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ARTICLE INFO ABSTRACT
2020 MSC: Using the weak convergence approach, we prove the large deviation principle (LDP) for solutions
Primary: 60H15 to quasilinear stochastic evolution equations with small Gaussian noise in the critical variational
gg‘;é’;;ary: 60F10 setting, a recently developed general variational framework. No additional assumptions are made
35K90 apart from those required for well-posedness. In particular, no monotonicity is required, nor a
35R60 compact embedding in the Gelfand triple. Moreover, we allow for flexible growth of the diffusion
47335 coefficient, including gradient noise. This leads to numerous applications for which the LDP was
not established yet, in particular equations on unbounded domains with gradient noise. Since
Keywords: our framework includes the 2D Navier-Stokes and Boussinesq equations with gradient noise and
Large deviation principle unbounded domains, our results resolve an open problem that has remained unsolved for over 15
Variational methods years.
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1. Introduction

In this paper we study large deviations for solutions to small-noise stochastic evolution equations of the form
AYE(1) = —A(t, YE(0) df + \/eB(1, YE(1) dW (£) 1.1)

in the new variational framework of [3] by Agresti and the second author. This framework, the critical variational setting, has been
developed to extend the classical variational approach to stochastic evolution equations originating from [8,26,34]. In the classical
variational approach, the drift and diffusion coefficients A and B need to satisfy several conditions to ensure well-posedness of (1.1).
The usual weak monotonicity condition is especially restrictive. It is therefore no surprise that efforts have been made to weaken
the monotonicity condition, e.g. in [29, §5.2] and very recently [43] with a much weaker local monotonicity condition. One of the
advantages of the critical variational setting of [3] used in this paper, is that no form of monotonicity is assumed. In return, A and B
are of a slightly less (but still very) general form:

A(t,v) = Ay(t,v)v = F(t,0)+ f(t), B(t,v) = By(t,v)v+ G(t,v) + g(t)

fort € R, and v € V, where (V, H,V*) is a Gelfand triple belonging to the stochastic evolution equation. That is, (4, B) contains a
quasilinear part (A, By) and a semilinear part (F, G) and it is assumed that both parts satisfy certain critical local Lipschitz conditions,
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\begin {equation}\label {eq: stoch ev eq} \dd Y^\eps (t)=-A(t,Y^\eps (t))\dd t+\sqrt {\eps }B(t,Y^\eps (t))\dd W(t)\end {equation}


$L_p$


$A$


$B$


$A$


$B$


\begin {equation*}A(t,v)=A_0(t,v)v-F(t,v)+f(t), \quad B(t,v)=B_0(t,v)v+G(t,v)+g(t)\end {equation*}


$t\in \R _+$


$v\in V$


$(V,H,V^*)$


$(A,B)$


$(A_0,B_0)$


$(F,G)$


$\|v\|_H$


$\|v\|_{V_\beta }$


$V_\beta =[V^*,V]_\beta $


$B$


\begin {flalign}\label {eq: critical} &\qquad \qquad 2\beta _j\leq 1+\frac {1}{1+\rho _j},\quad j\in \{1,\ldots , m_F+m_G\},& \text {\emph {((sub)criticality)}}&\end {flalign}


$\rho _j\geq 0$


$\beta _j\in (\frac {1}{2},1)$


$m_F, m_G\in \N $


$T>0$


$n\in \R _+$


$C_{n,T}$


$t\in [0,T]$


$u,v,w\in V$


$\|u\|_H,\|v\|_H\leq n$


\begin {align*}\|A_0(t,u)w\|_{V^*}&\leq C_{n,T}\|w\|_V,\\ \|A_0(t,u)w-A_0(t,v)w\|_{V^*}&\leq C_{n,T}\|u-v\|_H\|w\|_V,\\ \nn B_0(t,u)w\nn _{H}&\leq C_{n,T}\|w\|_V,\\ \nn B_0(t,u)w-B_0(t,v)w\nn _{H}&\leq C_{n,T}\|u-v\|_H\|w\|_V,\\ \|F(t,u)\|_{V^*}&\leq C_{n,T}\sum _{j=1}^{m_F} (1+\|u\|_{\beta _j}^{\rho _j+1}),\\ \|F(t,u)-F(t,v)\|_{V^*}&\leq C_{n,T}\sum _{j=1}^{m_F} (1+\|u\|_{\beta _j}^{\rho _j}+\|v\|_{\beta _j}^{\rho _j})\|u-v\|_{\beta _j},\\ \nn G(t,u)\nn _{H}&\leq C_{n,T}\sum _{j=m_F+1}^{m_F+m_G} (1+\|u\|_{\beta _j}^{\rho _j+1}),\\ \nn G(t,u)-G(t,v)\nn _{H}&\leq C_{n,T}\sum _{j=m_F+1}^{m_F+m_G} (1+\|u\|_{\beta _j}^{\rho _j}+\|v\|_{\beta _j}^{\rho _j})\|u-v\|_{\beta _j}.\end {align*}


$A(t,v)=A_0(t,v)v-F(t,v)-f$


$B(t,v)=B_0(t,v)v+G(t,v)+g$


\begin {equation*}A_0\colon \R _+ \times H\to \mathcal {L}(V,V^*) \text { and } B_0\colon \R _+ \times H \to \mathcal {L}(V,\UH )),\end {equation*}


$\BB (\R _+)\otimes \mathcal {B}(H)$


\begin {equation*}F\colon \R _+\times V\to V^* \text { and } G\colon \R _+\times V\to \UH \end {equation*}


$\BB (\R _+)\otimes \mathcal {B}(V)$


$f\colon \R _+\to V^*$


$g\colon \R _+\to \UH $


$\BB (\R _+)$


\begin {equation*}f\in L_{\mathrm {loc}}^2(\R _+;V^*) \text { and } g\in L_{\mathrm {loc}}^2(\R _+;\UH ).\end {equation*}


$T>0$


$n\in \R _+$


$\theta _{n,T}, M_{n,T}>0$


$t\in [0,T]$


$u\in H$


$v\in V$


$\|u\|_H\leq n$


\begin {equation*}\langle A_0(t,u)v,v\rangle -\frac {1}{2}\nn B_0(t,u)v\nn _H^2\geq \theta _{n,T}\|v\|_V^2-M_{n,T}\|v\|_H^2.\end {equation*}


$V\into H$


$A$


$B$


$A$


$B$


$B$


$B$


$V\into H$


$A$


$B$


$\R ^d$


$d=2$


$d=3$


$d=1,2$


$d=1,2,3$


$d\leq 4$


$\R _+\coloneqq [0,\infty )$


$T>0$


$X$


$C([0,T];X)$


$[0,T]$


$X$


$\|f\|_{C([0,T];X)}\coloneqq \sup _{t\in [0,T]}\|f(t)\|_X$


$(S,\mathcal {A},\mu )$


$L^0(S;X)$


$f\colon S\to X$


$p\in (0,\infty ]$


$L^p(S;X)$


$f\in L^0(S;X)$


$\|f\|_{L^p(S;X)}<\infty $


\begin {equation*}\|f\|_{L^p(S;X)}\coloneqq \begin {cases} \left (\int _S\|f(s)\|_X^p \dd \mu (s)\right )^{\frac {1}{p}}, & p<\infty ,\\ \esssup _{s\in S}\|f(s)\|_X, & p=\infty . \end {cases}\end {equation*}


$L^p(S)\coloneqq L^p(S;\R )$


$S=[0,T]\subset \R $


$L^p(0,T;X)\coloneqq L^p(S;X)$


$L^p_{\mathrm {loc}}(\R _+;X)\coloneqq \{u\colon \R _+\to X : u|_{[0,T]}\in L^2(0,T;X) \text { for all } T\in \R _+\}$


$U$


$H$


$\mathcal {L}(U,H)$


$\UH $


$U$


$H$


\begin {equation*}\nn \cdot \nn _H\coloneqq \|\cdot \|_{\UH }.\end {equation*}


$V$


$V^*$


$\beta \in (0,1)$


$\beta $


\begin {equation*}V_\beta \coloneqq [V^*,V]_\beta , \quad \|\cdot \|_\beta \coloneqq \|\cdot \|_{V_{\beta }}.\end {equation*}


$M$


$\sigma $


$\BB (M)$


$\sigma $


$(S_1,\mathcal {A}_1,\mu _1)$


$(S_2,\mathcal {A}_2,\mu _2)$


$(S_1\times S_2,\mathcal {A}_1\otimes \mathcal {A}_2,\mu _1\otimes \mu _2)$


$I=[0,T]$


$I=\R _+$


$X$


$(\Phi (t))_{t\in I}$


$\Phi \colon I\times \Om \to X$


$t \in I$


$\Phi |_{[0,t]\times \Om }$


$\mathcal {B}([0, t]) \otimes \F _t$


$I=\R _+$


$\sigma $


$\PP $


$a\vee b\coloneqq \max (a,b)$


$a\wedge b\coloneqq \min (a,b)$


$a,b\in \R $


$(V,H,V^*)$


$(V,(\cdot ,\cdot )_V)$


$(H,(\cdot ,\cdot )_H)$


$\iota \colon V\into H$


$j\colon H\into V^*\colon x\mapsto (x, \iota (\cdot ))_H$


$j(H)$


$V^*$


$V$


$j=\iota ^*$


$H\cong H^*$


$x\in V$


$\iota (x)\in H$


$x\in H$


$j(x)\in V^*$


$\langle \cdot ,\cdot \rangle $


$V^*$


$V$


\begin {equation*}\langle x,v\rangle =(v,x)_H \quad \text {for all } x\in H, v\in V.\end {equation*}


$V^*$


$V'$


$V^*$


$V\subset H\subset V'$


$j\colon H\into V^*\colon x\mapsto (x, \cdot )_H$


\begin {equation}\label {eq: j continuous} |(x,v)_H|\leq \|x\|_{V'}\|v\|_V \quad \text {for all }x\in H, v\in V,\end {equation}


$j_1\colon V'\to V^*$


$j_1$


$j_1\colon V'\cong V^*$


$\langle v',v\rangle \coloneqq j_1(v')(v)$


$x\in H,v\in V$


$\langle x,v\rangle =(x,v)_H$


$j_1$


$j$


$(V,H,V')$


$(V,H,V^*)$


$\langle \cdot ,\cdot \rangle \colon V'\times V\to \R $


$\langle v',v\rangle \coloneqq j_1(v')(v)$


$j_1$


$\alpha >0$


\begin {equation}\label {eq: bijective criterion} \alpha \|x\|_{V'}\leq \sup _{v\in V, \|v\|_V\leq 1}|(x,v)_H|\eqqcolon \|j_1(x)\|_{V^*} \quad \text {for all }x\in H.\end {equation}


$H\subset V'$


$j_1$


$\mathrm {Im}(j_1)\subset V^*$


$j_1(V')\supset j_1(H)=j(H)$


$j(H)$


$V^*$


$V$


$V\subset H\subset V'$


$j_1\colon V'\cong V^*$


$A(t,u)\coloneqq \Delta u$


$\R ^d$


\begin {align*}&V=H^1(\R ^d),\; H=L^2(\R ^d),\; V'=H^{-1}(\R ^d)= V^* &\text {(weak setting)},\\ & V=H^2(\R ^d),\; H=H^1(\R ^d),\; V'=L^2(\R ^d)\cong V^* &\text {(strong setting)}.\end {align*}


$H=[V^*,V]_{\frac {1}{2}}$


$\beta \in (\frac {1}{2},1)$


\begin {equation}\label {eq:interpolation estimate} \|v\|_\beta \leq K\|v\|_H^{2-2\beta }\|v\|_V^{2\beta -1}, \qquad v\in V.\end {equation}


$V$


$H$


$V$


$H$


\begin {equation}\label {eq: original stoch ev eq} \begin {cases} \dd u(t)=-A(t,u(t))\dd t+B(t,u(t))\dd W(t), \quad t\in [0,T], \\ u(0)=x, \end {cases}\end {equation}


$x\in H$


$T>0$


$W$


$U$


$\Phi :[0,T]\times \Om \to \UH $


$\Phi \in L^2(0,T;\UH )$


$\int _0^t \Phi (s)\dd W(s)$


$t\in [0,T]$


$(p=0)$


$L^1(0,T;H)$


$T>0$


\begin {equation*}\MR (0,T)\coloneqq C([0,T];H)\cap L^2(0,T;V), \quad \|\cdot \|_{\MR (0,T)}\coloneqq \|\cdot \|_{C([0,T];H)}+\|\cdot \|_{L^2(0,T;V)}.\end {equation*}


$A\colon \R _+\times V\to V^*$


$B\colon \R _+\times V\to \UH $


$x\in H$


$W$


$U$


$(\Om ,\mathcal {F},(\mathcal {F}_t)_{t\geq 0},\P )$


$T>0$


$u\colon [0,T]\times \Om \to V$


\begin {equation*}u\in \MR (0,T),\; A(\cdot ,u(\cdot ))\in L^2(0,T;V^*)+L^1(0,T;H),\; B(\cdot ,u(\cdot ))\in L^2(0,T;\UH )\end {equation*}


\begin {align}\label {eq:strong sol} u(t)=x-\int _0^t A(s,u(s))\dd s+\int _0^t B(s,u(s))\dd W(s) \: \text { in }V^* \text { for all }t\in [0,T].\end {align}


$u$


$v$


$u=v$


$\MR (0,T)$


$B=0$


$u'(t)=-A(t,u(t))$


$\dd u(t)=-A(t,u(t))\dd t$


$u\in \MR (0,T)$


$A(\cdot ,u(\cdot ))\in L^2(0,T;V^*)+L^1(0,T;H)$


$A$


$B$


$\R _+\times V$


$\R _+\times \Om \times V$


$A$


$B$


$u$


$x$


$C_{n,T}$


$n$


$T$


$\R _+\times V$


$\R _+\times \Om \times V$


$(A,B)$


$(\bar {A},\bar {B})$


$\bar {A}(t,\om ,v)\coloneqq A(t,v)$


$\bar {B}(t,\om ,v)\coloneqq B(t,v)$


$A_0$


$B_0$


$A_0(t,u)$


$B_0(t,u)$


$u$


$\rho _j+1$


$F$


$G$


$\beta _j$


$j$


$\|F(t,v)\|_{V^*}+\nn G(t,v)\nn _H\leq \tilde {C}_{\|v\|_H,T}(1+\|v\|_V)$


$t\in [0,T]$


$\|v\|_H\leq n$


$\tilde {C}_{\|v\|_H,T}$


$F(\cdot ,u(\cdot ))$


$G(\cdot ,u(\cdot ))$


$u\in \MR (0,T)$


$(A,B)$


$(A,B)$


$(A,B)$


$T>0$


$\theta , M>0$


$\phi \in L^2(0,T)$


$v\in V$


$t\in [0,T]$


\begin {equation}\label {eq: coercivity conditionAB} \langle A(t,v),v\rangle -\frac {1}{2}\nn B(t,v)\nn _H^2 \geq \theta \|v\|_V^2-M\|v\|_H^2-|\phi (t)|^2.\end {equation}


$x\in H$


$T>0$


$u$


$[0,T]$


$L^p$


$\mathcal {E}$


$(\Om ,\F ,\P )$


$(Y^\eps )_{\eps >0}$


$\mathcal {E}$


$(\Om ,\F ,\P )$


$I\colon \mathcal {E}\to [0,\infty ]$


$(Y^{\eps })$


$\mathcal {E}$


$I\colon S\to [0,\infty ]$


$I$


$E\subset \mathcal {E}$


$\liminf _{\eps \downarrow 0}\eps \log \P (Y^{\eps }\in E)\geq -\inf _{z\in E}I(z)$


$E\subset \mathcal {E}$


$\limsup _{\eps \downarrow 0}\eps \log \P (Y^{\eps }\in E)\leq -\inf _{z\in E}I(z)$


$x\in H$


$\psi \in L^2(0,T;U)$


\begin {equation}\label {eq: skeleton eq} \begin {cases} (u^\psi )'(t)=-A(t,u^\psi (t))+B(t,u^\psi (t))\psi (t), \quad t\in [0,T],\\ u^\psi (0)=x. \end {cases}\end {equation}


$(A,B)$


$x\in H$


$\eps \in (0,1]$


$Y^\eps $


\begin {equation*}\begin {cases} \dd Y^\eps (t)=-A(t,Y^\eps (t))\dd t +\sqrt {\eps }B(t,Y^\eps (t))\dd W(t), \quad t\in [0,T], \\ u(0)=x, \end {cases}\end {equation*}


$(Y^\eps )$


$\MR (0,T)$


$I\colon \MR (0,T)\to [0,+\infty ]$


\begin {equation}\label {eq: def rate I} I(z)=\frac {1}{2}\inf \Big \{\int _0^T\|\psi (s)\|_U^2\dd s : \psi \in L^2(0,T;U), z=u^{\psi }\Big \},\end {equation}


$\inf \varnothing \coloneqq +\infty $


$u^\psi $


$\eps \in (0,1]$


$(A,\sqrt {\eps }B)$


$Y^\eps $


$u^\psi $


$F$


$G$


$w\in L^\infty (0,T;H)$


\begin {equation}\label {eq: linear skeleton} \begin {cases} u'(t)+A_0(t,w(t))u(t)-B_0(t,w(t))u(t)\psi (t)=\bar {f}(t)+\bar {g}(t)\psi (t), \\ u(0)=x, \end {cases}\end {equation}


$A_0$


$B_0$


$\bar {f}\in L^2(0,T;V^*)$


$\bar {g}\in L^2(0,T;\UH )$


$S$


$E$


$T>0$


\begin {equation*}S\coloneqq L^2(0,T;V^*)+L^1(0,T;H)\end {equation*}


$(L^2(0,T;V^*),L^1(0,T;H))$


$L^1(0,T;V^*)$


$S$


\begin {equation*}\|h\|_S\coloneqq \inf \big \{\|f\|_{L^2(0,T;V^*)}+\|g\|_{L^1(0,T;H)}: h=f+g, f\in L^2(0,T;V^*), g\in L^1(0,T;H \}\big \}.\end {equation*}


$S$


$S\into L^1(0,T;V^*)$


\begin {align*}&E\coloneqq \{u\in \MR (0,T):u \text { is weakly differentiable, } u'\in S\},\quad \|u\|_E\coloneqq \|u\|_{\MR (0,T)}+\|u'\|_{S}.\end {align*}


$E\into \MR (0,T)$


$S$


$\bar {A}\colon [0,T]\to \mathcal {L}(V,V^*)$


$[0,T]\to V^*\colon t\mapsto \bar {A}(t)v$


$v\in V$


$a_T\coloneqq \sup _{t\in [0,T]}\|\bar {A}(t)\|_{\mathcal {L}(V,V^*)}<\infty $


$\theta >0$


$t\in [0,T]$


$v\in V$


\begin {equation*}\langle \bar {A}(t)v,v\rangle \geq \theta \|v\|_V^2.\end {equation*}


$h\in S$


$x\in H$


$u\in E$


\begin {equation}\label {eq: eq barA} \begin {cases} u'(t)+\bar {A}(t)u(t)=h(t), \quad t\in [0,T],\\ u(0)=x. \end {cases}\end {equation}


\begin {equation}\label {eq: coercivity L1} \langle \bar {A}(t)v,v\rangle \geq \theta \|v\|_V^2-M(t)\|v\|_H^2.\end {equation}


$\bar {A}\colon [0,T]\to \mathcal {L}(V,V^*)$


$\bar {A}(\cdot )u(\cdot )\in S$


$u\in \MR (0,T)$


$\theta >0$


$M\in L^1(0,T)$


$M\geq 0$


$t\in [0,T]$


$v\in V$


$h\in S$


$x\in H$


$u\in \MR (0,T)$


\begin {equation}\label {eq: a priori} \|u\|_{\MR (0,T)}\leq C_{\theta }\exp (2\|M\|_{L^1(0,T)})\big (\|h\|_S+\|x\|_H\big ),\end {equation}


$C_{\theta }>0$


$\theta $


$h=f+g$


$f\in L^2(0,T;V^*)$


$g\in L^1(0,T;H)$


$u\in \MR (0,T)$


$u(t)=x+\int _0^t v(s)\dd s$


$v\coloneqq h(\cdot )-\bar {A}(\cdot )u(\cdot )\in S=L^2(0,T;V^*)+L^1(0,T;H)$


\begin {equation}\label {eq: Ito pardoux deterministic} \|u(t)\|_H^2=\|x\|_H^2+2\int _0^t \langle v(s),u(s)\rangle \dd s.\end {equation}


$t\in [0,T]$


\begin {align}\|u(t)\|_H^2 &=\|x\|_H^2+2\int _0^t \langle h(s),u(s)\rangle \dd s-2\int _{0}^{t} \langle \bar {A}(s)u(s),u(s)\rangle \dd s\notag \\ &\leq \|x\|_H^2+2\int _0^t \langle h(s),u(s)\rangle \dd s-2\theta \|u\|_{L^2(0,t;V)}^2+2\int _0^t M(s)\|u(s)\|_H^2\dd s.\label {eq:xx1}\end {align}


$s\in [0,t]$


\begin {align*}\langle h(s),u(s)\rangle =\langle f(s),u(s)\rangle +\langle g(s),u(s)\rangle &\leq \|u(s)\|_{V}\|f(s)\|_{V^*}+\|u(s)\|_{H}\|g(s)\|_{H}\leq \frac {\theta }{2}\|u(s)\|_V^2+\frac {1}{2\theta }\|f(s)\|_{V^*}^2+\sup _{r\in [0,t]}\|u(r)\|_H\|g(s)\|_H.\end {align*}


$0\leq t\leq t_1\leq T$


\begin {align*}\|u(t)\|_H^2+\theta \|u\|_{L^2(0,t;V)}^2&\leq \|x\|_H^2+\frac {1}{\theta }\|f\|_{L^2(0,T;V^*)}^2 +2\sup _{r\in [0,t_1]}\|u(r)\|_H\|g\|_{L^1(0,T;H)} +\int _0^{t_1} 2M(s)\|u(s)\|_H^2\dd s\\ &\leq \|x\|_H^2+\frac {1}{\theta }\|f\|_{L^2(0,T;V^*)}^2 +\frac {1}{2}\sup _{r\in [0,t_1]}\|u(r)\|_H^2+2\|g\|_{L^1(0,T;H)}^2 +\int _0^t 2M(s) \|u(s)\|_H^2 \dd s.\end {align*}


$\sup _{t\in [0,t_1]}$


$F(t_1)\coloneqq \frac {1}{2}\sup _{t\in [0,t_1]}\big (\|u(t)\|_H^2+\theta \|u\|_{L^2(0,t;V)}\big )$


$0\leq t_1\leq T$


\begin {align*}F(t_1)\leq 2F(t_1)-\frac {1}{2}\sup _{r\in [0,t_1]}\|u(r)\|_H^2 &\leq \|x\|_H^2+\frac {1}{\theta }\|f\|_{L^2(0,T;V^*)}^2 +2\|g\|_{L^1(0,T;H)}^2 +\int _0^{t_1} 2M(s) \|u(s)\|_H^2 \dd s\\ &\leq \|x\|_H^2+\frac {1}{\theta }\|f\|_{L^2(0,T;V^*)}^2 +2\|g\|_{L^1(0,T;H)}^2 +\int _0^{t_1} 4M(s) F(s) \dd s,\end {align*}


\begin {equation*}\|u\|_{C([0,T];H)}^2+\theta \|u\|_{L^2(0,T;V)}^2\leq 4F(T)\leq 4\big (\|x\|_H^2+\frac {1}{\theta }\|f\|_{L^2(0,T;V^*)}^2 +2\|g\|_{L^1(0,T;H)}^2\big )\exp (4\|M\|_{L^1(0,T)}).\end {equation*}


\begin {align*}\|u\|_{\MR (0,T)}^2 &\leq (1\vee \theta ^{-1})4\big (\|x\|_H^2+(\theta ^{-1}\vee 2)(\|f\|_{L^2(0,T;V^*)} + \|g\|_{L^1(0,T;H)})^2\big )\exp (4\|M\|_{L^1(0,T)}).\end {align*}


$f$


$g$


$h=f+g$


$\{(f,g)\in L^2(0,T;V^*)\times L^1(0,T;H):h=f+g\}$


\begin {align*}\|u\|_{\MR (0,T)}^2 &\leq C_{\theta }^2 \big (\|x\|_H^2+\|h\|_{S}^2\big )\exp (4\|M\|_{L^1(0,T)}).\end {align*}


$C_\theta \coloneqq {\big (4(1\vee \theta ^{-1})(\theta ^{-1}\vee 2)\big )}^{\frac {1}{2}}$


$\bar {A}\colon [0,T]\to \mathcal {L}(V,V^*)$


$u\in \MR (0,T)$


\begin {align}\label {eq:xx2} \bar {A}(\cdot )u(\cdot )\in S, \qquad \|\bar {A}(\cdot )u(\cdot )\|_S\leq \alpha \|u\|_{\MR (0,T)},\end {align}


$\alpha >0$


$u$


$\theta >0$


$M\in L^1(0,T)$


$h\in S$


$u\in \MR (0,T)$


$A_0\in \mathcal {L}(V,V^*)$


$A_0v\coloneqq \theta (\cdot ,v)_V$


$\lambda \in [0,1]$


\begin {align*}&A_\lambda \colon [0,T]\to \mathcal {L}(V,V^*)\colon t\mapsto (1-\lambda ){A}_0+\lambda \bar {A}(t), \\ & L_\lambda \colon E\to S\times H\colon \big (L_\lambda u\big )\coloneqq \big (u'(\cdot )+A_\lambda (\cdot )(u(\cdot )),u(0)\big ).\end {align*}


$L_\lambda $


$L_\lambda \in \mathcal {L}(E,S\times H)$


$[0,1]\to \mathcal {L}(E,S\times H)\colon \lambda \mapsto L_\lambda $


$u\in E$


$t\in [0,T]$


$A_0u(t)=\theta \langle \cdot ,u(t)\rangle \in V^*$


$\|A_0u(t)\|_{V^*}=\theta \|u(t)\|_V$


$u\in L^2(0,T;V)$


$A_0u(\cdot )\in L^2(0,T;V^*)\subset S$


\begin {align*}\|{A}_0 u(\cdot )\|_S&\leq \|{A}_0 u(\cdot )\|_{L^2(0,T;V^*)} =\theta \| u\|_{L^2(0,T;V)}\leq \theta \| u\|_{\MR (0,T)}\end {align*}


${A}_\lambda (\cdot )u(\cdot )\in S$


\begin {equation}\label {eq: est Alambda} \|{A}_\lambda (\cdot )u(\cdot )\|_S\leq (1-\lambda )\|A_0u(\cdot )\|_S+\lambda \|\bar {A}(\cdot )u(\cdot )\|_S\leq ( \theta + \alpha )\|u\|_{\MR (0,T)}.\end {equation}


$u'\in S$


$\|u'\|_S\leq \|u\|_E$


$E$


$E\into \MR (0,T)$


\begin {align*}\|L_\lambda u\|_{S\times H}\leq \|u'\|_S+\|{A}_\lambda (\cdot )u(\cdot )\|_S+\|u(0)\|_H &\leq \|u\|_E+( \theta + \alpha )\|u\|_{\MR (0,T)}+\|u\|_{C([0,T];H)}\leq (2+\theta +\alpha )\|u\|_E,\end {align*}


$L_\lambda \in \mathcal {L}(E,S\times H)$


$\lambda ,\mu \in [0,1]$


$u\in E$


\begin {align*}\|(L_\lambda -L_\mu ) u\|_{S\times H}=\|\big ((\mu -\lambda )A_0u(\cdot )+(\lambda -\mu )\bar {A}(\cdot )u(\cdot ),0\big )\|_{S\times H} &\leq |\mu -\lambda |\|A_0u(\cdot )\|_S+|\lambda -\mu |\|\bar {A}(\cdot )u(\cdot )\|_S\\ &\leq |\mu -\lambda |(\theta +\alpha )\|u\|_{\MR (0,T)}\\ &\leq |\mu -\lambda |(\theta +\alpha )\|u\|_E,\end {align*}


$\|L_\lambda -L_\mu \|_{\mathcal {L}(E,S\times H)}\leq |\mu -\lambda |(\theta +\alpha )$


$\lambda \mapsto L_\lambda $


$\|u\|_E\leq K\|L_\lambda u\|_{S\times H}$


$K>0$


$\lambda $


$A_\lambda $


\begin {align*}\langle v,A_\lambda (t)v\rangle =(1-\lambda )\langle v,{A}_0v\rangle +\lambda \langle v,\bar {A}(t)v\rangle &\geq (1-\lambda )\theta \|v\|_V^2+\lambda (\theta \|v\|_V^2-|M(t)|\|v\|_H^2) \geq \theta \|v\|_V^2-|M(t)|\|v\|_H^2.\end {align*}


$h\coloneqq u'+A_\lambda u\in S$


$x\coloneqq u(0)$


\begin {equation*}\|u\|_{\MR (0,T)}\leq C_\theta \exp (2\|M\|_{L^1(0,T)})\big (\|h\|_S+\|u(0)\|_H\big )=C\|L_\lambda u\|_{S\times H},\end {equation*}


$C\coloneqq C_\theta \exp (2\|M\|_{L^1(0,T)})$


$u\in E$


\begin {align*}\|u\|_E =\|u\|_{\MR (0,T)}+\|u'\|_S =\|u\|_{\MR (0,T)}+\|h(\cdot )-A_\lambda (\cdot )u(\cdot )\|_S &\leq \|u\|_{\MR (0,T)}+\|L_\lambda u\|_{S\times H}+\|A_\lambda (\cdot )u(\cdot )\|_S\\ &\leq (1+\theta +\alpha )\|u\|_{\MR (0,T)}+\|L_\lambda u\|_{S\times H}\\ &\leq (1+C(1+\theta +\alpha ))\|L_\lambda u\|_{S\times H}.\end {align*}


$L_0\colon E\to S\times H: \big (L_0u\big )=\big (u'(\cdot )+A_0u(\cdot ),u(0)\big )$


$\bar {A}_0\colon [0,T]\to \mathcal {L}(V,V^*)$


$\bar {A}_0(t)v\coloneqq A_0v= \theta (\cdot ,v)_{V}$


$L_1$


$\bar {A}(t)$


$A_0$


$B_0$


$A_0,B_0$


$\psi \in L^2(0,T;U)$


$T>0$


$w\in L^\infty (0,T;H)$


$\bar {A}\colon [0,T]\to \mathcal {L}(V,V^*)$


$\bar {A}(t)v\coloneqq A_0(t,w(t))v-B_0(t,w(t))v\psi (t)$


$\bar {A}$


$\bar {f}\in L^2(0,T;V^*)$


$\bar {g}\in L^2(0,T;\UH )$


$u\in \MR (0,T)$


\begin {equation*}\begin {cases} u'(t)+A_0(t,w(t))u(t)-B_0(t,w(t))u(t)\psi (t)=\bar {f}(t)+\bar {g}(t)\psi (t), \\ u(0)=x, \end {cases}\end {equation*}


$\tilde {T}\in [0,T]$


$K_{\tilde {T}}>0$


\begin {equation}\label {def: maxreg} \|u\|_{\MR (0,\tilde {T})}\leq K_{\tilde {T}}\left (\|x\|_H+\|\bar {f}\|_{L^2(0,\tilde {T};V^*)} +\|\bar {g}\|_{L^2(0,\tilde {T};\UH )}\right ),\end {equation}


$K_{\tilde {T}}$


$\tilde {T}$


$T$


$\|w\|_{L^\infty (0,T;H)}$


$\|\psi \|_{L^2(0,\tilde {T};U)}$


$n\coloneqq \|w\|_{L^\infty (0,T;H)}$


$\bar {A}$


$w$


$\|w(t)\|_H\leq n$


$t\in [0,T]$


$\bar {A}(\cdot )u(\cdot )$


$u\in \MR (0,T)$


$u\in \MR (0,T)$


\begin {equation*}\|A_0(\cdot ,w(\cdot ))u(\cdot )\|_{L^2(0,T;V^*)} \leq C_{n,T}\|u\|_{L^2(0,T;V)}<\infty \end {equation*}


\begin {align*}\|B_0(\cdot ,w(\cdot ))u(\cdot )\psi (\cdot )\|_{L^1(0,T;H)} &\leq \|B_0(\cdot ,w(\cdot ))u(\cdot )\|_{L^2(0,T;\UH )}\|\psi \|_{L^2(0,T;U)} \leq C_{n,T}\|u \|_{L^2(0,T;V)} \|\psi \|_{L^2(0,T;U)}<\infty .\end {align*}


$\bar {A}(\cdot )u(\cdot )\in S$


\begin {align*}\|\bar {A}(\cdot )u(\cdot )\|_S\leq \|A_0(\cdot ,w(\cdot ))u(\cdot )\|_{L^2(0,T;V^*)}+\|B_0(\cdot ,w(\cdot ))u(\cdot )\psi (\cdot )\|_{L^1(0,T;H)} &\leq C_{n,T}(1+\|\psi \|_{L^2(0,T;U))})\|u\|_{L^2(0,T;V)} \leq \alpha \|u\|_{\MR (0,T)},\end {align*}


$\alpha \coloneqq C_{n,T}(1+\|\psi \|_{L^2(0,T;U))})$


$v\in V$


$t\in [0,T]$


\begin {align*}\langle \bar {A}(t)v,v\rangle &=\langle A_0(t,w(t))v,v\rangle -\langle B_0(t,w(t))\psi (t)v,v\rangle \\ &\geq \langle A_0(t,w(t))v,v\rangle - \frac {1}{2}\nn B_0(t,w(t))v \nn _H^2-\frac {1}{2}\|\psi (t)\|_U^2\|v\|_H^2\\ &\geq \theta _{n,T}\|v\|_V^2-({M}_{n,T}+\frac {1}{2}\|\psi (t)\|_U^2)\|v\|_H^2,\end {align*}


${\theta }\coloneqq \theta _{n,T}$


${M}(\cdot )\coloneqq {M}_{n,T}+\frac {1}{2}\|\psi (\cdot )\|_U^2\in L^1(0,T)$


$h\coloneqq \bar {f}+\bar {g}\psi \in S$


$u\in \MR (0,T)$


$\tilde {T}\in (0,T]$


$\tilde {S}\coloneqq L^2(0,\tilde {T};V^*)+L^1(0,\tilde {T};H)$


\begin {align}\label {eq: est F-norm f} \|h\|_{\tilde {S}}\leq \|\bar {f}\|_{L^2(0,\tilde {T};V^*)}+\|\bar {g}\psi \|_{L^1(0,\tilde {T};H)} \leq \|\bar {f}\|_{L^2(0,\tilde {T};V^*)}+\|\bar {g}\|_{L^2(0,\tilde {T};\UH )}\|\psi \|_{L^2(0,\tilde {T};U)}.\end {align}


