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Abstract
Thin-wall structures, particularly thin-walled tubes, play a critical role in load-bearing structures. Enhancing their ability to 
withstand crushing loads can significantly improve the overall damping efficiency of the system. Functionally graded thick-
ness (FGT) is a promising approach for enhancing the load-bearing properties of thin-walled tubes by enabling control over 
material usage and localized deformation patterns within the structure. In this study, we proposed a novel theoretical model 
that analyzes the crushing behavior of hollow and foam-filled FGT thin-walled circular tubes by considering four primary 
failure mechanisms that contribute to energy dissipation: (1) bending of plastic hinges, (2) membrane stretching, (3) axial 
foam crushing, and (4) the interaction between foam and the tube's wall. We validated our model against experimental results 
from previous researchers and observed a good agreement. Additionally, we conduct a comprehensive study to examine the 
effects of various geometrical parameters, such as power-law functions and normalized wall thickness ratio, on the crushing 
behavior of FGT structures. Our results demonstrate the accuracy and reliability of our theoretical model and highlight the 
potential of FGT structures to enhance the performance of thin-walled tubes in a range of load-bearing applications.

Keywords Thin-wall structures · Functionally graded thickness · Theoretical model · Foam-filled tube · Circular tube

1 Introduction

Thin-walled tubes are highly valued for their lightweight 
and cost-effectiveness, as well as their exceptional energy 
absorption properties. As a result, they have become a popu-
lar choice in a wide range of engineering fields including 
automotive, aerospace, and railway industries. These struc-
tures, known for their exceptional crashworthiness, play a 

critical role in protecting occupants and vital components 
from damage in the event of a crash by effectively dissi-
pating the immense impact kinetic energy through various 
energy absorption mechanisms [1–4].

Several analytical, numerical, and experimental methods 
have been developed to enhance our understanding of and 
improve the crashing behavior of these structures under vari-
ous static or dynamic loading scenarios [5–7]. Other exam-
ples of studies on thin-walled structures concern crashing 
behaviors of holed [8], grooved [9, 10], multicell [11, 12], 
tapered [13, 14], frusta [15] tubes as well as those with dif-
ferent cross-sectional geometries such as circular [16, 17], 
triangular [18], rectangular [3, 19], hexagonal [20], corru-
gated [21], and star-shaped [22] cross sections. A variety of 
materials, such as steel, aluminum, and composite [23, 24], 
have been utilized in the development of thin-walled struc-
tures with varying cross-sectional geometries. Aluminum 
circular thin-walled tubes have received considerable atten-
tion in numerous studies due to their remarkable deformabil-
ity, low density, high strength and stiffness, specific energy 
absorption, and ease of manufacturability [25–27].

Cellular materials and structures, specifically foams and 
honeycomb structures, have proven to be exceptionally 
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effective in enhancing the energy absorption characteristics 
of energy-absorbing structures, including thin-walled struc-
tures [28, 29]. By incorporating cellular materials into the 
cavities of tubular structures, the structure's mass can be kept 
to a minimum while achieving superior energy absorption 
performance [30]. This approach is a compelling solution 
that can greatly enhance the crashworthiness of thin-walled 
structures and make them a more reliable option for a vari-
ety of engineering applications. Among the various filling 
materials, metallic foams, particularly aluminum foams, 
have been extensively utilized due to their remarkable ability 
to undergo plastic deformation at a nearly constant plateau 
stress [21, 31, 32]. As an example, Hanssen et al. [33, 34] 
demonstrated that the interaction between the foam filler and 
the tube wall can result in the energy absorption of the foam-
filled tube exceeding the sum of the energies absorbed by the 
foam and the tube independently. Moreover, the density of 
the filler material can impact the deformation of the foam-
filled tube, resulting in a decrease in the fold length of the 
structure as the filler density increases [35].

As previously noted, several studies have investigated 
the energy absorption performance of both empty (E-UT) 
and foam-filled (F-UT) tubes with "uniform thickness." 
While these structures have demonstrated favorable energy 
absorption capacity and crashworthiness, there is potential 
for further enhancement of their energy absorption perfor-
mance through the development of structures with "varying 
wall thickness" [35]. One contributing factor to this potential 
improvement is the continual advancement of manufacturing 
technologies, which facilitates the realization of thin-walled 
tubes with varying thickness.

In recent years, a variety of manufacturing methods have 
been developed for producing functionally graded thick-
ness (FGT) structures. One such method is tailored-welded 
blank (TWB) technology, which was initially developed to 
laser-weld sheet metals with varying materials and thick-
nesses to create FGT structures. TWB structures have been 
utilized in a wide range of vehicle components, including 
the B-pillar [36], door inner panel [37, 38], and vehicle 
front-end structure [39]. However, a significant drawback 
of TWB structures is the discontinuous changes in thick-
ness and materials, which can result in high stress concen-
trations at the geometric and material interfaces. To address 
this issue, tailor-rolled blank (TRB) technology has been 
developed, enabling continuous changes in metal thickness 
by controlling the roller gap [40–42]. Thickness variation in 
FGT thin-walled structures produced through TWB technol-
ogy has shown significant effects on their crashworthiness 
properties [43].

The computational modeling of functionally graded 
thickness (FGT) thin-walled structures has suggested 
that tapered and straight FGT tubes exhibit higher energy 
absorption efficiency  under oblique impact loading 

conditions [44]. This indicates that the energy absorption 
capacity and crashworthiness performance of FGT tapered 
circular tubes under axial loading are superior to tapered 
tubes with uniform thickness [45]. Additionally, circular 
FGT tubes have demonstrated excellent crashworthiness 
performance under oblique loading conditions [46]. Over-
all, FGT tubes have demonstrated better performance than 
their uniform thickness counterparts under similar loading 
conditions, with their performance being controllable and 
even improvable through the proper selection of geometri-
cal parameters [47]. For instance, research has shown that 
the crashworthiness of thin-walled square tubes can be 
improved through the use of lateral functionally graded 
thickness (LFGT) and axial functionally graded thickness 
(AFGT) [48]. In addition, the implementation of FGT 
strategies in tube design can alter the collapse mode and 
crashing performance, particularly under applied oblique 
loading conditions [49, 50].

