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Introduction

The compound helicopter, once overshadowed by more favorable configurations in the latter half of

the 20th century, has recently experienced a resurgence of interest due to its potential to overcome

contemporary challenges and offer previously unattainable possibilities. However, the maximum

speed of compound helicopters is currently limited to around 150 knots, primarily constrained by the

aerodynamic capabilities of the main rotor, engine power, and airframe drag. While careful design

considerations can address the latter two limitations, the aerodynamic characteristics of the rotor pose

significant challenges. The presence of retreating blade stall and advancing blade compressibility

effects further exacerbates these obstacles. In 1960, R.B. Lightfoot conducted a seminal case study titled

"The Helicopter as a Transport Vehicle," comparing various hypothetical aerial vehicles, including the

compound helicopter, tilt-fan, lift-fan, and conventional helicopter [1]. The study focused on a 300-mile

range and a 4-ton payload, demonstrating that the compound helicopter exhibited superior economic

performance across both longer and shorter ranges. This finding highlighted the potential for increasing

the speed of the compound helicopter while preserving its efficient hover capability, thereby making it

suitable for a wide range of military and civil applications.

Lightfoot’s study triggered a sequence of events, with flight testing of developed compound rotorcraft

taking place within a few years. However, subsequent declining interest was revitalized by the recent

surge in the vertical take-off and landing market. These developments and advancements in hybrid com-

pound rotorcraft have culminated in newer generations of aircraft, exemplified by Airbus Helicopters’

RACER, which is the successor to the X3 demonstrator [2]. Despite the advancements in compound

rotorcraft, challenges in controllability have impeded further research in the 1980s and 1990s. To

address this, novel methods of trim optimization and control allocation have emerged from meticulous

calculations and an extensive review of existing literature. Hybrid compound helicopters represent

a promising advancement in rotorcraft technology, offering improved performance, versatility, and

efficiency by combining features of both rotary-wing and fixed-wing configurations. However, under-

standing the complex flight dynamics of these aircraft and developing effective control systems present

significant challenges. This research addresses these challenges by presenting a comprehensive model-

ing approach for the flight dynamics of a hybrid compound helicopter using classical mechanics methods.

The research focuses on developing a non-linear mathematical model that encompasses the various

components of the aircraft, including the rotor, propellers, wings, fuselage, and empennage. By inte-

grating these components into a unified dynamics framework, a set of Equations of Motion is derived,

providing a precise representation of the hybrid compound helicopter’s behavior. A notable feature of

the model is the incorporation of conventional first-order steady flapping motion and quasi-dynamic

inflow modeling for the rotor and propellers, allowing for realistic modeling of their aerodynamic

interactions. The resulting mathematical model represents a complete 9 Degree-of-Freedom system,

augmented with additional mechanical and inflow degrees of freedom. As an over-actuated coupled

system, it offers multiple control inputs, including rotor collective pitch, rotor longitudinal and lateral

cyclic pitch, port-side and starboard-side propeller pitch, elevator deflection, and rudder deflection.

These controls enable precise manipulation of the hybrid compound helicopter’s flight parameters and

facilitate the attainment of trim conditions during forward flight.

The primary objective of this study is to identify operating trim points across the hybrid compound

helicopter’s forward flight envelope. Numerical optimization techniques are employed to achieve

optimal control allocation, with a particular focus on prioritizing the auxiliary propulsion system. A

mapping function is utilized in the control allocation process to identify trim points that ensure stability,

maneuverability, and efficient performance across various airspeeds, ranging from hover to the observed

maximum airspeed of 255 knots. The research findings demonstrate the successful implementation

of a slowed-rotor strategy at high speeds, effectively mitigating the adverse effects of compressibility

and ensuring safe and stable flight. Additionally, a linearized mathematical model is derived from the

ix



x

comprehensive non-linear model, providing crucial insights for future stability analysis and control

system design. These outcomes contribute valuable knowledge to the advancement of hybrid compound

helicopter technology, facilitating the development of more efficient and reliable aircraft in the field of

rotorcraft engineering. In the subsequent sections, we will delve into the methodology, mathematical

modeling process, optimization techniques, and the obtained results in detail. This research significantly

contributes to the understanding and advancement of hybrid compound helicopter technology, offering

valuable insights for future studies, stability analysis, and control system design in this exciting and

innovative aircraft configuration.
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Abstract
This research presents a comprehensive modeling approach
for the flight dynamics of a hybrid compound helicopter,
employing classical mechanics methods. The derived non-
linear mathematical model encompasses the individual
components of the aircraft, including the rotor, propellers,
wings, fuselage, and empennage. These components are in-
tegrated into a unified dynamics framework through the
final Equations of Motion. Notably, the model incorpo-
rates a conventional first-order flapping motion and quasi-
dynamic inflow modeling for both the rotor and propellers.
The resulting model represents a complete 9 Degree-of-
Freedom system, augmented with 6 mechanical ones and
an additional 3 for the inflows of the rotor and the two
propellers. As an over-actuated coupled system, it offers
7 available controls; rotor collective pitch, rotor longitu-
dinal and lateral cyclic pitch, port-side and starboard-side
propeller pitch, elevator deflection, and rudder deflection.
The primary objective of this study is to identify operat-
ing trim points during forward flight, ranging from hover
to the recorded maximum airspeed of 255 knots. Achiev-
ing trim through numerical optimization involves a con-
trol allocation process utilizing a mapping function that
prioritizes the auxiliary propulsion. The research findings
demonstrate the successful implementation of a slowed-
rotor strategy at high speeds, effectively mitigating com-
pressibility effects. Additionally, a linearized mathematical
system is derived, providing essential insights for future sta-
bility analysis and control system design. These outcomes
contribute valuable information toward the advancement
of hybrid compound helicopter technology.

Nomenclature
Symbols

α Angle of attack [rad]

αcp Angle of attack of control plane [rad]

αdp Angle of attack of disc plane [rad]

αsp Angle of attack of shaft plane [rad]

δe Elevator deflection [rad]

δr Rudder deflection [rad]

ε0 Average downwash angle [rad]

ε0 Wing incidence angle [rad]

εβ Flapping hinge offset ratio [-]

γ Lock number ρCLαceR4

Iβ

λ Permeability [-]

μx Advance ratio [-]

φ Euler rotation around x-axis [rad]

Ψ Blade azimuth position [rad]

ψ Euler rotation around z-axis [rad]

θ Euler rotation around y-axis [rad]

θ0 Collective pitch [rad]

θ0pp Port-side propeller pitch [rad]

θ0ps Starboard-side propeller pitch [rad]

θ1c Lateral cyclic pitch [rad]

θ1s Longitudinal cyclic pitch [rad]

p Body roll rate [rad/s]

q Body pitch rate [rad/s]

r Body yaw rate [rad/s]

u X-axis velocity component [m/s]

v Y-axis velocity component [m/s]

w Z-axis velocity component [m/s]

Subscripts

mp Moore-Penrose pseudo-inverse
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p Propellers

pp Port-side propeller

ps Starboard-side propeller

t Horizontal tail

v Vertical tail

w Wings

Superscripts

b Body-fixed reference frame

BEM Blade Element Method

Gl Glauert theory

n NED reference frame

Abbreviations

AoA Angle of attack

CA Control axis

CG Centre of gravity

CP Control plane

DA Disc axis

DP Disc plane

EOM Equation of Motion

NED North-East-Down

RPM Revolutions per minute

SA Shaft axis

SP Shaft plane

VTOL Vertical Take-Off and Landing

1 Introduction

The compound helicopter is a special case of innovation that
was set aside in the second half of the 20th century in light of
more desirable configurations at the time and has been most
recently been looked at again, after evaluation that some of its
key features, might be able to overcome some modern hurdles
that its predecessors could not. The maximum speed of them
is limited by the aerodynamic capabilities of the main rotor,
installed engine power, and airframe drag. While the two last
ones can be resolved through careful design, the limitations of
the rotor aerodynamic characteristics cannot. The restrictions
of retreating blade stall and advancing blade compressibility
effects are undoubtedly hindering. In 1960 R.B. Lightfoot
created a case study in which new hypothetical aerial vehicles
were compared in ”The Helicopter as a Transport Vehicle”[1].
The compound helicopter was featured next to a tilt-fan, a

lift-fan, and a conventional helicopter. The study was based on
a 300-mile range and a 4 ton payload but the charts show the
helicopter and the compound are distinctly more economical
at both longer and shorter ranges. Therefore, an increase in
speed, provided that efficient hover capability is maintained,
would make the compound helicopter suitable for various roles
and missions in both military and civil markets.

What followed Lighfoot’s study was followed by a chain of
events in a short timespan with developed compound rotorcraft
being flight-tested within the next few years. After a decline in
interest, it has been again risen with the simultaneous rise of
the VTOL market. More recently, there have been alterations
based on the performance of the above, which has led to newer
generations of aircraft of this identity. Specifically here, an at-
tractive version of hybrid compound rotorcraft configurations
was seen, with the X3 demonstrator, the predecessor of one
of the newest designs of Airbus Helicopters, the RACER. Al-
though vehicles like this showed clear improvements in certain
areas, they pose challenges in controllability, which was partly
the reason of the drop in related research in the 80s and 90s.
Like many recent studies, this research faces this with trim op-
timization and control allocation, obtained from thorough cal-
culations and literature study. In this paper, a concise path of
the modelling process is given, which will then lead to a non-
linear mathematical model in need of trim. Consequently, the
trim problem will be addressed and solved in forward flight.
Lastly, a linearized system will be created and tested in open
loop, to supply further research with as defined a tool needed,
for the achievement of the ultimate goal, which will be the fully
functional simulation of maneuvering flight.

2 Flight Mechanics Modelling

In rotorcraft simulation, the dynamics to be under manipula-
tion are high-order, highly-coupled and non-linear, not to men-
tion severely unstable in uncontrolled flight. Their modeling
is a crucial matter to be taken seriously, and that their model-
ing methods are consistent. For this research, the 9-DoF over-
actuated system entails 3 inflow degrees of freedom on top of
the 3 translational and the 3 rotational ones, it is required to
tend to the vehicle’s mechanics, and the effects of states and
inputs on them, with clear steps and reference systems defini-
tion. Although literature has shown a multitude of computa-
tional methods, that lead to high-level modeling, for the pur-
pose of test data validation, this paper approaches the problem
with derived methods of classical mechanics explained later on.
In the end of the section, a set of Equations of Motion are de-
rived, representing a system of non-linear unified dynamics, to
be trimmed subsequently. A set of assumptions is essential at
this point, that help put the model fidelity in perspective;

• Flapping dynamics are assumed first-order, and thus
steady-state disc-tilt angles are shown only. Higher order
dynamics are neglected, as well as fast transient blade
flapping modes. Lag dynamics are also assumed to su-
persede the research scope.

2
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• The airflow is assumed incompressible, and with no re-
verse flow regions in the rotor disc. As said before, this
assumption will be challenged later on, and certain mod-
ifications will be suggested to achieve the research ob-
jectives.

• Engine dynamics are chosen to be obtained as non-
existent, and with having a constant rotor and propellers
angular velocity, the differential equations that describe
their rotation speed, are not considered.

• Atmospheric conditions are deemed constant, and at sea
level. This is a valid assumption for forward flight simu-
lation, but when climbing and maneuvering flight is con-
sidered, an atmospheric model should be in place, to pro-
vide the appropriate external conditions.

Figure 1: Eurocopter X3 (obtained from ainonline.com)

This research follows in part the blade element method as in
(Pavel, 2001) and (Pavel, 1996), and attempts to mathemati-
cally describe a complete 6-DoF compound helicopter model,
with additional inflow DoFs. The components modeled sep-
arately, to result in the overall dynamics description, are the
rotor, the empennage consisting of horizontal and vertical tails,
the propellers, the wing and the fuselage. Figures 14, 15 and
16 display the initial Free-Body diagram analysis of the aero-
dynamic forces and moments these components cause. Note
that, outside the rotor and propeller forces, the aerodynamic
forces are shown in the velocity reference frame. In this sec-
tion, the work towards the finalized model is presented, with
the subsections focusing on each component individually, and
a final subsection with the entire body dynamics.

