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Suboptimality Analysis of Receding-Horizon
Quadratic Control With Unknown Linear
Systems and lts Applications in
Learning-Based Control

Shengling Shi

Abstract—This work analyzes how the tradeoff between
the modeling error, the terminal value function error, and
the prediction horizon affects the performance of a nominal
receding-horizon linear quadratic (LQ) controller. By devel-
oping a novel perturbation result of the Riccati difference
equation, a novel performance upper bound is obtained
and suggests that for many cases, the prediction horizon
can be either 1 or oo to improve the control performance,
depending on the relative difference between the modeling
error and the terminal value function error. The result also
shows that when an infinite horizon is desired, a finite
prediction horizon that is larger than the controllability in-
dex can be sufficient for achieving a near-optimal perfor-
mance, revealing a close relation between the prediction
horizon and controllability. The obtained suboptimality per-
formance upper bound is applied to provide novel sample
complexity and regret guarantees for nominal receding-
horizon LQ controllers in a learning-based setting. We show
that an adaptive prediction horizon that increases as a loga-
rithmic function of time is beneficial for regret minimization.

Index Terms—Adaptive control, learning-based control,
model predictive control, receding-horizon control.

[. INTRODUCTION

ECEDING-HORIZON control (RHC), also called model
predictive control (MPC) interchangeably, has been ap-
plied to various applications, such as process control, building
climate control, and robotics control [1], [2]. It has important
advantages, such as using optimization based on a model of
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the system to improve the control performance and the ability
to handle constraints and multivariate systems. Due to the im-
portance of RHC in applications, extensive efforts have been
devoted to its performance analysis in [3], [4], [5], and [6], and
the references therein, such as stability, constraint satisfaction,
and suboptimality analysis. These analyses can help understand
the behavior of RHC and motivate novel RHC approaches.

While the majority of works focus on stability and constraint
satisfaction [3], this work considers the suboptimality analysis
of the closed-loop control performance. We briefly illustrate
our problem via a generic RHC scheme. Given a discrete-time
system ;11 = fi(z4,us), where t € ZT, and z; € R and
u; € R™ are the state and input, respectively, we consider the
setting where f, is unknown, but we have access to an approxi-
mate prediction model finstead. At time step t, a generic RHC
controller has the following form:

N-1

min Z l l‘k‘uuk”) V(xN\t) (1)
{uk\t}k 0 k=0

N -1}

where N € {1,2,...} is the prediction horizon, [ is a stage
cost function, and xy,; denotes the predicted state vector at time

st 2o = Tt, Tgaje = f (ke upe), b € {0, .. -,

step k + t, obtained by applying the input sequence {uk‘t} o 0

to f starting from ;. In (1), a terminal value function Vis
incorporated. At time step ¢, only the computed ug; from (1) is
applied as the input u; to the system.

In (1), a modeling error may be present, i.e., fdeviates from
fx» which may result from system identification, linearization, or
model reduction. While the modeling error can be explicitly con-
sidered in the robust controller design [3], the nominal controller
(1) is more fundamental and commonly used in practice. The
terminal value function V avoids the short- sightedness of the
finite-horizon prediction and thus improves the control perfor-
mance and guarantees stability. It is standard in RHC [4], [6] and
advocated in reinforcement learning (RL) to merge RL and RHC
for performance improvement [7], where V' is trained offline,
e.g., by the value iteration [8]. While the optimal value function
V., isideal for achieving stability and the optimal infinite-horizon
control performance simultaneously, it is typically intractable to
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compute it exactly [9]. Considering an approximation V of Vi
is then a practical choice.

The suboptimality analysis of (1) is an open and challeng-
ing problem, due to the interplay between N and the error
sources. Particularly, when the prediction model is exact, it is
well known that increasing N improves the closed-loop control
performance [4], [9]. However, if a modeling error is present,
increasing IV also propagates the prediction error. On the other
hand, having a V' closer to the optimal value function V, can
also improve the control performance. Therefore, the control
performance is affected by the complex tradeoff between the
error ||V — V|| of the terminal value function, the modeling
error Hf— /||, and the prediction horizon N, where the norm
will be defined later for the setting of this work. The challenges
in performance analysis are understanding how the errors propa-
gate over the prediction horizon, how the length of the prediction
horizon affects this propagation, and how the error propagation
affects the closed-loop control performance.

This work provides a novel suboptimality analysis of (1) under
the joint effect of the modeling error, the prediction horizon,
and the terminal value function. We consider the probably most
fundamental setting, where the system is linear and the stage
cost is a quadratic function, i.e., the nominal receding-horizon
linear quadratic (LQ) controller [10]. As shown in our work, the
analysis in this setting is already highly challenging.

Moreover, we apply our analysis to the performance analysis
of learning-based RHC controllers. In this case, the model is
estimated from data, leading to an inevitable modeling error.
Our suboptimality analysis can incorporate this modeling error
to provide performance guarantees.

Related work: When the model is exact, the suboptimality
analysis of RHC controllers, with constraints or economic cost,
has been studied in [4], [5], and [6], and the references therein.
However, performance analysis in a setting where the system
model is uncertain or unknown is rare. The suboptimality anal-
ysis of RHC for linear systems with a structured parametric
uncertainty is considered in [11]; however, the impact of the
approximation in the terminal value function is not investigated.
Other relevant works can be found in the performance analysis
of learning-based RHC [12], [13], [14], where the controller
explores the state space of the unknown system and the model is
recursively updated. There, a control performance metric called
regretis concerned, which measures the cumulative performance
difference over a finite time window between the controller and
the ideal optimal controller. The modeling error has been investi-
gated in the above analysis; however, the effect of the prediction
horizon and the terminal value function is not considered [12],
[13], [14].

As we consider the LQ setting, the performance analysis
of the LQ regulator (LQR) for unknown systems is relevant,
which has received renewed attention from the perspective
of learning-based control [15], [16], [17]. The suboptimality
analysis of LQR with a modeling error has been considered
in [18], [19], and [20]. This analysis is essential for deriving
performance guarantees for learning-based LQR. It typically
relies on the perturbation analysis of the Riccati equation [19],
[20], which characterizes the solution of the Riccati equation
under a modeling error. However, since LQR concerns an infinite

prediction horizon, the above analysis does not consider the
effect of the prediction horizon and the terminal value function.

Contribution: In this work, the main results are developed
for controllable systems and then generalized to stabilizable
systems. The contributions are summarized here.

First, as an essential step for achieving performance anal-
ysis with unknown systems, the performance analysis in the
simpler setting, where the model is exact, is considered. A
novel performance upper bound for the receding-horizon LQ
controller is obtained, which reveals a novel relation between
the control performance and controllability. This is achieved by
a novel convergence analysis of the Riccati difference equation,
generalizing the existing results in [21]. Detailed discussions
can be found in Section III-B.

Second, to achieve the suboptimality analysis with a modeling
error, a novel convergence rate of the Riccati difference equation
is first established when a modeling error is present. It reveals
how the errors propagate over the prediction horizon within the
Riccati iterations. It generalizes the perturbation results of the
discrete Riccati equation [19], [20]. While the analyses in [19]
and [20] address the modeling error only, the incorporation of
the prediction horizon and the terminal value function error in
this work leads to major technical challenges.

Third, based on the above perturbation analysis, a novel
performance upper bound for the nominal receding-horizon
LQ controller with an inexact model is derived. The derived
upper bound shows how the control performance may vary with
changes in the modeling error, terminal value function error,
and prediction horizon. It suggests that for many cases, the pre-
diction horizon can be either 1 or +o00 to improve performance,
depending on the relative difference between the modeling error
and terminal value function error. When N — +o0 is desired,
the result suggests that for controllable systems, a finite /V that
is larger than the controllability index is sufficient for achieving
a near-optimal performance.

Fourth, the performance upper bound leads to a novel subop-
timality bound for the nominal receding-horizon LQ controller,
where the unknown system is estimated offline from data. The
bound reveals how the control performance depends on the
number of data samples. Moreover, a novel regret bound is
derived for an adaptive RHC controller. This controller ex-
tends the state-of-the-art adaptive LQR controller with e-greedy
exploration [17], [20] from the infinite prediction horizon to
an arbitrary finite prediction horizon. We show a novel regret
upper bound O(TulY 4 /T for a fixed N, where i, € (0,1)
is a constant and 7" denotes the total number of time steps for
the closed-loop operation, and a regret bound O(\/T) for an
adaptive /N being a logarithmic function of time.

Outline: Preliminaries are introduced in Section II. For con-
trollable systems, the suboptimality analysis is developed in
Section III for an exact model and is generalized in Section IV to
incorporate the modeling error. The above results are extended in
Section V to stabilizable systems and applied to learning-based
control in Section VI. Finally, Section VII concludes this article.
All proofs are presented in the Appendix.

Notations: Let S™ C R™ "™ denote the set of symmetric ma-
trices of dimension n, and let Si and Si . denote the subsets of
positive semidefinite and positive-definite symmetric matrices,
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respectively. Given Fy, Fy» € S, Fy < F; denotes Fr — F} €
St . Moreover, Z denotes the set of nonnegative integers. Let id
denote the identity function, and f o g denotes the composition
of two functions. The symbol || - || denotes the spectral norm of
a matrix and the /5 norm of a Vector Given any real sequence
{ar}7> . we define Zk ;ai = 0 for the special case j < i.
Given areal matrix F'and areal square matrix A, 7(F") and o (F')
denote the maximum and the minimum singular values, respec-
tively, and p(A) denotes the spectral radius. Note that 7(F) =
| F']|. The symbol U, 3 denotes the uniform distribution over
the interval [a, b], E denotes the expected value, and | -] denotes
the floor function. Given ¢, t > 0 and two nonnegative func-
tions f(-,-) and g(-, -), we write g(e,t) = O(f(e,t)) (ase — 0,
t — o0)if ey, e > 0:g(e,t) < crf(e,t)forany 1/ > co and
t > ¢y.1f gand f depend on ¢ only, then g(t) = O(f(t)) (ast —
00) indicates g(t) = O(f(t)log®(t)) for some k € Z+ [22].