Despite the existence of several analytical studies on the 
energy absorption capacity of empty and foam-filled uni-
form thickness (UT) tubes, there is currently a significant 
gap in analytical models available for predicting the energy 
absorption performance of empty (E-FGT) and foam-filled 
(F-FGT) circular tubes with thickness variation. Further-
more, there are limited theoretical studies on the crashwor-
thiness of FGT tubes. To address these gaps, we proposed 
an analytical model to evaluate the energy absorption perfor-
mance of F-FGT and E-FGT circular tubes. We analyzed the 
effects of thickness-gradient and eccentricity factor on the 
crushing behavior of these structures and provided a com-
prehensive discussion of the results obtained from our novel 
model. We believe that our proposed model is a crucial step 
forward in developing a comprehensive understanding of 
the crashworthiness of FGT structures and optimizing their 
design for enhanced safety and crash performance.

2  Definition of the crashworthiness 
parameters

In the field of engineering, evaluating the crashworthiness of 
thin-walled structures involves calculating crashworthiness 
parameters by analyzing the load–displacement curve under 
axial compression [51]. Mean crushing force (MCF), energy 
absorption (EA), and specific energy absorption (SEA) are 
essential metrics used to compare the energy absorption per-
formance of different structures. Below are the definitions of 
these parameters, which are considered fundamental tools 
in assessing the crashworthiness of thin-walled structures.

EA is equal to the area under the load–displacement curve 
in which the elastic deformation is neglected and can be 
calculated as:
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where F(�) is the momentary crushing force and � is the 
corresponding applied displacement.

SEA is referred to as the absorbed energy per unit mass 
and is defined as:

where M is the total mass of the crushed section of the struc-
ture. Actually, SEA shows the efficiency of the structure 
[52].

MCF shows the capacity of the structure in absorbing 
energy under a given displacement and can be written as:

Figure 1 illustrates the typical force–displacement curve 
of circular tubes with a uniform thickness (UT) and a func-
tionally graded thickness (FGT) under quasi-static compres-
sive loading. These curves exhibit the distinctive structural 
behavior and performance of UT and FGT tubes under 
comparable compressive loading conditions. Notably, as the 
displacement increases, UT tubes maintain a nearly con-
stant force value, while FGT tubes experience an increase in 
crushing force values due to the variation of local stiffnesses 
along their length.

3  Theoretical analysis

3.1  Theoretical model

The present study introduces an analytical model for 
E-FGT and F-FGT circular tubes, incorporating the con-
cept of super folding elements. The model is built upon 
the assumption that these tubes exhibit axisymmetric 
deformation under uniaxial loading conditions [53]. In 
contrast to asymmetric deformation, axisymmetric defor-
mation is characterized by uniform changes in shape and 
displacement occurring in all directions around a central 
axis. This deformation mode ensures symmetrical and 
consistent behavior along the loading axis. By assuming 
axisymmetric deformation under uniaxial loading condi-
tions, our model considers that the tubes will uniformly 
deform around their central axis when subjected to a load 
applied in a single direction. This assumption serves as 
the foundation of our analytical model, which effectively 
utilizes the super folding elements. We applied this model 
to forecast the crashworthiness of E-FGT and F-FGT cir-
cular tubes with various thickness patterns and compared 

(1)EA = ∫
�

0

F(�)d�

(2)SEA =
EA

M

(3)MCF =
EA

�

the outcomes with UT structures having the same mass. 
To consider the interaction between the tube wall and the 
foam material in the foam-filled tube, we followed the ana-
lytical approach recommended in [32, 54, 55].

Figure 2 shows the schematic of different structural con-
figurations studied in this paper. The thickness gradient 
function t(x) of the E-FGT and F-FGT circular tube was 
defined by the power-law function proposed by Sun et al. 
[51]:

where x is the distance from the top end of the tube, tmin and 
tmax are the minimum and maximum thickness of the tube, 
H denotes the total height of the FGT tube, and n is the 
power-law exponent varying between 0.2 and 10 (Fig. 3a). 
In case, the power-law exponent's value is less than 1, the 
thickness pattern of the FGT tube wall takes on a convex 
shape, whereas for values greater than 1, it becomes con-
cave (as shown in Fig. 3a). Therefore, increasing the grading 

(4)t(x) = tmin +
(
tmax − tmin

)( x

H

)n

Fig. 1  The typical force–displacement curve of a FGT and b UT tube 
under uniaxial compression loading
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exponent results in a reduction in the overall mass of the 
structure.

For given values of tmax , tmin , and power-law exponent, 
n , an equivalent uniform thickness for a circular UT tube 
( tU ) with the same mass can be calculated as [44]:

Figure 4 displays the alterations in normalized thick-
nesses ( tU∕tmin , tmax∕tmin ) concerning various coefficients 

(5)tU = tmin +
tmax − tmin

n + 1

of the power-law function in UT and FGT tubes. Figure 4 
indicates that, for a specific value of tmax and tmin , elevating 
the grading exponent n leads to a reduction in wall thick-
ness in UT tubes.

The super folding element suggests that a complete folding 
cycle of a model can be divided into two key parts, as shown 
in Fig. 5: First, the outward buckling, which initiates at plastic 
hinge A and concludes at plastic hinge C. Second, the inward 
buckling, which occurs after the outward buckling (step 1) 
and starts at plastic hinge C and ends at plastic hinge D. It is 
worth noting that in the presented model, the elastic deforma-
tion of the tube and foam material has a minimal impact and 
is therefore considered negligible which means that the mate-
rial model assumes both the tube and foam to be ideal fully 
plastic [8, 56].