2.1 Rotor

This model features a five-blade equivalent flapping hinge ro-
tor modelled using the Blade Element Method, where the dis-
cretization of the blade in two-dimensional airfoil sections and
the calculation of local aerodynamics and inertial forces, are
then integrated over the length of the blade for the total forces
and torques. Note that it is only a valid method for high-aspect
ratio blades, like in this study. The rotor blades were modeled
as undergoing rigid-body flap rotations and the equilibrium is
calculated about an offset flap hinge. Furthermore, the blade is
twisted at an angle θtw, which is considered in the thrust calcu-
lation but not in the flapping motion itself. A total of three con-
trol inputs influence the orientation of he rotor and its dynamic

output, namely the collective pitch θ0, longitudinal cyclic θ1s,
and lateral cyclic pitch θ1c. No lagging dynamics have been
made of interest in this research and overall, the model is de-
rived primarily using the work of Pavel (1996) and Bramwell
(2001). The following subsections outline the modelling of the
flapping and inflow dynamics, the derivation of the forces and
moments, and their expression transitioning between rotor ref-
erence frames.

2.1.1 Flapping dynamics

In the absence of lead-lag dynamics, and under the rigid blade
assumption, the flapping dynamics in steady-state modes are
modelled here up to and including the first harmonics of the
Fourier series of the periodic motion β(Ψ);

β(Ψ) = a0 – a1 cosΨ – b1 sinΨ (1)

where a0 is the coning angle, a1 is the longitudinal disc-tilt
angle, and b1 is the lateral disc-tilt angle. Truncation of the
Fourier series sources from the fact that free motion of the
blades like fast eigenmodes is not of interest but only the ef-
fect on the airframe, and that the response to control inputs is
instantaneous leading to asymptotic approximation of the flap-
ping behaviour. As proposed by Bramwell the coefficients of
Equation 1 are expressed as follows [2];

a0 =
γ
8

[
θ0(1 + μ2

x) +
4λ
3

+
2
3
μxp̄
]

(2)

a1 =
8
3μxθ0 + 2μxλ + p̄ – 16

γ q̄

1 – 1
2μ

2
x

(3)

b1 =
4
3μxa0 + q̄ – 16

γ p̄

1 + 1
2μ

2
x

(4)

where q̄ = q/Ω and p̄ = p/Ω are the non-dimensional pitch and
roll rate respectively. It is important to list assumptions made
for these simplified versions for the level of modelling fidelity
of this research. For them, the flapping hinge offset is neglected
(ε = 0), and only a first-order relationship with rates p and q is
considered. Also, induced velocity is assumed uniform along
the rotor disc here. To compensate for that, the model follows
Pavel (2001) in the usual inclusion of a correction factor, ex-
pressed as in Equation 5;

Kcorr =
1.33μx/|λ|

1.2 + μx/|λ| (5)

in order to obtain the new lateral disc tilt angle of Equation 6
[3].

b1 =
4μxa0/3 + q̄ – 16

γ p̄

1 + μ2
x/2

+
Kλ0

1 + μ2
x/2

(6)

As mentioned, the above takes place in the control plane, so it
will be shown shortly, how these help the transition to the disc
plane, and how they end up affecting the total movement of the
body.
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2.1.2 Inflow model

Vital in rotorcraft dynamics is the modelling of the rotor inflow.
A plethora of research is present in the matter and its under-
standing is essential for simulation fidelity. Among the exist-
ing approaches for induced velocity, this research focuses on a
quasi-dynamic inflow modelling, treating the variable as an ad-
ditional state in the model, which dynamically varies by equat-
ing the thrust coefficient obtained from the Blade Elementh
Method, and that resulting from Glauert’s theory. In the lon-
gitudinal model during the preliminary phase of this research,
and in the early stages of the complete 6-DoF modelling of this
vehicle, a uniform inflow method was implemented. However
the assumption of uniform inflow in forward and maneuvering
flight, leads to misinterpretation of the induced velocity in the
aft of the rotor disc, bringing the issue of overestimated blade
lift in that region. Therefore, this more advanced model was
adopted for application to piloted simulation or control related
research.

CGl
T = 2λ0

√(
μ cos αdp

)2 +
(
μ sin αdp + λ0

)2 (7)

Regarding the Blade Element method, it will be used later in
this section to derive the overall forces. Although, its drawback
is that it assumes uniform velocity over the rotor disc, which at
high speeds proves valid, but but at low speeds, measurement
error diverges as inflow velocity approaches the other velocity
vector components acting on the blade. Using the momentum
theory, Glauert analyzed the rotor as an actuator disc, of zero
thickness, which assumes a steady loading, but variable across
the circular surface [4]. This ideal approximation, is equivalent
to an infinite-blade rotor, though gives a decent first estimate
of the wake-induced flow. Using non-dimensional values μ and
λ0, for the airspeed and the induced velocity at the rotor disc
respectively, the thrust coefficient according to Glauert’s the-
ory is given by Equation 7. Equating it with the one from the
Blade Element Method, and dividing by the time-constant τλ0 ,
provides the rate of change of inflow as shown below.

λ̇0 =
1
τλ0

(CBEM
T – CGl

T ) (8)

In the end, the idea is that the inflow becomes dynamic, and that
in steady-state condition, λ̇0 → 0, which in turn means that, as
such, the variable inflow takes place in the state vector, and in
trim the zero-valued derivative is targeted like all other states.
Simplicio et al. (2013) follows the same strategy in modelling,
and uses a time-constant value of 0.1, as seen in Appendix A.4.

2.1.3 Forces & Moments

It is now the point to collect the aforementioned approaches in
order to express the subsequent effect of the rotor on the entire
body. Likewise with the flapping angles, the pitch dynamics
follow a Fourier series representative motion in steady-state op-
eration. Once again, the factors that concern the modelling, are
the mean, also known as the collective cyclic, the twist factor,
and the first harmonics;

θ(Ψ) = θ0 + θtw r̄ – θ1c cosΨ – θ1s sinΨ (9)

where r̄ = r/Rr is the radial position of the blade element sec-
tion along the complete rotor radius. Using this above, and
looking back at Figures ?? and ??, one can move on to uti-
lize the two cyclic pitch angles of the first harmonics and ex-
press the flapping angles about the SP as a1R = a1 – θ1s and
b1R = b1 + theta1c. The transformation then from the DP di-
rectly to the body-fixed axis is finalized after considering γs
too, to get Tb

dp as seen from Appendix A.3. Thus, for airspeed
influence to the aerodynamic forces & moments, the AoA with
respect to the SP as αSP = γs + αfus, where αfus = α. The
ones with respect to the CP and DP are respectively defined
as αCP = αSP + θ1s and αDP = αCP + a1. Recalling the Blade
Element theory, the velocity of an elementary blade section is
assumed to experience a tangential component uT and a radial
component uR, based only on forward speed and rotor rotation.

F⃗rcp =
[
–Hcp Scp –Tcp

]T (10)

After aerodynamic derivation of the lift and drag on the airfoil,
and double integration over both the radius and full revolution,
force coefficients CT, CH and CS are obtained, corresponding
to the z-, x-, and y-axis. Additionally a torque coefficient CQ
around the z-axis is derived only, as the other two are neglected
as insignificant. Note that these are expressed in the CP, and in
dimensional form the forces affect the body-axes as displayed
in Equation 10. Using the assumption that CT ≫ CH, CS and
the small angle approximation, the transition to the disc plane
yields the following.

CTdp ≈ CT, CHdp ≈ CH – CTa1

CQdp
≈ CQ, CSdp ≈ CS – CTb1

(11)

The final coefficients, as derived in Pavel’s doctoral thesis in
2001 are obtained to be as indicated below;

CTdp =
σCLα

2

[(
1
3

+
μ2

x
2

)
θ0 +

1 + μ2
x

8
θtw +

μxp̄
4

+
λ
2

]
(12)

CHdp = σCD
μx

4
+
σCLα

4

[(
a1
μ2

x
2

+ μxλ
)
θ0 +

μxλ
2
θtw + q̄

(
b1μx

4
–

a0
3

)
–

a0b1
3

+
(

a2
0 + a2

1

) μx

2
+

p̄λ
2

]
(13)

CSdp =
σCLα

4

[
–

1
2
μxa0θ0 +

(
–a0
μx

3
+ b1
μ2

x
4

–
q̄
4

)
θtw– 3a0μx

(
μxa1 – λ

)
+ b1
μxa1 – λ

2
+ a0a1

μ2
x + 1
3

]
(14)
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CQdp
= σ
[

CD
8

(
1 + 4.7μ2

x

)
– CTdpλdp – CHdpμx

]
(15)

Regarding the moments of the subsystem, next to the Q-torque,
there exist two more contributions considered in this model,
which are the pitch and roll moments due to flapping eccentric-
ity, namely Me, and Le defined by Equations 16 and 17 [5].

Me = ρ
(
πR2

)
(ΩR)2R sin (a1 + θ1s) Cme (16)

Le = ρ
(
πR2

)
(ΩR)2R sin (b1 + θ1c) Cme (17)

where the moment coefficient Cme is given to be;

Cme =
εβmbl

ρ
(
πR2)R

(18)

Finally, one is left with a highly representative model version
of a hingeless rotor. Conventionally, rotorcraft are primarily
powered by this source, and are not compounded by wings or
auxiliary propulsion, meaning a decent time needs to be spent
around the considerations in the flapping, lagging, pitching mo-
tion, and in the induced velocity dynamics of the subsystem.
Transformations between reference frames also needs to be
done with care, and assumptions like the small angle approx-
imation have to be made consistently throughout, otherwise,
modeling errors diverge very quickly. Here, one final trans-
formation is made, to the body axes, after having brought all
force expressions to the disc plane. The overall moments that
affect the airframe take three forms. One is the force induced
moments, seen in Equation 19 after cross product. The sec-
ond form is the ones of flapping eccentricity aroung the hinge,
from Equations 16 and 17, and the third is the torque produced
by the rotor, and presented with the three forces. Note that soff
is a perpendicular offset distance from the body’s longitudinal
symmetry axis.





F⃗r = Tb
dp ·
[
–Hdp Sdp –Tdp

]T

M⃗r =
[
Le Me Qdp

]T
+
[
dr soff –hr

]T
× F⃗r

(19)

2.2 Propellers

The propeller model follows the BEM calculation path like the
rotor. In this vehicle, the pair of wing-mounted propellers is not
just responsible for forward thrust, like in most aircraft, but also
yaw control in the absence of the conventional tail rotor, a result
achieved with differential thrust. As mentioned in the assump-
tions of this section, the engine dynamics are not modelled.
Should that have been the case, a time-delay consideration be-
tween command and output would have been applicable here.
Like with the rotor, the rotational velocity of the propellers is
constant, and their thrust is manipulated solely through pitch
command. It must be noted here, that they are modelled such
that their line of thrust does not coincide, but is parallel to the

xb-axis. As a result, the thrust sum contributes directly to the
x-component of the total force. For overall modelling integrity,
the inflow ratio for the propellers is also modelled under the
quasi-dynamic inflow method of the rotor. The pair of the last
two entries of the state vector is given by Equations 20 and 21.

λ̇0pp =
1
τλ0p

(CBEM
Tpp – CGl

Tpp) (20)

λ̇0ps =
1
τλ0p

(CBEM
Tps – CGl

Tps) (21)

In a configuration like the one under focus here, it is important
to realise that all components operate inside the rotor’s wake
region. This is also true for the empennage, but for high speeds
only. The effect of this observation, is an unconventional air-
flow near these components, and thus a strong rotr-component
aerodynamic interaction. In this research, and for the level of
fidelity targeted here, this is addressed in the form of interfer-
ence factors. It will also be specified in the subsequent chapters
but for the propellers specifically, it takes place in the equation
of their advance ratio. Looking at Equation 22, one can notice
this the KpΩRλ0 factor, which negatively affects the vertical
component of the velocity experienced tangentially at the pro-
peller disc. Also, the permeability of each propeller is given by
Equations 23 and 24.

