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Abstract

This thesis develops a mathematical and computational framework for demand sensing in supply chain
management, addressing the dual challenges of forecast accuracy and hierarchical coherence. This
work was carried out during a graduate internship at Dassault Systémes. Modern retail demand is
shaped by vertical aggregation constraints, horizontal product interactions, and temporal dependencies
influenced by external drivers. Traditional approaches (classical time series, machine learning, and
reconciliation heuristics) treat these aspects separately and struggle to deliver coherent and accurate
forecasts at scale.

The thesis first establishes a theoretical foundation for multi-product demand forecasting. Forecast-
ing is formalized as a supervised learning problem on probability spaces, introducing the multi-product
demand process and a general forecast operator that unifies local versus global modeling, recursive
versus direct horizons, and alternative loss functions. Hierarchical forecasting is expressed in compact
linear algebraic form, showing how classical heuristics and optimal reconciliation (MinT/OLS) can be
understood as projections onto the coherent subspace.

Building on this, the thesis introduces a graph-based extension of the framework. By embedding
time series into relational graphs, Graph Neural Networks (GNNs) capture vertical, horizontal, and tem-
poral dependencies within a unified model. An end-to-end forecasting pipeline is proposed, combining
graph construction, feature extraction with external covariates, GNN encoding, and forecast gener-
ation, with coherence ensured through bottom-up construction, regularization penalties, or post-hoc
reconciliation.

Empirical evaluation on the M5 dataset demonstrates the practical implications. Incorporating ex-
ternal drivers consistently improves accuracy across models and aggregation levels. Machine learning
models, particularly gradient boosting, outperform classical baselines at granular levels, though the
latter remain competitive at higher aggregations. The proposed Hierarchical Graph Network (HGN)
achieves competitive results, with particular benefits at intermediate levels where both hierarchical and
cross-series relations are most informative. A comparison of local versus global training highlights the
trade-off between accuracy and computational efficiency.

The findings underscore three insights for practice: external drivers require robust data infrastruc-
ture, hybrid local—global modeling offers balanced accuracy and efficiency, and reconciliation remains
essential to guarantee coherence. Overall, the thesis demonstrates how integrating hierarchical struc-
ture, external signals, and graph-based learning advances both the theory and practice of demand
sensing in modern supply chains.
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Introduction

1.1. Background

Forecasting plays a central role in supply chain management, underpinning decisions on inventory
control, production planning, and distribution scheduling. Accurate forecasts help reduce safety stock,
prevent stockouts, and improve customer service levels. However, as supply chains have become
larger, faster, and more digital, demand patterns have become increasingly complex, volatile, and
interconnected [27, 12]. Traditional forecasting approaches, designed for stable, low-dimensional en-
vironments, struggle to cope with this complexity.

Recent studies highlight three forms of dependencies that are central to modern demand forecasting:

 Vertical dependencies: Aggregation structures (e.g., Stock-Keeping-Units (SKUs) — category —
region — total) impose coherence constraints: forecasts at lower levels must sum to forecasts at
higher levels. Violating these constraints causes planning mismatches between operational and
strategic decisions [11].

* Horizontal dependencies: Products within the same level often move together, driven by shared
market forces, promotions, or cannibalization effects. This cross-series correlation is a major
source of information that univariate models ignore [4, 13].

» Temporal dependencies: Sales data exhibits seasonality, trends, and autocorrelation, often af-
fected by external events and structural breaks [3, 23].

Neglecting these dependencies leads to fragmented forecasts and suboptimal inventory policies. This
has motivated a shift from isolated univariate models to holistic approaches that exploit structural infor-
mation, cross-learning, and external data, captured by the notion of demand sensing.

1.2. From Classical Forecasting to Graph-Based Demand Sensing

Classical time series models such as exponential smoothing, Holt—Winters, and ARIMA decompose
demand into trend, seasonality, and noise components [10]. They remain widely used for their inter-
pretability and speed, particularly on smooth, stationary demand [26]. However, they are ill-suited to
modern retail environments, which feature thousands of interdependent series and volatile demand
patterns. Three key limitations have been highlighted:

» Data sparsity and intermittency: Classical models perform poorly on series with many zeros or
erratic spikes, common at the SKU level [22].

» Lack of cross-learning: They train separate models per series, ignoring informative correlations
between related products or locations [18].

» Slow adaptation: They adapt only gradually to structural breaks, promotions, or regime shifts [19].

As aresult, forecasts at granular levels often have large errors, while aggregation can hide fine-grained
patterns relevant for operations planning [7]. This has spurred interest in demand sensing: approaches
that integrate external signals and jointly model many related series to produce responsive short-term
forecasts.
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1.2.1. Demand Sensing and Machine Learning

Demand sensing extends classical forecasting by leveraging diverse external covariates such as prices,
promotions, weather, and macroeconomic indicators [21, 1]. Incorporating these drivers has been
shown to substantially reduce forecast error, especially during volatile periods [6].

Recent advances in machine learning (ML) enabled demand sensing at scale. Two paradigm shifts are
central:

» Global models: Instead of fitting one model per series, a single model is trained on all series,
allowing data-sparse series to benefit from patterns learned from others [3, 18].

 Feature-rich inputs: ML models exploit large sets of engineered features (lags, rolling statistics,
calendar effects, external drivers) to capture temporal and contextual signals [16].

Tree-based models (e.g., XGBoost, LightGBM) and neural networks (RNNs, LSTMs, temporal CNNs)
have achieved state-of-the-art performance in large-scale forecasting competitions [24, 20, 16]. Yet,
these methods typically ignore the hierarchical structure of retail data and produce incoherent forecasts—
totals that do not equal the sum of their components—Ilimiting their operational usability.

1.2.2. Hierarchical Forecasting and its Limitations

Many supply chains require forecasts at multiple aggregation levels (e.g., SKU-store—state—national).
These levels are linked by linear aggregation constraints. Producing independent forecasts at each
level often leads to incoherency: the forecasts do not add up correctly [11]. This undermines planning
alignment between strategic and operational levels.

Traditional approaches addressed this using reconciliation: base forecasts are generated at all levels
and then projected onto the coherent subspace so that they add up correctly. Bottom-up, top-down, and
middle-out heuristics [8, 7, 2] and optimal reconciliation methods such as MinT [28] can restore coher-
ence and often improve accuracy. However, they treat structure only as a post-processing constraint
rather than a modeling feature, and require estimating large covariance matrices, which is difficult at
scale [25]. This motivates end-to-end methods that can learn the hierarchy directly during forecasting.

1.2.3. Graphs as a Unifying Representation

Graph-based models offer a natural way to unify cross-series learning and hierarchical structure. A
graph can represent time series as nodes and their relationships (correlations, shared attributes, or
hierarchy links) as edges, enabling message passing between related series. Recent work on Graph
Neural Networks (GNNs) for spatiotemporal forecasting—such as DCRNN [15], STGCN [31], Graph
WaveNet [30], and MTGNN [29]—demonstrates how combining graph convolutions with temporal mod-
els can scale to thousands of series.

Applying GNNs to hierarchical time series is a recent but promising direction. Hierarchical structures
can be represented as tree-structured graphs, allowing information sharing between parent—child and
sibling nodes. Rangapuram et al. [25] showed how hierarchy constraints can be embedded directly
into deep models, producing probabilistic coherent forecasts by construction. By contrast, since this
thesis only focusses on point predictions, our approach encourages coherence during training via a
regularization term, while applying reconciliation post-hoc to enforce exact coherence.

1.3. Research Gap and Thesis Objectives

Building on the literature reviewed above, this section outlines the remaining gaps and the objectives
of this thesis.

Despite substantial progress in forecasting, current methods remain fragmented. Classical models of-
fer interpretability but ignore cross-series information and external drivers; machine learning models
exploit these signals but neglect hierarchical structure, often producing incoherent forecasts; and rec-
onciliation methods restore coherence only as a post-hoc adjustment, without leveraging hierarchical
relationships during model training.



1.3. Research Gap and Thesis Objectives 3

Graph neural networks (GNNs) offer a way to unify these perspectives by incorporating hierarchical
structure directly into the learning process while jointly modeling cross-series relationships. Yet, their
use in large-scale retail demand forecasting remains largely unexplored—particularly regarding how to
integrate external drivers while still ensuring coherence.

This thesis addresses these gaps through two guiding research questions:

1. How can hierarchical demand forecasting be formulated as a graph learning problem while en-
suring coherent forecasts across all levels?

2. To what extent can graph neural networks improve forecast accuracy compared to classical and
machine learning methods, especially when incorporating external drivers?

To answer these questions, the thesis proceeds as follows. Chapter 2 develops the mathematical
foundations of forecasting and hierarchical reconciliation, formalizing coherency constraints and opti-
mal combination methods. Chapter 3 introduces the proposed graph-based forecasting framework,
defining GNN architectures tailored to hierarchical time series. Chapter 4 applies this framework to
the M5 competition dataset, benchmarking its performance against classical and machine learning
approaches, both with and without external drivers. Finally, Chapter 5 synthesizes the findings, dis-
cussing their theoretical and practical implications and outlining directions for future research.



Forecasting framework

Building on the literature review in Chapter 1, this chapter establishes the theoretical foundations of
hierarchical forecasting. The previous chapter highlighted key gaps in how existing methods handle
structural dependencies and coherence. To address these gaps, we treat forecasting as a supervised
model-based problem, where the objective is to learn a function g; that maps past observations and
external covariates to future demand. We then introduce hierarchical time series structures and the
concept of forecast coherence. Together, these form the mathematical backbone for the graph-based
approach developed in Chapter 3.

2.1. Time Series Foundations

Demand uncertainty in supply chains necessitates a probabilistic framework, where random quantities
are defined with respect to an underlying probability space (2, 7, P). Here Q represents the set of all
possible demand outcomes, F is a o-algebra on 2, and P is a probability measure assigning likelihood
to events.

Supply chain events manifest over time, with each period’s outcomes influenced by preceding events
and external factors. This temporal evolution leads to a time series definition.

Definition 2.1.1 (Time Series). A time series {X,}:c7 is a sequence of random variables defined on
(Q,F, P), where:

Xi: (F) = (R,BR)), teT (2.1)
with B(R) denoting the Borel o-algebra on R. In most applications, we take 7 = Z or T = N, repre-
senting discrete time periods such as days or weeks.

For forecasting multiple products, we extend this notation where X, ; represents the time series for
product : € Z, with Z denoting the set of all products.

Example 2.1.2 (Multi-Product Time Series Dependencies). Consider a retailer tracking demand for
three related products: printers (X +), ink cartridges (X ), and paper (X3 ;). Each product’s demand
follows the time series structure defined above, but their realizations exhibit interdependencies.

During a promotional period for printers at time ¢*, we observe:

X1+ = 150 units (promotional surge)
X441 = 85 units (typical: 45 units)
X3.4++2 = 230 units (typical: 180 units)
The printer promotion at time ¢* generates increased demand for complementary products in subse-
quent periods. Conversely, consider when competitor activity intensifies, where printer sales decrease

by 30% while ink cartridge sales increase by 15%, reflecting customer loyalty to existing printer invest-
ments despite reduced new printer purchases.
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Such interdependencies cannot be captured by treating each X, ; as an independent time series, ne-
cessitating frameworks that account for cross-product relationships in both positive (promotional) and
negative (competitive) scenarios.

In addition, demand for different products is shaped not only by their past values but also by external
factors. Promotions, seasonal effects, or macroeconomic shifts can affect multiple products in distinct
ways, amplifying some while dampening others. These external covariates Z;; must therefore be
incorporated alongside cross-product relationships.

2.2. Multi-Product Demand Modeling

Formally, we can express the intuitions listed above as follows.

Definition 2.2.1 (Multi-Product Demand Process). The demand process for a collection of products is
defined as:
Xi,t :gi({(Xj,t—th,t—l) J GI,Z = ].,..‘,L};gi)ﬁ*{:fi_’t VieTl (22)

where g;(-; 0;) represents the forecasting function for product i with learnable parameters 6;, ¢; ; repre-
sents unpredictable variation in demand not explained by past observations or covariates with

]E[gi,t | {(Xj,tflvzj,tfl) ] S I,l = 1, .. ,L}] = 0, (23)

Z; . captures external covariates for product j, L is the temporal lag order, and T is the set of all
products.

We obtain forecasts by applying the learned forecasting function g;(-; 6;) to the information available up
to time ¢, denoted
]:t = {(Xj,S7Zj,s) ] < I, s < t}

The h-step-ahead forecast for product i at time ¢ can be expressed generically as

Xiggnt = 9i({(Xje-1,Zje—1) 1 j €L, 1=0,...,L}; 0;).

Here, g; represents a generic forecasting mapping rather than a horizon-specific model. Different for-
mulations exist for generating multi-step forecasts, whether by reusing the same model recursively,
training horizon-specific estimators, or predicting all horizons jointly. These distinctions are discussed
later in the section on Multi-Horizon Forecasting.

For product i and forecast origin ¢, we denote the H-step sequence of future realizations and their
corresponding forecasts as:

o T — T
Xit1+m = (Xigt1,- - Xigm) Xt me = (Xiggryer o XigrHp) -
Collecting these across all horizons yields the H-step forecast vector XLHLHH“ defined above.