To maintain the energy equilibrium in the structure dur-
ing the folding cycle, the input force is gradually dissipated 
through progressive folding. As a result, the external work 
performed by the input force is converted into plastic strain 
energy within the material. Consequently,

where Pm represents the mean crushing force, h is the half 
of the crushing fold, � is the effective crushing distance fac-
tor [57], and Etot denotes the total energy absorbed by the 
F-FGT circular tube. This absorbed energy is defined as the 
algebraic sum of four energy components: (1) the energy 
dissipated in bending deformation ( Eb ), (2) the energy dis-
sipated in the membrane deformation ( Em ), (3) the energy 
dissipated in the crushing of the foam ( Efoam ), and (4) the 
energy dissipated due to the interaction effect between the 
foam material and the tube wall ( Einter):

(6)2h�Pm = Etot

Fig. 2  A schematic of tubes with different structural configurations, a 
An empty tube with uniform thickness (E-UT), b An empty tube with 
functionally graded thickness (E-FGT), c A foam-filled tube with uni-
form thickness (F-UT), d A foam-filled tube with functionally graded 
thickness (F-FGT)

Fig. 3  a Different thickness patterns resulted from varying the coef-
ficient of exponents in Eq. 4, b Geometric model of the FGT circular 
tube with n = 1

Fig. 4  The relation between the normalized wall thicknesses (i.e., 
t
U
∕t

min
 , t

max
∕t

min
 ) and the values of the grading exponent, n , in Eq. 5, 

in UT and FGT tubes
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The total energy absorbed by an empty circular tube 
(E-FGT) can then be given as:

As shown in Fig. 5, during a complete folding cycle, the 
initial outward angle, �I

0
 , and the initial inward angle, �II

0
 , 

are related to the eccentricity factor m [53], which describes 
the eccentricity of the folding process. Thus, it can be 
assumed that,

3.2  Membrane energy

As the structure undergoes outward and inward folding, the 
tube material between adjacent plastic hinges will experi-
ence compression and extension, respectively (as shown in 
Fig. 5). The membrane energy increment of the tube material 
can be expressed as:

where sm , Np , and d�� are respectively the area of deforma-
tion zone, fully plastic membrane force per unit circumfer-
ential length, and the mean engineering strain increment. As 
shown in Fig. 3b, the thickness of the FGT tube wall at any 
point is related to the axial distance of that point from the top 

(7)Etot = Em + Eb + Efoam + Einter

(8)Eshell = Em + Eb

cos�I
0
= m

(9)cos�II
0
= 1 − m

(10)dEm = ∫ sm

Np
||d��||dsm

end of the tube. The fully plastic membrane force per unit 
circumferential length ( Np ) in any point with a distance of x 
from the top end can be given as:

where �0 is the flow stress of the tube material and can be 
given as [16, 32]:

k is the strain hardening exponent, �y is the yield stress, and 
�u is the ultimate stress of the tube constituent material. 
Mean engineering strain increment ( d�� ) can be expressed 
as:

where dr is the radial displacement increment, and as shown 
in Fig. 3b R  is the mean radius of the FGT tube. Membrane 
energy increment of the first part (I) of the folding cycle is 
given by:

where, SI is the coordinate along the length direction of 
the fold’s arm, and h∗ is the algebraic sum of the previous 
folding crush lengths of the FGT tube. drI

AB
 and drI

BC
 are 

the radial displacement increment of AB and BC fold's 
arm in the first part of the folding cycle, which can be 
expressed as [8]:

(11)Np = �0t(x)

(12)�0 =

√
�y�u

1 + k

(13)d�� =
dr

R

(14)

dEm
I = 2�R�0∫ SI

[t
(
SI + h∗

) |||drIAB
|||

R
+ t

(
SI + h + h∗

) |||drIBC
|||

R
]dSI

Fig. 5  Different stages of a 
complete (inward (a, b) and 
outward (c, d)) folding cycles in 
a super folding element in foam-
filled circular tubes
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and

During the first part of a folding cycle, angle �I changes 
from �I

0
 to 0 and the angle �I changes from �∕2 to �II

0
 . By 

inserting Eqs. (15) and (16) into Eq. (14) and by integrat-
ing over SI (from 0 to h), �I (from �I

0
 to 0) and �I (from �∕2 

to�II
0

 ), membrane energy of the first part is obtained by:

For the second part of the folding cycle, membrane 
energy increment can be expressed as:

where

and

during the second part of a folding cycle, �II and �II respec-
tively change from �∕2  to �I

0
 and from �II

0
 to 0 . Inserting 

Eqs. (19) and (20) into Eq. (18) and by integrating over SII 
(from 0 to h), �II (from �∕2 to �I

0
 ) and βII (from �II

0
 to 0 ), the 

membrane energy of the second part of a folding cycle can 
be defined as:

By summing up the Eqs. (17) and (21), the energy dis-
sipated due to the membrane deformation of FGT tube can 
be expressed as:

(15)
{

rI
AB

= SIcos�I − mh

drI
AB

= −SIsin�I(−d�I)

(16)
{

rI
BC

= SIcos�I

drI
BC

= −SIsin�I(−d�I)

(17)

Em
I = 2��0

[

∫

0

�I0

sin�Id�I

]

[∫

h

0

(

2tmin +
(

tmax − tmin
)

((

SI + h∗
H

)n

+
(

SI + h + h∗
H

)n))

(

−SI
)

dSI]

(18)
dEm

II = 2�R�0∫ SII
[t(SII + h + h∗)

|

|

|

drIIBC
|

|

|

R

+ t(SII + 2h + h∗)
|

|

|

drIIBC
|

|

|

R
]dSII

(19)
{

rII
BC

= SIIcos�II − (1 − m)mh

drII
BC

= −SIIsin���
(
−d�II

) ,

(20)
{

rII
CD

= SIIcos�II

drII
CD

= −SIIsin��� (−d�II)

(21)

Em
II = 2��0

[

∫

0

�II0

sin���d�II

]

[∫

h

0

(

2tmin +
(

tmax − tmin
)

((

SI + h + h∗
H

)n

+
(

SI + 2h + h∗
H

)n))
(

−SII
)

dSII

By ignoring the thickness variation in FGT tube 
( tmin = tmax ), Eq. (22) will simplify to:

which is the same as the UT tube membrane energy equation 
under axial loading, proposed in [53].

