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An Adaptive Control Framework for Underactuated Switched
Euler—Lagrange Systems

Spandan Roy

Abstract—The control of underactuated Euler-Lagrange sys-
tems with uncertain and switched parameters is an important
problem whose solution has many applications. The problem is
challenging as standard adaptive control techniques do not ex-
tend to this class of systems due to structural constraints that
lead to parameterization difficulties. This note proposes an adap-
tive switched control framework that handles the uncertainty and
switched dynamics without imposing structural constraints. A
case study inspired by autonomous vessel operations is used to
show the effectiveness of the proposed approach.

Index Terms—Euler-Lagrange (EL) systems, robust adaptive
control, switched systems, underactuated systems.

|. INTRODUCTION

Underactuated Euler-Lagrange (EL) dynamics are used to represent
a large class of real-world systems where the number of available
control inputs is less than the degrees of freedom: examples span from
aerial/ground/marine vehicles to robotic systems [1]-[4]. Often, chang-
ing operating conditions require a switching mechanism orchestrating
different regimes (or modes) of the underactuated EL dynamics. For
example, in the emerging field of autonomous offshore vessels [5], [6],
a crane vessel is known to exhibit different dynamics during the various
stages of a construction work, as per effect of mooring/free-hanging
transitions (cf., the phases in Fig. 1). In addition to parametric changes
in mass and inertia, such transitions make the crane vessel dynamics
intrinsically change, e.g., the “mooring force,” due to swing in the crane
wires caused by ship motion, appears only in phase 2 (cf., Section IV-A).
This and other examples from several fields highlight the relevance
of controlling the different regimes in underactuated EL systems.
Approaches involving adaptive and switching control tools have been
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proposed for several classes of uncertain switched systems [7]—[11]: the
main idea is to activate a different adaptive control action synchronized
with the active mode of the system. However, to the best of the
authors’ knowledge, the problem of adaptive control of underactuated
switched EL systems remains open. In fact, although stability results
have appeared for underactuated EL systems, such results rely on ad
hoc structural constraints for the mass matrix and for the uncertainties
(symmetry conditions' and constant bounds [3], [4], [12]-[16]), which
can be restrictive and not valid in general. Note that, such approaches are
nonadaptive, and cannot accommodate large parametric uncertainties
and switched dynamics. A challenge arises since traditional adaptive
control techniques do not easily extend to this class of systems as
underactuation makes it difficult to find appropriate parameterizations
[e.g., linear-in-the-parameter (LIP)] [17]-[19]. The LIP form used
to develop adaptive laws for fully actuated EL systems [17], [19] is
not directly applicable in the presence of underactuation [20], unless
detailed structural knowledge of the system (not available in general) is
used to separate the parametric uncertainties from the system states [21].

This note addresses the aforementioned challenges of adaptive con-
trol with underactuation by following.

1) Designing and analyzing a stable and robust adaptive scheme with-
out imposing structural constraints nor requiring detailed structural
knowledge of the EL dynamics.

2) Proving that the proposed scheme can handle switched dynamics,
i.e., changing-regime scenarios.

The rest of this article is organized as follows: Section Il describes the
class of EL systems, Section I1I details the proposed control framework
along with stability analysis, an autonomous vessel example is used in
Section 1V, and finally, Section V concludes this article.

The following notation is used throughout this article: Ayax(e),
Amin(®), and || e || represent maximum eigenvalue, minimum eigen-
value, and Euclidean norm of (e), respectively; I denotes identity matrix
with appropriate dimension; and = > 0 denotes a positive definite
matrix =.

Il. SYSTEM DYNAMICS AND PROBLEM FORMULATION

We consider n degrees-of-freedom switched underactuated EL dy-
namics in the following form:

M, (@(t)at) + Coqy(@(t), at)alt) + Fow(at), a(t))
+ Gow (@t)a(t) + do) (t) = To (1) )]

where g and g € R™ are vectors of generalized positions and veloc-
ities assumed to be available for the measurement. For each mode
indexed by o, M, (q) = MZ(gq) € R"*" is the mass/inertia matrix;
C.(q,G)q € R™ are the Coriolis, centripetal forces; F, (g, q) € R”
are damping and friction forces; G, (q)q € R are position-dependent

The term “symmetry condition,” coined in [3] indicates that the mass matrix
depends on only the actuated states or only the nonactuated states. It is not to be
confused with the fact that the mass matrix is symmetric.
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Phase 1: Free-hanging mode

Fig. 1.

forces such as restoring forces; and d,, € R are external disturbances.
The control input 7, € R™ contains (n — m) zero entries, where m <
n due to underactuation. The following class of systems is considered.