μxp =

√
v2 –

(
w + KpΩRλ0 – qdp

)2

ΩpRp
(22)

To further represent the adjusted airflow, both advance ratio
and permeability in each propeller are affected by induced local
velocities cause by attitude rates. Factors qdp, qhp, rspp and
rsps are exactly for this, and in each instance, it is shown that a
positive corresponding rate will affect the flow either positively
or negatively.

λpp =
u – qhp + rspp

ΩpRp
– λ0pp (23)

λps =
u – qhp – rsps

ΩpRp
– λ0ps (24)

Notice the opposite signs in front of the yaw rate factor in the
last two equations. It is intuitive to picture the vehicle perform-
ing a non-zero yaw rate turn, and that this will cause enhanced
inflow at the port side propeller, and a negative one at the star-
board side propeller. This detail, together with the variable
pitch inputs, are the reason the two propellers end up having the
desirable differential thrust. Lastly, the induced by the forces
are added with a torque cause around the y-axis, of the form,
Qp = ρπR2

p(ΩpRp)2RpCQp
, the coefficient of which is approx-

imated from literature. Overall, forces and moments regarding
the auxiliary propellers are expressed in the body frame, and
are summarized by Equation 25.

5
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



F⃗p =
[
Tpp + Tps 0 0

]T
= F⃗pp + F⃗ps

M⃗p =
[
0 Qp 0

]T
+ r⃗pp × F⃗pp + r⃗ps × F⃗ps

(25)

where the last two factor are appear split because of the CG
offset, and means that the moment induced around the z-axis
comes after multiplying with slightly different arms spp = sp –
soff and sps = sp + soff. The sum of the two cross products in
vector form equals

[
0 –(Tpp + Tps)hp Tppspp – Tpssps

]T.

2.3 Wings

As mentioned, in addition to thrust compounding, this com-
pound helicopter configurations features lift compounding by
including wings in the design. These are a set of short-span
wings in high positioning and at an anhedral angle. Contrary
to the real Eurocopter X3, the model does not include aileron
surfaces. Therefore, their representation in the mathematical
modelling is through their aerodynamic forces and induced mo-
ment about the pitch axis. Equation 26 outlines the lift force as
follows;

Lw =
1
2
ρV2

wSwCLwcos(Γ) (26)

where Γ is the anhedral angle and the angle of attack experi-
enced at the wing position is affected by the induced velocity
factor qdw caused in a pitch rate motion.

αw = arctan
(

w + qdw

u

)
+ iw – Kwε0 (27)

As with most components in the model, for improved fidelity,
the aerodynamic interaction effect between the rotor and the
wing is included using an interference factor Kw that alters the
total angle of attack. Lastly, the design uses a conventional
lift curve slope where CLw = CLα,wαw + CLα=0 . Additionally,
the drag coefficient of the wing follows a parabolic drag polar
equation, as expressed in Equation 28, where AR is the aspect
ratio of the wing and e is the Oswald efficiency factor.

CDw = CD0 +
C2

Lw

π · AR · e0
(28)

The forces and moments expressed in the body axis of the sys-
tem can be grouped as shown below.





F⃗w =
[
–Dw 0 –Lw

]T

M⃗w = r⃗w × F⃗w =
[
0 hwDw + dwLw 0

]T
(29)

2.4 Fuselage

The fuselage of the vehicle is represented in this model by its
parasite drag force Rfus, defined by Equation 30, and its aero-
dynamic moment contributions CMfus and CNfus , around the y-

and z-axis respectively. The drag of the body is approximated
by its equivalent flat-plate area F0.

Rfus =
1
2
ρV2F0 (30)

Furthermore, due to the geometry of the fuselage, there exist
induced aerodynamic moments around the pitch and yaw axes,
the coefficients of which are shown in Equations 31 and 32
respectively. The fuselage is assumed symmetrical around the
roll axis, thus no moment coefficient CLfus is considered. It is
necessary to take into account the effect of the aerodynamic
interaction between the rotor and fuselage, which will impact
the resulting angle of attack and sideslip angle, and which are
represented by interference factor Kf. In (Pavel, 1996), citing
(Marinescu & Anghel 1992), a value of 0.83 is suggested for
the first one [6] [7].

CMfus =
(

V
ΩR

)2 1
AR

KfVfMαf (31)

CNfus =
(

V
ΩR

)2 1
AR

KfVfNβf (32)

VfM and VfN represent the volume of a body observed from
their respective view, but having circular sections. Consider-
able to mention, is the assumption of the direct relationship
between CM,fus and αf. The angle of attack at which Mfus = 0
and the average downwash angle, are both considered to be
zero, and would both be subtracted from αf otherwise, to re-
sult in an effective AoA αeff ̸= αf. The above are gathered in
the body frame as expressed in Equation 33. Rfus was previ-
ously defined as such in the velocity frame, and so the vector is
transformed using Tv

i from Appendix A.3.




F⃗fus = Tv
i ·
[
–Rfus 0 0

]T

M⃗fus =
[
0 Mfus Nfus

]T
(33)

2.5 Empennage

The empennage of this vehicle is an H-tail configuration fea-
turing a central horizontal tail and one vertical fin on each side
of it. The horizontal tail incorporates an elevator surface, the
deflection of which assists primarily in pitch moment control.
The the vertical tails entail a rudder surface each, that control
yaw movement upon deflection. Initially, the velocity at which
the airflow meets the horizontal and vertical tail are visible in
Equation 34 and Equation 35 respectively.

Vt =
√

u2 + (w + qlt)2 (34)

Vv =
√

u2 + (v + phv – rdv)2 (35)

As seen, both airspeeds above are affected by the vehicle’s at-
titude rates, via the induced velocity factors qlht, phvt and rlvt.
More specifically, a positive pitch rate increases the horizon-
tal tail airspeed, and a positive roll rate does the same to the
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vertical tails, while a positive yaw rate negatively affects the
latter. These affect the angle of attack and sideslip angle in an
identical manner as they do Vt and Vv. The resulting force
definitions of the empennage elements are expressed below.

Lt =
1
2
ρV2

t StCLα,tαt (36)

Yv =
1
2
ρV2

vSvCYβ,vβv (37)

The effect of the control surfaces are embedded in the coef-
ficients CLα,t and CYβ,v by way of vertical translation of the
slope curves. That is, a positive elevator deflection δe raises
the Lt/αt slope by a factor of dCLα,t /dδe. In the same man-
ner a positive rudder deflection δr raises the Yv/βv slope by
dCYβ,v /dδr. The contribution of the tail in the body dynamics
is primarily through the negative pitch moment created by the
positive lift. The lift force itself has little effect. A drag force is
also present for model integrity, but negligible both in terms of
force and moment contribution. Overall, the resulting vectors
for the empennage are gathered. Equation 38 outlines those for
the horizontal tail, and Equation 39 those for the vertical tails.





F⃗t =
[
–Dt 0 –Lt

]T

M⃗t = r⃗t × F⃗t =
[
0 htDt – dtLt 0

]T
(38)





F⃗v =
[
0 –Yv 0

]T

M⃗v = r⃗v × F⃗v =
[
hvYv 0 –dvYv

]T
(39)

2.6 Body dynamics

This section unifies the total dynamics of the modelled vehicle,
analyzed over this section. Equation 40 gathers all forces an
moments in two corresponding vectors, both acting on the cen-
ter Ob of the body-fixed reference frame Obxbybzb. Note that
due to offset distance soff of the CG, these two do not coincide.





F⃗tot = F⃗R + F⃗p + F⃗w + F⃗fus + F⃗t + F⃗v

M⃗tot = M⃗R + M⃗p + M⃗w + M⃗f + M⃗t + M⃗v

(40)

A total of 12 states are part of this model’s system of equations
and they are listed below;

• The body velocities: u⃗ =
[
u v w

]T

• The Euler angles that express the vehicle’s attitude with
respect to the Onxnynzn frame: θ⃗ =

[
φ θ ψ

]T

• The body angular velocities: ω⃗ =
[
p q r

]T, and

• The quasi-dynamic inflows of the rotor and the two pro-
pellers described earlier: λ⃗0 =

[
λ0 λ0pp λ0ps

]T

Note the positional vector
[
x y z

]T is not of interest in
this study as the purpose is the finding of steady-state oper-
ating points in forward flight, and these states are necessary in
control-system design, and simulation of maneuvering flight.
This article assumes a rigid body with constant mass M and in-
ertia J moving along a flat, non-rotating Earth with a uniform
gravity field of acceleration g⃗. The final EOMs is a final set of
differential equations, to be solved, and fed back to the system
dynamically as states next to the inputs. In the computational
aspect of this thesis, their solution was obtained using Runge-
Kutta numerical integration, by way of the MATLAB® function
ode45. They are firstly comprised of the translational dynam-
ics of Equation 41, where the second factoy of the right-hand
side entails the gravitational force transformation to the body
frame, which in some expression in literature, is embedded in
the Ftot vector.

u̇ =
1
M

Ftot + Tb
n
[
0 0 g

]T – ω × u (41)

In the absence of the positional vector, that was just mentioned,
the kinematics of the translational motion are not included in
the EOMs, but for expansion of this model, they are repre-
sented by the differential equation ẋ = Tn

b u, where ẋ is the

derivative of
[
x y z

]T and Tn
b = {Tb

n }–1 is the transforma-
tion back to the NED frame. Additionally, the definitions of the
dynamics and kinematics of the rotational motion are respec-
tively displayed in Equations 42 and 43.

ω̇ = J–1[Mtot – ω × Jω] (42)

θ̇ = On
bω (43)

Although, translational kinematics are not included, the rota-
tional description is necessary to this research, as the orienta-
tion of the vehicle relative to the NED frame in steady-state op-
eration is vital. Lastly, the three quasi-dnamic inflows are part
of the EOMs, all three of which follow the same expression
as that of Equations 8, 20 and 21. Now that the mathematical
model is finalized, and ready to be manipulated dynamically,
the following steps towards a linearized compound helicopter
will be investigated.

3 Trim

Having modelled the 9-DoF compound helicopter thoroughly
under valid assumptions and approximations, the research pro-
ceeds to the trim phase of said model. In this section, steady-
state operating points are discovered throughout the vehicle’s
airspeed range in forward flight, under which it will function
in mechanical equilibrium. Over the years, a wide range of
Control Allocation (CA) methods has been developed, catering
to both linear and non-linear aerodynamic models. Extensive
research on CA methods has been conducted, and a compre-
hensive survey can be found in [8]. These methods typically
involve solving an optimization problem to determine the most
effective control forces. In some CA formulations, the primary
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objective is to minimize the disparity between the desired con-
trol forces and the achieved forces, as depicted in Equation 44.
However, other methods go beyond this and aim to optimize
additional parameters, such as the displacement of total effec-
tors, trim drag ([9],[10]), or structural loads [11]. By con-
sidering these secondary parameters, these advanced CA ap-
proaches offer the potential for further performance enhance-
ments and operational efficiency.

min
δ

J = ∥ΔCF – Bδ∥ (44)

The challenge that is presented now, is the redundant number
of available control inputs on the aircraft. That is, in order to
achieve higher cruise speeds, as is the goal of compound heli-
copters, the total control effort has to be allocated among the
actuators, which then should lead to the slowing of the main
rotor, avoiding therefore compressibility effects on the advanc-
ing side and dynamic stalling on the retreating side. The second
of the fundamental problems of flight dynamics concerns trim
and states there exists a set of state and input vectors X∗ and
U∗ such that:

f(X∗, U∗) = 0 (45)

and in this particular case:

f(X∗, U∗) = Ẋ =
[
u̇ θ̇ ω̇ λ̇0

]T (46)

For clarity, the function f here is the derived nonlinear model.
In literature, the section focusing on the trim is a relatively
small one, as it is usually a straightforward process. Most air-
craft models are critically actuated, leading to an analytical trim
that will provide a unique solution (X∗, U∗) for each operating
condition in the flight envelope. This is not the case in dis-
cussion here. More specifically, the control inputs vector U is
displayed in Equation 47. In literature, the control of the pro-
pellers have been represented by inputs θ̄0p and θdiff, meaning
mean and differential propeller pitch instead of directly having
available θ0pp and θ0ps [12]. However, the only difference the
first version makes, is two additional equations, a sum and a
subtraction of the two within the model.