[l. PRELIMINARIES AND PROBLEM FORMULATION
A. Preliminaries

We consider the discrete-time linear system

Ter1 = Awxy + Bioug + wy ()

where wy is a white noise signal with E(w,w, ) = 02 I, 0, > 0,
A, €e R™" and B, € R™ "™, The initial state xq is a zero-
mean random vector with E(zoz] ) € S, uncorrelated with the
noise. In this work, the true system (A,, B, ) is unknown, and
we have access to an approximate model (A, B) that satisfies
|A—A,| < emand || B — B,|| < en for some &y, > 0. This
approximate model and its error bound can be obtained, e.g.,
from linear system identification [23], [24].

In the above setting, we consider the nominal receding-
horizon LQ controller [10]. At time step ¢, x; is measured, and
the RHC controller solves the following optimization problem:

N-1
mir}L1 E{wHt N1 Z U@ Ugp) + xIT\,lthN‘t (3a)
{uk\t}k=0 k=0
S.t Tpp1e = Axk\t + Buk\t + Witt, Tojp = ¢ (3b)

where [(z )¢, up) = lethk‘t + uanuk\t’ R e ST, and Q,
P € S%. Then, uy = gy, is the input at time step .

We will first consider controllable systems. The exten-
sion to stabilizable systems is in Section V. To this end,
we define C;(A,, B,) £ {B* A, B, Aile*} fori e
{1,2,...} and introduce the following assumptions.

Assumption 1: There exists i € {1,2,...,n} such that
C; (A, By) has full rank, and the minimum 4 is denoted by n;,
called the controllability index.

Assumption2: A, #0, P =0, R = I,and Q = I hold.!

For some intermediate technical results, we will relax the
controllability requirement whenever possible for generality.

Assumption 3: System (A,, B,) is stabilizable.

'Requiring Q to be positive definite leads to a loss of generality. This
assumption, however, is commonly imposed to obtain quantitative bounds [20].
Given @ > 0, R > I, and Q > I can be achieved without losing generality by
scaling them simultaneously. Letting A, 7 0 is not restrictive and ensures that
1 — B, is invertible for technical simplicity.

This RHC controller is further characterized by the Riccati
equation. Given any (4, B) € R™™ x R™™, we define
S 2 BR 'BT 4)
and the Riccati mapping R4 5 : S — S’} as
Rap(P)& ATP(I+SpP)'A+Q

=A"PA-A"PB(R+B'PB) 'B'PA+Q

®)
where the last equality holds by the Woodbury matrix identity.
To apply the Rlccatl mapping recursively, we define the Riccati
iteration R} A.p Via recursion: for any integer ¢ > 0, R(H_l) =
Ra,po RE4) 5, and RSJ?B = id. Then, the RHC controllerin (3)
is equivalent to a linear static controller u; = —Kgrpcx: [10],
where

Kwne=[R+ B [RY,V(P)] B] BT R,V (p)] A
(6)
We consider the expected average infinite-horizon perfor-
mance of Kryc, applied to the true system (2). Given any con-
troller gain K with p(A, — B,K) < 1, we denote its expected
average infinite-horizon performance as

T-1
Jr & Tlgn TEwO7{wt} lz (:ctTth + utTRut)
=0

st.(Q,u = —Kay, t € ZT.
Under Assumption 2, the optimal controller gain K, which
achieves the minimum Jg, is the LQR controller gain
K,=(R+ B/ P.B,)'B]P.A, (7)
where P, is the unique positive-definite solution of the discrete-
time Riccati equation [25]
P, =Ra, B, (Py). ®
We further define the closed-loop matrix L, under K, as
L, 2 A, —B,K,=(I+5SgpP,) "A,. )

It is well known that L, is Schur stable, and its decay rate can
be characterized by the standard Lyapunov analysis.
Lemma I: If Assumptions 2 and 3 hold, for any i € Z

. K3
ILi < /8 (VI-B)
with 3, £ ¢(Q)/7(P,), and B, € (0, 1) holds.
The proof of this result is presented in the Appendix for
completeness. If Assumption 1 holds additionally, then (A, , B, )
is controllable, which implies that (L., By ) is controllable, and
thus there exists a real number v, such that

(10)

(C (L*aB )) = v > 0. (11)
B. Problem Formulation
In this work, we analyze the performance gap Jx,. — Jk,

between the RHC controller and the ideal LQR controller.

Problem 1: Given a prediction horizon N > 1, an approx-
imate model (A, B) with max{||A — A, ||,||B — B,||} < em,
and a terminal matrix P with ||P — P, || < ¢, for some ¢, > 0,
find a nontrivial error bound g(em, €p, N) such that Jg,. —
Jr, < g(em,ep, N).
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In Problem 1, a nonzero g reflects the difference between
the performance of the RHC controller, i.e., Jx,,., and the
performance of the baseline controller, i.e., Jg,. A nonzero g
reveals how the system performance, under the RHC controller,
degrades as a function of the errors €, and €, and the pre-
diction horizon V. Here, choosing the infinite-horizon optimal
controller as the baseline is standard in studies on learning-based
control [19], [20], and MPC [4].

In the special case of a known system and P = P,, we have
Kruc = K, and Jk,. — Jx, =0 for any N > 1. However,
if P # P,, which happens when the system is unknown or a
numerical error is present for the computed P, even if the system
is known, we can increase N to achieve a smaller Jg,,. — Jk, .
In the more complex situation where there is a modeling error, a
larger N leads to the propagation of the modeling error and thus
may enlarge the performance gap. Our target is to characterize
the above complex tradeoff among IV, €., and &y,.

In this work, the obtained bounds hold regardless of whether
em and g, are coupled. The presence of coupling, e.g., €, =
h(em) for some h, can be incorporated by plugging function
h into g. The error bounds obtained will also depend on the
system matrices A, and B,. To simplify the algebraic expres-
sions of the bounds, we upper bound the system matrices as
max{ || A, | B«|l, | Pel|} < Ys, where T, > max{1,e,,,£p}
is a real constant. Note that there always exists a sufficiently
large T, such that the above holds.

Remark 1: Regarding the bound g in Problem 1, its rate of
change as N, e, and £, change will be the primary interest. The
other constants involved in the bound will often be simplified
for interpretability. Therefore, the derived bound is more suitable
for convergence analysis and qualitative insights instead of being
used as a practical error bound.

Remark 2: g is a worst-case bound valid for any (121, B) €
S(em) 2 {(A, B) | max{| A~ A, |B - B.J} < em}).
Therefore, it can be conservative for a particular (A, B)
instance.

IIl. SUBOPTIMALITY ANALYSIS WITH KNOWN MODEL

As the first step, we consider the simpler setting where
(A, B) = (A,, B,). The goal is to analyze the joint effect of
the prediction horizon and the approximation in the terminal
value function on the control performance. To obtain the final
performance upper bound in Section III-C, we first develop two
technical results in Sections III-A and III-B.

Case I:It holds that (A, B) = (A,, B,).

A. Preparatory Performance Analysis

We first characterize the performance gap between the LQR
controller and a general linear controller that has a similar
structure to the RHC controller (6). Givenany (A4, B) € R™™ x
R™*™ we define function K4 p : ST — R"™*™ as

Kap(F)2(R+B'FB) 'B'FA. (12)

Then, given the controller gain K4, p, (F') forany F' € S7,
the following result characterizes its performance gap based on
the difference || F — P, ||.

Lemma 2: Given any F' € S with ||F' — P, || < ¢ for some
e > 0, consider the controller gain K = IC4, g, (F') and the
optimal gain K,. In Case 1, if Assumptions 2 and 3 hold,
and if ¢ < min{Y,,o(R)/(40Y4(|P,||*/?)}, then A, — B,K
is Schur stable and Jx — Jx, < c.e2, where

» 32min{n, m}os (7(R) + T)YTL|P(v/[| P + 1)*
B a*(R) '

Cx
(13)

Lemma 2 directly follows from Lemma 4, which is presented
later, as a special case of a known model. These results ex-
tend [19, Thm. 1] and [20, Prop. 7] by incorporating the terminal
value function error. Lemma 2 shows that if F' is sufficiently
close to P, then the controller gain K4, p, (F') can stabilize
the system with a near-optimal performance.

In Case 1, since (6) is a special case of (12) with F' =
R%\fgj (P), we will exploit Lemma 2 to characterize the perfor-
mance gap of Kryc. Particularly, Lemma 2 can be used to bound
Jkwe — JK, if we can quantify the difference HR(N ) (P) -
P,||. Note that this difference captures the convergence of

R(N 1)( P) to P, as N increases.

B. Convergence Rate of Riccati lterations

It is a classical result that R(z) p, (P) converges to Py ex-
ponentially as ¢ increases [26]. leferent convergence analyses
have been investigated in the literature, leading to different
convergence rates. The rates in [27] and [28, Thm. 14.4.1] are
complex functions of the system parameters, characterized by
the Thompson metric in [27] and a norm weighted by a special
matrix in [28, Thm. 14.4.1]. These convergence rates are hard to
interpret because of the specific metric and norm. On the other
hand, the ratesin [21] and [26, Ch. 4.4] utilize the standard matrix
2-norm and thus are easy to interpret; however, [26, Ch. 4.4] does
not exploit controllability, leading to a slower convergence rate
than [21]. To the best of the authors’ knowledge, Moral and
Horton [21] provided the most recent state-of-the-art analysis
of convergence rates for controllable systems. Therefore, we
develop our results based on [21]. While the result in [21]
considers only a single convergence rate, we generalize it to
incorporate two distinct convergence rates depending on the
range of . We also compute the rates as a function of 3, and thus
of P,. The explicit dependence of the convergence rates on P;
will facilitate the subsequent perturbation analysis in Section IV,
where the effect of the modeling error on P, will be exploited.