Assumption 1: The state and input dimensions satisfy (n — m) <
m < n.

Remark 1 (Generality of the class): Assumption 1 implies that the
number of actuated states is not fewer than the nonactuated states.
Several underactuated EL systems of practical interest belong to such
class (c.f., the examples in [1], [2], [4], [14]-[16], and [22]-[25]).
Dynamics (1) excludes nonholonomic EL systems [26], which can be
the subject of future research.

The signal o(+): [0 c0) + € in (1) is a piecewise constant function of
time, called the switching signal. It takes values in Q = {1,2,..., N}
and determines the active mode dynamics at time ¢ (note that o causes
switches in the system functions but not in the states). The following
class of switching signals is considered.

Definition I (Average dwell time (ADT) [27]): Let N, (t1,t2) denote
the number of discontinuities in the interval [t1, £2), where t5 > t; > 0.
Then, o(-) has an average dwell time ¥ if for a given scalar Ng > 0

N, (t1,t2) < No+ (t2 —t1)/0 Via >t >0 (2)

where N is referred to as the chatter bound.

Remark 2 (Switching policy): The time-dependent switching policy
o (-) characterized by (2) exhibits finite number of mode transitions in a
finite time interval. On short time intervals, the number of transitions is
upper bounded by Njy; and on long time intervals, the average number
of transitions N, (¢1,t2)/(t2 — t1) is upper bounded by 1/ [27].

For convenience of notation, the states and dynamic terms in (1)
are rewritten by distinguishing between the actuated and nonactuated
subsystems as

M, (q)d + E,(q,¢) + d, = [7] 07]" (©)

where q = [qa” qu”]", qa € R™,q, € R

M M
Mo, é aaoc auoc 4
MZU(T M‘JUU:| ( )
A N\ - T T r
E, = C,(q,4)q4+ Go(a)a+Fy(q,q) = [Eaa Euo] ®
E., €R™ E,, ¢ R"™™
T
d, £ [dfa d?ia] ;day € R™,dy, € ROV ©)

where M, C,,F,, G,, and d, are obtained from l\V/I(,7 C,, 13‘(,7 G,
and d,, respectively, by arranging the actuated (q,) and nonactuated
(qu) states. Note that the disturbance affects both the actuated and
nonactuated subsystem.

Phase 2: Moored position

Phase 3: Initiation of another unloading

Schematics of typical phases of operation for an offshore crane vessel system.

For most EL systems of practical interest, the following properties
hold for each mode in (1) (cf., [1, ch. 6]).

Property 1: 3¢,,G,, fo,ds € Rt suchthat ||C,(q,q)|| <& |4,
|G (D] < Go [|IFa(a, a)l| < folldll, and [|do(8)]] < do.

Property 2: The matrix M, (q) = MZ(q) is uniformly positive
definite in the sense that 3m_,m, € R* such that

0<m,I<MZ%(q) <m,I vq. (7

Assumption 2 (Parametric uncertainty): Consider the mass ma-
trix decomposition as M, = M, + AM,, where M, and AM,
represent the nominal and uncertain part, respectively. M, and an
upper bound for AM, are assumed to be known, whereas the terms
C,,F,,G,, and d, and their upper bounds Em@,,?g, and d, are
considered to be unknown.

Assumption 2 defines the uncertainty assumed in this article and is
further discussed at the end of the section. The dynamics (3) can be
rearranged as

qu =-M,, Mauaéla +hyo

uuo

(8a)

da =M, 7, + ha, (8b)

where h,, = ML (Euo + duo)
hao‘ é Ms_gl (an' + dao‘ - MauM;lllg (Eun + dun))
Msn‘ é Maaa‘ - 1\/~[au(r1\/«[_1 MT

uuoc auo

As M, > 0by Property 2, the existence of M;}, M.} and ML
is always guaranteed [24], [28]. The following requirement is a well-
known condition for the controllability of underactuated EL systems
(see[20] and [29]).

Assumption 3: The block M, (q) is full rank Vg € R™.

We should note that no structural constraints are imposed on (1),
such as the symmetry condition of the mass matrix M, (q) = M, (qa)
or M, (q) = M, (qu) [2]-[4], [12], [13] or a priori boundedness of
state derivatives/ nonactuated states [2], [14]-[16]. We only require an
upper bound on the mass matrix uncertainty [cf., (13)], which can be
obtained without structural knowledge of the dynamics based on the
maximum payload of the system to be controlled [30], [31].

Control Objective: Under Properties 1 and 2, Definition 1, and
Assumptions 1-3, design a stable switched adaptive control mechanism
T 4Tip

u ]

for the system (8) to track a desired trajectory q?(t) £ [q¢
where it is assumed that q¢, ¢¢, g% € L.