U =
[
θ0 θ1s θ1c θ0pp θ0ps δe δr

]T (47)

Between this, and the 12-entry state vector, the objective leads
to a trim vector showed below.

utrim =
[
φ θ λ0 λ0pp λ0ps UT]T (48)

Thus, this is evidence of an over-actuated system, for which
analytical trim is not possible, as the system is highly cou-
pled, meaning there is multiple instances where more than one
controls affect a single motion of the helicopter, either trans-
lational or rotational. Mathematically, this case serves as an
under-determined system of equations, with more unknowns
than equations in place. The solution is searched therefore, by
means of numerical trim optimization.

3.1 Trim Optimization

Gaining a deeper physical comprehension and insight into the
behavior of a compound helicopter system can potentially ex-
pedite the identification of optimal control parameters. This
could entail determining which redundant controls have greater
efficacy and which ones exhibit less sensitivity towards spe-
cific objectives, or identifying the optimal sequence for execut-
ing redundant controls and their corresponding effects. This
knowledge base could significantly reduce the search space for
both numerical optimization algorithms and fly-to-optimal ap-
proaches, thereby enabling a faster in-flight determination of
the optimal state [13]. In the context of model-based optimiza-
tion, a common approach to compute a steady-state operating
point involves imposing constraints on the system variables, in-
puts, or outputs. These constraints may take the form of fixed
values or bounds, which guide the optimization search towards
a suitable solution. Nevertheless, in certain scenarios, the opti-
mization search may benefit from increased flexibility in the
definition of its parameters to accommodate specific system
requirements or application constraints. The main element in
need of definition during numerical optimization are an objec-
tive function given by;

cost = min
utrim

J = arg min
utrim

∥∥Ẋ
∥∥ ,

subject to : c(U) : δlb ≤ U ≤ δub

(49)

where Table 1 outlines the constraint function set c(U), sourc-
ing from the physical upper- and lower-bound limits of the
actuators. Computational optimization algorithms interpret
equalities and inequalities separately, but given their decimal
points size, essentially the constraints follow the ”less than or
equal to” constraint. Furthermore, these can only be coded as
one-sided, meaning the table translates to 14 constraints ap-
plied to the algorithm.

Table 1: Controls limits

Constraints Limits

Rotor Collective 0.4° ≤ θ0 ≤ 16.4°
Longitudinal cyclic –16° ≤ θ1s ≤ 16°
Lateral cyclic –8° ≤ θ1c ≤ 8°
Port-side propeller pitch 0.4° ≤ θ0pp ≤ 16.4°
Starboard-side propeller pitch 0.4° ≤ θ0ps ≤ 16.4°
Elevator –25° ≤ δe ≤ 15°
Rudder –15° ≤ δr ≤ 15°

The point of this subsection has been to overcome the hurdle of
not being able to obtain an operating point analytically. How-
ever, remaining in this stage is still not a desirable result. Let
the aforementioned formulation of Equation 49 and Table 1.
Given the physical capabilities there exist multiple operating
points OPk = {X∗, U∗} that follow the relation;

OPk ∈ S7 ∀k ∈ {1, 2, 3, ...n} (50)
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where S7 is the seven-dimensional space of solutions that sat-
isfy Equation 49 at a single forward airspeed under the applied
optimization tolerance. Lowering this tolerance will potentially
reduce the size of this set but still to a non-singular amount of
solutions. The next approach at this point can take many direc-
tions depending on the goal of the study, such as a secondary
objective function making this solution a multi-objective opti-
mization. This research however, utilizes the methods of con-
trol allocation to obtain the required operating points.

3.2 Control Allocation

In this field, various processes are devised in order to either
tackle the over-actuation problem, or eliminate part of a control
effort in certain scenarios. Suppose a system with a control ef-
fectiveness matrix Be as defined below. The highlighted prob-
lem exists when the matrix is non-square, and more columns
are present than rows. As it is known in classical control the-
ory and linear algebra, the inverse of such matrix cannot be
computed, and so, no direct solution can be found.

Be =




∂L
∂δ1

∂L
∂δ2

· · · ∂L
∂δn

∂M
∂δ1

∂M
∂δ2

· · · ∂M
∂δn

∂N
∂δ1

∂N
∂δ2

· · · ∂N
∂δn




(51)

In the field of control allocation, strategies are searched for in
order to bring this matrix to invertible form, and obtain a set
of inputs as a result to the trim problem, most of which have
been attempted, and a particular one proved the best. Explicit
ganging, firstly, is an a priori method for combining or gang-
ing effectors in order to produce a single effective control from
multiple devices. Additionally, the weighted Moore-Penrose
pseudo-inverse matrix has been calculated according to [14]:

Bmp = W–1Be
T
(

BeW–1Be
T
)–1

(52)

It should be noted as a reminder, that this system is non-linear,
which implies that the control-effectiveness matrix Be is not
readily available, in order for this method to be given a try. It
has therefore, been manually constructed, after initially trim-
ming the model numerically, obtaining one of the operating
points in the solution subspace S7, and then perturbing the in-
puts from their trimmed state to come up with the required ma-
trix. This virtual ”re-allocation” method, requires a solution
subspace that is not null, and non-singular. In literature, con-
trol allocation is applied primarily in control systems desing, in
which stage, an linear system is potentially already available,
where as here, it is the final goal. Furthermore, it is inefficient
for the weighted methods to be used as such, because multiple
instances of trial and error have to happen to get a unique use-
ful W matrix for each airspeed in trim. The resulting method
that has been followed overall, is a Direct Allocation, by means
of a mapping function fCA in the optimization, which also uses
weighted penalization of certain undesirable controls.

fCA(U) = δlb ≤ WU ≤ δub

with : W =




w1 0 · · · 0

0 w2 · · · 0

...
...

. . .
...

0 0 · · · w7




(53)

Along the forward flight speed range, the penalty of the
longitudinal cyclic increases at higher speeds, in order for the
propellers to be used primarily for forward thrust. The em-
pennage surfaces are constantly weighed by a small factor, in
order. The collective left unallocated as it only adds vertical
thrust on top of the wing lift, when necessary. Similarly, the
lateral cyclic is unallocated since it is the only input that con-
trols the rolling motion. The product of this methodology is
outlined in the Results section.

4 Results

This section presents findings of this research, and helps visu-
alize methods explained earlier. It is important to show that the
trim and linearization methodologies have worked on the de-
rived model, and that the high cruise speeds that are targeted
are theoretically reached while at the same time avoiding there
undesirable aerodynamic consequences on the main rotor.

4.1 Compressibility assumption

Firstly, one should account for the ultimate goal, which is
achieving a cruise speed range up to 255 knots, with a slowed
rotor rotational velocity. Specific effect to be bypassed here,
is drag divergence at the tip of the advancing blade, the fastest
moving segment of the helicopter. The occurrence is the abrupt
increase in drag, at certain Mach numbers. Experimentally,
it has been shown that this happens between M = 0.85 and
M = 0.92 [15]. Following the modelling of Ferguson, the
Mach bound to stay under, is chosen to be M = 0.89 [16]. Fig-
ure 3 shows the rise of the advancing blade tip Mach number,
across the forward speed range of the flight envelope, but also
the aforementioned Mach bound.
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Figure 2: Rotor disc M at u = 255kts before RPM reduction

Ferguson’s approach is a logarithmic-like reduction of the rota-
tional velocity of the rotor with larger drops at larger airspeeds.
The solution here is chosen is to linearly reduce the rotational
velocity of the rotor after 125 knots, in order to have the tip M
value remain at around 0.85.

Figure 3: Advancing blade tip Mach number with rotor speed
reduction

The figure shows the first step of this research’s strategy, in
which the compound vehicle breaks the aerodynamic ”ceiling”
of conventional helicopter performance. It is possible because
it has still reach larger speeds, thanks to the auxiliary thrust
mechanisms.

Figure 4: Rotor disc M at u = 255kts after RPM reduction

By linearly reducing the rotational velocity from the hover Ω
at u = 125kts, the contour significantly improved overall, but
especially at the advancing blade region, as Figure 4 shows.

4.2 Allocation strategy

For the procedure of control allocation, it has been stated that
a mapping function narrows the range of selection of control
input combinations. This is done by amplifying the value of
inputs by means of weights, which leads to the larger values
being filtered out by the constraint function, so that the smaller
ones are only available for the optimization function. As it can
be imagined, an entire field of avenues is available to be taken
from here, and various different weight combinations would
be valid. The approach taken in this project, was a sensitivity
analysis of individually weighing the inputs, and documenting
all trim results. In each cycle, each of the inputs that would be
manipulated, were weighed solely, at 3 different factors, and
left unweighted too. This occured for the longitudinal cyclic,
for the two propeller pitches combined, and for the empennage
surfaces combined.

The scale of the factor is in need of explanation too. As clar-
ified, the role of the mapping function weights is the isolation
of smaller input absolute values. The scale, therefore, of the
weights is directly depended on how small a region one wants
to isolate in a control actuator range. It has been chosen in this
case, that power scales of 10 fulfill this purpose, and the more
undesirable the input will be, the higher the power of 10 on the
weight of the function. Due to the highly coupled character of
the model, a weight on a single input will undoubtedly affect
many of the other ones too. For this reason, the weighing is
focused on the share of forward thrust between the longitudi-
nal cyclic and the two propeller pitch controls. In the transition
range from hover to around 60 knots, the cyclic is favored to the
other two, whereas from 60 knots onward, the opposite holds.
In both cases, after the trial of multiple weights, the exponent
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operating point is chosen as initial guess for the optimization of
the nexto one. Such a method is needed, in similar problems,
where there is a large number of available solutions, which is
hard to navigate through. In combination with the inherent in-
stabilities of helicopters, a smooth change in controls needs to
be present, so that no large jump of input is needed suddenly.
The following spider plots give a visual representation of how
the controls of the aircraft are distributed following the trim
process. Note that, outside of the three collectives, the axes are
in absolute value, because the amount of deflection from zero
is important to see, rather than the actual sign of the controls.

Initially, in Figure 6 a single line can be seen. The reason for
this is that it has been the only stage in which control alloca-
tion has not been necessary. For hover, there is not airflow for
the empennage surfaces to manipulate, so then, they are simply
not deployed, which stops making the system over-actuated.
In the adjacent two plots, the distribution of the control effort
is shown for a low speed of 50 knots, and a high one of 200
knots. In them, the unallocated controls are seen in the dashed-
blue contour, and the final distribution after control allocation
in the shaded red region.

Figure 6: Control effort in hover Figure 7: Control effort at u = 50kts Figure 8: Control effort at u = 200kts

Figure 9: Collective pitch trim Figure 10: Cyclic trim Figure 11: Empennage deflections trim

In hover, the inputs δe and δr are at zero, as said before.
The rotor collective is at its maximum value, since no lift-
compounding takes place in the absence of airflow around the
wing. Actually, the collective is even larger than it would be
for the same helicopter without a wing, meaning not only does
the wing not help with a lift force it hover, but it is a draw-
back, since its position in the middle of the rotor wake creates
an induced download on the vehicle, to be compensated by the
main rotor. The yaw control by the propellers can be visible by
the slightly higher starboard propeller pitch value, which result
in a higher thrust value, which in turn leads to a compensatory
yaw moment. Regarding the two plots for forward flight, there

is clear reduction of the rotor collective as speed increases, and
the differential thrust remains present. Furthermore, the mean
propeller pitch increases with speed, so that the required thrust
is provided. Lastly, the very clear drop between the two con-
tours is the one of the longitudinal cyclic of the rotor, an effect
of the applied weights from subsection 4.2. In the end, the
overall trim results of all controls at all airspeeds are viewed in
Figures 9, 10 and 11.