3.3  Bending energy

Bending energy of the FGT tube wall can be divided into 
two separate sections: (1) energy dissipated by plastic hinges 
A, B, and C in the first part of the folding process, which is 
controlled by the angle � and (2) the energy dissipated by 
plastic hinges B, C and D in the second part of the folding 
process which is controlled by the angle β . When determin-
ing the absorbed energy by the plastic hinges, it is assumed 
that there is no interaction between the bending moment and 
membrane force of the tube material. During a complete 
folding cycle, bending energy increment of the FGT tube 
is given by:

where Ri , d�i , and ti are radial distance, the relative rates of 
rotation, and FGT tube wall thickness, respectively, at the 
ith hinge. As shown in Fig. 5a, b, plastic hinges A, B, and C 
are the only active hinges during the first part of the folding 
process. Thus, bending energy increment of the first part of 
the folding process of the FGT tube can be expressed as:

where

During the second part of the folding cycle, plastic hinges 
B, C, and D are active, and the bending energy increment of 
the second part of the folding process of the FGT tube can 
be defined as:

(22)Em = Em
I + Em

II

(23)Em = 2�Nph
2

(24)dEb =
�

2

z∑
i=1

�0t
2
i
Ri
||d�i||

(25)
dEb

I =
�

2
�0

(
(tI
A
)
2
RA

I|||d�A
I||| + (tI

B
)
2
RB

I|||d�B
I||| + (tI

C
)
2
RC

I|||d�C
I|||
)

(26a)

|||d�A
I||| = −d�I,RA

I = R + mh, tA
I = tmin +

(
tmax − tmin

)(h∗
H

)n

(26b)

|

|

|

d�BI
|

|

|

= −d�I − d�I,RB
I = R + mh − hcos�I,

tBI = tmin +
(

tmax − tmin
)

(

h + h∗

H

)n

(26c)

|||d�C
I||| = −d�I,RC

I = R, tC
I = tmin +

(
tmax − tmin

)(2h + h∗

H

)n
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where

By inserting Eqs. (26) and (28) into Eqs. (25) and (27) 
and integrating over �I (from �I

0
 to 0), �I (from �∕2 to �II

0
 ), 

�II (from �∕2 to �I
0
 ) and �II (from �II

0
 to 0 ), bending energy 

of the FGT circular tube can be obtained by:

3.4  Foam energy

By disregarding the effect of Poisson's ratio of the foam 
material ( � = 0 ), dissipated energy by the foam filler in 
a F-FGT tube can be simply calculated by the following 
equation:

where �p is the plateau stress of the foam material, which is 
nearly constant, and ds is the displacement increment in the 
longitudinal direction.

3.5  Interaction energy

The interaction between the foam filler and the tube wall 
can be simplified as a uniform pressure, which is equal to 
the plateau stress of the foam material ( �p) . This pressure 
is applied to the inward part of the fold [8, 32, 55], and the 
interfacial friction can be neglected. Furthermore, in the 
proposed model, the effect of the thickness gradient of the 
inside wall of the FGT tube is ignored due to its small contri-
bution and to obtain a concise expression for the interaction 

(27)
dEb

II =
�

2
�0

(
(tII
B
)
2
RB

II|||d�B
II||| + (tII

C
)
2
RC

II|||d�C
II||| + (tII

D
)
2
RD

II|||d�D
II|||
)

(28a)

|

|

|

d�BII
|

|

|

= −d�II,RB
II = R − h(1 − m),

tBII = tmin +
(

tmax − tmin
)

(

h + h∗

H

)n

(28b)

|

|

|

d�CII|
|

|

= −d�II − d�II,RC
II = R − h(1 − m) + hcos�II,

tCII = tmin +
(

tmax − tmin
)

(

2h + h∗

H

)n

(28c)

|||d�D
II||| = −d�II,RD

II = R, tD
II = tmin +

(
tmax − tmin

)(3h + h∗

H

)n

(29)Eb = Eb
I + Eb

II

(30)

Efoam = ��p

⎡⎢⎢⎢⎢⎣
∫

2h�

0

⎛⎜⎜⎜⎜⎝
R −

�
tmin +

�
tmax − tmin

�� s

�
+h∗

H

�n�

2

⎞⎟⎟⎟⎟⎠

2

ds

⎤⎥⎥⎥⎥⎦

energy. In the first part of the folding process, a uniform 
pressure is applied to arms AB and BC, whereas in the sec-
ond part of the process, the pressure is only applied to arm 
BC [8]. During a complete folding cycle, interaction energy 
increments can be expressed as:

Summing up the interaction energy increments and by 
integrating the result, the energy absorbed due to interac-
tion between the tube wall and the foam material can be 
obtained by:

where C1(m) and C2(m) are the first and the second inter-
action coefficient defined in this study, respectively. Both 
C1(m) and C2(m) are functions of eccentricity factor m and 
can be expressed as:

3.6  Total dissipated energy and mean crushing 
force during each fold

By substituting Eqs. (22), (29), (30), and (34) into Eqs. (8) 
and (7), the total energy absorbed in E-FGT and F-FGT 
tubes during a complete folding cycle can be calculated. 
According to Eq. (6) and the energy equilibrium, the mean 
crushing force of F-FGT tubes during each folding process 
can be determined as:

and the mean crushing force of E-FGT tubes during a com-
plete folding cycle can be obtained by:

