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The structural behaviour of deep beams is still not completely understood, since, for example, plane
sections do not remain plane and no uniform shear flow can develop because of the small ratio
between depth and shear span. If in addition, the supporting system is also statically indeterminate,
the number of difficulties increases. In order to investigate the behaviour of statically indeterminate
deep beams, a series of fourteen tests has been carried out. Variables were the slenderness, the ratio
between top and bottom reinforcement, and the amount of shear reinforcement.

Complementary to these experiments numerical simulations have been carried out. This paper focuses
on the computational aspects. A good match between experimental behaviour and numerical
simulation was found over the entire range, which increases the confidence in the predictive capacity
of non-linear finite element analysis.

Extrapolation was the next step: calculations were made for cases in which either a material or a
structural parameter was varied beyond the tested range.

For this study, the amount of compressive strength reduction by transverse tension was chosen as a
material parameter. In general this appeared to have a negligible effect on the behaviour. Only in the
case of large reductions, however, a change in failure mechanism and a decrease in failure load were
found.

The orientation and the amount of web reinforcement was chosen as a structural parameter. Compared
to the original calculation with vertical reinforcement only, a decrease in failure load is found when
only horizontal web reinforcement was present. A combination of both horizontal and vertical
reinforcement proved to be the most effective: at the expense of more reinforcement, it resulted in a

strength increase as well as in small crack widths.
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1 Introduction

The structural behaviour of continuous deep beams is not completely understood. The behaviour of
deep beams differs from that of slender beams, due to the characteristic small ratio between shear
span and depth. In contrast to slender beams, the response is characterized by non-linear strain
distributions (even in the elastic stage), and a significant direct load transfer from the point of
loading to the supports. Furthermore, continuous deep beams are highly sensitive to imposed

deformations, such as differential support settlements, because of their large bending stiffness.
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In simply supported deep beams that are subjected to concentrated loads, two load bearing mecha-
nisms can generally be recognized, namely: strut-and-tie action (bottom flexural reinforcement) and
truss action (shear reinforcement and flexural reinforcement). However, the structural behaviour of
continuous deep beams becomes more complicated, since an extra load bearing mechanism is intro-
duced, namely: additional strut-and-tie action (by top flexural reinforcement), see Figure 1. The sum
of the contributions of all these three mechanisms must balance the applied load. The ratios
between the individual contributions are yet unknown. In fact these mechanisms influence each
other and are furthermore dependent on differences in their stiffness, as caused e.g. by cracking.
Even recent codes do not give clear design recommendations on these matters. For instance, Euro-
Code (1991) only states that “deep beams under concentrated loads may be designed using a simple strut-
and-tie model” (2.5.3.7.3(1)), and that “in some cases, e.g. lower depth/span ratios, distributed loads, more
than one concentrated load, etc., models combining strut-and-tie action with truss action may be used”
(2.5.3.7.3(2)). How that should be done remains unclear, although it is essential for design purposes
to correctly estimate the expected contributions of the various load bearing mechanisms in order to

design and detail correctly.

Fig. 1. Load bearing mechanisms in continuous deep beams: strut-and-tie action with bottom reinforce-
ment, strut-and-tie action with top reinforcement, combination of strut-and-tie action with truss

action.

Experiments

To extend the knowledge on behaviour and to develop better design models for continuous deep
beams, an experimental program was conducted at the Stevin laboratory of the Delft University of
Technology, see Asin (1992). Fourteen large-size two span beams were tested. The slenderness ratio,
the ratio of top and bottom flexural reinforcement and the vertical web reinforcement ratio were
selected as the main variables. The parameters were chosen in such a way that the contributions of

any of the three load bearing mechanisms were varied.

The specimen code can characterized as BM A/B/C, in which “A” represents the (a/d)-ratio, “B”

the ratio of top and bottom flexural reinforcement and “C” the amount of vertical web reinforce-



ment. Table 1 shows details of the used reinforcement. An example of the geometry and the rein-

forcement layout is shown in Figure 2.
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Fig. 2. Typical geometry and reinforcement layout: BM 1.0/1/1.

The specimens were cast vertically. The specimens, two span beams, which were symmetrical with

regard to the middle support, were loaded at mid span. To ensure an uniform introduction of loads

and reactions monolithic concrete column stubs were provided.