We define several new notations. Recall Sp defined in (4),
and we define the function L4 p : ST — R™ " as

Lap(P)=

which denotes the closed-loop matrix under the controller gain
Ka,5(P), and thus, L4, B, (Px) = L.. In addition, for any
integers 0 < j < i, define

(P 2 {ﬁAyB (PO)..Lap (PUD), i>j>0

(I +SpP)'A=A—-BKap(P) (14

I, i=3j
(15)
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where P() is a shorthand notation for RS) p(P). The defini-
tion shows @Efif)B* (P,) = L. Note that <I>(O Z)(P) is a state-
transition matrix of a time-varying linear system whose asymp-
totic stability is reflected by the convergence of <I>(O ) 5(P)to0

as 1 — oo [29].
The state-transition matrix is helpful for characterizing
IRY 3)(P) — P.| forany P € ST [21]
R P, =
A8, (P) = P

» T .
(@070, (p)] (P-PoLL a6

which can be verified by applying Lemma 11(a) recursively.
Recall that L, is Schur stable, satisfying lim; ., L = 0. There-

B, (P)
Furthermore,

fore, (16) shows that as 7 — oo, the convergence of R( )
to P, is governed by the convergence of L.
exploiting the exponential decay of <I>(0 Z) (P) can further

contribute to the convergence of RY A..B. (P)

The convergence rate of R B, (P) to Py is as follows.
Lemma 3: Given P with ||P P || < ep, if Assumptions 1
and 2 are satisfied, then fori € Z™

IRY . (P)—P.|

) IR 0 -Fe)
7 (1= B.)" ep,

with constants 7, and 7, defined in (41) and (43), respectively,
[, defined in Lemma 1, and

i

ep, i <ng o)

if i > ng

E(gp) £ a(Q)/ (E(P*) + Epﬁ;l) (13)
where B(ep) < S, holds for any e, > 0.
Since B < B, wehave 1 — B, < /(1 — B:)(1 — j3). There-

fore, as ¢ increases, Lemma 3 shows a slower decay rate?
(1—B,)(1—B) for i < ng and a faster rate 1 — 3, for
i > ne. Recall @, (P) in (15) and (16). Intuitively, the

case i < ng is when the state-transition matrix <I>(O D B, (P) is
affected by the initial matrix P and the consequent transient
behaviors, which is evident from the dependence of 3 on &p,.
Then, if @ > n.,, then the time-varying closed-loop systems in
(15) get closer to L,, leading to a faster convergence rate.

The technical challenge in developing Lemma 3 is the deriva-
tion of the two distinct decay rates. Given controllability, the
faster rate for 7 > n, is established from the full rank property
of C;(A4, By) by exploiting Lemma 1 and [21, Lemma 4.1].
Since C; (A, B,) is not of full rank for i < n,,, the slower rate is
established from stabilizability. The analysis is achieved by uti-
lizing the stability analysis of linear time-varying systems [29],
introduced in Lemma 13, and further deriving the decay rate as
an explicit function of f,. Note that if €, = 0, then we obtain
the rate (1 — (3, ) in both cases of (17), recovering the square of

the rate /1 — (3, in (10).

2Given c1a’ and cob® with 0 < a < b <landecy,ce 20,1 € Z7F, we say
a is a faster decay rate than b to indicate a* decays faster than b* as ¢ increases.

C. Performance Upper Bound With a Known Model

The following main result is a direct consequence of (6) and
Lemmas 2 and 3.

Theorem 1: InCase 1, consider Kryc in (6) withany P € S™}
satisfying || P — P, || < ep. Itholds that A, — B, Kgyc is Schur
stable with Jx,,. — Jk, < v(N,ep), where

v(N,ep) (19)

a cﬂuuwou—m%mNI%

2 (1 — B*)Q(N_l)sg, o+ 1

if Assumptions 1 and 2 hold, and if N and e, satisfy
V(N gp) /e < min{Y,, o(R)/(407T1|| P|*/)}.

In Theorem 1, the upper bound on /v(N,e,)/c, means
that NV should be sufficiently large or £, should be suffi-
ciently small, such that the RHC controller can stabilize the
system with a suboptimal performance. Moreover, the perfor-
mance gap (19) captures the tradeoff between the error e,
and the prediction horizon N: the performance gap decays
quadratically in e, and exponentially in N. The exponential
decay obtained here is analogous to the exponential decay rate
in [30] for linear RHC with estimated additive disturbances
over the prediction horizon and in [6] for nonlinear RHC,
while we have a novel characterization with two distinct decay
rates.

The case N > n. + 1in (19) has a faster decay rate than the
rate for N < n;, which indicates the advantage of choosing a
horizon larger than the controllability index. This also suggests
that we may choose a smaller horizon for controlling fully
actuated systems, with rank(B) = n and n,; = 1, compared to
underactuated systems.

it N < ner
ifN>n

IV. SUBOPTIMALITY ANALYSIS WITH UNKNOWN MODEL

In this section, the results in Section III are generalized to
consider the joint performance effect of the modeling error,
terminal matrix error, and prediction horizon. To obtain the
final performance upper bound in Section IV-C, we first develop
several technical results in Sections IV-A and I'V-B.

A. Preparatory Performance Analysis

Given any F' € S} and a general controller gain K 4 5 (F)in
(12), formulated on the approximate model, the followrng result
characterizes the performance gap between /C ; A, p(F) and the
optimal controller gain k.

Lemma 4: Given any F' € S" with ||F' — P, || < ¢ for some
€ > 0, consider the controller gain K = K 5 5(F). Then, A, —
B, K is Schur stable and Jx — Jg, < c*(em +¢)? with ¢,
defined in (13), if Assumptions 2 and 3 hold, and if T, > ¢
and 82 (e +¢)/a(R) < 1/5||P,|~3/2.

The above result is analogous to [19, Thm. 1] and [20, Prop.
7], with extensions to incorporate the additional error term
||IF' — P.||. Lemma4 shows thatif the error &,,, + ¢ is sufficiently
small, then the resulting controller gain K = K 5 5 (F') can sta-
bilize the real system (A,, B,) with a suboptimal performance

gap.
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B. Perturbation Analysis of Riccati Difference Equation
As the RHC controller (6) is a special case of K4 5(F)

with F' =
the suboptlmahty of the RHC controller. Particularly, Lemma 4
shows that Jg,,. — Jk, can be upper bounded by a function of
the modeling error bound €, and ¢ satisfying

RS0 - B <<

Therefore, the main challenge is to characterize € by investigat-
ing the Riccati iterations using the approximate model.

The above problem has been studied in the classical pertur-
bation analysis of the Riccati difference equation [31]; however,
the final bound in [31] does not explicitly show the dependence
on N, P,, and €,. In this work, we provide a novel upper bound
as in (20) that captures this dependence.

To this end, due to the approximate model, we first define a
state-transition matrix similar to (15)

R(N 1)( P), Lemma 4 can be exploited to analyze

(20)

U (P)
N {E(R(XB’B*(P))---E(RS*%(P)), i>j>0
I, =7

21

where L(P) £ W(P)[H(P) + L, 5, (P)] with the functions
W and ‘H defined on S}
W(P) 21+ (Sp,—Sp)P,H(P) 2 (I+Sp, P) ' (A-A,).
Recall the closed-loop matrix L4, p, (P) in (14), and thus,
we can interpret £(P) as a perturbed L4, g, (P): if there is
no modeling error, then we have £(P) = L4, p, (P) due to
H(P) = 0 and W(P) = I. Therefore, ®*)(P) can also be
interpreted as a perturbed version of the state-transition matrix
(I)(Xf)B* (P) due to the approximate model.

Tllen, as an extension of (16) to the approximate model, the
following lemma can be obtained.

Lemma 5: For any Pl, P2 € S andi € Z*, define pl) &

R“ 5(P)and PV 2 RY) (). Itholds that
Py) 8190 (Py)

PO P = [ ”(Pl)] (P (222)

+Z[ i3 +1:) (p 1)}TM (ﬁ(ifj)’Py*jv HU-I+19)(p,)
(22b)

where M is a function on ST xST: M(Py, ) =
ATPy(I+ Sp, Py) *A— ATPy(I+ S, Py) tA, + AT(I +
P1S3) ' Py(Sp, — Sp)Pa(l 4 Sp, Py) A,

Equation (22) is closely related to (16). While (16) concerns
the state-transition matrix ® 4, g, of the true system, (22a)
contains the perturbed state-transition matrix ® and the state-
transition matrix ¢ AB of the approximate model; moreover,
(22b) contains an extra term caused by the modeling error.

To upper bound ||R(ANJ§ 1)(P) — P,||, we exploit (22) with
Py =Pand P, = P,. This motivates us to analyze the spectral
norm of the perturbed state-transition matrices in (22). The

analysis of these state-transition matrices is analogous to the
stability analysis of the corresponding time-varying systems.
Then, we establish the following results for the two perturbed
state-transition matrices.
Lemma 6: Given any two integers i > j > 0 and ®U*) de-
fined in (21), if Assumptions 2 and 3 hold, then

1@V (P < 4/ Bt i (em)) (23)
71 (sm) é ﬂ*_lq;[}(gm) + 1- 5* (24)

where 1) is defined in (50) and satisfies ¢ (e,) = O(em ).
Comparing (10) and (23), 7 (P,) admits a perturbed decay
rate 1. In 'yl, V1 — B, from (10) is perturbed by the term

V ﬂ: 77[} EIII

To analyze CI)( z) in (22), we limit the modeling error by

introducing the followmg technical assumptions.
Assumption 4: The modeling error £, is sufficiently small
such that the following holds:
a) em < 1/(16]|P.[);
b) fe(em) < vi/2, where v, is defined in (11), and fe is
defined in (61) and satisfies f¢(em) = O(em);
C) €m < «ay with the constant o, defined in (64).
Assumption 5: The true system (A,,B,,Q, R) satisfies
0(Pauat) = 1, where Pyyq € S| is a constant matrix formu-
lated on the true system and is defined in (56).
Assumption 4 limits the modeling error, and Assumption 5
is related to the controllability of the real system; see more
details in Remark 7 of Appendix C. Assumption 4(a) ensures the

stabilizability of any (A, B) € S(e,,) and is used to establish

)

a slower decay rate of 30 ; for 7 < ng, analogous to the

slower rate in (17). Moreover Assumption 4(b) ensures the
controllability? of (4, B). Then, by combining Assumption 4(b)
with Assumptions 4(c) and 5, we can exploit controllability to
establish a faster decay rate for ¢ > n., analogous to the faster
rate in (17). In Assumptions 4(b), 4(c), and 5, the constants v,
., and Py, are independent of the errors and N under study.
See more details in Appendix C.