(31)

dEI
inter,AB = 2��p∫

h

mh

cos�I

SI
(
R − SIcos�I + mh

)
dSI

(
−d�I

)

(32)dEI
inter,BC = 2��p∫

h

0

SI
(
R − SIcos�I

)
dSI

(
−d�I

)

(33)

dEII
inter,BC = 2��p∫

h

mh

cos�I

SII
(
R − SIIcos�II − (1 − m)h

)
dSII

(
−d�II

)

(34)Einter = ��p(Rh
2C1(m) − h3C2(m))

(35)
C1(m) =

�
2
+ arccos(m) − arccos(1 − m) + (1 − m)

√

m(2 − m) − m
√

(1 − m)(1 + m)

(36)
C2(m) =

2
3
+ m(arccos(m)) +

(

2 − 5m2)

3

√

1 − m2

+
√

m(2 − m) − 5
3

√

(m(2 − m))3

(37)Pm =
Etot

2h�
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where � is the effective crushing distance factor. When ana-
lyzing tube materials that exhibit significant strain hard-
ening, it is widely recognized that the effective crushing 
distance factor (η) is a crucial parameter to consider. Spe-
cifically, in such cases, η is typically found to be within the 
range of 0.7 to 0.75. However, if the strain hardening effect 
in the tube material is not significant, then the value of η 
can be assumed to be equal to 1. By minimizing Eqs. (37) 
and (38) with respect to h, half of the crushing fold in each 
fold cycle of F-FGT and E-FGT tube can be determined, 
respectively. By inserting the calculated values in Eqs. (37) 
and (38), the crushing force for completing each folding step 
of F-FGT or E-FGT tubes can be determined.

4  Result and discussion

4.1  Validation of the theoretical model

To validate our analytical approach for E-FGT and F-FGT 
circular tubes, we compared our results with experimen-
tal data presented in [49]. To ensure a fair comparison, we 
selected similar geometry (i.e., R = 30 mm, H = 180 mm) 
and material (i.e., �0 = 104 MPa) as those used in [49]. The 
FGT tubes in [49] had a linearly variable thickness (n = 1), 
with a minimum thickness of 1 mm and a maximum thick-
ness of 3 mm. The UT tube wall had a uniform thickness of 
2 mm, which was calculated using Eq. (5). Moreover, the 
tube material in [49] was made of aluminum alloy A6061-T6 
leading to k = 0.15 and � = 0.75 for our analytical analysis.

In Fig. 6 and Table 1, we provided a comparison between 
the theoretical predictions of our model and the experimen-
tal results. As shown in Fig. 6a, the analytical predictions 
of our model for UT tubes were in excellent agreement with 
the experimental results, with less than 6% error differences 
observed for the mean crushing force of UT tube.

In Fig. 6b, we present the changes in the crushing force 
of FGT tubes, and it is important to note that the force–dis-
placement curves are only presented for the first 60 mm 
of displacement which is attributed to the deformation of 
the structure transitions from symmetric to asymmetric 
after 60 mm of displacement, based on the literature [47]. 
By limiting our analysis to the first 60 mm of displace-
ment, we can accurately capture the symmetric deforma-
tion behavior of the structure and provide reliable predic-
tions for the energy absorption performance of thin-walled 
structures under axial crushing.

By comparing the results of our proposed theoretical model 
with the experimental data, we observe that the theoretical 

(38)Pshell =
Eshell

2h�

and experimental mean crushing forces and crushing forces 
of each fold are in good agreement. As depicted in Fig. 6b, 
both the theoretical and experimental results indicate that the 
crushing force required for each folding cycle in FGT tubes 
is greater than the crushing force of the previous folds. This 
observation highlights the importance of considering the local 
stiffness variations in FGT tubes when evaluating their energy 

Fig. 6  Comparisons of present theoretical predictions with previous 
experimental results [49] for a E-UT tube; b E-FGT tube

Table 1  The comparisons of theoretical predictions with experi-
mental results of ref. [49] for the mean crushing force of E-FGT and 
E-UT tubes

Mean Crushing Force (KN)
Tube Type Experiment Theory Difference (%)
E-UT 18.86 17.78 -5.76
E-FGT 9.37 9.62 2.65
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absorption performance. Table 1 summarizes the comparison 
between the theoretical predictions and the experimental 
results for the mean crushing force of E-FGT and E-UT tubes. 
By examining the mean crushing force of E-FGT tubes, we 
observed that the theoretical prediction aligns well with the 
experimental data, with the difference between analytical and 
experimental results being less than 3%. This level of agree-
ment confirms the accuracy and robustness of our theoretical 
model in predicting the progressive folding behavior of E-UT 
and E-FGT circular tubes subjected to axial crushing force.

The validation of our theoretical model for the F-UT cir-
cular tube was conducted using experimental results from 
[32], which demonstrated the accuracy and reliability of our 
approach. To maintain the consistency with [32], we kept the 
geometrical parameters and material of the circular tube the 
same, with R = 31 mm, H = 120 mm, t = 0.8mm , and �0=59 
Mpa. The UT tube used in [32] was made of aluminum alloy 
A6061-T6, and accordingly, we assumed an effective crushing 
distance factor η of 0.75 in our theoretical analysis. The foam 
material used in [32] is detailed in Table 2. Table 3 presents 
a comparative analysis of the theoretical predictions from our 
model and the experimental results from [32]. Our results 
demonstrate that in the case of the F-UT tube, the relative error 
in calculating the mean crushing force was only 5%, which 
indicates that our theoretical predictions are in excellent agree-
ment with the experimental data [32].

