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Probability Mass Function of Energy for
Light-Collecting Surfaces in Rough Geometries and
Its Applications in Urban Energy and Photovoltaics

Hesan Ziar , Senior Member, IEEE

Abstract—Sunlight throughout urban areas largely impacts lo-
cal climate [sustainable development goal (SDG) 13], residents’
well-being (SDG 3), and access to clean energy (SDG 7). However,
sunlight availability on various urban surfaces is affected by ur-
ban geometry. Here, in this work, a probabilistic framework to
evaluate the interplay between sunlight and urban geometry is
presented, and its immediate applications in urban energy studies
are demonstrated. A probability mass function that predicts the
energy production of a group of light-collecting surfaces, such as
solar photovoltaic (PV) systems, installed in rough geometries, such
as urban areas, is derived. Along the way, an expression for the sky
view factor (SVF) is formulated within rough geometries as well as
a link between the capacity factor of the residential PV fleet and ur-
ban geometry. The predictions of the mathematical framework are
validated using the digital surface model and collected PV systems
data in The Netherlands. This work primarily helps understand the
underlying relation between the geometrical parameters of a rough
surface and the received sunlight energy on a subset of that surface.
Exemplified applications are swift SVF calculations and residential
PV fleet yield predictions, which, respectively, support efficient
urban energy assessments and privacy-preserving electrical grid
management.

Index Terms—Digital surface model (DSM), LiDAR, photo-
voltaics (PVs), probability distribution function (PDF), sky view
factor (SVF), solar energy, urban geometry.

I. INTRODUCTION

SUNLIGHT is the driving force for life on earth [1]. It is
the origin of almost all energy resources, and its interaction

with the earth’s atmosphere determines the climate [2]. More
than half of the world’s population is currently living in urban
areas and is expected to rise to more than two-thirds by 2050
[3]. The physical and mental health, clean energy access, and
climate that urban residents experience are linked to sunlight
access, which marks three of the United Nations’ sustainable
development goals [4]. Sunlight in urban areas, or generally
stated light on rough surfaces, is a function of its geometrical
features. However, how does this function look like, given the
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intermittency of sunlight and randomness of urban morphology?
When the answer to this question is known, several application-
oriented questions concerning sunlight in urban areas can be
answered subsequently. Solar photovoltaic (PV) yield prediction
and grid management, sunlight access of urban dwellers and
health assessment, and the heat island effect and urban planning
are a few example application areas that will largely benefit [5],
[6], [7], [8], [9], [10], [11], [12], [13].

There are already valuable research works hinting toward an
answer, but a clear comprehensive understanding is lacking. The
result from precise physics-based 2-D/3-D simulations backed
up with powerful PCs [14], [15], [16] holds for a confined
and small-size geometry within an urban environment, thus
remaining case dependent [17], [18], [19], [20] and failing to
provide a thorough understanding. Simplified synthetic models,
on the other hand, lack temporal resolution, cannot be applied
to a tailored subset of urban surfaces, and work based on curve-
fitted coefficients that have limited physical meaning [21], [22].
Moreover, with the help of artificial intelligence, research has
been done to find correlations between rough surface geomet-
rical indicators (such as building density and height, building
footprints, building height and volume variance, etc.) and access
to sunlight [23], [24], [25], [26]. Despite such studies covering
broader ranges of cities, the true interplay between geometry
and sunlight access remains in a closed box of artificial intelli-
gence algorithms. Furthermore, when it comes to applying such
solutions to a certain application, i.e., PV system yields, detailed
information from each PV system (i.e., light-collecting surface)
is demanded, which, in reality, conflicts with the privacy and
preference of residential PV system owners [27], [28]. Besides,
the trained machine learning models based on, for instance,
residential PV system data, can become obsolete when PV
systems are installed at a fast pace in urban environments [29].
In such situations, probabilistic solutions can provide valuable
insights and understanding.

Within this study, this fundamental question is approached
from a different angle, by considering it as a problem of an
ensemble of systems, i.e., a fleet of light receivers (e.g., PV sys-
tems). Using this feature, surfaces in an urban area can be treated
not individually but as a large group. Such a perspective also lays
the ground for tackling privacy concerns or data limitation issues
as utilizing group-level information can keep the individual data
unknown or very coarse to track down. The rule of the large
numbers will then apply, and predictions can be made using
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Fig. 1. Illustration of a section of a randomly rough surface illuminated by a
source at point S.

probability and statistics. Applying probability law enables tack-
ling the problem of geometrical randomness and facilitates the
analytical formulation of the target function. The prime goal is to
extract the probability distribution of expected sunlight energy
in an urban area, characterized by its geometry, for a specific
time instant or duration. Following that, it is convenient to make
several parametric sensitivity analyses to understand better the
interplay between an urban area’s geometry and its sunlight
access. When the target probability distribution is well extracted
and characterized, several applications can be explored. Here,
applications via PV power production are demonstrated without
the need for detailed information on the systems’ exact location
and characteristics (privacy preserving).