$u|_{[0,\tilde {T}]}$


$[0,\tilde {T}]$


\begin {align*}\|u\|_{\MR (0,\tilde {T})}&\leq C_{\theta }\exp (2\|M\|_{L^1(0,\tilde {T})})\big (\|h\|_{\tilde {S}}+\|x\|_H\big ) \leq K_{\tilde {T}}\big (\|x\|_H+\|\bar {f}\|_{L^2(0,\tilde {T};V^*)} +\|\bar {g}\|_{L^2(0,\tilde {T};\UH )}\big ),\end {align*}


$K_{\tilde {T}}\coloneqq C_{\theta }\exp (2\|M\|_{L^1(0,\tilde {T})})(1\vee \|\psi \|_{L^2(0,\tilde {T};U)})$


$\tilde {T}$


$\tilde {T}$


$K_{\tilde {T}}$


$T$


$n$


$\|\psi \|_{L^2(0,\tilde {T};U)}$


$\theta $


$\|M\|_{L^1(0,\tilde {T})}$


$t\mapsto \bar {A}(t)v$


$v\in V$


$A_0(\cdot ,w(\cdot ))u(\cdot ), F(\cdot ,u(\cdot ))\colon [0,T]\to V^*$


$B_0(\cdot ,w(\cdot ))u(\cdot ), G(\cdot ,u(\cdot ))\colon [0,T]\to \UH $


$u\in L^0(0,T;V)$


$w\in L^0(0,T;H)$


$u\colon [0,T]\to V$


$w:[0,T]\to H$


$F(t,\cdot ), G(t,\cdot )$


$V$


$A_0(t,\cdot )\cdot , B_0(t,\cdot )\cdot $


$H\times V$


$V$


$H$


$V^*$


$\UH $


$V\into H\into V^*$


$\psi \in L^2(0,T;U)$


$L^1$


$L^2$


$B(\cdot ,u^\psi (\cdot ))\psi (\cdot )$


$\MR (0,T)=C([0,T];H)\cap L^2(0,T;V)$


$u,v\in \MR (0,T)$


$A_0(u)v$


$B_0(u)v\psi $


$t\mapsto A_0(t,u(t))v(t)$


$t\mapsto B_0(t,u_0)v(t)\psi (t)$


$F(u)$


$G(u)\psi $


$V^*$


\begin {equation*}\tilde {A}(u)v\coloneqq A_0(u)v-B_0(u)v\psi ,\qquad \tilde {F}(u)=F(u)+f+(G(u)+g)\psi .\end {equation*}


$(A,B)$


$u_0\in H$


$\tilde {T},\eps >0$


$v_0\in B_H(u_0,\eps )$


$u_{v_0}\in \MR (0,\tilde {T})$


\begin {equation}\label {eq: local well-posed} \begin {cases} u'+\tilde {A}(u)u=\tilde {F}(u)\qquad \text { on } [0,\tilde {T}] \\ u(0)=v_0. \end {cases}\end {equation}


$C>0$


$v_0,w_0\in B_H(u_0,\eps )$


\begin {equation}\label {eq: ct dependence local well-posed} \|u_{v_0}-u_{w_0}\|_{\MR (0,\tilde {T})}\leq C\|v_0-w_0\|_H.\end {equation}


$\Psi _{v_0}\colon \MR (0,\tilde {T})\to \MR (0,\tilde {T})$


$\Psi _{v_0}(v)\coloneqq u$


$u$


\begin {equation}\label {eq:contraction map def} \begin {cases} u'+\tilde {A}(u_0)u=(\tilde {A}(u_0)-\tilde {A}(v))v+\tilde {F}(v)\quad \text {on } [0,\tilde {T}],\\ u(0)=v_0. \end {cases}\end {equation}


$u\in \MR (0,\tilde {T})$


$\Psi _{v_0}(u)=u$


$\Psi _{v_0}$


$w(t)\coloneqq u_0$


\begin {equation}\label {eq:def tilde f tilde g} \tilde {f}\coloneqq (A_0(u_0)-A_0(v))v+F(v)+f,\quad \tilde {g}\coloneqq (B_0(u_0)-B_0(v))v+G(v)+g\end {equation}


$\tilde {f}\in L^2(0,\tilde {T};V^*)$


$\tilde {g}\in L^2(0,\tilde {T};\UH )$


$\rho _j\geq 0, \beta _j\in (\frac {1}{2},1)$


$(2\beta _j-1)(\rho _j+1)\leq 1$


$V_{\beta _j}=[V^*,V]_{\beta _j}$


$\|\cdot \|_{\beta _j}\coloneqq \|\cdot \|_{V_{\beta _j}}$


$T>0$


$\iota _{\scriptscriptstyle j,T}:{\MR (0,T)}\into {L^{2(\rho _j+1)}(0,T;V_{\beta _j})}$


$\|\iota _{\scriptscriptstyle j,T}\|\leq M_T^j$


$M_T^j\in \R _+$


$T$


$(A,B)$


$n\in \R _+$


$T>0$


$C_{n,T}$


$n$


$T$


$u\in C([0,T];H)$


$w\in L^2(0,T;V)$


$\|u\|_{C([0,T];H)}\leq n$


\begin {equation*}\label {eq: estimate A0 B0} \|A_0(u)w\|_{L^2(0,T;V^*)}\vee \|B_0(u)w\|_{L^2(0,T;\UH )}\leq C_{n,T}\|w\|_{L^2(0,T;V)},\end {equation*}


$u,v\in C([0,T];H)$


$w\in L^2(0,T;V)$


$\|u\|_{C([0,T];H)},\|v\|_{C([0,T];H)}\leq n$


\begin {align*}\label {eq: estimate A0 B0 difference} \|(A_0(u)-A_0(v))w\|_{L^2(0,T;V^*)}\vee \|(B_0(u)-B_0(v))w\|_{L^2(0,T;\UH )} &\leq C_{n,T}\Big (\int _0^T\|u(s)-v(s)\|_H^2\|w(s)\|_{V}^{2}\dd s\Big )^{\frac {1}{2}}\\ &\leq C_{n,T}\|u-v\|_{C([0,T];H)}\|w\|_{L^2(0,T;V)}.\end {align*}


$\tilde {C}_{n,T}$


$T$


$u\in \MR (0,T)$


$\|u\|_{C([0,T];H)}\leq n$


\begin {equation*}\label {eq: estimate F G} \|F(u)\|_{L^2(0,T;V^*)}\vee \|G(u)\|_{L^2(0,T;\UH )}\leq \tilde {C}_{n,T}(1+\|u\|_{L^2(0,T;V)}).\end {equation*}


$\sigma >0$


$C_{n,T,\sigma }$


$T$


$u,v\in \MR (0,T)$


$\|u\|_{C([0,T];H)},\|v\|_{C([0,T];H)}\leq n$


\begin {align*}\label {eq: estimate F G difference} \|F(u)-F(v)\|_{L^2(0,T;V^*)}^2\vee \|&G(u)-G(v)\|_{L^2(0,T;\UH )}^2\\ &\leq C_{n,T,\sigma }\int _0^t(1+\|u(s)\|_V^2+\|v(s)\|_V^2)\|u(s)-v(s)\|_H^2\dd s+\sigma C_{n,T}^2\|u-v\|_{L^2(0,T;V)}^2.\end {align*}


$u\in \MR (0,T)$


\begin {align*}\int _0^{T} \|u(t)\|_{\beta _j}^{2(\rho _j+1)}\dd t&\leq K \int _0^{T} \|u(t)\|_{H}^{2(\rho _j+1)(2-2\beta _j)}\|u(t)\|_{V}^{2(\rho _j+1)(2\beta _j-1)}\dd t\\ &\leq K \|u\|_{C([0,T];H)}^{2(\rho _j+1)(2-2\beta _j)}\int _0^{T}\|u(t)\|_{V}^{2(\rho _j+1)(2\beta _j-1)}\dd t\\ &\leq K \|u\|_{C([0,T];H)}^{2(\rho _j+1)(2-2\beta _j)}\|1\|_{L^{p_j'}(0,T)}\|\|u\|_V^{2(\rho _j+1)(2\beta _j-1)}\|_{L^{p_j}(0,T)}\\ &\leq K \|u\|_{C([0,T];H)}^{2(\rho _j+1)(2-2\beta _j)}(1\vee T)^{\frac {p_j-1}{p_j}}\|u\|_{L^2(0,T;V)}^{2(\rho _j+1)(2\beta _j-1)},\end {align*}


$j$


$p_j\coloneqq \frac {1}{(\rho _j+1)(2\beta _j-1)}\in [1,\infty )$


$p_j'\coloneqq \frac {p_j}{p_j-1}\in [1,\infty ]$


$p_j'=\infty $


\begin {align*}\|u\|_{L^{2(\rho _j+1)}(0,T;V_{\beta _j})}\leq M_{T}^j\|u\|_{C([0,T];H)}^{(2-2\beta _j)}\|u\|_{L^2(0,T;V)}^{(2\beta _j-1)} &\leq M_{T}^j \left ((2-2\beta _j)\|u\|_{C([0,T];H)}+(2\beta _j-1)\|u\|_{L^2(0,T;V)}\right ) \leq M_{T}^j \|u\|_{\MR (0,T)},\end {align*}


$M_{T}^j\in \R _+$


$T$


$\beta _j\in (\frac {1}{2},1)$


$A_0(\cdot ,u(\cdot ))w(\cdot )$


$F(\cdot ,u(\cdot ))$


$B_0(\cdot ,u(\cdot ))w(\cdot )$


$G(\cdot ,u(\cdot ))$


$B_0$


$G$


$A_0$


$F$


$t\in [0,T]$


\begin {align*}\|F(u)\|_{V^*}\leq C_{n,T}\sum _{j=1}^{m_F}(1+\|u\|_{\beta _j}^{\rho _j+1})\leq C_{n,T}\sum _{j=1}^{m_F}(1+(Kn^{2-2\beta _j})^{\rho _j+1}\|u\|_{V}^{(2\beta _j-1)(\rho _j+1)})&\leq {C}_{n,T}\sum _{j=1}^{m_F}(1+C_n(1+\|u\|_{V})) \leq \bar {C}_{n,T}(1+\|u\|_{V}),\end {align*}


$(2\beta _j-1)(\rho _j+1)\leq 1$


$C_n\coloneqq \max _{j=1,\ldots ,m_F} (Kn^{2-2\beta _j})^{\rho _j+1}<\infty $


$\bar {C}_{n,T}\coloneqq m_F C_{n,T}(1+C_n)$


\begin {equation*}\|F(u)\|_{L^2(0,T;V^*)}\leq \bar {C}_{n,T}(T^{\frac {1}{2}}+\|u\|_{L^2(0,T;V)}) \leq \tilde {C}_{n,T}(1+\|u\|_{L^2(0,T;V)}),\end {equation*}


$\tilde {C}_{n,T}=\bar {C}_{n,T}(T^{\frac {1}{2}}\vee 1)$


${C}_{n,T}$


$T$


$\bar {C}_{n,T}$


$\tilde {C}_{n,T}$


$t\in [0,T]$


\begin {align}\label {eq: gronwall prep wn I2an fn} \|F(u)-F(v) \|_{V^*}\leq C_{n,T}\sum _{j=1}^{m_F}\left (1+\|u\|_{\beta _j}^{\rho _j}+\|v\|_{\beta _j}^{\rho _j}\right )\|u-v\|_{\beta _j}.\end {align}


$\frac {1}{2-2\beta }$


$\frac {1}{2\beta -1}$


$y,z\in V$


$\beta \in (\frac {1}{2},1)$


$\rho \geq 0$


$(2\beta -1)(\rho +1)\leq 1$


$\sigma >0$


\begin {align}\label {eq: gronwall prep wn I2bn interpol} \|y\|_{\beta }^{\rho }\|z\|_\beta \leq \left (K^{\rho +1}\|y\|_H^{(2-2\beta )\rho }\|y\|_V^{(2\beta -1)\rho }\|z\|_H^{2-2\beta }\right )\|z\|_V^{2\beta -1} &\leq \sigma ^{-\frac {2\beta -1}{2-2\beta }}(2-2\beta ) K^{\frac {\rho +1}{2-2\beta }}\|y\|_H^{\rho }\|y\|_V^{\frac {(2\beta -1)\rho }{2-2\beta }}\|z\|_H+\sigma (2\beta -1)\|z\|_V \notag \\ &\leq \sigma ^{-\frac {2\beta -1}{2-2\beta }} K^{\frac {\rho +1}{2-2\beta }}\|y\|_H^{\rho }(1+\|y\|_V)\|z\|_H+\sigma \|z\|_V \notag \\ &\leq M_{\sigma ,\beta ,\rho } \|y\|_H^{\rho }(1+\|y\|_V)\|z\|_H+\sigma \|z\|_V,\end {align}


$M_{\sigma ,\beta ,\rho }> 0$


$\sigma $


$\beta $


$\rho $


$0^0=1$


$a\coloneqq \frac {(2\beta -1)\rho }{2-2\beta } \in [0,1]$


$x^a\leq 1+x$


$x\geq 0$


$j\in \{1,\ldots ,m_F\}$


$t\in [0,T]$


\begin {align}\label {eq:Ram} \Big (1+\|u\|_{\beta _j}^{\rho _j}+\|v\|_{\beta _j}^{\rho _j}\Big )\|u-v\|_{\beta _j} &\leq \Big (M_{\sigma ,\beta _j,0}+M_{\sigma ,\beta _j,\rho _j}\|u\|_{H}^{\rho _j}(1+\|u\|_V) +M_{\sigma ,\beta _j,\rho _j}\|v\|_{H}^{\rho _j}(1+\|v\|_V)\Big )\|u-v\|_{H}+3\sigma \|u-v\|_V\notag \\ &\leq M_{\sigma }(1+\|u\|_V+\|v\|_V)\|u-v\|_{H}+3\sigma \|u-v\|_V,\end {align}


$M_\sigma \coloneqq \max _{j=1,\ldots , m_F}(M_{\sigma ,\beta _j,0}+2M_{\sigma ,\beta _j,\rho _j}N^{\rho _j})<\infty $


\begin {align*}\|F(u)-F(v)\|_{V^*}&\leq C_{n,T}m_F M_{\sigma }(1+\|u\|_V+\|v\|_V)\|u-v\|_{H}+3\sigma C_{n,T}m_F \|u-v\|_V\end {align*}


$(x_1+\ldots +x_d)^2\leq d(x_1^2+\ldots +x_d^2)$


$d=2,3$


\begin {align*}\|F(u)-F(v)\|_{L^2(0,T;V^*)}^2&\leq \bar {C}_{n,T,\sigma }\int _0^T(1+\|u(t)\|_V^2+\|v(t)\|_V^2)\|u(t)-v(t)\|_{H}^2\dd t +2(3\sigma C_{n,T}m_F)^2 \int _0^T\|u(t)-v(t)\|_V^2\dd t,\end {align*}


$\bar {C}_{N,T,\sigma }=6(C_{n,T}m_F M_{\sigma })^2$


$C_{n,T}$


$T$


$\bar {C}_{n,T,\sigma }$


$\sigma =18\bar {\sigma }^2 m_F^2$


${C}_{n,T,\sigma }\coloneqq \bar {C}_{n,T,\bar {\sigma }}$


$A(\cdot ,u(\cdot ))\in L^2(0,T;V^*)$


$B(\cdot ,u(\cdot ))\in L^2(0,T;\UH )$


$u\in \MR (0,T)$


$\tilde {f}$


$\tilde {g}$


$L^2(0,\tilde {T};V^*)$


$L^2(0,\tilde {T};\UH )$


$\tilde {T}>0$


$v\in \MR (0,\tilde {T})$


$n=\|u_0\|_{H}\vee \|v\|_{C([0,\tilde {T}];H)}$


$\Psi _{v_0}$


$\Psi _{v_0}$


$\MR (0,T)$


$u_0\in H$


$T>0$


$v_0\in H$


$z_{v_0}\in \MR (0,T)$


\begin {equation}\label {eq:def zv0} \begin {cases} z'+\tilde {A}(u_0)z=0\quad \text { on } [0,T], \\ z(0)=v_0. \end {cases}\end {equation}


$z_{u_0}(0)=u_0$


$z_{u_0}\in \MR (0,T)$


$T_1\in (0,T]$


\begin {equation}\label {eq: def T1} \|z_{u_0}-u_0\|_{C([0,T_1];H)}\leq \frac {1}{3}.\end {equation}


$T_1$


$v_0\in H$


$r>0$


$\tilde {T}\in [0,T]$


\begin {equation}\label {eq:def ZrT} Z_{r,\tilde {T}}(v_0)\coloneqq \{v\in \MR (0,\tilde {T}):v(0)=v_0, \|v-z_{u_0}\|_{\MR (0,\tilde {T})}\leq r\}.\end {equation}


$Z_{r,\tilde {T}}(v_0)$


$\MR (0,\tilde {T})$


$\Psi _{v_0}$


$Z_{r,\tilde {T}}(v_0)$


$\eps _1,r_1>0$


$\eps \in (0,\eps _1]$


$r\in (0,r_1]$


$\tilde {T}\in (0,T_1]$


$v_0\in B_H(u_0,\eps )$


$v\in Z_{r,\tilde {T}}(v_0)$


$\|v-u_0\|_{C([0,\tilde {T}];H)}\leq 1$


$\eps ,r>0$


$\tilde {T}\in (0,T_1]$


$v\in Z_{r,\tilde {T}}(v_0)$


\begin {align*}\|v-z_{v_0}\|_{\MR (0,\tilde {T})} \leq \|v-z_{u_0}\|_{\MR (0,\tilde {T})} + \|z_{u_0}-z_{v_0}\|_{\MR (0,T_1)} = \|v-z_{u_0}\|_{\MR (0,\tilde {T})} + \|z_{u_0-v_0}\|_{\MR (0,T_1)} &\leq r + K_{T_1}\|{u_0-v_0}\|_{H},\end {align*}


$Z_{r,\tilde {T}}(v_0)$


\begin {align*}\|v-u_0\|_{C([0,\tilde {T}];H)} \leq \|v-z_{v_0}\|_{\MR (0,\tilde {T})}+\|z_{v_0}-z_{u_0}\|_{\MR (0,T_1)}+\|z_{u_0}-u_0\|_{C([0,T_1];H)} &\leq \left (r + K_{T_1}\|{u_0-v_0}\|_{H}\right ) + K_{T_1}\|{u_0-v_0}\|_{H}+\frac {1}{3}\\ &\leq r+2 K_{T_1}\eps +\frac {1}{3},\end {align*}


$v_0\in B_H(u_0,\eps )$


$r_1= \frac {1}{3}$


$\eps _1=(6 K_{T_1})^{-1}$


$u_0\in H$


$(A,B)$


$\tilde {f}\in L^2(0,\tilde {T};V^*)$


$\tilde {g}\in L^2(0,\tilde {T};\UH )$


$\eps _1$


$r_1$


$\tilde {T}\in (0,T_1]$


$\eps \in (0,\eps _1]$


$r\in (0,r_1]$


$v_0\in B_H(u_0,\eps )$


$v\in Z_{r,\tilde {T}}(v_0)$


$\sigma >0$


\begin {align}&\| \tilde {f}\|_{L^2(0,\tilde {T};V^*)}\vee \|\tilde {g}\|_{L^2(0,\tilde {T};\UH )}\leq \alpha _{T_1}(\tilde {T})+\beta _{T_1,\sigma }(\tilde {T},r)r+\sigma r, \label {eq: estimate tilde f sigma}\end {align}


$\alpha _{T_1}(\tilde {T}),\beta _{T_1,\sigma }(\tilde {T},r)\downarrow 0$


$\tilde {T},r\downarrow 0$


$\alpha _{T_1}(\tilde {T})$


$\beta _{T_1,\sigma }(\tilde {T},r)$


$v_0$


$v$


$v_0\in B_H(u_0,\eps )$


$\tilde {T}\in (0,T_1]$


$v\in Z_{r,\tilde {T}}(v_0)$


$\tilde {f}$


\begin {equation}\label {eq: v estimate} \|v\|_{C([0,\tilde {T}];H)}\leq \|v-u_0\|_{C([0,T_1];H)}+\|u_0\|_H\leq \|u_0\|_H+1.\end {equation}


$C_{T_1}\coloneqq C_{\|u_0\|_H+1,T_1}$


\begin {align}\|A_0(u_0)v-A_0(v)v\|_{L^2(0,\tilde {T};V^*)}&\leq C_{T_1}\|u_0-v\|_{C([0,\tilde {T}];H)}\|v\|_{L^2(0,\tilde {T};V)}\notag \\ &\leq C_{T_1}\left (\|u_0-z_{u_0}\|_{C([0,\tilde {T}];H)}+\|z_{u_0}-v\|_{C([0,\tilde {T}];H)}\right )\left (\|v-z_{u_0}\|_{L^2(0,\tilde {T};V)}+\|z_{u_0}\|_{L^2(0,\tilde {T};V)}\right )\notag \\ &\leq C_{T_1}(\alpha (\tilde {T})+r)^2 \leq 2C_{T_1}(\alpha (\tilde {T})^2+r^2)\label {eq: estimate A0}\end {align}


\begin {equation*}\alpha (\tilde {T})\coloneqq \|u_0-z_{u_0}\|_{C([0,\tilde {T}];H)}\vee \|z_{u_0}\|_{L^2(0,\tilde {T};V)}.\end {equation*}


$\alpha (\tilde {T})\downarrow 0$


$\tilde {T}\downarrow 0$


$z_{u_0}\in C([0,T_1];H)\cap L^2(0,T_1;V)$


$z_{u_0}(0)=u_0$


$F(v)$


$\tilde {f}$


\begin {align}\label {eq: zu0 estimate} & \|z_{u_0}\|_{C([0,\tilde {T}];H)}\leq \|z_{u_0}-u_0\|_{C([0,T_1];H)}+\|u_0\|_H<1+\|u_0\|_H.\end {align}


$\tilde {\sigma }\coloneqq \sigma ^2{C}_{\|u_0\|_H+1,T_1}^{-2}$


$\tilde {C}_{T_1,\sigma }\coloneqq C_{\|u_0\|_H+1,T_1,\tilde {\sigma }}$


$\tilde {\sigma }$


\begin {align*}\|F(v)\|_{L^2(0,\tilde {T};V^*)}&\leq \|F(v)-F(z_{u_0})\|_{L^2(0,\tilde {T},V^*)}+\|F(z_{u_0})\|_{L^2(0,\tilde {T},V^*)}\notag \\ &\leq {\Big (\tilde {C}_{T_1,\sigma }\int _0^{\tilde {T}}(1+\|v\|_V^2+\|z_{u_0}\|_V^2)\|v-z_{u_0}\|_H^2\dd s\Big )}^{\frac {1}{2}} +\sigma \|v-z_{u_0}\|_{L^2(0,\tilde {T};V)}+\|F(z_{u_0})\|_{L^2(0,\tilde {T},V^*)}\notag \\ &\leq {\Big (\tilde {C}_{T_1,\sigma }\int _0^{\tilde {T}}(1+\|v\|_V^2+\|z_{u_0}\|_V^2)r^2\dd s\Big )}^{\frac {1}{2}} +\sigma r +\|F(z_{u_0})\|_{L^2(0,\tilde {T},V^*)}\notag \\ &\leq r\tilde {C}_{T_1,\sigma }^{\frac {1}{2}}(\tilde {T}^{\frac {1}{2}}+\|v\|_{L^2(0,\tilde {T};V)}+\|z_{u_0}\|_{L^2(0,\tilde {T};V)})+\sigma r +\|F(z_{u_0})\|_{L^2(0,\tilde {T},V^*)} \notag \\ &\leq r\tilde {C}_{T_1,\sigma }^{\frac {1}{2}}(\tilde {T}^{\frac {1}{2}}+\|v-z_{u_0}\|_{L^2(0,\tilde {T};V)} +2\|z_{u_0}\|_{L^2(0,\tilde {T};V)})+\sigma r +\|F(z_{u_0})\|_{L^2(0,\tilde {T};V^*)} \notag \\ &\leq r\tilde {C}_{T_1,\sigma }^{\frac {1}{2}}(\tilde {T}^{\frac {1}{2}}+r+2\|z_{u_0}\|_{L^2(0,\tilde {T};V)})+\sigma r +\|F(z_{u_0})\|_{L^2(0,\tilde {T};V^*)}.\end {align*}


\begin {align}\label {eq: estimate F(v) direct} \|F(v)\|_{L^2(0,\tilde {T};V^*)}+ \|f\|_{L^2(0,\tilde {T};V^*)}\leq \tilde {\beta }_{T_1,\sigma }(\tilde {T},r)r+\sigma r +\gamma (\tilde {T}),\end {align}


\begin {align*}&\tilde {\beta }_{T_1,\sigma }(\tilde {T},r)\coloneqq \tilde {C}_{T_1,\sigma }^{\frac {1}{2}}(\tilde {T}^{\frac {1}{2}}+r+2\|z_{u_0}\|_{L^2(0,\tilde {T};V)}),\quad \gamma (\tilde {T})\coloneqq (\|f\|_{L^2(0,\tilde {T};V^*)}\vee \|g\|_{L^2(0,\tilde {T};\UH )})+\|F(z_{u_0})\|_{L^2(0,\tilde {T};V^*)}.\end {align*}


$z_{u_0}\in \MR (0,T_1)\subset L^2(0,T_1;V)$


$F(z_{u_0})\in L^2(0,T_1;V^*)$


$\tilde {\beta }_{T_1,\sigma }(\tilde {T},r)\downarrow 0$


$\tilde {T},r\downarrow 0$


$\gamma (\tilde {T})\downarrow 0$


$\tilde {T}\downarrow 0$


\begin {align*}&\beta _{T_1,\sigma }(\tilde {T},r)\coloneqq \tilde {\beta }_{T_1,\sigma }(\tilde {T},r)+2C_{T_1}r,\quad \alpha _{T_1}(\tilde {T})\coloneqq 2C_{T_1}\alpha (\tilde {T})^2+\gamma (\tilde {T}),\end {align*}


$\tilde {f}$


$\tilde {g}$


$u_0\in H$


$(A,B)$


$\eps _1$


$r_1$


$\tilde {T}\in (0,T_1]$


$\eps \in (0,\eps _1]$


$r\in (0,r_1]$


$v_0, w_0\in B_H(u_0,\eps )$


$v\in Z_{r,\tilde {T}}(v_0)$


$w\in Z_{r,\tilde {T}}(w_0)$


$u\in \MR (0,\tilde {T})$


$\sigma >0$


\begin {align*}\|(A_0(v)-A_0(w))v\|_{L^2(0,\tilde {T};V^*)}\vee \|(B_0(v)-B_0(w))v\|_{L^2(0,\tilde {T};\UH )} &\leq c_{T_1}(r+\alpha (\tilde {T}))\|v-w\|_{\MR (0,\tilde {T})},\\ \|(A_0(u_0)-A_0(w))u\|_{L^2(0,\tilde {T};V^*)}\vee \|(B_0(u_0)-B_0(w))u\|_{L^2(0,\tilde {T};\UH )} &\leq c_{T_1}(r+\beta (\tilde {T}))\|u\|_{\MR (0,\tilde {T})},\\ \|F(v)-F(w)\|_{L^2(0,\tilde {T};V^*)}\vee \|G(v)-G(w)\|_{L^2(0,\tilde {T};\UH )}&\leq (\gamma _{T_1,\sigma }(\tilde {T},r)+\sigma )\|v-w\|_{\MR (0,\tilde {T})},\end {align*}


$c_{T_1}$


$\alpha (\tilde {T}),\beta (\tilde {T}),\gamma _{T_1,\sigma }(\tilde {T},r)\downarrow 0$


$\tilde {T},r\downarrow 0$


$c_{T_1},\alpha (\tilde {T}),\beta (\tilde {T})$


$\gamma _{T_1,\sigma }(\tilde {T},r)$


$v_0,w_0,v$


$w$


$n\coloneqq 2\|u_0\|_H+2$


$c_{T_1}\coloneqq C_{n,T_1}$


$\|v\|_{C([0,\tilde {T}];H)}+\|w\|_{C([0,\tilde {T}];H)}\leq n$


\begin {align*}\|(A_0(v)-A_0(w))v\|_{L^2(0,\tilde {T};V^*)}\leq c_{T_1}\|v-w\|_{C([0,\tilde {T}];H)}\|v\|_{L^2(0,\tilde {T};V)} &\leq c_{T_1}\|v-w\|_{\MR (0,\tilde {T})}(\|v-z_{u_0}\|_{\MR (0,\tilde {T})}+\|z_{u_0}\|_{L^2(0,\tilde {T};V)})\\ &\leq c_{T_1}\|v-w\|_{\MR (0,\tilde {T})}(r+\alpha (\tilde {T})),\end {align*}


$\alpha (\tilde {T})\coloneqq \|z_{u_0}\|_{L^2(0,\tilde {T};V)}\downarrow 0$


$\tilde {T}\downarrow 0$


\begin {align*}\|(A_0(u_0)-A_0(w))u\|_{L^2(0,\tilde {T};V^*)}\leq c_{T_1}\|u_0-w\|_{C([0,\tilde {T}];H)}\|u\|_{L^2(0,\tilde {T};V)} & \leq c_{T_1}(\|u_0-z_{u_0}\|_{C([0,\tilde {T}];H)}+\|z_{u_0}-w\|_{\MR (0,\tilde {T})})\|u\|_{\MR (0,\tilde {T})}\\ & \leq c_{T_1}(\beta (\tilde {T})+r)\|u\|_{\MR (0,\tilde {T})},\end {align*}


$\beta (\tilde {T})\coloneqq \|u_0-z_{u_0}\|_{C([0,\tilde {T}];H)}\downarrow 0$


$\tilde {T}\downarrow 0$


$z_{u_0}(0)=u_0$


$F$


$\tilde {\sigma }>0$


\begin {align*}\|F(v)-F(w)\|_{L^2(0,\tilde {T},V^*)}^2&\leq C_{n,T_1,\tilde {\sigma }}\|v-w\|_{\MR (0,\tilde {T})}^2\int _0^{\tilde {T}} 1+\|v\|_V^2+\|w\|_V^2\dd t +\tilde {\sigma } C_{n,T_1}^2\|v-w\|_{\MR (0,\tilde {T})}^2.\end {align*}


\begin {equation*}\|v\|_{L^2(0,\tilde {T};V^*)}\leq \|v-z_{u_0}\|_{L^2(0,\tilde {T};V^*)}+\|z_{u_0}\|_{L^2(0,\tilde {T};V^*)}\leq r +\|z_{u_0}\|_{L^2(0,\tilde {T};V^*)}\end {equation*}


$w$


$\tilde {\sigma }\coloneqq \sigma ^2 C_{n,T_1}^{-2}$


$\tilde {C}_{T_1,\sigma }\coloneqq C_{n,T_1,\tilde {\sigma }}$


\begin {align*}\|F(v)-F(w)\|_{L^2(0,\tilde {T},V^*)}&\leq \tilde {C}_{T_1,{\sigma }}^{\frac {1}{2}}\|v-w\|_{\MR (0,\tilde {T})}(\tilde {T}^{\frac {1}{2}}+2r+2\|z_{u_0}\|_{L^2(0,\tilde {T};V^*)}) +{\sigma } \|v-w\|_{\MR (0,\tilde {T})}.\end {align*}


$\gamma _{T_1,\sigma }(\tilde {T},r)\coloneqq \tilde {C}_{T_1,{\sigma }}^{\frac {1}{2}}(\tilde {T}^{\frac {1}{2}}+2r+2\|z_{u_0}\|_{L^2(0,\tilde {T};V^*)})$


$B_0$


$G$


$\eps _1,r_1>0$


$\tilde {T}\in (0,T_1]$


$\eps \in (0,\eps _1]$


$r\in (0,r_1]$


$\Psi _{v_0}\colon \MR (0,\tilde {T})\to \MR (0,\tilde {T})$


$\Psi _{v_0}(v)\coloneqq u$


$u$


$u$


$\Psi _{v_0}(u)=u$


$Z_{r,\tilde {T}}(v_0)$


$\MR (0,\tilde {T})$


$\tilde {T},\eps ,r$


$\Psi _{v_0}$


$Z_{r,\tilde {T}}(v_0)$


$Z_{r,\tilde {T}}(v_0)$


$Z_{r,\tilde {T}}(v_0)$


$\MR (0,\tilde {T})$


$v\in Z_{r,\tilde {T}}(v_0)$


$u\coloneqq \Psi _{v_0}(v)$


$z_{u_0}$


$\tilde {f},\tilde {g}$


$u-z_{u_0}=\Psi _{v_0-u_0}(v)$


$\sigma >0$


\begin {align*}\|u-z_{u_0}\|_{\MR (0,\tilde {T})}\leq \|u-z_{u_0}\|_{\MR (0,T_1)} &\leq K_{T_1}\big (\|v_0-u_0\|_H+\|\tilde {f}\|_{L^2(0,T_1;V^*)}+\|\tilde {g}\|_{L^2(0,T_1;\UH )}\big )\\ &\leq K_{T_1}\big (\eps +2\alpha _{T_1}(\tilde {T})+2\beta _{T_1,\sigma }(\tilde {T},r)r+2\sigma r\big ),\end {align*}


$\alpha _{T_1}(\tilde {T}),\beta _{T_1,\sigma }(\tilde {T},r)\downarrow 0$


$\tilde {T},r\downarrow 0$


$K_{T_1}$


$T_1$


$T$


$\|u_0\|_H$


$\psi $


$v_0$


$v$


$\sigma \coloneqq (4K_{T_1})^{-1}$


\begin {equation*}\|u-z_{u_0}\|_{\MR (0,\tilde {T})}\leq \frac {r}{2}+K_{T_1}\big (\eps +2\alpha _{T_1}(\tilde {T})+2\beta _{T_1,\sigma }(\tilde {T},r)r\big ).\end {equation*}


$r$


$\tilde {T},\eps $


$r$


$\|u-z_{u_0}\|_{\MR (0,\tilde {T})}\leq r$


$\Psi _{v_0}(v)=u\in Z_{r,\tilde {T}}(v_0)$


$r,\tilde {T},\eps $


$v_0\in B_H(u_0,\eps )$


$\Psi _{v_0}$


$Z_{r,\tilde {T}}(v_0)$


$r,\tilde {T},\eps >0$


$\Psi _{v_0}\colon Z_{r,\tilde {T}}(v_0)\to Z_{r,\tilde {T}}(v_0)$


$v_0\in B_H(u_0,\eps )$


$v_0$


$v_0,w_0\in B_H(u_0,\eps )$


$v\in Z_{r,\tilde {T}}(v_0)$


$w\in Z_{r,\tilde {T}}(w_0)$


$u\coloneqq \Psi _{v_0}(v)-\Psi _{w_0}(w)$


\begin {equation*}\begin {cases} u'+\tilde {A}(u_0)u=(\tilde {A}(u_0)-\tilde {A}(v))v-(\tilde {A}(u_0)-\tilde {A}(w))w+\tilde {F}(v)-\tilde {F}(w)\quad \text {on } [0,\tilde {T}],\\ u(0)=v_0-w_0. \end {cases}\end {equation*}