In the following section, we present the design and analysis of a
control scheme that meets the aforementioned control objective.

s
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IIl. CONTROLLER DESIGN AND ANALYSIS

Let e4(t) 2 qa(t) — qZ(t) be the tracking error of the actuated
states and e, (t) 2 qu(t) — q?(t) be the tracking error of the non-
actuated ones. Define

r2Y.é,+Tae,+ YTué, +Tuey 9)

with user-defined gain matrices Y,,I'; € R™*™ and Y, Ty €
R™*(7=m) gatisfying
Y.>0T,>07Y,'T,>0 (10a)
Y., Ty, are of full rank (n — m). (10b)
Using (8a) and (8b), we obtain the time derivative of (9)
F=(Ya— YuM i Mauo) (M7 + hao) + Yuhy,

uuoc

+Taéa +Tuéy — Yadl — Yol

=b,7, + ¢, +8S, (11)
with by £ (Yo — YoM, Mau,) M2
by = (Ta = TuMyoMauo ) has + Tuhy,
S, £ Taéa+ Fuéy — Yadl — YTudl.
We are now in the position to design the control law as
7o =b, (~A;r — S, — AT,) (12a)
. (12b)

AT, = W,
Vrl[?+e

where A, > 0 is a user-defined gain matrix; and A7, tackles the
following uncertainties: w, is a design parameter to be selected and

€ > 0 is a small scalar to avoid chattering. Finally, b,, the nominal
value of b, is designed such that

Ibob,! —~I|| <a<1VoeQ (13)

where « is a known scalar available for the control design.

Remark 3 (Mass matrix uncertainty): The condition of v < 1 in
(13) implies that the uncertainty in b, (and consequently, in the mass
matrix) cannot be arbitrarily large in line with Assumption 2.

‘We want now to find a suitable description for the uncertainty of E,
in (3) without its structural knowledge, that will allow us to design an
appropriate term w,, in (12b). Substituting (12b) into (11), we obtain

P =—A,r — AT, + ¥, — (b,b;! —T)AT,

with®, 2 ¢ — (b,b,' —I)(A,r+8S,). (14)

Using Properties 1 and 2 and taking x 2 [q” ¢”]”, one can verify
(cf., [1]) the existence of §; € R*, i = 0, 1, 2 such that

IEo ()| < 605 + 010 11x]] + b0 ||x]I*. (15)

Let £ 2 [el el &I &I]7. Then, utilizing the boundedness conditions

q?,q% g € £, and (15), one has
@, <65, +07,11€]| + 05, 11€1? (16)

where 0,7 = 0, 1, 2 are positive scalars that according to Assumption
2 are unknown. Using (8a) and (8b), the dynamics of e,, is written as

éu = QU - q(f, = _M:lzw-Mauo'(ia + huo' - qi
= 7M71 Maua(M;ol—Tu + haa) + hua - q:il

uuo

a7

Substituting (12b) into (17) gives
é1_1 = gU(Aar + Sr + ATG‘) - aa
with go’ = (M71 Mauo'hacr + hllcf - qi)

uuoc

[I>

(M, (18)

go uuaMaUUM;;)Bgl'

Assumption 1 allows us to design a constant full rank matrix H, €

Rm=m)*m quch that the following holds:
Ki, £ H,A, T, >0, Ko, £H,A, Y, > 0. (19)

Adding and subtracting H, A, r in (18) and defining x £ [e’ &1]7,

A T . . A 0 I
B= [0 I} , and the Hurwitz matrix A, =
_Kla 7K20
gives
X = A,x + B(g, ATy + ¢,) (20)
where EU £g.S, +(H, +g,)Ar —p, —H, AL (Taés +

T'.ea). Again, using Properties 1 and 2 and the design condition
q?,q?,§? € L., the following upper bound is obtained:

||, 1[[[PoBI| < (65, + 015 |1€]] + 055 [[€]1%) @21

where 0% € RT, 7 =0, 1,2 are unknown scalars; and P, > 0 is the
solution of the Lyapunov equation ATP, + P, A, = —Q,, for some
Q, > 0.

Remark 4 (LIP upper bounds): The inequalities (16) and (21) show
that the upper bounds for || ¥ || and ||, || are linear with respect to the
unknown parameters, a property that is crucial in designing parameter
estimators for these parameters.