The rest of this article begins with presenting the mathematical
framework. Next, the general formulation for the probability
distribution function (PDF) of expected sunlight access to a
fleet of urban light-collecting surfaces is extracted. Then, the
findings are visualized by introducing parametric graphs. Fur-
thermore, to assess the mathematical formulation, a study is
run using real data from residential PV systems in The Nether-
lands. Finally, the impacts are highlighted, and a conclusion is
made.

II. EXTENDING WAGNER–SMITH SHADOWING THEORY

Let us consider a random profile, as depicted in Fig. 1. It is
interesting to know the probability that point F, with a vertical
distance of z0 from the mean plane and local slopes of p0 and q0
in the x- and y-directions, is not shaded. Point F intersects line
SF, the line that shows the direction of direct light toward the
target plane, with angle θ. Let us call this probability S, which
is a function of z0, p0, q0, and θ. Since z0, p0, and q0 are the
parameters of point F and all the points on the right-hand side
of point F can potentially cause a shadow, the probability S can
be written as

S(z0, p0, q0, θ) = S(F, θ) = lim
τ→∞S(F, θ, τ). (1)

It is assumed that roughness within the target plane is
isotropic. This means that the azimuth of the light source does
not influence the analysis.

The differential equation describing the shadowing of such a
random profile can be found as [30], [31]

∂S(τ)

∂τ
= −S(τ)g(τ). (2)

g(τ ) is the probability density function of the random variable
that gives the probability that the line SF intersects with the
profile in (τ ,τ+Δτ ), while the line has not crossed the profile in
(0,τ ). The general form of solution to this differential equation
is

S(τ) = h(μ− q0) exp

(∫ ∞

0
−g(τ) dτ

)
(3)

where μ is cotθ at point F, and h is the Heaviside step function.
The key here is to evaluate g(τ ). Smith [31] evaluated g(τ ) using
fZQ(z,q|F,τ ) as the joint probability density function of heights
and slopes at y = τ , conditional upon the height and slope at y
= 0 (point F), and obtained

g(τ)Δτ =
Δτ

∫ +∞
μ (q − μ)fZQ(z, q|F, τ) |z=z0+μτ dq∫ +∞
−∞ dq

∫ z0+μτ

−∞ fZQ(z, q|F, τ) dz
(4)

whereΔτ can be canceled out from the two sides. Now that g(τ )
is known, plugging (4) into (3) gives the probability that a point
on the surface is not shaded. It is noted that the reason that g(τ )
and consequently S(τ ) are not dependent on p is that the profile
roughness was assumed to be isotropic.

When the probability distribution of the points on a profile is
known, (4) can be evaluated. Smith [31] evaluated the case that
the PDFs of slopes and heights are normal and obtained a close
formula for S(τ ). Here, a general form for the solution to the
differential (2) is desired, regardless of the type of distribution
for heights and slopes. If such a solution is found, it can help with
understanding and implementing shadowing theory for several
applications, including urban energy and PVs.

Assuming that slope and height, as the random variables of
an isotropic surface profile, are independent, one can work out
(4) while taking advantage of the PDF, cumulative distribution
function (CDF), and mean function to obtain the solution to (2)
as

S(τ) = S(F, θ, τ) = h(μ− q0)(FZ(z = z0))
Λ(μ) (5)

where

Λ(μ) =
E(q ≥ μ)

μ
− (1 − FQ(q = μ)). (6)

FX denotes the CDF of the random variable X, and E denotes
the expected value function. Equation (5) has four interesting
special cases. The first special case is when the height of point F
is very high, which increases the possibility of being illuminated.
It can be seen that

lim
z0→∞S(τ) = h(μ− q0) (7)

which equals one for μ ≥ q0. This makes sense because, when
the height of the point increases, the chance of being illuminated
must also increase. For large heights, this chance approaches
unity as long as the local slope at that height is smaller than the
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light ray’s slope (μ ≥ q0). The second special case is when the
point is located in a valley. Then, one has

lim
z0→−∞S(τ) = 0. (8)

This is reasonable, as valleys are mostly in the shade; the
deeper the valley, the less chance for illumination. The third
special case is when the light source is high in the sky and directly
shining from above. This happens when μ = cotθ→�. This
leads to Λ(μ) = 0. It can be written that

lim
μ→∞S(τ) = 1. (9)

The fourth case is when the light source is at the horizon,
meaning that μ = cotθ→0. Thus

lim
μ→0

S(τ) = 0. (10)

This is aligned with the observation that as the sun goes down
on the horizon, all places get shaded, but the ones with negative
local slope and very high local height (0 ≥ q0 and z0→∞).