\begin {equation*}\|u\|_{\MR (0,\tilde {T})}\leq K_{T_1}(\|v_0-w_0\|_H+\|\bar {f}\|_{L^2(0,\tilde {T};V^*)}+\|\bar {g}\|_{L^2(0,\tilde {T};\UH )}),\end {equation*}


$\bar {f}\coloneqq (A_0(u_0)-A_0(v))v-(A_0(u_0)-A_0(w))w + F(v)-F(w)$


$\bar {g}\coloneqq (B_0(u_0)-B_0(v))v-(B_0(u_0)-B_0(w))w + G(v)-G(w)$


$\sigma >0$


\begin {align*}\|\bar {f}\|_{L^2(0,\tilde {T};V^*)}&\leq \|(A_0(v)-A_0(w))v\|_{L^2(0,\tilde {T};V^*)} +\|(A_0(u_0)-A_0(w))(v-w)\|_{L^2(0,\tilde {T};V^*)} +\|F(v)-F(w)\|_{L^2(0,\tilde {T};V^*)}\\ &\leq \Big (c_{T_1}(2r+\alpha (\tilde {T})+\beta (\tilde {T}))+\gamma _{T_1,\sigma }(\tilde {T},r)+\sigma \Big )\|v-w\|_{\MR (0,\tilde {T})},\end {align*}


$\alpha (\tilde {T}), \beta (\tilde {T}),\gamma _{T_1,\sigma }(\tilde {T},r)\downarrow 0$


$\tilde {T},r\downarrow 0$


$\|\bar {g}\|_{L^2(0,\tilde {T};\UH )}$


$\sigma \coloneqq (8K_{T_1})^{-1}$


$C(\tilde {T},r)\coloneqq 2\big (c_{T_1}(2r+\alpha (\tilde {T})+\beta (\tilde {T}))+\gamma _{T_1,\sigma }(\tilde {T},r)\big )$


\begin {equation*}\|u\|_{\MR (0,\tilde {T})}\leq K_{T_1}\|v_0-w_0\|_H+\big (K_{T_1}C(\tilde {T},r)+\frac {1}{4}\big )\|v-w\|_{\MR (0,\tilde {T})},\end {equation*}


$C(\tilde {T},r)\downarrow 0$


$\tilde {T},r\downarrow 0$


$r,\tilde {T},\eps $


$K_{T_1}C(\tilde {T},r)\leq \frac {1}{4}$


\begin {equation}\label {eq: Psi contraction} \|\Psi _{v_0}(v)-\Psi _{w_0}(w)\|_{\MR (0,\tilde {T})}=\|u\|_{\MR (0,\tilde {T})}\leq K_{T_1}\|v_0-w_0\|_H+\frac {1}{2}\|v-w\|_{\MR (0,\tilde {T})}.\end {equation}


$w_0=v_0$


$\Psi _{v_0}\colon Z_{r,\tilde {T}}(v_0)\to Z_{r,\tilde {T}}(v_0)$


$u_{v_0}\in Z_{r,\tilde {T}}(v_0)$


$u_{w_0}\in Z_{r,\tilde {T}}(w_0)$


$\Psi _{v_0}$


$\Psi _{w_0}$


\begin {equation*}\|u_{v_0}-u_{w_0}\|_{\MR (0,\tilde {T})}=\|\Psi _{v_0}(u_{v_0})-\Psi _{w_0}(u_{w_0})\|_{\MR (0,\tilde {T})}\leq K_{T_1}\|v_0-w_0\|_H+\frac {1}{2}\|u_{v_0}-u_{w_0}\|_{\MR (0,\tilde {T})}.\end {equation*}


$C\coloneqq 2K_{T_1}>0$


$Z_{r,\tilde {T}}(v_0)$


$\MR (0,\tilde {T})$


$v,\tilde {v}\in \MR (0,\tilde {T})$


$v\neq \tilde {v}$


$s\coloneqq \inf \{t\in [0,\tilde {T}]:v(t)\neq \tilde {v} \text { in } H\} \in [0,\tilde {T})$


$\MR (0,\tilde {T})=C([0,\tilde {T}];H)\cap L^2(0,\tilde {T};V)$


$V\into H$


$v(s)=\tilde {v}(s)\eqqcolon w_0$


$v,\tilde {v}\in C([0,\tilde {T}];H)$


$v(\cdot +s)$


$\tilde {v}(\cdot +s)$


\begin {equation}\label {eq: shifted local} \begin {cases} u'+\tilde {A}(u)u=\tilde {F}(u) \quad \text {on } [0,\tilde {T}-s],\\ u(0)=w_0. \end {cases}\end {equation}


$r_0,T_0>0$


$Z_{r,\delta }(w_0)$


$r\in (0,r_0]$


$\delta \in (0,T_0]$


$u_0=v_0=w_0$


\begin {equation*}\delta \coloneqq \sup \{t\in [0,\min \{T_0,\tilde {T}-s\}):\|v(\cdot +s)-z_{w_0}\|_{\MR (0,t)}\vee \|\tilde {v}(\cdot +s)-z_{w_0}\|_{\MR (0,t)}<r_0\}\end {equation*}


$\delta \in (0,\min \{T_0,\tilde {T}-s\}]$


$v(0+s)=\tilde {v}(0+s)=w_0=z_{w_0}(0)$


$\delta \in (0,T_0]$


$v(\cdot +s),\tilde {v}(\cdot +s)\in Z_{r_0,T}(w_0)$


$\delta $


$Z_{r_0,\delta }(w_0)$


$v(\cdot +s)=\tilde {v}(\cdot +s)$


$[0,\delta ]$


$v=\tilde {v}$


$[0,s+\delta ]$


$s$


$v=\tilde {v}$


$A_0$


$(A_0,B_0)$


$\langle A_0(t,u)v,v\rangle \geq \theta _{n,T}\|v\|_V^2-M_{n,T}\|v\|_H^2$


\begin {align*}\langle \bar {A}(t)v,v\rangle &\geq \langle A_0(t,w(t))v,v\rangle -\sigma \nn B_0(t,w(t))v \nn _H^2-C_\sigma \|\psi (t)\|_U^2\|v\|_H^2 \geq \theta _{n,T}\|v\|_V^2-({M}_{n,T}+C_\sigma \|\psi (t)\|_U^2)\|v\|_H^2-\sigma C_{n,T}^2\|v\|_V^2.\end {align*}


$\sigma \coloneqq \theta _{n,T}(2C_{n,T}^2)^{-1}$


$\bar {A}$


$T\in (0,\infty ]$


\begin {equation*}\MR _{\mathrm {loc}}(0,T)\coloneqq \{u\colon [0,T)\to H: u|_{[0,\tilde {T}]}\in \MR (0,\tilde {T}) \text { for all } \tilde {T}\in [0,T)\}.\end {equation*}


$(u_*,T_*)\in \MR _{\mathrm {loc}}(0,T_*) \times (0,\infty ]$


$T\in (0,T_*)$


$u_*|_{[0,T]}$


$T>0$


$u\in \MR (0,T)$


$T\leq T_*$


$u=u_*$


$[0,T]$


$x\in H$


$\psi \in L^2_{\mathrm {loc}}(\R _+;U)$


$(A,B)$


$(u_*,T_*)$


$T_*<\infty $


$\sup _{T\in [0,T_*)}\|u_*\|_{L^2(0,T;V)}<\infty $


$\lim _{t\uparrow T_*}u_*(t)$


$H$


$u_0=v_0=x$


$(u_*,T_*)$


$T_*\in (0,\infty ]$


$u_*\in \MR _{\mathrm {loc}}(0,T_*)$


$T_*<\infty $


$\sup _{T\in [0,T_*)}\|u_*\|_{L^2(0,T;V)}<\infty $


$u^*\coloneqq \lim _{t\uparrow T_*}u_*(t)$


$H$


$u_*\in L^2(0,T_*;V)$


$\delta >0$


$u\in \MR (T_*,T_*+\delta )$


\begin {equation}\label {eq: loc sol in cond x} \begin {cases} u'+\tilde {A}(u)u=\tilde {F}(u)\quad \text {on } [T_*,T_*+\delta ],\\ u(T_*)=u^*, \end {cases}\end {equation}


$(A(T_*+\cdot ,\cdot ), B(T_*+\cdot ,\cdot ))$


\begin {equation*}\bar {u}(t)\coloneqq \begin {cases} u_*(t), \qquad &t\in [0,T_*), \\ u(t), &t\in [T_*,T_*+{\delta }] \end {cases}\end {equation*}


$\bar {u}\in \MR (0,T_*+{\delta })$


$\bar {u}$


$[0,T_*+{\delta }]$


$(u_*,T_*)$


$(A,B)$


$(A,B)$


$\psi \in L_{\mathrm {loc}}^2(\R _+;U)$


$x\in H$


$T>0$


$u\in \MR (0,T)$


\begin {equation}\label {eq: MR estimate global sol} \|u\|_{\MR (0,T)}\leq (2+\frac {1}{\theta })^{\frac {1}{2}}\left (\|x\|_H+\sqrt {2}\|\phi \|_{L^2(0,T)} \right )\exp [ MT+\frac {1}{2}\|\psi \|_{L^2(0,T;U)}^2],\end {equation}


$\theta , M>0$


$\phi \in L^2(0,T)$


$t\in [0,T]$


$(u_*,T_*)$


$T_*=\infty $


$T>0$


$T_*<\infty $


$\theta , M>0$


$\phi \in L^2(0,T_*)$


$T=T^*$


$u_*|_{[0,T]}$


$[0,T]$


$T\in [0,T_*)$


$t\in [0,T_*)$


\begin {align*}\|u_*(t)\|_H^2&=\|x\|_H^2+2\int _0^t \langle -A(s,u_*(s)),u_*(s)\rangle +\langle B(s,u_*(s))\psi (s),u_*(s)\rangle \dd s \\ &\leq \|x\|_H^2+2\int _0^t -\frac {1}{2}\nn B(s,u_*(s))\nn _H^2 -\theta \|u_*(s)\|_V^2+M\|u_*(s)\|_H^2+|\phi (s)|^2 +\nn B(s,u_*(s))\nn _H\|\psi (s)\|_U\|u_*(s)\|_H \dd s \\ &\leq \|x\|_H^2+2\int _0^t -\frac {1}{2}\nn B(s,u_*(s))\nn _H^2 -\theta \|u_*(s)\|_V^2+M\|u_*(s)\|_H^2+|\phi (s)|^2 +\frac {1}{2}\nn B(s,u_*(s))\nn _H^2+\frac {1}{2}\|\psi (s)\|_U^2\|u_*(s)\|_H^2 \dd s \\ &=-2\theta \|u_*\|_{L^2(0,t;V)}^2+\|x\|_H^2+2\|\phi \|_{L^2(0,t)}^2+\int _0^t (2M+\|\psi (s)\|_U^2)\|u_*(s)\|_H^2\dd s.\end {align*}


$T\in (0,T_*)$


\begin {equation*}\|u_*\|_{C([0,T];H)}^2+\|u_*\|_{L^2(0,T;V)}^2\leq (1+\frac {1}{2\theta })\left (\|x\|_H^2+2\|\phi \|_{L^2(0,T)}^2\right )\exp [2MT+\|\psi \|_{L^2(0,T;U)}^2],\end {equation*}


\begin {align}\label {eq: MR estimate global sol prep} \|u_*\|_{\MR (0,T)} &\leq (2+\frac {1}{\theta })^{\frac {1}{2}}\left (\|x\|_H+\sqrt {2}\|\phi \|_{L^2(0,T)} \right )\exp [ MT+\frac {1}{2}\|\psi \|_{L^2(0,T;U)}^2]\eqqcolon K(T),\end {align}


$K\colon [0,T_*]\to \R _+$


$n=K(T_*)<\infty $


$F(u_*)\in L^2(0,t;V^*)$


$t\in (0,T_*)$


$L\coloneqq \sup _{t\in [0,T_*)}\|F(u_*)\|_{L^2(0,t;V^*)}<\infty $


$\|F(u_*)\|_{L^2(0,T_*;V^*)}\leq L<\infty $


$G(u_*)\in L^2(0,T_*;\UH )$


$T\coloneqq T^*$


$w\coloneqq u_*\in C([0,T_*);H)\subset L^\infty (0,T;H)$


$w(T)\coloneqq u_*(0)$


$\{T\}$


$n\coloneqq K(T_*)$


$\bar {f}\coloneqq F(u_*)+f\in L^2(0,T_*;V^*)$


$\bar {g}\coloneqq G(u_*)+g\in L^2(0,T_*;\UH )$


$\bar {u}\in \MR (0,T_*)$


$[0,T_*]$


$u_*|_{[0,T]}=\bar {u}|_{[0,T]}$


$T\in [0,T_*)$


$\lim _{t\uparrow T_*}u_*(t)=\lim _{t\uparrow T_*}\bar {u}(t)=\bar {u}(T_*)\in H$


$T_*<\infty $


$T_*=\infty $


$T>0$


$u\coloneqq u_*|_{[0,T]}\in \MR (0,T)$


$[0,T]$


$\theta $


$M$


$\phi $


$T$


$T_*$


$U$


$(\Om ,\F ,\P ,(\F _t)_{t\geq 0})$


$\eps >0$


$Y^\eps $


\begin {equation}\label {eq: SPDE Yaeps} \begin {cases} \dd Y^\eps (t)=-A(t,Y^\eps (t))+\sqrt {\eps }B(t,Y^\eps (t))\dd W(t), \quad t\in [0,T],\\ Y^\eps (0)=x. \end {cases}\end {equation}


$W$


$U$


$W\in \mathcal {L}(L^2(\R _+;U),L^2(\Om ))$


$W$


$U$


$(\Om ,\F ,\P ,(\F _t)_{t\geq 0})$


$f,g\in L^2(\R _+;U)$


$t\in \R _+$


$Wf$


$\E [Wf Wg]=\langle f,g\rangle _{L^2(\R _+;U)}$


$\supp (f)\subset [0,t]$


$Wf$


$\F _t$


$\supp (f)\subset [t,\infty )$


$Wf$


$\F _t$


$\R ^\infty $


$\R ^\infty $


$U$


$\tilde {W}\coloneqq ((\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$(\beta _k)_{k\in \N }$


$(\F _t)$


$(e_k)_{k\in \N }$


$U$


$U$


$\R ^\infty $


$\R ^\infty $


$Q$


$Q\coloneqq I\in \mathcal {L}(U;U)$


$\tilde {W}(t)= \sum _{k\in \N }\beta _k(t)e_k$


$L^2(\Om ;U)$


$\tilde {W}=((\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$(Y^\eps )$


$(\F _t)_{t\geq 0}$


$(e_k)_{k\in \N }$


$U$


$\mathcal {H}^k_t\coloneqq \sigma (W(\one _{(0,s]}\otimes e_k):s\in [0,t])$


$k\in \N $


\begin {equation*}\F ^0_t\coloneqq \sigma (\bigcup _{k\in \N }\mathcal {H}^k_t), \quad \mathcal {H}^0_t\coloneqq \sigma (\bigcup _{k\in \N }\mathcal {H}^k_t\cup \mathcal {N}), \quad \mathcal {H}_t\coloneqq \mathcal {H}^0_{t^+}\coloneqq \bigcap _{h>0}\mathcal {H}^0_{t+h},\end {equation*}


$\mathcal {N}$


$(\Om ,\F ,\P )$


$(\mathcal {H}_t)_{t\geq 0}$


$(\Om ,\bar {\F },\bar {\P })$


$W$


$U$


$(\Om ,\bar {\F },\bar {\P }, (\mathcal {H}_t)_{t\geq 0})$


$(\Om ,{\F },{\P }, (\F ^0_t)_{t\geq 0})$


$Y^\eps _0$


$\bar {Y}^\eps $


$(\Om ,{\F },{\P }, (\F ^0_t)_{t\geq 0})$


$(\Om ,\bar {\F },\bar {\P },(\mathcal {H}_t)_{t\geq 0})$


$\F ^0_t\subset \F _t \cap \mathcal {H}_t$


$Y^\eps _0$


$(\Om ,{\F },{\P },(\F _t)_{t\geq 0})$


$(\Om ,\bar {\F },\bar {\P },(\mathcal {H}_t)_{t\geq 0})$


${Y}^\eps =Y_0^\eps =\bar {Y}^\eps $


$\P $


$(\bar {Y}^\eps )$


$(Y^\eps )$


$(\F _t)_{t\geq 0}$


$W$


$U$


$(\F _t)_{t\geq 0}$


$(e_k)_{k\in \N }$


$U$


$\tilde {W}=(\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$\R ^\infty $


$W$


\begin {equation}\label {eq: assump betak} W(\one _{(0,t]}\otimes e_k)=\beta _k(t) \text {\quad in }L^2(\Om ),\quad \text { for all } k\in \N \text { and } t\in \R _+.\end {equation}


$\tilde {W}$


$\R ^\infty $


$U_1$


$J\colon U\into U_1$


$\langle u,v\rangle _1\coloneqq \sum _{k=1}^\infty \frac {1}{k}\langle u,e_k\rangle _U \langle e_k,v\rangle _U$


$u,v\in U$


$U_1\coloneqq \mathrm {completion}(U, \langle \cdot ,\cdot \rangle _1)$


$\tilde {W}$


$U_1$


\begin {equation}\label {eq: Q-Wiener} \tilde {W}_1(t)\coloneqq \sum _{k=1}^{\infty }\beta _k(t)J e_k, \qquad t\in [0,T].\end {equation}


$\tilde {W}_1$


$Q_1$


$U_1$


$Q_1\coloneqq JJ^*$


$\tilde {W}_1$


$Q_1$


$\tilde {W}_1$


$C([0,T];U_1)$


\begin {equation*}\mathcal {A}\coloneqq \{\Psi \colon [0,T]\times \Om \to U : \Psi \text { is an } (\F _t)\text {-predictable process}, \|\Psi \|_{L^2(0,T;U)}<\infty \; \P \text {-a.s.}\}\end {equation*}


$K>0$


\begin {equation*}S_K\coloneqq \{\psi \in L^2(0,T;U) : \|\psi \|_{L^2(0,T;U)}\leq K\},\qquad \mathcal {A}_K\coloneqq \{\Psi \in \mathcal {A}: \Psi \in S_K \; \P \text {-a.s.}\}.\end {equation*}


$(S_K,\mathrm {weak})$


$S_K$


$L^2(0,T;U)$


$\mathcal {E}$


$(Y^\eps )_{\eps >0}$


$\mathcal {E}$


$(\Omega ,\F ,\P )$


$\tilde {W}=((\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$\R ^\infty $


$\tilde {W}_1\colon \Om \to C([0,T];U_1)$


$Q_1$


$U_1$


$\eps \geq 0$


$\G ^\eps \colon C([0,T];U_1)\to \mathcal {E}$


$Y^\eps =\G ^\eps (\tilde {W}_1(\cdot ))$


$\eps >0$


$K<\infty $


$(\psi _n)\subset S_K$


$\psi \in S_K$


$\psi _n\to \psi $


$L^2(0,T;U)$


\begin {equation*}\G ^0\left (\int _0^{\cdot } \psi _n(s)\dd s\right )\to \G ^0\left (\int _0^\cdot \psi (s)\dd s\right ) \text { in } \mathcal {E},\end {equation*}


$K<\infty $


$(\Psi ^\eps )\subset \mathcal {A}_K$


\begin {equation*}\G ^\eps \left (\tilde {W}_1(\cdot )+\frac {1}{\sqrt {\eps }}\int _0^{\cdot } \Psi ^\eps (s)\dd s\right )-\G ^0\left (\int _0^\cdot \Psi ^\eps (s)\dd s\right )\to 0 \text { in probability}\end {equation*}


$\mathcal {E}$


$(Y^\eps )_{\eps >0}$


$\mathcal {E}$


\begin {align}\label {eq: def rate I budhi} I(z)\coloneqq \frac {1}{2}\inf \Big \{\int _0^T\|\psi (s)\|_U^2\dd s : \psi \in L^2(0,T;U),\, z=\G ^0(\int _0^{\cdot } \psi (s)\dd s)\Big \}.\end {align}


$K<\infty $


$\{\G ^0(\int _0^\cdot \psi (s)\dd s):\psi \in S_K\}$


$\mathcal {E}$


$K<\infty $


$(\Psi ^\eps )\subset \mathcal {A}_K$


$\Psi ^\eps \to \Psi $


$L^2(0,T;U)$


$\G ^\eps \left (\tilde {W}_1(\cdot )+\frac {1}{\sqrt {\eps }}\int _0^{\cdot } \Psi ^\eps (s)\dd s\right )\to \G ^0\left (\int _0^\cdot \Psi (s)\dd s\right ) \text { in distribution}$


$Q_1$


$\tilde {W}_1$


$H\coloneqq U_1$


$H_0\coloneqq Q_1^{\frac {1}{2}}(U_1)$


$Q_1^{\frac {1}{2}}(U_1)=J(U)=U$


$U_1$


$Q\coloneqq I$


$U_0\coloneqq I^{\frac {1}{2}}(U)=U$


$I$


$\tau \colon (S_K,\mathrm {weak})\to \mathcal {E}\colon \psi \mapsto \mathcal {G}^0(\int _0^\cdot \psi \dd s)=u^{\psi }$


$S_K$


$L^2(0,T;U)$


$S_K\subset L^2(0,T;U)$


$L^2(0,T;U)$


$\{\G ^0(\int _0^\cdot \psi (s)\dd s):\psi \in S_K\}=\tau (S_K)$


$\mathcal {G}^0\colon C([0,T];U_1)\to \MR (0,T)$


\begin {equation}\label {eq: def Ga0} \mathcal {G}^0(\gamma )\coloneqq \begin {cases} u^\psi , \quad &\text {if } \gamma =\int _0^\cdot \psi (s)\dd s, \, \psi \in L^2(0,T;U),\\ 0, &\text {otherwise}, \end {cases}\end {equation}


$u^\psi $


$I$


$Y^\eps $


$(A,B)$


$x\in H$


$\eps >0$


$\mathcal {G}^\eps \colon C([0,T];U_1)\to \MR (0,T)$


$Y^\eps $


$Y^\eps =\mathcal {G}^{\eps }(\tilde {W}_1)$


$\tilde {W}_1$


$\Psi ^\eps \in \mathcal {A}_K$


$X^\eps \coloneqq \mathcal {G}^{\eps }({\tilde {W}_1}(\cdot )+\frac {1}{\sqrt {\eps }}\int _0^{\cdot }{\Psi }^{\eps }(s)\dd s)$


\begin {equation}\label {eq:xx3} \begin {cases} \dd X^\eps (t)=-A(t,X^\eps (t))+B(t,X^\eps (t))\Psi ^\eps (t)+\sqrt {\eps }B(t,X^\eps (t))\dd W(t), \quad t\in [0,T],\\ X^\eps (0)=x. \end {cases}\end {equation}


$[0,T]$


$L^1(0,T;V)$


$L^2(0,T;V)$


$\eps >0$


$Y^\eps $


$Y^\eps \in \MR (0,T)$


$\xi \in L^0((\Om ,\F _0);H)$


$(Y^\eps , \tilde {W})$


\begin {equation*}\begin {cases} \dd \tilde {Y}^\eps (t)=-A(t,\tilde {Y}^\eps (t))+\sqrt {\eps }B(t,\tilde {Y}^\eps (t))\dd \tilde {W}(t),\\ \tilde {Y}^\eps (0)=\xi , \end {cases}\end {equation*}


$Y^\eps $


$x$


$\xi $


\begin {equation}\label {eq: identity stoch integrals defs} \int _0^t \Phi (s)\dd W(s)=\int _0^t \Phi (s)\circ J^{-1}\dd \tilde {W}_1(s)\eqqcolon \int _0^t \Phi (s)\dd \tilde {W}(s),\qquad t\in [0,T],\end {equation}


$B(\cdot ,Y(\cdot ))\in L^2(([0,T]\times \Om ,\PP ,\lambda \times \P );\UH )\subset \mathcal {N}(0,T)$


$Y\in \MR (0,T)$


$Y^\eps $


$x$


$\xi $


$\MR (0,T)$


$x\in H$


$\eps >0$


$Y^\eps $


$\mathcal {G}^\eps \colon C([0,T];U_1)\to \MR (0,T)$


$Y^\eps =\mathcal {G}^\eps (\tilde {W}_1(\cdot ))$


$X^\eps \coloneqq \mathcal {G}^{\eps }({\tilde {W}_1}(\cdot )+\frac {1}{\sqrt {\eps }}\int _0^{\cdot }{\Psi }^{\eps }(s)\dd s)$


$X^\eps $


\begin {equation*}\hat {W}\coloneqq \tilde {W}+\frac {1}{\sqrt {\eps }}\int _0^{\cdot } \Psi ^{\eps }(s)\dd s\coloneqq ((\hat {\beta }_k)_{k\in \N },(e_k)_{k\in \N }), \qquad \hat {\beta }_k\coloneqq \beta _k+\frac {1}{\sqrt {\eps }}\int _0^{\cdot } \langle \Psi ^{\eps }(s),e_k\rangle _U\dd s.\end {equation*}


$\E [\exp (\frac {1}{2}\|-\frac {1}{\sqrt {\eps }}\Psi ^\eps \|_{L^2(0,T;U)}^2)]\leq \exp (\frac {K^2}{2\eps })<\infty $


\begin {equation*}\E \left [\exp \left (\int _0^T\langle -\frac {1}{\sqrt {\eps }}\Psi ^\eps (s),\dd \tilde {W}(s)\rangle _{U}-\frac {1}{2}\|\frac {1}{\sqrt {\eps }}\Psi ^\eps \|_{L^2(0,T;U)}^2\right )\right ]=1.\end {equation*}


$\hat {W}$


$\R ^\infty $


$(\Om ,\F ,\hat {\P },(\F _t)_{t\geq 0})$


\begin {equation*}\hat {\P }\coloneqq \exp \left (-\frac {1}{\sqrt {\eps }}\int _0^T\langle \Psi ^\eps (s),\dd \tilde {W}(s)\rangle _{U}-\frac {1}{2\eps }\|\Psi ^\eps \|_{L^2(0,T;U)}^2\right ) \dd \P .\end {equation*}


$\hat {W}$


$U_1$


$Q_1$


$\hat {W}_1$


$(\Om ,\F ,\hat {\P },(\F _t)_{t\geq 0})$


$J\colon U\into U_1$


$\tilde {W}_1$


\begin {align*}\hat {W}_1(t)\coloneqq \sum _{k\in \N }\hat {\beta }_k(t)Je_k=\sum _{k\in \N }{\beta }_k(t)Je_k+\frac {1}{\sqrt {\eps }}\sum _{k\in \N }\Big (\int _0^{t} \langle \Psi ^{\eps }(s),e_k\rangle _U\dd s\Big )Je_k &=\tilde {W}_1(t)+\frac {1}{\sqrt {\eps }}\int _0^{t}\sum _{k\in \N } \langle \Psi ^{\eps }(s),e_k\rangle _Ue_k\dd s\\ &=\tilde {W}_1(t)+\frac {1}{\sqrt {\eps }}\int _0^{t} \Psi ^{\eps }(s)\dd s\end {align*}


$\P $


$U_1$


$\Psi ^{\eps }\in \mathcal {A}_K$


${X}^\eps $


$\hat {\P }\ll \P \ll \hat {\P }$


$\hat {\P }$


$X^\eps =\mathcal {G}^{\eps }(\hat {W}_1(\cdot ))$


${X}^\eps =\mathcal {G}^{\eps }(\hat {W}_1(\cdot ))$


$({X}^\eps , \hat {W})$


${X}^\eps $


$\hat {\P }$


$V^*$


\begin {align}\label {eq: X eps} {X}^\eps (t)&=x+\int _0^t -A(s,{X}^\eps (s))\dd s+\int _0^t\sqrt {\eps }B(s,{X}^\eps (s))\dd \hat {W}(s).\end {align}


$U$


$\hat {\mathcal {W}}\in \mathcal {L}(L^2(\R _+;U);L^2(\Om ))$


$(\Om ,\F ,\hat {\P },(\F _t)_{t\geq 0})$


$u\in U$


$t\in [0,T]$


\begin {align}\hat {\mathcal {W}}(\one _{(0,t]}\otimes u)=\sum _{k=1}^\infty \hat {\beta }_k(t)\langle u,e_k\rangle _U &= W(\one _{(0,t]}\otimes u)+\frac {1}{\sqrt {\eps }}\int _0^t \langle \Psi ^\eps (s),u\rangle _U\dd s, \label {eq: hat W identical on elementary}\end {align}


$\hat {\beta }_k$


$\hat {\mathcal {N}}(0,T)$


$\hat {\mathcal {W}}$


$\hat {W}$


$(\Om ,\F ,\hat {\P },(\F _t)_{t\geq 0})$


\begin {align}\label {eq: def class integrable processes} \mathcal {N}(0,T)\coloneqq & \Bigl \{\Phi \colon [0,T]\times \Om \to \UH : \Phi \text { strongly progressively measurable, } \P (\|{\Phi }\|_{L^2(0,T;\UH )}<\infty )=1\Bigr \}.\end {align}


$\P $


$\hat {\P }$


$\hat {\mathcal {N}}(0,T)=\mathcal {N}(0,T)$


$\P \ll \hat {\P }\ll \P $


$\int _0^t \Phi (s)\dd \hat {\mathcal {W}}(s)=\int _0^t \Phi (s)\dd \hat {W}(s)$


$\hat {\P }$


$\Phi \in \mathcal {N}(0,T)$


$t\in [0,T]$


${X}^\eps $


$\hat {\P }$


$\P $


$V^*$


\begin {align*}{X}^\eps (t)&=x+\int _0^t -A(s,{X}^\eps (s))\dd s+\int _0^t\sqrt {\eps }B(s,{X}^\eps (s))\dd \hat {\mathcal {W}}(s)\\ &=x+\int _0^t -A(s,{X}^\eps (s))\dd s+\int _0^t\sqrt {\eps }B(s,{X}^\eps (s))\dd W(s)+\int _0^tB(s,{X}^\eps (s))\Psi ^{\eps }(s)\dd s.\end {align*}


$\int _0^t\Phi (s)\dd \hat {\mathcal {W}}(s) =\int _0^t\Phi (s)\dd {W}(s) +\frac {1}{\sqrt {\eps }}\int _0^t\Phi (s)\Psi ^\eps (s)\dd s$


$\Phi \in \mathcal {N}(0,T)$


$t\in [0,T]$


$\Phi = \one _{A\times (t_1,t_2]}\otimes (u\otimes x)$


$0\leq t_1<t_2\leq T$


$A\in \F _{t_1}$


$u\in U$


$x\in H$


$\Phi \in \mathcal {N}(0,T)$


$X^\eps $


$W$


$U$


$\hat {\mathcal {W}}$


$B$


$(w_n)\subset C([0,T];H)$


$(\alpha _n) \subset L^1(0,T;V^*)$


$(\psi _n)\subset L^2(0,T;U)$


\begin {equation*}w_n(t) = \int _0^t \alpha _n(s) \dd s\end {equation*}


$C_\alpha \coloneqq \sup _{n\in \N }\|\alpha _n\|_{L^1(0,T;V^*)}<\infty $


$C_w\coloneqq \sup _{n\in \N }\|w_n\|_{C([0,T];H)}<\infty $


$\psi _n\to \psi $


$L^2(0,T;U)$


${b} \in L^2(0,T;\UH )$


\begin {equation}\label {eq: weak conv lemma} \lim _{n\to \infty }\sup _{t\in [0,T]}\Big |\int _0^t \langle {b}(s)(\psi _n(s)-\psi (s)),w_n(s)\rangle \dd s\Big |=0.\end {equation}


$\psi =0$


$\psi _n\to 0$


$L^2(0,T;U)$


$\psi _n-\psi $


$(\psi _n)$


\begin {equation*}C_\psi \coloneqq \sup _{n\in \N }\|\psi _n\|_{L^2(0,T;U)}<\infty .\end {equation*}


$b$


\begin {equation*}\mathcal {S}\coloneqq \{\one _D\otimes u\otimes v: D\in \BB ([0,T]), u\in U, v\in V\}\subset L^2(0,T;\UH ),\end {equation*}


$\big (\one _D\otimes u\otimes v\big )(t)x\coloneqq \one _D(t)(u,x)_Uv\in H$


$t\in [0,T]$


$x\in U$


$\mathrm {span}(\mathcal {S})$


$L^2(0,T;\UH )$


$\mathcal {L}_2(U,H)$


$V$


$H$


$n\in \N $


\begin {equation*}I_n\colon L^2(0,T;\UH )\to C([0,T];\R ), \; I_n(b) \coloneqq \int _0^\cdot \langle {b}(s)\psi _n(s),w_n(s)\rangle \dd s.\end {equation*}


$I_n$


$\|I_n\|\leq C_\psi C_w$


$n$


\begin {align}\label {eq: In unif bnd} \|I_n(b)\|_{C([0,T];\R )}&\leq \|b\|_{L^2(0,T;\UH )}\|\psi _n\|_{L^2(0,T;U)}\|w_n\|_{C(0,T;H)}\leq \|b\|_{L^2(0,T;\UH )}C_\psi C_w.\end {align}


$b\in \mathcal {S}$


$\lim _{n\to \infty }\|I_n(b)\|_{C([0,T];\R )}=0$


$b\in \mathrm {span}(\mathcal {S})$


$C([0,T];\R )$


$b\in L^2(0,T;\UH )$


$(b_k)\subset \mathrm {span}(\mathcal {S})$


$b_k \to b$


$L^2(0,T;\UH )$


$2\eps $


$b$


$b=\one _D\otimes u\otimes v$


$D\in \BB ([0,T])$


$u\in U$


$v\in V$


\begin {equation}\label {eq: reduction to R} I_n(b)=\int _0^\cdot \one _D(s){\big (u,\psi _n(s)\big )}_U\langle v,w_n(s)\rangle \dd s\end {equation}


\begin {equation*}(v, w_n(s))_H=\langle v,w_n(s)\rangle =\int _0^t \langle \alpha _n(s),v\rangle \dd s.\end {equation*}


