in the
EPL protocol: in the qubit basis, each cell locally applies
CNOT operation to the part of p and measures the target qubits
in the Z basis. As can be seen from |®) and {|¢)}, there is
no pair to transform the target qubits into |1111) other than
{control:|0101), target:|1010)} and vice versa (see Fig. 14).

Thus, like the EPL protocol, we can eliminate the un-
wanted terms by selecting the cases with measurement results
“1” in all cells. The probability of obtaining this result is
P = 0.5a < 0.5. The higher «, the higher the success prob-
ability of purification. However, to obtain high «, the
probability that a cell emits a photon must be small which
implies longer time to distribute one p. So, to get the highest
distribution rate including the purification process, one needs
to optimize over the coefficients of the initial state.

Concluding, we propose to simplify the original protocol
[49] by replacing the process of Bell-state generation, pu-
rification, and the GHZ-state distillation by our direct GHZ
generation protocol and distillation by the procedure de-
scribed above.

5(«) —D

TMSV

FIG. 15. Displacement on one of the two modes and projective
measurement to |1) (photon number resolving detection).

V. CONCLUSION

In this paper, we propose a practical, loss-tolerant protocol
that directly generates GHZ states in a lossy star network
with realistic experimental conditions. The protocol beats the
rate of the direct transmission protocol and shifts the com-
mon paradigm in which the multipartite entangled states are
distilled from bipartite Bell states. We give rigorous formulas
for the generation rate and fidelity assuming locally produced
Bell states or TMSV as the input to the protocol. The main
factors that degrade the fidelity are multiple photons in the
source, channel loss, and detectors’ dark counts. Our protocol
can directly impact the known GHZ-based protocols such as
the conference key agreement or distributed quantum sensing.
Moreover, we propose its application for distributed codes
in quantum computing. Among future research direction we
can indicate the investigation of the effect of phase noise in
the transmission process like in [52]. Moreover, the paper
paves the way to design alternative protocols of distribution of
general multipartite entanglement states in quantum networks.
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APPENDIX: IN THE CASE THAT THE NUMBER
OF USER NODES IS ODD

Let us also clarify the procedure in the case when the
number of user nodes is odd, i.e., 2k — 1 (k € N). Then, one
should use the optical circuit for 2k user nodes and input states

0) +«a|1)

) Al
1+ |af? A

into the modes that are not used. As a source of this state, we
propose a setup with a two-mode squeezed vacuum source,
displacement, and photon number-resolving detection. Here,
o must be fixed equal to the probability of a photon entering
other modes. Then the distribution rate is estimated as O(n%),
which shows the same advantage of the protocol over the
direct transmission.

We describe the details to generate the state Eq. (Al)
below. The scheme is shown in Fig. 15. Assume two mode-
squeezed vacuum states

ITMSV) 51 = v'1 — A2 Z)Ln|n>5|”)l- (A2)
n=0
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According to the authors of [53], the coefficients of the dis-
placement operator are

A m! _ el _
(n|Deylm) = ,/;a" meT PRI (l?) (n > m),

A n! m—n _—|a|?/2y m—n 2
(n|D(q)lm) = e Ly (lee|”) (n < m), (A3)

where L) (x) is the associated Laguerre polynomial defined

by
k
o) _ n + l (_x )
L, <x>—kZ;<n_k> 0 (A4)
After the displacement operation, we perform the projective
measurement of |1) in the signal mode. So, the relevant terms
of displacement operator are |1)(n|, as follows:

ae 210,

e R — a1y,

\/gae-'“'z/%z — la®)I1)(2],
\/gaze'“z% — la®)I1)(3],
\/;a3e_|°‘|2/2(4 — I, ... (A5)

Thus, the state |¢) in the idler mode is

1)1 = s{11D(o)|TMSV)s,

1 1
= \/_/T/{“'O”H(l_'“'z)'”’ ﬂ@akz(z — la|?)[2)

+\@a2p(3 —le»I3) + - } (A6)

If A2 « |a|? <« 1, the probability of two photons coming from
the input state is

2224

_ 4
i = 24, (A7)

1
Proise = me —la?)* ~

and the probability of two photons entering from two different
modes is

(A=) A —lal?)  A*
Ptarget = N X N ~ W, (A8)

where N & |x|2. Since Phoise < Piarger, We can use |¢) as the
ancillary input state with an odd number of users.
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