4.4 Attainable Moment Set

The collection of moments that can be generated by the actua-
tors at any operating point in this study is known in the field as
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Figure 12: AMS from OP at u = 50kts

the Attainable Moment Set (AMS) or sometimes as Effective
Moment Set. It results from a hyper-rectangle in the seven-
dimensional Control Space R7, the Admissible Controls Set
(ACS), containing all possible combinations of inputs, and not
to be confused with the set S7 from earlier, which has only the
ones that satisfy the objective function. The characterization
of the AMS in the presence of non-linearities and couplings
within the control effectors’ aerodynamic model poses a sig-
nificant challenge. Linearizing the aerodynamic model with
respect to control positions enables the definition of a linear
function utilizing the control effectiveness matrix Be, serving
as an approximation of the mapping between the ACS and the
AMS. It has been proven that the resulting AMS exists as a
bounded convex polytope in three-dimensional space R3 [17].
The construction of the AMS entails employing a geometric
algorithm detailed in [18] for scenarios where the number of
control effectors is either 2 or 3. Additionally, an extension of
this algorithm has been proposed in [19] to encompass systems
with arbitrary dimensions in Moment Space. Here, the AMS
then, is a convex hull in the Cartesian axis system in R3 with
the change in moments ΔL, ΔM and ΔN placed on each axis.
It encloses all possible moment perturbation vector, attainable
at a specific dynamic point, hence the name. Figures 12 and 13
display it for the operating points OP at low and high speed.
An additional feature is that when the non-linear model is lin-
earized with respect to the operating points, the control effec-
tiveness matrix Be of Equation 51 defines a linear function
which maps the ACS to the AMS. The attribute of interest,
though, is the trim point, indicate by the red marker at the ori-
gin of all surface plots. In a research of equilibrium search, it
is necessary to show the dimension size of this problem that
has been mentioned. Similarly to how Be maps any point of
the ACS to the surface, the pseudo-inverse fulfills the opposite
route, and the function created in this study fCA maps the trim
point back to the solution space S7. This result is vital as it not
only shows the order of the complex derived model, but also
is a blueprint for coordination within it. these results, are cru-
cial for the design of a control allocator, to follow a controller
in a feed-forward loop, that will get fed a control effort vector

Figure 13: AMS from OP at u = 200kts

necessary, which will lead to a smaller region within the AMS,
called the Rerquired Moment Space (RMS), and will output a
mapped solution to command the actuators. The projections
from front, side and top are available in appendix A.5.

5 Conclusions

The findings of this research have been in multi-layer form,
and highlight the novel methods utilized in the field of flight
dynamics and numerical trim optimization. Primarily, the
study has concluded with a complete, linear 9 DoF mathemati-
cal model, to be analyzed in terms of its stability and response,
as well as manipulated in simulation of desirable manoeuvres
and trajectories. With an operating point sought for every
5 knots of forward flight airspeed from hover to 255 knots,
the system’s behaviour is transparent along the froward flight
envelope when under stability analysis and it assists for an
efficiently designed control subsystem.

Secondly, it has been proven that the presence of auxiliary
lift and propulsion in this compound helicopter configuration
play a crucial role in its significant flight envelope expansion.
The idea around which the concept was initially thought of,
meaning the achievement of greater cruise speeds than the
attainable ones by the conventional helicopter, is deemed valid
here. From 125 knots onward, the the rotor has been linearly
slowed in rotational velocity, resulting in 75% of its hover
value, bypassing thus the compressibility effects such as drag
divergence at the advancing blade and dynamic stall at the
retreating blade. Following the control allocation process, the
rotorcraft has still been able to have its effort redistributed
among the available controls, and still reach said airspeed. In
terms of a conversion corridor in the transition phase of the
flight envelope, no such pattern has been found to exist, as
there is a multitude of input combinations that can take place
to gradually increase forward flight speed, depending on the
corresponding weight selection.

Additionally, the over-actuation problem has been thoroughly
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addressed, with a greater set of unknowns than equations,
which leads to an under-determined system. This means an-
alytical trim is not possible here, so numerical optimization
takes place. With the ordinary objective function which is the
minimization of the state derivative vector, and the constraint
function, a custom mapping function has been created, which
applies weights to penalize unwanted inputs, by leaving the
smaller indices only available. The result is not only the 52
available operating points for the forward flight speeds, but also
the collection of attainable moment sets. These are the prod-
uct of the control allocation process, and give information on
the maneuverability of the vehicle at each of these points. The
adapted control mapping method, is applicable to any similar
over-actuated dynamical system with the same objective func-
tion, and particularly in the domain of hybrid compound rotor-
craft.

6 Recommendations

For research completeness, certain points are to be put forward
in which further development would be beneficial for the field.

• It has been mentioned that the lateral cyclic is the sole
control input available for roll manipulation. It is in the
best interest of the model in terms of fidelity that a set
of aileron surfaces are modelled at the wing. As it can
be seen from the AMS surface, rolling maneuverability
is around half of the other two axes. Incorporation of
ailerons will improve that significantly, but will also pre-
vent lateral cyclic saturation, which is imminent.

• In order to fulfill the flight envelope expansion capabil-
ities it is essential that the scope be broadened towards
climbing flight. It is suggested that the climb angle γ be
varied in steps for a constant airspeed vector V initially,
and that then the latter is varied for constant climb an-
gles, while remaining within rate of climb limits, in order
to have the entire flight envelope graphed and compared
to that of the Eurocopter EC155.

• Regarding the inflow of the rotating components, a more
sophisticated model can be implemented, most of which
have been documented in the literature study of this re-
search. Specifically, a quasi-dynamic inflow model can
be advanced to a Peters-He or Pitt-Peters dynamic inflow
one. Rotor and propeller performance are key to the dy-
namic response of this research, and could therefore be
explored further in terms of fidelity.

• Vital is also the modelling of the aerodynamic interac-
tion between components around this vehicle. In this
study, this has been modelled by means of interference
factors in the aerodynamic equations. However, a more
complex method such as wind-tunnel data in the form of
lookup tables would favor the progress. Recently, Lau-
rianne Lefevre has conducted significant work with ex-
perimentation in rotor-propeller interaction, so research
in the topic is advised ([20],[21]).

It is not effective for a study not to provide insight on how it
can be used for further research, and while controlling and an-
alyzing the model in its stability is the obvious route from here,
the aforementioned discussion items are crucial in the improve-
ment of said model.
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A APPENDICES

A Appendices

A.1 Free-body diagrams

Figure 14: Free-body diagram port side view

Figure 15: Free-body diagram front view Figure 16: Free-body diagram top view

A.2 Moment arms schemes

Figure 17: Moment arms from port-side view
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Figure 18: Moment arms from top view

A.3 Transformations

Rotation definitions:

Rx(t) Δ=




1 0 0
0 cos t sin t
0 – sin t cos t


 Ry(t) Δ=




cos t 0 – sin t
0 1 0

sin t 0 cos t


 Rz(t) Δ=




cos t sin t 0
– sin t cos t 0

0 0 1




NED frame to body-fixed transformation:

Tb
n (φ,θ,ψ) = Rx(φ)Ry(θ)Rz(ψ) =




cosψ cosθ sinψ cosθ – sinθ
cosψ sinθ sinφ – sinψ cosφ sinψ sinθ sinφ + cosψ cosφ cosθ sinφ
cosψ sinθ cosφ + sinψ sinφ sinψ sinθ cosφ – cosψ sinφ cosθ cosφ




NED frame to velocity frame transformation:

Tv
n (γ, χ) =




cos χ cosγ sin χ cosγ – sinγ
– sinχ cos χ 0

cos χ sin γ sin χ sin γ cosγ




NED frame to body-fixed frame angular velocity transformation:

Ob
n(φ,θ) =




1 0 – sinθ
0 cosφ sinφ cosθ
0 – sinφ cosφ cosθ




Body-fixed frame to NED frame angular velocity transformation:

On
b(φ,θ) = {Ob

n(φ,θ)}–1 =




1 sinφ tanθ cosφ tanθ
0 cosφ – sinφ
0 sinφ/ cosθ cosφ/ cosθ




Control plane to disc plane transformation:

T
dp

cp (a1, b1) = Ry(a1)Rx(b1) =




cos a1 sin a1 sin b1 – sin a1 cos b1
0 cos b1 sin b1

sin a1 – cos a1 sin b1 cos a1 cos b1



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Disc plane to body-fixed frame transformation:

Tb
dp(a1R, b1R) = Ry(–a1R – γs)Rx(–b1R) =




cos
(
a1R + γs

)
sin
(
a1R + γs

)
sin b1R sin

(
a1R + γs

)
cos b1R

0 cos b1R – sin b1R
– sin

(
a1R + γs

)
cos
(
a1R + γs

)
sin b1R cos

(
a1R + γs

)
cos b1R




A.4 Model Design Parameters

Table 2: Rotor parameters

Parameter Symbol Value Unit

Radius R 6.3 m
Rotational velocity in hover Ωh 38.5 rad/s
Number of blades N 5 -
Blade lift curve slope CLα 5 rad–1

Tilt angle γs 0.06 rad
Blade mass mbl 30 kg
Blade moment of inertia about the flapping hinge Iβ 396.9 kg/m2

Equivalent blade chord ce 0.3 m
Angle of twist θtw -0.14 rad
Induced flow time constant τλ0 0.1 s

Table 3: Propeller parameters

Parameter Symbol Value Unit

Radius Rp 1.2 m
Number of blades Np 5 -
Rotational velocity Ωp 305 rad/s
Blade lift curve slope CLαp 5 rad–1

Equivalent blade chord cep 0.15 m
Angle of twist θtwp -9 deg
Induced flow time constant τλ0p 0.1 s
Aerodynamic interference factor Kp 2 s

Table 4: Wing parameters

Parameter Symbol Value Unit

Surface area Sw 10 m2

Lift curve slope CLαw 5 rad–1

Zero-AoA Lift coefficient CL0 0.3 -
Drag polar offset CD0 0.02 -
Aspect ratio AR 5 -
Oswald efficiency factor e0 0.89 -
Aerodynamic interference factor Kw 2 -
Anhedral angle Γ 5 deg

Table 5: Empennage parameters

Parameter Symbol Value Unit

Lift curve slope CLαt 3.5 -
Lift-elevator slope dCLαt /dδe 0.859 rad–1

Drag-elevator slope dCDαt /dδe 0.03 rad–1

Horizontal tail Incidence angle α0t 0.07 rad
Horizontal tail surface area St 2.5 m2

Aerodynamic interference factor Kt 1.5 -

Y-force curve slope CYβv 4 -
Drag-rudder slope dCDβv /dδr 0.03 rad–1

Y-rudder slope dCYβv /dδr 0.859 rad–1

Vertical tail Incidence angle β0v -0.08 rad
Vertical tail surface area Sv 2 m2

Table 6: Moment arms

Parameter Symbol Value Unit

Rotor x-arm dR 1.12 m
Rotor z-arm hR 1.7 m
CG y-offset soff 0.03 m

Propeller x-arm dp 1.66 m
Propeller z-arm hp 0.28 m
Mean propeller y-arm sp 2.38 m

Wing x-arm dw 0.73 m
Wing z-arm hw 0.3 m

Horizontal tail x-arm dt 5.10 m
Vertical tail x-arm dv 6.58 m
Vertical tail z-arm hv 0.88 m
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Table 7: Fuselage parameters

