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PERIMETER LENGTH OF THE CONVEX HULL OF BROWNIAN
MOTION IN THE HYPERBOLIC PLANE

CHINMOY BHATTACHARIJEE,* University of Hamburg
RIK VERSENDAAL,** TU Delft
ANDREW WADE & *** Durham University

Abstract

We relate the expected hyperbolic length of the perimeter of the convex hull of the
trajectory of Brownian motion in the hyperbolic plane to an expectation of a certain
exponential functional of a one-dimensional real-valued Brownian motion, and hence
derive small- and large-time asymptotics for the expected hyperbolic perimeter. In con-
trast to the case of Euclidean Brownian motion with non-zero drift, the large-time
asymptotics are a factor of two greater than the lower bound implied by the fact that
the convex hull includes the hyperbolic line segment from the origin to the endpoint of
the hyperbolic Brownian motion. We also obtain an exact expression for the expected
perimeter length after an independent exponential random time.
Keywords: Hyperbolic Brownian motion; convex hull; perimeter length; Cauchy
formula; hyperbolic stochastic geometry; exponential functional of Brownian motion
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1. Introduction

1.1. Hyperbolic Brownian motion

The hyperbolic plane H? is the unique complete, simply connected two-dimensional
Riemannian manifold with constant curvature — 1. A point o € H? is distinguished as the origin,
and the hyperbolic distance dy equips H? with a norm and a metric. For distinct points x, y # o,
there are unique hyperbolic geodesics between o, x and between o, y, and these geodesics sub-
tend an angle at o which is zero only if x lies on the geodesic from o to y, or vice versa.
Every point x € H? \ {0} can be represented in geodesic polar coordinates x = (r, #), where
r=dy(o, x) € (0, 00), and 0 € [0, 27) is an angle relative to a fixed reference direction.

Hyperbolic Brownian motion is a stochastic process B := (B;)cr, On HZ2, started from
By := 0, whose dynamics can be described in geodesic polar coordinates B; = (R;, 6;) €
Ry x [0, 2m), t> 0. The R -valued radial process R:= (R;);cr, starts from Rg:= 0 and
satisfies the autonomous stochastic differential equation (SDE), in which WX is a standard
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2 C. BHATTACHARIEE ET AL.

R-valued Brownian motion,

dR, +dWR  forallreRy. (1)

dr
" 2tanhR,
Since By = o, the angle 6y is not canonically defined, but for ¢ > s > 0 the increment 8; — 0; is
described via an R-valued post-s winding process @) := (@55))13 which starts from © := 0
and satisfies the SDE
d (s)

t

oy = —1_

for all ¢ > s, ()
sinh R;

where W is a standard Brownian motion, independent of WX. Then 6, = (6, + @5”) modulo
2. Combined with the entrance law 65 ~ Unif [0, 2m), for every s > 0, inevitable thanks to the
rapid spinning out from the origin [21, Section 7.16], the SDEs (1) and (2) provide a unique-
in-law description. In particular, the law of B is rotationally invariant. This also gives a skew
product decomposition of Brownian motion on H?, similarly to Euclidean Brownian motion in
R4, d > 2. Note that from (1) it can be shown that R; > 0 for all # > 0, almost surely (a.s.; see
Lemma 4) so that in (2), sinh R; > 0 for ¢ > 0. (Started instead from By # o, there is no issue
with 6y or rapid spinning, and (2) can be used to define the post-0 winding process @) for
all time.) For background on Brownian motion on H2, including the above facts, we refer to
[34, Section V.36] and [15, Section 2], for example.

The following result, part of which is well known (see Remark 1), shows that hyperbolic
Brownian motion B exhibits ballistic transience and a random limiting direction. It quantifies
the intuition, apparent from (1), that since lim,_, o, tanhx = 1, a comparison for the process R
at large scales is a Brownian motion with a constant drift %

Proposition 1. Almost surely,

R w1 o R ER 1
Supser, |Ry P T3 <00 an t—%lot_z—l}?o Y

3)

Moreover, there exists a random variable 0o, With O ~ Unif[0, 277), and, for every s > 0, a
random variable @EQ e R, such that

tlim 0; =0 a.s. and, foreverys >0, tlim @ﬁs) = @gg a.s. )
— 00 —00

Moreover, for every s > 0,

1
limsup ! 1og|®%) — @ | =limsup 1! log |60 — 6] = —=  a.s. 5)
11— 00 t—> o0 2

Remark 1. The strong law (limt_mo IR, = %) and the limiting direction (lim,—  6; exists
and is uniform) results are both well known, and some or all elements can be found, for exam-
ple, in each of [33, Section V], [15, Theorem 2.3], [34, Section V.36], and [35]. However,
we were unable to find in the literature either the quantification of the angular convergence
in (5), which says, roughly speaking, that 6 converges at a rate subsequentially no better than
e~ /IH+o(D)/2 " or the convergence of ER; in (3). Since these parts of the result are particu-
larly relevant for us (cf. (6)). and to make the current paper more self-contained, we prove
Proposition 1 in Section 5.

1.2. The convex hull and its perimeter length

The trajectory B[O, t] := {Bs: s € [0, ]} of hyperbolic Brownian motion up to time ¢t € R
is a random compact subset of H? containing the origin o; the subject of our work is the closed
convex hull H, := conv B[O, 1] for t € R4, the smallest closed convex subset of H2 containing
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FIGURE 1. Simulated hyperbolic Brownian motion trajectory and its convex hull. The SDEs (1) and (2)
were each approximately solved, in turn, over time interval [0,10] with an Euler scheme with 100 steps.
The top left pane shows the R process and the top right pane shows the ) process over time [s,10] for
s=1073. The discrete approximation moving swiftly to a large negative value reflects the rapid spinning
out from the origin. The bottom left pane shows the resulting Brownian trajectory B; (shown in red) over
time 7 € [0, 10] in a section of the Beltrami—Klein disk Dk; in this model geodesics are straight lines, so
the convex hull H ¢ (boundary in blue) can be computed more easily. The bottom right pane shows that
same trajectory (red) and convex hull (blue) represented in the Poincaré disk Dp. See Section 2.1 for a
summary of the different models of H? and how to map between them. Note that already by time 10 the
process appears very close to the boundary, so running longer simulations would yield little more visual
information.

B[O, 1]. Recall that a set A C H? is convex if and only if, for every pair of distinct points x, y € A,
the (unique) hyperbolic geodesic between x and y is contained in A. Then conv S, for S € H?,
is the intersection of all closed convex sets A C H? with S C A. Since H? is locally convex and
complete, and B0, ] is compact, H; is also compact. See Figure 1 for a simulation.