So far, an expression for S(z0,p0,q0,θ) = s(τ ,θ) has been
obtained, whose value is different per location on the profile.
To have an expression for the whole profile that is independent
of local height and slope, S(θ), the law of the unconscious statis-
tician is used, which is E[g(x)] = �g(x)fX(x)dx. This expression
can be written as

S(θ)=

∫ +∞

−∞
dz0

∫ +∞

−∞
dp0

∫ +∞

−∞
dq0S(z0, p0, q0, θ)

×fZ(z0)fP (p0)fQ(q0) (11)

where fX is the PDF of the variable X. With a few mathematical
steps, one will end up with the following equation:

S(θ) = FQ(q0 = μ)

(
1

Λ(μ) + 1

)
. (12)

Equation (12) is the general answer to the “What is the chance
of illumination for a point on a randomly rough surface?” Now
that the general form of the solution [(12) and (6)] has been
obtained, it is noted that S(θ) is always equal to or less than
unity because it is a multiplication of two positive functions that
are always equal to or less than 1. Since several well-known
probability density functions have analytical forms for their
CDF and expectation expressions, using (12) and (6) will be
straightforward. It is noted that it seems no simple closed formula
was reported in the literature. Even the generalizations made by
Brown [32] and Bourlier et al. [33] ended up in closed formulas
that still involve an integration, and the authors missed further
explorations such as special cases of these equations and espe-
cially expressing them in the forms of mean and CDF functions,
which are known for many distributions and are straightforward
to use. To do a sanity check on the obtained equations, normal
distribution for heights and slopes was considered, and the same
results reported in the work of Smith [31] were obtained.

When a profile’s height or slope is available, it is possible to
obtain S(θ). To show some examples, a MATLAB code based on
the aforementioned formulation was run, and the S(θ) function

for various distributions of profile slopes and profile heights was
obtained (see supplementary downloadable material).

Furthermore, to apply the obtained formulation to a real
urban-level situation, the digital surface model (DSM) of Delft,
in The Netherlands [34], has been used. The DSM data are the
height data of all objects on the earth’s surface. For this study,
the vegetation was removed using the QGIS software. The res-
olution of data is 0.5 m. The S(θ) function was obtained for two
regions in Delft: the city center and the countryside. As can be
seen in Fig. 2, the countryside has a higher chance of illumination
at all incoming angles. This is intuitive because higher roughness
at the city center makes more shadows, and as a result, the chance
of a randomly selected surface being illuminated is less than a
surface in the countryside, where the houses are far apart and
surrounded by open fields. Furthermore, this result is aligned
with previous works in the literature, reporting that inner city
areas are more frequently shaded by objects and, as a result,
have a lower albedo; thus, the inner city is warmer (or in other
words, the sky is more blocked by the objects, and consequently,
less heat can be radiated back to the atmosphere).

III. SKY VIEW FACTOR FOR A DIFFERENTIAL SURFACE

WITHIN A RANDOMLY ROUGH PROFILE

The sunlight energy received by a surface in a randomly rough
profile not only depends on its illumination chance but also on
how much of the sky dome is visible to that surface. It is known
as the sky view factor (SVF) and is tightly linked to the diffuse
component of sunlight. Therefore, an expression for the SVF
in a randomly rough profile needs to be found. To obtain the
SVF, it is noted that the SVF from a differential surface is the
summation of the view factors from that differential surface to
all sky portions. The view factor from a differential surface to a
surface is

V FdAi→Aj
=

∫
Aj

cos θi cos θj
πR2

dAj . (13)

Considering Fig. 3, dAj can be replaced by sinθ dθ dϕ R2.
Since the line from dAi is always perpendicular to Aj, then cosθj
= 1, and cosθi = cosθ. Thus, (13) can be rewritten as

V FdAi→Aj
=

1
2π

∫
ϕ

∫
θ

sin 2θ dθ dϕ. (14)

For a free sky (case of a smooth surface), this integral is equal
to unity. However, due to the roughness of the profile, only some
parts of the sky are possible to be observed. The possibility of
dAj being observed is the same as the possibility of dAi being
illuminated by sun rays coming from dAj. Therefore, the integral
is multiplied by the chance of being illuminated, S(θ), and is
integrated over the whole sky dome (0< θ<π/2, 0<ϕ<2π) to
obtain the SVF. It gives

SVF =

∫ π
2

0
S(θ) sin 2θ dθ . (15)

By plugging (12) into (15), one has

SVF =

∫ π
2

0
FQ(q0 = μ)

(
1

Λ(μ) + 1

)
sin 2θ dθ . (16)
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Fig. 2. (a) DSM of Delft excluding vegetation with a resolution of 0.5 m, where two regions in the city center and countryside are highlighted and coded with
numbers 1 and 2, respectively. The brighter the color, the higher the height of the pixel. (b) Slope values on x- and y-directions for the two regions (top). The
illumination chance function versus the zenith angle of the light source (bottom). The black points/plot are for the city center, while the gray points/plot are for the
countryside.

Fig. 3. Illustration of a view factor from a differential surface to a portion of
the sky (blue surface). The gray areas represent obstacles blocking parts of the
sky dome as a result of a random roughness of the profile (e.g., buildings in
urban areas).

Equation (16) gives the SVF for a randomly rough surface.
Since the surface is assumed isotropic, it can be seen that the
derived SVF formula is independent of ϕ. It is noted that (16) by
itself can have applications in urban energy studies, as the SVF
is tightly linked with the heat island effect in urban areas [35].
Not only in urban energy but also wherever automatic feature
extraction from digital elevation model is needed, for instance, in
geography, geomorphology, cartography, hydrology, glaciology,
forestry and disaster management, and relief visualizations, the
SVF has applications [36].