$u$


$v$


$(v, w_n(\cdot ))_H\in C([0,T];\R )$


$\langle \alpha _n(\cdot ),v\rangle \in L^1(0,T)$


$n$


$(u,\psi _n(\cdot ))_U\in L^2(0,T)$


$\psi _n\to 0$


$L^2(0,T;U)$


$(u,\psi _n(\cdot ))_U\to 0$


$L^2(0,T)$


$U=V=H=V^*=\R $


$b=\one _D\in L^2(0,T)=L^2(0,T;\mathcal {L}_2(\R ;\R ))$


$(w_n)$


$(\alpha _n)$


$(\psi _n)$


$\psi =0$


$I^n(t)\coloneqq \int _0^t \one _D(s)\psi _n(s)w_n(s)\dd s$


$\lim _{n\to \infty }\sup _{t\in [0,T]}|I^n(t)|=0$


$w_n$


$\delta >0$


$t\in [0,T]$


$t_\delta \coloneqq \lfloor \frac {t}{\delta }\rfloor \delta $


$n\in \N $


$\delta >0$


\begin {align}\label {eq: est I3n} |I^n(t)| &\leq \Big |\int _0^t \one _D(s)\psi _n(s)(w_n(s)-w_n(s_\delta ))\dd s\Big |+\Big |\int _0^t \one _D(s)\psi _n(s)(w_n(s_\delta ))\dd s\Big |\notag \\ &\leq \Big |\int _0^t \one _D(s)\psi _n(s)(w_n(s)-w_n(s_\delta ))\dd s\Big | +\sum _{l=0}^{\lfloor \frac {t}{\delta }\rfloor -1}\Big |\int _{l\delta }^{(l+1)\delta } \one _D(s)\psi _n(s)w_n(s_\delta )\dd s\Big |+\Big |\int _{t_\delta }^t \one _D(s)\psi _n(s)w_n(s_\delta )\dd s\Big |\notag \\ &\eqqcolon J_1^{n,\delta }(t)+\sum _{l=0}^{\lfloor \frac {T}{\delta }\rfloor -1}J_2^{n,\delta ,l}+J_3^{n,\delta }(t).\end {align}


$\psi _n\to 0$


$L^2(0,T)$


$\delta >0$


$l\in \N $


\begin {align}\label {eq: est J3} J_2^{n,\delta ,l}&=|w_n(l\delta )|\Big |\int _{l\delta }^{(l+1)\delta } \one _{D}(s)\psi _n(s)\dd s\Big |\leq C_w\Big |\int _{l\delta }^{(l+1)\delta } \one _{D}(s)\psi _n(s)\dd s\Big |\to 0 \quad \text {as } n\to \infty .\end {align}


$n\in \N $


\begin {align}\label {eq: est J4} \sup _{t\in [0,T]}J_3^{n,\delta }(t) &\leq C_w \sup _{t\in [0,T]}\int _{t_\delta }^t|\psi _n(s)|\dd s \leq C_w C_\psi \delta ^{\frac {1}{2}} \to 0 \quad \text {as } \delta \downarrow 0,\end {align}


$|t-t_\delta |<\delta $


$t\in [0,T]$


$n$


$J_1^{n,\delta }(t)$


$n$


$t$


$n \in \N $


$\delta >0$


\begin {align}\label {eq: est J1} \sup _{t\in [0,T]}J_1^{n,\delta }(t) \leq \int _0^T |\psi _n(s)|\,|w_n(s)-w_n(s_\delta )|\dd s \leq C_\psi \|w_n(\cdot )-w_n(\cdot _\delta )\|_{L^2(0,T)}\end {align}


$w_n(0)=0$


\begin {align}\label {eq: est wn difference H-norm} \int _0^T |w_n(t)-w_n(t_\delta )|^2 \dd t&= \int _0^\delta |w_n(t)|^2 \dd t+\int _\delta ^T |w_n(t)-w_n(t_\delta )|^2 \dd t \leq \delta C_w^2+\int _\delta ^T |w_n(t)-w_n(t_\delta )|^2 \dd t.\end {align}


$t\in [\delta ,T]$


$v_n^{t,\delta }(\cdot )\coloneqq w_n(\cdot )-w_n(t_\delta )=\int _{t_\delta }^\cdot \alpha _n(s)\dd s$


$[t_\delta ,T]$


$\tilde {t}\in [t_\delta ,T]$


\begin {equation*}|w_n(\tilde {t})-w_n(t_\delta )|^2=2\int _{t_\delta }^{\tilde {t}}\alpha _n(s)(w_n(s)-w_n(t_\delta ))\dd s.\end {equation*}


$\tilde {t}=t$


\begin {align}\label {eq: est wn difference H-norm term3} \int _\delta ^T |w_n(t)-w_n(t_\delta )|^2 \dd t &=2\int _\delta ^T \int _{t_\delta }^{t}\alpha _n(s)(w_n(s)-w_n(t_\delta ))\dd s\dd t\notag \\ &\leq 4C_w \int _\delta ^T \int _{t-\delta }^{t}|\alpha _n(s)|\dd s\dd t\notag \\ &\leq 4C_w\int _0^{T}\int _\delta ^T \one _{[s,(s+\delta )\wedge T]}(t)\dd t \, |\alpha _n(s)|\dd s\notag \\ &\leq 4\delta C_wC_\alpha ,\end {align}


$\one _{[t-\delta ,t]}(s)\leq \one _{[s,(s+\delta )\wedge T]}(t)$


$(s,t)\in [0,T]\times [\delta ,T]$


$\delta >0$


\begin {align}\label {eq: est J1 final} \sup _{n\in \N }\sup _{t\in [0,T]}J_1^{n,\delta }(t)&\leq C_\psi {\big (\delta C_w^2+4\delta C_w C_\alpha \big )}^{\frac {1}{2}}.\end {align}


$\eps >0$


$\delta >0$


$\sup _{n\in \N }\sup _{t\in [0,T]}J_1^{n,\delta }(t)<\frac {\eps }{3}$


$\sup _{n\in \N }\sup _{t\in [0,T]}J_3^{n,\delta }(t)<\frac {\eps }{3}.$


$N\in \N $


$n\geq N$


$J_2^{n,\delta ,l}<\frac {\eps }{3\lfloor \frac {T}{\delta }\rfloor }$


$\sup _{t\in [0,T]}|I^n(t)|<\eps $


$n\geq N$


$\lim _{n\to \infty }\sup _{t\in [0,T]}|I^n(t)|=0$


$B$


$V$


$H$


$(A,B)$


$\psi \in L^2(0,T;U)$


$u^\psi $


$K\geq 0$


$(S_K,\mathrm {weak})\to \MR (0,T)\colon \psi \mapsto u^{\psi }$


$S_K$


$L^2(0,T;U)$


$\psi _n \to \psi $


$L^2(0,T;U)$


$w_n\coloneqq u^{\psi _n}-u^\psi $


$w_n\to 0$


$\MR (0,T)$


$n\in \N $


$w_n$


\begin {align*}\begin {cases} w_n'+\bar {A_0} w_n=f_n+\big (\bar {B_0} w_n+g_n\big )\psi _n+{b}(\psi _n-\psi ), \\ w_n(0)=0, \end {cases}\end {align*}


$\bar {A_0}\coloneqq A_0 (u^\psi )$


$\bar {B_0}\coloneqq B_0(u^\psi )$


\begin {align*}f_n&\coloneqq (A_0(u^\psi )-A_0(u^{\psi _n}))u^{\psi _n}+F(u^{\psi _n})-F(u^{\psi })\in L^2(0,T;V^*),\\ g_n&\coloneqq -(B_0(u^\psi )-B_0(u^{\psi _n}))u^{\psi _n}+G(u^{\psi _n})-G(u^\psi )\in L^2(0,T;\UH ),\\ {b}&\coloneqq B(u^\psi )=B_0(u^\psi ) u^\psi +G(u^\psi )+g\in L^2(0,T;\UH ).\end {align*}


$t\in [0,T]$


\begin {align}\frac {1}{2} \|w_n(t)\|_H^2 &= \int _0^t -\langle \bar {A_0}w_n(s),w_n(s)\rangle +\langle \bar {B_0}w_n(s)\psi _n(s),w_n(s)\rangle \dd s\notag \\ &\qquad +\int _0^t\langle f_n(s),w_n(s)\rangle +\langle g_n(s)\psi _n(s),w_n(s)\rangle \dd s\notag \\ &\qquad \qquad +\int _0^t \langle {b}(s)(\psi _n(s)-\psi (s)),w_n(s)\rangle \dd s\notag \\ &\eqqcolon I_1^n(t)+I_2^n(t)+I_3^n(t). \label {eq: gronwall prep wn}\end {align}


\begin {equation*}\|w_n\|_{\MR (0,T)}^2\leq C\sup _{t\in [0,T]}|I_3^n(t)|,\end {equation*}


$I_3^n$


$w_n\to 0$


$\MR (0,T)$


$(\psi _n)$


$L^2(0,T;U)$


\begin {equation}\label {eq: def N} N\coloneqq \|u^\psi \|_{\MR (0,T)}+\sup _{n\in \N }\|u^{\psi _n}\|_{\MR (0,T)} <\infty .\end {equation}


$\theta _{N,T}$


$M_{N,T}$


$C_{N,T}$


$I_1^n$


$I_2^n$


$(A_0,B_0)$


\begin {align}\label {eq: gronwall prep wn I1mn} I_1^n(t)&\leq \int _0^t-\langle \bar {A_0}w_n(s),w_n(s)\rangle +\nn \bar {B_0}w_n(s)\nn _H\|\psi _n(s)\|_U\|w_n(s)\|_H\dd s \notag \\ &\leq \int _0^t-\langle \bar {A_0}w_n(s),w_n(s)\rangle +\frac {1}{2}\nn \bar {B_0}w_n(s)\nn _H^2+\frac {1}{2}\|\psi _n(s)\|_U^2\|w_n(s)\|_H^2\dd s \notag \\ &\leq \int _0^t-\theta _{N,T}\|w_n(s)\|_V^2+(M_{N,T}+\frac {1}{2}\|\psi _n(s)\|_U^2)\|w_n(s)\|_H^2\dd s.\end {align}


\begin {align}\label {eq: gronwall prep wn I2on} I_2^n(t)&\leq \int _0^t\|f_n(s)\|_{V^*}\|w_n(s)\|_V+\nn g_n(s)\nn _H\|\psi _n(s)\|_U\|w_n(s)\|_H\dd s\notag \\ &\leq \int _0^t\frac {1}{\theta _{N,T}}\|f_n(s)\|_{V^*}^2+\frac {\theta _{N,T}}{4}\|w_n(s)\|_V^2+\frac {1}{2}\nn g_n(s)\nn _H^2+\frac {1}{2}\|\psi _n(s)\|_U^2\|w_n(s)\|_H^2\dd s.\end {align}


$f_n$


$\sigma >0$


\begin {align}\label {eq: gronwall prep wn I2hn fn appl} \|f_n\|_{L^2(0,t;V^*)}^2&\leq 2\|(A_0 (u^\psi )-A_0 (u^{\psi _n}))u^{\psi _n}\|_{L^2(0,t;V^*)}^2+2\|F(u^{\psi _n})-F(u^{\psi }) \|_{L^2(0,t;V^*)}^2\notag \\ &\leq 2C_{N,T}^2\int _0^t\|u^{\psi _n}\|_V^2\|w_n\|_H^2\dd s +2C_{N,T,\sigma }\int _0^t\left (1+\|u^\psi \|_{V}^2+\|u^{\psi _n}\|_{V}^2\right )\|w_n\|_{H}^2\dd s+2\sigma C_{N,T}^2\|w_n\|_{L^2(0,t;V)}^2.\end {align}


$\|g_n\|_{L^2(0,t;\UH )}^2$


$\bar {\sigma }\coloneqq \theta _{N,T}^2(4(2+\theta _{N,T})C_{N,T}^2)^{-1}>0$


\begin {align}\label {eq: gronwall prep wn I2nn final} I_2^n(t) &\leq (\frac {2}{\theta _{N,T}}+1)\left (C_{N,T}^2\int _0^t\|u^{\psi _n}\|_V^2\|w_n\|_H^2\dd s +C_{N,T,\bar {\sigma }}\int _0^t\left (1+\|u^\psi \|_{V}^2+\|u^{\psi _n}\|_{V}^2\right )\|w_n\|_{H}^2\dd s\right )\notag \\ &\qquad \qquad +(\frac {2}{\theta _{N,T}}+1)\bar {\sigma } C_{N,T}^2\|w_n\|_{L^2(0,t;V)}^2+\frac {\theta _{N,T}}{4}\|w_n\|_{L^2(0,t;V)}^2+\int _0^t\frac {1}{2}\|\psi _n\|_U^2\|w_n\|_H^2\dd s\notag \\ & = \int _0^t h_n(s)\|w_n(s)\|_H^2\dd s+\frac {\theta _{N,T}}{2}\|w_n\|_{L^2(0,t;V)}^2,\end {align}


\begin {equation*}h_n(s)\coloneqq (\frac {2}{\theta _{N,T}}+1)\left (C_{N,T}^2\|u^{\psi _n}(s)\|_V^2+ C_{N,T,\bar {\sigma }}(1+\|u^\psi (s)\|_{V}^2+\|u^{\psi _n}(s)\|_{V}^2) \right )+\frac {1}{2}\|\psi _n(s)\|_U^2.\end {equation*}


$\sup _{n\in \N }\|h_n\|_{L^1(0,T)}<\infty $


$(\psi _n)\subset S_K$


\begin {equation*}I_1^n(t)+I_2^n(t)\leq -\frac {\theta _{N,T}}{2} \|w_n\|_{L^2(0,t;V)}^2+\int _0^t \Big (h_n(s)+M_{N,T}+\frac {1}{2}\|\psi _n(s)\|_U^2\Big )\|w_n(s)\|_{H}^2\dd s.\end {equation*}


\begin {equation*}\|w_n(t)\|_{H}^2\leq -\theta _{N,T}\|w_n\|_{L^2(0,t;V)}^2 +2\int _0^t \Big (h_n(s)+M_{N,T}+\frac {1}{2}\|\psi _n(s)\|_U^2\Big )\|w_n(s)\|_{H}^2\dd s+2\sup _{s\in [0,t]}|I_3^n(s)|.\end {equation*}


$n\in \N $


\begin {equation}\label {eq: gronwall wn} \frac {1}{2}\|w_n\|_{\MR (0,T)}^2\leq \sup _{t\in [0,T]}\|w_n(t)\|_{H}^2+\|w_n\|_{L^2(0,T;V)}^2\leq 2(1+\frac {1}{\theta _{N,T}})\sup _{s\in [0,t]}|I_3^n(s)|\exp (2\kappa ),\end {equation}


$\kappa \coloneqq \sup _{n\in \N }\left (\|h_n\|_{L^1(0,T)}+\frac {1}{2}\|\psi _n\|_{L^2(0,T;U)}^2\right )+M_{N,T}<\infty $


$\lim _{n\to \infty }\sup _{t\in [0,T]}|I_3^n(t)|=0$


$\sup _{n\in \N }\|w_n\|_{\MR (0,T)}\leq N$


$(\alpha _n)\subset L^1(0,T;V^*)$


$\alpha _n\coloneqq -\bar {A_0}w_n+f_n+(\bar {B_0}w_n+g_n)\psi _n+{b}(\psi _n-\psi )\in L^2(0,T;V^*)+L^1(0,T;H)\subset L^1(0,T;V^*)$


$(-\bar {A_0}w_n+f_n)\subset L^2(0,T;V^*)$


$(\beta _n)\coloneqq ((\bar {B_0}w_n+g_n)\psi _n+{b}(\psi _n-\psi ))\subset L^1(0,T;H)$


$\|(\bar {B_0}w_n+g_n)\psi _n\|_H\leq \nn \bar {B_0}w_n+g_n\nn _H\|\psi _n\|_U$


$(\psi _n)$


$L^2(0,T;U)$


${b}(\psi _n-\psi )$


$(\bar {B_0}w_n)$


$(g_n)$


$L^2(0,T;\UH )$


$(\beta _n)\subset L^1(0,T;H)$


${b}\in L^2(0,T;\UH )$


$n$


$\bar {B_0}w_n$


$g_n$


$\bar {A_0}w_n\coloneqq A_0(u^\psi )w_n$


$f_n\coloneqq (A_0(u^\psi )-A_0(u^{\psi _n}))u^{\psi _n}+F(u^{\psi _n})-F(u^{\psi })$


$\|A_0(u^\psi )w_n\|_{L^2(0,T;V^*)}\leq C_{N,T}N<\infty $


$\|(A_0(u^\psi )-A_0(u^{\psi _n}))u^{\psi _n}\|_{L^2(0,T;V^*)}\leq C_{N,T}N^2<\infty $


$\|F(u^{\psi _n})\|_{L^2(0,T;V^*)}\leq \tilde {C}_{N,T} (1+ N)<\infty $


$F(u^{\psi })\in L^2(0,T;V^*)$


$n$


$(-\bar {A_0}w_n+f_n)$


$L^2(0,T;V^*)$


$(\beta _n)$


$L^1(0,T;H)$


$\lim _{n\to \infty }\sup _{t\in [0,T]}|I_3^n(t)|=0$


$w_n\to 0$


$\MR (0,T)$


$\mathcal {G}^0\colon C([0,T];U_1)\to \MR (0,T)$


$\{\int _0^\cdot \psi (s)\dd s:\psi \in L^2(0,T;U)\}=\{v\in W^{1,2}(0,T;U): v(0)=0\}\eqqcolon W^{1,2}_0$


$W^{1,2}_0$


$C([0,T];U)$


$W^{1,2}_0$


$W^{1,2}(0,T;U)$


$\mathcal {B}(W^{1,2}_0)\subset \mathcal {B}(C([0,T];U))$


$\gamma \colon W^{1,2}_0\to \MR (0,T)\colon \int _0^\cdot \psi (s)\dd s\mapsto u^\psi $


$\int _0^\cdot \psi _n(s)\dd s\to \int _0^\cdot \psi (s)\dd s$


$W^{1,2}_0$


$\psi _n\to \psi $


$L^2(0,T;U)$


$L^2(0,T;U)\to \MR (0,T)\colon \psi \mapsto u^\psi $


$E\in \mathcal {B}(\MR (0,T))$


\begin {equation*}\left (\mathcal {G}^0\right )^{-1}(E) =\begin {cases} \gamma ^{-1}(E)\in \mathcal {B}(W^{1,2}_0)\subset \mathcal {B}(C([0,T];U)) , & 0\notin E,\\ \gamma ^{-1}(E)\cup (C([0,T];U)\setminus W^{1,2}(0))\in \mathcal {B}(C([0,T];U)), & 0\in E. \end {cases}\end {equation*}


$U\into U_1$


$\mathcal {B}(C([0,T];U))\subset \mathcal {B}(C([0,T];U_1))$


$\mathcal {G}^0$


$X^\eps \coloneqq \G ^\eps \big (\tilde {W}_1(\cdot )+\frac {1}{\sqrt {\eps }}\int _0^{\cdot } \Psi ^\eps (s)\dd s\big )$


$B$


$(A,B)$


$K>0$


$(\Psi ^\eps )_{0< \eps <\frac {1}{2}}\subset \mathcal {A}_K$


$x\in H$


$\eps \in (0,\frac {1}{2})$


$X^\eps $


\begin {align}&\begin {cases} \dd X^\eps (t)=\left (-A(t,X^\eps (t)) +B(t,X^\eps (t))\Psi ^\eps (t)\right )\dd t+\sqrt {\eps }B(t,X^\eps (t))\dd W(t), \quad t\in [0,T],\\ X^\eps (0)=x, \end {cases}\label {eq:Ramram}\end {align}


$C>0$


$\gamma >0$


\begin {equation*}\begin {cases} \sup _{\eps \in (0,\frac {1}{2})}\P (\|X^\eps \|_{\MR (0,T)}>\gamma )\leq \frac {C}{\gamma ^2},\\ \sup _{\eps \in (0,\frac {1}{2})}\P (\|B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}>\gamma )\leq \frac {C}{\gamma ^2}. \end {cases}\end {equation*}


$C$


$x,K,T$


$\phi ,M,\theta $


\begin {equation}\label {eq: Ito pardoux} \|u(t)\|_H^2 =\|u_0\|_H^2+2\int _0^t\langle v(s),u(s)\rangle \dd s+2\int _0^t\langle u(s),\Phi (s) \dd W(s)\rangle +\int _0^t \nn \Phi (s)\nn _H^2 \dd s.\end {equation}


$\eps <\frac {1}{2}$


$t\in [0,T]$


\begin {align}\|X^\eps (t)\|_H^2-\|&x\|_H^2=2\int _0^t\langle -A(s,X^\eps (s)),X^\eps (s)\rangle +\langle B(s,X^\eps (s))\Psi ^\eps (s),X^\eps (s)\rangle \dd s\notag \\ &\qquad \qquad +2\sqrt {\eps }\int _0^t \langle X^\eps (s),B(s,X^\eps (s))\dd W(s)\rangle +\eps \int _0^t \nn B(s,X^\eps (s))\nn _H^2\dd s\notag \\ &\leq 2\int _0^t-\frac {1}{2}\nn B(s,X^\eps (s))\nn _H^2-\theta \|X^\eps (s)\|_V^2+M\|X^\eps (s)\|_H^2+|\phi (s)|^2\dd s \notag \\ &\qquad +2\int _0^t\langle B(s,X^\eps (s))\Psi ^\eps (s),X^\eps (s)\rangle \dd s\notag \\ &\qquad \qquad +\eps \int _0^t \nn B(s,X^\eps (s))\nn _H^2\dd s+2\sqrt {\eps }\int _0^r \langle X^\eps (s),B(s,X^\eps (s)(\cdot )\rangle \dd W(s)\notag \\ &\leq -\int _0^t \nn B(s,X^\eps (s))\nn _H^2\dd s-2\theta \|X^\eps \|_{L^2(0,t;V)}^2+\int _0^t 2M\|X^\eps (s)\|_H^2\dd s+2\|\phi \|_{L^2(0,t)}^2\notag \\ &\qquad +2\int _0^t \frac {1}{8}\nn B(s,X^\eps (s))\nn _H^2+2\|\Psi ^\eps (s)\|_U^2\|X^\eps (s)\|_H^2\dd s\notag \\ &\qquad \qquad +\frac {1}{2}\int _0^t \nn B(s,X^\eps (s))\nn _H^2\dd s+2\sqrt {\eps }\int _0^t \langle X^\eps (s),B(s,X^\eps (s)(\cdot )\rangle \dd W(s)\notag \\ &= -\frac {1}{4}\|B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,t;\UH )}^2 -2\theta \|X^\eps \|_{L^2(0,t;V)}^2+2\|\phi \|_{L^2(0,t)}^2\notag \\ &\qquad +\int _0^t 2(M+2\|\Psi ^\eps (s)\|_U^2)\|X^\eps (s)\|_H^2\dd s +2\sqrt {\eps }\int _0^t \langle X^\eps (s),B(s,X^\eps (s)(\cdot )\rangle \dd W(s). \label {eq:prep gronwall Xxxeps}\end {align}


$y_\eps (t)\leq h(t)+\int _0^ty_\eps (s)a_\eps (s)\dd s+2\sqrt {\eps }\int _0^t \langle X^\eps (s),B(s,X^\eps (s)(\cdot )\rangle \dd W(s)$


\begin {align*}y_\eps (t)\coloneqq \|X^\eps (t)\|_H^2+2\theta \|X^\eps \|_{L^2(0,t;V)}^2+\frac {1}{4}\| B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,t;\UH )}^2, \\ h(t)\coloneqq \|x\|_H^2+2\|\phi \|_{L^2(0,T)}^2, \qquad a_\eps (t)\coloneqq 2(M+2\|\Psi ^\eps (t)\|_U^2).\end {align*}


$R\coloneqq 2MT+4K^2$


\begin {align*}\P \Big (\sup _{t\in [0,T]}y_\eps (t)>\gamma \Big )\leq \frac {\exp (2MT+4K^2)}{\gamma }\E [h(T)] \leq \frac {\exp (2MT+4K^2)}{\gamma }\big (\|x\|_H^2+2\|\phi \|_{L^2(0,T)}^2\big )\end {align*}


$\gamma >0$


$\|\Psi ^\eps \|_{L^2(0,T;U)}\leq K$


$(\Psi ^\eps )\subset \mathcal {A}_K$


\begin {align*}&\Big \{\sup _{t\in [0,T]}y_\eps (t)>\gamma \Big \}\\ &\supset \Big \{\|X^\eps \|_{C([0,T];H)}^2+2\theta \|X^\eps \|_{L^2(0,T;V)}^2>{2\gamma }\Big \}\cup \Big \{\| B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}^2>4\gamma \Big \}\\ &\supset \Big \{\|X^\eps \|_{\MR (0,T)}^2>\frac {4\gamma }{1\wedge 2\theta }\Big \}\cup \Big \{\| B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}^2>4\gamma \Big \}\end {align*}


$C\coloneqq \frac {4}{1\wedge 2\theta }\exp (2MT+4K^2)(\|x\|_H^2+2\|\phi \|_{L^2(0,T)}^2)$


$\eps \in (0,\frac {1}{2})$


\begin {align*}&\P (\|X^\eps \|_{\MR (0,T)}^2>\gamma )\leq \frac {C}{\gamma },\quad \P (\|B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}^2>\gamma )\leq \frac {C}{\gamma }.\end {align*}


$\P (\|X^\eps \|_{\MR (0,T)}>\gamma )=\P (\|X^\eps \|_{\MR (0,T)}^2>\gamma ^2)\leq \frac {C}{\gamma ^2}$


$\P (\|B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}>\gamma )\leq \frac {C}{\gamma ^2}$


$\eps \in (0,\frac {1}{2})$


$(A,B)$


$(\Psi ^\eps )_{0<\eps <\frac {1}{2}}\subset \mathcal {A}_K$


$K>0$


$x\in H$


$\eps \in (0,\frac {1}{2})$


$X^\eps $


$u^{\eps }$


\begin {equation*}X^{\eps }\coloneqq \mathcal {G}^{\eps }\Big ({\tilde {W}_1}(\cdot )+\frac {1}{\sqrt {\eps }}\int _0^{\cdot }{\Psi }^{\eps }(s)\dd s\Big ), \quad u^{\eps }\coloneqq \mathcal {G}^0\Big (\int _0^\cdot \Psi ^\eps (s)\dd s\Big ),\end {equation*}


$\mathcal {G}^{\eps }:C([0,T];U_1)\to \MR (0,T)$


$\eps >0$


$\G ^0$


$\tilde {W}_1$


$X^\eps - u^{\eps }\to 0$


$\MR (0,T)$


$\eps \downarrow 0$


$n$


$n$


$H$


$\|\Psi ^\eps \|_{L^2(0,T;U)}\leq K<\infty $


$\om \in \Om $


$u^\eps (\om )=u^{\Psi _\eps (\om )}$


$\psi =\Psi ^\eps (\om )\in S_K$


\begin {align}\label {eq: def esssup N} N\coloneqq \esssup _{\om \in \Om }\sup _{\eps \in (0,\frac {1}{2})}\|u^\eps (\om )\|_{\MR (0,T)}<\infty .\end {align}


$X^\eps $


$\sup _{\eps \in (0,\frac {1}{2})}\|X^\eps \|_{C([0,T];H)}<\infty $


$\eps \in (0,\frac {1}{2})$


$n\in \N $


\begin {equation*}E_{n,\eps }\coloneqq \{\|X^\eps \|_{\MR (0,T)}\leq n\}\cap \{\|u^{\eps }\|_{\MR (0,T)}\leq N\}.\end {equation*}


$X^\eps $


\begin {equation*}\P (E_{n,\eps }^c)= \P (\|X^\eps \|_{\MR (0,T)}>n) \leq \frac {C}{n^2},\end {equation*}


$C$


$\eps $


$\eps \in (0,\frac {1}{2})$


$n\in \N $


\begin {align*}\P (\|X^\eps - u^{\eps }\|_{\MR (0,T)}>\gamma ) &\leq \P (\{\|X^\eps - u^{\eps }\|_{\MR (0,T)}>\gamma \}\cap E_{n,\eps })+\P (E_{n,\eps }^c)\\ &\leq \P (\{\|X^\eps - u^{\eps }\|_{\MR (0,T)}>\gamma \}\cap E_{n,\eps })+\frac {C}{n^2}.\end {align*}


$\delta >0$


$n\in \N $


\begin {equation}\label {eq: XZeps weak conv to show 2} \lim _{\eps \downarrow 0}\P (\{\|X^\eps - u^{\eps }\|_{\MR (0,T)}>\delta \}\cap E_{n,\eps })=0.\end {equation}


$n\geq N$


$N$


$t\in [0,T]$


\begin {align*}\|X^\eps (t)-u^{\eps }(t)\|_H^2 &=2\int _0^t\langle -A(s,X^\eps (s))+A(s,u^{\eps }(s)),X^\eps (s)-u^{\eps }(s)\rangle \dd s\\ &\qquad +2\int _0^t\langle \big (B(s,X^\eps (s))-B(s,u^{\eps }(s))\big )\Psi ^\eps (s),X^\eps (s)-u^{\eps }(s)\rangle \dd s\\ &\qquad +\eps \int _0^t \nn B(s,X^\eps (s))\nn _H^2\dd s\\ &\qquad +2\sqrt {\eps }\int _0^t \langle X^\eps (s)-u^{\eps }(s),B(s,X^\eps (s))\dd W(s)\rangle \\ &\eqqcolon {I}_1^\eps (t)+{I}_2^\eps (t)+{I}_3^\eps (t)+{I}_4^\eps (t).\end {align*}


\begin {equation}\label {eq: to show Iaaa1I2} {I}_1^\eps (t)+{I}_2^\eps (t)\leq -\theta _{n,T}\|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2+\int _0^t |h_{n,\eps }(s)|\|X^\eps (s)-u^{\eps }(s)\|_H^2 \dd s\end {equation}


$E_{n,\eps }$


$t\in [0,T]$


$\eps \in (0,\frac {1}{2})$


$\theta _{n,T}$


$h_{n,\eps }\in L^1(0,T)$


$\alpha _n\coloneqq \sup _{\eps \in (0,\frac {1}{2})}\esssup _\Om \|h_{n,\eps }\one _{E_{n,\eps }}\|_{L^1(0,T)}<\infty $


$E_{n,\eps }$


\begin {equation*}\|X^\eps (t)-u^{\eps }(t)\|_H^2\leq -\theta _{n,T}\|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2+{I}_3^\eps (t)+\sup _{r\in [0,t]}{I}_4^\eps (r)+\int _0^t |h_{n,\eps }(s)|\|X^\eps (s)-u^{\eps }(s)\|_H^2 \dd s,\end {equation*}


$\omega \in E_{n,\eps }$


\begin {equation*}\|X^\eps -u^{\eps }\|_{C([0,T];H)}^2+\|X^\eps -u^{\eps }\|_{L^2(0,T;V)}^2\leq (1+{\theta _{n,T}}^{-1})\exp (\alpha _n)\Big ({I}_3^\eps (T)+\sup _{t\in [0,T]}|{I}_4^\eps (t)|\Big ).\end {equation*}


$c_{n}\coloneqq 2(1+{\theta _{n,T}}^{-1})\exp ({\alpha _n})$


$\|X^\eps -u^{\eps }\|_{\MR (0,T)}^2\leq c_{n}\Big ({I}_3^\eps (T)+\sup _{t\in [0,T]}|{I}_4^\eps (t)|\Big )$


$E_{n,\eps }$


\begin {equation*}\P (\{\|X^\eps - u^{\eps }\|_{\MR (0,T)}^2>\delta \}\cap E_{n,\eps })\leq \sum _{i=3}^4\P (\{\sup _{t\in [0,T]}|{I}_i^\eps (t)|>\frac {\delta }{2c_n}\}\cap E_{n,\eps }).\end {equation*}


\begin {equation}\label {eq: to show I33} \lim _{\eps \downarrow 0}\P ({I}_3^\eps (T)> \delta )=0 \text { for any } \delta >0,\end {equation}


\begin {equation}\label {eq: to show I444} \lim _{\eps \downarrow 0}\P (\sup _{t\in [0,T]}|{I}_4^\eps (t)|>\delta )=0 \text { for any } \delta >0.\end {equation}


$A(t,v)=A_0(t,v)v-F(t,v)-f$


$B(t,v)=B_0(t,v)v+G(t,v)+g$


$E_{n,\eps }$


$\eps \in (0,\frac {1}{2})$


\begin {align}\frac {1}{2}({I}_1^\eps (t)+{I}_2^\eps (t))&=\int _0^t \langle -A_0(s,u^{\eps }(s))(X^\eps (s)-u^{\eps }(s)),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\qquad + \int _0^t\langle \big (A_0(s,u^{\eps }(s))-A_0(s,X^\eps (s))\big )X^\eps (s),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\qquad + \int _0^t\langle F(X^\eps (s))-F(u^{\eps }(s)),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\qquad +\int _0^t \langle B_0(s,u^{\eps }(s))(X^\eps (s)-u^{\eps }(s))\Psi ^\eps (s),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\qquad +\int _0^t \langle \big (B_0(s,X^\eps (s))-B_0(s,u^{\eps }(s))\big )X^\eps (s)\Psi ^\eps (s),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\qquad +\int _0^t\langle \big (G(X^\eps (s))-G(u^{\eps }(s))\big )\Psi ^\eps (s),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\leq \int _0^t \langle -A_0(s,u^{\eps }(s))(X^\eps (s)-u^{\eps }(s)),X^\eps (s)-u^{\eps }(s)\rangle \dd s\notag \\ &\qquad +\int _0^t\frac {1}{2} \nn B_0(s,u^{\eps }(s))(X^\eps (s)-u^{\eps }(s))\nn _H^2+\frac {1}{2}\|\Psi ^\eps (s)\|_U^2\|X^\eps (s)-u^{\eps }(s)\|_H^2\dd s\notag \\ &\qquad + \int _0^t\|\big (A_0(s,u^{\eps }(s))-A_0(s,X^\eps (s))\big )X^\eps (s)\|_{V^*}\|X^\eps (s)-u^{\eps }(s)\|_V\dd s\notag \\ &\qquad + \int _0^t\|F(X^\eps (s))-F(u^{\eps }(s))\|_{V^*}\|X^\eps (s)-u^{\eps }(s)\|_V\dd s\notag \\ &\qquad +\int _0^t \nn \big (B_0(s,X^\eps (s))-B_0(s,u^{\eps }(s))\big )X^\eps (s)\nn _H\|\Psi ^\eps (s)\|_U\|X^\eps (s)-u^{\eps }(s)\|_H\dd s\notag \\ &\qquad +\int _0^t\nn G(X^\eps (s))-G(u^{\eps }(s))\nn _H\|\Psi ^\eps (s)\|_U \|X^\eps (s)-u^{\eps }(s)\|_H\dd s\notag \\ &\leq \int _0^t -\theta _{n,T}\|X^\eps (s)-u^{\eps }(s)\|_V^2\dd s\notag \\ &\qquad +\int _0^t \left (M_{n,T}+\frac {1}{2}\|\Psi ^\eps (s)\|_U^2\right )\|X^\eps (s)-u^{\eps }(s)\|_H^2\dd s\notag \\ &\qquad + \int _0^tC_\sigma \|\big (A_0(s,u^{\eps }(s))-A_0(s,X^\eps (s))\big )X^\eps (s)\|_{V^*}^2+\sigma \|X^\eps (s)-u^{\eps }(s)\|_V^2\dd s\notag \\ &\qquad + \int _0^tC_\sigma \|F(X^\eps (s))-F(u^{\eps }(s))\|_{V^*}^2+\sigma \|X^\eps (s)-u^{\eps }(s)\|_V^2\dd s\notag \\ &\qquad +\int _0^t \frac {1}{2} \nn \big (B_0(s,X^\eps (s))-B_0(s,u^{\eps }(s))\big )X^\eps (s)\nn _H^2+\frac {1}{2}\|\Psi ^\eps (s)\|_U^2\|X^\eps (s)-u^{\eps }(s)\|_H^2\dd s\notag \\ &\qquad +\frac {1}{2}\int _0^t\nn G(X^\eps (s))-G(u^{\eps }(s))\nn _H^2+\frac {1}{2}\|\Psi ^\eps (s)\|_U^2 \|X^\eps (s)-u^{\eps }(s)\|_H^2\dd s\notag \\ &\eqqcolon -\theta _{n,T}\|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2+{J}_{1}^{\eps }(t)+{J}_{2}^{\eps ,\sigma }(t)+{J}_{3}^{\eps ,\sigma }(t)+{J}_{4}^{\eps }(t)+{J}_{5}^{\eps }(t) \label {eq:God}\end {align}