A compact, convex set K C H? can be arbitrarily well approximated by convex (hyperbolic)
polygons (i.e., convex hulls of finitely many points), and its boundary 0K has a well-defined
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perimeter length perim K. Consider the perimeter length of the hyperbolic Brownian convex
hull: L; := perim H; for t € Ry; note that Lo = 0. In this paper we are interested in [E L;, and,
particularly, in the asymptotics of IE L, as t — oo. For sets A| € A3, the monotonicity property
perim conv A1 < perim conv A holds (this can be checked using, e.g., the Cauchy formula
of [2] given at (17) in Section 2.2). The convex hull H; certainly contains the geodesic line
conv{o, B;} between the origin and the location of the process at time ¢, and hence its perimeter
is at least twice the hyperbolic distance from the origin (this also follows from the Cauchy
formula, as we explain in Example 1). In other words, L, > 2R, for all r € R;. An immediate
consequence of Proposition 1 is thus that the perimeter length satisfies the ‘line segment’ lower
bounds

. . Lt . . ELt
liminf —>1 as., liminf — > 1. (6)
t—>o0 f t—00 t

Our main result gives an expression for E L; in terms of an exponential functional of
Brownian motion on the line, as well as large-time and small-time asymptotics for [E L,. Define

t
&= / expQWy —s)ds forte Ry, 7
0
where W = (W),cr, is a standard Brownian motion on R.

Theorem 1. E L, = /87 E /&, for every t € R. Moreover,

li EL 1 li EL 1 (8)
im =1, im =1.
=0 /87t t—>oo 2t

Theorem 1 is a direct consequence of Theorem 2 combined with Proposition 2 below.

Remark 2. The large-time asymptotics in (8) of Theorem 1 show that the ‘line segment’ lower
bound from (6) is not sharp, by a factor of 2, at least in the expectation sense. On the other hand,
the line segment bound is of the correct order, which indicates the delicate balance between the
exponential convergence of 6; given in (5) and the exponential growth of hyperbolic arc-length
with increasing radius. The small-time asymptotics in (8) coincide with those in the Euclidean
setting [24] in accord with the intuition that Brownian motion experiences hyperbolic space as
locally flat: see (10) and the subsequent comments.

There has been a lot of work in the last couple of decades on exponential functionals such
as &, motivated in part by actuarial or financial applications [11, 12]; see [28] for a survey, e.g.
[3, 41] for their links to hyperbolic Brownian motion, and e.g. [17, 41, 42] for further proper-
ties. The asymptotics available for moments of & [17] are the source of (8). On the other hand,
the expectation identity we establish in Theorem 1 combined with results of [41] yield, for E L,
at each fixed t € R, an exact, but complicated, multiple-integral expression (43), and it is not
straightforward to even obtain a numerical estimate for E L; (see Appendix A). However, a
remarkable identity due to Yor [42] leads to an exact expression at a random exponential time;
let Exp(1) denote the exponential distribution with parameter A > 0 (hence mean 1/1).

Corollary 1. For 1 > 0, let T ~ Exp()\) be independent of B. Then

_ _(x=1\ (T =D/
IEILTA =GH8A+1), where G(x):= ﬂ<x~|— 1)(F((x+ 1)/4)) , )

where T denotes the (Euler) gamma function. In particular, we have lim_, o ~/AE Ly, =
/2, limy o AE Ly, =2, and, when A =1, ELy, = G(3) =n?/2~4.93 ...
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In the case of Euclidean Brownian motion on R?, its perimeter length LE enjoys an exact
formula due to Letac and Takacs [24],

ELE=+8nr forallreR,, (10)

from which it readily follows that if 7) ~ Exp(A) is independent of the Brownian motion, then
JEL]}:A =87 E /T, =m+/2/A for A > 0; in particular, when A =1, IELE1 =g2~444 ...

The appearance of +/87 in both Theorem 1 and in (10) is not merely a coincidence, but a
reflection of the local-Euclidean heuristic at small times. This is in line with the fact that the
heat kernel p;(x, y) of H2 has the small-time behaviour (which holds in general, see, e.g.,
[19, Chapter 5]), recalling that dy denotes the hyperbolic distance, lim,—.o —2¢log p;(x, y) =
dr(x, y)?, which resembles its Euclidean counterpart, especially when x and y are close; also
taking =~ 0 in the SDE description yields the same intuition, since, as r — 0, tanh r ~ r and
sinh 7~ r, so (1) and (2) approximate the polar description of Brownian motion on R? for
t~ 0. See Section 1.3 for further comparison between the hyperbolic and Euclidean settings.

Theorem 1 is proved in Sections 3 and 4. To prepare for the proofs, in Section 2 we recall
some appropriate hyperbolic geometry, introduce notation associated with models of H? that
we will refer to later, and present a Cauchy formula from [2] that is a key tool. Then Section
3 turns to hyperbolic Brownian motion on the Poincaré half-plane model, including its SDE
description (Section 3.1), its asymptotics (Section 3.2), and the relation to exponential func-
tionals (Section 3.3). As mentioned above, the proof of Proposition 1 is given in Section 5; this
section is essentially self-contained, using only the SDE (1), and can be read independently
of Sections 2—4. Finally, Appendix A provides an exact formula for [E L, as mentioned below
Theorem 1, and gives the proof of Corollary 1.

To conclude this introduction, in Section 1.3 we discuss some consequences of our
main results and some open questions that they raise, and draw some contrasts between the
behaviour of the hyperbolic Brownian convex hull and the case of Brownian motion in R,
d € N (hereafter referred to as the ‘Euclidean case’). Convex hulls of Euclidean random walks,
Brownian motions, and Lévy processes (etc.) have been an active topic of study going back
to Lévy [25]; see [27] for a survey, and also [1, 4, 9, 10, 13, 30, 36-40] for a selection of
classical and more recent work. It is natural to investigate related phenomena for hyperbolic
Brownian motion in view of recent interest in ‘hyperbolic stochastic geometry’, e.g. [5, 6, 14,
18, 31, 32]. Other aspects of the large-scale geometry of hyperbolic Brownian motion have
been studied in [15, 16].

1.3. Discussion and open questions

One important contrast between the behaviour of hyperbolic and Euclidean Brownian
motions is the limiting-direction result (4). Clearly, H; € ‘H, for 0 < s <t; one consequence
of (4) is that the monotone limit set Hoo := User, H; does not occupy the whole space, i.e.
P(Hoo = H?) = 0. This is in contrast to the (standard, driftless) Euclidean case, where the cor-
responding limit set is the whole of R?; note that this is a reflection of how the process explores
the sphere of directions, rather than of compact-set recurrence/transience.