Parameter Symbol Value Unit

Equivalent flat plate area F0 18 m2

Side view body volume having circular sections VfusM 25.53 m3

Top view body volume having circular sections VfusN 6.13 m3

Aerodynamic interference factor Kf 0.83 -

A.5 AMS Projections

Figure 19: Front view Figure 20: Side view Figure 21: Top view

Low speed: u = 50kts

Figure 22: Front view Figure 23: Side view Figure 24: Top view

High speed: u = 200kts

A.6 System & Conrtol Matrices

Hover

A =




0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.001 0.136 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 –0.008 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.008 1.009 0.000
0.000 –9.720 0.000 0.128 0.000 0.003 –0.577 0.990 0.000 11.463
9.720 –0.011 0.000 0.007 –0.000 0.000 0.017 0.105 0.000 1.634

–0.081 –1.325 0.000 0.004 0.000 –0.000 0.031 –0.062 0.000 196.180
0.000 0.000 0.000 0.089 0.000 –0.000 –2.019 1.717 0.038 –13.664
0.000 0.000 0.000 –0.035 0.000 –0.001 0.266 –0.017 –0.000 3.773
0.000 0.000 0.000 0.014 0.000 –0.000 –0.334 0.294 0.083 –5.477
0.000 0.000 0.000 –0.000 0.000 0.000 0.000 0.000 0.000 –3.260



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B =




0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000

–7.015 9.720 –0.004 11.870 11.870 0.000 0.000
–1.089 0.000 9.734 0.000 0.000 0.000 0.000

–130.787 –0.521 –0.081 0.000 0.000 0.000 0.000
9.896 0.102 57.173 3.169 –3.169 0.000 0.000

–2.793 –15.232 –0.002 –5.251 –5.251 0.000 0.000
5.359 0.170 9.206 6.881 –6.881 0.000 0.000
0.758 0.000 0.000 0.000 0.000 0.000 0.000




Low speed: u = 50kts

A =




0.000 0.000 0.000 0.000 0.000 0.000 1.000 –0.002 0.116 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.015 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 –0.015 1.007 0.000
0.000 –9.744 0.000 0.148 0.000 –0.553 –0.594 1.048 0.000 –171.760
9.743 0.017 0.000 0.011 –0.006 0.066 0.122 0.069 –25.669 –16.102
0.150 –1.135 0.000 –0.026 0.000 –0.864 –0.220 25.626 0.000 198.847
0.000 0.000 0.000 0.082 53.933 0.041 –1.561 1.691 0.890 –10.079
0.000 0.000 0.000 –0.038 0.000 21.691 0.261 –0.287 –0.000 98.204
0.000 0.000 0.000 0.010 117.272 0.011 –0.424 0.315 0.983 –2.629
0.000 0.000 0.000 –0.002 0.000 0.004 0.001 0.000 0.000 –3.467




B =




0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000

–15.273 5.962 0.001 64.907 64.907 0.000 0.000
3.213 1.708 8.421 0.000 0.000 0.000 0.004

–132.345 –21.539 0.016 0.000 0.000 0.015 0.000
20.988 1.173 59.126 41.592 –41.592 0.000 0.033
–0.662 –16.252 0.001 –28.715 –28.715 0.031 0.000
5.523 0.427 9.521 90.303 –90.303 0.000 –0.007
0.767 0.108 0.000 0.000 0.000 0.000 0.000



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High speed: u = 50kts

A =




0.000 0.000 0.000 0.000 0.000 0.000 1.000 –0.087 0.491 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.985 0.174 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000 –0.195 1.100 0.000
0.000 –8.779 0.000 –0.295 0.000 –1.934 –0.318 1.467 0.000 –171.345
8.644 0.763 0.000 –0.004 –0.023 –0.012 0.109 0.190 –102.678 2.976
1.530 –4.311 0.000 –0.045 0.000 –1.041 –1.041 102.801 0.000 209.257
0.000 0.000 0.000 0.098 215.731 0.389 0.581 1.271 2.079 –94.295
0.000 0.000 0.000 0.176 0.000 86.884 0.417 –1.499 0.000 106.022
0.000 0.000 0.000 0.005 469.086 0.037 –0.579 0.245 0.716 –8.994
0.000 0.000 0.000 –0.000 0.000 0.005 0.006 0.000 0.000 –9.631




B =




0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.000 0.000 0.000 0.000 0.000 0.000 0.000

–23.484 –11.795 0.008 64.885 64.885 0.000 0.000
–21.351 –1.259 –1.899 0.000 0.000 0.000 0.069

–163.369 –82.936 0.077 0.000 0.000 –0.046 0.000
110.593 39.984 74.353 41.578 –41.578 0.000 0.524
14.316 –16.207 0.003 –28.705 –28.705 –0.093 0.000
11.669 3.782 11.973 90.273 –90.273 0.000 –0.118
0.962 0.482 0.000 0.000 0.000 0.000 0.000



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1. The compound helicopter

The rotorcraft industry has been in a creative phase for decades, regarding the requirement for an

increase in directional velocity. The occasional birth of design concepts sources from the need to create

a faster version than its conventional counterpart. In 1960 R.B. Lightfoot created a case study in which

new hypothetical aerial vehicles were compared in "The Helicopter as a Transport Vehicle" [1]. The

compound helicopter was featured next to a tilt-fan, a lift-fan, and a conventional helicopter. The study

was based on a 300 mile range and a 4 ton payload but the charts show the helicopter and the compound

are distinctly more economical at both longer and shorter ranges. Therefore, an increase in speed,

provided that efficient hover capability is maintained, would make the compound helicopter suitable

for various roles and missions in both military and civil markets.

1.1. History of the compound helicopter

Lightfoot’s case study sparked interest in the rotorcraft world, as multiple concepts started surfacing in-

side the following decade. Generally, he gave a very complete overview of how the hypothetical designs

would perform with respect payload and direct operating cost (Figure 2.1), both over range in nautical

miles. At greater ranges, the helicopter was either competitive with the compound, or the tilt-wing.

What was realised, though, is that the compound helicopter offers a normal ferry range approximately

15% greater than any other design the considered design can perform take-off and forward flight

without use of the rotor. The relationships were approximations and intended to show certain char-

acteristic trends, but this study was interesting enough to inspire the birth of the first compound pioneers.

Figure 1.1: Direct operating cost over range in nautical miles

comparison [1]

In 1962, one of the very first versions of a com-

plete compound aircraft, the Piasecki 16H-1A

Pathfinder II, was flight tested. It was com-

pounded with a low wing, and a ring tail. The

ring tail entailed a propeller, shroud, elevator,

and rudder control surfaces. As is the general

objective for compound helicopters, the de-

sign aimed towards unloading the main rotor

at high speeds, to postpone retreating blade

stall. The lower bound for lift share, mean-

ing the smallest lift burden achieved for the

main rotor was 46% of the gross weight. Ob-

servations like these were made in handling

qualities and performance tests, conducted at

the full spectrum of speeds, so from hover to

167 and 195 knots, in level flight and in dives,

respectively. The aircraft, seen in Figure 1.2

had sufficient flying quality results, as the

controls were still very close to the conventional helicopter. The pilot was still in control primarily

through the cyclic, collective sticks and pedals, and secondarily through switches for the flaperons

and the tail elevator. Controllability-related challenges were more obvious, however. Although the

flaperons were in place to enhance lateral motion through the cyclic, the motion seemed to have an

overcompensating manner. Similarly, the ring tail assisted significantly in transition flight, among other

areas, and so a forward input in the longitudinal cyclic, gave a much more abrupt response than a

regular helicopter with main and tail rotor only [3].



1. The compound helicopter 24

Figure 1.2: Piasecki 16H-A Pathfinder II (https://www.theaviationhistorian.com/)

Three years later, in 1965, the XH-51A Compound by Lockheed appeared in the scene, incorporating a

rigid rotor system as is visible in Figure 1.3. It was also the first one to have auxiliary thrust, a design

feature that has proven valuable in recent concepts, and this occurred in the form of wing-mounted

turbojet engines. The objective here was to offload the main rotor entirely by 230 knots. Furthermore,

the large turbojets provided additional help, relieving the rotor from any propulsive duty by 200 knots.

Vibrations and blade stresses were contained by inputting a constant collective pitch setting after 150

knots[4]. Lockheed continued to remain in the forefront of the field, by later developing one of the most

referenced designs in compound helicopter literature. The AH-56A Cheyenne is the vehicle present in

Figure 1.4, and took maiden flight in September of 1967. It included a variable RPM hingeless rotor,

stub wing, and a rear-mounted propeller[5].

Figure 1.3: XH-51A Compound

Figure 1.4: AH-56A Cheyenne

Figure 1.5: The two pioneer compound concepts by Lockheed

(https://shorturl.at/wQ139)

The attack helicopter was capable of high-level manoeuvres, as it was designed to, but showed drawbacks

in handling, since the pilots experienced heavy workloads operating it within the Flight Envelope.

According to Johnson’s report of 1972 in the American Defence Technical Information Center, the

aircraft underwent 49 test flights, and a total of 42.2 flight hours of performance and handing qualities

testing, in order for this to be the verdict [5]. During flight dynamics testing, it showed good short- and

long-period damping and stability in both longitudinal and lateral axes, after being disturbed. However,

after 170 knots, there was observed large response times in longitudinal controllability. The excessive

workload, combine with the loss of control during some maneuvering flight conditions, eventually

led to the termination of the program, and the cancellation of the production contract in May of 1969.

Nevertheless, some qualities the novel design proved intriguing enough that engineers revisited it

in the seventies, with further testing and the completion of Johnson’s report, that consequently led

to significant advances in helicopter compounding research from 2003 to 2019 ([6–13]). Lastly, the

US Army launched an Advanced Attach Helicopter program, three years after the discontinuation
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of the Cheyenne. This was also due to potential seen in the aforementioned tests and the room for

improvement, which proved to be a reality, especially when these gave path to the development of the

Hughes AH-64 Apache soon after.

Figure 1.6: An overview of helicopter types [14]

More recently, there have been alterations based on the performance of the above, which has led to

newer generations of aircraft of this identity. A few notable ones have been the X-49A hawk and the

X
2

demonstrator. More importantly for this paper however, the rise of hybrid compound propeller

configurations was seen, with the X
3

demonstrator, the predecessor of one of the newest designs of

Airbus Helicopters, the RACER [2]. These are visible in Figure 1.7, and Figure 1.8 respectively, as well as

the clear resemblance. The features that characterize the general design best, would be the anhedral,

high aspect ratio wings, the absence of a tail-rotor, conventional tail and rear pusher propeller, and

primarily the wing-mounted propellers. The overactuation problem, however, is also the most obvious

with this design too. While a regular helicopter has the three controls of collective, longitudinal and

lateral cyclic, here they become seven. On top of the classic three, there exists mean and differential

propeller pitch, rudder and elevator deflection. It, lastly goes without saying, that they feature both lift

and thrust compounding to enhance performance. The following two sections, make these engineering

methods coherent.
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Figure 1.7: X
3

demonstrator
Figure 1.8: RACER

Figure 1.9: The two Airbus Helicopters generations of wing-mounted propellers.

1.2. Thrust compounding

There are two typical types of compounding known as lift and thrust compounding. Thrust compounding

is the provision of auxiliary propulsive force, in order to unburden the main rotor from its propulsion

duties at high speeds. It is a trait that not only improves the dynamic performance of the vehicles

and allows it to expand its envelope borders, but also a trait the pilots themselves can exploit when

performing maneuvers. Specifically, it is intuitive that with auxiliary propulsion, faster and more

effective deceleration is possible too with reverse thrust on the propeller. An undesirable quality of the

conventional helicopter is the large pitch excursions required to accelerate or decelerate the aircraft.