The multi-product demand process in Equation (2.2) involves two central design choices that shape
both forecasting accuracy and computational cost.

* Information Scope: For each product i, the function g¢;(-;6;) may use inputs from all products
(j € Z) or from a selected subset (j € S; C 7). A wide scope captures more cross-product
dependencies but increases input dimensionality and training cost, while a narrower scope may
improve efficiency at the expense of missing relevant signals.

» Parameter Sharing: Each product can have its own parameter set 6; (local models) or share a
common parameter set 6 across all products (a global model). Local models can capture product-
specific dynamics but require substantial data per series, whereas global models enable cross-
learning between products but risk underfitting product-level idiosyncrasies.

These decisions lead to two primary modeling strategies.
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2.2.1. IML-ForEach Strategy

The 1ML-ForEach approach uses product-specific functions with selective cross-product information:
Xit =90 ({(Xjt-1,Z541) 1§ €Si,l=1,..., L};0;) +eis (2.4)

where S; C 7 represents the subset of products relevant for forecasting product i, and each g; has its
own parameter set ;. This approach ranges from univariate modeling (S; = {i}) to full cross-product
modeling (S; = Z), enabling parallel training.

2.2.2. IML-ForAll Strategy

The 1ML-ForAll approach uses a shared function across all products with product-specific embeddings:
Xio =9 EA(Xjt—1,Zje—1) €L, I =1,...,L};0;) + ey (2.5)

where & € R encodes product i's characteristics and g(-) shares parameters 6 across all products.
This enables cross-product learning where patterns from one product inform predictions for others, but
requires sufficient data across all products.

2.2.3. Multi-Horizon Forecasting

As introduced earlier, different formulations can be used to generate forecasts over multiple horizons.
In supply chains, decisions are horizon-dependent: short-term store replenishment, medium-term dis-
tribution planning, and long-term supplier negotiations all require forecasts with different lead times.
Formally, horizons are indexed by h € {1,...,H}.

Two main strategies operationalize horizon-specific forecasts:

Definition 2.2.2 (Iterative (Recursive) Forecast). Fix a lag order L and a product-specific information
setS; CZ. For horizons h = 1,..., H, the iterative forecast reuses the same estimator g; recursively:

Xitpne = 91({(Xj,t+h—e\t, Zj,t+h—£\t) jEeES, L=1,.. -,L}> ;

where X; .|, := X, , if 7 <t (observed) and X ,|; := X; |; if 7 > t (previously predicted).

The covariates Zj,ﬂt denote the exogenous variables available at forecast origin t. When future co-
variates are unknown, only lagged or time-invariant covariates are used, i.e. Zj}ﬂt = Z;, fort < t.
If certain covariates are known in advance (e.g., calendar effects or planned promotions), their future
values can be incorporated accordingly.

Remark. In our experiments, we follow the latter approach: future covariates are not assumed to be
known, so recursive forecasts rely only on lagged or deterministic covariates such as calendar indi-
cators and product attributes. This ensures that all inputs used at prediction time reflect information
available at or before t.

Definition 2.2.3 (Direct h-Step Forecast). The direct approach trains a separate horizon-specific map-
ping g; , foreach h =1,... H:

Xi,t+h|t =9in({(Xji—t, Zjp—0):j€S;, =1,...,L}).

Each ¢, 5, is optimized to predict . steps ahead using only information available at time ¢, avoiding
recursive error accumulation but requiring multiple horizon-specific estimators.

The choice between iterative and direct approaches interacts with model architecture. lterative fore-
casts with shared g (1ML-ForAll) naturally propagate cross-product information through time, while
direct forecasts require explicit horizon-specific modeling of cross-product effects.

2.3. Estimators for Multi-Product Systems

Estimating the multi-product demand process in equation (2.2) requires learning forecasting functions
gi(+; 0;) that map historical observations to future demand.
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Definition 2.3.1 (Forecast Operator). Let the multi-product demand process be
Xit = 0({(Xjt-1,Zju—1) 1 j €L, LY) + €4y, icT.
For product i and forecast origin ¢, define the available information as
Fe={(Xjs,Z;s):j €L, s <t}

Given a learned forecasting function g;(:; 9}) (for 1ML-ForEach) or ge(-) (for 1ML-ForAll), the H-step
forecast operator produces the forecast vector

s > 5 T
-7:5771 (]'—t) = Xi,t+1:t+H\t = (Xi,t+1|ta sy Xi,t—i—Hlt) )

where each step prediction is recursively or directly computed from F; using the learned model, without
the noise term ¢, ;.

This framing lets us interpret any forecasting method as a specific implementation of the forecast oper-
ator for the multi-product demand process. We now examine these estimators in detail, describing for
each how it instantiates the multi-product demand process through five aspects:

its formulation within the demand process.

its design choice of information scope and parameter sharing.
its concrete model form.

how its forecasts are produced via the forecast operator.

its overall position in terms of strengths and limitations.

abrwbd =

2.3.1. Separate Estimators (IML-ForEach)
ARIMA / ETS (Univariate Models). These classical approaches model the demand process for each
product independently, i.e. with S; = {i}, using only the history of series i:

X = g({(Xip—t, Zig—) : l=1,...,L}) +€iy.
Each product has its own parameter set 6;, so no information is shared across series.

A typical ARIMA specification is
p q
gi() = Z Gia X1+ Zni,léi,t—l +9 Ziat, 00 = ({aa} {mia}, vi),
1=1 1=1

where the autoregressive terms (¢) use past observations X, ;_;, and the moving-average terms (1)
depend on previously estimated residuals ¢; ;_; rather than unobservable noise terms.

These residuals are obtained recursively during model estimation as
éiw = Xiw — Gil{(Xip—t; Zig—1) : 1=1,...,L};0),
so that only past residual estimates ¢, ,_; are available at forecast origin ¢.

Given fitted parameters 6;, the forecast operator F;, produces iterative forecasts Xi7t+h|t based solely
on lagged observations (X, ;_1,...,X;:—r) and past residual estimates. These models are highly
interpretable and scale easily to many series, but they ignore cross-series relationships entirely.

TBATS (Multiple-Seasonality Model). The TBATS model [5] extends the exponential smoothing
(ETS) framework to capture complex seasonal patterns and nonlinear trends that often arise in retail
demand data.

It instantiates the demand process for each product independently:

X = 911({(Xi,t—l» Zig—):l=1,..., L}) + Eits
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with g;(-) specified as a nonlinear state-space function that combines Box—Cox transformation, ARMA
error components, and multiple trigonometric seasonal terms.

Formally, the observation equation can be written as

K;
X0 = limr + dibigor + > s+ die,  dig ~ ARMA(p;, ),
k=1

where:

. Xféi) is the Box—Cox transformed observation with parameter \;,

* ¢; + and b; ; denote the local level and trend,

. 55’? represents the k-th seasonal component, modelled via Fourier terms with period my,

* d; . is the short-term ARMA disturbance term capturing residual autocorrelation. During forecast-
ing, only past residual estimates cZ,;,t_l are available within the information set F;, and future
innovations are assumed to have conditional mean zero, ensuring

E[dityn | F] =0, Vh>0.

Each component evolves over time according to a set of smoothing parameters governing level, trend,
and seasonality updates. The model therefore adapts to nonstationary seasonalities, such as weekly
and yearly cycles, and can incorporate exogenous regressors Z; ; through additive regression terms:

9i() = TBATS(Xit—1:t—1, Zist—1:—15 0:),  0; = {Ni, &4, i, @i Ky my ).

Given fitted parameters 6;, the forecast operator F;, generates multi-step forecasts by propagating the
state-space equations forward in time, producing Xi,t+h|t for horizons h = 1: H.

TBATS retains interpretability similar to ETS while handling long and multiple seasonal cycles, mak-
ing it particularly suitable for products with calendar effects and holiday-driven demand fluctuations.
However, like other univariate estimators, it does not share information across products.

Product-Specific Neural Networks. These models implement the demand process using a local
information scope S; around product i:

Xiw = fo.{(Xju—1:Zju—1) 1 j € Si, LS LY) + €4

Each product i has its own neural network fy, with parameter set 6, = {Wi(l), cel WZ.(D), bgl), cel bED)},
where Wi(d) and bgd) denote the weights and biases of the d-th layer and D is the total number of layers.

The network fy, maps the concatenated lagged inputs x;; = {(X;:-,Z;:—1) : j € S;;l < L} toa
forecast as
h'EO) = wi,tv
R = o(WPRD 43 D) wd=1,...,D,
fon(we) = WP RP) 4 40

where o(+) is a nonlinear activation function such as ReLU or tanh.
Given fitted parameters 6;, the forecast operator F 7, (-) produces H-step forecasts
Xi,t+1:t+H\t = -Fféi(mi,t)v
where each horizon h is predicted from the most recent L-step input window. This design enables rich

nonlinear interactions and local specialization, but comes with high parameter counts and substantial
overfitting risk when data per product is limited.
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2.3.2. Shared Estimators (IML-ForAll)
Vector Autoregression (VAR). VAR extends the demand process to a fully multivariate setting, mod-
eling all products jointly with shared parameters:

Xy =go(Xi—1:4-1,Z4) + &4

A single global linear model captures cross-series dependencies through lagged interactions across all
products. Its functional form is

Xi=A1 Xy 1+ +A Xy +BZ,+e, 0={A;,...,AL, B},
where each A; encodes cross-lag effects between products and B maps external drivers.
Given estimated parameters 9, the forecast operator F; generates multi-step forecasts recursively as
Xt+1:t+H\t = Fy(Xet-r+1, Zia—141),
where each forecasted XHW is fed back as input for the next step.

VAR effectively captures linear cross-series dynamics, but its parameter count grows quadratically with
the number of products, which limits scalability in large retail settings.

Global Machine Learning Models (LightGBM, LSTM, Transformer). Global ML models extend the
demand process by training a single forecasting function on all products jointly, using product embed-
dings &; to distinguish series:

Xy = 90(51‘7 {(Xj,t—l, Zj,tfl)}jel',lgL) +&it-

This design enables full parameter sharing: information from every product contributes to forecasting
each individual series.
The forecasting function is implemented as

90(&i,) = fol & {(Xj 15 Zj—1) YjeT <),

where f, can take different forms depending on the model class.

For example, in LightGBM (a gradient-boosted decision tree ensemble), fy is a collection of regression
trees whose structure is learned from data to minimize prediction error, and predictions are obtained
by summing the outputs of all trees. In LSTM or Transformer models, fy, is a deep neural network
that applies multiple layers of nonlinear transformations (with parameters such as weight matrices and
biases) to the input sequence, using mechanisms such as recurrence or self-attention to model long-
range temporal dependencies.

The embedding vector &; provides the model with a fixed-length representation of the product identity.
It can be constructed in several ways:

« Learned embeddings: A lookup table of trainable vectors &; € R is optimized jointly with the rest
of the model parameters 6.

» Attribute-based embeddings: Metadata such as product category, brand, price range, or store
location can be concatenated and passed through a small neural network to obtain &;.

Given trained parameters 0, the forecast operator produces multi-step forecasts as
Xi,t+iz\t = fg(&‘, Xt:t7L+17 Zt:t7L+1)7

where predicted values are recursively fed back as inputs to forecast future horizons.
Such global models achieve strong accuracy by exploiting cross-series learning and shared structure,
but they ignore hierarchical relationships and typically produce incoherent forecasts.



2.3. Estimators for Multi-Product Systems 10

Linear State-Space Networks (LSTFLinear / LSTFNLinear). State-space networks refer to deter-
ministic neural architectures inspired by linear state-space dynamics (?). The abbreviation LSTF refers
to Linear State-space Time-series Forecaster, a model that represents temporal dynamics through la-
tent linear state transitions. The variant LSTFN extends this structure with learned Normalization layers,
introducing additional flexibility in how latent states interact with inputs.

Both architectures instantiate the demand process using latent states that evolve over time:
X =go(X¢—1:0-1,Zs-1:40-1) + €s-

They adopt a global design: a single model is trained on all products jointly, capturing cross-series
dependencies through shared latent dynamics. The forecasting function is realized as

Jo: (Xe—1i-1,Zi14-1) — Xy,
where fy follows a (possibly nonlinear) state-space structure parameterized by 6 = { A, B, C}.

In the LSTFLinear case, the transition and emission mappings are strictly linear:
ht :Aht—l +BZt, Xt :Cht+1/t.

In contrast, the LSTFNLinear variant introduces nonlinearities in the state transition or output map-
ping, e.g. through elementwise activations or neural gating mechanisms. All products share the same
parameters 6, allowing the model to couple their dynamics through a common low-dimensional repre-
sentation h;.

Given fitted parameters 6, the forecast operator produces multi-step forecasts as
Xt+1:t+H|t = -Fg (hm Zt+1:t+H)7

by rolling out the latent state forward via

h
hiyp, = Alh; + Z AhiTBZHm Xt+h\t = Chyyp.

r=1

This taxonomy shows how seemingly different estimators are all realizations of the same multi-product
demand process, differing only in their choice of information scope and parameter sharing. Later chap-
ters evaluate how these design choices affect forecast accuracy.