The structures of the upper bounds of || ¥, || and ||, || in (16) and
(21) suggest the following design of =, in (12b):

@
(1-a)

(900+910H£H+0A2U||£H2+770+7o) (22)

Wy =

where 6,,, is the estimate of 0;, = max{0;,,0;:},i=0,1,2at time ¢
to be generated by an adaptive law; ¢ > 1 is a user-defined scalar; and
7p and -, are to be designed for the closed-loop system stability. Let
us now denote with p € €2 an active mode and with p € €2 an inactive

one, then, the following adaptive laws are proposed for (éip, Nps Vp)
and (03, 175, Vp):

bup = (il + [xIDIEN — Coofun B Il NIET 3 =0 (230)
iy = —11p {Bop + 1, (€117 — [1€]|*) + 63, /|xI|}

(il + [1x1]) + Sopp (23b)
. 2
O = 0, 45 = — (cp+ z <2é?p+nf,>> V5 + S
=0 (23¢)
and dop > d1p + gp/2, Sy > 95/2 (23d)
B, > 1+ (pa/(1 - ), |P,Bg,|| <@ vp e Q (23¢)
0ip(to) > 0, ny(to) > v1p, ¥5(to) > U5 (23f)

where ¢ is the initial time, 0, Cip, Bp, S5s Vp, V5 € RT,i=0,1,2are
static design scalars, and

0 A min{)‘min(Ao)z (1/2)Amin(Qo)}
7 max{(1/2), (1/2)hmax(Ps)}

> 0. (24)
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Letus define kp; = mMaxpen Amax(Pp) and k,, =S minyeq Amin(Pp).
Following Definition 1, let us consider the switching signal o(-) with
an average dwell time ¥ satisfying

9>1Inu/e (25)
where 11 2 ks /Ky, and 0 = minyeq{o,}.

Remark 5 (Codesign of switching and control law): Therelation (25)
highlights that switching and control laws are interconnected via the
design parameters (A,, P, and Q,) having the following codesign
steps: based on the expected duration of the operational phases and
expected number of mode transitions in a finite time interval according
to the ADT inequality (2), one can determine the desirable ADT ¥;
then, (A,,P,, Q,) can be designed to yield ¥ > In 1/ as per (25).

The stability and robustness properties of the closed-loop system (8)
are given by the following Theorem.

Theorem 1: Under Assumptions 1-3, Definition 1 and Properties 1
and 2, the closed-loop trajectories of (8) employing the control laws
(12) and (22) with adaptive law (23) and (24), switching law (25) and
gain designs (10), (13), and (19) are uniformly bounded. Furthermore,
the tracking errors converge to a residual set whose size depends
on unmodeled dynamics/switching and can be tuned via the design
parameters (cf., (46), (50), and (52) in Appendix).

Proof: See Appendix. |

Remark 6 (Robust adaptation): The analysis in the appendix covers
robustness of the proposed adaptive scheme in the presence of unmod-
eled terms affecting (16) and (21), since no knowledge of the uncertainty
bounds is required in these terms. Recall that, even for LTI uncertain
systems, the lack of knowledge of the uncertainty bounds prevents in
general asymptotic tracking in robust adaptive control [17, Sec. 8.4.1].

IV. CASE STuDY

A scenario as in Fig. 1 can be described by an underactuated six
degrees-of-freedom EL dynamics consisting of three modes (indexed
by o = 1,2, 3 for each phase) [32], [33]

q=1J(@v (26a)
M,V +F,v+G,q+J 7(q)d, = u, (26b)
1 S¢ tv Co tv
Ri(q 0 " "
where J(a) = | WD 0 IR0 o s,
0 Ro(q)
0 sp./co co./Co
CyCu  —SyCo, + CypCuSs,  SySg, + CypCuCy,
Ri = |syco  cyCo, +8uCuSy,  —CySs, + 5yCuss,
—Cy CUS¢>T CUC¢T
With ¢y =cos(-); sy =sin(-);  toy =tan(-); v=
Vg, Uy, Vs Vg, , Vo, vy]T  contains the vessel velocity/angular

velocity in body-fixed frame; q = [z,y, 2, ¢,,v,¥]T comprises
of north/east/down positions and roll/pitch/heading angles in

Earth-fixed frame; M, € R*6 is the positive definite mass/inertia

matrix; F, € RS* combines the hydrodynamic damping and
Coriolis matrices for simplicity; G, = G7 + G™ ¢ R6*¢ s
the combination of restoring (GQ) and mooring (C_-‘v;") matrices;
U, = [ug, uy, 00 0 uy, |7 contains the three available control
inputs; and d,, combines the external effects of wave, sea current, and
wind. Following the modeling approach in [32, Sec. 7.5], the dynamics

in the Earth-fixed frame turns out to be

Ma’ (C_l)(_l + Ea(dv C_l) + do— - ’7_'5
where 1\7[(7 £33 T™M,J!