Table 1. Reinforcement used.

Top

Specimen Code Reinforcement

Bottom

Reinforcement

Vertical Web

Reinforcement

1.0/1/1(r) 2 ¢ 20 [628 mm?] 4 ¢ 12 [452 mm?] 116 @75 mm
1.0/1/2 8 ¢ 6 @100 mm
1.0/1/3 5¢6 @170 mm
1.0/2/1 4 ¢ 12 [452 mm?] 2 ¢ 20 [628 mm?] 116 6 @ 75 mm
1.0/2/2 8 ¢ 6 @100 mm
1.0/2/3 5¢6@170 mm
15/1/1 2620+2¢10 2§20 [628 mm’] 110 6 @ 75 mm
1.5/1/1* (785 mim’] 608 @140 mm
1.5/1/2 8 ¢ 6 @100 mm
1.5/1/3 5¢ 6 @170 mm
15/2/1 2 ¢ 20 [628 mm?] 2¢20+2¢10 11 ¢ 6 @ 75 mm
15/2/2 (785 mm’] 8¢ 6 @100 mm
15/2/3 5¢6@170 mm

165



166

The specimens were tested in a load-controlled manner until failure, in which the loads were
applied by two manually operated hydraulic jacks. The specimens were heavily instrumented to
obtain as much data as possible. The measurements included: loads and reactions, crack patterns,

steel strains, and overall and local deformations.

[ ] 1 :

v i
/! ;.\\\ /// [N H
_____ J L] L .

Crack pattern: 800 kN (A)

—

T o \\‘/) ]
///,J\\g\\\ , ///. Lo
B i

L]

Crack pattern: 1000 kN (B)

i N e ]
) \///
b {m)s}\i\\ \u/ b //r \&Hm\\\

Crack pattern: 1200 kN (C)

—

WA\ W//ﬁa\
A ),m\ N

|
A

Fig. 3. Crack pattern development in BM 1.0/2/3, as observed experimentally (left) and as simulated (right).

Crack pattern: 1360 kN (D)

The characteristic structural behaviour of continuous deep beams can best be explained by the
development of the crack pattern. An example is shown in Figure 3 (BM 1.0/2/3).

Flexural cracking starts at mid span. This typically occurs at a total load (= sum of the two jack
loads) of approximately 400-600 kN. Flexural cracking over the supports occurs at a later stage
(total load 800 kN, Figure 3A). The sequence of crack formation is contrary to predictions by the
slender beam theory, which predicts that flexural cracking starts over the supports. This discrep-
ancy is ascribed to the effects of shear deformations. Shear cracking occurs at a load level of 900-

1100 kN (Figure 3B). After the formation of shear cracks, a substantial load increase is still possible



dependent on the amount of stirrups. At this stage secondary flexural cracking occurs (Figure 3C).
Ultimately a brittle shear failure is found (Figure 3D). This is accompanied by crushing of the
concrete in the load and support regions, and yielding and consequently fracturing of the shear

reinforcement.

Simulations

The experimental behaviour of the test specimens was simulated with the non-linear finite element
program SBETA, Cervenka et al. (1990); Cervenka et al. (1992, 1993). This plane stress analysis uses
the smeared crack approach with the fixed crack model.

The following constitutive relations are available in SBETA:
In concrete under compression a parabolic stress-strain law is used and a linear behaviour is
assumed in tension prior to cracking (Figure 4, left). Peak stresses are taken from Kupfer's failure

envelope. Post-peak softening is considered in compression and tension.
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Fig. 4. Constitutive model in SBETA: (left) stress-strain law, (middle) crack band calculation, (right) peak
stress softening.

Non-linear fracture mechanics is introduced by means of the crack band theory (BaZant et al.
(1983)). The crack band is derived from the actual crack direction and the element orientation as a
projection of the largest element size normal to the crack direction (Figure 4, middle). The tensile
softening curve can either be linear or according to Hordijk et al. (1990). The compressive peak
stress reduction of the cracked concrete as a function of the lateral strain is considered similarly to
the model of Vecchio et al. (1983), in which the amount of the reduction c is chosen by the user
(Figure 4, right). The shear retention factor can either be a function of the lateral strain (Kolmar
(1985)) or a constant value.