$\sigma >0$


$C_\sigma \coloneqq \frac {1}{4\sigma }$


$\theta _{n,T}$


$M_{n,T}$


$(A_0,B_0)$


${J}_1^\eps $


\begin {align}J_2^{\eps ,\sigma }(t) &\leq C_\sigma C_{n,T}^2 \int _0^t\|X^\eps (s)-u^{\eps }(s)\|_H^2\|X^\eps (s)\|_V^2\dd s +\sigma \|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2, \label {eq: gronwall est J2}\\ J_4^\eps (t)&\leq \frac {1}{2} \int _0^t\|X^\eps (s)-u^{\eps }(s)\|_H^2\big ( C_{n,T}^2\|X^\eps (s)\|_V^2+\|\Psi ^\eps (s)\|_U^2\big )\dd s.\label {eq: gronwall est J4}\end {align}


$\tilde {\sigma }>0$


\begin {align}\label {eq: gronwall est J3} J_3^{\eps ,\sigma }(t) &\leq C_\sigma C_{n,T,\tilde {\sigma }} \int _0^t\|X^\eps (s)-u^{\eps }(s)\|_H^2\big (1+\|X^\eps (s)\|_V^2+\|u^{\eps }(s)\|_V^2\big )\dd s +C_\sigma \tilde {\sigma }C_{n,T}^2\|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2+\sigma \|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2\end {align}


$C_{n,T,\tilde {\sigma }}>0$


\begin {align}\label {eq: gronwall est J5} J_5^\eps (t)&\leq \frac {1}{2}\int _0^t\|X^\eps (s)-u^{\eps }(s)\|_H^2\left (C_{n,T,\tilde {\sigma }}(1+\|X^\eps (s)\|_V^2+\|u^{\eps }(s)\|_V^2)+\|\Psi ^\eps (s)\|_U^2\right )\dd s +\frac {1}{2}\tilde {\sigma }C_{n,T}^2\|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2.\end {align}


$\sigma \coloneqq \frac {\theta _{n,T}}{8}$


$\tilde {\sigma }\coloneqq \frac {\theta _{n,T}}{8C_{n,T}^2(C_\sigma \vee \frac {1}{2})}$


\begin {align*}{I}_1^\eps (t)+{I}_2^\eps (t)&\leq -\theta _{n,T}\|X^\eps -u^{\eps }\|_{L^2(0,t;V)}^2+\int _0^t h_{n,\eps }(s)\|X^\eps (s)-u^{\eps }(s)\|_H^2\dd s,\end {align*}


$h_{n,\eps }$


\begin {align}h_{n,\eps }(s)&= C_{n,T,\sigma ,\tilde {\sigma }}\left (1+\|\Psi ^\eps (s)\|_U^2+\|X^\eps (s)\|_V^2+\|u^{\eps }(s)\|_V^2\right ), \label {eq:Balaji}\end {align}


$C_{n,T,\sigma ,\tilde {\sigma }}>0$


$\Psi ^\eps \in L^2(0,T;U)$


$X^\eps ,u^{\eps }\in L^2(0,T;V)$


$h_{n,\eps }\in L^1(0,T)$


$E_{n,\eps }$


$(\Psi ^\eps )\subset \mathcal {A}_K$


$\|h_{n,\eps }\one _{E_{n,\eps }}\|_{L^1(0,T)}\leq C_{n,T,\sigma ,\tilde {\sigma }}(T+K^2+2n^2)$


$\eps \in (0,\frac {1}{2})$


$h_{n,\eps }$


$E_{n,\eps }$


$\eps \in (0,\frac {1}{2})$


$\delta >0$


\begin {align*}\lim _{\eps \downarrow 0}\P ({I}_3^\eps (T)>\delta ) =\lim _{\eps \downarrow 0}\P ( \| B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}^2>{\delta }{\eps }^{-1}) \leq \lim _{\eps \downarrow 0}{C\eps }{\delta }^{-1}=0.\end {align*}


${I}_4^\eps $


$[{I}_4^\eps ](T)=\int _0^T\eps \|\langle X^\eps (s)-u^{\eps }(s),B(s,X^\eps (s))(\cdot )\rangle \|_{\mathcal {L}_2(U,\R )}^2\dd s$


$[I_4^\eps ]$


\begin {equation}\label {eq:Siya} \lim _{\eps \downarrow 0}\P \Big (\eps \int _0^T\|\langle X^\eps (s)-u^{\eps }(s),B(s,X^\eps (s))(\cdot )\rangle \|_{\mathcal {L}_2(U,\R )}^2\dd s>\delta \Big )=0 \text { for all } \delta >0.\end {equation}


$\delta >0$


$\eps \in (0,\frac {1}{2})$


\begin {align}\P \Big (\eps \int _0^T\|\langle X^\eps (s)-&u^{\eps }(s),B(s,X^\eps (s))(\cdot )\rangle \|_{\mathcal {L}_2(U,\R )}^2\dd s>\delta \Big )\notag \\ &\leq \P \Big (\int _0^T \|X^\eps (s)-u^{\eps }(s)\|_H^2\nn B(s,X^\eps (s))\nn _H^2\dd s>{\delta }{\eps }^{-1}\Big )\notag \\ &\leq \P \Big (\|X^\eps -u^{\eps }\|_{C([0,T];H)}^2 \int _0^T \nn B(s,X^\eps (s))\nn _H^2\dd s>{\delta }{\eps }^{-1}\Big )\notag \\ &\leq \P \big (\|X^\eps -u^{\eps }\|_{C([0,T];H)}>({\delta }{\eps }^{-1})^{\frac {1}{4}}\big )+ \P \big (\| B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )} >({\delta }{\eps }^{-1})^{\frac {1}{4}}\big ).\label {eq: weak L1 estimates}\end {align}


\begin {align}\P \big (\|X^\eps -u^{\eps }\|_{C([0,T];H)}>({\delta }{\eps }^{-1})^{\frac {1}{4}}\big ) & \leq \P \big (\|X^\eps \|_{C([0,T];H)}>\tfrac {1}{2}({\delta }{\eps }^{-1})^{\frac {1}{4}}\big )+\P \big (\|u^{\eps }\|_{C([0,T];H)}>\tfrac {1}{2}({\delta }{\eps }^{-1})^{\frac {1}{4}}\big )\notag \\ & \leq 4C({\eps }{\delta }^{-1})^{\tfrac {1}{2}}+\P \big (\|u^{\eps }\|_{C([0,T];H)}>\frac {1}{2}({\delta }{\eps }^{-1})^{\frac {1}{4}}\big ), \label {eq: fact difference}\end {align}


\begin {align}\P \big (\|B(\cdot ,X^\eps (\cdot ))\|_{L^2(0,T;\UH )}> ({\delta }{\eps }^{-1})^{\frac {1}{4}}\big )\leq C({\eps }{\delta }^{-1})^{\frac {1}{2}}.\hspace {5cm} \label {eq:SiyaRam}\end {align}


$\P \big (\|u^{\eps }\|_{C([0,T];H)}>\tfrac {1}{2}({\delta }{\eps }^{-1})^{\frac {1}{4}}\big )=0$


$\eps \in (0,\frac {\delta }{16N^4}\wedge \frac {1}{2})$


$\eps \in (0,\frac {\delta }{16N^4}\wedge \frac {1}{2})$


\begin {equation*}\P \Big (\eps \int _0^T\|\langle X^\eps (s)-u^{\eps }(s),B(s,X^\eps (s))(\cdot )\rangle \|_{\mathcal {L}_2(U,\R )}^2\dd s>\delta \Big )\leq 5C({\eps }{\delta }^{-1})^{\frac {1}{2}}.\end {equation*}


$\eps \downarrow 0$


$\mathcal {E}\coloneqq \MR (0,T)$


$\mathcal {G}^0$


$\eps >0$


$\mathcal {G}^\eps $


$Y^\eps \to Y^0$


$\eps \downarrow 0$


$Y^0$


$\eps =0$


$Y^0$


$I(Y^0)=I(u^0)=0$


$I(z)=0$


$(\psi _n)\subset L^2(0,T;U)$


$z=u^{\psi _n}$


$\|\psi _n\|_{L^2(0,T;U)}\to 0$


$u^{\psi _n}\to z$


$\MR (0,T)$


$u^{\psi _n}\to u^0=Y^0$


$\MR (0,T)$


$\{z\in \MR (0,T):I(z)=0\}=\{Y^0\}$


\begin {equation}\label {eq:abstractfluid} \left \{ \begin {aligned} &\dd Y^{\varepsilon }(t) + A_0(t) Y^{\varepsilon } \,\dd t = \Phi (Y^{\varepsilon }(t), Y^{\varepsilon }(t)) \,\dd t + \sqrt {\varepsilon } \big (B_0(t) Y^{\varepsilon }(t) + G(t,Y^{\varepsilon }(t))\big ) \,\dd W(t), \\ &u(0) = x. \end {aligned}\right .\end {equation}


$\Phi $


$\alpha $


$A_0\colon \R _+\to \calL (V, V^*)$


$B_0\colon \R _+\to \calL (V,\calL _2(U,H))$


$T>0$


$\sup _{t\in [0,T]}\|A_0(t)\|_{\calL (V, V^*)}<\infty $


$\sup _{t\in [0,T]}\|B_0(t)\|_{\calL (V, \calL _2(U,H))}<\infty $


$T>0$


$\theta >0$


$M\geq 0$


$v\in V$


$t\in [0,T]$


\begin {equation*}\lb v, A_0(t)v\rb - \tfrac {1}{2} \|B_0(t) v\|_{\calL _2(U,H)}^2 \geq \theta \|v\|_V^2- M \|v\|_H^2.\end {equation*}


$\beta _1\in (\frac {1}{2},\frac {3}{4}]$


$\Phi \colon V_{\beta _1}\times V_{\beta _1}\to V^*$


\begin {equation*}\|\Phi (u, v)\|_{V^*}\leq C\|u\|_{\beta _1} \|v\|_{\beta _1}, \quad \lb u,\Phi (u,u)\rb = 0, \qquad u,v\in V.\end {equation*}


$\beta _2\in (\frac 12, 1)$


$G\colon \R _+\times V_{\beta _2}\to \calL _2(U,H)$


$T>0$


$C$


$u,v\in V_{\beta _2}$


$t\in [0,T]$


\begin {equation*}\|G(t,u) - G(t,v)\|_{\calL _2(U,H)}\leq C \|u-v\|_{V_{\beta _2}} \ \ \text {and} \ \ \|G(t,u)\|_{\calL _2(U,H)}\leq C(1+\|u\|_{V_{\beta _2}}).\end {equation*}


\begin {equation}\label {eq: skeleton eqfluid} \begin {cases} (u^\psi )'(t) + A_0(t) u^\psi (t) = \Phi (u^{\psi }(t), u^{\psi }(t)) + \big (B_0(t)u^\psi (t) + G(t,u^\psi (t)) \big )\psi (t), \quad t\in [0,T],\\ u^\psi (0)=x. \end {cases}\end {equation}


$x\in H$


$\varepsilon \in (0,1]$


\begin {equation*}Y^{\varepsilon } \in L^2_{\rm loc}([0,\infty );V)\cap C([0,\infty );H) \ \text {a.s.}\end {equation*}


$T>0$


$(Y^\eps )$


$L^2(0,T;V)\cap C([0,T];H)$


$I\colon L^2_{\rm loc}(0,T;V)\cap C([0,T];H)\to [0,+\infty ]$


\begin {equation*}I(z)=\frac {1}{2}\inf \Big \{\int _0^T\|\psi (s)\|_U^2\dd s : \psi \in L^2(0,T;U), z=u^{\psi }\Big \},\end {equation*}


$\inf \varnothing \coloneqq +\infty $


$u^\psi $


$\Dom \subseteq \R ^2$


$\Dom = \R ^2$


$\Dom $


$\Dom $


\begin {equation}\label {eq:NavierStokes} \left \{ \begin {aligned} &\dd Y^{\varepsilon } =\big [\nu \Delta Y^{\varepsilon } -(Y^{\varepsilon }\cdot \nabla )Y^{\varepsilon } -\nabla P^{\varepsilon } \big ] \,\dd t +\sqrt {\varepsilon } \sum _{n\geq 1}\big [(b_{n}\cdot \nabla ) Y^{\varepsilon } +g_n(\cdot ,Y^{\varepsilon }) -\nabla \wt {P}_n^{\varepsilon }\big ] \,\dd W_t^n, \\ &\div \,Y^{\varepsilon }=0, \\ &Y^{\varepsilon }=0 \quad \text {on $\partial \Dom $}, \\ &Y^{\varepsilon }(0,\cdot )=u_0. \end {aligned}\right .\end {equation}


$Y^{\varepsilon }\coloneqq (Y^{\varepsilon ,1},Y^{\varepsilon ,2})\colon [0,\infty )\times \O \times \Dom \to \R ^2$


$P^{\varepsilon },\wt {P}_n^{\varepsilon }\colon [0,\infty )\times \O \times \Dom \to \R $


$(W_t^n:t\geq 0)_{n\geq 1}$


\begin {equation*}(b_{n}\cdot \nabla ) u\coloneqq {\Big (\sum _{j\in \{1,2\}} b_n^j \partial _j u^k\Big )}_{k=1,2}, \qquad (u\cdot \nabla ) u\coloneqq {\Big (\sum _{j\in \{1,2\}} u^j \partial _j u^k\Big )}_{k=1,2}.\end {equation*}


$d=2$


$b^j = (b^j_{n})_{n\geq 1}:\R _+\times \Dom \to \ell ^2$


$T>0$


$\mu \in (0,\nu )$


$x\in \Dom $


$t\in [0,T]$


\begin {align*}\frac {1}{2}\sum _{n\geq 1} \sum _{i,j\in \{1,2\}} b_n^i(x) b_n^j(x) \xi _i \xi _j \leq \mu |\xi |^2 \ \ \text { for all }\xi \in \R ^d.\end {align*}


$g^1, g^2\colon \R _+\times \Dom \times \R ^2\to \ell ^2$


$T>0$


$L_g$


\begin {align*}\|g^j(t,x,y) - g^j(t,x,y')\|_{\ell ^2}&\leq L_g |y-y'| \\ \|g^j (t,x,y)\|_{\ell ^2}& \leq L_g(1+|y|), \ \ \ x\in \Dom , y,y'\in \R ^2, \ t\in [0,T], \ j\in \{1, 2\}.\end {align*}


$\P $


$\mathcal {U} = \ell ^2$


$(e_n)_{n\geq 1}$


\begin {equation*}H = \Ls ^2(\Dom ), \quad V = \Hs ^1_0(\Dom ) = H^1_0(\Dom ;\R ^2)\cap \Ls ^2(\Dom ), \quad V^* \coloneqq \Hs ^{-1}(\Dom ) = (\Hs ^1_0(\Dom ))^*,\end {equation*}


$\Ls ^2(\Dom )$


$L^2(\Dom ;\R ^2)$


$(u\cdot \nabla )u=\div (u\otimes u)$


$u\otimes u$


$u_{j} u_k$


$x\in \Ls ^2(\Dom )$


$\pr $


\begin {equation*}A_0 = -\nu \pr \Delta ,\quad \Phi (u,v) =- \pr \div [u\otimes v], \quad (B_0 u)e_n = \pr [(b_{n}\cdot \nabla ) u], \quad G(u) e_n = \pr g_n(\cdot , u).\end {equation*}


$\psi \in L^2(0,T;\ell ^2)$


$\Dom $


\begin {equation}\label {eq:NavierStokes-skeleton} \left \{ \begin {aligned} &\dd u^{\psi } =\big [\nu \Delta u^{\psi } - \P \div (u^{\psi }\otimes u^{\psi })\big ] \,\dd t +\sum _{n\geq 1} \big (\P [(b_{n}\cdot \nabla ) u^{\psi }] +\P g_n(\cdot ,u^{\psi })\big )\psi _n, \\ &u^{\psi }=0 \quad \text {on $\partial \Dom $}, \\ &u^{\psi }(0,\cdot )=u_0. \end {aligned}\right .\end {equation}


$d=2$


$x\in \Ls ^2(\Dom )$


$\varepsilon \in (0,1]$


$Y^{\varepsilon }\in L^2_{\rm loc}([0,\infty );\Hs ^1_0(\Dom ))\cap C([0,\infty );\Ls ^2(\Dom ))$


$T>0$


$(Y^\eps )$


$\MR (0,T)\coloneqq L^2(0,T;\Hs ^1_0(\Dom ))\cap C([0,T];\Ls ^2(\Dom ))$


$I\colon \MR (0,T)\to [0,+\infty ]$


\begin {equation*}I(z)=\frac {1}{2}\inf \Big \{\int _0^T\|\psi (s)\|_{\ell ^2}^2 \dd s : \psi \in L^2(0,T;\ell ^2), z=u^{\psi }\Big \},\end {equation*}


$\inf \varnothing \coloneqq +\infty $


$u^\psi $


$T>0$


$F,G,H,K\colon [0,T]\to \R _+$


$F$


$G$


$K$


$H\in L^1(0,T)$


$F(t)\leq -G(t)+K(t)+\int _0^t F(s)H(s)\dd s$


$t\in [0,T]$


\begin {equation*}\sup _{t\in [0,T]}F(t)\vee \sup _{t\in [0,T]}G(t)\leq K(T)\exp [\|H\|_{L^1(0,T)}].\end {equation*}


$L^2(0,T;V^*)+L^1(0,T;H)$


$(V,H,V^*)$


$x\in H$


$u\in C([0,T];H)\cap L^2(0,T;V)$


$v\in L^2(0,T;V^*)+L^1(0,T;H)$


\begin {equation}\label {eq: cond Ito} u(t)=x+\int _0^t v(s)\dd s \text { in } V^*,\quad \text {for all }t\in [0,T].\end {equation}


$t\in [0,T]$


$u\in L^2(0,T;V)\cap L^\infty (0,T;H)$


$v\in L^1(0,T;V^*)$


$u$


$u'=v$


$[0,T]$


$u'=v\in L^2(0,T;V^*)+L^1(0,T;H)$


$u:[0,T]\to V^*$


$p=2$


$\frac {\dd }{\dd t}\|u(t)\|_H^2=2\langle u'(t),u(t)\rangle =2\langle v(t),u(t)\rangle $


$L^2(0,T;V^*)+L^1(0,T;H)$


$U$


$(V,H,V^*)$


$(\Om ,\F ,\P ,(\F _t)_{t\in \R _+})$


$u\in L^0(\Om ;L^2(0,T;V))$


$u_0\in L^0(\Om ,\F _0,\P ;H)$


$v\in L^0(\Om ;L^1(0,T;H))+L^0(\Om ;L^{2}(0,T;V^*))$


$v$


$\Phi \in \mathcal {N}(0,T)$


$W$


$U$


$t\in [0,T]$


$u(t)=u_0+\int _0^t v(s)\dd s+\int _0^t \Phi (s)\dd W(s)$


$u\in L^0(\Om ;C([0,T];H))$


$t\in [0,T]$


$U$


$W$


$\R ^\infty $


$\tilde {W}$


$\R ^\infty $


$\tilde {W}=((\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$U$


$\tilde {W}_1$


$U_1$


$J\colon U\into U_1$


$U_1$


\begin {equation}\label {eq: Q-Wiener appendix} \tilde {W}_1(t)\coloneqq \sum _{k=1}^{\infty }\beta _k(t)J e_k, \qquad t\in [0,T],\end {equation}


$Q_1$


$U_1$


$Q_1\coloneqq JJ^*\in \mathcal {L}(U_1,U_1)$


$\mathcal {N}(0,T)$


$\tilde {W}$


$W$


$(p=0)$


$\tilde {W}$


$W$


$U$


$W\in \mathcal {L}(L^2(\R _+;U),L^2(\Omega ))$


$(e_k)_{k\in \N }$


$U$


$\R ^\infty $


$\tilde {W}=((\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$(\beta _k)_{k\in \N }$


$\tilde {W}$


$\R ^\infty $


$\tilde {W}=((\beta _k)_{k\in \N },(e_k)_{k\in \N })$


$U$


$W\in \mathcal {L}(L^2(\R _+;U),L^2(\Omega ))$


$\Phi \in \mathcal {N}(0,T)$


$t\in [0,T]$


$\P $


$C([0,T];H)$


$\tilde {W}_1$
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where the Lipschitz constant may depend arbitrarily on ||v|| ; and, allowing even more flexibility, polynomially on interpolation norms
||U||V,;’ where Vj; = [V*, V], denotes the complex interpolation space. Besides the absence of any monotonicity assumption, another
major improvement of the critical variational setting is the weakening of the usual growth conditions on the diffusion coefficient B,
allowing e.g. for gradient noise. Lastly, a special feature is that critical nonlinearities are allowed (see (2.6)), which is not the case
in other settings. The critical variational setting covers many semilinear and some quasilinear equations that were not covered by
more classical variational settings. In particular, this holds for many equations that require an (analytically) strong setting, in which
monotonicity often fails, for example the Cahn-Hilliard equation, the tamed Navier-Stokes equations and the Allen—-Cahn equation.
See [3, §5] for details. The exact assumptions in the critical variational setting can be found in Section 2. Finally, it should be stressed
that unlike the settings in [43], the critical variational setting does not require a compact (Sobolev) embedding V' < H and is thus
suited to treat equations on unbounded spatial domains.

The goal of this paper is to establish the LDP for solutions to small-noise stochastic evolution equations in the critical variational
setting. Large deviations have been studied for SPDEs in many different frameworks. The first results for SPDEs were inspired by
the pioneering paper for SDEs by Freidlin and Wentzell [18] (see also [14, §5.6]), relying on discretizations and the contraction
principle. These techniques were extended to several SPDE settings with Gaussian noise, notably in [10,13,35] (stochastic reaction-
diffusion equations), [11] (semilinear parabolic equations) and [40] (stochastic porous media equations). However, for less regular
A and B such techniques are difficult to use in general settings. In 2001, Budhiraja and Dupuis proved a substantially generalized
contraction principle, the so-called weak convergence approach to large deviations [9]. This approach turned out to be extremely
powerful for SPDEs and subsequently, it was applied to many SPDEs with less regular coefficients, e.g. in [12,45] (2D Navier-Stokes
and hydrodynamical models), [15] (Boussinesq equations), as well as [39] and [28] (general classical variational settings). A more
detailed discussion on applications to fluid dynamics can be found below.

Also for the recent variational settings with even weaker conditions on the coefficients A and B, the weak convergence approach
has led to new LDP proofs. In [20] the LDP is obtained for McKean-Vlasov quasilinear stochastic evolution equations, in [32] for a
setting from [43], in [27] for the same setting extended to Lévy noise, and most recently, [33] obtained the LDP for the strongest
setting of [43]. The latter allows flexible growth bounds on B, including gradient noise. Still, the combination of flexible growth of B
and unbounded spatial domains (that is, no compact embedding V' < H) has not been covered in any of the papers so far. The main
improvement of our work is that we allow for both. In fact, no additional bounds on A and B are assumed for the LDP apart from
those in [3] required for well-posedness, nor do we assume a compact embedding in the Gelfand triple. New techniques are used to
replace the usual compactness arguments. The paper contains new approaches for

- well-posedness of the skeleton equation and compact sublevel sets of the rate function in the LDP, by means of maximal regularity
theory and a strong approximation argument,

- the stochastic continuity criterion from the weak convergence approach, using critical estimates for the nonlinearities and an
effective combination of deterministic and stochastic Gronwall inequalities.

The LDP result in this paper opens up many new applications. In particular, the following examples are included on bounded and
unbounded domains in R? and with gradient noise:

- Navier-Stokes equations for d =2 [4, App. Al,

- tamed Navier-Stokes equations for d = 3 [3, §5.2],

- Cahn-Hilliard equation for d = 1,2 [3, §5.1],

- Swift-Hohenberg equations for d = 1,2,3 [3, §5.6],

- many reaction-diffusion equations, e.g. for d < 4:
- Allen-Cahn equations [3, §5.4],
- symbiotic Lotka-Volterra equations [5, Th. 3.11],
- coagulation equations [5, Th. 3.9].

This list is far from extensive.

To make our results concrete for some of the models discussed above, we present an application to a general fluid dynamics model
in Section 5. Specifying further, in Section 5.2, we derive the LDP for the 2D Navier-Stokes equations with gradient noise and do not
assume that the underlying domain is bounded.

The LDP for the 2D Navier-Stokes equations with gradient noise and unbounded domains was already considered in the pioneering
work [45]. However, the proof of [45, Lem. 4.5] is incomplete — specifically, the argument in the final line. The gap was already
indicated in [15, p. 2054] and concerns the compactness of the sublevel sets of the rate function. In [12,15], the gap is resolved for
the 2D Navier-Stokes and Boussinesq equations under the assumption that the noise is gradient-free (see [12, Th. 3.2], [15, Ass. A
Bis, p. 2072]), but the gradient noise case has remained open since then. The possibly unbounded spatial domains rule out alternative
arguments based on compact Sobolev embeddings. We have now covered the gradient noise case in Theorems 5.2 and 5.4 — extending
the results of [12,15] and completing the proof of [45].

Another application that we would like to highlight are the 3D tamed Navier-Stokes equations, for which a large deviation
principle was established in [42]. However, gradient noise was not considered in that work, and it is far from straightforward to
extend their approach to settings where such noise is present. Our main result, Theorem 2.6, now includes the gradient noise case
and also applies to a broad class of other models (see the list above).

Closing the above indicated gap requires several intricate approximation techniques, which are detailed in Section 4.2. Further-
more, in the full abstract setting, the stochastic continuity criterion also necessitates new ideas, which we develop in Section 4.3.

2
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Notation

Welet R, :=[0, ). For T > 0 and a normed space X we let C([0,T]; X) denote the space of continuous functions from [0, 7] to X
equipped with supremum norm || f|lc¢o.71.x) = SUPsefor; I/ (D)l x- For (S, A, u) a measure space, we denote by L(S; X) the space of
strongly measurable functions f : S — X, with identification of a.e. equal functions. For p € (0, oo], we let L?(.S; X) denote the subset
consisting of all f € L(S; X) for which || /|| 1»(s.x) < o0, where

1

p 2
Wl =4 Us IFOI u@)7. p <o,
esssupesll /(). p = oo.

We write L?(S) := L?(S;R) and if S =[0,T] C R, we write LP(0,T; X) := LP(S; X). Moreover, we let L]pOC(R+;X) ={ulRy - X
ulor) € L*0,T; X) forall T € R, }.

For Hilbert spaces U and H we let L(U, H) and £,(U, H) denote the continuous linear operators and Hilbert-Schmidt operators
from U to H, respectively. For brevity, we write

Mg o= 1Ny -
Furthermore, we denote the dual of a Hilbert space ¥ by V* and for g € (0, 1), we denote the complex interpolation space at § by
Vp =V Vg Dl =1 Dy,

For a metric space M we denote its Borel s-algebra by B(M). The unique product measure space of two o-finite measure spaces
(S, A, pp) and (S5, A, ip) is denoted by (S| X S, A; @ Ay, 4y @ pp). Let I =[0,T] or I = R, and let X be a Banach space. A process
(®(1)),¢; is a strongly measurable function @ : I x Q — X. It is called strongly progressively measurable if for every ¢ € I, ®|gxq is
strongly B([0,1]) ® F,-measurable. For I = R, , we denote the s-algebra generated by the strongly progressively measurable processes
by P.

We write a v b := max(a, b) and a A b := min(a, b) for a, b € R.

2. Main result

We specify our setting for stochastic evolution equations and recall the definition of the large deviation principle before we state
our main result, Theorem 2.6.

2.1. The critical variational setting

Welet (V, H,V*) be a Gelfand triple of real Hilbert spaces. That is, (V, (-,-);,) and (H, (-, -) i) are real Hilbert spaces such that there
exists a continuous and dense embedding :: V' & H. Then, j: H & V*: x  (x,1(-))y is a continuous embedding and j(H) is dense
in V* by reflexivity of V' (j = * under Riesz’ identification H =~ H*). From now on we identify x € V with i(x) € H and x € H with
j(x) € V*. Then, if (-,-) denotes the duality pairing between the abstract dual ¥* and V, one has

(x,v) =(,x)y forallxe HveV.

For convenience of the reader, we recall that in applications, one does not work with the abstract dual V* but with a space V'’ which,
under some assumptions and with the correct duality pairing, is isomorphic to V*, see also [26, p. 1244]. One starts with reflexive
Banach (or Hilbert) (sub)spaces V ¢ H C V', where each inclusion is dense and continuous and one defines j: H & V*: x > (x,) .
Then, provided that

1 0) ] < lxllyellvlly, forallx e Hove vV, (2.1)

there exists a unique continuous extension to a map j, : V' — V*. Furthermore, if j; is bijective, then it follows that j, : V' = V* as
normed spaces, although not necessarily isometrically. The duality pairing is then given by (v, v) := j;(v/)(v) and for x € H,v € V'
we have (x,v) = (x,v)y since j; is the extension of j. The triple (V, H,V’) is also called a Gelfand triple and simply denoted by
(V,H,V*), where as explained, the correct duality pairing (-,-) : V' XV — R is given by (¢/, v) := j,; (")(v).

In fact, bijectivity of j; holds if and only if there exists « > 0 such that

allxlly» < sup |G, )l = lji(0)lly= forall x € H. (2.2)
veV Jlvlly <1

The equivalence follows from [44, Th. 4.48], density of H C V'’ and continuity of j,, and density of Im(j;) C V*. The latter holds since
j1(V") D j;(H) = j(H) and one can verify that j(H) is dense in V* using reflexivity of V. In conclusion, provided that V ¢ H c V'
continuously and densely, one only has to verify (2.1) and (2.2) to have j, : V' = V*.

Popular choices for the Gelfand triple are the weak and strong setting for a given differential operator. For example, if A(t,u) := Au
on RY, then one can use

V=H'®RY), H=L*RY, V' =H YR =V" (weak setting),
V =H*RY, H=H'R?Y, V' = L*RY) = V* (strong setting).
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See also [3, Ex. 2.1, Ex. 2.2].
Recall that H = [V*,V]: [7, §5.5.2] and the following interpolation estimate holds for § € (%, 1):

2-2 2p-1
lolly, < Klol3 1ol vev. 2.3)

Since strong solutions are required to be strongly measurable, see Definition 2.1 below, one can assume without loss of generality
that V and H are separable, see also [26, p. 1244]. Thus, from now on we assume that V and H are separable.

As mentioned in the introduction, we work with the critical variational setting from [3]. We consider stochastic evolution equations
of the form

du(t) = —A(t,u(t))dt + B(t,u(t))dW (1), t€][0,T],
u(0) = x,

2.4

where x € H, T > 0 and W is a U-cylindrical Brownian motion (see Definition 4.1).

If® : [0,T]x Q — L,(U, H) is strongly progressively measurable and ® € L*(0,T; £,(U, H)) a.s., then one can define the stochastic
integral /' ®(s)dW (s) for 1 € [0, T, see [31, §5.4 (p = 0)].

We now specify what we mean by a strong solution to (2.4). In our definition we also allow for L'(0, T; H)-valued integrands,
which is only needed to treat the skeleton equation associated to (2.4), see Definition 2.5 below.

Definition 2.1. For T > 0, we define the maximal regularity space by
MR(0,T) := C([0,T); H)n L*O,T: V), |l - llyrery = I - leqorym + 11 2o

Let A: R, XV > V* B: R, XV — L,(U,H) and let x € H. Let W be a U-cylindrical Brownian motion on a filtered probability
space (Q, F, (F,);»0. P) and let T > 0. We say that a strongly progressively measurable process u: [0,T] x Q — V is a strong solution to
(2.4) if a.s.

u € MR(0,T), A(-,u(-)) € L>0,T;V*)+ L'(0,T; H), B(-,u(-)) € LZ(O,T;Ez(U, H))

and a.s.
t t
u(t) = x — / A(s,u(s))ds + / B(s,u(s))dW (s) in V* for all t € [0, T]. (2.5)
0 0

A strong solution u is unique if for any other strong solution v we have a.s. u = v in MR(0, 7).
If B =0, we write u'(f) = —A(¢, u(?)) instead of du(r) = —A(z,u(r)) dz in (2.4) and we call u € MR(0, T') a strong solution if A(-,u(-)) €
L2(0,T;V*)+ L'(0,T; H) and (2.5) holds.

For the weak convergence approach to large deviations it is necessary to let A and B be defined on R, x V rather thanR, xQx V,
meaning that stochasticity enters A and B through the solution u in (2.4) and not separately. Also, the initial value x in (1.1) has to
be deterministic. Other than that, we make exactly the same assumptions as those required for global well-posedness [3, Th. 3.5].
Let us introduce these assumptions.

Assumption 2.2. We assume that:
(1) A(t,v) = Ay(t,v)v — F(t,v) — f and B(t,v) = By(t,v)v + G(t,v) + g, where
Ay: R, xH - L(V,V*)and By: R, x H — LV, Ly(U, H))),
are B(R,) ® B(H)-measurable, and
F:R xV >V andG: R, XV — L,(U,H)
are B(R,) ® B(V)-measurable, and f: R, - V*and g: R, — £,(U, H) are B(R)-measurable maps with
ferLl RV andge L2 (Ry; LU, H)).