Without the need for cumbersome calculation [35] or time-
consuming horizon-scanning experiments [36] in many parts of
a city, one can obtain the SVF of different neighborhoods of the
city by knowing their roughness profiles. Given the importance
of the SVF, let us linger a little more on this topic and investigate
the validity of our SVF formulation. Three neighborhoods in
Delft are selected, namely, city center, suburb, and countryside,
each with a size of 1250 × 1250 m2. Each neighborhood is
divided into 100 equal pieces, and within each piece, the SVF is
calculated at every 0.5-m step through two approaches. One is
based on accurate horizon scanning and Steyn’s formula [37] that
is already experimentally validated and used by several research
works [38], [39], and the other is the probabilistic approach
proposed in the present work. The SVFs obtained from each
piece of each neighborhood are averaged, resulting in 100 SVFs
for each neighborhood. Fig. 4 shows the comparison between
the two methods. As can be seen, the low root-mean-square error
(RMSE) and mean bias error (MBE) values ensure the validity
and reliability of the proposed probabilistic SVF equation. The
positive MBE values suggest slight overestimation, which is
expected. That is because when a part of the sky dome is blocked
by the surface profile, that part will have zero contribution to
the SVF value, while in our formulation, a nonzero probability
might be assigned to that point, depending on the distribution of
heights and slopes in the surface profile.
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Fig. 4. Assessing the validity of the proposed SVF formulation. Neighbor-
hoods are shown with the same color code as the corresponding data points
(suburb: red, city center: blue, and countryside: gray). To obtain the colored
data points, 2-D matrices of height and slope profiles were put in one column of
data, and then, through (16), the SVF was calculated. The black line shows the
reference SVF obtained via horizon scanning. For the horizon scanning approach
and its detailed implementation, see [38].

For the three neighborhoods in Delft, the correlation coeffi-
cient between the height and slope profiles lies within |r| < 0.02.
The texture aspect ratio (Str), a measure of surface isotropy,
is in the range of 0.08 < Str < 0.12 for the neighborhoods.
Delft and later Eindhoven that are looked into in this article are
European cities, which are grown organically over time, making
their surface morphology more isotropic. To further evaluate the
impact of the surface isotropy assumption and independency
of height and slope profiles on SVF calculations, four planned
(not organically grown) cities in the United States were also
examined: Washington DC, Irvine, Grand Forks, and Houston.
They are, respectively, located in the East, West, North, and
South sides of the country. The LiDAR points were obtained
from the 3DEP LidarExplorer portal of the U.S. Geological
Survey science database [40]. One neighborhood per city is
examined for SVF calculations. As shown in Fig. 5, here, it is also
observed that the proposed probabilistic SVF formula provides
accurate results, supported by low MBE and RMSE values. Sim-
ilar to Delft’s neighborhoods, a slight overestimation is detected.
The calculated Str values for the U.S. cities neighborhoods are
0.02 < Str < 0.07, while their correlation coefficients are |r|
< 0.003. Compared with Delft’s neighborhoods, they exhibit
lower surface isotropy and lower correlation between height
and slopes, yet they slightly provide more accurate SVF. It hints
that the independence of height and slope profiles might have
more influence on the SVF calculation accuracy than the surface
isotropy assumption. Yet a thorough statistical study is needed
to confirm this guess, which is out of the scope of the present
work.

It is noted that the suggested SVF equation drastically re-
duces the calculation time. To put it into perspective, in our
calculations, the SVF based on horizon scanning took almost
100 h for each neighborhood, while for the probabilistic SVF,
it was as low as 10 s. It means that, per location, in this study,

the proposed probabilistic method is 36 000 times faster. This
number is subject to change depending on data point density and
horizon scanning radius (i.e., the more points per area and/or the
longer scanning radius, the bigger the time advantage).

Besides computational time, the proposed method has data
and memory advantages as well. Although the same 3-D in-
formation of the city (e.g., LiDAR data) is required for both
approaches, the proposed probabilistic method does not need
georeferenced data. An XYZ information of a city surface, in any
order of arrangement, is sufficient for the probabilistic approach
because it does not affect the PDF, CDF, and mean function of
the dataset. For the horizon scanning approach, however, the
arrangement of data points does influence the outcome because
the distance between the observer and an object on the horizon
influences the SVF; thus, the data must be georeferenced to
ensure an accurate assessment. Moreover, the memory needed
to compute is much less in the proposed approach as only a table
of XYZ data is required. For horizon scanning, a georeferenced
3-D information of the target area must be kept in the memory
while running the calculations.

In the same manner but with more steps, one can work out an
expression for the SVF of a tilted surface (with a tilt angle ofϒ)
placed within a rough geometry, as expressed by the following
equation:

SVFγ =

(
1
2

)
(1 + cos γ)

∫ π
2

0
S(θ) sin 2θdθ. (17)

It is noted that for ϒ = 0, this expression converges to (15).