Figure 1.10: Pitch attitude in accel-decel maneuver

(Conventional helicopter: dashed, Compound helicopter: solid)[15]

Thrust compounding offers considerable maneuverability enhancement on the vehicle. Figure 1.10

demonstrates a simple accel-decel simulation by K. Ferguson. It is obvious, that the conventional

helicopter (represented by the dashed line) swings more aggressively between nose-down and nose-up

angles, to achieve the required maneuver. On the other hand, the coaxial-compound helicopter that

features auxiliary propulsion and is represented by the solid line, not only shows smaller pitch attitude

excursions required, but also completes the maneuver faster [15].

1.3. Lift compounding

The second type of common compounding methods is lift compounding, during which the objective is

to relieve the main rotor from its lifting load, at high speeds. The common occurrences at large forward

flight velocity of regular rotorcraft are compressibility effects on the advancing blade side and the effect

of decreasing lift potential or stall at the retreating blade side.
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Figure 1.11: Variation of L/D for different take-off weights, V∞ = 400km/h[16]

In 2020, Yang et al. tested the lift share by a wing on a compound helicopter and how this improves

flight performance. The study began with the model of a helicopter together with a wing model and

a propeller model. From that moment on, trim points were obtained for varying flight speed, main

rotor speed, blade twist, rudder controls, and take-off weight, incrementally obtaining a higher wing

lift share, and moving on to the next variable. Figure 1.11, shows the fifth and last trim point of the

study (point E), after which, a wing lift share of 80.2% is achieved [16]. This study is a key one to

understanding the importance and potential of lift-compounding in rotorcraft. Although the effects

might not be as visually present in flight maneuvers such as with thrust compounding, but equally as

vital for the forward flight performance of the vehicle.

2. Rotor Theory

A key challenge faced by early rotary-wing inventors was the asymmetrical velocity field experienced by

the rotor during forward flight, as depicted in Figure 2.12. In hover, the incident velocities around the

rotor hub were symmetrical. However, during forward flight, the advancing side experienced higher

normal velocities, while the retreating side had reduced velocities, with a region of reverse flow near

the hub.

Figure 2.12: Rotor disc velocity distribution in hover (left) and forward flight (right) [17]

This asymmetry in velocities resulted in a non-uniform lift distribution, creating a roll moment in the



2. Rotor Theory 28

rotorcraft. To address this issue, Cierva introduced hinges in the blade roots, enabling flapping motion

that adjusted the local angles of attack to compensate for the asymmetrical lift distribution. However,

the introduction of hinges also introduced another challenge—blade root lag (or lead-lag) motion—as

a result of Coriolis effects during flapping. This motion caused in-plane vibration at the blade root

and gave rise to the phenomenon known as ground (or air) resonance, a significant dynamic issue in

rotorcraft. To mitigate this vibration, lag hinges with dampers were introduced to attenuate its frequency.

In addition to flapping and lag motion, the blades could be feathered around an axis parallel to the blade

span. This feathering motion played a crucial role in providing control for the entire helicopter, allowing

the pitch of the blades to be adjusted. Figure 2.13 illustrates the three fundamental blade motions

along with their associated hinges. These advancements in rotor design and control mechanisms were

significant milestones in the development of rotary-wing aircraft, paving the way for further innovations

in the field.

2.1. Rotor types

These blade motions generate significant stresses, resulting in the transmission of large moments

through the rotor hub to the helicopter. The mechanical design of these components must carefully

account for the blade motions and minimize the associated loads. The selection of the blade-to-shaft

connection method fundamentally classifies the rotor. Various hinge arrangements exist, including the

following commonly used types [18]:

• Articulated rotor: This rotor utilizes feathering, flap, and lag hinges for blade attachment. Due to

operating under high loads, these hinges require frequent maintenance. Moreover, a hinged hub

can become bulky for a larger number of blades, contributing to increased helicopter drag.

• Semi-hingeless rotor: Instead of lag hinges, this rotor employs a cantilever root restraint that

allows blade lag through bending at the rotor.

• Hingeless (or rigid) rotor: Feathering hinges are the only hinges present in this type, as the flap

hinges are eliminated by providing blades with greater bending flexibility (soft flapwise) and

using tension-torsion straps to support the centrifugal load. Hingeless rotors offer advantages

such as reduced maintenance, fewer hub parts, and improved control response.

• Bearingless rotor: This rotor eliminates all hinges in the attachment mechanism. It is based on

composite materials with elastomeric elements, and its development has occurred more recently.

• Teetering rotor: This specialized arrangement mounts a pair of blades as a single unit, attaching

them to the rotor shaft similar to a semi-hingeless rotor.

Figure 2.13: Fundamental blade motions [19]
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2.2. Rotor controls

Cyclic The cyclic pitch control is employed to manipulate the swashplate and, consequently, the

tip-path plane of the rotor by introducing cyclic changes in blade pitch. As previously described,

since the thrust vector is nearly perpendicular to this plane, the desired helicopter displacement can

be achieved by tilting the thrust vector in the desired direction. The pilot utilizes a control stick to

govern this tilt. Moving the stick forward or backward causes longitudinal tilting of the tip-path plane,

resulting in the helicopter pitching the nose down or up, respectively. Similarly, moving the stick to the

right or left induces lateral tilting of the tip-path plane, leading to the helicopter rolling to the right or

left. It is worth noting that any combined movement can be decomposed into longitudinal and lateral

components. Moreover, the cyclic stick commonly incorporates a trim switch, which, when activated,

adjusts the spring tension to maintain the stick in a desired position. This feature reduces pilot workload

during steady flight conditions.

Figure 2.14: Helicopter control system scheme [20]

Collective In addition to the cyclic control, there is a collective control that allows for simultaneous

pitch adjustment of all blades. This collective control is made possible by the vertical movement of the

swashplate along a sliding surface surrounding the rotor shaft. Operated by a lever positioned on the

left side of the pilot, pulling this lever upward increases the pitch of the blades, resulting in greater lift

generation and subsequently an increase in rotor thrust (provided the blades do not stall). Conversely,

lowering the collective lever decreases the thrust produced by the rotor. This control mechanism is

primarily utilized for climbing and descending maneuvers, as well as accelerating or decelerating

horizontal motion of the helicopter. It is important to note that increasing the collective pitch of the

blades not only generates more lift but also increases drag, leading to a drop in engine RPM. To maintain

a constant RPM in this situation, additional power needs to be applied to the engine. This is achieved

by simultaneously twisting the handle of the collective lever while adjusting the collective pitch.

3. Computational Modelling Methods

The unique flight dynamics of helicopters exhibit significant nonlinearity due to the complex aero-

dynamic interactions among the rotor, fuselage, tailplane, and any auxiliary propulsion devices.

Additionally, the motion of the vehicle, its structural dynamics, and inertia must be taken into account
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when studying flight dynamics modeling [21–23]. Numerous researchers have dedicated their efforts to

modeling these nonlinear characteristics, resulting in a wide range of mathematical models for theoretical

analysis [24–26], numerical simulation [27–30], and real-time simulation [31–35]. Various authors have

also made valuable contributions to the field of helicopter mathematical modeling [36],[37],[38],[39].

There are two distinct types of non-linear mathematical models for helicopter flight dynamics. The

first type utilizes differential equations to describe the non-linearity in helicopter motion. This method

implicitly incorporates the linearity and nonlinearity of subsystems, such as the rotor model and

dynamics of other components. It provides a relatively accurate and reliable foundation for designing

the helicopter’s flight control system. An example of this model is the ARMCOP model [32],[37], which

is a low-order model employing a static inflow model and blade element theory to calculate rotor forces

and moments in a periodic average form. In other words, this method is time-efficient and suitable for

initial design and analysis procedures [40],[28].

Figure 3.15: Comparison with Zhao & Curtiss model [41] Figure 3.16: Comparison with Zhao & Curtiss model [41]

The second type of modeling technique encompasses nonlinearity not only in helicopter motion but

also in every subsystem. This method is widely used for helicopter flight simulations. One typical

example is the GENHEL simulation package [27] developed by Sikorsky helicopter company. While

assuming the fuselage remains a rigid body, this model incorporates not only the six degrees of freedom

(DOFs) related to helicopter motion but also additional DOFs for rotor motion, including flapping,

lagging, torsion, and rotational motion. Empirical equations are employed to fit the torsion motion of

the rotor blades. The rotor aerodynamic model combines a static non-uniform inflow model with blade

element theory to calculate blade aerodynamics. It also considers rotor downwash effects on other parts

of the helicopter and incorporates other aerodynamic interference effects based on experimental and

theoretical analyses.

This modeling technique is well-understood in terms of accuracy and has been widely used in various

studies, including ground numerical simulation [33], parallel processing investigations of nonlinear

equations [34], and simplification of high-order linear models [35]. Notably, the GENHEL model also

includes a representation of the engine/fuel control system, enabling the simulation of variable rotor

speed strategies with higher accuracy. This feature is crucial for analyzing the flight dynamics of more

advanced rotorcraft configurations. According to relevant flight test results [27],[35], the GENHEL

model demonstrates relatively high precision in the mid-speed forward flight range. However, its

accuracy in hover and high-speed ranges requires further improvement due to the lack of study on the

rotor flow field and its aerodynamic interference on the sub-components in these flight regimes.
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Figure 3.17: Stick position trim of X2TD [42] Figure 3.18: Propeller collective trim of X2TD [42]

Fegely et al. have presented the validation of flight dynamics models for coaxial compound helicopters,

developed in GENHEL and HeliUM, is presented in this paper through correlation with X2TD flight

test data. The article discusses the importance of validated physics-based flight dynamics models in

aircraft design, highlighting their applications in load prediction, control system design, and handling

qualities analysis. The paper focuses on the development and validation of two high-order mathematical

models, namely the Sikorsky GenHel and HeliUM models, which have been traditionally used for

single-main-rotor helicopters and are now adapted for the hingeless coaxial pusher configuration.

Firstly, the study indicates that the GenHel and HeliUM X2TD models demonstrate excellent correlation

with flight test data for both steady-state and dynamic responses in the piloted frequency range (up

to 2 Hz), and that both models accurately predict rotor modes, with similar frequencies to each other.

However, there is a slight overprediction of the regressive-lag and regressive-flap rotor modes, although

the overprediction is more pronounced for the regressive-lag mode. Also, by employing a system

identification approach using analytical equations of motion, a few key physical parameters were

adjusted to improve the frequency response correlation across a wide range of frequencies (0.1 to 10

Hz), including both low-frequency rigid-body dynamics and high-frequency rotor dynamics. Relatively

small adjustments, typically under 10 percent, were sufficient to significantly enhance the frequency

response correlation of the HeliUM model with flight test data. Lastly, the pitch and roll responses of

the X2TD, when evaluated against the ADS-33E pitch and roll bandwidth specification, fall within the

Level 1 region, indicating satisfactory performance.

4. Rotorcraft Trim Methods
4.1. Numerical Trim Optimization

Having completed a demonstration of a solution to the redundant trim problem, the thesis moves

on to asssessing how it compares to relevant studies. It should be noted that earlier, various other

approaches where taken, leading to infeasible solutions, or over-simplifications. For example, initially,

the parameters of the tail and elevator were fulfilling the pitching moment fully. In that case, the

parameters had to be readjusted, since that would neglect the element of redundancy. In other words,

the ¤q = 0 equation would have been fully satisfied by the control δe, the equation ¤w = 0, by θ0, and the

equation ¤u = 0 by the maximum amount of θ̄p possible, and θ
1s

.

Following that, a series of attempts on numerical optimization were made, using a Matlab non-linear

optimization function as well as a genetic algorithm routine to escape local optima. What proved

to be problematic in that approach was the relationship between them and the mathematical model

itself. Namely, the objective function along with its constraints were plotted as well, in order for

effective debugging to happen where needed, and for easier visualization. What seemed to occur
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were singularities due to the constraints sourcing from the EOMs. Trigonometric functions in the

denominator in addition with the allowed ranges of the angles gave a line of very large values that

hindered the effect of the optimization functions. Unfortunately, actions such as Taylor expansion and

L’Hospital’s rule did not overcome this, and so the approach taken after this was mechanics-based.