(2) Forall T > 0and n € R,, there exist 6, -, M, 7 > 0 such that for any t € [0,T], u € H, v € V with |lu||y < n, we have
1
(Ag(t,wv, v) = 2 I1Bo(t, vl 2 0,71Vl = My, llvll -

(3) There exist p ;20 and g ;€ (%, 1) such that

26, <1+ JELL . mp+mg), ((sub)criticdlity) (2.6)

1+p;’
for some mp,mg €N and for all T >0, n € R, there exists a constant C,7 such that for all 1 €[0,T] and u,v,w € V with
lull g1, N0l < m, we have

4ot wwlly+ < C, rllwlly,
Aot ww — Ay(t, )wlly+« < Cypllu—oll g llwlly,

I Bot, wwlly < G rliwlly,
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I By (2, wyw — By(t, v)wll pp < Cy rllu = vl g 12wl s

mp
i+1
IF@wlly < Cop Y (14 [l ),
5

j=1

mrg
_ Pj Pj _
I = POl < Cr J0+ el el el
mrp+me 1
pjt
NG wlly < Cor L Qlall )
B
Jj=mp+l1 !
mrp+mg

’ ’
Gt w) = G v)lly < Cor Y, (L Nl + ol Dllu = vl
Jj=mp+l1 / / !

Without loss of generality, we assume that the constants C, ;- are non-decreasing in » and T.

Because the coefficients are defined on R, x V' instead of R, x Q X V, the measurability in Assumption 2.2(1) is different than
in [3, Ass. 3.1]. However, (A, B) satisfies our assumption if and only if (A, B) satisfies [3, Ass. 3.1], where A(t,w,v) := A(f,v) and
B(t,w,v) := B(t,v) are trivial extensions.

A and B, determine the leading differential order of the drift and the noise, respectively, and constitute the principal part of the
quasilinear equation. In the semilinear case, A (¢, u) and B(,u) do not depend on u, rendering the principal part linear.

Condition (2.6) describes a balance between the growth rate p; + 1 of the nonlinearities F and G and the regularity coefficient f;
(whose value is usually determined by Sobolev embeddings). In case of equality in (2.6) for some j, the nonlinearity is called critical.

From (2.3) and Assumption 2(3), it is clear that ||F (7, v)||y« + |G, v)|| y < CllvHH,T(l + |lvlly) for all r € [0, T if ||v]| y < n, where
éllvHH,T is a constant. Thus we have integrability of F(-,u(-)) and G(-,u(-)) if u € MR(0, T).

In [3, Th. 3.3] it is shown that under Assumption 2.2, there exists a unique local solution to (2.4). In [3, Th. 3.5], this is extended
to a global well-posedness result under a coercivity condition on (4, B). The next result follows from [3, Th. 3.5].

Theorem 2.3. Let (A, B) satisfy Assumption 2.2 and suppose that (A, B) is coercive in the following sense: for all T > 0, there exist 6, M > 0
and ¢ € L*(0,T) such that for all v € V and t € [0,T],

1
(A v),0) = SIIBE 0}l 2 Ollvll, = Mol = 16mI. 27)
Then, for any x € H and T > 0, there exists a unique strong solution u to (2.4) on [0, T].
Energy estimates can also be found in [3, Th. 3.5], but these will not be used. More general theory in an L?-setting was developed in
[1,2].

2.2. Statement of the main result

Definition 2.4. Let £ be a Polish space, let (Q,F,P) be a probability space and let (Y¢),,, be a collection of £-valued random
variables on (Q, F,P). Let I : £ — [0, 0] be a function. Then (Y*) satisfies the large deviation principle (LDP) on & with rate function
I:8 —[0,o00]if

(i) I has compact sublevel sets,
(ii) for all open E C &: liminf, elogP(Y® € E) > —inf o I(2),
(iii) for all closed E C &: limsup, |, elogP(Y® € E) < —inf, I1(2).

Before we formulate our LDP result, we define the skeleton equation, which appears in the rate function of our LDP.
Definition 2.5. Let x € H be fixed. For y € L?(0,T; U), the skeleton equation associated to the stochastic evolution Eq. (2.4) is given
by

{(u"’)’(t) =—ACu®)+ B@,uO)y®), 1€[0,T], 2.8)

u¥(0) = x.
The main theorem of this paper is as follows.

Theorem 2.6. Suppose that (A, B) satisfies Assumption 2.2 and coercivity (2.7). Let x € H. For € € (0,1], let Y*¢ be the strong solution to

dYe(t) = —A(t,Ye(r))dr + \/EB(t, Ye@)dw (), te€][0,T],
u(0) = x,

Then (Y*¢) satisfies the LDP on MR(0, T') with rate function I : MR(0,T) — [0, +oo] given by

1. T 2 . 2 w
I(2) = Elnf{/o @I ds : w € LO.T:U), 2 =u” |, (2.9)

where inf @ := 400 and u¥ is the strong solution to (2.8).
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We have taken € € (0, 1] to ensure that (A, \/EB) satisfies coercivity (2.7), so that the equation for Y¢ is well-posed by Theorem 2.3.

To have u¥ appearing in (2.9) well-defined, (2.8) needs to be (globally) well-posed. In Section 3, we prove that this is the case.
Finally, we recall that the LDP is equivalent to the Laplace principle [16, Def. 1.2.2, Th. 1.2.1, Th. 1.2.3]. The weak convergence
approach from [9] offers sufficient conditions for the latter, hence for the LDP. The approach is stated in Section 4.1, after which we
apply it to prove Theorem 2.6 in the remainder of Section 4.

3. Well-posedness of the skeleton equation

Before we turn to large deviations, we prove global well-posedness of the skeleton Eq. (2.8) under Assumption 2.2 and coercivity
(2.7). This is needed, since the solution to (2.8) appears in the rate function (2.9) of the LDP.

Unfortunately, well-posedness cannot be proved at once. Instead, we first achieve well-posedness of an appropriate linearized
version of the skeleton equation in Corollary 3.5, together with a maximal regularity estimate. Then, we can borrow the strategies
from [22, Chap. 18] and [36-38]. That is, we use the maximal regularity estimate of Corollary 3.5 for the linearized equation in a
fixed point argument, yielding existence of a local solution to the skeleton equation in Theorem 3.7. Finally, we extend to a global
solution in Theorem 3.16, making use of a blow-up criterion. Uniqueness will be obtained along the way.

3.1. Linearized skeleton equation

We consider the following linearization of (2.8). We discard the non-linearities F and G and for fixed w € L*(0,T; H), we consider

{u’(t) + Ag(t, wO)u(®) = By(t, wOu®Ow ) = f) + gDy (@), (3.1)

u(0) = x,

where A, and B, are as in Assumption 2.2 and f € L*(0,T;V*), § € L*(0,T; L,(U, H)). In this subsection we prove well-posedness of
(3.1) using the method of continuity [22, Lem. 16.2.2], together with a suitable maximal regularity estimate. We prove it for more
general equations as this does not require any more effort and makes the exposition more transparent. Let us introduce spaces .S and
E that will be used in the method of continuity.

Definition 3.1. For T > 0, we let
S 1= L*0,T;V*)+ L' (0, T; H)

be the sum space of the interpolation couple (L*(0,T;V*), L'(0,T; H)), where we note that both components embed continuously
into the Hausdorff topological vector space L'(0,T;V*). The norm on S is given by

[lAllg :=inf {”f”LZ(o,T;w) +lglporm :h=r+gf€ L*(0.T:V*),g € L'(0.T; H}}.
Note that .S is a Banach space [21, Prop. C.1.3] and S < L'(0,T; V*). Moreover, we define

E :={ue€MR(0,T) : uis weakly differentiable, «’ € S}, |lullz := llullyro.r) + 114 Il 5-
Note that trivially, E < MR(0,T).

Dealing with the sum space .S is not standard in part of the literature. However, it is covered excellently in Pardoux’ thesis [34].
The following proposition is a direct consequence of [34, Th. 2.1].

Proposition 3.2. Let A: [0,T] — L(V,V*) be such that [0,T] — V*: t = A(t)v is strongly Borel measurable for all v € V and suppose
that ay = sup,epo.z) IAW®| 2v.y+) < o0. Suppose that there exists 6 > 0 such that for all t € [0,T] and v € V:

(AW, v) 2 0lol%.

Then, for any h € S and x € H, there exists a unique u € E satisfying

{u’(l) + A(u@) = h(p), te[0,T], 3.2

u(0) = x.

We will need an extension of Proposition 3.2 with the coercivity condition replaced by the weaker condition (3.3) below. As a
preparation, we first prove a maximal regularity estimate.

Lemma 3.3. Let A: [0,T] — L(V,V*) be such that A(-Ju(-) € S for any u € MR(0, T). Suppose that there exist § >0 and M € L'(0,T),
M >0 such that forallt € [0,T]and v € V:

(A, v) 2 6ll0ll;, — MD)|vll3,.- (3.3)
Let h € S and x € H and suppose that u € MR(0,T) is a strong solution to (3.2). Then
llullvro,r) < Co eXp(2||M||L1(0’T))(||h||5 + lIxllg), 3.4)

for a constant C, > 0 depending only on 6.
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Proof. Write h = f + g with f € L*(0,T;V*), g € L'(0,T; H). We apply [34, Th. 2.2]. Since u € MR(0,T) is a strong solution, we
have u(t) = x + /0’ v(s)ds with v := h(-) = A(u(-) € S = L*(0,T;V*) + L' (0, T; H). Hence, the chain rule (A.2) and (3.3) yield for all
te[0,T]:

1 t
I, = I, +2 /0 (h(s).u(s)) ds — 2 /0 (A(shu(s), u(s)) ds

<l +2 [ (000 a5 = 2000, +2 [ MO 05 3.5)
0 0

L2(0.5V)

Note that by Young’s inequality, we have for all s € [0,7]:
(h(s),u(s)) = (f(5),u(s)) + (g(5), u(s)) < Nlully I/ Oy + Nl g lIgON g < gllu(S)llf, + %IIf(S)II2 - sup Nl g -
rel0,z

Entering this into (3.5) we obtain forall0 <7<, <T:

n
2 2 2 1y 2
@IS, + Olllly 2 ) < Wy + S W ey +2r€SF€)€1] Nl e llel L1 o,y +/0 2M (s)]lu(s)|l3; ds

t
2 1 2 1 2 2 2
SN+ G e 3 S0 WO 2060 7+ /0 M), ds.

Hence, taking sup,¢(o,,; in the above and writing F(1)) := % SUPefo,] (””(’)”%1 + Hllu”LZ(O,t;V)) givesforall0 <t <T:

1 1 n
F(t) <2F(1) - 5 sgp]nu(r)u2 S+ Gy + 2080 oy + / 2M()llu(s)7; ds

3]
2 1y 2
<Ixlly + EllfllLZ(o,T;V*> + 2||g||L1(0,T;H) +/0 AM(s)F(s)ds,

so by Gronwall’s inequality, we obtain

2 2 2 .1y 2
Nullegory.m + 9”"”L2(0,T;V) <AF(T) < 4(lIxll3, + 2 ”f”LZ(O,T;V*) + 2||g||L1(0’T;H)) exp(4I Ml L1 o.1))-
Thus
lullgreoy < (VD4 + @ VUL N 200+ + 18l 1or:m) ) xp@IM 1 7)-
Since f and g with 4 = f + g were arbitrary, taking the infimum over {(f,g) € L?(0,T;V*)x L'(0,T; H) : h= f + g} gives

Nl im0y < 2 (1113, + 12I1) exp@lIM | 1 7)-

where C, := (4(1v0~')07' v2)) % Taking square roots on both sides yields (3.4). O
We now prove Proposition 3.2 under the weaker coercivity (3.3).
Theorem 3.4. Let A: [0,T] — L(V,V*) and suppose that for all u € MR(0, T):
AQCu() € S, IACOuOls < ellullvror) (3.6)

for some constant « > 0 independent of u. Suppose that coercivity (3.3) is satisfied for some 6 > 0 and M € L'(0,T). Then for any h € S,
there exists a unique strong solution u € MR(0, T') to (3.2). Moreover, the estimate (3.4) holds.

Proof. We use the method of continuity [22, Lem. 16.2.2]. Define A, € L(V,V*) by Ayv := 0(-,v)y,. For 4 € [0, 1], put
A, [0,T] = LV, Vit (1 - MDAy + AA(),
Lyt E— SxH: (Lu) = (u'()+ A;()W)), u0)).

Clearly, L, is linear. We show that L; € L(E,.S x H) and that [0,1] - L(E,S X H): A~ L, is continuous.
Let u € E be arbitrary. For all t € [0, T] we have Ayu(r) = 6(-,u(r)) € V*, so by the Riesz isomorphism, || Agu(®)||y« = 6|lu@®)||, . Since
u € L*(0,T; V), it follows that Aqu(-) € L*(0,T;V*) C S and

[[Aou)lls < ||A0u(')||L2(0,T;V*) = 9||”||L2(0,T;V) < 9”"‘”MR(0,T)
Combining with (3.6) gives A4,(-)u(-) € S and

14;OuOlls < (1= DAl + AACuOs < 6 + )llullvro,r)- 3.7)
Note that ' € S and ||/ ||g < ||u|| by definition of E. Moreover, E < MR(0, T), thus

1L ullsxm < M lls + 1A, OUOLs + NuO)ll g < llullg + @ + Dllullvror) + lellcqorim < @ +0+o)llullg.
proving L, € L(E, S x H). Moreover, we have for any 4,4 € [0,1] and u € E:

(L = Lullsxr = I1((n = DAgu(C) + (4 = W ACu(), 0) | sxar < |1 = Al AguOls + 14 = pl I ACUC)|l 5

7
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<= A6 + o)lullvror)
< u= A0+ )lullg,

ie Ly = L,llge,sxmy < 11— 410 + @). Thus A = L, is (Lipschitz) continuous.
Next, we verify that |lu]l; < K||L,ullgxy for some K > 0 independent of A. Note that A, satisfies all conditions of Lemma 3.3.
Coercivity (3.3) holds since

(0, A, (00) = (1 = (v, Ago) + (v, A®)0) 2 (1 = DOIVIly, + 210y, = IMDIlIvlF,) = Ollolly, = M@l
Thus, by (3.4) applied to 4 :=u' + Au € S and x := u(0):
lullvro,ry < CoexpQIM i) (IAlls + 14Ol ) = CILull sxpr»
with C := Cpexp2||M || 11 1))- Together with (3.7) this gives for all u € E:
lull = Nullvre,r + 14 lls = el + 18C) = A;OuOlls < Nullvreo.r + 1Lullsxm + 14,OuCl s
<+ 0+ Dlullvmro.r) + 1Laull sxa
SA+CA+0+a)|L ullsyy-

Finally, note that L,: E—> SXH : (Lou) = (u’ () + Agu(-), u(O)) is surjective. This follows from Proposition 3.2 applied to
Ay [0,T] = L(V,V*) given by Ay 1= Agv = 6(-, 0)y.

All requirements for the method of continuity are fulfilled and we conclude that L, is surjective, giving existence of strong
solutions. The a priori estimate (3.4) now follows from Lemma 3.3 and proves uniqueness of strong solutions at once, since A(?) is
linear. O

As promised, a mere application of Theorem 3.4 now gives us the desired well-posedness and maximal regularity estimate for
(3.1).

Corollary 3.5. Let A, and B, satisfy the conditions concerning Ay, B, in Assumption 2.2 and let w € L*(0,T;U). Let T >0 and
w € L*(0,T; H). Define A: [0,T] - L(V,V*) by A(t)v := Ay(t, w(t))v — By(t, w(t))vw(t). Then A satisfies all conditions of Theorem 3.4.
Consequently, for any f € L*(0,T;V*) and g € L*(0,T; L,(U, H)), there exists a unique strong solution u € MR(0,T) to

u' (1) + Ag(t, w()u(t) — Bo(t, w®)u(®yy (1) = F(1) + gDy (@),
u(0) = x,

Moreover, for any T € [0, T there exists a constant Ky > 0 such that

llullvreo,7y < KT(”x”H + ||J;||L2(0,T;V*) + ||§||L2(o,T;£2(U,H))>s (3.8)
and Ky is non-decreasing in T and depends further only on T, ||w|| zeo(o 7.5y and 1w ]l ;2 7-0)-

Proof. Put n := ||w||  w(z.x)- Since strong solutions only depend on A through an integral, we can fix a strongly measurable, point-
wise defined measurable version of w which satisfies ||w(t)||; < n for all ¢ € [0, T]. Strong measurability of A(-)u(-) is then satisfied if
u € MR(0,T), see Remark 3.6. Moreover, Assumption 2.2(3) gives for all u € MR(0,T):

Ao Co w20, 1:%) < Curllull 20,77y < 00
and by the Cauchy-Schwarz inequality,
[1BoC, wOuCw Ol pro.r; 1y < NBoC DU 20,752, w, 1 W Il L200,750) € Cor lull 20,79 Wl 200750y < 00
Hence, A(-)u(-) € S and we have
NACUONs < N1AgC WO 20,75+ + IBoCs wOuOWOll Lo r,my < Cor (L + Il 20 mp) el 200,70 < @llullvrio s

where a :=C, (1 + lwll 20.1:0y)-
Furthermore, by Assumption 2.2(2), we have forallv € V and t € [0, T']:

(A0, 0) = (At (D)0, 0) = (Bolt, wOW O, v)
> (Ag(t, ), v) = 2IBo(t el = S Iw @I ol
2 0,110, = (M, 7+ 3 IOl

so coercivity (3.3) is satisfied with 6 := 6, and M(-) := M,y + %Ily/(-)ll%] e L0, 7).
As before by the Cauchy-Schwarz inequality, h := f + gy € S. Now Theorem 3.4 yields existence of a unique strong solution
u € MR(0, T) to (3.1). Finally, let 7' € (0, T] be arbitrary and put S := L?(0,T;V*)+ L'(0,T; H). We have
[Inlls < ||f||L2(0j';V*) + ||gV/||Ll(0j";H) < ||f||L2(0,T;V*) + ||g||L2(0,T;£2(U,H))”W“LZ((),T;U)- (3.9)
As '4|[0,T] is a strong solution to (3.1) on [0, T1, (3.4) and (3.9) yield
”u”MR(oj') <Gy eXP(ZHM”Ll(o,T))(”hHS‘ + ||x||H) < KT(”x”H + ||f||L2(()j";V*) + ”g”LZ(O,T;CZ(U,H)))’

where K7 1= CyexpQIM 1171V w207y is non-decreasing in T. Note that apart from 7, K7 only depends on T, n and
lwll 2070y, Since these determine 0 and || M || 17 O
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Remark 3.6. In Corollary 3.5, the map  — A(f)v is strongly Borel measurable for any v € V, and even more is true. Assumption 2.2
assures that we have strong Borel measurability of Ay(-, w(-))u(-), F(-,u(:)) : [0,T1 — V* and By(-, w(-))u(-), G(-,u(:)) : [0,T1 — L,(U, H),
for any u € L°(0,T; V) and w € L°(0, T; H). This follows from strong measurability of u: [0,T] - V and w : [0,T] — H and the fact
that by Assumption 2.2(3), F(t,-), G(1,-) are continuous on V and A(t, ), By(t, -)- are continuous on H X V. Moreover, one uses the
measurability of Assumption 2.2(1), separability of V, H, V*, L,(U, H) and continuity of V & H < V*.

3.2. Local well-posedness

From now on, we let y € L%(0,T;U) be arbitrary but fixed. Using Corollary 3.5, we will prove local well-posedness of the actual
skeleton Eq. (2.8). Local well-posedness is established in Theorem 3.7. Its proof and preparatory lemma’s are analogous to [22, §18.2],
which was inspired by [37] and [38].

The skeleton equation does not fit in the setting of [22,37] or [38], for the reason that we only have L!-(instead of L?-)integrability
of the term B(-,u¥ (-))y(-) in (2.8). Besides that, our maximal regularity space MR(0,T) = C([0,T]; H) n L>(0,T; V) is different.

When no confusion can arise, we omit the time input in our notations for brevity. For example, for u,v € MR(0, T) we denote by
Ap(wyv and By(w)vy the maps 1 — Ay(t,u(t))v(t) and t — By(t, ug)v(t)y (t) respectively and similarly for F(u) and G(u)y. We define the
following V*-valued mappings:

AW 1= Ayw)v — Bywvy, Fw) =Fu) + f +(Gu) + .

Theorem 3.7 (Local well-posedness of the skeleton equation). Suppose that (A, B) satisfies Assumption 2.2. Let uy € H be fixed. Then
there exist T, e > 0 such that for each vy € By (uy, €), there exists a unique strong solution u,, € MR(0, T) to

'+ Awu=F 0,7
u' + A(wu (u) on [0,T7] (3.10)
u(0) = vy.
Moreover, there exists a constant C > 0 such that for all vy, wy € By (uy, €):
iy = gy lIMre0,7) < Cllvg = woll - (3.11)

Theorem 3.7 will be proved using the Banach fixed point theorem, applied to the map ¥, : MR(0, T) - MR(0,T) defined by
‘I/UO(U) 1= u, where u is the unique strong solution to

{u/ + AQugu = (A(ug) — A@W)v+ F(v) on [0,7T], 312)

u(0) = v
Note that u € MR(0,T') is a strong solution to (3.10) if and only if W, @) =u.
Our first task is to prove that ¥, is well-defined, i.e. (3.12) is well-posed. By Corollary 3.5 (w(t) := uy) it suffices to show that
= Ay — Ag)v+ F) + f, & := (By(ug) — By(v))v + G(v) + g (3.13)

satisfy f € L*(0,T;V*) and g € L*(0,T; L,(U, H)). The latter will be ascertained by the following lemma, which will also be used
later on in Section 4.

Lemma 3.8. Let p; 20,5; € (%, 1) be such that (2p; — D(p; + 1) < 1. Let Vﬂ! =[V*, V]ﬂj be the complex interpolation space with norm
I| - ”1’/ = ||Vﬁ/. Then, forany T > 0:

@) 1,7 : MR(0,T) & L¥%+D(0, T; Vj,)- The embedding satisfies ||1, - || < M. with M, € R, non-decreasing in T. Suppose that (A, B) satisfies
Assumption 2.2. Let n € R, and T > 0. For C,,  the constant from Assumption 2.2(3) (non-decreasing in n and T), it holds that
(i) for all u € C([0,T1; H), w € L*(0.T: V) with |lullcqory.m) < n:
||A0(“)w||L2(o,T;V*) \4 ”BO(u)w”LZ(O,T;EZ(U,H)) < Cn,T“w”L2(O,T;V)’

ii) for all u,v € C([0,T1; H), w € L2(0, T V) with llullco .6 10l cqoryean <

T 1
ICAG@) = Aol 20+ ¥ 1(Bo@ = Bo@)wl 20752511 < Cor ( /0 lus) = o) ), ds )

< Cn,T”u - U”C([O,T];H}”w”LZ(o,T;Vy
Moreover, there exists a constant C, ;- non-decreasing in T such that
(iv) for allu € MR(0, T) with |lull cqo.ry, iy < 7
||F(u)||L2(o,T;V*) \4 ||G(“)||L2(0,T;£2(U,H)) < CN'n,T(l + ”u”LZ(O,T;V))-

Lastly, for each ¢ > 0 there exists a constant C, r , non-decreasing in T such that
(v) for all u,v € MR(0, T) with |[ullcqo.ry,m, 1Vl o) < 72
_ 2 _ 2
[1F ) F(U)”LZ(O,T;V*) VIIGw) G(U)”U(o,r;cz(u,m)
t
<Curo / (L + I + loI)lluls) = oI, ds +oCpllu = vl 1 -
0 T

9
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Proof. (i): By the interpolation estimate (2.3), we have for any u € MR(0, T):

T
2p 2(p;+1)(2-28)) 2(p;+1D(2B;—1)
/ ||u<z)||ﬂ dz<K/ lu)ll,” a7 dr
0

2(p;+1)(2-2p;) 2(p;+1D(28;—-1)
< Kl 0 /0 a2 g

2p;+1)(2-26)) 2p;+D(2;-1)

<K 1 i
< Kllellegoryan W o My 22 o)
2(p;+1(2-28;) e 20p;+D(2B;-1)
< Kllull o AV T) w ||u||ng0 RC
where we applied Holder’s inequality for each j with p; ; m € [1, 00), p; i= ,,p_il € [1, o] and included the maximum with
J J J

1 to cover the case pj = oo. We conclude that

@-26))

@p;- j
[faall 120D T, Vi) = <M ”u”C( 0.T] H)” ull ! < M) ((2 - zﬁj)”u”C([O_T];H) + (zﬂj - D”””LZ(O,T;V)) < M;”u”MR(o,T)»

L2(0 T V) =
where M; € R, is non-decreasing in T. We used Young’s inequality and the fact that f; € (%, 1).

In (ii)-(v), note that strong measurability of Ay(-,u(-))w(:), F(-,u(-)), By(-,u(-))w(-) and G(-,u(-)) holds, as was mentioned in Re-
mark 3.6. Moreover, by symmetry in Assumption 2.2, B, and G can be estimated in the same way as A, and F. We provide the
estimates for the latter.

Assumption 2.2(3) immediately yields (ii) and (iii).

For (iv): by Assumption 2.2(3) and (2.3), we have pointwise in ¢ € [0, T']:

mg mg
@p;=D(p;+1)
IF@lly < Cup 220+ llu ||”f ) < G 2+ Kn 2t P70 < ¢, p 2 A+ C,(1+llully) < G, (1 + llully),
Jj=1 Jj=1 Jj=1

where we used that (26; — 1)(p; + 1) < 1 and put C, :=max,_; _, (Kn*?1)%*! < oo and C,7 :=mpC, (1 +C,). Thus

”F(u)”LZ(o,T;V* = T(TZ + ”””L2(0T V)) < n,T(l + ”u”Lz(O,T;V))’

. _ 1 _ .
with C, 7 = C,7(T'2 v 1). Since C, r is non-decreasing in 7, the same holds for C, r and C, 7.
For (v): the following estimates can be found in the proof of [3, Prop. 4.5]. By Assumption 2.2(3) we have pointwise in ¢t € [0, T]:

mrg
pj pj
17 = FOlly- €, 3, (1+ Dl =+ 101 Y=l (3.14)

By the interpolation estimate (2.3) and Young’s inequality (with powers 2+2ﬁ and 2/3;—1)’ we have for all y,zeV, g€ (%, 1), p>20
with 28— 1)(p+ 1) < 1 and for all ¢ > 0:

@p=p
2-2, 2p-1 2-2, 2p-1 5
Izl < (K IS 2P P Yz < o755 @ - 200K 5yl ol el + 02 = Dzl

_2p-1 ptl

<o KD yf, A+ Ivl)lizll g +ollzlly

< M, 5,915, + )zl g + ollzllys (3.15)
where M, 4, > 0is a constant depending only on o, f and p and we let 0° = 1. In the above we used that a := % € [0, 1], hence

x4 <1+ x for x > 0. For j € {1,...,my}, application of (3.15) gives pointwise in ¢ € [0, T]:

.
(1 )+ 00l Yl = ol < (Mo, 0+ Mg Nl 1+ Nlly) + M 101571+ Nelly) )l = oll g + 3ol = olly
< M, (1+ ully + llolly)llu = vll + 30llu = olly. (3.16)

with M, :=max;_; (M, 5,0 F2Mg N”f) < o0. Now, (3.14) and (3.16) imply

1E@) = F)ly» < Curmp M1+ llully + lvlly)llu = vl g +36C, pmpllu—vlly

and hence, applying (x; + ... + x4)* <d(x} + ... + x3) with d = 2,3

T T
IF@) = FOW 20+ < Caro /0 A+ @I, + I ) = vl df +2G6C, pmp) /O llu(t) = v@II}, dr,

with Cy r, = 6(C,rmpM,)*. Since C, 1 is non-decreasing in T, the same holds for C, . Substituting ¢ = 185%m%, C, 7, := C,1,
now yields (v). O

Remark 3.9. Lemma 3.8 yields A(-,u(-)) € L?(0,T;V*) and B(-,u(-)) € L*(0,T; L,(U, H)) a.s. if u € MR(0, T) a.s. Hence, under As-
sumption 2.2, this condition is redundant in the definition of a strong solution (Definition 2.1).

10
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From Lemma 3.8, we see that f and § defined by (3.13) lie in L*(0,7;V*) and L?*(0,T; L,(U, H)) respectively, for any T > 0
and v € MR(0,T) (put n = |luy|| g V ol o711y and apply (iii) and (v)). Thus Corollary 3.5 gives that (3.12) is well-posed, i.e. ‘I’UO is
well-defined.

Our next concern is to prove that ¥, is contractive on a suitable smaller subspace of MR(0,T). To define this subspace, let us
introduce some notations. For what follows, we fix an arbitrary uy € H and T > 0. For v, € H, we let z,, € MR(0, T') be the reference
solution, defined as the unique strong solution to the linear problem

{i (;; 2(:,')2 =0 on[0,T], 317
Well-posedness holds by Corollary 3.5. Note that 2, (0) = g and z,, € MR(0,T), so there exists a T; € (0, T] such that

12y = uollcqor ;< % (3.18)
We fix such a T;. Finally, for v, € H, r > 0 and T € [0, T], we define

Z,7(vp) := {v € MR, T) : v(0) = vy, lv = 2, llvr.7) < 7}- (3.19)

Note that Z, 7(vy) is closed in MR(O, T), hence complete. Eventually, we will find that Yy is contractive on some Z, 7(vy). Several
crucial estimates will be gathered in the next lemma’s.

Lemma 3.10. There exist €;,r, > 0 such that for dall £ € (0,¢,], r € 0,r,], T €(0,T\], vy € By(uy, &) and v € Z, 3(vp) it holds that
llo = upllcqo,ipmy < 1-
Proof. Lete,r>0,T € (0,T|] and let v € Z, (vy). We have

[lo— Zy, ”MR(O,T) <llv- Zy, ”MR(O,T) + ”Zuo — Zy, ||MR(0,T]) =lv- Zug”MR(O,T‘) + ||Z"0—00||MR(0T1) <r+ KTl llug = voll >

where the last inequality follows from the definition of Z, 7(vy) and (3.8). Therefore,

1
o = uoll o r1,my < N0 = zyg limro,7) + 11205 = Zug lIMr0,1y) + 1120, — Hollcqor 1) € (" + Kr, llug - Uo||H> + Kr, llug = voll g + 3

1
§r+2KT1£+ 3

whenever v, € By (1, ). Taking r| = % and €, = (6Kp, )71, the claim is proved. [
The next lemma is analogous to [22, Lem. 18.2.10].

Lemma 3.11. Letu, € H and suppose that (A, B) satisfies Assumption 2.2. Let f € L*(0,T;V*) and § € L*(0,T; L,(U, H)) be defined by
(3.13). For €, and r, from Lemma 3.10, the following estimates hold for any T € (0,T}], € € (0,&,], r € (0,71, vy € By (ug,€), v € Z, 7(vp)
and ¢ > 0:

”/;”LZ(O,T;V*) \4 “g“LZ(O,T;ﬁz(U,H)) <o M+ ﬂTl,,;(Ts nr+or, (3.20)
where a, @), br, TN 10asT,r]0and ar,(T) and pr, ,(T.r) are independent of v, and v.

Proof. Let vy € By(uy,€), T € (0,T}] and v € Z, 7(vy) be arbitrary. We estimate each term appearing in the definition of f. By
Lemma 3.10,

lolleqo, ;) < 1o = wolleqor,1:m) + Nuoll e < Nluglly + 1. (3.21)
Putting Cr, := Cy ), +1.7,» Lemma 3.8(iii) gives
[ Ap(ug)v = AO(U)U||L2(0,T;V*) < CT1 llug — U“C([O,T];H)”U”LZ(QT;V)
<Cr, (””o — Zy, leqoqm + ||7~u0 - U||c<10,fJ;H))<||U — 2y, ||L2(0,T;V) + ||Zu0 ”LZ(O,T;V))
< Cp (@(T) + 1) <2Cy, (@(T)* +17) (3.22)
with
a(T) = llug = 2y oz V 12ug 2 0.7:7)-

Note that «(T) | 0 as T | 0, since z,, € C([0,T;]; H) n L*(0,T; V) and z, (0) = uq.
We turn to the term F(v) appearing in £. By (3.18),

1z leqor1:mry < W20y = wolleqoryyimy + ol <1+ llugll - (3.23)

Now we apply Lemma 3.8(v) with & := o2 CITMZr)I\11+1,T1 and let C‘T] o = Clull,+1.1,.5 denote the constant of Lemma 3.8(v) corresponding

to 6. Recalling (3.23) and (3.21), we obtain
E@) f20751%) < 1F(0) = F(Zuo)”LZ(o,T,w) + ||F(Zu0)||L2(o,T,V*)

11
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1

2
< / (I+ ||U||2 + ||Zu0|| Nlo - u0||2 dS) +ollv- ZMOHLZ(()T vt ”F(Zuo)”LZ(()T V*)

1

/(1+||u||2V+||zu0||2V)r2ds) +or+ IFz )l 20700

IA
/\

IN
[SIE

N I’U(T + ol 20,70y + 120l 20, 80)) + 07 + IF DI 20,84

IA

7

T,

1 1

N

rCp T2+ v =z 2.7 + 2z L 20.70)) + 07 + IF )M 200,70+

1
2

Ti.c

IN
[N

o . T2 +r+ 2zl p20750)) + 0 + IF @)l 200704
It follows that

”F(U)”LZ(Q,T;V*) + ”f”]}(()j";[/*) < ﬂNTl,g(T, nr+or+ }’(T)s (3.249)
with

N . L N

br, o(T,r) i= CTZN,(T2 +r+ 2||Zu0||L2(o,T;V))» r@) =l 27w+ v ||g||L2(0,T;£2(U,H))) + ||F(zu0)||L2(0,T;V*)-

Recall that z,, € MR(0,T;) C L*(0,T;; V) and by Lemma 3.8(iv), F(z,)) € L*(0,T;;V*). So fy, 5(T,r) 1 0 as T,r | 0 and y(T) | 0 as
T | 0 by the Dominated Convergence Theorem. Combining (3.24) and (3.22) and putting

Pr,o(T.r) 1= P (T, 1)+ 2Cy v, ag (T) :=2Cr, a(T)* +y(T),
proves (3.20) for /. By symmetry in Lemma 3.8, the estimate for § follows similarly. [J
Before we prove Theorem 3.7, we need one more lemma, a modification of [22, Lemma 18.2.12].