2.3.3. Evaluating Forecast Quality

Having specified the forecasting function g;(-) through statistical estimators, the next question is how
to evaluate the resulting forecasts )A(Z-_,Hh“. In the multi-product demand process, forecast quality must
be assessed both at the individual product level and at the portfolio level.

Definition 2.3.2 (Expected Risk). Let ¢(-, ) be a pointwise (per-horizon) loss. The horizon-aggregated
loss is

H
. 1 R
L(Xipstirm Xipstr He) 1= T Z€<Xi,t+h7Xi,t+h|t)7
h=1

and the expected risk is

Ri(Xit14mt) =E [£<Xi,t+1:t+H7 Xi,t+1:t+H|t)] .

Different choices of £ correspond to different operational assumptions. Importantly, the suitability of a
loss function depends on how forecasts interact across products i € 7.



2.3. Estimators for Multi-Product Systems 1

Mean Squared Error (MSE):
fMSE(Xi,terXi,tJrh\t) = (Xi,t+h - Xi,t+h|t)2-

MSE implements a quadratic penalty, making it natural when over- and under-forecasting have sym-
metric but compounding effects (e.g., capacity planning for complementary products). However, in
multi-product portfolios with heterogeneous demand, MSE tends to overweight high-volume products.

Mean Absolute Error (MAE):

ZMAE(Xi,tJrh»Xi,tJrhﬁ) = ’Xi.,tJrh - Xi,t+h\t’~

MAE corresponds to a linear penalty and is robust to outliers. It treats all deviations equally, making it
attractive when comparing strategies such as 1ML-ForEach versus 1ML-ForAll, since it avoids letting
high-volume products dominate the portfolio loss.

Mean Absolute Percentage Error (MAPE):

Xipun — X;
bith 7 R 100%.

IMAPE( X t4hs Xitnje) =

Xit+h

MAPE normalizes errors by product scale, enabling fairer comparison across products with very dif-
ferent demand levels. This property is crucial when assessing global models (1ML-ForAll) where the
same g is shared across high- and low-volume products. However, MAPE becomes unstable when
x =~ 0, making it less suitable for intermittent demand.

Weighted Root Mean Squared Scaled Error (WRMSSE): WRMSSE extends the MSE by applying two
normalizations: (i) scaling each series by its in-sample mean squared first difference to remove scale
effects, and (ii) weighting each series by its relative sales volume to reflect operational importance.

> (X’L t+h — X1' t )2
, j t+hlt
Owrmsse(Xi,t+hs Xitnie) = wi < ;
7

where w; > 0 are volume weights with >, _; w; = 1, and the scale term (computed in-sample) is

Aggregating over horizons and series gives

H
1 A
LwRMSSE = \l T > twrusse(Xivns Xivnpe)-

h=11i€Zl

This metric was used in the M5 competition to evaluate forecasts across multiple time series at multiple
aggregation levels.

Loss Functions in Multi-Product Contexts
The choice of loss function is not neutral: it interacts directly with the structure of g;.

* In 1ML-ForEach, separate models are estimated per product. Losses are naturally computed in-
dividually, but aggregating them into a portfolio score requires weighting (equal-weight vs volume-
weight).

* In 1ML-ForAll, a single shared g is trained. Losses must ensure that smaller products are not
overshadowed by larger ones, making normalized measures (e.g., MAPE, WRMSSE) more suit-
able.
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2.4. From Individual to Hierarchical Forecasting

The forecasting framework we have established provides a solid foundation for individual time series.
However, in modern supply chains, demand processes rarely exist in isolation. Consider a retail orga-
nization where:

* Products are grouped into categories and departments
« Stores are clustered by regions and countries
» Demand is aggregated across different time periods

This natural hierarchical structure introduces additional complexities:

X =NX =33 S X (2.6)

€T r€ER sES, pEPs

where R represents regions, S, stores in region r, and P products.
The challenge extends beyond simply applying our forecasting framework at each level independently.
We must ensure:

» Coherence: Forecasts at different levels should aggregate consistently
+ Information Flow: Patterns detected at one level inform forecasts at other levels
« Efficiency: Computational methods scale with hierarchy size

These considerations lead us to develop a hierarchical forecasting framework, which we explore in the
next section. In the next section, we will replace the more theoretical notation of a forecast X, with
a more practical notation ;.

2.5. Hierarchical Forecasting

In many real-world applications, data is naturally organized into hierarchical structures where obser-
vations can be grouped and aggregated across different levels. The mathematical treatment of such
structures requires careful consideration of both the hierarchical relationships and the constraints they
impose on the forecasts.

2.5.1. Hierarchical Structure and Coherency

The hierarchical structure naturally takes the form of a tree, where each element represents a node that
can be aggregated with other nodes at a lower level. Starting from the top-most level, which contains a
single node representing the most aggregated data, the structure branches down through intermediate
levels, with each node potentially splitting into multiple nodes at the next lower level.

Definition 2.5.1 (Hierarchical Structure). Consider a hierarchical structure with L levels. For any level
l €{l,...,L}, let m;y € N denote the number of nodes at level I, where | = 1 represents the most

aggregated level and | = L the most disaggregated level. At each level [, we define a forecast vector

9" € R™, consisting of individual forecasts yf’t) = (") € R for each node i € 70

The hierarchical relationships between levels are encoded through sets Ii(l) for each node i € 7,
where Ii(l) contains the indices of all children of node i at level [ 4+ 1. These sets satisfy:

7+ = |4 ial) 2.7)
ieZ(®)

where Z(+1) represents all nodes at level [ + 1.

Example 2.5.2 (Retail Sales Hierarchy). Consider a company with two regions, where the first region
contains three stores and the second region contains two stores. This gives us a three-level hierarchy
where:

» Level 1 (I = 1): Company total (m; = 1)
* Level 2 (I = 2): Regional totals (my = 2)
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Lol Q‘ {04, ]‘E{I; k:‘)_Ik

Laxf Qs (ojoipjuges} & T

Figure 2.1: lllustration of a hierarchical forecasting structure. At level I, each node {i — 1,7,7+ 1} C Z(=1) corresponds to

their respective forecast {gfljl o gl(lz , nyl t}, which together are part of the vector gi” € R™i. The sets IZ.(Z) encode

parent-child relationships between levels, where each set contains the indices of children at level [ + 1 for nodes
{i—1,%,i+ 1}.

* Level 3 (I = 3): Store-level sales (m3 = 5)
This example will serve as a running illustration as we develop the formal theory.
Remark. The hierarchical structure defined in Definition 2.5.1 has the following properties:

* Foranylevell =1,..., L—1, the number of nodes at level [ +1 equals the sum of the cardinalities
of all children sets at level {: z
mia =y [T

i€Z()
» For the top-most level (I = 1), we have m; = 1 and Z(!) = {1}
* The sets Ii(l) are disjoint for any fixed level [, i.e.,

0] ) _ L
Z,'NI;" =0 fori#j
» The dimension of each forecast vector increases as we move down the hierarchy:

I=my <my <---<my,

To ensure coherence between the levels of the hierarchical structure, an aggregation constraint must
be imposed. This means that the forecast at node : and any level [ in the hierarchy must be the sum of
the forecasts at the level below it. This aggregation constraint between the two levels naturally follow
a parent-child relationships, which we encode in our hierarchical structure through the sets I,fl). While
this constraint can be expressed for any pair of adjacent levels, true coherency requires this relationship
to hold consistently throughout the entire hierarchy. This leads us to formalize the notion of coherency
in the following definition.

Definition 2.5.3 (Coherency). For any level I € {1,...,L — 1} and node i € Z(), we can express
local coherency by stating that the forecast at a parent node must equal the sum of forecasts of all its
children nodes:

~(1 ~(l+1
T 2.8)
jez®

We say the entire hierarchy {gﬁl)}le is globally coherent if this relationship holds simultaneously for all
nodes at all levels:

g = 3" g, viezO, wie{1,...,L-1} (2.9)

) Jit
e (D)
JEL;
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Figure 2.2: Three-level hierarchical structure (L = 3) with the corresponding indices at each level. The arrows indicate the

aggregation relationships between levels, where each parent node’s forecast must equal the sum of its children nodes’
forecasts.

Example 2.5.4 (Continued: Three-Level Hierarchy). Building on our company example, we can now
express the hierarchical structure using our formal notation. Recall that we have a company with
two regions, where the first region contains three stores and the second region contains two stores.
Specifically:

+ At the bottom level (I = 3): The five stores are represented by ms; = 5 nodes with forecasts
{09} iez, where T3 = {1,2,3,4,5)

+ At the regional level (I = 2): The two regions correspond to ms = 2 nodes with forecasts
{47 Vieze, where I = {1,2}

+ At the company level (I = 1): The total company sales are represented by m; = 1 node with
forecast §.")

The parent-child relationships between regions and stores are encoded through the sets:
Ifl) ={1,2} (regions belonging to the company)
7 ={1,2,3} (stores in first region) (2.10)
7\¥ = {4,5}  (stores in second region)

When the forecasts are coherent throughout this hierarchy, we have:

y@ = yﬁ) + y§22 (company total = sum of regions)
yﬁ) = y§t) + yf’t) + y§3t) (first region = sum of its stores) (2.11)
g§23 = yﬁ) + g}é?’t) (second region = sum of its stores)

Following these coherency relationships through the hierarchy, we can express the company’s total
sales in terms of all store-level sales:

g = ST a0 = g8+ 5l + a8+ i) + o) (2.12)

i€Z(3)
The example demonstrates how the formal definitions capture the natural aggregation relationships in
a business hierarchy, and how coherency ensures consistent forecasts across all organizational levels.
The recursive relationship in equation (2.12) demonstrates an important property: we can express fore-
casts at any level in terms of forecasts at lower levels by repeatedly applying the coherency constraints.
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This observation suggests that coherency has a transitive nature: if forecasts are coherent between
consecutive levels, they should also be coherent between any two levels in the hierarchy, not just
adjacent ones. This insight leads us to formalize how local coherency between consecutive levels
propagates through the hierarchy. By carefully examining the algebraic structure of these relationships,
we can establish the following theorem that precisely characterizes this recursive property.

Theorem 2.5.5 (Recursive Coherency). Foranylevell € {1,...,L —2} and node i ¢ Z(), if coherency
holds locally between adjacent levels [ to [41 and [+ 1 to [+ 2, then there exists a direct local coherency
relationship between levels [ and [ + 2 given by:

W= > Y (2.13)

(1+1)
keLﬂjGIEl) Ij

Proof. Fix a level I and node i € Z(). By the coherency between levels [ and [ + 1:
gl =30 g (2.14)
jez®
Foreach j € Ii(l), by coherency between levels [ + 1 and [ + 2:
= > (2.15)
kez{ Y

Substituting the second equation into the first:

gﬂ::}j 3 ﬁﬁ” (2.16)

o7 () 7 +1)
JEL; kte

By the properties of our hierarchical structure and the disjoint nature of the children sets IJUH), we can
rewrite this double summation as a single sum over the union of all children sets

NON
Yir = Z
kewy‘ez,ﬁ’)

<

l
o (2.17)
T+

which concludes the proof. O

The nested summations and set operations in the above theorem, while correct, can become unwieldy
when working with complex hierarchical structures or when developing further theoretical results. Par-
ticularly, the recursive application of coherency through the expression in equation (2.13) suggests that
an alternative formulation might be more appropriate. By encoding these relationships in matrix form,
we can leverage linear algebra to express these same concepts more concisely and derive results
more efficiently. This motivates the following alternative definition of our hierarchical structure using
summing matrices S;.

2.5.2. Matrix Representation of Hierarchical Forecasting

In hierarchical forecasting, the aggregation across levels involves summing forecasts at more granular
levels to obtain forecasts at more aggregated levels. While the summing notation explicitly expresses
how each lower-level forecast contributes to the higher level, matrix notation allows for a more compact
and efficient representation of this process, especially when dealing with large hierarchies.