With the above assumptions, we have the following result.

Proposition 1: If Assumptions 1, 2, 4, and 5 hold, then for
any i,j € Z7, it holds that

em)]* 7, ifi—j53>n
@ (p)) < g S G
’ CH2Emep)]™, f0<i—j <ne
where '72(5111) 1- O‘smﬂ*, 72(5ma5p) 1*0‘;1115(5%)7

e, 2 (1 —8||P,||%em) "'/, and the positive constants ¢ and {
are defined in (66) and (73), respectively.

Proposition 1 shows that if the modeling error is sufficiently
small, then the approximate state-transition matrix, formulated
onany (A, B) € S(ey), is guaranteed to converge to zero. The
two distinct decay rates in (25) satisfy v2 < 75 < 1, analogous
to the two decay rates in Lemma 3. Proposition 1 can also be
of independent interest, e.g., for the stability analysis of finite-
horizon LQR or the Kalman filter with modeling errors.

3Even if Assumption 4(b) also implies stabilizability, the upper bound for &,
in Assumption 4(a) is still needed for computing the decay rates.
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Remark 3: While the constants in the bounds (23) and (25),
e.g., C and ¢, can be conservative, the rates y; (em)s v2(em), and
%2 (em, €p) have the desired property that they recover the ideal
rate /1 — 3, of the true system in (10) if e, = €, = 0.

In the rest of this work, we will omit the dependence of v,
72, and ¥, on ey, and &, for the simplicity of notation. With
Lemmas 5 and 6 and Proposition 1, we can now characterize ¢
in (20) as a function of €, £, and IV in the following result.

Theorem 2: Given P with ||P — P,|| < ¢&p, if Assump-
tions 1,2, 4, and 5 hold, then for i € 7, [RY ,(P) — P.|l <

~

E(em,ep,i) =

min{i,ne}—1 i—1
Clvder +9(em) | Y, W+ D WA ] (26)
k=0 J=MNer
where 1) is defined in (51) and satisfies ¢ = O(e,y,)
ifi>
Fo = {”’ LT @7
4, otherwise

and ¢ = /31 max{(, ¢}, with 72, 75, ¢, and  defined in
Proposition 1, and 7, defined in (24).

Note that lim; .o F(em,€p, %) exists iff e, is sufficiently
small, as in Assumption 4, such that y;y2 < 1, and thus, the
approximate Riccati iterations, formulated on any (A, B) €
S(em), will converge. In this case, the upper bound (26) charac-
terizes the convergence behavior of the Riccati iterations under

the modeling error. As the iteration number 7 increases, the

)

term ~}74e, in (26) decreases and drives Rg (P) closer to

P,; however, the remaining term increases and drives ng) 5 (P)
away from P,, which reflects the propagation of the moaeling
error. The above two terms capture the tradeoff between the
prediction horizon and the modeling error in the convergence of
the approximate Riccati iterations.

C. Performance Upper Bound With a Modeling Error

Based on (6), Theorem 2, and Lemma 4, the tradeoff between
the prediction horizon, the modeling error, and the terminal
matrix error can be reflected in the performance of the RHC
controller as follows. R

Lemma 7: Given the nominal RHC controller (3), E in
(26), andAc* in (13), if Assumptions 1, 2, 4, and 5 hold, and
if em + E(em,ep, N — 1) < 1/(407%1|| P]|?), then iy < 1
holds, and A, — B, Kguc is Schur stable with Jx,. — Jk,

. 2
< g(em,ep, N) £ ¢y [am + E(em,ep, N = 1)| . (28)

In Lemma 7, E(sm, €ps N — 1) depends on N — 1 because

N-1
of Ry
E(em,ep, N — 1) limits the joint effect of €, €p, and N,
such that the resulting nominal RHC controller can stabilize
the unknown system with a suboptimality guarantee. When the
modeling error is significantly large, the nominal controller may
fail to stabilize the unknown system. In this case, a more accurate
terminal value function can be considered, or a robust controller
can be used to explicitly address the error [3]. In addition, as ¢, in

(P) in (6). Moreover, the upper bound for &y, +

(13) increases as min{n, m} increases, a larger input dimension
or state dimension may lead to a larger c, and thus a larger g
in (28). Deriving the growth rate of g when the state or input
dimension increases is a future direction. N

In the bound g, due to the tradeoff in the term F, increasing
N has a complex impact on the control performance due to
the propagation of the modeling error. Then, natural questions
are whether an optimal prediction horizon N, can be found to
minimize the performance upper bound g, and how N, varies
when the errors ey, and €, change.

Example 1: To address the above questions, consider the case
1 = N — 1 < n as an example. Then, we can rewrite (26) into

- d &(EIH) — \N-1 &(Em)
E=(|ep— — | (m7 + ——. (29
(p T, | (17 1— 77

Note that in (29), the term
P(em)
Il E— (30)
Pl

can be interpreted as a measure of the relative difference between
ep and ey, due to 1 = O(en ), and thus, Y (e )/ (1 —117,) =
O(em). Then, (29) suggests that if the prediction horizon N
increases, then the overall change of E and g depends on the
sign of (30). More specifically, if €, is relatively smaller than
€m, 1.e., (30) is negative, then infy g(em, €p, V) is attained at
N =1, otherwise, infx g(em, ep, V) is attained at the largest
N possible, i.e., N = n., in this example.

The observation in Example 1 can be generalized beyond the
case ¢ < ng. To state the formal result, the following terms are
relevant, and their relation can be established:

o) e )
(Fa/v2) e 1 Y172 At 7(23 N

which follows from s < 7,. Similar to (30), the above terms
represent three quantitative measures of the difference between
the two errors ¢,,, and ¢;,. Their signs decide the optimal predic-
tion horizon N,, as shown in the following result.

Theorem 3: In the setting of Lemma 7, let o
(Fa2/72)"™ 1 > 1, and consider g(em, ep, N) in (28).

a) Ife, — 1;(6111)/(1 — 7179) > 0, then infy g(em, ep, N)
= limpy_s00 g(€m, €p, V) and g(em, €p, IV) is strictly de-
creasing as IV increases.

b) If e — ¥(em)/[1 — 11y2] < 0, then infy g(em,ep, N)
= g(em,€p, Ny) with N, =1, and if ¢, — &(gm)/[l —
Y1¥2/Yratio) < 0 holds additionally, then g(em, ep, V) is
strictly increasing as N increases.

o) If ep —¥(em)/(1—m2) >0>¢ep —Y(em)/(1 —m
F5), then g(em,ep, N) is strictly increasing as N €
{1,...,n¢} increases and strictly decreasing as N >
ne + 1 increases. Moreover, the following holds:

1) infx g(em, ep, N) = g(em, €p, Vi) with N, =1

4L

if additionally
~ 1_ ~. Teer Ner
€p — ¢(€m) (72’}3) (’71'72) < 0;
L =7 L—mm
2) infn g(em,ep, N) = impy 00 g(€m, p, N) oth-

erwise;
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Fig. 1. Given 10-D random real systems, the performance gaps
JKrpc — JK, (after normalization) of 25 nominal RHC controllers under
varying N are divided into two groups based on the trend of their
performance and are shown in these two figures.

&) Ifep — Pem)/[1 — 1172 = & — $lem)/ (1L~ 1) =
0, then g(em, €p, N) is a constant as NV varies,
where 72 and 7, are defined in Proposition 1, ~; is defined in
(24), and ¢ is defined in (51) satisfying ©» = O(ey,).

Theorem 3 shows that in (28) g achieves its infimum either
when N = 1 or when N — oo, depending on the relative differ-
ence between ey, and ¢, quantified by the terms in (31). More
specifically, Theorem 3(a) shows that if €, is relatively larger
than €, in the sense of (30) being positive, N — oo achieves the
infimum of g. On the other hand, Theorem 3(b) shows that if €,
is relatively larger than e, i.e., when e, — 9 (em)/[1 — 7172] <
0, then g is minimized by choosing N = 1. Note that g is
exponential in N based on (26) and (29). In addition, given
the errors, g is a monotonic function of N in Theorem 3(a) and
3(b), but it shows a more complex behavior in (c).

Remark 4: Depending on the relative difference between ¢y,
and ¢, Theorem 3 indicates that choosing N =1 or N — 00
could achieve a better control performance. However, even
if N — oo is desired, a finite N can be sufficient to make ¢
close to its infimum, based on its exponential dependence on
N. Considering additionally the faster decay rate in (27) when
i > ng, it can be beneficial to choose a finite IV satisfying
N > ng, where we recall that n, is the controllability index.
This also suggests choosing N = n¢ or ng + 1 could be
reasonable initial guesses, which can then be further tuned
for performance improvement.4 If n is not known, the state
dimension can be an alternative, as a general controllable
system has ng = n. Using N = n is also suggested in [32],
and in [33] for controlling nonholonomic vehicles.

The above observation depends on the performance upper
bound in (28) and thus may not reflect the actual behavior of
JKwe — JK, . However, the observation can indeed be seen in
extensive simulations in Fig. 1. In this simulation study, five
random real systems (A,, B,), with n = 10 and m = 2, are
generated, where each entry in A, and B, is sampled from
U[_2 21 and U 1), respectively. All systems have controllability
index n., = 5. Moreover, each (A,, B,) and the corresponding
P, are perturbed by random matrices,’ whose entries are

“4In this work, the control horizon and the prediction horizon are equal.
SFor P, arandom matrix is multiplied by its transpose to generate a positive
semidefinite matrix perturbation.