IV. PROBABILITY MASS FUNCTION OF A LIGHT-COLLECTING

FLEET IN ROUGH GEOMETRIES

Now, an urban area with massive implementation of solar
PV systems (as an example of light-collecting technology) is
considered, with no exact information about the locations of PV
systems. This is usually the case where due to the rapid growth
of PV system installations, lack of data, or privacy concerns,
exact information is not immediately available.

It is assumed that there are n number of PV systems randomly
distributed in an urban area. Now, the installation spot of all
these PV systems is zoomed in on, one by one. The chance of
being sunny for PV systems in this city is S(θ). Therefore, the
probability that α PV systems out of the n PV systems are sunny
(Pα) can be formulated based on binomial probability, as

PS(θ)(α) =

(
n
α

)
S(θ)α(1 − S(θ))n−α. (18)

When α PV systems out of the n PV systems are sunny, the
total solar irradiated power on them is

ES(θ)(α) =

(
n
α

)
S(θ)α(1 − S(θ))n−α (αw1) + nw2 (19)

where w1 is the solar power from the direct component of
sunlight, and w2 is the same but from the diffuse component of
sunlight. w1 is factored by alpha because only sunny systems re-
ceive the direct component of sunlight. All the PV fleet members,
whether shaded or sunny, receive the diffuse component. This is
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Fig. 5. (Left) contour plots of the four scanned neighborhoods in Washington DC, Irvine, Grand Forks, and Houston for SVF calculation comparison. They are,
respectively, 1.5×1.5, 1.5×1.5, 1×1, and 1.33×1.54 km2 with 1-m resolution. (Right) comparison of SVF calculation via horizon scanning (black line) and the
proposed probabilistic framework (scattered points).

why w2 is multiplied by n. Regardless of the angle of incoming
direct sunlight, a PV system, no matter where it is placed, will
receive the diffuse part of the light. Therefore, the term nw2 is not
multiplied by the probability mass function (PMF) (PS(θ)(α))
but only added to obtain the mathematical expectation function.
w1 can be obtained by

w1 = Ib

(
1
n

) γ=γ+∑
γ=γ−

nM .nS (20)

where Ib is the direct component of sunlight (either measured at
meteorological stations or extracted from the global horizontal
irradiance (GHI) measurement and irradiance decomposition
models), and n is the number of light collectors. nM and nS are,
respectively, the unit vectors of the light-collecting surface and
the light source. When the azimuth angles of the light collector
(AM) and the light source (AS) are considered, the scalar mul-
tiplication under the summation yields sin(ϒ)sin(θ)cos(AM-AS)
+ cos(ϒ)cos(θ) and when azimuth angles are aligned, it turns
into cos(θ- ϒ). Similar to the previous section, θ is the angle of
incidence between the sun rays and the normal to the horizontal
plane, and ϒ is the tilt angle of the light collector (e.g., PV
system), ranging from ϒ- to ϒ+.

Since w2 is related to the diffuse component, a way to for-
mulate it needs to be found, and it is not as straightforward as
w1. The diffuse component of sunlight falling on a surface is
the multiplication of diffuse horizontal irradiance (DHI) and the
SVF. This can be written as

w2 = Id

(
1
n

) γ=γ+∑
γ=γ−

SVFγ (21)

where Id can be retrieved from meteorological stations or by
breaking down GHI via decomposition models. When all the

light collector surfaces have the same tilt, or when an average
tilt is considered for all the PV systems due to information
limitation, (20) and (21) converge to w1 = Ibcos(θ-ϒ) and w2

= IdSVFϒ, respectively. Summing up the mathematical expec-
tation function from 0 to n will give the expected value of
impinging sunlight on a fleet of PV systems installed randomly
in a rough geometry

ES(θ) =

α=n∑
α=0

((
n
α

)
S(θ)α(1 − S(θ))n−α (αw1)

)
+ nw2.

(22)
Knowing that

i=n∑
i=0

i

(
n
i

)
pα(1 − p)n−α = np (23)

will give

ES(θ) = nS(θ)w1 + nw2. (24)

Note that when applying the summation to the expectation
equation, nw2 remains outside (E[aX+ b]= aE[X]+ b). Having
(6), (12), (20), (21), (17), and (24), one can calculate the expected
value of impinging sunlight energy on a rough surface, such as
an urban area, where a large number of light collector surfaces,
such as PV systems, are implemented. In the derivation of the
PMF, it is assumed that having light collectors would not change
the morphology of the surface profile. Multiplying (24) by the
average area of the installed PV systems (A) and the sunlight to
electricity conversion efficiency (η) will give the expected value
of electrical power produced by a fleet of PV systems installed
in an urban area

P elec.
S(θ) = ES(θ)Aη. (25)
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Fig. 6. PMFs for 50 PV systems placed randomly in two regions of Delft (city center and countryside). The top graphs show the PMFs, obtained from (18), for
different integer values of α (number of sunny PV systems) while changing the θ (zenith angle of the sun). For every integer value of α, the PS(θ)(α) function is
continuous. For better visualization, as α changes, from one graph to another, the darkness of the graph changes as well. The bottom graphs show PMFs, obtained
from (18), for two values of θ (30° and 75°) while changing the integer value of α from 0 to 50. When θ is fixed, the PS(θ)(α) function is discrete.