Euclidean Brownian motion with non-zero drift also has the limiting direction property, and
for the same reason its limit convex hull is not the full space. Indeed, the Euclidean analogue
of the strong-law behaviour in (3) means that the convex hull of Euclidean Brownian motion
with drift resembles a line segment for large ¢, in a sense that is strong enough to deduce, for
example, strong laws for the perimeter length; see [26, 29, 36] for laws of large numbers for the
perimeter of the convex hull of Euclidean random walks with drift, and [29, 39] for fluctuations.
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Despite the fact that (by Proposition 1) hyperbolic Brownian motion also satisfies a strong
law and has a limiting direction, one contribution of our main result is to show that this line-
segment comparison breaks down in the hyperbolic case. Our Theorem 1 shows that for ¢ large
we have E L; ~ 4E R,. This is twice as much as would be obtained if the convex hull of hyper-
bolic Brownian motion were indeed getting close to a hyperbolic line segment, corresponding
to the fact that the constant in Theorem 1 is twice the lower bound provided by (6). Natural
questions remain; the next would settle whether or not a law of large numbers holds for L;.

Problem 1. Is there a distributional limit for L;/¢? If so, is it constant?
Partial progress on this question might be to first consider the following.
Problem 2. Obtain asymptotics, or good bounds in either direction, for Var ;.

To address these questions, finer study of the fluctuations of the angle process 6;, as partially
quantified by (5), seems necessary (cf. Remark 2).

To give some further insight into the comparison with the Euclidean setting, we consider
the scaled trajectory u — (t~ Ry, 6,) for u € [0, 17. By the triangle inequality we have

di((t™ " Rur, Bu), (1, 0o0)) < |t Ryyy — u| + sinh()|6r — Ooo -

From Proposition 1 it follows that lim;_, suposugﬂt_lRu, — u| =0 a.s. Furthermore, for
t>0,

supo<u<1 sinh(u)|6,; — Oso|
= max {supg,<;-1/2 $inh()|6,r — Ooc |, SUP;-1/2 <1 SINh()|Or — Ooo! }

< max {27 sinh(¢r~"/?), sinh(1)sup, 12— <1 |0ur — Oosl}-

Proposition 1 shows that 6; — 6, a.s., implying that the second term inside the maximum goes
to 0. Since the first term also goes to 0 as t — 0o, we can collect everything to find that

Jim supo<u<idia (7' Rur. Our). (u, ) =0.

This implies that as sets, (" "Rut, Our): 0<u <1} — {(u, 6s0): 0 <u <1} in the Hausdorff
distance. Following reasoning based on continuous mapping (cf. [26]), this implies that

llim perim conv{(FlRm, 0u):0<u<l1}=2 a.s.
— 00

In the Euclidean setting, from here we can derive the behaviour of the perimeter of the convex

hull of {(R,, 64): 0 <u <1}, since it is simply ¢ times larger. However, since distance in

hyperbolic space grows differently, in the hyperbolic setting no such implication is valid.
Finally, we raise the following question.

Problem 3. Consider Brownian motion in higher-dimensional hyperbolic space H?, d > 3.
Exact formulae for expected volumes and surface areas, in the vein of the Euclidean case
[13], seem out of reach, but asymptotics in the vein of our Theorem 1 would be of interest.
For d > 2, an appropriate analogue of Proposition 1 holds (the limiting speed is, in general,
(d —1)/2 instead of % [15, p. 41]) but the planar Cauchy formula from Section 2.2 may be
replaced by a more involved Crofton-type formula (see, e.g., [18, p. 907]).
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2. Background on hyperbolic geometry

2.1. Models of the hyperbolic plane

There are several commonly used models for the hyperbolic plane H?, which represent the
metric space H? via some (subset of) Euclidean space endowed with a specific metric. Such a
model is needed for performing actual computations, and the different models have different
features that make certain computations more convenient in one model or the other, so it is
sometimes helpful to switch among several models. The following paragraphs give a compact
overview of what we will use in this paper; we refer to [7] for a more detailed account of the
geometry, and acknowledge [34, Section V.36] and [23] as containing lucid presentations with
similar intent to the present section.

2.1.1. The Poincaré half plane model. The Poincaré half-plane Hp takes as its base space the
Euclidean upper half-plane R x (0, co). We write (x, y) € Hp for the (Cartesian) half-plane
coordinates. Here, (0, 1) represents the origin of H?. The geodesic polar coordinates (R, §) €
R4 x [0, 27) for a point in H2 are then related to the Cartesian coordinates (x, y) € Hp via the

transform ]
sinh R cos 6 1

¥ = CoshR—sinhRsin6’ Y= CoshR—sinhRsin 6’
In particular, the hyperbolic radius R of (x, y) € Hp satisfies

(1)

2 2 2 2
1 —1
coshge Xty 2 +0-D7

2y 2y
2.1.2. The Poincaré disk model. The Poincaré disk Dp takes as its base space the open unit

disk D := {(u, v) € R2: u® +1?* < 1}, with a certain metric. A point (x, y) € Hp corresponds to
the point («, v) € Dp via the canonical transform (mapping (0, 1) to (0, 0) and (0, 0) to (0, —1))

2x P +yr—1
U= —————, V= ——
X2+ (y+1)? 4+ 12
Equivalently, a point («, v) € Dp corresponds to (x, y) € Hp via
2u 1 —@W? +v?) 2(1—v)
P . = - (12)
u? 4+ (1 —v)? w+01-=v?2 w2+ —-v)?

It is also useful to represent (u, v) € Dp via polar disk coordinates (r, 0) € [0, 1) x [0, 2r),
given by P =u?*+v?, u=rcos@,and v=rsinb. Comparison of (11) and (12) shows that

2rcos 6
2

: =sinhRcos 0 =
y 1—r

noting that the disk polar angle coincides with the geodesic polar angle, and hence the geodesic
radius and the disk radius are related by

fory > 0,

. 2r 1+ 72
silhR=-——, coshR=——,
1—r2 1—r2
or, equivalently,
1+r et —1
R=log =2arctanhr, r= = tanh(R/2). (13)
1—r eR+1
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2.1.3. The Beltrami—Klein disk. Like the Poincaré disk model, Dp, the Beltrami—Klein disk
Dk model takes the open unit disk D as its base space, but uses a different Riemannian metric.
Both Dp and Dk are obtained by pushing forward the metric on the hemisphere model for the
hyperbolic plane through two different projections: orthogonal projection gives the Beltrami—
Klein model, while stereographic projection gives the Poincaré disk model. The benefit of
the Beltrami—Klein model is that geodesics are straight lines, making them easy to compute.
However, the Riemannian metric (and hence the Laplacian) have much simpler formulas in the
Poincaré disk model.