Normalized Performance Gap
o o
o IS ©
(9] [(e] [4)] -

o

o
N
IN)

3 4 5 6 7
Prediction Horizon

Fig. 2. Two nominal RHC controllers achieve their optimal closed-loop
performance at N = 2 and N = 3, respectively.

sampled from Ujg g.001)- This is repeated for five times for

each real system, leading to 25 approximate (A,B,P) and
25 nominal RHC controllers. For each controller, we vary its
prediction horizon and compute the normalized performance
gap as [JKRHC(N) - JK*]/ma’XN(JKRHC(N) - JK*)'

The results are in Fig. 1. The performance gaps have ini-
tial transient behaviors, but converge quickly as N increases.
Most controllers indeed obtain their optimal control perfor-
mance at N =1 or the largest N until convergence. All of
them converge after N > n., showing the potential bene-
fit of a finite NV satisfying N > n. even if N — oo is de-
sired. This is important when the computational aspect is
considered, as a larger N leads to a higher computational
cost.

However, there are a few cases where the optimal N is
finite but greater than 1. Two examples are shown in Fig. 2,
where N =2 and N = 3 achieve the optimal performance,
respectively. However, the performance difference between the
optimal performance and the performance upon convergence is
not significant. These examples show that the upper bound may
not reflect the actual behavior of J,,. — Jk, -

Remark5: Lemma7 is established under tight conditions, i.e.,
the bound 1/(407%||P,||?) and the bounds on &,, in Assump-
tion 4 can be small and thus may not be satisfied in practice.
This is a common limitation of analytical error bounds [19],
[20]. Despite this limitation, we can still obtain a nontriv-
ial result in Theorem 3, and this result can be observed in
simulations when going beyond the tight conditions, e.g., the
modeling errors of the simulation in Fig. 1 are actually greater
than 1/(40T%(| P, ||?).

We also consider the following practical case of Theorem 3
where P = 0 in the RHC controller (3).

Corollary 1: Given the nominal RHC controller (3) with
E =0, if Assumptions 1, 2, 4, and 5 hold, and if e, +
E(em, ||Pi||, N — 1) < 1/(40Y%||P,||?), then A, — B,Kgruc
is Schur stable with Jx. — JK, < g(€m,ep, N), where
infx g(em, ep, N) = imy 00 g(€m, €p, N) and g(em,ep, N)
is strictly decreasing as N increases.

The above result shows that for the RHC controller with
zero terminal function, using a large prediction horizon, ide-
ally the nominal LQR controller, is beneficial. This is be-
cause the other choice N =1 leads to Kryc = 0, which
will never stabilize the system if the system is open-loop
unstable.
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V. EXTENSIONS TO STABILIZABLE SYSTEMS

We generalize the previous results for controllable systems
to stabilizable systems. Without controllability to establish the
fast decay rates 1 — S, in (17) and ~» in (25) for ¢ > n;, we
only establish a single decay rate for all ¢ > 1. These results for
stabilizable systems are formalized in Appendix D. The single
decay rate greatly simplifies the analysis, which leads to a variant
of Theorem 2 for stabilizable systems.

Theorem 4: If Assumptions 2, 3, and 4(a) hold, then for ¢ €

+ (1) _
Z+ RV, (P) ~ P.|

~ —

< Ega(ems€p,y3) 2 C | Vi7hep + Y(Em) (32)

Z o
where 7 is defined in (24), 1; is defined in (51) and satisfies
Y = O(en,), and ¢ and 7, are defined in Proposition 1.

Similarly to (28), (32) also leads to an error bound

gsta(5nu Eps N) = C*[gm + Esta(Emv €ps N — 1)}2 (33)

Equation (32) can be rewritten as (29). Therefore, the observa-
tion from Theorem 3 that the performance upper bound achieves
its infimum at N = 1 or N — oo remains valid for stabilizable
systems, now depending on the sign of (30) only.

By observing (16), we note that for stabilizable systems, the
faster rate 1 — 3, in (17) can also be established by letting i be
sufficiently large, e.g., larger than a constant 7¢, such that the
closed-loop matrices in @Ef’:g(P) become close to L, in (9).
However, iy can be large and also does not have a clear inter-
pretation, unlike the controllability index n., in (17). Therefore,
this technical extension is not pursued here.

VI. APPLICATIONS IN LEARNING-BASED CONTROL

Besides the obtained theoretical insights, our suboptimal-
ity analysis can also be used to analyze the performance of
learning-based controllers. Results in this section generalize the
results in [18], [19], and [20] for learning-based LQR controllers
with an infinite horizon to RHC controllers with an arbitrary
prediction horizon. We will compare our performance upper
bounds analytically with the above existing results, as is done
in similar studies on regret analysis [19], [20].

A. Offline Identification and Control

In this section, we first obtain an estimate (/1, E) offline
from measured data of the unknown real system (2), and then
synthesize a controller (3) with zero terminal matrix P = 0. This
is the classical receding-horizon LQ controller [10].

There are many recent studies on linear system identification
and its finite-sample error bounds [18], [23], [24]. For inter-
pretability, we consider a relatively simple estimator from [18].
Assume that the white noise w; is Gaussian, and we conduct
T independent experiments on the unknown real system (2) by
injecting independent Gaussian noise, i.e., u; ~ N (0, 021) with
o, > 0, where each experiment starts from xo = 0 and lasts for
ty, time steps. This leads to the measured data {(zgl), uil))}f" 0>
l=1,...,T, which is independent over the experiment index
l. To avoid the dependence among the data for establishing the
estimation error, we use one data sample from each independent

experiment, and then an estimate (/Al, B) is obtained from the
least-squares (LS) estimator [18]

4 8] oy >[4 5] 15 " 9

A bound €, can be obtained [18, Prop. 1] so that with high
probability and for some constant c;g > 0

max{[|A — A.|,||B — B.||} < em = as/VT. (35

Consider the nominal controller (3) with P = 0 and (4, B)
from (34). We can provide an end-to-end control performance
guarantee by combining the LS estimation error bound (35) and
our performance upper bound (33). We consider (33) here for
generality as it needs more relaxed assumptions than (28). To
this end, we first simplify (33) for interpretability.

Proposition 2: Given the controller (3) with P =0, if As-
sumptions 2, 3, and 4(a) hold, and if €, + Egu(em, || Pel[, N —
1) < 1/(407%|| P, ||?), then A, — B, Kruc is Schur stable with
Ik — Ik, < C (,uiv’l + 5,11)2, for some C' > 0 that is inde-
pendent of N and e,,, where 1, = /1 — 3,/(2)3/2 € (0, 1).

Combining Proposition 2 with the estimation error bound
(35) from [18] directly leads to the following end-to-end
performance guarantee.

Corollary 2: Consider the estimate (A, B) from the estima-
tor (34) and the controller (3) with P = 0. If Assumptions 1
and 2 hold, and if the noise w; is Gaussian and ¢/ VT +
Ega(as/VT,||P]l,N — 1) < 1/(407%|| P, ||?), then for any
6 € (0,1), there exists a sufficiently large 7" such that with
probability at least 1 — §, A, — By Kgruc is Schur stable with

2
Ticwe = T, < C (1 + log(1/8)/T)

for some C' > 0 that is independent of /N and 7.

Corollary 2 reveals the effect of the prediction horizon and the
number of data samples on the control performance. The perfor-
mance gap is O(1/T) if N — oo, i.e., when the nominal LQR
controller is considered. This growth rate agrees with the recent
study [19] of the LQR controller. When N is finite, an additional
error pl¥ 1 exists and decreases as IV increases. When T — oo,
the estimated model converges to the real system with high prob-
ability, leading to a performance gap O(u2Y 1), i.e., the perfor-
mance of the controller converges exponenUally to the optimal
one as /N increases, which matches our observation in (19). Note
that controllability in Assumption 1 is introduced in Corollary 2,
required by the estimation error bound [18]. Moreover, Assump-
tion 4(a) is absent, as it is satisfied by a sufficiently large 7.

Remark 6: We have used data from multiple independent
experiments for estimating the model; however, in practice,
maybe only one experiment can be conducted. In this case, an
LS estimator with the data from a single experiment can be used,
with its error bound studied in [23] and [24].

B. Online Learning Control With Regret Bound

In this section, we consider the adaptive LQR controller
algorithm in [20], which has a state-of-the-art regret guarantee
with greedy exploration. While there are other exploration strate-
gies [17], the more fundamental greedy exploration is chosen to
demonstrate the application of our analysis.
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The nominal LQR controller within the adaptive control
scheme in [20] is replaced by the receding-horizon LQ controller
(3) with P = 0. Other cost matrices @ and R are fixed through-
out the closed-loop operation. To match the setting in [20], in
this section, we assume that w, is Gaussian with o, = 1 and
the initial condition is xy = 0. Following [20], we assume that
a stabilizing but possibly suboptimal controller gain K for the
unknown true system is given a priori.

We briefly introduce the main idea of [20, Algorithm 1],
and the details can be found in [20]. Starting from x( = 0 and
a random input ug ~ N(0, I), the algorithm utilizes a fixed
controller gain K}, within each time step period [tg,tx+1),
where ¢, = 2¥"Yand k € {1,2,...} is the period index. In the
first few periods, the gain K with a Gaussian perturbation is
used, i.e., uy = —Kpxy + g with K = Kg and g; ~ N(0, 1),
to stabilize the unknown system. The perturbation g; ensures the
informativity of the data for estimating the system later.

After collecting sufficient data at time step ¢, for some period
ko, the controller conducts the following steps for every period
k > ko. A new model (Ak, ék) is re-estimated at the initial
time step ¢ of period k. It is obtained from the LS estimator
using the data {Zt}ik;;kl.,l from the last period k — 1, where z; =

[xtT uﬂias
[Ak Bk} = argmin tf th+1 . [A B] th2. (36)
T t=tgoq

Then, for ¢ € [ty,tr41), the algorithm employs a new RHC
controller gain Krpc , formulated on® (Ak, Bk) via either the
implicit form (3) or the explicit form (6), with a random pertur-
bation, i.e., u; = —Kruc, kTt + 00, where o3, > 0 determines
the perturbation size and decays as k increases.