E,(qq 2T TF,J ' -3 "™, I 33 Hg+3 TG,

To 23 Tu, =10, 7, 0007,,]". (27
Note that M, depends on both actuated (/) and nonactuated states
(¢, v), thereby providing a challenging test case to verify the proposed
framework.

A. Operating Regimes

It can be noted from Fig. 1 that not only M, changes when switching
from 0 = 2 to o = 3, but also that the mooring force G;”q is active
when o = 2, while disappearing when o = 1, 3. Using scaled system
parameters as in [33], the changing regimes for the three phases are
described by

F, =F, =F,
[ 0.09 0 0.01 0 0  —0.03]
0 0.08 0015 -0.05 —0.02 0
_|-0.01 0015 0.003 0 0.07 0
I ) 0.05 0 01  0.02 0.02
0 0.02 -0.07 0.02 0.05 0
| 0.03 0 0 -002 0 0.1 |

G = Gy = 0,Gy = diag{0.05,0.026,0.01,0.03,0.01,0.01}

00 0 0 0 0
00 0 0 0 0

G [00 02 009 0 0 o o o
0 0 009 035 0 0
00 0 0 017 0
oo o 0 0 0

d; =d, =ds = 0.05sin(0.5¢)[1 1 0.5 0.5 0.3 0.3]7.

The hydrodynamic damping, restoring, and mooring terms are used for
simulation, but are considered to be unknown in the control design. To
emulate the changes in mass matrix changes during switching, let us
consider

Mi,, 0<t<45
. 0.9M;,, 45 <t <110
Moy =
0.8M;,, 110 <t < 180
0.7M;,, t> 180
[ 1 0 0 —0.05 0 0 ]
0 2 -0.5 0 —-0.05 —-0.5
M, — 0 -0.5 1 0 0 —0.05 .
—0.05 0 0 0.1 0 0
0 —0.05 0 0 0.1 0
. O —-0.5 —-0.05 0 0 0.2 |
B. Results
It is standard in literature (cf., [2]-[4], [12]-[16], [20],

and [29]) to organize the system dynamics in way to group
the actuated and nonactuated states together as in (3). Let

Authorized licensed use limited to: TU Delft Library. Downloaded on January 25,2023 at 11:07:32 UTC from IEEE Xplore. Restrictions apply.



4206

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 67, NO. 8, AUGUST 2022

=

! ! ! !
110 125 140 180 200

0 10 45 55 70
time (sec)
Fig. 2. Switching signal.
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Fig. 3. Tracking performance of the proposed controller with external

disturbance (d, # 0).

E, ={F;} and d, ={dis}, i=1,...,6. Then, by rear-
ranging q = [z,y,v, 2, ¢y, U] one can represent (27) in the
form of (3) with E [Elo-,EQU,EGJ,E307E4O-,E5U] 5 da =
[dlo,dga,dfjg,dg,g,d40,d5(,} s To = [Twos Tyos To)» and an appro-
priate M, (q) (not shown for lack of space). Denoting g, = {z,y, 1}
and g, = {z, ¢, v}, the crane vessel dynamics can be represented
as in (8) with n = 6 and m = 3, where the Properties 1 and 2 are
satisfied [32, Sec. 7.5]. Therefore, one can verify that the upper bound
structures (15), (16), and (21) hold. It is possible to verify that the mass
matrix considered herein (cf., the general mass matrix structure in [32,
Sec. 7.5, eq. (7.197]) satisfies Assumption 3.

The desired trajectories are q% = q¢ = g% = 0. The nominal mass
matrix is taken based on M, = 0.8M,, Vo € {1,2, 3} to compute b,
in (12a). It can be verified that (13) holds with o« = 0.5. Therefore,
the actual mass matrix is also uncertain for control design. Other con-
trol parameters are designed as follows: A; = 121, Ao = 15, A3 =
10L,T, =T, =10, Y, =Y, =21, H; = 10, H, = 15I, H3 =
20L,Q, =Le=0.1,p=1.1,(;o = 1,00, = 0.3,01, = 0.1,02, =
1,5, =0.2,0, =0.1,7, =0.1, @a=5,3, = 11.5, and 0,,(0) =
1,(0) = v,(0) = 0.5 Vo and 7 = 0, 1, 2, satisfying the design con-
ditions listed in (23). The initial condition is selected as q(0) =
[2210.50.30.3]T. The simulated operation as in Fig. 2 yields desired
ADT ¢ = 25 s (eight switchings in 200 s operation); and the gain selec-
tions yield kp; = 2.6, k,, = 1.1 x 1073 leading to In u/p = 20.18,
and thus, satisfying the switching law of 9 > In /o from (25). The
switching law o (t) is designed as in Fig. 2, which is in accordance
with offshore operation, where mooring phases take longer time of
completion.