To go between the two models, we simply have to rescale the points in an appropriate way.
In particular, the functions f, g: D — D given by

Z Z
Y £ E R — (14)
1+ |22 1+/1— |z

f@)=
are mutually inverse, and f: Dp — Dx (and equivalently g: Dx — Dp) is an isometry (see
[7], where these functions can be obtained as compositions of isometries via the hemisphere
model). In particular, if B= (BNz)zelR + is a hyperbolic Brownian motion represented in the
Poincaré disk model, then B = (B;),cr, given by

2B,

B =f(B)= —" _
+ =f(By) ERTE

is a Brownian motion in the Beltrami—Klein model.

2.2. Hyperbolic Cauchy formula

In Euclidean integral geometry, the Cauchy formula expresses the perimeter of a convex
body via an integral over widths of all of its one-dimensional projections. In the hyperbolic
space H?, an analogous Cauchy formula for the Beltrami—Klein disk model Dk was given
by [2]. Again, the utility of the formula is that it reduces a two-dimensional problem to a
family of one-dimensional problems.

To describe the formula, consider a hyperbolic convex body K C Dk. Fix an angle
¢ €10, 2m) at the origin (0, 0) (with respect to the horizontal axis) in Dk. Take point
R(¢) := (cos ¢, sin ¢) on the boundary of Dk, and its anticlockwise orthogonal companion
RJ-(<p) := (—sin @, cos ¢). Let £(x, ¢) denote the line through R(¢) and x € K, and let ZJ-(go)
denote the line through (0, 0) and R*(¢), parametrized by signed Euclidean arc length as
(@) := {¢X(p, 1): 1 €R}. For given x € K and ¢ € [0, 2], let A(p, x) denote the value of
A € R such that £1(p, 1) € £(x, @), i.e. the parameter corresponding to the intersection point
of lines £(x, ¢) and EL(w). Then the Cauchy formula (see [2, (1.6)]) says that the hyperbolic
length of the perimeter of the hyperbolic convex body K C Dk is given by

2
perim K = /0 sSupxex A, x) do. (15)

See also [2, Figure 2, p. 1829] for an illustration. A calculation shows that

X7 COS ¢ — X1 Sin ¢

Mo, x) = 16)

1 —x{cosg —xysing’

where x = (x1, xp) € D are the Cartesian coordinates of the point x € Dxg.
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Note that if K = conv(K) for some K C D, it suffices to take the supremum in (15) over K
instead. When K is a straight line, this is immediate from the construction. The general case
then follows, because any two points in conv(K) lie on a straight line connecting points in K.

We will sometimes wish to apply the Cauchy formula in Dp rather than Dk. For a convex
body K’ C Dp, by transforming via (14) we obtain a convex body f(K") C Dk since isometries
map geodesics to geodesics. Consequently, we can obtain from (15) that

erimK/—/zn SUPycgr A Z gy (17)
p - 0 prK (pv 1+|X|2 (p

We will use a modified version of (17), where we take the supremum over a set K such that
K’ = conv(K). This follows from the same claim above for (15), because f(K") = conv(f (K)),
which holds because f maps geodesics to geodesics.

The following example demonstrates the application of the Cauchy formula (15) for a hyper-
bolic line segment; recall from (6) that twice the length of the geodesic line segment between
Bo =0 and B, provides a lower bound for the perimeter length L;, and so this example also
serves as a comparison for what comes later.

Example 1. (Line segment.) Consider the line segment between the origin and the point
xpn.o € H? \ {0} represented in Dk by the Euclidean polar angle # and radius & € (0, 1), i.e.
Ko := conv{o, x5,9}. The hyperbolic distance dy(o, x ) corresponds in Dx to the distance
from the origin to a point at radius £ via the formula

du(o, xpe) = —11 —1 tanh A;
= = arctan|
H 1,0 ) gl h

notice the factor of % in the last display compared to the corresponding formula (13) in Dp. We
apply the Cauchy formula (15) to compute perim(Kp, ). Note that

u sin @ cos ¢ — u cos 6 sin ¢

SUPxeKj, o M(¢ X) = SUPue(0.h] 1 —ucosfcos¢e —usinf sin g

u sin(6 — @)
= PO T s — g
Some calculus shows that
hsin(0 — ¢) .
SuprKhﬁ )\(QO, )C) = ml{sm(@ — §0) > 0}

For simplicity, we take 6 = 7, so that sin(6 — ¢) > 0 over ¢ € (0, ). Then, from (15) we get

. T hsin(p) 1+h
Knz)= —————d¢ =log ——— =2du(o, .
perim(Kj, ) /0 T~ heos(p) ¥ =18 7, H(0, Xn,7)

That is, the perimeter length of the line segment is twice the distance between its endpoints.

Remark 3. It follows from Example 1 that perim conv{o, B;} =2R,. We will use this fact in
Remark 4 to show how we can use the computations of Sections 3 and 4 to give a geometric
approach to the asymptotics of E R; from Proposition 1 derived by analytic means in Section 5.
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3. Hyperbolic Brownian motion on the Poincaré half-plane

3.1. Overview

The hyperbolic Brownian motion B is given in Hp in coordinates as (X, Y) for the horizon-
tal process X = (X;);er, and vertical process ¥ = (Y;)rer, , and By = o corresponds to starting
from (Xo, Yo) = (0, 1). For our purposes, the most important consequence of the Cauchy
formula of Section 2.2 is the following result.

Theorem 2. For every teRy we have EL, =2nE[X]], where X[ := supo<s<;X; and
X =(X1)ier, is the horizontal process of hyperbolic Brownian motion in the Poincaré
half-plane Hp specified by (18).

The proof of Theorem 2 is the subject of Section 4. In the present section we describe X,
the main object in the theorem, and establish, in Proposition 2, results on E[X}] that when
combined with Theorem 2 yield both the expectation identity and asymptotics in Theorem 1.
We start with the description of X}

A hyperbolic Brownian motion on the Poincaré half-plane Hp can be defined by the
following pairs of coupled SDEs (see [41, Section 7], [20, (2.3)], or [23, (4.3)]):

dX, =Y, dwX, dy,=Y,dw}, (18)

where W = (WX, WY) is a two-dimensional standard Brownian motion. In this model, a man-
ifestation of the ‘limiting direction’ result from Proposition 1 is that lim;—. ¥y =0 and
lim;— 5o X; = X0 a.s. for some random X, € R (we explain this in Section 3.2; see (23)). Thus
the maximal random variable X} = supo<s</X, defined in Theorem 2 satisfies lim;_, oc X < 00
a.s. Nevertheless, it turns out that [E[X] grows linearly in ¢, as contained in the following result.

