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The elastic properties of mechanical metamaterials are direct functions of their topological designs.

Rational design approaches based on computational models could, therefore, be used to devise

topological designs that result in the desired properties. It is of particular importance to independently

tailor the elastic modulus and Poisson’s ratio of metamaterials. Here, we present patterned randomness

as a strategy for independent tailoring of both properties. Soft mechanical metamaterials incorporating

various types of patterned randomness were fabricated using an indirect additive manufacturing

technique and mechanically tested. Computational models were also developed to predict the

topology-property relationship in a wide range of proposed topologies. The results of this study show

that patterned randomness allows for independent tailoring of the elastic properties and covering a

broad area of the elastic modulus-Poisson’s ratio plane. The uniform and homogenous topologies con-

stitute the boundaries of the covered area, while topological designs with patterned randomness fill the

enclosed area. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4989441]

Mechanical metamaterials1–4 are materials for which

small-scale topological design determines the large-scale

properties. It is, therefore, possible to adjust the topological

design of such materials to obtain the desired set of mechani-

cal properties including some unusual properties such as neg-

ative Poisson’s ratio,5 negative compressibility,4 ultrahigh

stiffness,6 and fluid-like behavior.7 Rational design is the pro-

cess of applying physical principles, analytical solutions, and

computational models to devise the topological design that

gives rise to the desired set of mechanical properties.8–11

As far as the elastic properties of isotropic metamaterials

are concerned, different topological designs result in differ-

ent values of the elastic modulus and Poisson’s ratio. It is, of

course, possible to consider other duos of the elastic proper-

ties such as the elastic modulus and shear modulus or the

bulk modulus. We will, however, use the elastic modulus

and Poisson’s ratio here due to their practical importance.

While the elastic modulus is often used to evaluate the load-

bearing capacity of the material, Poisson’s ratio in general

and auxetic metamaterials in particular12–16 are instrumental

in designing mechanical metamaterials with advanced

functionalities.15,17

Many applications of mechanical metamaterials require

simultaneous adjustment of both the elastic modulus and

Poisson’s ratio, which is possible through the recent develop-

ments in additive manufacturing technologies in general and

dual-material additive manufacturing in particular.18

However, topological designs that result in favorable values

of one property may adversely affect the values of the other.

For example, it has been shown that topological designs that

decrease Poisson’s ratio to large negative values that are

desired for many applications result in decreased values of

the elastic modulus.15,17 It is therefore important to find

rational design approaches through which the elastic modu-

lus and Poisson’s ratio could be independently adjusted

within a wide range of values.

In this study, we propose an approach based on the ran-

dom distribution of auxetic (re-entrant hexagonal honey-

comb, A-UC) and conventional (periodic hexagonal, C-UC)

unit cells in soft cellular metamaterials to cover particular

areas in the elastic modulus-Poisson’s ratio plane that cannot

be covered with a simple arrangement of the same unit cells.

The main hypothesis, therefore, is that “patterned random-

ness could be used as a rational design tool to achieve a wide

range of elastic properties while keeping the unit cell design

constant.” We also propose an inexpensive method based on

hobbyist 3D printers for indirect additive manufacturing of

the proposed soft metamaterials. As it is generally not possi-

ble to print highly elastomeric materials with hobbyist

3D printers, the proposed manufacturing approach could

facilitate the research and practical applications of soft

mechanical metamaterials.

The dimensions of the auxetic (A-UC) and conven-

tional (C-UC) unit cells are presented in the supplementary

material. In the development of these unit cells, we assumed

that the total length, l, and width, w, of both unit cells are

constant. The only parameter that could change the geome-

try of both unit cells was the interior angle (h) of each unit

cell (see Fig. 1). Due to geometrical constraints (Table S1,

supplementary material), the angle of unit cells could vary

between 55� and 130�.
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The final lattice structure contained a random combina-

tion of hexagonal and re-entrant unit cells. We propose two

main algorithms to introduce randomness into the lattice

structure, which is detailed in Table S2 (supplementary

material) and Fig. 1. In Table S2 (supplementary material), i
and j represent the column and row numbers, respectively,

while m and n stand for the total number of columns and

rows, i.e., nw ¼ W and ml ¼ L. For the first group, we con-

sidered a uniform distribution of randomness. For the speci-

mens in this group, we selected three levels of randomness

as 25%, 50%, and 75%. These values show the probability

that a unit cell in a fully A-UC lattice structure is replaced

by a C-UC. In the second group, we introduced randomness

in the structure using linear or radial patterns. A schematic

illustration of each model is presented in Fig. S1 in the sup-

plementary material.

Numerical simulation and modeling were performed

with ANSYS
VR

Academic Research, Release 16.2, software.