The performance of the proposed controller in the presence of the
external disturbances d,, is depicted in Fig. 3: the corresponding gains
in Fig. 4 reveal that, for an active (resp., inactive) mode, the gains
0”3 and 7, (resp. vp) are updated, while ~y, (resp., 0”,, 7)) remains
constant for the switch-ON (resp., switch-OFF) period. To show that the
residual tracking errors are affected by disturbance terms, we report
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Fig. 4. Evolution of various gains with d, # 0.
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Fig. 5. Tracking performance of the proposed controller without exter-
nal disturbance (d, = 0).

in Fig. 5, the tracking errors when the external disturbances d, are
removed.

V. CONCLUSION

This note proposed an adaptive control design for a class of underac-
tuated EL systems under various sources of uncertainties and switched
dynamics due to changeable operating regimes. We established stability
and robustness of the closed-loop system, and the performance of the
proposed design was validated using an underactuated offshore crane
vessel.

APPENDIX

Proof of Theorem 1: 1t can be verified from the adaptive laws (23a)—
(23c¢) and the initial gain conditions (23f) that

0ic(t) =0, mo(t) > >0and v, (t) >y >0Vt >t (28)
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The closed-loop stability is analyzed using the Lyapunov candidate

27,
V= 2{1‘ r+x'P X+ZZ is — 00)7 +m2 + ::}

s=11=0
(29)

where v = ming,cq {lp}' At the switching instant ¢;, 1, [ € NT, let
the active mode be o(t,, ;) when t € [ti ti+1) and o(t;+1) when
t € [tix1 ti42). The continuity of r and x in (9) and (20) and of
éw, Ne, and 7y, in (23), give the following equalities before and after
switching r(¢ l+1) = r(tl+1),x(tf+1) = x(t141), (9 (t z+1) 0;) =
(Ois(tis1) — 07,), ms(tiy) = ns(tipr), and vs(tr,) = s (tig).
Furthermore, the upper and lower bounds x7 ()P, x(t) <
ruxT (0)x(t) and xT ()P 1)x(t) > kmx? (£)x(t) give

B 1
V(tip1) = V(t,) = §XT(tz+1)(Po(n+1) —Pour,, ))x(ti41)
KM — R KM — R _
< Tynnle(tl+l)Pa(tl’+l)x(tl+l) < va(tl+l)

= V(tip) < pV(t ) (30)

with p = kpr/km > 1. Let us now consider a region such that

lix[| > > € A= 4
YT 2 [lr] = ||r]| >,/ s77 = & with a user defined ¢ > 1.

We proceed with studying the behavior of V' (¢) between two consec-
utive switching instants, i.e., when ¢t € [t; t;41), for the two case: 1)
[[r[| > €and 2) ||r|| <€ Let us denote the active mode p = o (¢, ;)
only as p for convenience, and any inactive mode as p.

Case (1): ||r|| > € Using (12b), (16), and (22), (11) yields

v’k < —rfA T*Z{ ip — H£HZ+77;D+7P}HI'H (31
1=0
1d , 1+ _ =
5 X Pyx < —xTQux + x| + 116, I[P, Bl lxl). (32)
Let us substitute (21) into (32)
1d 1 2
29 TP < 2T 7+ i
+ ((9@) /(1 = @) O [€]]" + mp + ) 1]} (33)
The adaptive laws (23a) and (23b) yield, fori = 0, 1,2
(Oip — 03,)0: = Oi ([[x]| + [XIDIE]" — i 07, |I]]|€]]"
05, (ell + 1IxIDIEN + cip0ip0i, lIx[[[[€]]° (34
Moty = Mp(|[x]] + [1%[]) + 7p0opvsp
= {0op + 51 ([1€]1° — |IE]1*) + G2 [[x[))} (35

where c¢;;, = CipBp. One can verify that, by design, ¢;, € RT as
Bp, Cip € RT. Similarly, (23¢) leads to for p € Q\{p}
5 —G+ (X2 0%+ 025 + 575 36)
gl gl '
Applying (28) to the second term of (36) yields
. 2 _
P - _ % 52 2 SpVp
REIP S Y- R LoV
gl a2 (Z_; ' ”) gl

Therefore
= (0is — 03,)% |
dt (Zl pt Tt 7>
2 ~ A
< > O lIll+ xIDIEN = condi,|Ix]]]€]]"
i=0,p=0(t;

l+l
= 05 (llell + IxIDIEN + cop B l1xIEN + 1 (1[x]] + []3]])