Proposition 2. Suppose that (X, Y) is the Poincaré half-plane representation of a hyperbolic
Brownian motion, i.e. satisfying SDEs (18) and started from (Xg, Yo) = (0, 1). Then

E[X'] = /2/7E[VE] forall teR,, (19)
where & is defined at (7). Moreover, we have the asymptotics
lin(l) VPEX = /2/7, Jlim EX 1 =1/7. (20)
f—> —00

Proposition 2 is proved in Section 3.2 using some facts about exponential functionals of
Brownian motion that we defer to Section 3.3.

3.2. Asymptotics for the half-plane process
The Y SDE in (18) is autonomous, and the integral representation of the process with initial
values X, Yy is given by [20, (2.4)]:
t
X, =Xo+ f YodWY,  Yi=Yoexp (WS —1/2).
0

Consider the martingale X := (X;);cr, . By 1t6’s formula, d(X[Z) =2X;Y; dW,X + Y,2 dt, which
verifies the quadratic variation process [X] := ([X]);er, associated with X as

t t
[X], = / Y2ds=Yj&, where & = / exp QWY —s)ds 2 &, (21)
0 0
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with & defined at (7). Here, WY satisfies the law of the iterated logarithm [22, p. 112], meaning
that, for example, for every c € (0, 1), a.s., for all ¢ sufficiently large,

0<exp(2W) —1) <e . (22)

Hence the increasing process [X]; has the limit
2 2 * Y
[X]oo := zl—lglo (X1 = Y5600 =Y /0 exp (2W, —s) ds,

which is a.s. finite, by (22).

The Dambis—Dubins—Schwarz theorem [22, pp. 174-5] says that every real-valued con-
tinuous martingale, vanishing at 0, is a time-change of a Brownian motion. Hence there
exists a standard Brownian motion W on R (at least over time interval [0, [X]x]) for which
X, =Xo+ VNV[X]t for all t € R. In general, the W and the [X] processes are not independent, but
in our case they are, since the WX and WY are independent; see [41, p. 530]. We summarize
this in the following lemma.

Lemma 1. Suppose that Xo =0 and Yo = 1. We have the representation X; = VV[ X], = VNVSI, te
R, where & is the exponential integral defined at (21) and W is Brownian motion independent

of €.
Because £x = [X]oo < 00 (When Yy = 1) a.s., we get the convergence

Xoo := lim X, = Wix, as., lim ¥,=0as., (23)
1— 00 t— 00
which is the ‘limiting direction’ from (4) expressed in this model; see, e.g., [12, Section 4.4]
or [3, p. 30].

Proof of Proposition 2. Since t — [X]; is continuous and increasing,
X7 = supo<s<r Xs = supo=s=(x], Ws,

and so using the independence in Lemma 1 and the fact that E supogss,ﬁ/s = /2t/m (which
can be obtained by an application of the reflection principle [22, p. 96]) we get (19), recalling
that & has the same law as & defined at (7). Asymptotics for the expectation on the right-
hand side of (19) are delicate, but have been obtained in [17]. In particular, in Lemma 2(ii) in
Section 3.3 we quote the result that E[/€;] = m)~ 2t 4 o(1) as t — 0o. Combined with (19),
this then yields the claimed ¢ — oo asymptotics for E[X}] in (20).

The t — 0 asymptotics are more elementary. Indeed, writing W, := supg<s<|Wj]|, for every
& > 0 we deduce from (7) the almost-sure bounds

— — t _ t o
(1 —e)re Wi < ¢72Wi / e Sds< & <M / eSds<te®™' forallte€[0, 1]
0 0

for some small enough 7, > 0 (a deterministic constant). Using the Gaussian tail bound for

W,, it is not hard to show that lim,_.¢ E eWr = lim;.o Ee~" =1, and so, since ¢ > 0 was
arbitrary, we get lim,_, o r~'/°E /& = 1. Combined with (19), this gives the  — 0 asymptotics
in (20). O

In the preceding proof we appealed to expectation asymptotics from [17] for the process &
defined through (21). Although not directly relevant for our main story, in the next section we
take a more detailed look at & and some of its properties.
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3.3. Exponential functionals of Brownian motion

The process & defined at (21) has the same law as the process £ defined at (7) in Section 1.2,
and in this subsection we work with the latter. Indeed, the random variable & is the object that

[17,41] call Aﬁfl/ 2) (see Appendix A for the more general notation). Collecting parts (v), (iv),
and (iii), respectively, of [17, Theorem 2.2] (in their notation, take a =0, § =1, —-m=p > 0,
and u = —%), we have the following lemma.

Lemma 2. ([17].)
(i) Forpe (0, %), lim,— o0 E[]] = 7771/2217”‘(% -p)-
(i) im0 7 E[VE] = 2m)" /2.

'(p—1
(iii) Forp > %, limy— oo e*PQP*l)lE[gf] —0P (p 21) ‘
r(2p-3)
Coming back to the process X, Lemma 2(i) and (ii) imply, by monotone convergence

and the fact that & = [X]oo (When Yo = 1), that E([X].L%) = oo, but E([X]%,) < oo for every

qe [O, %) In fact, from an identity in law due to Dufresne [12, Proposition 4.4.4] (see also

[3, Section I1.2]),
1

d
[(X]oo = 27

d
= S1/2,
Z12 /

—1/2¢=2 on R, and thus

where Z; 5 is Gamma(%) distributed, i.e. has density proportional to z
S1,2 has the positive %-stable (Lévy) distribution, having density proportional to s~3/2e~1/(29)
on R;. Consequently, in the ‘limiting direction’ result (23), the variable X = Wix].,

(‘randomized Gaussian’) turns out to have the Cauchy distribution. Indeed, a calculation gives

1
r'(1/2)

where @ is the standard normal distribution function. It follows that X, has density

o0
P(Xoo <X) = / e 37 12 (xy/27) dz,
0

00 L2 1
/ et q, = forxeR. 24
0 (1 +x2)

The fact that X, is Cauchy was already observed in [8, p. 1338], where the density (24) is
called ‘Lorentzian’. We summarize this in the following lemma.