In this case, let 7' denote the total number of time steps
that have passed, and let k7 denote the final period index. Let
C:R™ — R™ denote the above adaptive controller, and its
performance is typically characterized by regret [23], [34]

T

Regret(T) £ Z [z Qzy + C' (z)RC(z¢) — Ji, |

t=0
which measures the cumulative error of a particular realization
under the controller. It is ideal to have a sublinear regret
such that as T — oo, Regret(T")/T converges to zero with
high probability, i.e., the average performance of the adaptive
controller is optimal.

As shown in [20, Sect. 5.1] and [20, Appendix G.2], the
following holds with high probability for the controller:

kr
Regret(T) = O (Z t(J e — JK.) + \FT> .

k=ko
Combining the above equation with Proposition 2 leads to

kr
Regret(T) = O (Z (7% [uivfl + 1/(15,1€/4)]2 + \FT> 37)

k=kq

oIn [20], the estimated model, if not accurate, is modified via projection. These
details are presented in [20]. This projection step is redundant if the estimated
model is sufficiently accurate. Moreover, it relies on a conservative error bound,
leading to practical issues as discussed in Section VI-C. Therefore, the projection
step is ignored later in the simulations of Section VI-C.

where we use the fact that the estimated model at time step ¢y, has
error &, = O(1/ t,lc/ *) with high probability [20, Lemma 5.4].

The regret upper bound (37) provides some interesting in-
formation. First, note that Zﬁ;ko Vie < C/T for some con-
stant C' > 0. Therefore, if we have an infinite prediction hori-
zon N — o0, i.e., when the nominal LQR is considered, then
Regret(T') = O(\/T), which matches the rate of the adaptive
LQR controllers in [19] and [20].

If we have a finite NV, then (37) shows with high probability

Regret(T) = O Tyl + VT) (38)
where the regret is linear in 7'. This observation matches the
result in [35], where the regret of a linear unconstrained RHC
controller, with a fixed prediction horizon and an exact system
model, is linear in 7'. This linear regret is caused by the fact
that even if the model is perfectly identified, the RHC controller
still deviates from the optimal LQR controller due to its finite
prediction horizon.

To achieve a sublinear regret, (38) suggests that an adap-
tive prediction horizon is preferred. As also suggested in [35]
but for the case of a known system, we can update N via
N = O(log(tr)), e.g., updating N = [ —log(tx)/(41og(px)) ],
when the model is re-estimated, which again leads to a sublinear
regret O(v/T) according to (37). Note that this is the optimal
rate for the regret [20]. The intuition of this choice is that,
with a more refined model due to re-estimation, the prediction
horizon can be increased adaptively to improve the control
performance.

C. Simulation of Adaptive RHC

We use simulations to demonstrate the main theoretical in-
sights from Section VI-B. For the adaptive RHC algorithm,
while a fixed prediction horizon leads to a linear regret growth
rate O(T), an adaptive horizon, being a logarithmic function of
time, leads to a more desired sublinear rate O (v/T)).

While the algorithm based on [20] in Section VI-B has aregret
guarantee, a conservative modeling error bound €,,, analogous
to (35), is utilized in [20]. This conservatism causes practical
issues, e.g., despite the actual modeling error being small, the
condition e, < 8(A, B) for some & in the algorithm is hardly
met as &y, is too large. Therefore, by introducing tuning pa-
rameters, we slightly modify the algorithm in Section VI-B to
avoid analytical error bounds. The resulting algorithm is more
practical and suffices to demonstrate the theoretical insights. We
summarize the modifications as follows.

i) The key period index kg in Section VI-B is chosen to
be the first period & such that Zi’“: 61 ztz;r = 811 holds,
where 0, € [1,00) is a tuning parameter.

ii) The LS estimator (36) uses data {zt}i‘;f)l from all the
previous periods, instead of only the last period.

iii) We let o, = min{1, (d2/+/x)"/?}, where & € (0, 00)
is a tuning parameter instead of being computed via an
analytical formula as in [20].

In the above, (i) ensures that the collected data are informative
to obtain an accurate LS estimate of the model. Point (ii) ensures
the updated estimate is not worse than the previous one, as more
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Fig. 3. For the RHC with a fixed N (left) and the one with an adaptive

N (right), the mean and standard deviation (shaded region) of the
normalized regrets, regret(t)/t for the fixed N and regret(t)/+/t for
the adaptive N, over 100 simulations are shown. After initial transient
behavior, the normalized regrets converge to positive constants. The
normalized regret of the adaptive LQR (right) is also shown.

data are used for estimation. With point (iii), the exploration
effort decays as the period index increases.

We use the modified algorithm to control the unknown system
with the following true system matrices:

05 -2 09 03 1
A,=106 01 18|, B.,=109 1
1.3 -03 1.6 0 09

Starting from xy = 0, we compare the regret growth of
the adaptive RHC controller with a fixed prediction horizon
N = 3 and the controller with an adaptive prediction horizon
N = max{3, |log(tx)]}, where N is updated when the con-
troller is updated. Other parameters are o, = 1,Q = I, R = I,
P =0,0; =4, = 0.5, and K is the LQR controller gain for
stabilization. Note that although the true system and its LQR
controller are unknown, we choose the LQR controller to be the
initial controller for simplicity. The choice of K, if stabilizing,
does not affect our illustration of the regret growth.

As the regret is a random variable due to disturbance w;, we
conduct 100 simulations for each controller. The regret growth
over time, normalized by \/t or t, is shown in Fig. 3. The
regret grows linearly in 7" under the fixed /V but in the order of
/T under the adaptive N. This illustrates the advantage of the
adaptive NV for regret minimization. When the nominal LQR is
used within the adaptive algorithm, the regret remains sublinear
with a larger standard deviation in the initial period.

While the modified algorithm does not preserve the regret
guarantee in Section VI-B, it remains useful to demonstrate
the impact of the adaptive prediction horizon on regret growth.
Moreover, this algorithm has a structure similar to that of existing
algorithms with regret guarantees, e.g., the adaptive LQ Gaus-
sian controller in [36]. Our future work will investigate the pos-
sibility of extending existing analyses to the modified algorithm.
The computational increase with a larger N is minor in the cur-
rent setting and case study, as no online optimization is needed.
A larger N only requires more Riccati iterations for computing
the controller. For example, in Matlab 2024a with an Intel Core
19-13950HX CPU, the Riccati iteration takes on average around
3.10% s for N=3, 1.8-107° s for N = 15, and solving
the Riccati equation for LQR takes 2.4 - 10~% s. Therefore, the
computational cost is a more important problem for more general

settings with constraints or nonlinear systems, requiring online
optimization.

Changing the horizon adaptively is also investigated in [37],
[38], and the references therein, which are either heuristic or not
analyzed in the context of regret. This idea also has implications
for, e.g., robot control in a partially unknown environment [39].
There, as more data are collected, the RHC/MPC controller of
the robot can increase its prediction horizon to improve perfor-
mance. The potential challenges are the increase in computation
time and handling data that have poor quality. In the latter case,
the model may not improve over time, and it is important to
decide when to increase the prediction horizon. These challenges
will be investigated in future work.

VIl. CONCLUSION

This work analyzes the suboptimality of RHC under the joint
effect of the modeling error, the terminal value function error,
and the prediction horizon in the LQ setting. By deriving a
novel perturbation analysis of the Riccati difference equation,
we have obtained a novel performance upper bound of the
controller. The bound suggests that letting the prediction horizon
be 1 or +oco can potentially be beneficial, depending on the
relative difference between the modeling error and the terminal
matrix error. Moreover, when an infinite horizon is desired, a
prediction horizon larger than the controllability index can be
sufficient for achieving a near-optimal performance. Besides
the above insight, this obtained performance upper bound has
also been shown to be useful for analyzing the performance of
learning-based receding-horizon LQ controllers.

Extending the results to more general settings with constraints
and nonlinear systems is an important direction. The overall
steps of our analysis can be applied to nonlinear systems; how-
ever, the technical derivations differ significantly. For example,
instead of the Riccati iteration, the value iteration needs to be
considered. This generalization can be found in the follow-up
work [40]. Future work also includes the derivation of tighter
performance upper bounds to capture the nontrivial optimal
horizon, which is finite but larger than 1, and enhancing the
adaptive RHC algorithm to achieve both practicality and theoret-
ical guarantees. It is also important to benchmark the algorithm
against other state-of-the-art methods.

APPENDIX A
TECHNICAL TOOLS

Technical tools from the literature are collected here.

Lemma 8: Given 0 < a < b < 1 and any positive integer 1,
we have (1 — b)) /(1 — a'™) — (1 = b)) /(1 —a’) > 0.

Proof: This result is obtained by applying formula a’ — b’ =
(a=b)(a™t +a" 2+ +ab 2+ 1), [ |

Lemma 9 (See [19, Lemma 7]): Given M € S"t and N € S7},
it holds that | N (I + MN)~!|| < ||N|.

Lemma 10 (See [19, Lemma 5]): Consider M € R™*"™, ¢ >
1,and p > p(M) such that || M?|| < cp® foranyi € Z*. Forany
i€ ZTand A € RV, ||(M + A)f|| < e(c||All + p)* holds.

Important identities from [10] and [21, eq. (2.3) and (4.2)] are
collected in the following result.
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Lemma 11: If R = 0, for any P, P1, > € S”!
then the following holds:

and i € Z™,

a) Rap(P1) —Rap(P2)=[A—BKap(P)|" (P —
P)[A = BR 4 5(P)];

b) Rap(P)=[A— BKag(P)]"P[A— BKap(P)]+
’CLB(P)R/CA,B(P) + Q;

¢) F(P) 2 B(R+ BTPB) IBT = Sp(I + PSp) L

d) oY (P) = [1+ 00 (P (P — PRV P (Py) with

O;?B defined in (40).

The following perturbation analysis of the Riccati equation
from [20, Prop. 6] and [20, Lem. B.5, B.8] is utilized.

Lemma 12 (See [20]): Given Q, R, and (A*,B ), consider
any alternative system (A, B) satisfying max{||A — A,||,|| B —
By ||} < em. If Assumptions 2 and 3 hold, then

D Pz L[ 2 Ly 1%, and [P > [IK 1%
2) if ey < 1/(8]|P¢||?), then (A, B) is stabilizable and
1Pl < ac, [P, 1K = K|l < 7al/?