=1, (S0p + 1, (1E]1° — [IEN") + d2p[xI[) + mpoprp}

2 - —
- % % 42 2 SpVp
-2 {<p7+2 <Z%+%> - }
pea(py U L i=0 1

Let us now use (31), (33), and (38) into the time derivative of (29),
resulting in

(33)

V< = omp ([l 4 [1%[%) + 158055 + ¢ (15 + )]
=, (9o + 81 ([€]1” — [1€]1*) + d2p 1)

2
+ 37 (colin = cip0?, + cin0inl, ) I1€] x|
=0

a2

peQ\{p} -
where 0., £ min{Amin(Ap), (1/2)Anin(Qp)} and ¢ 214+ %
Since éz(t) > 0, the following inequality holds from (29):

2

N
V < oanp(|[r]? + 1x]12) ZZ
s=1 1=0

where 957, £ max{(1/2), (1/2)Amax(Pp)}. Using the definition of
0p from (24), the design conditions (23d) and the upper bound (40), the
inequality (39) is further simplified to

: o 0505 S5
1% S *QV + Z Z T + Z —
s=11i=0 peQ\{p} —

2

DD

i=0,p=o0(t

{mp0opvp + c(np + ) [1x]] +

l+1)

=y (d0p + 01 (116117 — (€]
+ (Céip

OpTp
J

) + 02y |x[])

— cip, + cin0in0;,) €] |Ix]] + (2005,)/2}

where 0 £ min,cq{0,} and &y, = (Jo, — ’J) > 0 [cf., (23d)]. For
ease of analysis, the positive constants c;;,, and 0o, are split as

3
Cip = § Cipj s
i=1

resulting in

(41

2
Ogp = 252;;1@, Cipjs O2pr > 0 Vi, 5, k
k=1

(42)

- Cipéizp + Céip + cipéipézp

= —cip102, — cipp{(0ip — (c/(2c1p2)))* — (c*/(4ct5))}
— cipa{(0ip — ((cipf;,)/ (2cip3)))? — ((cipfi,)?/ (Ack,s))}
< _Ciplézzp +¢?/(dcipz) + (Clp‘g* )?/(4cips) (43)
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and, along similar lines as (43)
- 77;2;(5017 + dap|[X[]) + Mpdoprp + cmp| x|
—Gapmp|1%]| + (2 /482p2) [ |%]] + ((Bopvp)* /400p)-

Using the inequalities 7, > n > 0 and [|€]] > ||x]|| and (43) and (44),
the time derivative (41) becomes

. N 2 é*
V< _9V+ZZ 9321'

(44)

+ Z gpl’p

s=1i=0 pe\(p}
2 2 (ciph:)?
c C’LP zp)
+ Z { <4cip2 + 4Cip3 )
i=0,p=0(t], )

€117 — cipn 07, x] "

+ (0002,) /2= 1281, (€I — 1IEIN") + (¢ 1x11)/ (462)

+ (6013’/13)2/(45017) + (Qp’yp)/fy}

2

>

i=0,p=0(t

— oV - 2, (cumlixll ™ -

l+1)

2 + £kl

where £, (|[€]1) £ —n201,1€]° + wap|[€]]* + wapl[€]I°

+ wap | [€]1* + wip €[] + wop

_ .2
wap 2 2/ (4eapz) + ((c2p03,) "/ (4C2p3)) wap ﬂiélp
= 2 7* 2
o o @ (o) s (o) -
P ey dcips 4copa Acops 40272
(OopV, Iy v s 7*2 i
a (QoplVp)” ») pVp 2,0 ”’ PP
460, J p=1i=0 peﬂ\{p} -

where 7, > 7, (t) [from the adaptive laws for v, in (23)]. Applica-
tions of Descartes’ rule of sign change and Bolzano’s Theorem yield
polynomial f, has exactly one positive real root and let ¢, € R* be
that positive real root. The coefficient of the highest degree of f,
is negative as 77251 € R™T. Therefore, fp(HgH) < 0 when [|€]| > ¢p.

Furthermore, define to, = (0,/2C0p1), t1p = A/ 0p/2C1p1, and Ly, =
(0p/2¢2p1) /3. As V > 2minlPr)| 1112 [cf (29)], we have V < —oV/
for Case (1) from (45) when, for7 = 0,1, 2,

min {||x||, [[€][} > max{ep, tip} = [|x|| = max {s, vip}
peEQ peQ

=V > (1/2) max {)‘min(Pp)Lfﬂ )‘mi“(Pp)L?p} =B (46)
pe
Case (2): ||r|| < € Using (12b), (16), and (22), (11) yields
r’r < —rTA,r — (1 - a)w, H‘I“:L +Z‘9 IE3IRE]
2 —
R SUAIN R “7)
i=0
The following simplification is made for ¢ = 0, 1, 2:
Wipll€l" = 67, — {(0ip — EIENY)/2)* — (@I1€11*7)/4}
42 —2 2i
<05, + ([1€114) /4. “8)