The superscript elec. is used to differentiate the symbol of
power from probability. At this point, it is interesting and
important to visualize the derived mathematical formulations
for better understanding. Here, the PMF (18) and the expected
value function (19) are visualized for the two regions in the
city of Delft. Fig. 6 shows the PMF, PS(θ), for two hypothetical
50-system PV fleets placed in the city center and countryside
of Delft. The purpose of this figure is to visualize the dynamics
of the PS(θ) function under various conditions, namely when
the number of sunny PV systems varies at a fixed sun zenith
angle (bottom graphs) and when the sun zenith angle changes
while the number of sunny PV systems kept fixed (top graphs).
Comparing the two bottom graphs in Fig. 6 shows that moving
from the countryside to inner city parts flattens and shifts the
PMFs. The same happens when θ increases (the sun goes down
on the horizon). This is interestingly in line with the previously
reported experimental and modeling works [41], [42], [43], [44].

V. RELATION BETWEEN URBAN ENVIRONMENT GEOMETRY

AND THE CAPACITY FACTOR OF SOLAR PV FLEETS

To investigate the use cases of the aforementioned mathemat-
ical formulation, the expected value of electrical power from a
hypothetical fleet of 50 PV systems placed in the two regions of

Fig. 7. Expected power from an imaginary fleet of PV systems installed in
two different regions of Delft. An average area of 15 m2 per system and a fixed
efficiency of 0.2 were assumed, yielding 150 kW as the fleet’s nominal capacity.
Data from Meteonorm were used for the direct normal irradiance and the DHI
components of light.

Delft (city center and countryside) is plotted in Fig. 7. This graph
tells how much power is expected from the fleet without the need
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for privacy-sensitive information (e.g., details of the PV system,
their exact location, etc.) or the need for cumbersome lengthy
simulations. The main needed parameter is the total installed
capacity of the fleet. An interesting observation is that Fig. 7
hints at how the geometry of the urban environment affects the
capacity factor (CF) of PV installations. In this hypothetical
example, the yearly CF for the fleet in the city center is 7.54%,
while in the countryside, it is 8.64%. The CF is the ratio of
the produced energy by an electricity plant to the total amount
of energy that the plant could produce if it were running all
the time with its rated power capacity. Thermal power plants
offer a high CF, while renewable electricity generation, such
as solar PV, is bound primarily by the intermittency of the
source and then by the deviation of the working criteria from
the standard test conditions (STCs). Therefore, for solar PV
systems, there are two fundamental factors affecting the CF.
First is the day and night cycle that causes the intermittency and
then the deviation of ambient conditions from the STC, such
as high temperature and low irradiance, that affect the working
efficiency of PV cells. Let us name them, respectively, capacity
factors for intermittency and working efficiency and show them
as CFi and CFη . These two fundamental factors are very well
formulated in the literature. CFi is the ratio of equivalent sun
hours (ESH) to 24, while CFη is the ratio of working efficiency
under ambient irradiance and temperature conditions (G and T)
to the efficiency under STCs. The simplest way to represent them
is through CFi = ESH/24 and CFη = η(G, T)/η(STC). Using the
framework introduced in this article, one can formulate the third
pillar to the CF of PV systems, which shows that urban areas with
rougher geometry fundamentally pose a limit to the CF through
less chance of illumination for surfaces. This is mathematically
formulated by the expectation function, E(S(θ)). One can write

CFg =
ES(θ)

ES(θ)=1
=

S(θ)w1 + w2

w1 + w2
(26)

which is the CF limit imposed by the geometry of the urban area.
CFg can change from w2/(w1+w2) to 1 when the complexity of
the surrounding geometry goes from very high to very low. The
overall CF of the PV plant is simply the multiplication of these
three CFs: CF = CFi × CFη × CFg. A keen reader would notice
that the ratio introduced in (26) can indeed be used to assess and
compare the sunlight access in different cities or different parts
of cities, as long as their geometrical information is available,
for instance, via LiDAR data.

VI. APPLICATION OF THE PRESENTED MATHEMATICAL

FRAMEWORK IN URBAN SOLAR ELECTRICITY PREDICTION

Being consistently cheaper than other energy technologies,
supported by policies and maturing technologies, solar PV is
spreading worldwide [45]. The tendency is to put production
and demand very close to each other, leading to massive PV
integration in urban areas [46], [47]. A few fundamental issues
arise when PV is massively deployed in rough geometries, i.e.,
urban areas:

1) prediction of PV power under shading caused by rough
geometry and raised horizon [11], [21];

2) privacy issues regarding the specification and power pro-
duction by each PV system [48];

3) impact on the electrical grid [28].
Due to privacy issues, it is hardly possible to share PV

systems’ monitored power production with a local network
operator. On the other hand, prediction is not that simple because
PV systems are placed under conditions that are frequently
shaded. Now that the number of PV systems in urban areas is
increasing, their influence on the grid is also increasing, and in
many cases, the power from PV must be curtailed due to a lack
of knowledge about accurate forecasts, lack of storage, or low
capacity of the grid.