X Qg
(39)
where o = (1 — 8||P,|%em) /2, P is the fixed point
of the Riccati equation, and K is the LQR control gain
for (A, B).
Another tool is the stability analysis of time-varying systems,
directly implied by the proof of [29, Thm. 23.3].
Lemma 13: Consider a system Ty = AiZ, with Ay €
R™™ and ¢ & A, ... A; for integers i > j > 0. If there
exists a matrix sequence Wk € S" satisfying for k € [j, 1]

bl < Wy < by, and AL Wy 1 Ap — Wi < —al

for some positive constants by, by, and a, then [pU)| <

Vbu/bi(v/1 = a/b,)' ™7 with a/b, € (0,1].

APPENDIX B
MAIN PROOFS

Proofs of Lemmas 4, 7, and Corollary 1 are in the extended
version of this article [41]

A. Proof of Lemma 1

Lemma 11(b) shows —a(Q)I = L] P,L, — P,, and in ad-
dition, we have o(Q)I = o(Py)I =X P, X &(P,)I. Then, the
direct application of Lemma 13 proves the result. Note that
B+ < 1 holds; otherwise, P, = @ and thus A = 0 based on
Lemma 11(b), which contradicts with Assumption 2.

B. Proof of Lemma 3

We first define the following Gramian matrix: for: > 1

i—1
232k g (P F (p(’f
k=0

where F(P) 2 B(R+ B"PB) 'BT, 054{3(13) 20, and re-

call that P(%) is a shorthand notation for R} A B( ).
The proof for the case i > n,, is achieved based on Lemma 3
and [21, Lemma 4.1]. We highlight the key steps for com-

pleteness. If ¢ > B, (P) has full rank due
to Assumption 1. Lemma 11(d) shows [+ OSE,B* (P)(P —

N I£h (PO 40)

Ner, then matrix (9(1)

P, )}(I)i?:i)B (P) = Liforie€ Z+ Then, based on Assumption 2

and [21, Lemma 4.1], I + (’) B, (Px)(P — Py) is nonsingu-
lar for ¢ > n., and moreover, 1ts inverse is uniformly upper
bounded for any ¢ > n. and any P > 0. Combining (16) and

the above shows for i > ng,, RX)*’B*(P) — P, = (LY)T[I +
OY . (P)(P — P (P~ P,)L%, which, together with
(10), concludes the proof for ¢ > ng, with

-1
(PP =P)| |

41)
When 1 <7 < ngp, the rank of the controllability matrix is

less than n, and thus, O A, B, (P,) is not guaranteed to be of full
rank. Then, directly exploiting (16) leads to

7 0:7
IRY . (P) = P.|| < @5 (P)IIIL[| P — P.].

One can upper bound || <I>(0 l)

7. £ 3871 sup sup H [I—&—(’)

PGS” l>7lcr

(42)

. (P)|| by aconstant. However, due
to Q= I, ||<I>f40*33*( )| decays exponentially as ¢ increases.

This result in (68) is exploited here and proved in Appendix D.
Combining (10), (42), and (68) proves this case, with

72 UL T+ [P B (P + T ) (1= B
(43)
> €p. The case @ = 0 holds trivially

derived from (68) using Y,
dueto7, > 1.

C. Proof of Lemma 5

Define the shorthand notations S 2 S 5 and S, 249 B, We
prove this result by induction. The equality holds trivially when
1 = 0. Assume that it holds for 7 = k, then

P,Ek+1) — R(zﬂ)

W (PO) =RE 5. (P)

(1)) (0: k)( (1))

ple+1) _

[

+ Z [ 3 B —Jj+1 k) (1))} M (P(k7j+1)’ ij,j+1))

300 pan] " pa _
CRem) (@

~ (T)(k—j-‘rl:k’) (le))

. T ~ = .
- {‘PS;’;“)(H)} (P — P304+ 1y

+; [ A, 5 2R (p 1)}TM (P(k—j+1),P*(k,j+l))

x §Ur—i+2E+D) (pyy, (44)
In (44), it holds that P(V) — PV
= ATP (I +8P) A~ Al Py(I + S, P,)!
= AT[P((I+8P) ' —Py(I+5,P)" YA
Term 1
+ ATPy(I4 S,P) *A— Al Py(I+S,P,) A, (45)
Term 11
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where Term I further leads to AT[Py(I + SPy)™' — Py(I +
S, Py)~ ]A AT[(I + P1S)™'Py — Py(I + S.Py) YJA= AT
(I+P15) [P1(I+S Py) — (I + PyS)Po)(I + S, Py)~ 14 =
AT(I1+PS)~ [(P1 Py)+(P1S, Py—PLSP,)|(I + S, Py) "
A= AT(I+ PLS) (PL—P3)[I + (S, S)Pz](l‘i‘s )t
A4 AT(I+ PLS) ' Py(S, — S)Po(I + S, Py) ' A

= [L45(P)]" (P — P)L(P2)
+ AT(I + PLS) ' Pa(S, — S)Po(I + S, Py) ' A.
Combining (45) and (46) leads to

L4 5P (P

(46)

PO — pM = — P)L(P) + M(Py, Py).
(47)
Then, plugging (47) into (44) shows pl+1) _ Pfkﬂ) satisfies

the equality in this lemma, concluding the proof by induction.

D. Proof of Lemma 6
The matrix £(P.

L(P) =

) in (21) is reformulated as
L, +H(Py) + SaP[H(P,) + L,]

A2

(48)

where S = Sp, — Sp. To upper bound the norm of A,
we first upper bound H(P,): [[H(P)| = [[[{ — B«(R+
B P.B,) 1B PJ(A— A < (1+ | B.IPI P (R +

B! P,B.) " Y)em < (1 + Y2||P||)em, where the first identity
follows from the matrix inverse lemma, and the final step
follows from R+ B] P,B, = R = I due to Assumption 2.
Dueto R = I, letting e, = ||Sal| leads to

es = 1S, — Sxll (49)

A< (1+ T2 Pel)em + sl PAH P + 1L )

< (L+ T2 PlDem + sl Pell [(1+ T Pel)em + (| Pill]

< Yem) 2 em {1+ T Pe]l + (em +274)
X [Pl + TP )em + [1PP] }

where we have used || Ly || < || Py|| from Lemma 12 in the sec-
ond inequality, and ¢ (e,,,) = O(ey,) holds. Based on (10) and
®U(P,) = L(P,)"7 = (L, + A)"J, applying Lemma 10
concludes the proof.

<e2 +2T,em, and

(50)

E. Proof of Theorem 2

Based on (22), we first upper bound M and then combine
it with Lemma 6 and Proposition 1. Recall (49), and for any
PeSL, [IM(P,P| <I(A—A)" Pl +Sp, Po) (A -
A)+A[P(I+8p,P) H(A—A)+(A— A)P(I +
Sp, P) A + [ATIPAPIL 4, 5(P) lles

(em + T PP (L + [ PlDes
(51211 + 2T*Em)

<|IPI(e + 20 sem) +
< Plem) 2
X [[I1Pd]] + (em + COMPAPA + | Pl + X)] (5D

where (72) and Lemma 9 are used, and 1)(e,) = O(ep,).

Then, if ¢ > n;, combining (22), (23), (25), and (51) shows

Ner—1 i—1
IP — Pyl < Cepvint + (¥ <Z v+ > 75%“) :
k

k=mnc

Similarly, when i < ne, we have ||PY) — P,|| < Cep¥hyi +
C w Z k=0 ~k~¥. Combining these two cases proves the result.

F. Proof of Theorem 3

Equation (26) can be written more compactly as

5z ¥ N-1 7/”7”“ 2"
E=C{|ep-—2—
{(p - ) 2 n 1—7172
Ner—1
+i Y vév{“} if N =12 ne. (52)
k=0

We can quantify the change from N —1 <ngto N —12ng
by computing AE £ E(ey,, E€ps Mer) — E(em, Epy Ner — 1)

— Csp ( ncr,.yélcr ,yilcr_ligcr_l) + djc,yncr_l*;"cr_l

= Coma)™ {enbm — (/)™ 49T/ )™ }
The above equation and v, < 75 from (25) show that
AE > 0iffe, — %m <0. (53)

(F2/v2)met
The statement (a) follows from (29), (31), (52), and (53).
For statement (b), if 0 > €p — w/(l — Y172), then (29), (31),
and (52) show that g and E are strictly increasing as N €
{1,...,n¢} increases, and they are also strictly increasing as
N >ng+1i increases. For the transition of the two regions of
N, consider E(ey,, €p,0) — E(em, €ps Mer)

Ter

51;1 IE’Yl’YE) _
Y172

wdo ¥ Q- - (7)™
Pl —yye (L= 772)[1 = (1172)™]

~ . 1/)

<L = (2)™] ( €p — 17172> <0
where the first inequality follows from Lemma 8. The above
shows argminy E(ey,,ep, N — 1) = argminy g(em, €p, V)
= 1. Moreover, under the additional condition &, — /[l —
Y172/ Veatio) < 0, the last part of statement (b) is proved by
observing (53). ~ B

For statement (¢), if e, — /(1 —y172) > 0> ¢, — /(1 —

Y17¥2), (29) and (52) show that ¢ is increasing as N €
{1,...,n¢}increases and decreasing as N > ng, + 1 increases.
This means that inf 5 g(em, €p, V) equals either g(em, €p, 1) or
Impy o0 g(Em, Ep, )
limuy_eo E(sm, ep, N) =

= ¢ — epC(1172)™ —

N) depending on the sign of E (e, €p,0) —

x ¥ (1 = y72)[1=(Fom)™] n
E - — cr
AR L—m72 1—=717%2 ()
V(ne)
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which can be proved to be in the interval [¢ (
'yl'yz)),C( €p w/(l —7172))] as follows. The upper bound
of this interval is proved by showing V(i + 1) — V(i) > 0 and
thus V(ne) > V(1) = 1, and the lower bound can be proved
similarly. The above proves statement (c). Statement (d) follows
trivially from (29) and (52).