The stress-strain law for the reinforcement is assumed to be bilinear. Perfect bond is assumed.
Furthermore, tension stiffening may explicitly be modelled by inclusion of a tension stiffening stress
o7

ts®
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Since the test specimens are symmetrical, only (the right) half of the beam was modelled, taking the
centreline of the middle support as the axis of symmetry. For analysis 632/1016 four-noded quadri-
lateral elements were used for the specimens with (a/d)=1.5/1.0 respectively. The reinforcement

was modelled as being both discrete (flexural reinforcement), and smeared (shear reinforcement).

The properties determined in the standard tests on concrete cubes (150 x 150 x 150 mm) and prisms
(400 x 150 x 150 mm) were used as input parameters in the numerical analysis (see Table 2). Figure 4
explains the used symbols. The compressive strength was taken to be 85% of the average cube
strength, whereas the tensile strength was assumed to be equal to 75% of the average splitting
strength. For the fracture energy G a value of 125 N/m was taken: this value ensured good agree-
ment between experimental and numerical elongations of the tension ties. The Young’s modulus
used was determined by standard tests on prisms. The yielding and tensile strengths of the rein-

forcement were obtained from standard tensile tests of reinforcing steel.

Table 2. Input parameters for non-linear analysis.

R, R, E,
Specimen Code [MPa] [MPa] [MPa]
1.0/1/1 26.8 1.87 35100
1.0/1/2 27.5 1.89 35400
1.0/1/3 25.8 1.88 34700
1.0/2/1 25.2 1.59 35100
1.0/2/2 28.2 1.84 38600
1.0/2/3 30.4 212 38500
1.5/1/1 29.6 1.87 37800
1.5/1/1* 299 1.97 37200
15/1/2 289 2.00 34600
1.5/1/3 259 1.95 33100
1.5/2/1 27.8 1.92 33900
1.5/2/2 26.0 1.88 34400
1.5/2/3 28.5 1.91 36200

Unless explicitly stated otherwise, the concrete was modelled as follows: the fixed crack model and
a Poisson’s ratio of 0.2 were used, tensile softening according to Hordijk et al. (1990) was taken into
account, the compressive peak stress reduction was neglected (¢ = 1.0), the variable shear retention
factor was used, and explicit tension stiffening was not taken into account.

The following yield strengths were determined for the reinforcing bars: f, ¢ (6-12-20 mm) =
(569-586-567) MPa. Young’s modulus was taken as 210 GPa, whereas the hardening moduli for
bars ¢ (6-12-20 mm) equalled (8.1-44.5-36.0) GPa.



As has been shown previously (Asin et al. (1994)), the development of the crack pattern of BM
1.0/1/3 was well predicted, which indicates that the structural response was accurately simulated.
The load-deflection and the load-reaction curves were also predicted with sufficient accuracy.

The above mentioned criteria of comparison relate to the overall behaviour. Furthermore, it was
shown in the same publication that the local behaviour was also correctly simulated. This was
illustrated by the predicted change in load transfer within the inner shear span caused by shear

cracking. The prediction was in excellent agreement with the experimental observations.

The predictive capacity of the numerical analysis with regard to crack pattern development is again
shown in Figure 3, in this case for BM 1.0/2/3. The shown load levels correspond to the sum of the
jack loads. Good agreement between experiment and simulation is found at various stages of

loading. The examples mentioned above all refer to specimens with an (a/d)-ratio of 1.0.

To verify whether the behaviour of more slender specimens ((a/d) = 1.5) can also be predicted
accurately, load deflection responses of BM 1.5/1/3 and BM 1.5/2/1 are shown in Figure 5. The two
experimental curves represent the deflections of the two loading columns.

Both specimens have the same slenderness, but differ in reinforcement layout and in the amount of

shear reinforcement. The resulting curves of the experiments and the simulations match excellently.
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Fig. 5. Calculated load-deflection diagrams for (a/d) = 1.5: BM 1.5/1/3 (left) and BM 1.5/2/1 (right).

Finally, Figure 6 shows the experimental and the numerical shear capacity as a function of the shear
reinforcement ratio @,,. The ratio of the experimental and the numerical shear strength has an

average value of 1.03 and a standard deviation of 14% for the test series.
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Fig. 6. Shear capacity as a function of the shear reinforcement ratio w,;: experimental (left) and numerical

(right).