To put our mathematical framework to the test, anonymous
data from a fleet of PV systems in the city of Eindhoven,
provided kindly by Solar Monkey B.V., are used. Two re-
gions in Eindhoven are selected: one in the city center and
other in the countryside, respectively, shown by red and blue
boxes in Fig. 8. In each region, 50 PV systems are randomly
selected, and the energy yield of the two fleets is predicted
using our mathematical framework and compared with real
measurements. The only information from the systems is the
aggregated installed capacity of each fleet, respectively, 198.6
and 278.1 kWp for the urban and countryside. Exact installation
spot or orientation of the systems is unknown, thus respecting
the privacy of the owners. Every piece of information that is
given from the PV systems, in the form of a fleet, not an
individual system, can still maintain the owners’ privacy but
make the probabilistic prediction more precise. For example, if
it is known that the systems have tilt angles between μ1 and μ2

and are installed on building heights of z1 to z2. Knowing this
information, one can formulate a more precise equation for S(θ)
as

S(θ) |μ1<q0<μ2,z1<z0<z2

=

∫ +∞

−∞
dz0

∫ +∞

−∞
dp0

∫ +∞

−∞
dq0S(z0, p0, q0, θ)

× f ′
Z(z0)f

′
P (p0)f

′
Q(q0) (27)

where fQ
′
(q0), fP

′
(p0), and fZ

′
(z0) are modified distribution

functions that are obtained by knowing the limits of slope and
height (that the PV systems are installed within), through

f ′
X(x)

=

{
fX(x)/ (FX(x = x2)− FX(x = x1)) x1 < x < x2

0, else
.

(28)
Therefore, S(θ) can be written further as

S(θ) |μ1<q0<μ2,z1<z0<z2
=

[∫ μ2

μ1

h(μ− q0)fQ(q0)dq0

]

×
(

1
Λ(μ) + 1

)

(
(FZ(z0 = z2))

Λ(μ)+1 − (FZ(z0 = z1))
Λ(μ)+1

)
(FQ(q0 = μ2)− FQ(q0 = μ1)) (FZ(z0 = z2)−FZ(z0 = z1))

.

(29)
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Fig. 8. Probabilistic PV fleet yield prediction and comparison with Solar Monkey B.V. data. (a) DSM of Eindhoven. The exact location of the PV systems is not
known. Only the areas in which they are located are highlighted: blue for the village group and red for the urban group. There are 50 systems in each group. (b)
Histograms of height count that portray the height distribution in the two regions of Eindhoven. The water points are removed from the counts because LiDAR
data associated with the water areas are noisy due to water reflections. The assumed height ranges for PV system installation in both regions are highlighted. (c)
Predicted versus measured daily yield of the two fleets. The percentage mean bias and RMSEs are shown in the figure. The results were obtained with hourly
resolution but presented with daily resolution on the graph. The black line shows the perfect prediction, where measurement and prediction are the same.

It is noted that for z1 = μ1 = -� and z2 = μ2 = �,
this equation turns into (12). Having this more pertinent S(θ)
equation at hand, (24) can be used to predict the PV fleet power.
Fig. 8 shows the comparison between probabilistic prediction
and measured values for the two PV fleets in Eindhoven. The
PV systems were installed with tilt angles between 10° and
50°; thus, μ1 = –cot(90 – 50) and μ2 = –cot(90 – 10). No
information was given about the systems’ installation height;
therefore, educated guesses were made for the height range in
the urban and countryside areas of Eindhoven. Eindhoven is 16
m above sea level, and since no PV system is installed on the
ground and all of them are on rooftops, it is assumed that z1 = 20
m and z2 = 50 m for the urban area (roughly one- to nine-storey
buildings) and z1 = 20 m and z2 = 30 m (roughly one- to
three-storey buildings) for the countryside. Fig. 8(b) plots the
distribution of heights in the two regions of study, while Fig. 8(c)
shows the comparison between measured and predicted yields
every day.

As can be seen in Fig. 8, the probabilistic approach predicts
the PV system yields with good accuracy most of the year, but on
average, it underestimates. It is indeed expected because the PV

systems’ location is usually cherry picked, while the probabilis-
tic approach assumes a random distribution over the city. The
systems are mainly due South, but the probabilistic approach
gives equal possibility to all orientations. As increasingly PV
systems are installed and more areas are covered in the city by PV
elements, the accuracy of the probabilistic approach increases
as well. This is the same principle as for any other probability
experiment, in which by increasing the number of trials (i.e.,
PV system populations in the fleet), the outcome (i.e., predicted
yield) becomes more precise. The inaccuracy of the irradiance
decomposition model could potentially contribute to the errors
as well.