Lemma 3.12. Let uy € H and suppose that (A, B) satisfies Assumption 2.2. For £, and r, from Lemma 3.10, the following estimates hold
forany T € (0,T,], € € (0,&,], r € (0,7, vy, wy € By(uy, ), v € Z, 7(vg), w € Z, 3(wy), u € MR(0,T) and o > 0:

[[(Ag(v) — Ao(w))U”LZ(o,T;V’f) V |[(By(v) — BO(w))U”LZ(O,T;Ez(U,H)) < °ry (r+ a(T))HU - w”MR(Oj")s
[[(Ag(ug) — Ao(w))u”LZ(oj;w) V [[(By(ug) — Bo(w))ulle(U T1L,(U.H)) <ep (r+ ﬂ(T))||u||MR(0 7y
[1F(v) - F(w)”Lz(oj;V*) VG - G(W)lle(OT LoU.H) = (J’T1 (T rn+o)lv- W”MR(O Ty

where cp, is a constant and a(T), B(T), vy, ,(T,r) L 0 as T, r | 0. Moreover, cr,, a(T), p(T) and m (T, r) are independent of vy, wy, v and w.
Proof. Fix n :=2|uyll g +2, e, i=Cur, and note that ||[vllcqo7y.m) + Il co.71:) < 7 by Lemma 3.10. By Lemma 3.8(iii), we have

[[(Ap(v) - Ao(w))U||L2(()T v = CT] [lo— W”c( [077; H)”U”LZ(()T v < °T, llo— W”MR(O T)(”U — Zy, ”MR(O )+ ||Zu0 ||L2(0T V))

<cepllv = wllyremH (r + a(T)),

where a(T) := Nz ll 20,750 L O @S T | 0. Similarly,

[I(Ap(up) = A()('/U))MHLZ((),T;V*) <cp llup — w”c([oj"];H)||”||L2(0j;v) <cr (lup — Zuy ”C([O,T];H) + ||Zu0 - w”MR(O,T))”“”MR(O,T)

<ecq (BT) + Pllullyreo 7>

where A(T) := |lug — 2, llcqo .y 4 0 as T ) 0 since z, (0) = ug.
Now we turn to F. By Lemma 3.8(v), we have for any & > 0:
T
IE @) = FQoI25 0 7o) < Camallo = @l o 7, / L N0l + Nl de + 5C2 7 llo = wl2 g 7
Moreover,

ol 2075+ < llo = Zyg 20,70+ + ||Zu0 207+ <1+ ||Zu0 20,704

2

and similarly for w. Applying the above with 6 := ¢ Cn‘%] , putting C‘TI,U := C, 1, and taking square roots, we find

1 1
[1F (@) = F)ll 20071+ < 7%] YUHU = Wllyreo7(T 2 +2r + 2||Zu0 lr200.757+)) + o llv — wllvro.7)-
- L
The desired estimate thus holds with 1T = Cﬁ] J(TE +2r+ 2||zu0 Il 20,750+
By symmetry in Assumption 2.2(3), B, and G can be estimated similarly. [
We are now ready to prove Theorem 3.7. The proof is adapted from [22, Th. 18.2.6].

Proof of Theorem 3.7. Lete,,r; > 0 be asin Lemma 3.10 and let T € (0,T}], € € (0,¢,], r € (0,r,]. As above, define ‘I’UO : MR(O,T) —
MR(0,T) by Y, @) =y, where u is the unique strong solution to (3.12). Recall that u solves (3.10) if and only if W, =u and recall

12
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that Z, 7(v,) defined by (3.19) is closed in MR(0, 7), hence complete. We show that for T, ¢, r small enough, the mapping ¥, maps
Z, 7(vy) to itself and is contractive. The Banach fixed point theorem then gives existence of a unique fixed point in Z, 7(v,), hence
existence of a solution to (3.10). We will extend the uniqueness within Z, 7(v,) to uniqueness in MR(0, ).

Let v € Z, 7(vy) and let u := ¥, (v). Let z, be defined as in (3.17) and define f,& by (3.13). Note that u — z,, =¥
(3.8) and (3.20), we have for any ¢ > 0:

(v) , so by

bo—Up

[Ju - Zu[)”MR(O,T) < lu- Zu0||MR(0,T]) < K, (”UO —uplly + ”f”L?(O,Tl;V*) + ||§||L2(0,Tl ;EZ(U,H)))
<Ky, (e+ 2ay, T) + 2pr, oT.0r +20r),

with ar, (D), ﬂTl‘a(T, 11 0asT,r|0. Recall that Ky, from (3.8) only depends on T}, T, |luyll; and w, not on v, or v. Fixing first
o := (4K, we find

- . 5
llu =z, Imrco,7y < 3+ Ky, (& + 27, (T) + 27, (T, r)r).

For all small enough r and all small enough T,¢ (dependent on r), one thus has |ju — Zy IMr,7) S 15 16 Wy () =u € Z, 7(vp). In
particular, for all such r, T, e and for all v, € B H(up,e), ‘I/UO maps Z, 7(vy) to itself.

Now we show that for some (even smaller) r,T,e > 0, the map ¥, : Z, #(vy) = Z, 7(vy) is contractive for all vy € By (uy, €) and
we prove continuous dependence on the initial value v,. Let vy, wy € By (uy, €), v € Z, (vy), w € Z, 7(w,) and note thatu := ¥, (v) —
¥, (w) is a strong solution to

U+ Aug)u = (A(ug) — A)v — (A(uy) — Aw)w + F(v) — F(w) on [0,T],
u(0) = vy — wy.
Hence, by (3.8):

llellvreo,7) < K, (oo — woll g + ”f”LZ(O,T;V*) + ||g||L2(oj;£2(U,H))),

with f 1= (Ay(g) — Ag()v — (Ag(ug) — Ag(w)w + F(v) — F(w) and g := (By(ug) — By(v))v — (By(ug) — By(w)w + G(v) — G(w). We
have by Lemma 3.12, for any ¢ > 0:

||f_||L2(()j';V*) < ”(A()(U) - Ao(w))U”U(Uj;V*) + ||(A0(u0) - Ao(w))(v - W)”U(()j;v*) + || F(v) - F(W)”LZ(oj;Vﬂ
< (en,@r+a@) + BEN + 11, o (F1) + 0 )10 = wlireor»
with a(T), B(T), r o(T.r) L 0asT,r | 0. The same estimate applies to [|Z|l ;2 7. £,y Dy symmetry. Fixing o := (8K, )~! and putting
CT,r) :=2(eq,@r+a(@) + () + ry, -(T, 1)), we conclude that
- 1
llellvreo,7) < Ky llvg — wollg + (Krl C(T,r)+ Z)HU — wllmr,7)

with C(T,r) | 0as T,r | 0. For all small enough r, T, & we thus have Kr, Cc(T,r) < 3—1 and

1
1%y, @) = ¥y IMro,7) = Nullvre,7) < Ky llvg — wollg + 3 lv = wllmre.7)- (3.25)

Application to wy = v, shows that ¥, : Z,7(vy) — Z, 7(vy) is a strict contraction. A unique fixed point is thus guaranteed by the
Banach fixed point theorem. Now let u, € Z, ;(vy) and u,, € Z, 7(w,) be fixed points of ¥, and ¥, , respectively. Then (3.25)
yields

wy

1
lleeyy = iy Imr(.7) = 1¥ 0y W) = Yooy o) lImre.7) < Ky llvg — woll i + 3 lletyy = iy Inro.79-

Consequently, (3.11) holds with C := 2KT1 > 0.

It remains to show that uniqueness not only holds within Z, 7(v,) but also within the larger space MR(0, T). Let v, 5 € MR(0, T)
be strong solutions to (3.10) and suppose that v # 5. Then we have s :=inf{r € [0,T] : v(f) £ 5 in H} € [0,T) since MR(0,T) =
C([0,T]; H)n L*(0,T;V) and V < H is injective. Moreover, v(s) = i(s) =: wq as v, 5 € C([0,T]; H) and v(- + s) and &(- + s) are strong
solutions to

! A — I 7 —
{u + Awu = Fw) on[0,T - s], (3.26)

u(0) = wy.

Now, by the first part of the proof, there exist r,, T > 0 such that (3.26) has a unique solution in Z, ;(w,) for all r € (0,ry] and
8 € (0,T,] (take uy = vy = wy). Fix

6 :=sup{r € [0,min{To, T = s}) 1 |l + 5) = Zy llvreo) V I15C + 9) = Zy Ivre0s) < 7o)

and note that § € (0, min{T;,, T — s}] since v(0 + 5) = 5(0 + 5) = wy = Zy,(0). In particular, § € (0, Ty] and v(- + s), (- + 5) € Z,, r(wp) by
definition of 6. Uniqueness of solutions in Z,, 5(w) implies that v(- + s) = (- + s) on [0, 5]. Therefore v = & on [0, s + §], contradicting
the definition of s. We conclude that v =5. O

13
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Remark 3.13. Observe that the local well-posedness could also have been proved under mere coercivity of A, instead of co-
ercivity of (4, By) (Assumption 2.2(2)). Indeed, in the current section, we have only used Corollary 3.5 and the estimates from
Assumption 2.2(3). Now, the proof of Corollary 3.5 continues when we only assume (A (t, v)v,v) > 6, ||U||%/ - M,,,T||v||§1, since then,
combined with Assumption 2.2(3) and Young’s inequality:

(A, ) = (Ag(t, wD)w, v) = ol By(t, w3, = Collw OG0l = 8, 7llvlly, = (M7 + Collw OV, = oCrrlivlly-

Putting ¢ := 0, ;(2C?

T)‘1 , the required coercivity (3.3) for A follows.

3.3. Global well-posedness
Similar to [36, Chap. 5] and [22, §18.2], we will extend Theorem 3.7 to a global well-posedness result by means of maximal
solutions and a blow-up criterion.
Definition 3.14. For T € (0, o], we define
MRy, (0,T) :={u: [0,T) > H : u|jg7 € MR, T) for all T € [0,T)}.

A maximal solution to (2.8) is a pair (u,,T,) € MR.(0,T,) x (0, o] such that

@) forall T € (0,T,), u,ljor) is a strong solution to (2.8),
(ii) for any T > 0 and for any strong solution u € MR(0, T') to (2.8) it holds that T < T, and u = u, on [0,T].

Note that maximal solutions are unique by definition. The proof of the next proposition is adapted from [22, Th. 18.2.14, Th.
18.2.15] and [36].

Proposition 3.15 (Blow-up criterion). Let x € H and y € L? (R,;U). Suppose that (A, B) satisfies Assumption 2.2. Then Eq. (2.8) has

loc
a maximal solution (u,, T). Moreover, if T, < co and supreio 1,y 14|l 2071y < 00, then limyr, u,(¢) does not exist in H.

Proof. The proof of Theorem 3.7 (with uy, = v, = x) shows that there exists a local solution and that any strong solution on any finite
time interval is unique. Hence, there exists a maximal solution (u,, T,) for some T, € (0, ] and u,, € MR,..(0,T,).

Suppose that T, < oo, supreor,) lltll 2071y < 00 and u* :=limy, u,(f) does exist in H. We will derive a contradiction. Note that
the second assumption implies u, € L*(0,T,; V).

By Theorem 3.7, there exists 6 > 0 and a strong solution u € MR(T,, T, + §) to

Lo
{u + AGu = F@) onl[T,,T, +6l, 3.27)

uT,) = u",
where we use that the translated pair (A(T, + -, ), B(T, + -,-)) also satisfies Assumption 2.2. Then
1), t€[0,T,),
() = u, (1) [0,T,)
u(t), telT,,T, + 4]
satisfies # € MR(0, T, + ) and & is a strong solution to (3.10) on [0, T, + 6], contradicting maximality of (u,,T,). O

Using the blow-up criterion, we finally prove global well-posedness for the skeleton equation. Besides Assumption 2.2, we now
also assume the coercivity condition (2.7) for the pair (A, B). This condition has not been used so far, but it is also needed for the
global well-posedness result for the stochastic evolution equation [3, Th. 3.5], see Theorem 2.3.

Theorem 3.16 (Global well-posedness skeleton equation). Suppose that (A, B) satisfies Assumption 2.2 and coercivity (2.7). Then for
any y € leoc(R +U), x€ H and T > 0, there exists a unique strong solution u € MR(0, T) to (2.8). Moreover,

1.1 1
[lullmMror) < 2+ 5)2 (||x||H + \/§||¢||L2(0,T)> exp[MT + 3 ||W||iZ(O,T;U)]’ (3.28)

where §, M > 0 and ¢ € L*(0, T) are such that (2.7) holds for t € [0,T].

Proof. By Proposition 3.15 we have a maximal solution (u,,T,) to (2.8). If T, = o, then well-posedness for every T > 0 follows.
Suppose that T, < c0. We will derive a contradiction. Let , M > 0 and ¢ € L%(0,T,) be such that the coercivity condition (2.7) holds
with T = T*. By definition of the maximal solution, u,|y; is a strong solution to (2.8) on [0,T] for all T € [0, T,). The chain rule
(A.2) thus gives for all r € [0,T,):

t
e OI2, = lxI, +2 /0 (= A2ty (5)), 1 (5)) + (Bls, 1, (D (5),uy (5))
t
< IxI3, +2 /0 —%mB(s, u (I, = Ollu, (DIZ + Ml N3 + 16> + B, (Dl g lw )y Nl ()]l g ds
t
<lxl3 +2 / —% I BC(s, u, (VI = Ollu (I + Mllu (I + d(s)* + %mB(s, u, (NI, + %||w<s>||%,||u*(s)||§, ds
0

t
= =200l l132,p, + 1017 + 200075 o, + /0 @M + ly I llu, ()11, ds.

14
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By Lemma A.1(Gronwall), we obtain for all T € (0, T,):

1

2 2 2 2 2

e o ryany + 101507, < (1 50 (1103 + 206125, 1) ) eXPRMT + 1w, 1 1
hence

e oy < @+ )% (el + V2l 20, ) xpMT + 2wl 1 =2 K(T) (3.29)
«lIIMR(O,T) = 9 H L2(0,T) P 5 Y200y = > .

where K : [0,7T,] — R, is increasing. Applying Lemma 3.8(iv) with n = K(T,) < co we find that F(u,) € L>(0,#;V*) for all t € (0, T,)
and L := suprefo.r,) I1F @Il r2(0,v+) < 0. Thus, by the Monotone Convergence Theorem, || F(u,,)|| 2o,y S L <co. Similarly, G(u,) €
L%(0,T,; £,(U, H)). Now we apply Corollary 3.5 with T :=T*, w :=u, € C([0,T,); H) C L®(0,T; H) (extend by w(T) :=u,(0) on
the Lebesgue null set {T'}), n := K(T,) and f := F(u,)+ f € L*(0,T,;V*), § := G(u,) + g € L*(0,T,; L,(U, H)). Corollary 3.5 gives
existence of a strong solution & € MR(0, 7,) to (2.8) on [0, T,]. By uniqueness of the maximal solution, it follows that u | = @l
forall T €[0,T,). Hence limyy, u, (1) = limyq, a(r) = i(T,) € H, contradicting Proposition 3.15.

We conclude that the assumption T, < co was false, i.e. T, = co and for any T > 0, u :=u,|g7) € MR(0, T) is the desired strong
solution on [0, T']. Finally, note that the estimates leading to (3.29) can be repeated with 6, M, ¢ of the coercivity condition belonging
to T instead of T,, proving (3.28). O

4. Proof of the large deviation principle
4.1. Weak convergence approach

We return to our original setting of Section 2 and start with the proof of the LDP of Theorem 2.6. From now on, assume that U is
a real separable Hilbert space and (Q, F, P, (F,),»¢) is a filtered probability space. For & > 0, we let Y* be the unique strong solution to

{ dYe() = —A@, Ye(1) + \/EB(I, Ye)dw (), tel[0,T], “.1)

Y4(0) = x.
Here, W is a U-cylindrical Brownian motion, which is defined as follows.

Definition 4.1. Let W € £(L*(R,;U), L*(Q)). Then W is called a U-cylindrical Brownian motion with respect to (Q, F, P, (F,),5) if for
all f,ge L*(R,;U)and t € R,:

(i) W f is normally distributed with mean zero and E[W fW gl = (f,g) [2R,U)
(>ii) if supp(f) C [0,1], then W f is F,-measurable,
(iii) if supp(f) C [t, o), then W f is independent of F,.

There exist several different definitions of a cylindrical Brownian motion or cylindrical Wiener process in the literature. Some
references in our proof of the LDP use (an equivalent of) an R*-Brownian motion, defined below.

Definition 4.2. An R®-Brownian motion (in U) is a pair W := ((B;)ren- (€x)ken)s With (By)ren @ sequence of independent standard
real-valued (F,)-Brownian motions and (e, ),y an orthonormal basis for U.

In Proposition A.4 of Appendix A, the connection between the U-cylindrical Brownian motion and the R®-Brownian motion is
summarized, as well as their equivalent, but differently constructed stochastic integrals. The R*-Brownian motion of Definition 4.2
is e.g. used in [29], where it is called a cylindrical Q-Wiener process (with Q :=1 € L(U;U) the identity operator). Often, the
notation W () = Y, wen Pr(Dey is also used, which is only formal as the series does not converge in L%(Q; U). However, we will write
W= ((Bi)kens (€r)ken)-

Remark 4.3. For the proof of the LDP for (Y*), without loss of generality, we can assume that the filtration (F,), is right-continuous
and complete. Indeed, one can fix any orthonormal basis (e, ),y of U and put ka =Wy, ®e) : s €[0,1]) for k € N and

Fi=o(| JHp), M) :=o(| JHfUN), H, :=H) :=(H,
keN keN >0
where N is the collection of all (Q, F, P)-null sets. Then (H,);»0 is a complete, right-continuous filtration on (Q, F,P). Moreover, one
can show that W is a U-cylindrical Brownian motion with respect to (Q, F, P, (H,);»0) and with respect to (Q, F,P, (T’:’),ZO). Let YOE
and Y¢ be the unique strong solution to (4.1) on (Q, F, P, (7?,0),20) and (Q, F, P, (H,);»0), respectively. Since Pto CcF,nH, YOE is also
a strong solution to (4.1) on (Q,F, P, (F,),») and on (Q, F, P, (H,),5(). Pathwise uniqueness gives Y* = YOE = Y¢ P-a.s. Now trivially
from Definition 2.4, if we prove the LDP for (Y*¢), then the LDP carries over to (Y*).

In view of the above remark, we assume that the filtration (F,),», is right-continuous and complete from now on, and we assume
that W is a U-cylindrical Brownian motion with respect to (F,),»,. Moreover, we fix any orthonormal basis (e;);cy for U. We let
W = (B)kens (€)ren) denote the unique R®-Brownian motion associated to W from Proposition A.4, i.e. satisfying (A.6). In the
upcoming proofs W will be useful, since we will be applying the Yamada-Watanabe theorem and Girsanov’s theorem for R®-Brownian
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motions. Finally, from now on we fix a separable Hilbert space U, and a Hilbert-Schmidt inclusion J : U < U,. This is always possible:
let (u,v); 1= Y77, i(u, ey ler v)y foru,v € U and let U, := completion(U, (-, -),). We associate to W the following U, -valued process:

W) = Y jJe, e[0T (4.2)
k=1

By [29, Prop. 2.5.2], W; is a Q,-Wiener process on U;, with Q, := JJ*. In what follows, W, denotes this Q,-Wiener process defined
by (4.2). We note that the paths of Wl are in C([0,T]; U)).

Definition 4.4. We define
A :={¥:[0,T]xQ - U : V¥ is an (F,)-predictable process, ¥l 20070y < o0 P-as.}
and for K > 0,
Sk ={y e L*0,T;U) : lwll 2070y < K} Ag ={Ye A :¥YeSg Pas.}.
We write (S, weak) for the topological space consisting of Sk, equipped with the weak topology inherited from L?(0,T;U).

The next theorem gives sufficient conditions for the LDP and is known as the weak convergence approach, which originates from
[9, Th. 4.4]. In [30], a useful adaptation was proved. The following version is immediately derived from [30, Th. 3.2]. We will use
it to prove Theorem 2.6.

Theorem 4.5. Let £ be a Polish space and let (Y¢), be a collection of £-valued random variables on (Q, F,P). Let W = (f;)ren- (€1 )ren)
be an R®-Brownian motion. Let W, : Q — C([0,T]; U,) be the associated Q ,-Wiener process on U, defined by (4.2). Suppose that for & > 0,
there exist measurable maps G* : C([0,T];U,) — & such that

(D) Y& =G W,(") as. forale >0,
(ii) for any K < o, (y,) C Sk and y € Si with w, — w weakly in L*(0,T;U), it holds that

g‘)(/' va(s) ds) = g"(/' w(s) ds) iné,
0 0

(iii) for any K < oo and (¥¥) C Ag, it holds that

¢ Mo+ L /"Ps(s)ds -0 (/“P%s)ds) — 0 in probability
Ve Jo 0

as E-valued random variables.

Then (Y*), satisfies the LDP on £ with good rate function

T .
I(z) := %inf {/0 lw I ds : y € L20,T;U), z= g“(/o u/(s)ds)}. (4.3)

Conditions (ii) and (iii) imply the conditions of the original weak convergence approach of [9]. For the latter, instead of (ii) and (iii),
one would require

(ID) for any K < oo, {go(/o‘ w(s)ds) : w € Sk} is a compact subset of &,
(I1) for any K < oo, if (¥¢)C Ax with ¥ — ¥ in distribution with respect to the weak topology on L2(0,T;U), then

G (Wl(-) + \Lf Jo WE(s) ds> - ¢%(fy W(s)ds) in distribution.

1 1
Here, [9, Th. 4.4] is applied with Q,-Wiener process W, H := U, H, := le (U,) and one uses that le (U,)=J(U) =U as a subspace

of Uy, see [29, Prop. 2.5.2] (with Q :=1, U, := I%(U) =U).

Note that (II) means that the sublevel sets of the rate function I defined by (4.3) are compact, as is also required in Definition 2.4.
On the other hand, (ii) means that the map 7 : (Sk,weak) —» £: y  G¥( fo y ds) = u¥ is continuous (S is weakly metrizable as
opposed to L*(0, T; U), thus sequential continuity suffices). In particular, this implies (II). Indeed, S c L*(0,T;U) is weakly compact
by the Banach-Alaoglu theorem and reflexivity of L2(0,T;U), so {C%( /0 w(s)ds) : w € Sg} = 7(Sk) is the continuous image of a
compact set, hence it is compact.

We will apply Theorem 4.5 with the map ¢° : C([0,T];U;) = MR(0, T) given by

Qo(y) . {u"’, ify = /0 w(s)ds, w € L20,T;U),

U (4.9
0, otherwise,

where u¥ is the strong solution to (2.8). Note that the rate function I defined by (2.9) is then precisely equal to the rate function
given by (4.3).

We will verify that all conditions in Theorem 4.5 are satisfied for Y¢ defined as the strong solution to (4.1). Condition (i) follows
from the Yamada-Watanabe theorem in [41]. The details are given in Lemma 4.6, as well as a preparation for the proof of condition

(iii).
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Lemma 4.6. Suppose that Assumption 2.2 holds and suppose that (A, B) satisfies (2.7). Let x € H. Then for each ¢ > 0, there exists a
measurable map G¢ : C([0,T];U;) — MR(0, T) such that the unique strong solution Y¢ to (4.1) satisfies Y¢ = G*(W}) a.s., where W, is given
by (4.2). Moreover, for any ¥¢ € Ag, X¢ := G*(W,() + \/Lg fo Y4(s)ds) is a strong solution to
dXe(t) = =A@, X)) + B(t, X2 (1)¥e(r) + \/EB(I, Xe@)dw (), te€I][0,T], 4.5)
X€(0) = x. '
Proof. To prove the first statement, we use the Yamada-Watanabe theorem from [41, Th. 2.1] on [0, T] with L'(0,T; V) replaced by

L%*(0,T;V). Let £ > 0. For any Y¢ with Y2 € MR(0,T) a.s. and for any & € LO(Q, Fy); H), we have that (Y2, W) is a weak solution in
the sense of [41, Def. 1.4] to

dYe(t) = —At, Y1) + /e Bt Y () dW (1),
YE(0) =¢,

if and only if Y* is a strong solution in the sense of [3, Def. 3.2] to (4.1) with x replaced by &. This is a mere consequence of (A.7) and

the fact that B(-, Y(-)) € L*(([0,T] X Q, P, A x P); L,(U, H)) ¢ N'(0,T) for any Y € MR(0, T). By [3, Th. 3.5], (4.1) has a unique strong

solution Y*¢, also when x is replaced by random initial data £. Thus we have pathwise uniqueness in the sense of [41, Def. 1.7] and

we have existence of a.s. MR(0, T')-valued weak solutions. Now fix x € H and ¢ > 0 and let Y*¢ be the unique strong solution to (4.1).

By [41, Th. 2.1, Def. 1.9(2), Def. 1.8] there exists a measurable map G° : C([0,T]; U;) — MR(0, T) such that a.s. Y¢ = G5(W,(")).
Next, let X¢ := G5 (W, (") + # fo Y¢(s)ds). We prove that X¢ solves (4.5) Define

7 7 1 ’ € A A 1 ’ €
W =W + $A Ye(s)ds 1= ((F)ren: (€ren) br =P + ﬁ/o (PE(s), ep )y ds.

We have [E[exp( - \1[‘1””

Tl e . . -
E [exp </0 <_$\I‘ (s), AW (s))y — —|| \/_‘I’ ”LZ(OTU))] 1.

Now Girsanov’s theorem [29, Proposition 1.0.6] and [17, Th. 2.3] yields that W is an R®-Brownian motion on (Q, F, P, (F1)is0), where

20T U>)] < exp(';—j) < o0, so by Novikov’s condition [24, Prop. 5.12],

. 17 e . .
P :=exp <—$/0 (P (s), AW (5))y — ||‘P ||i (OTU)>d[F°.

Moreover, W induces a U;-valued Q,-Wiener process W, on (Q, F, P, (F,),5) using the same Hilbert-Schmidt inclusion J : U < U, as
we used for Wl in (4.2), resulting in:

Wi = Y e = Y BT e, + — / (¥4 (s), e )y ds)Jek =W, + — 201! (5), e )y ex ds
keN keN \/EkeN 0 keN
. 1
=W,(t) + — Pe(s)d
0] \/;/0 (s)ds

P-a.s. in U}, where we used that W¢ € Ay to apply Fubini’s theorem in the second line. Thus, recalling the definition of X* and noting
that P « P « P, we have P-a.s. X¢ = ¢(W,(-)). By the Yamada-Watanabe theorem [41, Th. 2.1, Def. 1.91, for X¢ = ¢¢(W,(-)) we have
that (X¢, W) is a weak solution to (4.1). That is, X¢ satisfies P-a.s. in V*:

t t
X () =x+ / —A(s, XE(s))ds + / VEB(s, X¥(s)) AW (s). (4.6)
0 0

By Proposition A.4, there exists a unique U-cylindrical Brownian motion W & L(L*(R,; U); L*(Q)) with respect to (Q, F, P, F)is0)
satisfying for allu € U and t € [0, T:

00 t
Wl ®u) = Z B e )y =Wl Q@u)+ L / (WE(s), u)y ds, 4.7)
k=1 \/E 0

where the last equality follows from the definition of §, and (A.6). Let N'(0,T) denote the stochastically integrable processes with
respect to W and W on (Q,F, P, (F)is0)s i-e. (A.3) with P replaced by P. Note that N'(0,T) = N'(0,T), since P < P < P. Thus,
Proposition A.4 gives fot @(s) dW(s) = [, D(s)dW (s) P-a.s. for all ® € N'(0,T) and ¢ € [0,T]. Therefore, combined with (4.6), X*
satisfies P-a.s. (hence P-a.s.) in V*:
13 1
Xe(t)=x+ / —A(s, X5(s))ds + / \/EB(S, XE(s)) dW(s)
0 0
t t t
=x+ / —A(s, X5(s))ds + / \/ZB(S, Xe(s))dW (s) + / B(s, X%(s))¥¢(s)ds.
0 0 0
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In the last line we used that fj ®(s)dW(s) = J; ®(s)dW (s) + Lf Jo ®()¥(s)ds for ® € N'(0,T) and ¢ € [0,T]. For @ =145, .| ®

w®x)with0<t, <1, <T, A€F, ,UEU,xEH, the identity follows from (4.7) and the definition of the stochastic integral for
elementary processes [31, p. 305]. By linearity and continuity of the integrals and by a density argument and localization, the identity
extends for ® € N'(0,T). This finishes the proof of the last claim of the lemma. O

Remark 4.7. The above proof also yields existence and uniqueness of strong solutions to (4.5), since it was actually shown that X*©
is a strong solution to (4.5)if and only if it is a strong solution to (4.1) with W replaced by the U-cylindrical Brownian motion W.
The latter was already considered in Theorem 2.3.

4.2. Weakly continuous dependence in the skeleton equation

In this subsection we prove that condition (ii) of Theorem 4.5 is satisfied. This will be achieved in the upcoming Proposition 4.9. Its
proof was inspired by [20, Th. 3.2]. Using an additional approximation by Bochner-simple functions, we can omit the time(-Holder)
regularity assumptions on B of [20, (H5)].

Lemma 4.8. Let (w,) C C([0,T]; H), (¢,) € L'(0,T;V*) and (y,) C L*(0,T;U) be such that

t
w,,(t):/ a,(s)ds
0

and such that C, :=sup,ey lla,lliorye <00, Cp 1= supuen lw,llcqorymy < and w, — w weakly in L*(0,T;U). Let be
L*(0,T;L,(U, H)). Then,

1
lim sup | /0 (B($)Wy(5) = w(5), w, () ds| = 0. (4.8)

n—= 110 T

Proof. Without loss of generality, we can assume y = 0, i.e. y, — 0 weakly in L2(0,T;U) (apply to w, — w). Since (y,) is weakly
convergent, it is bounded. Throughout the proof we let

Cy t=sup |y, ll 2 7.0) < -
neN

First, let us observe that it suffices to prove (4.8) for all 5 in the collection

S ={1,Q@u®uv:DeB(0,ThuelU,veV}C L2(0,T;£2(U,H)),
where (]lD Qu® u)(t)x ;=1 pt)(u,x)yv € H for t € [0,T] and x € U. Note that span(S) is dense in L%(0,T; £,(U, H)), using consec-
utively density of Bochner-simple functions, density of finite rank operators in £,(U, H) and density of V in H. Define for n € N:

I,: L*0,T; L,(U, H)) » C([0,T;R), 1,(b) := / (b()yy(5), wy(s)) ds.

0

Each [, is linear and continuous with || Z,|| < C,,C,,, independent of :

”In(b)”C(IO,TJ:R) < ||b||L2(0,T;[:2(U,H))||‘l/n||L2(0,T;U)||Wn||C(0,T;H) < ”b”L2(O,T;£2(U,H))Cwa‘ (4.9)
If (4.8) holds for all b € S, i.e. lim,_ , |1 1,(B)llcqo.ry:m) = 0, then it also holds for all b € span(S), by the triangle inequality in C([0, T]; R).
Moreover, for b € L*(0,T; L,(U, H)), we find (b;) C span(S) with b, — b in L*(0,T; L,(U, H)) by density. Now (4.9) and a standard
2e-argument yield (4.8) for b.
It remains to prove (4.8) for b =1, ® u® v with D € B([0,T]), u € U and v € V. Note that in this case,

I,(b) = / 1 p(8) (1, (8)) (0, w,(8)) ds (4.10)
0
and we have
t
W, w, () g = (v, w,(s)) =/0 (a,(s),v)ds.

Since u and v are fixed, we have (v, w,(-))y € C([0,T];R) and (a,(-),v) € L'(0,T) with norms uniformly bounded in n. Moreover,
(u, w,("))y € L*0,T) and w, — 0 weakly in L2(0, T; U) implies (u, w,(-)); — 0 weakly in L2(0, T). Combined with (4.10), we conclude
that it suffices to prove the lemmafor U=V = H=V*=Rand b= 1, € L>(0,T) = L*(0,T; £,(R; R)).

Let (w,), (a,), (y,) be as in the statement, now real-valued, and with y = 0. Define I"(r) := /0’ 1 (), (s)w,(s) ds. We have to show
that lim,,_, o, sup,efory [1"®)| = 0.

We use an equidistant time discretization to approximate w,. For § > 0 and ¢ € [0, T], put 75 := [éJzS. We have for all n € N and
6> 0:

1 t
1) < | /0 LW (5)10,(5) = w,(s5) ds] + | /0 Lo (W (5)10,(55)) ds|

‘ L5=1 s ‘
<| /0 LpWu()(w,(s) = w, (s ds| + Y | / LW, (s5) ds| + | / 1 (W, ()w,(s5) ds
1=0 16 1s
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=: I + T+ T80 ). (4.11)
1=0

We estimate each term. Since y, — 0 weakly in L2(0,T), we have for all § > 0 and / € N:

5l (I+1)s +1)s
Il = |w,,(15)|‘ /m 1 (), (s) ds( < cw) /m 1p()w,(s)ds| - 0 asn — co. (4.12)
Furthermore, we have for all n € N:
! 1
sup J3"‘5(t) <C, sup / ly,()ds < C,C,6%2 -0 asdslo, (4.13)
1€[0,T) 1€[0.T1J1;

where we used that |r — 75| < 6 for all 7 € [0, T']. Note that the convergence is uniform in .
Finally, we estimate .Il'"‘s(t) uniformly in »n and ¢. By the Cauchy-Schwarz inequality, we have for all » € N and 6 > 0:

T
sup I < / W (] 10,(8) = w, ()] ds < C 110,() = w,C)ll 20 (4.14)
SN 0

To estimate further, we use an argument inspired by [20, Lem. 3.3]. Note that w,(0) = 0 and
T s T T
/ [w, ) = w,(t:)|> dt = / [w, ()|? dt +/ lw, (1) = w,(t5)|* dt < 6C2 +/ [, (1) — w,(t5)|* dt. (4.15)
0 0 5 5

For any 7 € [8,T], we can apply the chain rule (A.2) to v:;‘s(~) = w,() — w,(ts) = ./t5 a,(s)ds on [ts, T] and obtain for all 7 € [15, T

|w, () — wn(t(;)l2 = 2/ a,(s)(w,(s) —w,(ts))ds.

15

Applying the above expression with 7 = ¢ we estimate the second term from (4.15):

T T
/ |w, () — wn(tt;)l2 dt = 2/ / a,(s)(w,(s) —w,(ts))dsdt
5 s Jig

T |yt
< 4Cw/5 /5 |a,(s)| ds dt
-

T T
<4c, / / L om0 At |, ()] ds
0 8
<46C,C,, (4.16)

where we used that 1,_5,(s) < 1 154 () for all (s,#) € [0,T] x [§,T]. Combining (4.14)-(4.16) we conclude that for all § > 0:

[NIE

sup sup JI°(1) < G, (6C2 +45C,,C, ). (4.17)
neN 1€[0,T]
Now let & > 0. According to (4.17) and (4.13), fix 6 > 0 sufficiently small such that we have sup,ey sup,eo.1) Jl""s(t) < % and

SUP,,en SUP;ef0.T] J3""5(t) < § Then, according to (4.12), pick N € N such that for all n > N: Jz"“s” < “"IJ. By (4.11), we obtain
)

sup,epo.) "] < € for all n > N. Thus lim,,_, , sup,io.) [I"(H] =0. O

Equipped with the lemma above, we now prove that condition (ii) of Theorem 4.5 is satisfied. Note that the growth bounds on
B in Assumption 2.2 contain V-norms (instead of merely H-norms), making it more difficult to apply Gronwall inequalities. To deal
with this, the estimates from Lemma 3.8 will be used.