Lemma 3. The random variable [X)oo has a positive %-smble distribution, while X~ has the
Cauchy distribution on R. In particular, E[|Xs|P] < 00 if and only if p < 1.

4. The expected perimeter and its asymptotics

We are now in a position to give the proof of Theorem 2, and hence our main result,
Theorem 1. We consider the hyperbolic Brownian motion (X;, Y;) for € R4 on the Poincaré
upper half-plane Hp from Section 3 started at (X, Yp) = (0, 1). By the transformation (12),
a Brownian motion on the Poincaré disk Dp started at the origin with Cartesian coordinates
Z; = (U, V) € D for t € R is given by

2X, X2 +v2 -1

U=——"t S St Sy (25)
X+ 12 X+ 12
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Proof of Theorem 2. Note the formula, immediate from (25),

2(Y, 4 1)

1-V,=—+1""7
X+ 12
from which it follows that
4
U4+ V22V, +1=(1-V) + U’ =— — . 26
t t t ( l) t X12+(Yt+1)2 ( )

Using the fact that X; — X a.s. and Y; — 0 a.s., as in (23), we get from (25) that

U= lim U= —X%_ _cosd Voo := li v—XgO_l—'e 27
o0 1= lim t—X%OJrl—cos 05 ooi= lim V,= §o+1_sm oo (27)

By the Cauchy formula (17) in Dp, and the rotational invariance of Z;, we have that for r € R,

E L, = E perim conv Z[0 t]_/2 E| sup Ao s dg
— erim co s — su ! , ———
1 o 0<s<t 1 |ZS|2

—27IE ul) )\. 7[/2 s B (28)
S ) , ——————= .
O=s=t 1 + |Z§~|

Applying (16), the convenient choice of ¢ = 7 /2 and the transform (25) yield

2Z —2U. 2V, -
)‘(”/2’ = 2>_ 2 - 2(1_ 2S 2>
1+|ZY| 1+Us+vs 1+Us+vs
—2U;
- s ——x,Lx,.
1+ U2+ V2 -2V,

using (26) and the distributional symmetry of X;. In particular, this means that

a2 2Zs )\ 4y
su /2, ———~ | =X].
Po<s<t 1+ |Z,]2 t

Combined with (28), this yields E L, = 2 E[X}], as claimed. [l

Remark 4. This approach can also be used to compute E perim conv{o, B;}, the convex hull of
the random line segment, via the Cauchy formula in Dp. It gives

27,
E perim conv{o, B;} =2nE|(A| 7/2, ———= | v O
P (0. B [ ( / 1+|Z,|2> }

since A(¢, 0) = 0. Following the proof above, we find that

27,
A(n/Z, —’2) vodx;t,
1+ 17|

where xT := x1{x > 0}, so that
E|Ar( /2 2Z ) o E[X]
T2, ———— = .
1+12,? !
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For standard Brownian motion W on R, we know that E[Wﬂ' ] = lIEI| Wt| =/t/2m)[22,p. 96].

Since X; 4 VNV& by Lemma 1, we thus have, by independence and Lemma 2(ii), that E[X;"] =

Q)" V2R & = 2r)" 't + o(r), giving E perim conv{o, B;} =t + o(f), which is one half of
E L;. As explained in Remark 3, from the fact that perim conv{o, B;} = 2R; it follows that
E R, =1t/2 4+ o(t), giving an alternative proof of the asymptotics for E R, in Proposition 1. In
our proof of Proposition 1 given in Section 5, we present a more direct proof using only the
SDE (1).

5. Radial asymptotics and directional convergence

In this section we give a proof of Proposition 1 (see Remark 1 for comments on which parts
of the result are well known). An intermediate step is the following result, which establishes
that the radial process never returns to 0. In other words, the origin o (and indeed every point)
is transient for hyperbolic Brownian motion in H?. There are several ways to establish this fact,
but here we use an elementary martingale argument modelled on that for the two-dimensional
Bessel process (see Remark 5 for the Bessel comparison).

Lemma 4. Let (R;);cr, be an R -valued, strong Markov process with Ry € Ry for which the
SDE (1) is satisfied. Then P(R; > 0 for all t > 0) = 1.

Remark 5. Write cothx:= 1/tanhx. It holds for all x > 0 that coshx > 1, and then some
calculus shows that sinh x > x for all x > 0 also. Then the function f(x) := x coth x has
700 sinh(2x) — 2x 0
XN)=—— >
2 sinh? x

forall x> 0,and f(O+) =1, so
1
cothx > — forall x> 0. 29)
X

So Lemma 4 can also be established by a comparison with the two-dimensional Bessel process.

While for Lemma 4 the asymptotics of coth x near 0 are crucial, for the large-¢ behaviour
in Proposition 1 also important are the asymptotics of coth x for large x. In that direction,
we record some preliminary observations. First, note that, since, for all x e R, cothx — 1 =
2(e2x _ 1)—1 ,

1
1l <cothx<1+4+ - forallx>0. 30)
X
Then, from (1) we may write
t

R1:R0+2

t
+ W,R + oy, Wwhere oy := / (ezR“ - 1)71 ds forallzeR,. 31
0
In particular, since Ry, oy > 0 for all £ € R, we get from (31) that
t
Riz 5+ WR forallreR,. (32)

From (32), we already have the lower bounds on R; and E R, required for (3); the upper bounds
need more work, as set out in the proof of Proposition 1. First, we prove Lemma 4.

Proof of Lemma 4. Let (F;)er, be the filtration to which R is adapted. For an arbi-
trary stopping time 7T € [0, oo] with respect to the filtration (F;);cr,, and x € Ry, define
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Aty = inf{t e Ry : Ryy; = x}, the first hitting time of x after time 7 if T < oo. For definite-
ness, we interpret Roo := limsup,_, ., R; when T =oo. Fix 0 <a <x9 < b < 00, and define
the event E := {T < 00, Rt =xo} € Fr, and suppose that T is such that P(E) = 1. (Later in
the proof we take T to be deterministic, or the hitting time by R of a positive level, both of
which fulfil the hypotheses imposed on 7.) Set A := Ar 4 A A7, and let g(x) := log x. Then
1td’s formula applied to (1), using the bound in (29) with g’(x) = 1/x > 0 for all x € (0, 00),
gives, on the event E,