A hyperelastic (Mooney-Rivlin) material model (Es

¼ 0:721 MPa, �s ¼ 0:49, C10 ¼ 103927:05 Pa, and C01

¼ �2591:52 Pa) was used for simulations. The coefficients

of the material model were determined based on the standard

experimental protocols for testing elastomeric materials in

tension (ASTM D412 Type C) and compression (ASTM D

575-91, Standard Test Methods for Rubber Properties in

Compression). Timoshenko beam elements with rectangular

cross-sections and constant thickness (t ¼ 0:9 mm) were

employed for discretizing the geometries of the finite ele-

ment (FE) models. The out-of-plane thickness of the lattice

structure (tlattice) was set to 13 mm.

Similar boundary conditions were applied to all FE

models. Consistent with the experimental configurations and

mechanical testing setup, the nodes located in the first row

on the left side of the structure were fixed in all directions. A

constant displacement in the x-direction was applied on the

right side of the geometry. The nodes located on the right

side of the structure were constrained in both Y and Z direc-

tions. A non-linear solver was used for the simulations.

For the specimens with the uniform distribution of ran-

domness, a random number was generated in the range of

�1ð þ PR
100
; PR

100
Þ; where PR stands for the percentage of ran-

domness. The generated number shows the incident

FIG. 1. Elastomer lattice structure with

(a) regular and (b and c) random struc-

tures. (d) Comparison of experimental

results and numerical simulations. The

mean 6 standard deviation is shown

for the numerical simulations. (e)

Geometrical parameters of the unit

cells. The total length and width of

both unit cells are kept constant. By

changing the interior angle (h) of unit

cells, different geometries can be con-

structed. h can vary between 55� and

130�. Additional parameters are

defined in Table S1 (supplementary

material).
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probability of a conventional unit cell in a fully auxetic lat-

tice structure. For instance, in the case of a lattice with the

randomness level of 25%, for each unit cell, a random num-

ber was created in the range of �0.75 and 0.25. For every

random number greater than zero, a conventional unit cell

was positioned in the lattice structure, while the random

number below zero resulted in an auxetic unit cell being

added to the lattice structure (Fig. 1(b)).

In the case of patterned randomness, conventional unit

cells were replaced in a fully auxetic lattice structure by

either linear or radial distributions. In the linearly patterned

random structures, the probability of having A-UC on the

left side of the structure was higher than C-UC. This proba-

bility decreased linearly and made to have more C-UC at the

very right end section of the structure (Fig. 1(c)). A similar

concept was used to introduce a radial random pattern into

the structure. In the case of radial randomness from A-UC to

C-UC, the probability of having A-UC in the center of the

structure was maximum. This probability decreases radially

and reaches the minimum likelihood of having A-UC at the

boundaries of the lattice structure (Fig. 1(c)).

One thousand simulations were performed for each type

of introduced randomness (listed in Table S2 in the supple-

mentary material). A constant level of displacement equal to

Ux ¼ 2:5 mm was applied to the FE models. The total reac-

tion force (Fx) was then used to calculate the elastic modulus

of the structure. The lateral expansion/contraction was mea-

sured for each row of the lattice structure (Uy;j), and the aver-

age value of the lateral displacements measured for different

rows (Uy) was used to calculate Poisson’s ratio of the struc-

ture. The nominal stress (r) was defined as the ratio of the

applied force to the initial area (A0 ¼ L:tlattice). Axial strain

(ex) and local lateral strains (ey) were determined by ex

¼ Ux=W and ey ¼
Pn

j¼1
Uy;j

nL ; respectively, in which n is the

number of unit cells. Poisson’s ratio (�) was calculated as

� ¼ �ey=ex.

Eight samples were fabricated to validate the numerical

simulations (Fig. 1). The details of sample preparation and

mechanical testing procedures including the specifics of the

indirect additive manufacturing technique are presented in

the supplementary material. The specimens were tested

under quasi-statically applied monotonically increasing ten-

sile load using an INSTRON e10000 dynamic test machine.

The experiments were displacement-controlled and were per-

formed at a rate of 4 mm/min.

The nominal stress (r) was defined as the ratio of the

applied force to the initial area (A0). The axial strain (e) was

defined as the proportion of the displacement to the free

length between two connectors (W). The elastic modulus (E)

was calculated from the slope of a linear fit to the stress-

strain curve until 5% strain.

A comparison of FE and experimental results showed

less than 6% difference (Fig. 1(d) and Table S3 in the sup-

plementary material). Those differences may have been

caused by the micro-imperfections that arise from the bub-

bles formed in the ligaments of the lattice structures during

the sample preparation process.