Using (47) and (48) and along similar lines as Case (1), we arrive at the
following inequality for Case (2):

2

>

i=0,p=0o(t;

A . Q
egp(CiPIHXHPrl -2 -

e
V< —oV 9

D+ fp

l+l
with  f, ([[€]]) = —n201,|IE1I° + Wi [1E]1* + ws, | [€]1°

+ why[[€]1* + wipll€l] + wh,

Wiy £ w1+ (@ /4),0 £ wp + (@)

_ 5 _
wépé%—F ( Z%Vp Qp7p+zz 0.9; Z SFVF
o p=1i=0 pe\(p) L

49)

Therefore, for Case (2), Vv < —oV is guaranteed when
V > (1/2) max{Amin(Pp)eh”, Amin(Pp)i},°} 2 By (50)

peEQ p P

where L;) is the sole positive real root of fp and L’ip £ (% +

L 13%1, i = 0,1, 2. Hence, investigating (46) and (50), it can be
gating

Cipl

concluded that V/ < —oV is guaranteed when
V > max{B;, B>} £ B.

In light of this, further analysis is needed to observe the behavior of
V (t) for the following two possible scenarios:

1) when V() > B, we have V(t) < —oV/(t) implying exponential

decrease of V (t);
2) when V(t) < B, no exponential decrease can be derived.
Scenario (1): There exists a time, call it 77, when V' (¢) enters into

the bound 5 and N, (¢) denotes the number of all switching intervals
for ¢ € [ty to + T1). From Definition 1, for ¢ € [ty to + T4), using
(30) and N, (to,t), we have

V(t) <exp (—o(t —tn,t)-1)) V(En, 1)-1)

< pexp (—olt — tn, (1-1)) pexp (—e(tn, 1)-1 = tn, (1)-2))
c e exp (7Q(t1 — to)) V(to)

— b(exp (—o+ (Inja/9)) (t — to)) V(o) 51
where b 2 exp(Ng In 1) is a constant. Substituting the ADT condition
9 > Inp/ointo(51)yields V() < bV (to) fort € [to to + T1). More-
over,as V(to + T1) < B,onehas V(tn, (1)+1) < w3 from (30) at the
next switching instant ¢y, ()41 after tg + T4, implying that V'(¢) may
be larger than BB from the instant ¢ 7 (4)+1. Hence, we assume V() >B
fort € [tn, ()41 to + T2), where T denotes the time before the next
switching. Let N, (t) represents the number of all switching intervals
fort € [tn, 1)+1 to + T2). Then, substituting V' (to) with V (¢t (¢)41)
into (51) and following the similar procedure for analysis as (51),
we have V(t) < bV (tn, (1+1) < buB for t € [tn, )+1 to + T2).
Since V' (to + T2) < B, wehave V(tn, (14N, (1)42) < B3 at the next
switching instant ¢ ()4 v, (+)+2 after to + 7. Following similar lines
of proof recursively implies V' (¢) < buBfort € [to + T oo) with (25).

Scenario (2): It can be easily verified that the same aforementioned
argument also holds for Scenario (2).

From the analysis of Scenarios (1) and (2), it can be concluded that

V(t) < max {bV (to),buB} Yt > to. (52)
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The aforementioned conclusion implies r, e, €4, 0i0, Mo, Vo € Loo
Vo € . Furthermore, if (9) is rewritten as

o= Y, 'Toe, — Y, (Tuéy +Tuey) + X 'r  (53)

a
where T;l exists being Y, > 0, we have that e,, €, € L, (due to
the fact that ‘I‘;II‘a > 0 and r, ey, €, € L,). Furthermore, because
V > (1/2)||r||? from (29), and using (52) and the definition from [34,
Sec. 4.8], an ultimate bound on the tracking error variable r is

B, = +/2buB.

The condition (54) reveals that the ultimate bound is affected by the
switching constant p in (30) and by ¢y, tip, 1, U}, Which are gov-
erned by the design parameters entering the polynomials f,(||€||) and
fp(||§| |) in (45) and (49). For example, lower values of g, in (24) [by
tuning design parameters K, and Ko, via (19)] and higher values of
d2p in (23b) help reducing B,..

Remark 7 (Multiple Lyapunov framework): Note that the Lyapunov
function (29) depends on the active mode, known in literature as the
multiple Lyapunov framework [27], and requires to study the behavior
of the Lyapunov function at and in between switching instants [cf., (30),
(45), (49), and (51)].

(54)
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