As previously mentioned, while there have been several 
studies investigating the crushing behavior of FGT circular 
tubes under various loading conditions, there is a lack of 
experimental investigations into the crashing behavior of 
F-FGT circular tubes under axial compression, specifically 
with the appropriate material details and geometry. Despite 
this limitation, we can still confidently assume that the theo-
retical model proposed for F-FGT circular tubes will yield 
accurate results. This is because the theoretical model for 

F-FGT circular tubes shares similar assumptions with the 
validated theoretical model for F-UT circular tubes, which 
considers the energy absorbed by the foam material and the 
interaction between the tube wall and the foam filler. As 
a result, we can safely assume that the theoretical model 
proposed for F-FGT circular tubes will also produce reli-
able results. Although the absence of experimental data 
for F-FGT circular tubes may limit our ability to validate 
the theoretical model proposed in our study, the similari-
ties between the theoretical models for F-UT and F-FGT 
circular tubes suggest that the proposed model will provide 
valuable insights into the energy absorption performance of 
thin-walled structures under axial compression. Moving for-
ward, experimental investigations into the crashing behavior 
of F-FGT circular tubes with the appropriate material details 
and geometry would be beneficial for further validating and 
refining our theoretical model. Nonetheless, our findings 
provide valuable insights for designing more crashworthy 
structures that can enhance passenger safety and reduce the 
severity of vehicle collisions.

4.2  Comparison of E‑UT and E‑FGT circular tubes

In this section, the crushing behavior of E-FGT circu-
lar tubes for different normalized FGT tube wall thick-
ness ( tmax∕tmin = 1.5, 2, 2.5 and 3) and grading exponents 
(n = 0.4, 1 and 4) with axisymmetric deformation modes 
are investigated theoretically, and the results are compared 
with their E-UT counterparts. Aluminum alloy A6061-T6 
was chosen as tube material, and the property of the mate-
rial is provided in Table 4 [49]. In this section, SEA of 
E-FGT ( SEAE−FGT ) and E-UT ( SEAE−UT ) tubes were cal-
culated at the crushing distance of 135mm (about 75% of 
the total height), and the results are shown in Table 5. In 
this theoretical analysis, the effective crushing distance 
factor � and the eccentricity factor m are taken 0.75 and 
0.65, respectively. The results from Table 5 show that for 
different values of grading exponent (n) and normalized 
FGT tube wall thickness ( tmax∕tmin ), E-FGT circular tubes 
exhibit a higher value of SEA compared to their corre-
sponding E-UT counterparts, indicating superior crushing 
behavior of FGT circular tubes.

Figure 7 shows the relative difference of SEA between 
E-FGT and their E-UT counterparts for different values of 
normalized FGT tube wall thicknesses ( tmax∕tmin = 1.5, 2, 
2.5, and 3) and grading exponents (n = 0.4, 1, and 4). For n 
values of 1 and 4, we observed that increasing the normal-
ized FGT tube wall thickness ( tmax∕tmin ) results in a decrease 

Table 2  Mechanical properties of foam material [32]

Density ρf (Kg/m3) Plateau stress σp (MPa)
270 1.8

Table 3  The comparisons of the theoretical predictions with experi-
mental results [32] for the mean crushing force of F-UT tube

Mean crushing force (KN)
Tube type Experiment Theory Difference (%)
F-UT 7.29 7.65 5.00

Table 4  Mechanical properties 
of the tube material [49] Density, ρt

(kg/m3)
Young Modulus, E (GPa) Yield Stress, σy (MPa) Ultimate Stress, σu (MPa) k

2700 70 100 125 0.15
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in the relative difference of SEA between E-FGT and their 
E-UT counterparts as shown in Fig. 7a. However, for n = 0.4, 
we found that as the value of tmax∕tmin increases from 1.5 to 
2 and from 2 to 2.5, the relative difference of SEA between 
E-FGT and their E-UT counterparts increases. Interestingly, 
for tmax∕tmin=2.5, we observed that the relative difference of 
SEA is smaller than that for tmax∕tmin=2.

4.3  Effect of grading exponent n

In Fig. 8, it can be observed that the influence of different 
grading exponents (n) on the mean crushing force required 
to complete each folding cycle of E-FGT circular tubes with 
axisymmetric deformation modes, while maintaining con-
stant values of the normalized wall thickness ( tmax∕tmin ). In 
addition, the EA and SEA of the structures at a crushing 

distance of 135 mm were calculated and the results are pre-
sented in Table 6. The effective crushing distance factor (η), 
eccentricity factor (m), and tube material were consistent 
with those used in the previous section. All of the E-FGT 
tubes had a minimum thickness of 1 mm.

The analysis of Fig. 8 and Table 6 reveals significant 
insights into the relationship between the grading exponent 
and the mechanical behavior of functionally graded thin-
walled tubes. Specifically, when considering a fixed value 
of normalized wall thickness ( tmax∕tmin ), an increase in the 
grading exponent from 0.4 to 4 leads to a noteworthy reduc-
tion in both the mean crushing force required for each fold-
ing cycle and the total energy absorbed by the structure dur-
ing deformation. Additionally, this increase in the grading 
exponent results in a decrease in the mass of the structure.

These findings can be attributed to the underlying 
changes in the wall thickness pattern of the tubes as the 
grading exponent increases. Figure 3 demonstrates that as 
the grading exponent rises from 0.4 to 4, the wall thickness 
pattern transforms from convex to concave. This alteration 
in the wall thickness distribution significantly affects the 
structural response during crushing.