Definition 2.5.6 (Summing Matrix). For any level I € {1,...,L — 1}, let S; € {0,1}™*"™+1 be the

summing matrix that encodes the parent-child relationships defined by the sets Ii(l). The entries of S;
are given by:

1 ifjez?
S)ii = i fori e 70 j e ZU+Y 2.18
(S1)s {O otherwise ! J (2.18)
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Then, the aggregation constraint between adjacent levels can be written in matrix form as:
9" = sy (2.19)

Remark (Properties of Summing Matrices). Given a summing matrix S; € {0, 1} *™+1 between levels
land [ + 1, it has several important properties:

» We read the summing matrix as follows:

— Rows: Each row i € Z( in the summing matrix corresponds to a node at level [ (parent
level), where Z() is the set of all nodes at level I, with [Z())| = m; rows in total

— Columns: Each column j € Z(+1 in the summing matrix corresponds to a node at level [ + 1
(child level), where ZU+1) = | J,_;q, Z." represents all nodes atlevel 141, with [Z0+D| = ;.
columns in total

— Entries: (S));; =1ifandonlyifj € Ii(l), which directly reflects the hierarchical relationships

encoded in the sets 7

» Each column of S; contains exactly one non-zero entry (equal to 1), as each node at level [ + 1
has exactly one parent at level [

* The row sum Y_7"1*(S)); ; equals |Ii(l)|, representing the number of children of node 7
* For levels k& > [, the matrix product S;S;; - - - S;_1 represents the aggregation relationship be-

tween levels [ and &

Example 2.5.7 (Matrix Representation of the Three-Level Hierarchy). Continuing with our company
example, we can now express the hierarchical relationships using summing matrices. For this structure
with L = 3, we need two summing matrices S; and Ss. Following our previous indexing where m; = 1
(company level), my = 2 (regional level), and m3 = 5 (store level), these matrices are:

Sy =[1 1] €{0,1}'** (company-to-region aggregation) (2.20)

11100
52_[00011

These matrices exhibit several key properties:

} € {0,1}**5 (region-to-store aggregation) (2.21)

1. Column uniqueness: In S;, each column contains exactly one 1, confirming our earlier observa-
tion that each store belongs to exactly one region. For example, the first column [1 07 shows
that store 1 belongs to the first region.

2. Row sums reflect the number of children each node has:

» ForRegion 1: Y°7_,(S)1,; =3 = 1] (three stores)
+ For Region 2: Z;’:l(SQ)Q_j =2= |IQ(2)| (two stores)

3. Multi-level aggregation: The relationship between company and store levels can be expressed
through matrix multiplication:

S8 =[1 1 1 1 1] e{0,1}*5 (2.22)
showing how all stores contribute to the company total.

Using these matrices, we can write the coherency conditions compactly as:

~(2)
9 =8P =1 1] [y%zt)] (company = sum of regions)
2.t
_(3)
g%g) (2.23)
2.t
(2 o3 |11 1 0 0] (.3 . _
g = Sy = [0 00 11 y%s% (regions = sum of stores)
Ya,i
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The direct relationship between company and store levels is then:
gV =58P =01 1 1 1 1]g® (2.24)

This matrix formulation provides a compact representation of the hierarchical relationships we previ-
ously expressed using sets and summations, and matches our earlier result in equation (2.12). It
demonstrates how matrix multiplication naturally implements the aggregation of forecasts across mul-
tiple levels of the hierarchy.

Looking back at our three-level example, we can observe that the relationship between levels 1 and 3
can be obtained either directly through S, S> or by computing each step separately and then combining:

0 00 11 (2.25)

1111 1=[1 1]{1 Lo 0]
This suggests a general principle: the summing matrix between any two levels in a hierarchy can be
expressed as a product of summing matrices between consecutive levels. This observation is not just a
computational convenience, it reflects the fundamental nature of how aggregation works across multiple
levels of the hierarchy. We can formalize this insight through the following definition and associated

properties.

Definition 2.5.8 (Multi-level Summing Matrix). For any two levels [, k where | < k < L, the summing
matrix .S; ;. that defines the relationship between forecasts at level I and level k is given by the product
of consecutive single-level summing matrices:

k—1
Sk =] S: (2.26)
1=l

This matrix satisfies the aggregation relationship:
9" = Syt (2.27)

Proposition 2.5.9 (Properties of Multi-level Summing Matrices). The multi-level summing matrices
satisfy the following properties:

1. Ifk =1, then S;; = I,,,,, where I,,,, is the m; x m; identity matrix. If k =1+ 1, then S;;1; = S;.
2. For any three levels | < m < k, the matrices satisfy the composition rule S; , = S; 1, S -

3. Each column of S; ;, contains exactly one non-zero entry.

4. The row sum of row i in S; ;, equals the total number of descendants of node i at level k.

Proof. For the first property, consider k = {. By definition, S;; = Hﬁ;ll S; is an empty product, which
for matrices is defined as the identity matrix of appropriate size. Hence, S;; = I,,,,, consistent with
the fact that each node is its own and only ancestor at the same level. When k£ = [ + 1, we obtain
Sii41 = Hé:z S; = S, as shown previously.

For the second property, take three levels | < m < k. Splitting the matrix product gives

k—1 m—1 k—1
Sl,k = H SL = <H Sz) (H Sz) = Sl,mSm,k’v
i=l i=l i=m

which establishes the composition rule S; , = S; ,, Sp ;-

The third property can be proven by induction on the number of levels between [ and k. For the base
case k = [ + 1, we have S, = S;, which by definition has exactly one 1 in each column. Assume
the property holds for S; ;,_,. Since S;_1 = Si_1 also has exactly one 1 in each column, consider
the matrix product S;, = S;,—1Sk—1. For any column j in S;; (corresponding to node j at level
k), Sx—1 has exactly one row r* such that (S;_1),~; = 1 and (Sx_1),; = 0 for all » # r*. By the
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inductive hypothesis, S; ,_1 has exactly one 1 in column r*, located in row ¢* with (S} 1)+ -~ = 1 and
(S1,k=1)i = 0forall i # i*. Therefore, for the matrix product

mME—1

(Sik)ij = Z (S1.k=1)ir(Sk=1)rj = (St,k=1)ir*s

r=1

since (Si—1)r,; = 0 forall r # r*. It follows that (S; 1)+ ; = 1 and (S; x); ; = 0 forall ¢ # i*. Thus, each
column j of S, contains exactly one 1, located in the row corresponding to the unique ancestor i* of
node j at level [, completing the induction.

For the fourth property, we show that Zj(Sl,k)i,j equals the number of descendants of node : at level k.

For adjacent levels, the row sum > (S));,; equals |Ii(l) |, the number of children of node i. For multiple
levels, we use Property 2 and write

™Mm

(Sl,k)i,j - Z(Sl,m)i,r(sm,k)r,j~

r=1

Summing over j counts all paths from node i at level [ to any node at level k through the hierarchy. By
the unique parent property (Property 3), each node at level k contributes exactly once to this sum if and
only if it is a descendant of node i. Therefore, the row sum equals the total number of descendants of
node i at level k. O

Remark. The properties established in the proposition above are purely structural and hold indepen-
dently of whether the forecasts in the hierarchy are coherent. These matrices encode the hierarchical
relationships between nodes, while coherency concerns the forecasts themselves. Specifically, Prop-
erty 1 (S;; = I,,,) expresses that a node is its own ancestor; Property 2 (S, = S;.»Sm 1) reflects
compositional connectivity between levels; Property 3 states that each node has a unique parent; and
Property 4 shows that each row sum counts the number of descendants of a node at a deeper level.
Coherency, on the other hand, requires that forecasts at different levels respect this fixed structure,
ie.,
g = 815",

This condition may or may not hold for a given forecast, but it does not alter the structural proper-
ties of the summing matrices themselves. Once these properties are established, coherency can be
understood as the consistency of forecasts across the hierarchy induced by these matrices.

Definition 2.5.10 (Stacked Representation). Let N = Zle m; be the total number of nodes in the
hierarchy. We define the stacking operator:

L
Vec: X = <>< R"“) —RY
=1

For any set of forecasts {gﬁ”}f:l, we define the stacked forecast vector:

g0 = Vec({g; }i) = | 7 (2:28)
9"
Similarly, we define the stacked summing matrix S € RY*™« as:

SiL
Sor

(2.29)

I,
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Theorem 2.5.11 (Unified Coherency). The following statements are equivalent

1. The forecasts {yﬁ”}le are coherent
—1}

2. 9" =8y foralli e {1,...,L

3. 4 = Sy;"
Proof. We show that (1) <= (2) and (2) < (3)
(1) < (2): This is immediate from the definition of coherency
Sy A(l“ holds for all [. Then by recursive substitution

(2) = (3): Assume ytl)
L—-1
= 59" = 8i(Spag? = ([T 809" = s.Loi™.
This holds for each level [, therefore
~(1
ytEQ; SiL
~ Qt SQvL ~ ~
ge=1| . | =] . 9" =sy"
:')EL) I’mL
(3) = (2): Assume y; = Sy, j ) . By the structure of S, this means that for each level I:
30 = §, 4"
Using the property S; 1, = S)1+1S1+1,L = S;Si41,1, from our earlier results
=8 g
= 5155+1,LQ§L)
_ Slgt(l—i-l)
O

— 1}, proving coherency.

This holds for all [ € {1,
Proposition 2.5.12 (Equivalent Forms of Coherency). For a hierarchical structure with L levels, let
S; € R™>*mi+1 pe the summing matrix between adjacent levels. For any levels [, k with k > [, define

k=1
Sir= H S;
=1

Let N = >";_, m; be the total number of nodes and define the stacked summing matrix § € RV>mz

as.
Si.L
Sor,

Sr.L

Then for any set of forecasts {y }z 1» the following statements are equivalent:
0] The forecasts are coherent (i.e., yt =Sy A(l“ forallle{1,...,L —1})
= 81.:U; jk )foreachk>l

(if) y
for each (

(iif) yt =85, L?J
(iv) Vec(g;) = 5.~
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Proof. By the Unified Coherency theorem, we know that (i) < Vec(g;) = SQIEL) <= (iv). Therefore,

we only need to show that these are also equivalent to (ii) and (iii).
First, observe that (i) = (iii) is immediate by taking k = L.

Next, (iii) = (iv) follows directly from the definition of Vec and S:

£ fo

’ o

Vec(g) = |0 | = |7 | = s
Qt(L) SL,L@ISL)

Finally, to show (i) = (ii), if the forecasts are coherent, then for any £ > I:

k—1
9" = Sy = 81(Siap ™) = - = (I S0u" = S
=l
The chain of implications (i) = (ii) = (iii) = (iv) = (i) completes the proof. O

The progression from recursive coherency to unified coherency, culminating in the stacked representa-
tion, provides a complete characterization of hierarchical forecasting structures. Through these results,
we have established several fundamental properties:

1. The stacked representation gy, = S"!,A/ISL) captures all coherency constraints in a single equation,
replacing the need for multiple pairwise relationships between levels. This not only simplifies
notation but also provides a practical tool for verifying coherency across the entire hierarchy at
once.

2. The summing matrix S completely characterizes the hierarchical structure. Its construction from
individual level matrices S; preserves all parent-child relationships, while its block structure re-
veals how forecasts at each level relate to the bottom-level forecasts.

3. Any coherent forecast can be generated from some bottom-level forecast y”t(L). This is not just a
mathematical property but has practical implications: once we have bottom-level forecasts, we
can generate coherent forecasts for the entire hierarchy through a single matrix multiplication.

4. The dimension of S (N x mp) represents the minimal representation needed to ensure coherency,
where N =1+ Zle my is the total number of nodes in the hierarchy. This optimality in represen-
tation becomes particularly important when working with large-scale hierarchical structures.

These results form the foundation for developing reconciliation methods, which we will explore in sub-
sequent sections. Whether working with bottom-up approaches, top-down methods, or optimal recon-
ciliation techniques, the principles established here provide the mathematical framework for ensuring
forecast coherency across hierarchical structures.

2.6. Forecasting Reconciliation

The stacked representation y; = Syt(L) provides a complete characterization of coherent forecasts.
However, in practice, independently generated forecasts at different levels rarely satisfy this coherency
property. Forecast reconciliation addresses this issue by adjusting these independently generated
forecasts to ensure coherency while maintaining or even improving accuracy.

2.6.1. From Coherency to Reconciliation
Consider independently generated forecasts g; € R¥ for all nodes in the hierarchy. By our previous re-

sults, these forecasts are coherent if and only if g, = Sg}t(L) for some bottom-level forecasts g)t(L). When
this condition fails, we need a systematic approach to modify these forecasts to achieve coherency.

Definition 2.6.1 (Base Forecasts and Reconciliation). Let ¢, € RY be a vector of independently gen-
erated forecasts for all nodes in the hierarchy, which we call base forecasts. A reconciliation method
involves three spaces:
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+ The full hierarchical space RV containing forecasts for all nodes
» A reconciliation space R™~ where coherency constraints are resolved
+ The coherent hierarchical space (a subspace of RY) containing valid coherent forecasts

The method transforms base forecasts into coherent forecasts g, through:
Yt = SPy, (2.30)

where P ¢ R™:*¥ maps to the reconciliation space and § € R¥*™z maps back to the coherent
hierarchical space.

The form of ¢, = S Py, ensures coherency by construction through the composition of the summing ma-
trix S and reconciliation matrix P. Starting with forecasts across all levels (; € R"), the reconciliation
matrix P maps these to a single level representation (Py, € R™~). The summing matrix .S then maps
this representation back to a complete hierarchical structure (g, € RY), ensuring coherency through
its encoding of the hierarchical relationships. Different choices of P lead to different reconciliation
methods, which we explore next:

2.6.2. Bottom-Up Reconciliation
The simplest approach follows directly from our stacked representation: if we trust only the bottom-level
forecasts, we can ignore all higher-level forecasts and aggregate upward:

Definition 2.6.2 (Bottom-Up Reconciliation Matrix). The bottom-up approach sets:

Pgy = [OmLX(N—mL) IWLL] (231)
which simply selects the bottom-level forecasts from g, and lets S handle the aggregation.