The effects of topological design on the elastic

modulus-Poisson’s ratio duos were then explored using the

computational models. First, the effects of the interior angle

of each unit cell on the mechanical properties were studied

by initially assuming that the angle of A-UC and C-UC is

dependent and supplementary. Randomness was then intro-

duced into the models in the ways described before, and the

calculated duos of the mechanical properties were compared

with those obtained for a lattice with uniform unit cells

(solid circles in Fig. 2). Randomness changed Poisson’s ratio

in the lattice structure, while the elastic modulus remained

unchanged (Figs. 2(a) and 2(b), left). In the next step, we

FIG. 2. Comparison of the elastic modulus and Poisson’s ratio planes obtained from FE simulations for lattice structures with regular (solid circles) and ran-

dom microstructures. By the variation of angle h, various geometries for the unit cells could be achieved. Different microstructural random generation was

applied. (a) and (c) Fixed level of randomness equal to 25% and 50%. (c) and (d) Inducing randomness by a linear and radial pattern. In each part of this figure

(a)–(d), the left graph shows the elastic modulus-Poisson’s ratio plane, while the right graph shows the specific elastic modulus-Poisson’s ratio plane. A-UC

and C-UC in lattice structures of (a) and (b) have supplement angles. The unit cells with the highest elastic moduli were combined with unit cells with the high-

est values of Poisson’s ratio (their angles were not necessarily supplementary) in the top row of the figure (a) and (b) to give the graphs in the second row of

the figure (c) and (d).
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changed the topology of the unit cells independently from

each other, i.e., the angles could be independent and not

necessarily supplementary (Figs. 2(c) and 2(d), left). The

unit cells with the highest elastic moduli were combined

with unit cells with the highest values of Poisson’s ratio. As

an example, auxetic unit cells with 60� angles (highest

Poisson’s ratio) were combined with the conventional unit

cells with 90� angles (with the highest elastic modulus).

Such random combinations of the unit cells resulted in a

broader area of the elastic modulus-Poisson’s ratio plane

being covered by the elastic properties of the proposed

designs (Figs. 2(c) and 2(d), left) as compared to the case

where the angles of A-UC and C-UC were supplementary

(Figs. 2(a) and 2(b), left).

The normalized [normalized with respect to the elastic

stiffness of the solid constituent (Es)] elastic modulus of

fully auxetic and fully conventional metamaterials varies

between 0.033 and 0.105 in our study. This is within the

range (0.02–0.1) reported in Ref. 19 for conventional and

hybrid metamaterials with comparable ligament thicknesses.

Since changing the topological design and introducing

randomness in the structure could influence the relative den-

sity of the metamaterials, we normalized the predicted elastic

moduli with respect to the mass of the cellular structure,

thereby calculating the specific elastic modulus (E/m). The

general trends remained the same after normalization of the

elastic moduli with some relatively minor changes in the

shape of the covered area (Figs. 2(a)–2(d), right). With or

without normalization, the fully auxetic and conventional

cellular structures created the boundaries of the covered

area, while the values inside the area could be obtained by

introducing patterned and uniform randomness into the topo-

logical design of the metamaterials (Fig. 3).

The ability to independently tailor the elastic modulus

and Poisson’s ratio and cover a broad area of the associated

plane of the elastic properties (Fig. 3) has many practical

applications such as in the design process of biomedical

implants and scaffolds. Furthermore, this possibility could

be used in the design of structurally applied auxetic metama-

terials whose functionality is driven by their (low) Poisson’s

ratio but are simultaneously required to exhibit high stiffness

values to ensure sufficient load bearing capacity. It could

also serve as a general platform for the rational design of

(soft) mechanical metamaterials. From the mechanistic view-

point, patterned randomness and the interplay between the

unit cells with positive and negative Poisson’s ratios may be

interpreted in analogy with the roles played by dislocations

and precipitates in polycrystalline metallic materials.

Random positioning of different types of the unit cell has the

tendency to change stress flow, thereby resulting in the

blockage or faster propagation of the far-field deformations.

Those modifications in the deformation paths may be mani-

fested at larger scales as increased or decreased stiffness

while not necessarily influencing the lateral deformation

and, thus, Poisson’s ratio. Additional patterns of randomness

and more diverse topological designs of the unit cells are

expected to broaden the range of accessible properties even

further.

In summary, we proposed patterned randomness in the

positioning of auxetic and conventional unit cells as a strat-

egy for independently tailoring the elastic modulus and

Poisson’s ratio of soft mechanical metamaterials made by

indirect additive manufacturing. While metamaterials with a

homogenous and uniform arrangement of unit cells create

the boundaries of the area covered in the elastic modulus-

Poisson’s ratio plane, the designs incorporating patterned

randomness fill the enclosed area. Patterned randomness

could, therefore, serve as an additional tool in the rational

design of mechanical metamaterials.

See supplementary material for the geometrical parame-

ters of the lattice structures and various randomness patterns.
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