4.4  Effect of normalized wall thickness t
max

∕t
min

In this section, the impact of normalized wall thickness 
( tmax∕tmin ) on the crushing behavior of the structures at con-
stant values of grading exponent was investigated, and the 
results were presented in Fig. 9 and Table 7. The tube mate-
rial used in this analysis is the same as in the previous sec-
tions, and the details related to the geometry of each struc-
ture are provided in Table 7. According to Fig. 9, for any 
given value of grading exponent, increasing the normalized 
wall thickness ( tmax∕tmin ) leads to an increased difference 
between the MCF of each cycle compared to the previous 
ones. However, as the grading exponent increases, the effect 

Table 5  SEA of E-UT 
( SEAE−UT ) and E-FGT 
( SEAE−FGT ) circular tubes 
for different normalized FGT 
tube wall thickness ( t

max
∕t

min
 = 

1.5, 2, 2.5 and 3) and grading 
exponents (n = 0.4, 1 and 4)

Tube type n R (mm) H (mm) t
min

(mm)
t
max

∕t
min

t
U

(mm)
Total mass (g) SEA

E−FGT

(KJ/Kg)
SEA

E−UT

(KJ/Kg)
E-FGT 0.4 30 180 1 1.5 1.357 124.3 14.2 10.7

2 1.714 157.0 16.1 12.1
2.5 2.071 189.7 17.8 13.3
3 2.428 222.4 19.4 14.5

1 30 180 1 1.5 1.250 114.5 13.6 10.2
2 1.500 137.4 14.9 11.3
2.5 1.750 160.3 16.2 12.2
3 2.000 183.2 17.5 13.1

4 30 180 1 1.5 1.100 100.7 12.5 9.6
2 1.200 109.9 12.9 10.0
2.5 1.300 119.0 13.2 10.4
3 1.400 128.2 13.6 10.9

Fig. 7  The comparison of relative difference of SEA between 
E-FGT and their E-UT counterparts (relative difference 
% = SEA

E−FGT−SEAE−UT

SEA
E−UT × 100)
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of normalized wall thickness on the mean crushing force 
required to complete elementary folding cycles of the struc-
ture during axial compression decreases. For example, in the 
case of n = 8, the difference between MCF of the structures 
with tmax∕tmin=1.5 and 2.5 is small and can be neglected in 
the first 55 mm displacement of the structure.

Table 7 provides crucial insights into the total energy 
absorption (EA) and specific energy absorption (SEA) of the 
examined structures at a crushing distance of 135mm. The 
findings indicate that when the grading exponent remains 
constant, an increase in the normalized wall thickness leads 
to a notable rise in the total mass, energy absorption (EA), 
and specific energy absorption (SEA) of the structure, as 
demonstrated in Table 7. However, an intriguing obser-
vation emerges as the grading exponent is increased. It is 

evident that any variations in the normalized wall thick-
ness ( tmax∕tmin ) have a diminishing impact on the total 
mass, energy absorption (EA), and specific energy absorp-
tion (SEA) of the E-FGT structures. In other words, as the 
grading exponent increases, the influence of changes in the 
normalized wall thickness becomes less pronounced. These 
findings provide compelling evidence that the grading expo-
nent plays a critical role in determining the overall perfor-
mance characteristics of the structures. While variations in 
the normalized wall thickness have a significant impact at 
lower grading exponents, this effect diminishes with higher 
grading exponents. This suggests that the structural behavior 
becomes more resilient and less sensitive to changes in the 
wall thickness pattern as the grading exponent increases.

Fig. 8  The effect of different values of grading exponent n on the MCF necessary for completing each folding cycle for a t
max

∕t
min

 = 1.5; b 
t
max

∕t
min

 = 2; c t
max

∕t
min

 = 2.5; d t
max

∕t
min

 = 3



 Journal of the Brazilian Society of Mechanical Sciences and Engineering          (2024) 46:205   205  Page 12 of 17

4.5  Foam filling effect

In an F-FGT tube, the interaction energy between the tube 
wall and foam material can be described by two dimension-
less functions of the eccentricity factor (m), denoted as the 
interaction coefficients C1(m) and C2(m) . Figure 10 illustrates 
the relationship between the eccentricity factor (m) and these 
coefficients. As the eccentricity factor (m) increases from 
0 to 1, the first coefficient of interaction ( C1(m) ) decreases 
from its maximum value (π) to its minimum value (0), as 
depicted in Fig. 10. Conversely, the second coefficient of 
interaction ( C2(m) ) exhibits an increase from 1.333 to 1.785 
as the eccentricity factor (m) increases from 0 to 0.1532, 
reaching its maximum value. However, further increasing 
the eccentricity factor (m) beyond 0.1532 causes C2(m) to 
decrease, eventually reaching its minimum value of 0. Con-
sequently, as the eccentricity factor (m) increases, the energy 
dissipated by the interaction diminishes. When the eccen-
tricity factor (m) equals 1, the interaction energy becomes 
0, indicating that it no longer influences the total energy 
absorbed by the F-FGT tube.

Table 8 shows that the SEA of F-FGT circular tubes for 
different normalized FGT tube wall thickness ( tmax∕tmin = 
1.25, 1.5, 1.75, and 2) and grading exponents (n = 0.4, 1 and 
4) with axisymmetric deformation modes, and the results 
were compared with their F-UT counterparts. The tube 
material and the foam filler material were similar to those of 
[49], and SEA of F-FGT ( SEAF−FGT ) and F-UT ( SEAF−UT ) 

tubes were calculated at the crushing distance of 135mm. 
Table 8 shows that all of the F-FGT circular tubes had a 
higher value of specific energy absorption (SEA) than their 
corresponding F-UT counterparts. As a result, the crush-
ing behavior of F-FGT circular tubes was superior to that 
of their F-UT counterparts. Additionally, it was observed 
that for any constant value of grading exponent, increas-
ing the normalized FGT tube wall thickness ( tmax∕tmin ) led 
to an increase in the SEA of both F-FGT and F-UT tubes, 
improving the crushing behavior of the structures during 
axial compression.

5  Conclusions

In this study, we have introduced a novel theoretical model 
based on the concept of super folding elements to analyze 
the axisymmetric deformation of empty and foam-filled FGT 
circular tubes with different thickness patterns. The accuracy 
of the model was validated against previous experimental 
results, leading to the following significant conclusions:

1. Accurate Prediction of Axial Crushing Behavior: The 
proposed model demonstrates precise predictions of the 
axial crushing behavior for both empty and foam-filled 
FGT and UT circular tubes under axisymmetric defor-
mation.