AL | l AL ) AL ) R
sR)—s®n= [ RaR =3[Rz [ R awd <
T T T

where M := (M;);cr, (Which depends on T and 1) has quadratic variation [M] = ([M]);eRr,
that satisfies E([M],) < t/a* < oo, so the continuous local martingale M is a genuine martin-
gale [22, p. 38]. Since A < 00 a.s., we have lim; , o g(R/n2) = g(R), and supser, [g(Rian)| <
SUPxefa,b]| log x| < 00. Hence, by the bounded convergence theorem, it follows that E g(R;) =
lim;—, o0 E g(R:25) > E g(R7), and, since g(Rr) = g(xo),

log xo =E g(Rr) <E g(Ry) =P(Ar,a <Arp)loga+P(rrq > Arp) logb.
Rearranging, we obtain the gambler’s ruin estimate

log(b/x0)

P(r A < —\
(AT,a < ATp) < log(b/a)

In particular, since P(Aro <Arp) <P(Ar,<Arp) for every a>0 we take a0 to
obtain P(Ar0 < A7) =0 for every 0 <xp < b, and hence P(Ar,0 < 00) =1limp_, o0 P(A7,0 <
Ar.p) =0 for every xo > 0. Thus we have proved that, for every xo > 0 and every stopping time
T such that P(T < oo, Ry =xp) =1,

PR, >0forallt>T)=1. (33)

In particular, if Rg = xp > 0, the case T = 0 of (33) verifies the claim in the lemma.

It remains to consider the case where Rg = 0. Now define Aj, := inf{t € Ry : R, = h}. Then,
since 0 < Ryn;, < h, we obtain from (32) that 1 > E Rya3, > %E(t A Ap) for every t € Ry, from
which, by Fatou’s lemma, we obtain E A1, < 2/n for all n € N. On the event {A;,, <n~1/?},
(33) applied at stopping time T = Ay, shows that R, > 0 for all > n~'/2, as. Hence, by
continuity along monotone limits and then Markov’s inequality,

P(R, > O forall > 0)= lim P(R, > 0forallt>n"'/?)
n— oo

>1— lim P(A1/y=n" ") > 1~ lim n'?Exry) =1,
n— oo

n—oo

using the fact that E Ay, < 2/n for all n € N. This completes the proof. O

Proof of Proposition 1. From (32) we get immediately that lim inf,_, o, t~ 'R, > % a.s. In
particular, R; — 0o a.s., which, together with continuity and Lemma 4, shows that

for every ¢ > 0, iIgRS >0 a.s. (34)
S=

Using (31) for R; and for R, we get

g _1 R
sup;>1|Ry — Ry — W, — 5 §§+|W1|+Supt21|at—(¥1|'
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Lett:= sup{seRy: s+ 2W§ <2}, which has t < co a.s.; then, by (32), R; > 1 forall t > 7.
Using the upper bound in (30) up to time 1 4 7, and the lower bound (32) after time 7, we
obtain

1 1+7 00 R 1
supg>1loy —aq| < 2 / R dS+/ (emaX(z’SHWS) —1) ds:=¢,
1 0

which satisfies { < oo a.s., using (34) together with the facts that T <oo and limg_, o
(s+ ZWf) =00 a.s. This verifies the first statement in (3), from which it follows that
lim;— o0 R/t = % a.s.

To also prove the convergence of E R, /¢, we show that R;/t, t > 1, is uniformly integrable,
using a Gronwall idea (the authors thank Isao Sauzedde for suggesting such an approach). First,
It6’s formula shows that, for S; := R,z, dS; = (1 + R; coth R;) dt + 2R; thR. Hence, using the
upper bound in (30), we get, for all r € R,

t t
S,—S0§2t+/ \/ST,du+2/ VS, dWR,
0 0
It follows that, for all t € R,
t t
E(S,) — E(Sp) < 2t + / E /S, du <2+ / VES,) du, (35)
0 0

using the Jensen inequality bound E /S, < «/E(S,). Write g(¢):= 2t + fot VEGS,) du and

h(t) := exp (J/E(So) + g(¥)). Then we can rewrite (35) as (g'(f) — 2)2 =E (5y) <E (Sp) + g(),
and hence, since g'(¢) > 2,

g () <2+ VESo) + g(t) < 2/E(So) + g(1),

provided ¢ > 2, since g(f) > 2t. Then, by differentiating &, we get

n@ g
) = —2 RN <1 forallz>2.

Then, by Gronwall’s lemma, h(f) < h(2)e! for all ¢ > 2. By taking logarithms, we get, for all
t>2, /80 < VES)) + glt) < t+ C, where C := log h(2) < oo is a function of E(Sy). Hence
g() < (14 C)?, and, by (35), we get that E(S;) < 212, say, for all ¢ large enough. Consequently
sup;>1E((R; /t)2) < 00, meaning that R,/t, t > 1, is uniformly integrable. Hence lim,_, oc R;/t =
1 implies that lim,_,oc ER,/t = 1, also.

We now turn to the convergence of the angular component 6. To this end, we fix s> 0
and consider the post-time-s winding process O, where we have ®§S) =0 and, from (2), that
(@ﬁ”)tz s 1s a local martingale with quadratic variation given by the increasing process

" du
W, = / for ¢t >s. 36
(O s sinh?R, N 0)

By (34), the integral in (36) is finite for all 7 > s. Moreover, from the fact that R;/t — % and

(36), we deduce that [@®)], := sup,>s[@¥], < 0o a.s. Since (@5”);25 is a continuous local
martingale, vanishing at 0, the Dambis—Dubins—Schwarz theorem [22, pp. 174-5] implies
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that it is a time-change of a one-dimensional Brownian motion W), say ®(S) W[%(S)

for all £ > 5. Hence we get, for every s> 0, lim,_, o, ©; O _ O —.0% as. Since 6, =

[O00]
05 + O§ ), reduced modulo 27, for all ¢ > s, this means that lim,_, o, 6; = (65 + @S;;Z) modulo 27
exists, a.s. Moreover, limy_, oo [@®]o =0 a.s., 50 limy_, oo 0¥ —=0in probability. Since also
05 ~ Unif [0, 27r), by taking s — 00 in O = (65 + @S.?) modulo 27, we see that O, ~
Unif [0, 27) as well.