— /(1

G. Proof of Proposition 2

Since P =0, we let ¢, =|P.|. In addition,
1/(16]| P, ||?) holds under the assumption, which leads to

Em <

ac, € [1,V?2] (54)
and thus 75 < py < 1. Therefore, we have
Ba <C[IPId 4 9/0 =] 69

Given the upper bound on &, 1; in (51) satisfies 1& < Ciem
for some constant C independent of N and ¢,,,, and ¢ can also
be upper bounded by some constant C5. This shows Fg, <
Comax{|| Py, C1/(1 — y1ps) Hp¥ =1 + 1]. Combining the
above inequality with (28) concludes the proof.

APPENDIX C
PROOF OF PROPOSITION 1

To prove this result, the dual Riccati mapping is relevant
7?/dual (P )

with its fixed point Pdual Let Pdual be a fixed point of (56) with
(A4, By) replaced by (A, B), and L be the closed-loop matrix
for (A, B) under the corresponding LQR controller.

The cases @ — j > ne and © — j < n¢ are considered sep-
arately. If ¢ — 5 > n., then the proof strategy is as follows.
Due to <I>(] ) L(P) = <I>(OZ D(P@), Lemma 11(d) shows [I +

(i—j) () _ (J i) ii—j : +
OAB (P)(P J P)](I)A,B(P) _.L, Jfori € Z™.Moreover,
[21, Lemma 4.1] shows that if OS_BJ)(P) is positive definite,
then [ @) (P)]| = [I[T + 04 2 (P)(PY) — P)| 1 Lid|

£ AP(I+QP) Al + Sg, (56)

< NOY 2 @) I Pawa 1217 (57)

A,

Then, the proof consists of the following analysis: 1) per-
turbation analysis of the closed-loop system L, 2) perturba-
tion analysis of the Gramian matrix: it shows that (’)(ifj )(15)
is 1nvert1ble for ¢ — j > n. and provides an upper bound on
1o G- j)( P)]"!|, and 3) perturbation analysis of || Py ||. All

perturbat1on bounds will be functions of €,,, and ¢,.
The decay rate of the perturbed closed-loop system is obtained
here. Given Q > I, (10) and Lemma 12 lead to

157 < \/E(P)/Q(Q) <\/1 _”(Q)/g(p)>”
< Vousit (i-azp)”

The remaining analysis is presented as follows.

(58)

A. Perturbation Analysis of the Gramian Matrix

Ifi—j> ncr,thenOz J( )%O””(A)and

(ner) [ 5 ST DD -1 A N
0T (P) = (IR + BT PBI) ™oy (L. B) [Cu (L. B)]

The Gramian matrix C,,_ (L, B)[Cp, (L, B)]" is a perturbed
version of C,,, (L., By )[Cnu(L* B,)]". Based on Lemma 12,
IL = Lol < A = Al + (B = BJ(K — K.)|| + (B ~
By)K, ||+||B (K - K,

<er 2 e [L+7al2|P 2 (em + T2 + [P V2] (59)

€m
which satisfies
er, = O(em)- (60)
Under Assumption 1, recall g(Cy,,, (L, By)) = v, from (11).
This, together with (10), (59), and [19, Lemma 6], shows
0(Co (£, B)) = v, — felem), with fo(em) 2 3e,nil* B

Ner—1
Xmax{l,\/ﬁ*lsL—ﬁ—\/l—ﬁ*} (T, +1)

=O(em) (61)
where ¢/, is defined in (59), and the second equality follows
from (60). Given v, > 2f¢(em) in Assumption 4, Cy,,, (L, B)
is of full rank, and we have Amin(C;(L,B)C; (L B) ) >
(Vs — fe(em))?. Algebraic manipulations show ||BTPB|| <

| P||(em + Y.)2, which leads to [Of;‘g (P)] "' < (|R +
BTPB|)(vs — felem)) 21
= [(R) + ac,, | Pl (em + Ti)?] (Vs — fe(em)) 21 (62a)
— oI (62b)

where (62b) follows from the fact that the right-hand side of
(62a) approaches a constant as e, — 0.

B. Perturbation Analysis of the Dual Riccati Equation

Given @ > I under Assumption 2, let Q'/2 denote the sym-
metric positive-definite square root of ). We further define

Kawa = (I + Q%PdualQ%)ilQ%PdualAI

1
— Q7 Kgual- (63)
As Lgyar is Schur stable, let pgual € (0, 1) represent its decay
rate such that ||L},|| < ¢p,. for some ¢ > 1 and for any i €
7. Then, applying [19, Prop. 2] leads to the following.
Lemma 14: Tt holds that

Lawa = A

( ) pgual

||Pdual - Pdual” < o(1 — 2 T*(T* + 1)3||PdualH2€rn
dual
if Assumptions 2, 3, and o(Pyya) > 1 hold, and if
(1 B p(Qlual)2

fm < a, 2 O(1)

pﬁual(’r* + :I')E)deual”2
x min{(|| Lawarl| + 1) 72, [[Pawa| '} (64)

Proof: Based on Assumptions 2 and 3, (A, Q'/?) is stabi-
lizable, and (A], RY 2B]) is observable, showing Ry, has a
unique positive-definite fixed point Pyy,. Moreover, (49) and
the assumption Y, > e, imply max{||AT — A]|],[|Q"/? —
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QY2||, 1S5 — SB, ||} < 3Y.em. Then, applying [19, Prop. 2]
proves the current lemma. |

In Lemma 14, O(1) is a constant and is independent of &,,.
Also, the Riccati perturbation result from [20] does not apply to
the dual Riccati equation (56) as itrequires Sp, = B,kR’lB;r >~
1, which is not met by many practical situations.

Remark 7: Assumption o (Pyya) = 1 relates to controllabil-
ity of (L, BxR'Y?) with Lgy, defined in (63). Comparing
Lemma 11(b) and (56), Paa = Y i o(Ldwa) S5, L holds.
Therefore, o( Pyya) = 1 can be guaranteed by lower bounding
the controllability Gramian of (L, B, R'/?).

C. Final Step Wheni — j >

When i — j > n, the perturbation analysis can be concluded
by combining (57), (58), (62a), and Lemma 14

293P < (T-azp) wi
¢2 [o(R) + VAIP 1.2 /2] 2 Vasit

2
Pdual
2
- dual

Ner

(65)

X |:||Pdual| + O(l) T*(T* + 1)3||Pdual2T*:|

(66)

where we have used (54) and YT, > max{ey,ep}.

D. Situation Where i — j < n¢r

If i —j < ng, (’)g;g)(lf’) may not be invertible, and thus,
instead of exploiting controllability and (57), we consider the
alternative bound in (69), which holds for stabilizable systems.

APPENDIX D
PROOF OF THEOREM 4

Based on Lemma 5, an essential step to prove Theorem 4 is
establishing the convergence rate of the state-transition matrix
for stabilizable systems. The stability analysis of time-varying
systems in Lemma 13 is a fundamental tool. To exploit it, we first
provide a uniform bound on the Riccati iterations as an explicit
function of P,. The proof of Lemma 15 is in [41].

Lemma 15: Let P € S satisfy | P — P, || < ¢}, and let P*(k)
denote Rff*) g, (P). If Assumptions 2 and 3 hold, then

PP (IR + BT VEeZ™ . (67)

Lemma 16: For any i,j € Z+ with i > j, if Assumptions 2
and 3 hold, then [ @Y™, (P)|| < T3(1+T(P,) + )

o/ (Ben) (1B <\/1 sp)”. (68)

If Assumption 4(a) holds additionally, then

WWWW<<(1%M@Q
with ¢ defined in (73).
Proof: As {P(k)}i_1

when j > 1 and satisfies P*( ) = @Q = I, we first consider
j=1 For ke [j,i] and from Lemma 11(b), V(k,Z) =

(69)

is a positive-definite matrix sequence

iTP*(iH*k)a? is a time-varying Lyapunov function, satis-
fying V(k+1,Z541) — V(k, 1) < —Z, QFy, for the time-
varying nominal system Zy4+1 = L4, B, (Pfi+j717k))3’ck. This
nominal system admits the state-transition matrix of inter-
est, ie., T; :(I)g:)B*(P)fj Then, when j > 1, we have
a(Q)llz]* < V(k,2) < [|IP]| + 28 ][|z]|* based on (67).
Applying Lemma 13 shows

—n —\ —J
1857%. (Pl < VB <\/1 —ﬂ) forj =1 (70)
where we recall B(gp) = a(Q)/[||P:]l +epB;t]. Equa-

tion (70) proves (68) for j > 1 due to T3(1+3(P,)+
€p) \/ (1 —3(510))71 > 1.
However, when j =0, recall that P = P*(O) is positive

semidefinite by Assumption 2; thus, it cannot be lower bounded
by a positive-definite matrix. Then, we exploit

|28, (P)| < 1£a..5. (P15, (P)] (71)
fori > 1 and
1£a. 5. (P < Al + IBIIKa. 5. (P)]
<A+ IBAPIAIPIE < A+ [P (72)

Combining the above bound, (70), (71), and || P| = ||P —
P, + P,|| < ep + || Pi|| proves (68) for j = 0. The case i = 0
holds trivially.

Then, if (A, B) is considered instead, \\@g:g (P)|| can be
upper bounded as in (68), with P, replaced by P. Then, com-
bining this bound with || P|| < a,, || Ps|| from Lemma 12 and
e, € [1,/2] from (54) implies (69) with

(22T (1 + V2P + 1)

VBRI + T B0 ()
where we have used (54), the fact (1/1—pB)"771<
(1/1—az1B) 771 and T,

€m

Remark 8: The stability of @540*’)3* (P) is a classical result,
e.g., see [10] and [42, Lemma 2.9]. The main challenge in
Lemma 16 is to derive the decay rate explicitly as a function
of P,, such that the perturbation result in (69) is obtained.

Combining Lemmas 5, 6, and 16 proves Theorem 4.

> max{em,p}- |
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