Corollary 2.6.3 (Coherency of Bottom-Up Reconciliation). The bottom-up reconciled forecasts g; =
S Pgyy, are coherent.

Proof. Let gy, be any base forecasts. The bottom-up reconciliation matrix Pz extracts the bottom-level

forecasts:
- (1)

Y
Pyugi = [0 mo) T | | =9 (2:32)
BUYt mpX(N—mr) Smr] | (p_qy Y '
Y L
9~
Therefore: L
4 = SPpug, = S5 (2:33)

By the Unified Coherency theorem, since gy, = Sg)t(L), the bottom-up reconciled forecasts are coherent.
O

This shows that bottom-up reconciliation is perhaps the most natural reconciliation method, as it directly

implements the stacked representation form g, = SQ§L) and achieves coherency through the simplest
possible choice of reconciliation matrix P.

2.6.3. Top-Down Reconciliation

In contrast to bottom-up approaches, top-down methods trust the top-level forecast most and distribute
it to lower levels using historical proportions. These proportions determine how much of the total fore-
cast each bottom-level unit should receive.

Definition 2.6.4 (Top-Down Reconciliation Matrix). The top-down approach sets:
Prp=p-e] e RN (2.34)
where:

« p € R™ is a vector of proportions that satisfies >, p; = 1
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* e; € RY is the first standard basis vector (i.e., [1,0,...,0]T)

Corollary 2.6.5 (Coherency of Top-Down Reconciliation). The top-down reconciled forecasts ¢ =
S Prpy; are coherent.

Proof. Let gy, be any base forecasts. The top-down reconciliation matrix Prp, first produces candidate

bottom-level forecasts: . )
9" = Prog = (- €l)in = pg;” (2.35)
These candidate forecasts have two important properties:

+ They sum to the top-level forecast: >~ yf? = 3" since " p; = 1

» They are constructed as proportions of the top-level forecast: yf[{) = piz?t(l)

The reconciled forecasts are then obtained by:
9 = SPrpg; = Sg” (2.36)
By the Unified Coherency theorem, the top-down reconciled forecasts are coherent. O

This shows that top-down reconciliation achieves coherency by working in the opposite direction of
bottom-up: it uses only the top-level forecast g}t(l) and proportionally distributes it downward. The

critical question becomes how to choose the proportions p, leading to several common approaches:

» Average Historical Proportions: p; = % Zthl it

A v
15T
« Proportions of Historical Averages: p; = JL%—:IT“‘
Zj:l T 2ot—1 Uit
. &
* Forecast Proportions: p; = =~y
22105

2.6.4. Middle-Out Reconciliation

Middle out reconciliation combines elements of both bottom-up and top-down approaches by selecting
a middle level k as the base level. Coherent forecasts above the level k are obtained through bottom-up
aggregation, whereas coherent forecasts below are obtained through top-down disaggregation.

Definition 2.6.6 (Middle-Out Reconciliation). For a chosen middle level k where 1 < k < L, the middle-
out reconciliation matrix Gy,0 = P - E), where:

+ E, € R™*N js a selection matrix that extracts the forecasts at level k
+ P € R™*™k js a matrix of proportions that distributes level k forecasts to level L

The middle-out approach balances bottom-up and top-down methods and allows flexibility in choosing
the reconciliation level. It works best when middle layers contain the most reliable forecasts.

However, it has drawbacks. Implementation is more complex than simpler approaches. Choosing the
right middle level requires domain knowledge and testing. The method is not theoretically optimal, so
other approaches may perform better in specific situations.

2.6.5. Optimal (MinT/OLS)

Definition 2.6.7 (MinT (Minimum Trace) Reconciliation). Let g;,, € R be base (possibly incoherent)
h-step-ahead forecasts, S ¢ RV *™t the stacked summing matrix, and W}, = Var(é;. ) the covariance
of base forecast errors. Assuming unbiased base forecasts and the unbiasedness constraint P.S =
I,,,,the MinT reconciliation chooses

11 _ _ .
Puint = (S'W,'8) " STW, !, Giin = S Puint Gesn.

This corresponds to a generalized least squares (GLS) projection of g, onto the coherent subspace
{Sb: b € R™:} weighted by thl, yielding minimum-variance linear unbiased reconciled forecasts.
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Definition 2.6.8 (OLS Reconciliation (Special Case of MinT)). If the base error covariance admits the
bottom-up structure W, = SQ, ST for some bottom-level covariance Q;, MinT simplifies to ordinary
least squares (OLS):
—1 ~ ~
Pos=(S'S)" ST, Yt+nh = S PoLs Ytth-

Remark. MinT satisfies minimum-variance linear unbiasedness among coherent linear mappings; OLS
is its special case under the structural covariance assumption above. Detailed derivations, equiva-
lences (GLS form), and variance properties appear in [11, 28]. Practical estimators for W}, (diagonal,
shrinkage, structural) and their trade-offs are also discussed therein and in related follow-ups.

The MinT approach is often presented as a ready-to-use reconciliation formula, but its underlying prin-
ciple is fundamentally statistical: it provides the minimum-variance unbiased estimator of coherent
forecasts. Since the preceding sections have established the probabilistic and structural foundations
of hierarchical forecasting, it is instructive to make explicit how MinT arises from these principles. The
derivation below, following [28], shows how the reconciliation problem can be formulated as a con-
strained trace-minimization problem whose solution yields the familiar closed-form expression.

The reconciliation problem seeks a linear transformation y:., = SPy:.; such that the reconciled
forecasts are coherent, i.e., consistent with the aggregation constraints imposed by S. Among all such
linear mappings, we seek the one that minimizes the total variance of the reconciled forecast errors:

m}in t(Var(gesn — yiin)) st PS=1,,.

Assuming unbiased base forecasts, the forecast error covariance is Var(g;+n — y:+rn) = Wj,. Hence,
the covariance of the reconciled errors is

Var(th — yt+h) =SSP Wh PTST.
The optimization problem becomes
m}in t(SPW,P'S") st PS=1,,.

Following [28], this problem can be simplified by introducing the transformed variables

L=w;'?s, ~ H=pPW)"
Substituting into the objective yields an equivalent form:

min t{HH'") st HL=1.

H
This is a constrained least squares problem with solution given by the Moore—Penrose pseudoinverse
of L:
H=(L"L)'LT.

Reverting to the original variables, we obtain the optimal MinT reconciliation matrix:

Pyint = (STW,18)7' S W,
Finally, substituting Pyint into 4,1, = SP9Y.. gives the reconciled forecasts:

Gern = S(STW, 18) 1S TW, L4,
When W, is proportional to the identity, this reduces to the ordinary least squares (OLS) solution:
Pois = (STS)_lsT.

Following the result of [11], the MinT estimator derived above is the minimum-variance linear unbiased
estimator (MVLUE) among all coherent linear reconciliations.
Under the assumption that the base forecast errors have covariance Var(g; ., —yi1n) = Wy, = SQ,S T,
the generalized least-squares solution

Pynt = (STW,; 18)" s Tw, !

is equivalent to the best linear unbiased estimator of the bottom-level means in the regression formu-
lation g, = SB + €. Consequently, the reconciled forecasts §;+, = S Puint9:+r achieve the smallest
total forecast-error variance subject to unbiasedness [11].
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2.6.6. Projection View of Reconciliation
All reconciliation methods can be interpreted as projections onto the coherent subspace.

Definition 2.6.9 (Orthogonal Projection onto the Coherent Subspace). Let S = {Sb : b € R™~} denote
the coherent subspace. The orthogonal projection onto S is

Ps =S8(8T8)"1s7, g = Psy.

Yiin

- :

Figure 2.3: Geometric interpretation of forecast reconciliation as projection onto the coherent subspace. Adapted from
Rangapuram et al. (2021) [25].

Figure 2.3 shows the intuition:

* The base forecast g, (blue) lies outside S.
» The reconciled forecast g, (orange) lies within S and satisfies all summation constraints.
* The actual value y; ., (gray) is unknown and may lie anywhere.

Methods like Bottom-Up and Top-Down specify this projection through design rules, while OLS and
MinT implement it statistically as least-squares projections—orthogonal for OLS, oblique (weighted by
w,” 1y for MinT. This view clarifies that reconciliation enforces coherency by replacing the base forecast
with its projection into the coherent subspace.



Graph Neural Networks for Demand
Sensing

Chapter 2 formalized forecasting as learning unknown functions g;(-) that map the past observations
and covariates of each product i to its future demand. Those estimators were either trained indepen-
dently per product (1ML-ForEach) or jointly on all products (1ML-ForAll).

While effective in many settings, these approaches ignore known relational structure between prod-
ucts. In hierarchical supply chains, demand patterns propagate along parent—child relations, as sibling
products compete for shared market share, and sparse series can benefit from similar neighbors. To
address this, we extend the multi-product demand process from Chapter 2 to incorporate an explicit
graph structure.

Definition 3.0.1 (Graph-Based Multi-Product Demand Process). Let G = (V, E) be a graph where
each node i € V represents a product with demand series {X, .} and covariates {Z, ;}. Define the
L-lag neighborhood of node i as

NEG@) ={G, ) | jeN@EU{i},1=1,...,L}, (3.1)
N@G@)={jeV:(ij) e FEor(ji) e E} (3.2)

Then the demand process is
Xiy = gz-({(xj,t_l, Zie): (1) € NE(Gi)}, G) Ve VieV. (3.3)

This formulation lets each g; condition only on a local neighborhood A/(3), offering a middle ground
between fully independent (1ML-ForEach) and fully pooled (1ML-ForAll) estimation. In the rest of this
chapter, we present how Graph Neural Networks (GNNs) can be used to parameterize these graph-
based demand processes g; (-, G).

3.1. Theoretical Foundations for Graph Learning

We now review two key theoretical foundations that enable learning such functions: spectral graph
theory, which underpins Graph Convolutional Networks (GCNs), and attention mechanisms, which
underpins Graph Attention Networks (GATs). Together, these methods provide strategies for modeling
cross-product relationships within hierarchical demand structures.

3.1.1. Spectral Graph Theory (Basis of GCNs)

Spectral graph theory provides the mathematical foundation for early graph neural networks by inter-
preting message passing as localized convolutions in the spectral domain. This view connects the
structure of a graph to the propagation of information across its nodes.

25
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Definition 3.1.1 (Graph Laplacian). Let G = (V, E) be an undirected graph with adjacency matrix
A € {0,1}™*™ and degree matrix D defined by D;; = Zj A;j. The unnormalized graph Laplacian is

L=D-A, (3.4)
and the symmetrically normalized Laplacian is
Lsym=1—-D72AD™Y2 (3.5)

L is positive semi-definite and admits an eigendecomposition L = UAU ", where U contains orthonor-
mal eigenvectors and A = diag(\4, ..., A,,) the non-negative eigenvalues.

Definition 3.1.2 (Graph Fourier Transform). Given a signal x € R" on the nodes, its graph Fourier
transform is
& =U'z, x=Ug. (3.6)

Here, eigenvalues \; represent graph frequencies: small )\; correspond to smooth variations, large \;
to rapid changes between neighbors. This enables defining graph convolutions as spectral filters.

Definition 3.1.3 (Spectral Graph Convolution). Let z € R” be a signal on the nodes of graph G = (V, E)
with Laplacian L = UAU ". A spectral graph convolution with filter gy is defined as

y=go(L)x =Ugs(A)U ", 3.7)
where go(A) = diag(gg(M\1),- .., 90(As)) is a learnable diagonal filter in the spectral domain.

This formulation requires transforming signals to and from the spectral basis via U, which involves
dense matrix multiplications of order O(n?) and an eigendecomposition of L with cost O(n3). Such
operations are infeasible for large graphs (e.g., thousands of products).

To avoid explicit eigenvector computations, Hammond, Vandergheynst, and Gribonval proposed ap-
proximating the spectral filter by a truncated expansion in Chebyshev polynomials:

2L

>\max

K
gg(L) ~ Z Hka(i/), _i/ = — I, (38)
k=0

where T (-) denotes the k-th Chebyshev polynomial defined recursively as

To(L) =1, Ti(L)=L, (3.9)
To(L) = 2LTy_1(L) — To_o(L), k> 2. (3.10)

Chebyshev polynomials form an orthogonal basis on [—1, 1] and provide numerically stable polynomial
approximations of smooth functions. Since each term T, (L)x depends only on nodes within k£ hops,
the resulting filter is K-localized and can be computed without eigendecomposition.

Building on this idea, Kipf and Welling proposed a first-order (K = 1) approximation that yields the
familiar Graph Convolutional Network (GCN) layer:

H"Y = o(D7V2PAD'2PHOWDY),  A=A+1. (3.11)

Adding self-loops via A and symmetric normalization with D stabilizes training and ensures that each
node updates its representation as a normalized average of its own and its neighbors’ features. In the
demand forecasting context, this operation enables local information sharing between related products
(e.g., SKUs in the same family) while keeping computation linear in the number of edges.