An overview of the simulations shows good agreement between experiments and simulations.
Since this proves the reliability of the non-linear finite element analysis a next step could be
initiated. A study was carried out into the influence of parameter variations, both within and

outside the range of experiments.

Compressive strength reduction by transverse tension

There has been much debate on the effect of a reduction of the compressive stress due to transversal
tensile strains.

The discussion focuses on three aspects: (1) whether a reduction of the compressive stress due to
transversal tensile strains really exists, Feenstra (1993), (2) if so, what is the maximum amount of
stress reduction, Kollegger et al. (1990), and (3) how should this be taken into account, Vecchio et al.
(1993).

Compressive strength reduction by transverse tension is considered to be an important item: in
non-linear finite element analysis of continuous deep beams it was stated to be essential that the
constitutive model for concrete should account for it, Rogowsky (1990).

Continuous deep beams are structures that are characterized by zones with high compressive
stresses from the point of loading to the supports. In the inner shear span of continuous deep beams
these compressive zones are crossed by zones with high tensile strains. Both the experiments and
the simulations showed failure by crushing of the concrete after the compressive strength had been
exceeded. It was expected that a reduction of the compressive strength, for instance as caused by
transversal tensile strains, would be detrimental to the bearing capacity of the structure.

This mechanism is taken into account in the Canadian Code (1984).



In the SBETA program the user-defined variable (c) controls the ratio between the reduced and the
original compressive strength. In the previous calculations no reduction of the compressive strength
was used (¢ = 1.0).

Three additional computations were made with ¢ = 0.8/0.6/0.4 respectively. Specimen BM 1.0/1/3
was selected, because it was considered to be the most critical. As this specimen has minimum shear
reinforcement, this should lead to the highest tensile strains and the largest reductions of the

compressive strength. The results are shown in Table 3 and Figures 7-9.

Figure 7 shows the calculated load-deflection responses with varying amounts of compressive
strength reduction. It is very clear that the overall structural response is not influenced, with the

exception of the peak load.
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Fig. 7. Load-deflection diagrams for BM 1.0/1/3 with varying amounts of compressive strength reduction.

Table 3. Peak loads - shear forces with varying amounts of compressive strength reduction
(BM 1.0/1/3).

Reduction factor P Qinax
c=1.0 691 460
c=08 679 454
c=0.6 690 457
c=04 615 406
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Figure 8 shows the isolines for principal compressive stresses for the two extreme cases, namely

(¢ =1.0)and (c = 0.4). The plots refer to a total load level of 1100 kN. Although the case with (c =1.0)
does show a more condensed compression strut, the differences are small. Plots with isolines for
principal strains, either tensile or compressive, give the same results.

Even this rather extreme variation in reduction of the compressive stress does not lead to significant

changes in the internal load transfer in the inner shear span.

However, a change in failure mechanism is observed (Figure 9). As the reduction of the compressive
strength increases, the regions in which crushing of concrete occurs (the grey shaded areas) shift
from the load introduction areas towards mid span.

Figure 9 (left) shows the final (post peak) stage for (c = 1.0): failure due to crushing occurs in the
regions near the supports and the load introduction. Figure 9 (right) shows the ultimate stage for
(c =0.4). Now the peak load is associated with crushing in the interior of the web. This shift only

occurs with a large compressive strength reduction.

Fig. 8. Isolines for compressive stresses for BM 1.0/1/3, load level: 1100 kN: (left): ¢ = 1.0, (right): ¢ = 0.4.

gure 8: Isolines for compressive stresses for BM 1.0/1/3, load level: 1100 kN: (left): c= 1.0, (right): ¢ = 0.4

Fig. 9. Crack pattern at failure for BM 1.0/1/3: (left): ¢ = 1.0, peak load: 1381 kN, (right): ¢ = 0.4:
peak load: 1230 kN.

The main conclusion is that the reduction of the compressive strength due to transversal tensile

strains hardly affects the structural behaviour of reinforced concrete continuous deep beams, in



4.2

spite of the fact that there is a large region in which compressive stresses and large transversal
tensile strains are found. No large differences can be detected in the load-deflection curves, nor in
the load distribution in the inner shear span for the range investigated.