Proposition 4.9. Suppose that Assumption 2.2 holds and suppose that (A, B) satisfies (2.7). For y € L*(0,T;U) let u¥ be the unique strong
solution to (2.8). Then for any K > 0, the map (Sg, weak) —» MR(0,T) : w +— u¥ is continuous.

Proof. Note that S is weakly metrizable (as opposed to L*(0,T;U)), so we may verify sequential continuity. Suppose that y, — w
weakly in L2(0,T;U) and write w, := u¥» —u¥. We show that w, — 0 in MR(0, 7). For each n € N, w, is a strong solution to

{w; + Agtw, = £+ (Bow, + 8, )Wy + by, = v,
w,(0) =0,
where A, := A,w¥), B, := By(u¥) and
fu 1= (Ag) = Ag@¥m)u¥n + Fu¥n) — Fw¥) € L0, T; V*),
gy 1= —(By”) — By )u¥n + Gu¥n) — Gw¥) € L*(0,T; Lo (U, H)),
b= BWY) = By ¥ + Gw") + g € L*(0.T; L, (U, H)).
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By the chain rule (A.2), we have for all 7 € [0, T

t
SOy = [ =1, 910,69 + By 6.0, s
t
+A<ﬁ6hw®»+@uﬂw6LWAﬂms

1
+/ (b(5)w, (s) = w(s)), wy(s)) ds
0

DTN + 1) + 10 (4.18)
The strategy is now to use Lemma A.1 (Gronwall) for deriving an estimate of the form

2
I, Egor) <C sup 112,
t€[0,T]

after which we will apply Lemma 4.8 to l;’ and obtain w, — 0 in MR(0, 7). Using the maximal regularity estimate (3.28) and bound-
edness of (,) in L2(0,T;U), we put

N =¥ llmro.1) + sug ¥ lmreo,ry < ©0- (4.19)
ne

Let O 7, My r and Cy 1 be as in Assumption 2.2. We estimate /| and I appearing in (4.18). The coercivity of (4, By) in Assump-
tion 2.2(2) gives

t
'@ S/O —( Ay, (5), w, ()} + 1By, () g 1w, ()l 1w, ()| gy ds
o 1 2, 1 2 2
< A —(Agw,(5), w,(s)) + §|||Bown(s)|||H + E”Wn(s)“(]”wn(s)”[.[ ds

t
1
< / =On.rllw, I + My + S 1wl lw, oIl ds. (4.20)
0

Moreover,

t
;@ S/O 2y 1w, (1l + MO WD Nly lwn (Il g ds

! 0
1 N.T 1 1
< / T M@+ == 1w, + S Hga I + 5 Iyl w1, ds. “4.21)
0 YNT

For f,, Lemma 3.8(iii)(v) gives for any ¢ > 0:

2 vy _ V) \yVn ||2 Yy — V|12
Iall 2 ey S 2MCAQWY) = AgQu¥ DU I o + 2IF @) = F@I 5 e
t t
SZC;V’T/O ||uwn||%/||w,,||§{ds+2CN’T’G/O (1+||u"’||%/+||u‘4’n||%/)||wn||fqds+20'C12V’T||wn||2LZ(OJ;V). (4.22)
Similarly, Ilgnllszm L) is bounded by the right-hand side of (4.22), by Lemma 3.8({i)(v). Fix 6 := 63, (42 + 0y 1)Cy 1)™' > 0.
Combining (4.21) and (4.22) yields
2 t t
l;(r)s(mﬂ)(qz”/o ¥ 115, 1w, 117 ds+CN,m/0 (L+ 115 + v 15 ) w117, ds)
P2 05 e o P 2 [ L i ds
HN,T N, T n LZ(O_r;V) 4 n LZ(OJ;V) o 2 W U nllq
! On.r
= /0 B,y 05+ 0, 4.23)

where
hy(s) = (ﬁ (G I G + O+ T G, + I I3 ) + S w01
Note that sup,¢y ||h,l||L1(0’T) < o0, by (4.19) and since (y,) C Sk. Now (4.20) and (4.23) give
o+ e < —QNT’TIIWnIIZLz(OJ;W + /Ot (h,,(S) +Myr+ %II%(@II@)IIW,,(S)II% ds.
Hence, combined with (4.18):

t
1
e, Oy < =On 20,1750, +2 / (h,,(s) + My + Ellwn(S)||2U>|Iwn(S)llf, ds+2 sup [H(5)l
LT 0 s€l0,¢
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Lemma A.1 (Gronwall) gives for all n € N:

1 2 2 2 1 n
- < < — .
7 1wnllyro.r) < Sup N, O + N0, 2 7y, <200+ ot )S?[g,),] [ 15 (s)] exp(2x), (4.24)
. . 1
with constant & := sup,ex, (12,1l 110,r) + $1Wl2 0 1)) + M < 0.
By (4.24), it remains to show that lim,_,, sup,o.r) [15()| = 0. We use Lemma 4.8. Note that sup,ey lw,llmrer) < N by (4.19),
so we only have to verify boundedness of (a,) ¢ L'(0,T;V*), where a, := —Aqw, + f, + (Byw, + g,)v, + by, — w) € L>(0,T; V*) +

LY(0,T; H) c L'(0,T;V*). The last inclusion is continuous, so it suffices to prove boundedness of (—Ayw, + f,) € L*(0,T;V*)
and (8,) := (Byw, + g)w, + by, —w)) C L1(0,T; H). Note that |[(Byw, + g )W,llg < IBow, + gl z lw,lly with (y,) bounded in
L%(0,T;U) and similar for b(y, —w). Thus by the Cauchy-Schwarz inequality, if we show that (B,w,) and (g,) are bounded in
L*(0,T; L,(U, H)), then boundedness of (8,) C L'(0,T; H) follows (b € L*(0,T; L,(U, H)) does not depend on n). By symmetry in
Assumption 2.2(3), Byw, and g, can be estimated in the same way as Ayw, := Ay¥)w, and f, := (Agu¥) — Ag¥n)u¥n + Fu¥n) —
Fu¥), respectively. We provide the estimates for the latter here. By Lemma 3.8(ii)(iii), ||Ay@*)w,ll 201w+ < CypN < o0 and
I(Ag@¥) = Ag@¥m)u¥nl 20 1y < CN,TNZ < co. Furthermore, Lemma 3.8(iv) gives ||F@¥")|l 2 7.+ < CN,T(I + N) < oo. Finally,
F@¥) € L*(0,T; V*) does not depend on n. We conclude that (—Ayw, + f,) is bounded in L*(0,T;V*) and by the considerations
above, (8,) is bounded in L'(0,T; H). Lemma 4.8 thus yields lim,_, SUP;e[0.77] |I§’(t)| =0 and (4.24) gives w, - 0in MR(0,7). O

Remark 4.10. Proposition 4.9 also ensures measurability of the map ¢° : C([0,T];U;) - MR(0, T) defined by (4.4), as required in
Theorem 4.5. Note that { f; y(s)ds : y € L*(0.T;U)} = {v € W'3(0,T:U) : v(0) = 0} =: W,"*. By Sobolev embedding [22, Corollary
L.4.6], I/VOI’2 embeds continuously into C([0,T]; U) (Wol'2 is a closed subspace of W 1-2(0, T; U)). Hence Kuratowski’s theorem [25, Th.
15.1] gives B(Wol’z) c B(C([0,T]; U)). Moreover, y : VVOI’2 — MR(.T): [, w(s)ds — u¥ is continuous, since f; v, (s)ds — [ w(s)dsin
WO1 2 implies y,, — w in L2(0, T;U), and L?(0,T;U) — MR(0,T) : y + u¥ is norm-continuous since it is weakly sequentially continuous
by Proposition 4.9. It follows that for E € B(MR(0, 7)), we have

(@) = r~'(E) € BW,") € BIC(10. T U)), 0¢E,
y HE) U (C(0, T, U) \ W2(0)) € B(C([0,T1;U)), 0€E.

Since U < U, Kuratowski’s theorem yields B(C([0,T1]; U)) C B(C([0,T1]; U;)). Thus ¢° is measurable.

4.3. Stochastic continuity criterion

It remains to verify the stochastic continuity criterion (iii) of Theorem 4.5. Before we prove that (iii) is satisfied, we first derive
some stochastic bounds which we will later apply to X¢ := G* (Wl )+ \Lf fd YE(s) ds). In the next lemma we use a stochastic Gronwall
£

lemma as in [3] to avoid further growth bound assumptions on B.

Lemma 4.11. Suppose that Assumption 2.2 holds and suppose that (A, B) satisfies (2.7). Let K > 0, (¥*),___1 C Ay and let x € H. For
2

e € (0, l), let X*¢ be a strong solution to

{ dXe(t) = (—A@, X)) + B(t, X*(1))¥e(r)) dt + \/EB(I, Xe@))dw (), te€]0,T], (4.25)

X€(0) =x,
Then there exists C > 0 such that for all y > 0,

C
Supee((),%) PUIX mreo.ry > 7) < 7

c
supge(ov%) P(||B(-, Xs(.))||Lz(07T;£2(U’H)) >y) < el

The constant C depends only on x, K, T and ¢, M, 6 from (2.7).

Proof. By the Itd formula (A.4), by (2.7) and since ¢ < 1, we have a.s. for all t € [0, T:
X3, = Nl =2 /0 '<—A<s,Xf(s>),Xf(s>> + (B(s, X*()¥(s), X*(5)) ds
N /0 (X (5), Bls. XF () AW () + /0 B, XF (DI, ds
< 2/0' —%mB(s, X(sDIF; = ONX 5, + MIX ($)lI; + |p(s)|* ds
+2/0’<B(S,X5(s))‘l"(s), X(s))ds

e /0 I1BGs, XE(sIE, ds +2+/% /O (X¥(5). Bls, X“()()) AW (s)
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t
/ I BCs. XE(NIIF, ds = 2601X°13, ) + / 2MIXE )5, ds + 201617,
1
+2 / §|||B<s,x5(s>>|||i,+2||W5(s>||§,||x5<s>||3, ds
0

l/ Il BCs, X“ (sl dS+2\/g/(XE(S),B(s,X‘(S)(-))dW(S)
0

= ——IIB( X O - 2011 X°|3

L2(0.5L, (U, H)) L20.5V) +2”¢”L2(0 )

t t
+ / 2M + 212N X ()13, ds +24/e / (XE(5), B(s. XE(5)()) AW/ (5). (4.26)
0 0
We conclude that y, (1) < A(t) + [y v, ()a(s)ds +24/e fj(X*(5), B(s, X*(s)(-)) dW (5), where

e = IX O3, + 201X IIB( Xl

2o T L2(0.5L,(U,H))’

h(t) := [Ixl13, + 2112 aé(z> = 2M + 2017

L2(0,T)

Now the stochastic Gronwall inequality [19, Cor. 5.4b), (50)] (with R :=2MT + 4K?) gives

IP’( sup y (1) >y

) exp2MT +4K?) exp2MT + 4K?)
t€[0,T] Y

E[A(T)) < ————(lIx Xl + 2061, 1))
for all y > 0, where we used that ||'¥¢|| ;2 7.yy < K a.s. since (¥°) C Ag. Using

{ sup y (1) > y}

te[0,T]

(3 (3 £
> {0 oy + 200X gy, > 20 U {IBC XN 1y > 47 )

4y
112 £
> {Ix ||MR(0,T)>1A—29} {1BCX O 000 > 47 )

and putting C := — exp@MT + 4K2)(|1x113, + 2||¢>||L2(0 u,% yields for all £ € (0, 1):
e C C
P(IX IIMR(OT) >y) < p P(IB(-, X* ())”LZ(OTE wmy > NS 7

Consequently, we have P(|| X |lyro.r) > 7) = P> X* >y < % and in the same way, PUBC, X O 20,1, 0y) > 1) < y%,

I3 MR(0.T)
uniformly in € € (0, %). |
We now prove that condition (iii) of Theorem 4.5 is satisfied.

Proposition 4.12. Suppose that Assumption 2.2 holds and suppose that (A, B) satisfies (2.7). Let (¥¢) 1 C Ag for some K > 0 and let

0<<

x € H. For e € (0, % ), let X¢ and u¢ be defined by

g :=gf(W,(~)+i/ llff(s)ds), ut :=g0(/ llff(s)ds>,
Ve Jo 0
where G : C([0,T];U;) » MR(0,T) is the measurable map from Lemma 4.6 for € > 0, ¢" is defined by (4.4) and Wl by (4.2). Then
X*¢ —uf — 0 in probability in MR(0,T) as € | 0.

Proof. We will apply It6’s formula and Assumption 2.2. However, because the estimates in Assumption 2.2 are n-dependent, below
we use a cut-off argument to reduce to processes that are bounded by » in H-norm.

By Definition 4.4, we have a.s. |¥¢|| ;2 7.y < K < oo. Thus, recalling (4.4), we have for a.e. w € Q: uf(w) = u*<(), where the
latter is the unique strong solution (Theorem 3.16) to (2.8) with y = ¥*(w) € Sk. Furthermore, the maximal regularity estimate
(3.28) gives

N :=esssup,cq sup [[u*(@)llyreo.r) < - (4.27)
£€(0.3)

On the other hand, for X we do not have a.s. sup,__ 0.1 1X€Nlco,ry; iy < o0, but we do have the boundedness in probability from
¥ T
Lemma 4.11. For ¢ € (0, l) and n € N, define
E,, = {I1X*lluro.r) < 1) 0 {llef gy < N -

By Lemma 4.6, X* is a strong solution to (4.25), so thanks to Lemma 4.11 and (4.27),

C
PE; ) =PUIX lImro,r) > M) < =t
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where C is a constant independent of e. Hence, for all € € (0, l) and n € N:

PUIX® = e g, > ) < PUIXE =t Il > 7} 0 Ep o) + P(ES,)

C
<PEIX® —ullmro,ry > 71 N Ey Q) + 3

Therefore, to have the stated convergence in probability, it suffices to prove that for any 6 > 0 and any large enough n € N:

limPIX ~ o) > 810 Eye) = 0. (4.28)

Let n > N be arbitrary, where N is given by (4.27). We prove (4.28). By the It6 formula (A.4), we have for all t € [0, T']:
[1X4() ME(I)H%, = Z/Ot(—A(S, XE(5)) + A(s,u(5)), X*(s) —u(s)) ds
+2 /(;((B(S, X5(5)) — B(s, u(5))) ¥* (), X(5) —u(s)) ds
te /O B, XSG ds

1
+2v/e / (XE(5) = u(s), B(s, X(5)) AW (5))
0
= I{(H+ 1§(z)+l§(z)+lj(t).
Below we derive an estimate of the form
L20.1V)

1
IS + IE() < =0, 711X —uf |2 + /O 1A, (DIXE(s) — uf ()13 ds (4.29)

that holds a.s. on the set E,,, for every 1 €[0,T] and ¢ € (0, %). Here, 0,7 is a constant and a.s. h,, € L1(0,T), with a, :=

SUPe(o 1) esssupg|lh, g, o) < o Then, a.s. on E, ,
t
X = u Ol < =0, X —uf ”sz(o,,;m + I+ sup I+ /0 1, (DINXE(s) — uf ()% ds,

so Lemma A.1 (Gronwall) gives pointwise in a.e. w € E,, :

X = gy + X =6, < (B, explae) (1) + s 51).
Putting ¢, :=2(1 + 0,7 ) exp(,), we thus have || X — u* |12 - < cn(Ig (T) + sup,eqory |I§(z)|) a.s. on E, ., and therefore,
4

é
PUIXE =t Ijgpeory > 63 N Ene) < Z; P sup. IF01> =) 0 Ey).

i=

Hence, after we have proved (4.29), for (4.28), it suffices to prove two convergences in probability:

lifg PU5(T)>6)=0 for any 6 > 0, (4.30)
£

limP( sup |I;(®)| > &) =0 for any & > 0. (4.31)
el0 g0,

All in all, recalling that we reduced the original problem to proving (4.28), by the reasoning above it remains to establish (4.29),
(4.30) and (4.31).

Let us prove (4.29). Recall that A(t,v) = Ay(t,v)v — F(t,v) — f and B(t,v) = By(t,v)v + G(1,v) + g, see Assumption 2.2(1). We have
pointwise on E,, , for all € € (0, l):

%(If(t) +I50) = /O ' Ay ()X (5) — (5)), X () — () ds
+ /0 (Ao, () — Agls, X () X¥(). X¥(5) — u(5)) ds
+ /0 R (5) = G (5)), X(5) — u(5)) s
+ /0 By ()X (5) — () (). X(5) —uf () s

t
+ /0 ((By(s, X€(s)) — By(s,u(s))) X ()W (5), X (s) — u(s)) ds
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+ /0 I((G(Xf(s» = G(u (5))) ¥ (5), X (5) — u (s)) ds
< /0 t<—A0<s, U ($))(XE(s) = u(5)), X< (s) — u(s)) ds
+ /O ' %mBo(s, U ()X (s) = u ()l + %II‘Pg(s)IIf,IIXf(s) —u ()|}, ds
+ /0 ’ Il (Ag(s. () = Ag(s, X())) XE(5)lly= 1 X5 (5) — uf (5)lly ds
+f FOC(5) = FGE 6Dy« 1XG5) = i (9l ds
+ /0 Nl (By(s, X(5)) = Bo(s,u () X Ol g ¥ ()l 1 X (s) = uF (s)]] gy s
+ /0 ’ NGX(9)) = G (Dl I (Dl 1 X (s) = u (s)ll s
< /0 t =0, 71X*(s) — u*(s)II3, ds
! 1
+ /O (M, + 319G )IX () = w11, ds
+ /O ’ C, [l (Ag(s. U (5)) = Ag(s, X)) X913 + ol XE(s) — uf (5)][3, ds
+ /0 t CIIF(X(9) = FU ()3 + ol X (s) = u“(9)]l5, ds
+ /0 ' %lll(Bo(SaXe(S)) = By(s,u (s)) X )II3, + %ll\?f(s)ll%,lle(s) —u (9)II3; ds
+ % /0 t NGXE() = G (DI, + %llwf(s)nzu 1 X#(s) — uf ()13, ds

=1 =0, 71X —u N5 0y + T O+ IO+ T (0 + TE0) + T5(0) (4.32)

for any ¢ > 0, where C, := % from Young’s inequality and 6, r and M, are the constants from the local coercivity of (4, By) in
Assumption 2.2(2).

Next, we estimate the terms of (4.32). J; is already in the desired form for application of Gronwall’s inequality. Moreover,
Lemma 3.8(iii) yields

t
170 < C,Cp [ =w O IX O ds el X = (4.33)
1 t
550 <3 [0 - O, (X + 10l s (4.34)
0
Similarly, Lemma 3.8(v) gives for any 6 > 0:
t
J3%(1) £ CoChrg /0 IXE(8) = u Ol (1+ IX G + M) ds + Co8CLpll X =Ty ) +OIX =t Ny 0y (435
for some constant C,, 7 ; > 0, and
o<t [Nixe-dor (Cor L+ IX @I + NI + I @I ) ds + 26C2 11X — w2 (4.36)
sW=3, w\Cnrs v v U 2°nT L2(0V) ’
Now we fix ¢ := 9”'T. Then we fix 6 := 0"—1. Combining estimates (4.33)-(4.36) with (4.32), we obtain

8 8CZYT(C(,V%)

t
KO+ L0 <-0,71X° —uf ||2Lz(0,,;V) + /0 By ()X (s) = u ()], ds,
where £, is of the form
e (s) = Cor o (1 + ¥ + IX I, + 1 S5 ), (4.37)
for a constant C, 7, , > 0. Now, a.s. ¥¢ € L?(0,T;U) and a.s. X¢,u¢ € L?(0,T;V), thus a.s. h,, € L'(0,T). By definition of E, , by
(4.37) and since (¥¢) C Ak, we have a.s. el Npor < CorosT + K? +2n?) for every € € (0, %). Thus, h,, has all required
properties and (4.29) is satisfied a.s. on the set E, , for every ¢ € (0, %), as desired.

Regarding (4.30), by Lemma 4.11 we have for any (fixed) 6 > 0:

: € —1i L YECI2 -y < 14 -1 _ )
lim PUS(T) > 8) = i PUBC X O 7., .y > 067 S limCes™! =0
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It remains to prove (4.31). Note that I ; Is a continuous local martingale (using Lemma 4.11) starting at zero, with [I ST =

fOT e|[{Xe(s) — ut(s), B(s, XE(S))('»HZZ(U,[R) ds, where ;] denotes the quadratic variation. Thus, by [23, Prop. 18.6], (4.31) is equivalent
to

T
lim [P’(e/o IKX() = u (), B, XN, g 5 > 5) —0forall 6> 0. (4.38)

We prove the latter. We have for all 6 > 0 and ¢ € (0, %):

T
Ple [ 10000 Bl XN 585> 5)

IA

T
P( [ IX© = I NG X I ds > ™)

T
< P(IX =By [ WG X, 05> 067"

1 1
<P(IX = lleqorym > Ge7H3) + P(IBC, XM 20,150,y > (5e7H7). (4.39)

Due to Lemma 4.11, we have

ot . .
POX* = wllcqorra > 6e™D¥) <PUIX Neqorim > 36™3) + Pl leqorym > 3667

1
ok . 1.0
<4CEes™H2 + P(lIu llcqorym > 7 (e H7), (4.40)
1 1
P(llB("Xg('))”LZ(O,T;CZ(U,H)) > (6e71)3) < C(es™)z. (4.41)
1
Note that P([|ufllcqory.a > %(65’1)1) =0 for all £ € (0, ﬁ A %) by (4.27). Thus, combining (4.40), (4.41) and continuing from
(4.39), we see that for all € € (0, # A %):

T 1
P(e /0 X (5) = (5), BUs X (DO, y ds > 8) < 5C(e67)7.
Letting € | 0 we arrive at (4.38). O

4.4. Proof of Theorem 2.6

Proving Theorem 2.6 is now only a matter of combining.

Proof. We verify the criteria of Theorem 4.5. Note that & := MR(0,T) is Polish. Define ox by (4.4) and for € > 0, let G¢ be the
measurable map from Lemma 4.6. Now, (i) holds by Lemma 4.6, (ii) holds by Proposition 4.9 and (iii) holds by Proposition 4.12. The
proof is complete. [

Lastly, a small remark.

Remark 4.13. The LDP of Theorem 2.6 implies the following Strong Law of Large Numbers: we have Y2 — Y? a.s. as ¢ | 0, where Y°
solves (4.1) with £ = 0, i.e. with only the drift term. This follows from the Borel-Cantelli lemma and the fact that the rate function has
a unique zero at Y°. Indeed, I(Y®) = I(«%) = 0 and if I(z) = 0, one finds (y,) C L*(0,T;U) with z = u¥» and l,, || ;2¢ 1./, = O- Then,
u¥n — z in MR(0, T) and by Proposition 4.9, u¥» — u® = Y0 in MR(0, T), thus {z € MR(0,T) : I(z) =0} = {Y°}.

5. Application to fluid dynamics

In this subsection, we apply our results to an abstract fluid dynamics model considered in several earlier works. We closely follow
the presentation of [6,12] and focus on what the large deviation principle of Theorem 2.6 becomes in this setting. Afterwards, we
specialize to the Navier-Stokes equations with gradient noise to make our results even more concrete.

5.1. Abstract model

The abstract form of the problem we consider is as follows

{ dY (1) + Ag()Y* dt = P(YE(1), YE(r)) dr + \/;(BO(I)Yg(I) + G(t, YE(I))) dw (1),
u(0) = x.

(5.1)

Here, @ is supposed to take care of the typical bilinear term appearing in equations in fluid dynamics. In particular, all of the following
models can be included in the abstract framework below: 2D Navier-Stokes, 2D Boussinesq equations, quasigeostrophic equations,
2D magneto-hydrodynamic equations, 2D magnetic Bénard problem, 3D Leray a-model for Navier-Stokes equations and shell models
of turbulence.

To put this problem in the setting of (2.4) and Assumption 2.2, we assume the following.
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Assumption 5.1.

(1) Ap: Ry = L(V,V*) and B;: R, —» L(V,Ly(U,H)) are measurable and for all 7 >0, sup,cqrll40®llzy y) <o and
supseqo.r) 1 Bo®ll v o iy < 0. Moreover, for all T > 0, there exist 0 > 0 and M > 0 such that for all v € V and r € [0, T,

1
(0. Ag®)0) = 51 Bo®VNZ iy gy = OlI0N, = M0l

1
2

D@, vy« < Cllullg llvllg, (u, P@,w)=0, woveV.

(2) For some g, € (5, %], Q: Vg XV - V* is bilinear and satisfies

(3) For some f, € (%, D,G: Ry xVy — LU, H) is measurable and satisfies the following Lipschitz conditions: for all T > 0, there
exists a constant C such that for all u,v € Vs, andt € [0,7T],

IG@w) = G, V)l gyw,m)y < Cllu— U||V,,2 and |GGt wllzyw,m < CA+ ||u||V,,z)~
The associated skeleton equation is given by

{(u"’)’(t) + Ay (1) = OW¥ (1), u (1) + (Bo(Ou¥ (1) + G(t,u¥ 1))y (0), 1 € [0,T], 5.2

u¥(0) = x.
Theorem 5.2. Suppose that Assumption 5.1 holds, Then for every x € H and ¢ € (0, 1], the problem (5.1) has a unique global solution

Y€ e L2 ([0,00); V)N C([0, 00); H) as.
Moreover, for every T > 0, (Y¢) satisfies the LDP on L*(0,T; V) n C([0, T]; H) with rate function I : LlZOC(O, T;V)nNnC(0,T]; H) - [0, +00]

given by

T
I(z) = %inf{/ lw(s)I% ds : w € LX0,T;U), z = u"’},
0

where inf @ := 400 and u¥ is the strong solution to (5.2).

Proof. In [6, Th. 7.10] it is shown that Assumption 5.1 is satisfied, noting that the arguments also work for the time-dependent
setting. Thus well-posedness follows from Theorem 2.3 and the large deviation principle follows from Theorem 2.6. O

5.2. LDP for Navier-Stokes equations with gradient noise

Next we specialize the result to the 2D Navier-Stokes equations on an arbitrary open set @ C R? (possibly unbounded), and we let
the noise term contain a transport/gradient term. The large deviation principle is new even for the case ® = R2. Indeed, as explained
in the introduction, previous results in the literature either contain a gap, or do not have gradient noise, or assume boundedness of
the domain O.

For simplicity we only consider the case of It0 noise. For details on Stratonovich noise, see [4, App. A]. We follow the presentation
of [6, §7.3.4].

Consider the following Navier-Stokes system with no-slip condition on domain O:

dY® = [VAY® — (Y€ - V)Y® — VP dr + \/ZZ [(b, - VIYE +g,(.Y) = V| dW,

n>1
divy® =0, (5.3)
Y*=0 on oo,

Y4(0,°) = ug.

Here, Y¢ := (Y51, Y%2): [0, 00) X Q x @ — R? denotes the unknown velocity field, P¢, ﬁrf : [0, 00) X Q X @ — R the unknown pressures,
W/ . t>0),5, a given sequence of independent standard Brownian motions and

(bn~V)u::( Z b{lajuk) , (u-V)u:z( Z ujaju")
Jell2) k=12 Jje(1,2} k=12

Assumption 5.3. Letd =2.Let b/ = (bf,),IZ | : Ry X © - £? be measurable and bounded and suppose that for every T > 0 there exists
a u € (0,v) such that for all x e © and ¢t € [0, T],

1Y Y HNEE < uléP forall¢ e RY.

n>1ijE(1,2)

Moreover, g',g%: R, X O xR? - #? and for every T > 0 there exists a constant L, such that

g/t x,3) — g/ (t, %, )l o2 < Lgly = |
g/t x. Mll,2 < LA+ 1y, x€0,p.y €R® 1€[0,T], j€({1,2}.
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As in [6, §7.3.4], we can use the Helmholtz projection P to rewrite (5.3) as (5.1). To this end, let V" = #? with standard basis
(e,)n>1 and let

H=1%0), V=H)0)=H(O;RHnLX0O), V*:=H"0O)=MUH)0O),

where .2(O) denotes the range of the Helmholtz projection in L?(©9; R?). By the divergence free condition, (u - V)u = div(u ® u), where
u ® u is the matrix with components u;u,. Assuming x € 1.2(O9), after applying the Helmholtz projection P to (5.3), we can write (5.3)
in the form (5.1) with

Ay =—-vPA, O®u,v)=-Pdivlu®@v]l, (Byuwe, =P[(b, - Vul, Ge, =Pg,(-,u).
For y € L*(0,T;¢?), consider the following skeleton equation on ©:

du¥ = [vAu¥ — Pdiv¥ @ u¥)] dr + Z (PL(b, - VIU¥] + Pg, (. u¥))w,,

n>1

u” =0 onoao, 5.4)
u(0,-) = uy.

In [6, §7.3.4] it is verified that Assumption 5.1 is fulfilled for the above setting. Thus we obtain the next result immediately from
Theorem 5.2.

Theorem 5.4 (LDP for the 2D Navier-Stokes equations with transport noise). Let d = 2. Suppose that Assumption 5.3 holds, Then for
every x € L2(9) and ¢ € (0, 1], there exists a unique global solution Y* & leoc([O, ©); I]-H(l)((D)) N C([0, c0); L2(O)) to (5.3). Moreover, for every
T > 0, (Y¢) satisfies the LDP on MR(0,T) := L*(0,T;H}(®) n C([0,T];1*(O)) with rate function I : MR(0, T) — [0, +co] given by

T
I(z) = %inf {/ ||x,/(s)||;2 ds : w e LX0,T; %),z = ull/},
0
where inf @ := +o00 and u¥ is the strong solution to (5.4).
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Appendix A.

For convenience we state some tools that are used repeatedly. To begin, let us state a direct consequence of Gronwall’s inequality.

Lemma A.1 (Gronwall). LetT > Oandlet F,G,H, K : [0,T] — R, with F and G continuous, K non-decreasingand H € LY(0,T). Suppose
that F(t) < —G(@) + K(r) + fot F(s)H(s)ds for all t € [0, T]. Then

sup F(t)V sup G(t)SK(T)exp[llHllLl(O’T)].
t€[0,T] t€[0,T]

The following special case of a chain rule from [34] is useful, since it applies to L2(0,T;V*) + L'(0,T; H)-valued integrands.
Lemma A.2. [34, Lem. 2.2 p. 30] Let (V,H,V*) be a Gelfand triple of Hilbert spaces. Let x € H, u € C([0,T); H)n L*(0,T;V) and
ve LX0,T;V*) + L'(0,T; H) be such that

u(t) = x+ /Ot v(s)dsinV*, forallte[0,T]. (A.1)
Then for all t € [0,T]:

I3
I, = 11, +2 /0 (0(s).u(s)) ds. A2)

Proof. Note thatu € L2(0,T;V)n L®(0,T; H)and v € L' (0, T; V*). Thus by (A.1), u is weakly differentiable with u’ = v a.e. on [0, T7],
see [21, Lem. 2.5.8]. Hence, ' = v € L*(0,T;V*)+ L'(0,T; H). Also, (A.1) implies absolute continuity of u : [0,7] — V*. Now [34,
Lem. 2.2 p. 30, p = 2] gives %Hu(t)ll%, =2(u/ (1), u(®)) = 2{v(t),u(?)) a.e., proving (A.2). O

Stochastic versions of the chain rule, or It6 formula, are also given in [34]. The following special case is suited for random,
L2(0,T;V*)+ LY(0,T; H)-valued integrands. We recall that the class of integrable processes for a U-cylindrical Brownian motion
(Definition 4.1) is given by

N(,T) ::{(D: [0,T]XQ - L,(U, H) : @ strongly progressively measurable, [FD(||<I>||L2(0’T;£2(U’H)) < 00) = 1}. (A.3)

Lemma A.3. [34, Th. 3.1 p. 57, Th. 3.3 p. 59] Let (V, H,V*) be a Gelfand triple of Hilbert spaces and let (Q, F,P, (F,),ER+) be a filtered
probability space. Suppose that
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@@ ue LOQ; L*(0,T; V), uy € LO(Q, Fy, P; H),

(i) ve Lo%Q; L'(0,T; H)) + LO(Q; L2(0,T;V*)), v is adapted,
(iii) ® € N'(0,T), W is a U-cylindrical Brownian motion,
() as. forallt e [0,T): u(t)=uy+ f v(s)ds + [ ©(s)dW (s).

Then, u € LO(Q; C([0,T]; H)) and a.s. for all t € [0, T

t t t
nwm§=mm@+2A<mnwu»m+2l<ma¢mdwu»+ﬂn@@mgm. (A4)

Finally, we relate the U-cylindrical Brownian motion W of Definition 4.1 to the R*-Brownian motion W of Definition 4.2, as
well as their stochastic integrals constructed in [31] and [29], respectively.

An R®-Brownian motion W = ((f;)xen» (éx)ken) in U corresponds to a Wiener process W in a larger space U;, with trace class
covariance. That is, for any Hilbert-Schmidt embedding J : U < U,, the U,-valued process given by

Wi =Y BJe,, €[0T, (A5)
k=1

defines a Q-Wiener process on U,, with O, := JJ* € L(U,,U,) nonnegative definite, symmetric and of trace class [29, Prop. 2.5.2].
It is well-known that A (0, T) from (A.3) is the class of integrable processes for both W and W, see [29, p. 52, p. 53] and [1, Prop.
2.13] and the proof in [31, p. 306, §5.4 (p = 0)]. The next proposition relates the stochastic integrals corresponding to W and W'.

Proposition A.4. For any U-cylindrical Brownian motion W € L(L*(R 20, L?(Q)) and any orthonormal basis (ep)ken Of U, there exists
an R*-Brownian motion W = ((B)xen» (e)ken) With

W(lgy®e) = inL*Q), foralkeNandteR,. (A.6)

The sequence (f})en in W is unique up to indistinguishability.

Reversely, given an R®-Brownian motion W = ((B)ren (ex)ken), there exists a unique U-cylindrical Brownian motion W €
LL2R;U), L2(Q)) that satisfies (A.6).

If (A.6) holds, then for any ® € N'(0,T) and t € [0, T], we have P-a.s. in C([0,T]; H):

t t t
/ D(s)dW (s) = / O(s)oJ 1 AW (s) =: / @(s) dW (s), t€10,T], (A7)
0 0 0

with Wl as in (A.5). Here, the integral on the left-hand side is the one constructed in [31] and the middle and right integral are those constructed
in [29, §2.3, §2.5].
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