3.1.2. Attention Mechanisms (Basis of GATS)

While spectral methods like GCNs assign fixed weights to neighbors based solely on graph structure,
many real-world graphs require context-dependent weighting. Attention mechanisms address this by
allowing each node to learn how much to attend to each of its neighbors based on their current features.
This forms the theoretical basis of Graph Attention Networks (GATSs).
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Definition 3.1.4 (Attention Mechanism). Given a set of input vectors {h;};c (s, attention computes a
weighted sum

h; = OlijWhj7 (312)
JEN (i)
where «;; are attention coefficients satisfying 3, \/(;) @; = 1 and W is a learnable weight matrix.
These coefficients are obtained by measuring the relevance of neighbor j to target node i. A common
implementation is the additive attention scoring function:
eij = LeakyReLU(a " [Wh; | Wh;]), (3.13)
exp(e;;)
D ken(i) €XP(eir)’

Oéij =

(3.14)

where || denotes concatenation and a is a learnable parameter vector. This allows each node to dy-
namically assign higher weight to more relevant neighbors.

Definition 3.1.5 (Multi-Head Attention). To improve stability and representational capacity, K indepen-
dent attention heads are applied in parallel:

B= (Y o w®ny). (3.15)
JEN(3)
Each head learns a distinct relevance pattern, and concatenating them captures diverse types of inter-
actions (e.g. seasonal similarity, price sensitivity, geographic proximity).

In GCNs, the influence of each neighbor j on node 7 is determined solely by the graph topology through

the normalized adjacency coefficients D;;'/*D /% in the update rule H*+D) = o(D~/2AD- "2 HOW®).
By replacing these fixed structural weights with learnable attention coefficients «;;, Graph Attention Net-
works generalize the GCN framework to a feature-dependent aggregation scheme.

Moreover, unlike in GCNs, the attention formulation can be extended to incorporate edge-level at-
tributes. The attention score ¢;; depends only on the features of nodes ¢ and j. When additional
edge information e;; is available, such as categorical similarity, spatial distance, or hierarchical linkage
strength, it can be integrated into the attention mechanism as

eij = LeakyReLU(a” [Wh; || Wh; | Wee;; ]), (3.16)

where W, projects edge features into the same embedding space as node features. This ensures that
edge attributes contribute on the same scale as node features within the attention scoring function.

3.2. Application to Hierarchical Time Series

The theoretical tools introduced above become practically useful once we map hierarchical time series
into graph structures. This section explains how to (i) represent hierarchies as graphs, (ii) incorporate
temporal information, and (iii) construct an end-to-end forecasting pipeline.

3.2.1. Hierarchical Structure as Graphs
Let the product hierarchy from Chapter 2 consist of levels £ = {1,..., L} with bottom level L and
summing matrix S. We represent this hierarchy as a graph G = (V, E):

» Each node ¢ € V corresponds to one time series Xj ;.
+ Each edge (i,j) € E connects parent ¢ to child j whenever S;; = 1.
» Additional lateral edges may connect siblings or geographically related nodes (optional).

Formally, for any node i at level [, its neighborhood is
N(@)={j|(i,j) € Eor(j,i) € E}, (3.17)

which determines the message-passing scope during GNN training.
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* Node features x; ; are typically concatenated
x;¢ = [X; 1141, day-of-week, promo indicators, weather, ...], (3.18)

where Encode temporal patterns into the node feature vectors (e.g. 28-day lags, rolling means,
seasonality flags). GNN layers then learn static cross-series patterns on these features.

» Edge features (only applicable with GATs or other edge-aware variants) may encode semantic
similarity (e.g. category overlap) or spatial distance.

This graph representation embeds the full hierarchy directly into the model’s input structure, allowing
GNN layers to exchange information across parent—child and sibling nodes.

3.2.2. Forecasting Pipeline
Combining the above pieces yields an end-to-end graph-based forecasting pipeline:

1. Graph construction Build G = (V| E) from the product hierarchy, add optional correlation-based
edges, and compute node/edge features.

2. Feature extraction For each node i, construct =, , from historical lags, covariates, and exoge-
nous drivers.

3. GNN encoding Apply L layers of GCN or GAT:
HUY = 5(GNNLayer” (H, A)) with H® = X,. (3.19)

4. Forecast generation Attach an MLP head to bottom-level nodes to output h-step forecasts
Xi,t-l—l:t-i—h-
5. Reconciliation There are three main strategies to enforce coherence in GNN-based forecasting:

(a) Bottom-up prediction (hard coherence): Predict only bottom-level series with the GNN, and
obtain all higher-level forecasts by summation:

g = Sb. (3.20)

This enforces coherence by construction. It also reduces the number of output heads, sim-
plifying optimization. However, it restricts the model from directly using parent-level targets
during training.

(b) Coherence regularization (soft coherence): Predict all levels and add a penalty term to the
loss:

L :Eforecast‘i‘)\cohH'g_SBH;' (3'21)

This encourages but does not force coherence. Choosing Acoh balances accuracy vs. con-
sistency.

(c) Post-hoc reconciliation: Let the GNN produce incoherent forecasts g, then reconcile them
afterward using optimal reconciliation (MinT/OLS, see Chapter 2):

y = SPuinTy- (3.22)

This fully enforces coherence but adds an extra step and assumes known forecast error covari-
ances.

This pipeline integrates hierarchical structure and cross-series dependencies directly into the learning
process, while preserving the coherence properties formalized in Chapter 2.



Data Application

This chapter outlines the application of the forecasting methodology described in the previous chapters,
using open-source data from the M5 competition. M5 focused on a retail sales forecasting application
with the objective to produce the most accurate point forecasts for 42,840 time series that represent
the hierarchical unit sales of the largest retail company in the world, Walmart.

4.1. M5 dataset description

The M5 dataset, encompasses detailed unit sales data for various products sold across the United
States. This dataset is structured as grouped time series, offering a view of sales trends and patterns.
Specifically, the dataset includes unit sales data for 3,049 products, classified into three primary product
categories: Hobbies, Foods, and Household. These categories are further divided into seven distinct
product departments. The products are sold across ten different stores located in three states: Cali-
fornia (CA), Texas (TX), and Wisconsin (WI). This hierarchical structure allows for analysis at multiple
levels, including product-store unit sales, product categories, and geographical regions [17].

4.1.1. Dataset Composition
The M5 dataset consists of three main files:

Calendar.csv
This file provides detailed information about the dates on which the products were sold. It includes
fields such as:

» date: The date in “y-m-" format.

» wn_yr_wk: The ID of the week the date belongs to.

» weekday: The type of the day (Saturday, Sunday, ..., Friday).
» wday: The ID of the weekday, starting from Saturday.

* month: The month of the date.

* year: The year of the date.

* event_name_1: Name of the first event on the date, if any.

* event_type_1: Type of the first event on the date, if any.

* event_name_2: Name of the second event on the date, if any.
» event_type_2: Type of the second event on the date, if any.

» snap_CA, snap_TX, snap_WI: Binary variables indicating whether SNAP purchases were allowed
in stores in CA, TX, or WI on the given date.

Sell_prices.csv
This file contains information about the price of products sold per store and date, including:

* store_id: The ID of the store where the product was sold.

29
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* item_id: The ID of the product.
» wn_yr_wk: The ID of the week.

» sell_price: The price of the product for the given week/store. If not available, it indicates that
the product was not sold during that week.

Sales_train.csv
This file records the historical daily unit sales data per product and store. It includes:

» item_id: The ID of the product.

» dept_id: The ID of the department the product belongs to.
» cat_id: The ID of the category the product belongs to.

* store_id: The ID of the store where the product is sold.

* state_id: The state where the store is located.

ed1,d?2, ..., d_i, ..., d_1941: The number of units sold on day i, starting from 2011-01-
29.

4.1.2. Aggregation Levels
The M5 dataset’s hierarchical structure allows for analysis at various aggregation levels, providing a
flexible framework for different types of analysis. The levels of aggregation include:

» Level 1: Unit sales of all products, aggregated across all stores/states.

* Level 2: Unit sales of all products, aggregated for each state.

» Level 3: Unit sales of all products, aggregated for each store.

* Level 4: Unit sales of all products, aggregated for each category.

* Level 5: Unit sales of all products, aggregated for each department.

» Level 6: Unit sales of all products, aggregated for each state and category.

» Level 7: Unit sales of all products, aggregated for each state and department.
» Level 8: Unit sales of all products, aggregated for each store and category.

» Level 9: Unit sales of all products, aggregated for each store and department.
» Level 10: Unit sales of a specific product, aggregated across all stores/states.
* Level 11: Unit sales of a specific product, aggregated for each state.

* Level 12: Unit sales of a specific product, aggregated for each store.

4.1.3. Historical Data Range

The historical data in the M5 dataset spans from January 29, 2011, to June 19, 2016, providing a
maximum selling history of 1,941 days or approximately 5.4 years. This extensive time range allows
for robust time series analysis and forecasting [17].

4.1.4. Unique Features of the M5 Dataset
The M5 dataset stands out due to several unique features:

» Grouped Unit Sales Data: The dataset starts at the product-store level and is aggregated up to
the levels of product departments, categories, stores, and geographical regions.

+ Explanatory Variables: In addition to time series data, the dataset includes explanatory vari-
ables such as sell prices, promotions, days of the week, and special events like Super Bowl and
Valentine’s Day, which can influence unit sales and enhance forecasting accuracy.

* Intermittency: The dataset includes series that display intermittency, characterized by sporadic
demand and frequent zeros, posing unique challenges for forecasting models [17].
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Figure 4.1: M5’s hierarchy tree.

4.2. Setting up the Benchmark for the M5 Dataset
4.21. Load and Process the M5 Dataset

The initial step involves loading the M5 dataset, which consists of three files: calendar.csv, sell_prices.csv,

and sales_train.csv. This process includes:

 Parsing each file to ensure accurate data types are maintained, especially for dates and categor-
ical variables.

» Handling any missing or anomalous data that could affect the quality of forecasts.

4.2.2. Enrichment of Dataset Using External Drivers
Aside from working with the M5 data, an optional step is to enrich the dataset with external drivers that
may influence product sales. These drivers include:

» Weather information separated for each state (from NOAA)

* Price information (from M5 dataset)

» Promotion information related to the US’s SNAP program (from M5)

» Macroeconomic indicators (from FRED)

» Seasonality information (from M5)

» Events including holidays, cultural events, sporting events, religious events, and rare events such
as natural disasters and eclipses (from M5 and FEMA)

+ Location information, as product sales are segregated at store-level across different states (from
M5)

It's worth noting that we were unable to incorporate inventory information and detailed product attributes
as these were not available in the competition dataset.

4.2.3. Aggregation of Sales

To facilitate analysis at different levels, we aggregated sales data to match various hierarchies in the
dataset, such as store-wise, state-wise, category-wise. This step is crucial for subsequent analysis
and forecasting at different granularities.
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4.2.4. Second Enrichment of Dataset

Following the initial sales aggregation, we enriched the dataset further by incorporating lagged sales
data and rolling statistics like moving averages, which are vital for capturing trends and seasonality in
time series data.

4.2.5. Preprocessing
Preprocessing the enriched dataset involves:

» Normalization or standardization of features to ensure that model inputs have similar scales.

* Encoding categorical variables using methods like one-hot encoding to convert them into a machine-
readable format.

+ Splitting the data into training and validation sets to facilitate the model training and tuning pro-
cess.

In our specific implementation, we utilized the following train/validation/test split:

 Training set: 1,521 days

+ Validation set: 322 days

» Test set: 98 days

+ Total dataset: 1,941 days

This setup ensured sufficient historical data for model training while allowing for realistic validation and
testing scenarios.

4.2.6. Fit & Tune Models

Software and implementation. All experiments were implemented in Python 3.12 using open-source
libraries: sktime for pipeline composition and hierarchical reconciliation, statsmodels for statistical
forecasting models, scikit-learn and lightgbm for tree-based machine learning methods, and PyTorch
with PyTorch Geometric for deep learning and graph-based architectures. All runs were executed on
an Apple M1 system (macOS) with 16 GB unified memory using a reproducible conda environment.

Training and validation. Models were trained on the first 1,521 days of the M5 dataset and validated
using a rolling-origin (backtesting) procedure across the following 322 days, with a forecast horizon
of H=28 days. Each validation fold advanced the forecast origin by 28 days, resulting in multiple
overlapping evaluation windows. This setup mimics real-world forecasting conditions where models
are retrained periodically as new data arrive.

Hyperparameter tuning via random search with backtesting. For each model, hyperparameters
were tuned via random search, evaluated under the rolling-origin validation described above. Random
search was implemented using sklearn.model_selection.RandomizedSearchCV for machine learn-
ing models, sktime.forecasting.model_selection.ForecastingGridSearchCV for statistical mod-
els, and custom training loops for neural networks. For each model, 30-50 random configurations
were sampled, and the average RMSSE across all validation folds was used as the objective metric.
The best-performing configuration was refit on the combined training and validation data before test
evaluation.

Model classes and hyperparameters. The following model families and key hyperparameters were
explored:

« Statistical Models (baseline): AutoARIMA (statsmodels.tsa.arima.model.ARIMA)withp,d,q €
[0,5], ETS (sktime.forecasting.ets.ExponentialSmoothing) with additive trend and season-
ality, and TBATS (sktime.forecasting.tbats.TBATS) for complex seasonal patterns.