Finally, an extension of the preceding argument quantifies the rate of convergence of 6. We
give the verification of (5) in the case s = 1; the general case works the same way. Recall the
definition of «; from (31). Then 0 < oy 1 00, Where o < 00, a.s. Consider the representation
G)(S) W(S)(S) t > s, for the fixed choice s = 1, and, for ease of notation, write simply ® = @1
and W = W(l) for the rest of thls proof. Then define W), := W [Ole — W [Oloo—us U € R.. Here

W is independent of [®], so W, is a Brownian motion (formally, extend W to a two-sided
Brownian motion indexed by R) We are interested, though, in u — 0, since, for all > 1,

O — O = Wiop, =W, wh (Ol — [O] /OO du
= ,  Wwhere g;:= — =
t— ®]oc [®]; or Ql o0 t ] Sinh2 Ru
from the s = 1 case of (36). Since Ry = 0, we have from (31) that, as t — oo,
Xoo
sinh R; = e7(1 To(1)e2eW as.
Writing W := — WX, it follows that
_ _ o0
0r=4(1 +o(1))e™2*=E,  where & := / e?Wss ds. (37)
t

A crude bound is that, for every ¢ € (O, %) there exists a (random) 7, with z, < 00, a.s., such
that, for all £ > 1., & < [ e~(17(6/2)s g5 < e=(1=9) Tt follows that, for 1 > 1,

2t 2t
/ eZWX—s ds < gt < e—2(1—e)t +/ eZWS—s ds.
t t

For every 6 > 0, a.s., supsefs,21|Ws| < /D48 for all ¢ large enough. It follows from these
estimates, together with (37), that we have the log-asymptotic for o;:

i lo2(l/e) _ log(1/&;)
im ————— = lim —————

—00 t —00 t

=1 a.s. (38)

A consequence of Khinchin’s small-time law of the iterated logarithm [22, p. 112] is that

log(1/|W/ 1
lim inf M =— as. 39)
u—0  log(l/u) 2

Combining (38) and (39), we obtain

log | — © log(1/|W,, 1) log(1/|W, 1) 1
lim sup 2819 = O _ ) o 2o i 2 WaD L )
=00 t 1—00 t t—oo  log(1/0;) 2
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For t > 1, we can write 6; = 0] + ©; 4+ 27k, for some k; € Z, and similarly, for s > 1, 6, =
01 + ©4 + 2k, for some ks € Z. Hence, 6; — 0, = ©;, — @4 + 27 (k; — kg). As shown above, for
every ¢ > 0, there is some T < oo such that |®; — O4| < ¢ for all s, > T. Since 6; — O a.s.,
and O ~ Unif [0, 27), it also holds that, a.s., |6, — ;| < & for all s, t > T’ for some T’ < 00.
Hence k; — kg = 0 for all ¢, s large enough, and so the asymptotic result for |6, — 6] in (5) is
deduced from the corresponding result for |®y, — ©;] in (40). [l

Remark 6. Here is an alternative argument to establish that 6, ~ Unif [0, 2r), linking to the
appearance of the Cauchy limit in Lemma 3, rather than using directly the rapid spinning and
uniform entrance properties. A direct calculation shows that if ¢ ~ Unif [0, 27), then tan ¢ is
standard Cauchy; moreover, 2¢ reduced modulo 27 is also Unif [0, 27r). Thus, from Lemma 3,

Xoo = tan (kg)  for ¢ ~ Unif [0, 277) (41)
for every positive integer k. Thus it follows from (27) that the limiting angle 0, satisfies
X2 —1 d tan? o—1 d
tan O = —= = =—1/tan(2p) = 1/Xs0,
00 2Xo 2tang / tan(2¢) /X0

by (41) applied in two places. Since X, is standard Cauchy, i.e. has density g(x)=
(m(14+x%))"! over x € R, a change of variable shows that the density of tan 6., is given by

1 1
r(1+x2) 2 7(l+x2)

f)=x2g(—1/x)=

for all x € R; i.e. tan f also has a standard Cauchy distribution. Thus, by inverting (41), we
obtain that O, ~ Unif [0, 277) (recall that, by definition, 6 € [0, 27)).

Appendix A. Exact expectation formulae

This short appendix derives some exact formulae by an appeal to some of the impressive
exact-distributional results that form one of the main highlights of the theory of exponential
functionals as discussed in Section 3.3. In particular, we use results from [41, 42] (see refer-
ences therein for prior contributions). First we give a proof of the formula from Corollary 1 for
E Ly, , the perimeter length at random exponential time 7.

Proof of Corollary 1. In [42, Theorem 1, Chapter 6, p. 95], it is shown that &7, has
the same distribution as B 4/(2yp), where in the latter a, b € (0, oo) are parameters derived
from A, B1.4, ¥ are independent random variables, 81 , ~ Beta(l, a) has density a(1 — )
on uel0,1], and y, ~Gamma(b) has density Cb)~le=ssb~! on se€R4; here T' is the
Euler gamma function. The constants a, b are given by 4a=x—1 and 4b=x+ 1, where
x:= /8% + 1. Then, by independence, Eﬁ: (1/2)-E /Bi.a - E /1]y, where, via
beta—gamma calculus, and the facts that yI'(y) =I'(y + 1) and F(%) =7,

1 - al@r(3) al@+1)
E/Bla= 1—wy ' udu= 2 — ,
131, a/(; ( I/t) \/ﬁ u F(a+%) Zr(a_'_%)

o L[ e i, _D—3)
E l/yb_r(b)fo e s" s ds= T

From these formulas, the values a = (x — 1)/4 and b = (x + 1)/4, and Theorem 1, we obtain

I'((x+3)/H0((x — 1)/4) _n(x— 1><r<<x— 1)/4))2

ELT;L =TT - =
C'(x+5)/4H)C'((x+1)/4) x+1 '&x+1)/4)
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as claimed in (9). The stated A — 0 asymptotics follow from the facts that /1 + 81 — 1 ~ 4\
and AT'(A) > 1 as A — 0 (from above). The A — oo asymptotics follow from Stirling’s
formula: T'(x) ~ 27rx)!/2x¥e ™ as x — 00. O

Following [41] (among others), we write A§”> = fé exp(2W; + 2vs) ds. Then A;fl/ D_ &
as given at (7). As explained in [41, p. 510], a Girsanov transformation gives

E[(Aﬁ“))l/z] = VPELV/A, expWy)],

where A; := A;O). Yor [41] gives an expression for the conditional density of A; given W;, and
deduces a formula for certain mixed moments, which gives

; 172 B 2 00 ) 00 _
E[(A§ )) ]:(2n2t) 12 exp (%)/0 y dy/o v 12 exp <—§(1+y2))lﬂyv(t)dv,

(obtained from [41, (6.e), p. 528] with f(y) = y* and g(z) = /z), where

o e bi84
Y, (1) = / exp (——) exp( — u cosh z) sin <—) sinh z dz. 42)
0 2t t

So taking v = —% and using Theorem 1 gives the multiple-integral formula

B 2 w2 ® dy [ v by dv
BL = VBTE V& = —— e (2—t> /0 v /0 exp (—5(1 +y ))%Ar)W, 3)
where ¥ is defined at (42).
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