Using such a prediction approach, grid operators can conve-
niently calculate the expected power from PV fleets in different
regions of urban areas and thus apply sufficient, not too low not
too much, grid re-enforcements. The described approach can
also have applications in power predictions and storage sizing
when combined with irradiance prediction methods. When the
next time step irradiance is predicted, it can be plugged into
the aforementioned mathematical formulation to predict the PV
power, without the need for lengthy simulations. The current
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framework can also be used to assess bifacial PV systems, as
they are increasingly used in urban areas. The performance
of bifacial PV modules is tightly linked with albedo, which
is, among others, a function of shadowing distribution on an
area [49]. The neighborhoods with a higher chance of being
shaded—lower S(θ)—will have lower bifacial PV gain.

VII. OVERVIEW AND OUTLOOK

A. Overview

The importance of sunlight in our daily life in urban areas
is ever-increasing. On the one hand, sunlight supports health
and mental indicators. On the other hand, it provides input for
clean electricity production through PV and/or thermal power
conversion. While sunlight remains the key input, the geometry
of urban environments defines the relationship between sunlight
and the demand side. This important link between geometry and
sunlight needs to be understood well, which facilitates informed
decision making and planning in urban contexts. Realizing the
significance of this need, in this research, the Wagner–Smith
shadowing theory for rough surfaces was first extended, and
a set of equations [see (5) and (6)] that gives the illumination
chance of a surface within a rough geometry was obtained. The
specific cases of this formulation [see (7)–(10)] were discussed,
and it was shown that the formulation works for any distribution
of heights and slopes, as long as they remain independent.
A great advantage is that the presented formulation can be
expressed in the form of CDFs of heights and slopes, which
makes it extremely trivial to implement (whether CDFs are at
hand analytically or numerically) as well as understand.

Furthermore, a PMF, a discrete form of the PDF, of ex-
pected sunlight energy falling on a group of surfaces in a rough
geometry was obtained. This was done because of multiple
reasons. First, there were reports in the literature that PV-
integrated surfaces, whether fixed (building-integrated PV) or
moving (vehicle-integrated PV), show some sort of probability
distribution when their specific energy (kWh/kWp) is assessed
in large numbers. However, the underlying understanding that
could generalize such probability distributions was lacking. The
second reason was the privacy concerns that usually arise when
detailed information from PV systems owners is needed to assess
or monitor rooftop PV performance. While they are studied as
ensembles, not individuals, such concerns can be addressed. The
third reason was the enormous potential use cases for other fields
of science, as PDFs are widely in use in science and engineering
fields, thus opening opportunities for future applications.

While looking into the PMF for expected sunlight energy, the
necessity for an enclosed formula for the SVF in rough geometry
was recognized. This was needed primarily to enable fast diffuse
sunlight calculation, but when the equation was found (17),
another avenue of application was unlocked, where one can use
the SVF equation in urban heat island studies, geography, relief
visualizations, etc.

Our next step was the parametrical investigation of the PMF.
It was shown how its shape alters depending on the geometrical
roughness of the surface and presented its application with a
more sensible yet hypothetical example of rooftop PV fleets in

different regions of Delft. Interestingly, it was observed how
the electrical CF of a PV fleet is a function of urban geometry.
Finally, LiDAR data and measured PV system yields in Eind-
hoven were used to show the reliability of the obtained PMF, and
it was demonstrated how it can be used to predict the electricity
output of PV fleets with limited information and no privacy
violation. This is of great importance for grid congestion studies.

B. Outlook

Fast urbanization and the high population density of urban
dwellers have limited access to sunlight energy while boosting
the demand for clean electricity [50]. Moreover, implementing
PV technology on all possible surfaces around us [44] requires a
thorough understanding of sunlight interaction with geometrical
features of urban areas. In such situations, it is crucial not only
to assess the sunlight access but also to understand how it is
linked with the geometry of the city, quantitatively. No matter
if the surfaces of interest are PV cells or human skin, as long
as they are studied as an ensemble, the described mathematical
framework in this work can be utilized to obtain the PMF of
the sunlight energy on those surfaces. An important feature of
the presented framework is that it can be tailored to specific
target surfaces in urban areas, through (27), as long as they can
be characterized with p0, q0, and z0 ranges. For instance, all
the south-to-east vertical facades in a neighborhood, horizontal
pedestrian walk paths, etc. It is noted that although the focus
was mainly on urban areas and solar PV to demonstrate the
applications of the proposed methodology, it mathematically
holds for other geometrical sizes as long as it remains bigger
than the wavelength of interacting light so that the rectilinear
property of light can be used. This means possible applications
in other fields, such as material science and texture engineering.
Overall, the presented framework can contribute to answering
impactful questions such as “How much sunlight access do
pedestrians get in a certain area of a city,” “Which parts of
a city are more prone to heat accumulation,” “Where does the
electrical grid need enforcement to avoid congestions issues,”
“What is the angular dependency of a specific surface texturing,”
and so on. The low input demand and the framework simplicity
make it suitable for vast applications, ranging from urban health
concerns to electrical grid congestion problems. However, its
key contribution is that it helps understand better the relation
between energy and geometry in a rough surface context.
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