» Machine Learning Models: Random Forest (sklearn.ensemble.RandomForestRegressor) with
n_estimators € [100, 500], max_depth € [5, 20]; LightGBM (1ightgbm.LGBMRegressor) with num_leaves ¢
[26,211], learning_rate € [1073,101] (log-uniform), subsample € [0.5,1.0], feature_fraction &
[0.5,1.0], max_bin € [50,150], and objective = tweedie.
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* Deep Learning Models: LSTM (torch.nn.LSTM) with hidden size € [32, 256], layers € {1, 2, 3},
dropout € [0, 0.3], and learning rate € [10~*,10~2]. Sequence length (input window) = 28, forecast
horizon = 28.

» Graph Neural Network Models: Hierarchical Graph Network (HGN) implemented in PyTorch
Geometric using spectral GCN layers with hidden dimension € [32, 128], Chebyshev polynomial
order K = 1, and coherence regularization weight A\con € [0,1]. Optimization used Adam with
early stopping on validation RMSSE.

Performance metrics. Model accuracy for tuning was optimized on RMSSE (per-fold) during back-
testing. Final reporting follows the M5 protocol using normalized MAE (nMAE) and Weighted RMSSE
(WRMSSE) on the test window.

4.2.7. Predict & Reconcile

After hyperparameter optimization, all models were refit on the combined training and validation sets
and used to generate forecasts for the 28-day holdout test window. Each model produced base fore-
casts b € R™~ for the bottom-level series. To ensure hierarchical coherence across all aggregation
levels, these base forecasts were reconciled using the Minimum Trace (MinT) framework described in
Chapter 2.

MinT reconciliation. Let S ¢ RV*™t denote the summing matrix linking bottom-level and aggregate
series, and W}, = Var(é;,;) the base forecast error covariance matrix. The reconciled forecast at
horizon h is given by:

~ _ -1 1A

Girn = S(STW, 'S) " STW, 'y 14.
Following the variance structure assumed in [28], we used the structural approximation W), = SST,
which simplifies MinT to an Ordinary Least Squares (OLS) projection:

Gion =S(STS) 'S Gusn.

This post-hoc reconciliation was implemented using sktime.transformations.hierarchical.reconcile.Reconciler!
It guarantees exact summation coherence while minimizing forecast variance within the assumed struc-

tural model. Alternative reconciliation strategies such as bottom-up and soft coherence regularization

were also evaluated for comparison.

Forecast collection. For each model and forecast horizon h = 1:28, we collected:

« bottom-level forecasts b, ,,
* reconciled forecasts y;., at all hierarchy levels,

This enabled level-wise comparison of both raw and reconciled forecasts in the evaluation stage.

4.2.8. Evaluate

Forecast accuracy was assessed following the M5 competition protocol, using both scale-normalized
and sales-weighted metrics to ensure fair comparability across time series with different magnitudes.
The metrics were the normalized Mean Absolute Error (nMAE) and the Weighted Root Mean Squared
Scaled Error (WRMSSE). Weights were computed following the official M5 evaluation script.

Evaluation setup. All metrics were computed using the test window (H = 28) and aggregated
across hierarchy levels using the summing matrix S. Evaluation scripts were implemented using
sktime.performance_metrics.forecasting and custom helper functions for WRMSSE. Model per-
formance was reported both overall and per hierarchy level, providing insight into how well each model
captured local and aggregate demand dynamics.

4.3. HGN Implementation Details

To implement the Hierarchical Graph Neural Network (HGN) model, we made several architectural
choices guided by both theoretical considerations and empirical evaluations on validation data. This
section details the specific implementation aspects of our model.
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4.3.1. Architectural Specifications

The HGN architecture consists of 3 graph neural network layers with residual connections between
consecutive layers to facilitate gradient flow during training. The propagation rule at each layer [ is
implemented as:

HED — gO 4 & (Wl(l)H(l) + WZ(”AH(” + Wg(l)SB(z)) 4.1)

where A = D;%AD;% is the symmetrically normalized adjacency matrix for cross-series relationships
with D 4 being the corresponding degree matrix, and B is the projection of H® to the bottom-level
nodes. A visual representation of this architecture is provided in Appendix B, illustrating the information
flow through multiple GNN layers and the interactions between hierarchical and cross-series compo-
nents.

For the cross-series adjacency matrix A, we implemented a hybrid approach:

1. For same-level adjacencies, we calculated Pearson correlation between time series over the
training period and retained connections with absolute correlation |p;;| > 0.4

2. For product hierarchies, we enforced connections between products in the same category
3. For geographical hierarchies, we connected stores within the same state

4.3.2. Network Dimensionality
The dimensionality choices for our network were:

* Input features: dy = 42, comprising 28 lagged values (representing 4 weeks of daily data), 7
day-of-week indicators, 4 week-of-month indicators, and 3 indicators for promotional periods

* Hidden dimensions: d; = dy = ds = 64 for all GNN layers. Keeping the dimensions equal
ensures that the residual connections H(+1) = FO 4+ . are valid

» Forecast dimension: the final MLP head maps the 64-dimensional embeddings of the bottom-
level nodes to h = 28 forecasts (a 28-day horizon)

The weight matrices in the GNN layers therefore have dimensions
wO WP wh e R forl e {0,1,2), (4.2)

while the MLP head applies subsequent linear projections of dimensions 64 — 64 — 32 — 28.

4.3.3. Activation Functions and Regularization
We applied the following choices for activation functions and regularization:

+ Activation function o: We used ReLU (Rectivfied Linear Unit) activation, defined as ReLU(z) =
max(0, ).
» Layer normalization was applied after each GNN layer to stabilize training

» Dropout with probability pqrop = 0.2 was applied to node features before each GNN layer to prevent
overfitting

+ L2 regularization with coefficient \g = 10~* was added to the loss function to penalize large
weights

For the final forecast generation, we implemented a bottom-level forecasting approach with an MLP
head:

i = MLP(h{)) (4.3)

The MLP consists of two hidden layers of dimensions 64 and 32 with ReLU activations.
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4.3.4. Training Procedures
The model was trained using the following procedure:

« Optimization algorithm: Adam optimizer with initial learning rate n = 10~*

» Batch size: 32 hierarchical substructures per batch

+ Training epochs: 400, with early stopping based on validation performance with patience of 15

epochs

* Loss function: Mean Squared Error and a coherence penalty:

where A\, = 0.1 is the coherence penalty coefficient.

4.4. Results of benchmark

L= CMSE + )\cohH'g - SBH%

(4.4)

We conducted experiments with the M5 dataset to evaluate our demand sensing framework. The

experiments were designed to assess two key aspects:

1. The performance of different forecasting models across various aggregation levels
2. The impact of including external drivers on forecast accuracy

4.4.1. Model Performance Comparison
Ouir first experiment focused on comparing the performance of various forecasting models on the M5
dataset without external drivers. Table 4.1 presents the normalized Mean Absolute Error (nMAE) for
different models across various aggregation levels.

Table 4.1: Normalized Mean Absolute Error (nMAE) for Different Models without External Drivers

Model L1 L2 L3 L4 L5 L12 AVG Fitting Duration
Naive 0.093 0.112 0.150 0.224 0.352 0.981 0.910 4s
1ML-ForEach

AutoARIMA 0.055 0.066 0.101 0.199 0.272 0.862 0.738 15m 47s
Random Forest 0.053 0.079 0.123 0.196 0.354 0.985 0.806 189m 17s
LightGBM 0.057 0.090 0.150 0.213 0.305 0.884 0.786 155m 33s
LSTM 0.055 0.082 0.115 0.179 0.283 0.909 0.752 243m 47s
1ML-ForAll

ARIMAX 0.061 0.083 0.123 0.227 0.262 0.887 0.814 12m 53s
Random Forest 0.068 0.092 0.164 0.267 0.312 0.943 0.863 27m 6s
LightGBM 0.071 0.084 0.129 0.222 0.233 0.861 0.773 19m 45s
LightGBM (opt.) 0.059 0.071 0.111 0.197 0.213 0.881 0.762 ~7m
LSTFLinear 0.093 0.072 0.127 0.216 0.306 0.966 0.851 14m 34s
LSTFNLinear 0.084 0.073 0.131 0.209 0.284 0.865 0.842 16m 5s
TBATS 0.049 0.062 0.109 0.256 0.298 0.903 0.881 67m 29s
HGN (400 epochs) 0.105 0.120 0.187 0.212 0.229 0.877 0.784 105m 54s

Several key observations can be made from these results:

1. Aggregation level impact: All models show better performance at higher aggregation levels (L1,
L2) compared to more granular levels (L12), confirming the theoretical principle that aggregation

can reduce forecast error by smoothing out individual fluctuations.

2. Model comparison: Traditional methods like AutoARIMA perform competitively, particularly at
However, machine learning methods, especially LightGBM, show
strong performance across all levels, with the optimized version achieving one of the best overall

higher aggregation levels.

average performances.
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3. Computational considerations: There is a clear trade-off between model complexity and com-
putational requirements. While LSTM models achieve good accuracy, they require significantly
longer fitting times compared to traditional methods like ARIMAX.

4. Training strategy comparison: The 1ML-ForEach approach (fitting separate models for each
series) generally outperforms the 1ML-ForAll approach (fitting a single model to all series) in terms
of accuracy, but at a much higher computational cost.

5. HGN performance: The Graph Neural Network model shows promising results, particularly at
intermediate aggregation levels (L4, L5), suggesting that capturing relationships between time
series can be beneficial.

4.4.2. HGN first tests

Our initial experiments with HGN for demand sensing showed promising results. By modeling the
hierarchical structure of the M5 dataset as a graph, where nodes represent time series at different ag-
gregation levels and edges represent aggregation relationships, we were able to capture both temporal
patterns and cross-series dependencies.

The HGN model achieved competitive performance, particularly when incorporating external drivers,
with an average nMAE of 0.731 compared to 0.784 without external drivers. This performance is com-
parable to other advanced methods like LSTM (0.703) and significantly better than the naive baseline
(0.910).

Key observations from our HGN experiments include:

1. Hierarchical relationships: The HGN effectively captured hierarchical relationships, performing
particularly well at intermediate aggregation levels (L4, L5) where both parent-child and sibling
relationships provide valuable information.

2. Computational efficiency: While HGN training requires significant computational resources
(128m 18s fitting duration), the prediction is relatively fast (35s), making it suitable for operational
settings where models are retrained periodically but predictions are needed frequently.

3. External driver integration: The HGN architecture naturally accommodates external drivers as
node features, allowing it to leverage both structural relationships and exogenous variables.

4. Further potential: Our initial HGN implementation shows promise, but further improvements
may be possible through architectural refinements, more sophisticated graph construction, and
better hyperparameter tuning.

These observations highlight both the promise and the open challenges of applying HGNs to hierarchi-
cal retail forecasting, motivating the refinements and systematic evaluations presented in the following
sections.

4.4.3. Impact of External Drivers

Our second experiment evaluated the impact of incorporating external drivers into the forecasting mod-
els. Table 4.2 presents the normalized Mean Absolute Error (nMAE) for different models with external
drivers included.

Comparing Tables 4.1 and 4.2 reveals the following insights:

1. Improved accuracy with external drivers: Across almost all models and aggregation levels,
incorporating external drivers leads to significant improvements in forecast accuracy. For exam-
ple, the average nMAE for AutoARIMA improves from 0.738 to 0.722 when including external
variables.

2. Varying impact across models: The improvement from including external drivers varies across
models. Machine learning models like Random Forest and LightGBM show substantial improve-
ments, particularly at lower aggregation levels, highlighting their ability to effectively utilize com-
plex relationships between external factors and demand.

3. Optimal model selection: When considering both accuracy and computational efficiency, the
optimized LightGBM model with external drivers achieves the best overall performance with an
average nMAE of 0.663.
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Table 4.2: Normalized Mean Absolute Error (hnMAE) for Different Models with External Drivers

Model L1 L2 L3 L4 L5 L12 AVG Fitting Duration
Naive 0.093 0.112 0.150 0.224 0.352 0.981 0.910 4s
1ML-ForEach

AutoARIMAX 0.044 0.049 0.084 0.123 0.202 0.844 0.722 49m 46s
Random Forest 0.043 0.076 0.101 0.161 0.242 0.832 0.767 266m 4s
LightGBM 0.049 0.074 0.105 0.150 0.249 0.792 0.732 208m 54s
LSTM 0.039 0.060 0.091 0.146 0.223 0.805 0.703 307m 53s
1ML-ForAll

ARIMAX 0.042 0.065 0.105 0.209 0.284 0.841 0.735 17m 23s
Random Forest 0.059 0.055 0.092 0.154 0.228 0.807 0.744 38m 30s
LightGBM 0.060 0.053 0.099 0.158 0.239 0.796 0.765 25m 53s
LightGBM (opt.) 0.057 0.046 0.087 0.168 0.246 0.715 0.663 ~10m
LSTFLinear 0.086 0.066 0.104 0.153 0.304 0.916 0.728 19m 52s
LSTFNLinear 0.077 0.065 0.103 0.151 0.287 0.847 0.683 20m 23s
TBATS 0.028 0.053 0.083 0.157 0.237 0.755 0.698 94m 18s
HGN (400 epochs) 0.046 0.052 0.115 0.194 0.295 0.790 0.731 128m 18s

4. HGN improvements: The Graph Neural Network model shows improvements when incorporat-
ing external drivers, with the average nMAE decreasing from 0.784 to 0.731. This suggests that
HGNs can effectively leverage both temporal dependencies and external factors.