The reason is that mesh elements under critical stress conditions are hardly affected by the possible
stress reduction. Firstly, the elements near the load introduction zones either develop only small
tensile strains, or they remain in a biaxial compressive state of stress. As a result the compressive
strength is hardly reduced. Secondly, the elements at mid span do undergo large tensile strains and
consequently a reduction of the compressive strength. However, due to the fanning of compressive

stresses in the web the stress levels in that area are not critical anymore.

Amount and orientation of web reinforcement

Another point worth investigating is whether a horizontal or a vertical arrangement of web
reinforcement is the most effective way to enhance the shear strength of deep beams. There still
remain questions on this aspect.

There is experimental evidence that indicates that the use of horizontal web reinforcement is not
very effective in increasing the shear strength in deep beams, Kong et al. (1970), Smith et al. (1982),
Rogowsky et al. (1983), Lehwalter (1988). It was concluded that only vertical web reinforcement is
beneficial in that respect. However, the results seem to depend on the slenderness ratio: Smith et al.
(1982) and Kong et al. (1970) report that the effect of vertical web reinforcement on the ultimate
shear strength diminishes for small (a/d)-ratios. Mau et al. (1987) come to the same conclusion after
a theoretical study. Additionally, Smith et al. (1982) and Kong et al. (1970) report that horizontal
web reinforcement becomes increasingly more effective for small (a/d)-ratios than vertical web
reinforcement.

These results should be cautiously applied to continuous deep beams, since most of the test results
concern simply supported beams. In this respect it is worthwhile to note that whereas the American
Code (1989) regards horizontal web reinforcement effective to increase the shear strength of simply
supported deep beams, it does not consider it effective to increase the shear strength of continuous

deep beams.

When these experiments were prepared the choice was made to use vertical instead of horizontal
web reinforcement (Asin (1992)), because it was expected that vertical reinforcement would be more
efficient in increasing the shear strength. A combination of both horizontal and vertical web
reinforcement was not considered, because the aim was to isolate the influence of the type of web
reinforcement on the shear strength. Non-linear finite element analysis provides a tool to validate
the made choice, and more general, to investigate the effectiveness of web reinforcement to increase
the shear strength of continuous deep beams (depending on the orientation and the amount of
reinforcement).

For this purpose three specimens were selected, namely: BM 1.0/1/1(r), BM 1.0/1/2 and

BM 1.0/1/3. All had an (a/d) ratio of 1.0, and a layout of the longitudinal reinforcement calculated

on the basis of the theory of elasticity. The specimens did have different amounts of vertical web

173



174

reinforcement, with BM 1.0/1/1 (r) having maximum and BM 1.0/1/3 having minimum stirrups
respectively (see also Table 1).

The original calculations were simulations of the experiments (vertical web reinforcement only).
For each specimen two additional calculations were made: (1) with the same ratio of web reinforce-
ment, but now only horizontal, and (2) with the same ratio of web reinforcement, but now both hor-
izontal and vertical. Web reinforcement was only placed in the shear span. The used reinforcement

scheme is shown in Table 4. The other input parameters remained unchanged.

Table 5 shows that for these geometries, a horizontal web reinforcement reduces the ultimate
capacity in comparison with the original calculation with a vertical web reinforcement only.

A combination of both horizontal and vertical reinforcement is the most effective way to increase
the shear strength and leads to the highest failure loads, albeit at the expense of twice as much
reinforcement. These tendencies are consistent with the experimental observations of e.g. Lehwalter

(1988) and Rogowsky et al. (1983), and validate the choice made in the experimental programme.

Table 4. Overview used reinforcement schemes.

Only vertical (original) Only horizontal Horizontal & Vertical
Specimen
Code p.[ Pl Al el Al Pl
1.0/1/1(r) 0.0049 - - 0.0049  0.0049 0.0049
1.0/1/2 0.0035 - N 0.0035  0.0035 0.0035
1.0/1/3 0.0020 - not calculated 0.0020 0.0020

Table 5. Calculated peak loads and corresponding shear forces.

Only vertical (original) Only horizontal Horizontal & Vertical
Specimen
Code Piax Qnax Prnax Qmax Pinax Qmax
1.0/1/1(r) 813 546 [0.672P] 603 386[0.639P] 914 599 [0.655 P]
1.0/1/2 763 509 [0.668 P] 564 359[0.637P] 810 532 [0.656 P]
1.0/1/3 691 460 [0.666 P]  not calculated 668 438 [0.655 P]

Figure 10 presents the calculated load-deflection response for BM 1.0/1/1 (r) with varying orien-
tation of web reinforcement: horizontal, vertical and both.