Table 6  EA and SEA of E-FGT 
circular tubes for different 
normalized wall thickness 
( t
max

∕t
min

 = 1.5, 2, 2.5, and 3) 
and grading exponents (n = 0.4, 
0.8, 1, 2, and 4)

Tube type R (mm) H (mm) t
min

(mm)
t
max

∕t
min

n Total mass (g) EA
(KJ)

SEA
E−FGT

(KJ/kg)
E-FGT 30 180 1 1.5 0.4 124.3 1.2886 14.2

0.8 117.0 1.1522 13.7
1 114.5 1.1061 13.6
2 106.8 0.9749 13.0
4 100.7 0.8865 12.5

30 180 1 2 0.4 157.0 1.8085 16.1
0.8 142.5 1.5101 15.2
1 137.4 1.4076 14.9
2 122.1 1.1269 13.8
4 109.9 0.9393 12.9

30 180 1 2.5 0.4 189.7 2.3934 17.8
0.8 167.9 1.9068 16.7
1 160.3 1.7435 16.2
2 137.4 1.2920 14.7
4 119.0 0.9951 13.2

30 180 1 3 0.4 222.4 3.0330 19.4
0.8 193.4 2.3365 18.1
1 183.2 2.1088 17.5
2 152.6 1.4697 15.6
4 128.2 1.0539 13.6
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Fig. 9  The effect of different values of normalized wall thickness t
max

∕t
min

 on the MCF necessary for completing each folding cycle for a n = 0.4; 
b n = 0.8; c n = 1; d n = 2; e n = 4 and f n = 8
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2. Enhanced Energy Absorption in Empty FGT Tubes: 
We observed that empty FGT circular tubes exhibit a 
higher specific energy absorption (SEA) compared to 
their empty UT counterparts for values of 0.4 < n < 4.

3. Optimal Design Scheme for Empty FGT Tubes: Empty 
FGT structures with smaller grading exponents exhibit 
greater energy absorption (EA) and specific energy 
absorption (SEA) at any constant value of the normal-
ized wall thickness ( tmax∕tmin ). Hence, empty FGT 
structures are considered the optimal choice as energy 
absorbers, showcasing more ideal energy absorption 
behavior.

4. Influence of Normalized Wall Thickness on Energy 
Absorption: By increasing the normalized wall thickness 
( tmax∕tmin ) of empty FGT circular tubes for any given 
grading exponent, we observed higher values of energy 
absorption (EA) and specific energy absorption (SEA) 
within the structure.

Table 7  EA and SEA of E-FGT 
circular tubes for different 
normalized wall thickness 
( t
max

∕t
min

 = 1.5, 1.75, 2, 2.25, 
and 2.5) and grading exponents 
(n = 0.4, 0.8, 1, 2, 4, and 8)

Tube type R
(mm)

H
(mm)

t
min

(mm)
n t

max
∕t

min
Total mass (g) EA

(KJ)
SEA

E−FGT

(KJ/Kg)
E-FGT 30 180 1 0.4 1.50 124.3 1.2886 14.22

1.75 140.6 1.5409 15.17
2.00 157.0 1.8085 16.08
2.25 173.4 2.0933 16.96
2.50 189.7 2.3934 17.81

30 180 1 0.8 1.50 117.0 1.1522 13.73
1.75 129.7 1.3256 14.49
2.00 142.5 1.5100 15.24
2.25 155.2 1.7040 15.98
2.50 167.9 1.9068 16.69

30 180 1 1 1.50 114.5 1.1061 13.55
1.75 125.9 1.2526 14.22
2.00 137.4 1.4076 14.89
2.25 148.8 1.5717 15.57
2.50 160.3 1.7435 16.24

30 180 1 2 1.50 106.8 0.9749 12.97
1.75 114.5 1.0492 13.38
2.00 122.1 1.1269 13.81
2.25 129.7 1.2078 14.24
2.50 137.4 1.2920 14.67

30 180 1 4 1.50 100.7 0.8865 12.50
1.75 105.3 0.9125 12.68
2.00 109.9 0.9393 12.85
2.25 114.5 0.9668 13.04
2.50 119.0 0.9951 13.22

30 180 1 8 1.50 96.6 0.8473 12.26
1.75 99.2 0.8526 12.30
2.00 101.7 0.8578 12.34
2.25 104.3 0.8631 12.39
2.50 106.8 0.8684 12.43

Fig. 10  The change of interaction coefficients C
1
(m) and C

2
(m) with 

the eccentricity factor m
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5. Interaction Energy in Foam-Filled FGT Tubes: The 
amount of energy absorbed due to the interaction 
between the tube wall and the foam-filler depends on 
the interaction coefficients C1(m) and C2(m) . For cases 
where m = 1, the interaction coefficients C1(m) and C2(m) 
become zero, indicating no interaction between the 
foam-filler and the tube wall. Therefore, the interaction 
energy can be disregarded in foam-filled FGT circular 
tubes.

6. Superior Energy Absorption in Foam-Filled FGT Tubes: 
Foam-filled FGT circular tubes exhibit higher specific 
energy absorption (SEA) compared to their foam-filled 
UT counterparts for any given values of grading expo-
nents (0.4 < n < 4). This finding highlights that foam-
filled FGT circular tubes are superior candidates as 
energy-absorbing structures.

In summary, our study presents a high-level generali-
zation and summary of the main work conducted in this 
paper. It also provides insights into the best design scheme 
for structural design, emphasizing the superior energy 
absorption capabilities of empty and foam-filled FGT cir-
cular tubes. Furthermore, the potential application value of 
the proposed theoretical model is clarified by demonstrat-
ing its effectiveness in accurately predicting axial crushing 
behavior and guiding the optimal design of energy-absorbing 
structures.
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