4.4.4. Weighted Root Mean Squared Scaled Error Results

In addition to nMAE, we evaluated model performance using the Weighted Root Mean Squared Scaled
Error (WRMSSE), the primary evaluation metric used in the M5 competition. Table 4.3 presents these
results for selected models. WRMSSE weights and scales follow the M5 definition and are computed
on the evaluation subset used in our experiments.

Table 4.3: Weighted Root Mean Squared Scaled Error (WRMSSE) for Selected Models with External Drivers

Model L1 L2 L3 L4 L5 L12 AVG
Naive 1564 1.417 1529 1472 1525 1.505 1.502
1ML-ForEach

AutoARIMAX 0.645 0.958 1.191 1.416 1.474 1.460 1.191
Random Forest 0.641 0.774 0.999 1.143 1.104 1.101 0.960

LightGBM 0.713 0.712 1.037 1.127 1.146 1.113 0.978
1ML-ForAll
ARIMAX 0.784 1.035 0.964 1.354 1.023 1.264 1.071

Random Forest 0.840 0.703 0.898 0.986 0.989 1.103 0.920
LightGBM (opt.) 0.939 1.207 1.059 1.028 0.899 0.619 0.822

The WRMSSE results generally align with the nMAE findings, confirming the superior performance of
machine learning models when external drivers are incorporated.

4.4.5. Model Prevalence Analysis

To further understand model performance across different time series, we analyzed how often each
model was favored (i.e., achieved the lowest error) across the dataset. Figure 4.2 illustrates the distri-
bution of best-performing models for individual SKUs.

This analysis reveals that:

1. In the base setting (without external drivers), traditional methods like AutoARIMA are frequently
the best performers, particularly for series with regular patterns.
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Figure 4.2: Distribution of Best-Performing Models Across SKUs

2. When external drivers are incorporated, machine learning methods like LightGBM and Random
Forest become more prevalent as the best performers, highlighting their ability to effectively utilize
additional information.

3. No single model dominates across all time series, underscoring the value of a diverse forecasting
toolkit that can be adapted to different data characteristics.

4.4.6. Correlation Analysis

The performance improvements observed when incorporating external drivers can be better understood
by examining the correlations between sales and these external factors. Figures 4.3 and 4.4 shows a
heatmap of Pearson correlation coefficients between sales and various external drivers.

Key observations from the correlation analysis include:

1. Positive correlation between sales and product price history, potentially indicating higher-priced
items selling in larger volumes during certain periods.

2. Negative correlation between sales and unemployment rate, reflecting the relationship between
economic conditions and consumer spending.

3. Negative correlation between sales and certain weather conditions, suggesting weather influ-
ences on shopping patterns.

4. Complex inter-SKU correlations, with certain zones showing either positive or negative correla-
tions, indicating potential complementary or substitute relationships between products.

4.4.7. Forecasting Horizon Analysis

We also evaluated how forecast accuracy changes with the forecasting horizon. Figure 4.5 displays
the distribution of nMAE for various forecasting periods for both the 1ML-ForEach and 1ML-ForAll
approaches.

The analysis showed that:

1. Mean nMAE shifts rightward with longer forecasting periods, indicating increased volatility or vari-
ability in the forecasts.

2. The distribution of errors becomes wider at longer horizons, consistent with the accumulation of
uncertainty over time.

3. The performance degradation with increasing horizon is less severe for models incorporating ex-
ternal drivers, suggesting that these variables provide valuable information for longer-term fore-
casting.
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4.5. Discussion and Future Work

The experiments conducted on the M5 dataset provide valuable insights into the performance of differ-
ent forecasting approaches and the impact of external drivers on forecast accuracy. However, there
are several limitations to our current implementation and opportunities for future research that are worth
discussing before proceeding to the final conclusions in Chapter 5.

4.5.1. Limitations of Current Implementation
Despite the promising results obtained with our demand sensing framework, several limitations should
be acknowledged:

1.

Computational Scalability: While our experiments used a substantial subset of the M5 dataset
(1,000 SKUs), scaling to the full dataset (30,490 SKUs) requires significant computational re-
sources, particularly for models like LSTM and HGNs. This poses challenges for real-time or
near-real-time forecasting in large-scale retail operations.

. Feature Engineering: Our current implementation relies on manually engineered features for in-

corporating external drivers. This approach may not capture all relevant patterns and interactions,
especially in complex retail environments with numerous influencing factors.

Limited External Data: Although we incorporated several external drivers (weather, economic
indicators, events), the lack of inventory information and detailed product attributes in the M5
dataset limits our ability to capture certain demand drivers that might be critical in real-world
settings.

HGN Architecture Exploration: Our initial HGN implementation showed promising results, but
we explored only a limited set of graph architectures and attention mechanisms. More sophisti-
cated graph construction and neural network architectures might yield further improvements.

4.5.2. Directions for Future Work
Based on the insights gained from our experiments and the limitations identified, several promising
directions for future research emerge:

1.

Advanced HGN Architectures: Exploring more sophisticated HGN architectures that can bet-
ter capture temporal dynamics and hierarchical relationships is a natural extension of our work.
Techniques such as temporal graph attention networks or hierarchical graph embeddings might
offer improved performance.

End-to-End Learning: Developing end-to-end learning approaches that jointly optimize feature
extraction, forecasting, and reconciliation could reduce the need for manual feature engineering
while potentially improving overall accuracy.

Automated Model Selection: Our results indicate that no single model dominates across all time
series and aggregation levels. Developing automated model selection or ensemble techniques
that adapt to different data characteristics could further improve forecast accuracy.

Explainable Al Integration: While some models like Random Forest and LightGBM offer feature
importance measures, enhancing the interpretability of more complex models, particularly HGNs,
would make them more accessible to practitioners in business settings.

Uncertainty Quantification: Extending our framework to provide probabilistic forecasts with re-
liable uncertainty estimates would enhance decision-making in supply chain contexts, where un-
derstanding risk is crucial.

Building on these experimental results and insights, Chapter 5 will provide conclusions regarding the
theoretical and practical contributions of our demand sensing framework, along with broader implica-
tions for the field of demand forecasting in supply chain management.



Conclusion

This chapter arranges the findings of the thesis and reflects on their implications for both research and
practice. It revisits the guiding research questions, summarizes the contributions of each chapter, and
outlines directions for future work.

5.1. Recap of Research Objectives
The thesis addressed two guiding research questions:

1. How can hierarchical demand forecasting be formulated as a graph learning problem while en-
suring coherent forecasts across all levels?

2. To what extent can graph neural networks improve forecast accuracy compared to classical and
machine learning methods, especially when incorporating external drivers?

To investigate these questions, the thesis developed a forecasting framework grounded in supervised
learning and hierarchical coherence, extended it with graph-based estimators, and evaluated the re-
sulting models on the M5 dataset. We address both questions below.

Hierarchical forecasting can be cast as a graph-based multi-product demand process, where nodes
represent series, edges encode parent—child and lateral relations, and g;(-, G) is learned via message
passing. Concretely, we (i) mapped the hierarchy to a graph G = (V, E') with L-lag neighborhoods, (ii)
implemented a Hierarchical Graph Network (HGN) that combines GNN layers with a bottom-level MLP
head, and (iii) incorporated three coherence mechanisms: bottom-up construction, soft coherence reg-
ularization, and post-hoc MinT reconciliation. In practice, exact coherence was only guaranteed post
hoc, while training-time regularization nudged the network toward respecting the hierarchy.

On the M5 dataset, the optimized global LightGBM with external drivers achieved the best overall av-
erage nMAE (0.663), outperforming both classical baselines and our HGN. The HGN was nonetheless
competitive, improving from 0.784 (no drivers) to 0.731 (with drivers), and performed particularly well at
intermediate aggregation levels where both parent—child and sibling information matter most. External
drivers improved all methods, with the largest gains at granular levels for ML-based models. Local
(1ML-ForEach) models often edged out global ones in accuracy, but at substantially higher computa-
tional cost.

5.2. Key Findings and Contributions

The contributions of the thesis can be organized according to its main components.

Foundational Framework (Chapter 2)

We introduced the multi-product demand process as a mathematical formalization of supply chain fore-
casting. The forecast operator provided a general way to express how models map historical informa-
tion and external covariates to predictions. Classical models (e.g., ARIMA, ETS), machine learning
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estimators (e.g., LightGBM, LSTMs).

Hierarchical forecasting was formalized as a problem of ensuring coherence across aggregation lev-
els, with detailed proofs and reconciliation methods such as MinT positioned as projections within this
framework.

Graph-Based Framework (Chapter 3)

We extended the operator-based forecasting framework to graphs, introducing a graph demand process
that incorporates relational structure into the modeling setup. Chapter 3 formalized how nodes (time
series) and edges (hierarchical or relational links) define local information neighborhoods, and how
Graph Neural Networks (GCNs, GATs) can parameterize the resulting demand processes. Building
on this, we outlined a practical pipeline for hierarchical GNN forecasting, including graph construction,
feature design, message passing, and reconciliation strategies. This provides a principled foundation
for applying graph-based learning to hierarchical demand forecasting.

Empirical Evaluation (Chapter 4)

Using the M5 dataset, we benchmarked classical methods, machine learning baselines, and the pro-
posed HGN under both local (1ML-ForEach) and global (1ML-ForAll) training strategies, with and with-
out external drivers. The main findings are:

* Relative performance. Machine learning models—particularly LightGBM—tend to outperform
classical time-series models when many related series and external drivers are available, though
classical models (e.g., AutoARIMA/TBATS) remain competitive at higher aggregation levels. In
our setup, the optimized global LightGBM with drivers achieved the best overall average nMAE
(0.663).

» Value of external drivers. Adding calendar, price, event, and macro features improved accuracy
across almost all models and levels (e.g., HGN avg. nMAE improved from 0.784 to 0.731; Au-
toARIMA — AutoARIMAX from 0.738 to 0.722). Gains were generally larger for ML models at
granular levels.

» Local vs. global training. Local (1ML-ForEach) often achieved stronger accuracy but at substan-
tially higher compute cost; global (1ML-ForAll) offered a better accuracy—efficiency trade-off when
paired with a strong learner (e.g., optimized LightGBM).

» Horizon effects. Error distributions shifted right and widened with longer horizons, as expected.
Models with external drivers degraded more slowly, indicating a stabilizing effect at medium hori-
zons.

* HGN performance and coherence. The HGN showed promising accuracy, especially at interme-
diate aggregation levels where parent—child and sibling relations are informative. In line with our
design, we encouraged coherence during training (regularization) and enforced exact coherence
post hoc via MinT reconciliation.

5.3. Implications

Theoretical Implications

The operator-based framing unifies classical forecasting, machine learning, and graph-based models
under a single formalism. This perspective clarifies how design choices on information scope and
parameter sharing position different estimators, enabling more rigorous comparisons. Furthermore,
the exploration of HGNs shows how graph learning can be extended to hierarchical forecasting, though
challenges remain in ensuring exact coherence and scaling to large product assortments.

Practical Implications

For practitioners, three key insights stand out. First, incorporating external drivers yields systematic
improvements and requires robust data infrastructure. Second, the choice between per-series and
global models involves trade-offs between flexibility and data efficiency; hybrid approaches such as
clustering offer a middle ground. Third, reconciliation remains essential in operational settings, even
when models attempt to embed hierarchy directly, to guarantee consistent forecasts across aggregation
levels.
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5.4. Concluding Remarks

This thesis developed a demand sensing framework that bridges classical time series methods, mod-
ern machine learning, and graph-based approaches. Through theoretical formalization and empirical
testing, it demonstrated both the opportunities and the limitations of applying graph neural networks to
hierarchical forecasting. While HGNs show promise, especially in capturing intermediate-level depen-
dencies, their practical deployment requires further research into scalable graph construction, proba-
bilistic coherence, and end-to-end training methods.

Looking ahead, future work should explore richer representations of external drivers, probabilistic ex-
tensions of HGNs, and hybrid pipelines that combine the interpretability of classical models with the
flexibility of deep graph architectures. As supply chains continue to face volatility and complexity, the in-
tegration of hierarchical structure, external signals, and advanced machine learning offers a promising
path toward more accurate, coherent, and responsive demand forecasting.
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HGN Architecture

Hierarchical Graph Neural Network (HGN) Architecture
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Figure A.1: HGN architecture consistent with Chapter 4: input features dy = 42; three residual GNN layers with
d1 = d2 = d3 = 64; bottom-level MLP head maps 64-dimensional embeddings to h = 28 forecasts. Coherence is enforced via
bottom-up, regularization, or post-hoc reconciliation (MinT).
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