The orientation of the web reinforcement influences the response. After shear cracking, the beam
with horizontal reinforcement only responds stiffer than the one with vertical reinforcement only.
The horizontal reinforcement acts as a secondary flexural reinforcement. The beam with both
horizontal and vertical web reinforcement responds even stiffer. Plots with the principal tensile
strains show that the use of a bi-directional mesh prevents localization of strains and thus large

deformations.
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Fig. 10. Load-deflection diagrams for BM 1.0/1/1 (r) with varying orientation of web reinforcement.

The orientation of the web reinforcement also has an influence on the load distribution. The fact that
a horizontal reinforcement acts as a secondary flexural reinforcement results in a smaller load
transfer towards the inner support: the behaviour tends towards that of a single span beam,

as becomes clear from the relative support reaction (Table 4).

Figure 11 shows the effect of the orientation of the web reinforcement on the final crack pattern.

Only crack widths larger than 0.05 mm are shown.
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Fig. 11. Simulated final crack patterns for different orientations of the web reinforcement (BM 1.0/1/1 (r)):
(left): horizontal, P, . 1207 kN; (right): vertical: P, ,.: 1627 kN; (middle): horizontal &
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It reveals that application of both vertical and horizontal web reinforcement results in a very diffuse
crack pattern. Almost no localization can be seen, because a relatively uniform strain field (with
small strains) prevails. If the web reinforcement is oriented in one direction, a more or less well
defined shear crack band is detected. In the case of horizontal reinforcement only, the final crack
pattern also suggests that the top reinforcement is not fully utilized. At this ultimate !! loading stage
1o cracks larger than 0.05 mm can be detected in the vicinity of the longitudinal reinforcement.

The failure mode remains unaffected: failure occurs by crushing of the concrete in the areas adjacent

to the loading column and the middle support.

Fig. 12 Isolines for principal tensile strains at 1200 kN total load for different orientations of the web
reinforcement (BM 1.0/1/1 (r)): (left): horizontal; (right): vertical; (middle): horizontal & vertical.

Figure 12 presents the isolines for principal tensile strains for BM 1.0/1/1 (r) for different orienta-
tions of web reinforcement.

It is shown that localization of strains in the shear span only occurs if the web reinforcement is
placed in one direction. If a bi-directional mesh of reinforcement is used, tensile strains (read: crack
widths) are smaller and more uniform. The isolines support the observation that in the case of

horizontal web reinforcement only, the top reinforcement is not fully utilized.

Conclusions

This paper shows that non-linear finite element analysis of reinforced concrete continuous deep

beams can be used complementary to experiments.



The simulations provide additional insight into the structural behaviour. The experimental
tendencies are well predicted. This concerns both overall structural behaviour (e.g. crack pattern
development, load-deflection response), and local structural behaviour (change in internal load

transfer due to shear cracking).

Once a sufficiently accurate relation between experiment and simulation has been established,
extrapolation is possible by simulating the behaviour beyond the tested range. For this purpose

both a material and a structural parameter were varied.

The influence of a material parameter, namely the reduction of the compressive strength due to
transversal tensile strains, on the structural response was investigated.

Only for large reductions of the compressive strength a change in failure mechanism as well as a
decrease of the ultimate load was found. In all other cases, no significant influences could be

detected on either overall or local structural response.

The influence of a structural parameter, namely the amount and the orientation of web reinforce-
ment, on the ultimate shear strength was also investigated.

Compared to the calculation with vertical reinforcement only, the simulation showed a decrease in
shear strength when only horizontal reinforcement is used. The horizontal reinforcement acts as
supplementary flexural reinforcement. A combination of both horizontal and vertical reinforcement
is the most effective way to increase the shear strength, albeit at the expense of more reinforcement.
Additionally, crack widths are limited. Therefore, the use of well distributed web reinforcement in
two directions is recommended for practical purposed. The simulations validated the choice made

in the experimental programme.

The results of both the experimental and the numerical investigations have led to better insight into
the structural behaviour of reinforced concrete continuous deep beams. This can be used to formu-

late better rules for design and more rational design models.
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