Nevertheless, the benefits of a literature study that also features the modelling and trim of a 3DoF model

has the significant benefit ofa much better understanding of the problem at hand.

(Sagan et al. 2021) have formulated a power optimization problem in which an over-actuated 3DoF

model is constrained in conventional parameters such as accelerations, angles, rotor rotational velocities

and thrust coefficients. The process is carried out via OpenMDAO, a NASA-developed optimization

framework using the gradient-based Sparse Nonlinear OPTimizer (SNOPT)[43]. A combination of the

already applied methods and a similar version of Sequential Quadratic Programming optimization is

yet to be attempted and can produce promising results.

Figure 4.19: Totall shaft power required objective function in

level flight [43] Figure 4.20: Rotor pitch controls in trim from Lin et al. [44]

Figure 4.21: Results of two optimization strategies in trim from literature

In (Lin et al. 2019), the trim strategy of a vehicle very similar to the X
3
, is done by dividing the problem

of manipulation redundancy in three stages, namely the hovering low speed stage, the pre-transition

flight stage, and the high-speed forward flight stage. In each of these, a different set of controls are

dominant, which is imposed with weighting factors. From that, it is possible to solve analytically and

obtain the trim results in all flight-speed stages [44]. Essentially, a similar way has been entailed in this

trim solution, with the speicfication of a transition from helicopter to airplane mode, which sets the

presmise for the control allocation that has been explained.

Lastly, an effective trim analysis method has been done by Ferguson & Thomson, as well as Cao et al.,

focusing on trim, stability and control of a coaxial compound helicopter version. There, they eliminate

control redundancy by presenting a pitch angle scheduling to the model, which provides a control

setting constraint for all flight speeds that is to be limited by. Resulting from that, is a system of equations

including forces, moments, flapping motion, induced velocity, and a lateral lift offset equation, that are

equally as many as the unknowns, which makes it a determined system solved in Matlab ([15],[45]).

4.2. Control Allocation

When it comes to the procedure of manoeuvre simulation, the complexity varies in levels from a

simple ascend-cruise-descent routine to accel-decel and pullup-pushover manoeuvres from certification

documentation, to large-amplitude simulated manoeuvres to test performance at the edges of the

flight envelope. Since the late 20th century, inverse simulation has been researched. Approaches to
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the solution of inverse redundant problems in flight mechanics showed neither necessity for filtering

nor excessive sensitivity to the initial values in all the tested cases when compared with other earlier

procedures. In redundant cases, in particular, the introduction of a minimum of a performance index

allows for better control and the convergence of the solution. Furthermore introducing cost functions

where penalty coefficients appear can push the solution toward a terminal equilibrium state as seen

in global optimization procedures. Many more authors working on nonlinear inversion techniques

applied to aircraft dynamics do not use iterative methods and excessive demands for control action

may begin to rise. A few investigations have been conducted on manoeuvrability characteristics of the

compound helicopter so far, notably by Kevin Ferguson ([46],[47]).Possibly, a flight dynamics model

can be tuned by way of empirical factors, in order to improve the accuracy in steady, small amplitude

manoeuvring flight. However, the accuracy of the simulation results is still questionable due to the

lack of the relevant flight test data. The verified simulation research on the large amplitude manoeuvre

is mainly related to the conventional helicopter UH-60A, and in many cases, difficulties are met by

authors in the applications, mainly due to, either suboptimal choice of cost function, evaluation of

time-dependent sensitivity of outputs relative to controls, or laws assumed for the outputs themselves[48].

In conventional aircraft, pitch control is achieved through an elevator, roll control via ailerons, and yaw

control using a rudder. However, as aircraft design progresses, there is an increasing inclusion of control

effectors, some of which are unconventional. In certain cases, specific controls can exert significant

influence over multiple axes. This leads to a situation where the system becomes over-actuated or

redundant when there are more effectors than control axes. The control allocation problem arises, which

involves the allocation, blending, or mixing of these control effectors to accomplish desired objectives.

Over the years, a wide range of Control Allocation (CA) methods has been developed, catering to both

linear and non-linear aerodynamic models. Extensive research on CA methods has been conducted, and

a comprehensive survey can be found in [49]. These methods typically involve solving an optimization

problem to determine the most effective control forces. In some CA formulations, the primary objective

is to minimize the disparity between the desired control forces and the achieved forces, as depicted

in Equation II.1. However, other methods go beyond this and aim to optimize additional parameters,

such as the displacement of total effectors, trim drag ([50],[51]), or structural loads [52]. By considering

these secondary parameters, these advanced CA approaches offer the potential for further performance

enhancements and operational efficiency.

min

δ
J = ∥ΔC

F
– Bδ∥ (II.1)

The control allocation problem is complex due to the challenges posed by over-actuation and the

coupling effects of control surface actions. Determining an appropriate method to translate a flight

control command into a control surface command becomes difficult. Additionally, the rate and position

limits of the control surfaces must be taken into account to ensure a realistic solution. It is not only

critical to effectively mix the control surface effects but also crucial to enable the aircraft to recover

from off-nominal conditions, including the failure of a control surface, when physically feasible. In

reconfigurable control systems, a control allocation algorithm is necessary to automatically distribute

control power requests among numerous control effectors while adhering to the rate and position limits

of the actuators. Furthermore, this algorithm has the potential to facilitate recovery from off-nominal

conditions.

5. Control & Manoeuvre Simulation

In the context of advanced helicopter configurations, it is vital that the results be in coherence with

validation data in performance evaluation of the vehicle in design. Both handling qualities and

manoeuvre simulation related research provides virtual representation on what such a dynamic model

displays in realistic conditions. This chapter outlines how a pilot’s performance with the available

inputs, translates to the outputs of the system, as well as various methods that are able to map the

inputs to output desired manoeuvre laws, specifically regarding redundant aircraft designs.
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5.1. Pilot control

Looking back at the beginning of section 4, one notices the control vector from Equation III.14 which is

the set of ways that forces and moments can be imposed on the mechanics of the vehicle in order for it

to be able to either achieve equilibrium or follow a desired trajectory. But how does the pilot exert these

controls?Having additional handles for a pilot significantly reduces performance and increases the risk

of misjudgement mid-flight. In the compound helicopter of this study, it is important that the set of

pilot inputs are almost identical to the baseline helicopter. By almost identical, it is meant that the pilot

again inputs longitudinal cyclic and collective pitch to the helicopter, but now also applies the elevator

input at one moment, that is during the transition to airplane mode at around 150 knots. For the rest,

control allocation is automatically applied by means of weighting function.

Figure 5.22: Outerloop control system representation [53]

In (Horn et al. 2020) developed a full-flight envelope outer-loop control system for a tiltrotor and a

coaxial-pusher helicopter. Figure 5.22, the outer loop can be seen from the stick input to the actuator

command, and the measured aircraft response feedback. In the controller, a Moore-Penrose pseu-

doinverse operation is used, but also incorporating weighting factors to enhance importance of some

actuators over others, like it is aimed in this study.

u
des

= W
–1

G
T
(GW

–1
G

T
) + v (II.2)

The weight matrix W includes the weights wi for the individual actuators. The study chose a weighting

matrix W = diag{1, 20, 1}, particularly for the coaxial pusher helicopter, with the purpos of fading out

collective input at the minimum power required speed [53].

Similarly, O. Harkegard proposed a weighted least squares method for control allocation, which is

summarised by Equation II.3.

uw = arg min

u≤u≤ū

γ| |Wv(Gu – v)| |2 + | |Wu(u – up)| |2 (II.3)

Effectively, this equation penalizes control performance, and actuator usage. The first term of the two

evaluates if the computed actuator input u matches the virtual control v. For prioritization of axes to

control over others, the weighting matrix Wu is enforced. In this particular case, it has been shown

in Table 4.1 that the longitudinal cyclic is present in two equations in the longitudinal model. What

would be preferably imposed, is the priority of the pitch axis over the x-axis. The reason is that at higher

speeds, the pitching moment will have demand for both the elevator and the longitudinal cyclic. On

the other hand, the primary control in the horizontal acceleration will be the auxiliary thrust of the

propellers, like explained earlier in the trim process.
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Regarding the second term, the objective function of Equation II.3 penalizes the position u of an actuator,

away from a position up. This is a useful feature, particularly in the case of the elevator of the vehicle in

this study, and the effect of an its deflection on the total increase in drag. In the end, the last factor in the

function is the weight γ, which prioritizes the first term over the second, since the virtual control input

should be matches at first, before the preferred position up is targeted. Overall, the aforementioned

methods of control allocation have proved highly effective in literature, and provide an applicable

solution to assisting an operator of an over-actuated aircraft in controlling it.

6. Research Scope

In this thesis, the search for literature has produced some promising questions, that give a direction for

the entire project. A pair of identified knowledge gaps will introduce the research objectives, which in

turn will be broken down to a set of research questions for better comprehension.

6.1. Knowledge gap

The literature study that this report concerns, begun with a very general idea of a flight dynamics

modelling related interest for compound rotorcraft. Firstly, the last part of this idea in itself is a tree of

different directions. As this report has expressed, the compounding of a conventional helicopter is a

collection of designs that is not even fully explored yet. With every combination of auxiliary lift and

propulsion that is possible, new concepts are being created constantly. After a specific design type was

decided on, based on the quantity of related literature, the modelling process was research, a step that

brought forth the first identified knowledge gap:

Among all analyses and research of compound helicopter configurations, there is no clear direction
for compounding a conventional helicopter Matlab model with auxiliary propulsion and lift in its

dynamics

Furthermore, it is paramount that the created model be exploited for trim and control purposes. Given

that the part of development of an aerial vehicle is one of the very first ones here, the mathematical

model uses approximate values for the required computational purposes to follow. The controls of

the compound helicopter in focus become significantly more, with respect to the three ones of its

conventional counterpart, and so the next knowledge gap is rather easily identified:

There are 7 controls in a hybrid compound helicopter, for 6 degrees of freedom. There needs to be an
optimal way to allocate control between the redundant inputs.

With the above two primary concerns of this research, it now becomes more clear to see how the process

can move forward, by generating some fundamental objectives to be pursued in this research project, in

order to end up in some valuable observations are results that will be further utilised in the future.

6.2. Research Objective

The two knowledge gaps are goals that are bridged with multiple steps in the research process. Specifi-

cally, between creating a mathematical model and controlling it, there exist steps involving trim, flight

envelope development and more. The following three objectives generalize the entire timeline that

sources from the aforementioned gaps.

Develop a 6 Degree-of-Freedom Flight Mechanics model of the hybrid compound helicopter.

The development of such a model will be in need of verification and following that, it will be able to

give way to the next primary objective:
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Determine the flight envelope of a conventional compound helicopter and look for a potential
conversion corridor.

This is a relatively uncertain objective, as the flight envelope of a compound helicopter is a challenging

one to create, and even more so, the search for a conversion corridor, to transition from hover state to

forward flight. However, should these be obtained, the final and perhaps most important objective takes

place:

Apply an appropriate trim strategy and discover how to allocate the controls in the vehicle.

This will answer the last knowledge gap, about which the curiosity for the research topic began. A

hybrid compound helicopter certainly needs a mathematical model created for it, and approximated in

terms of numerical data, but most importantly the last objective gives way to advanced control of an

overactuated vehicle.

6.3. Research Questions

Finally, it comes down to a set of questions thaht need to be answered. While, the knowledge gap was

identified earlier, and the objectives were stated, the simplification of the above to these questions bring

clearer direction to this research. A mathematical model that will be made for a model of 6 degrees of

freedom must then reach optimality in trim, but also prove stable after linearization. Once this happens,

the following can be answered:

1. What are the advantages of the compound helicopter in terms of flight envelope expansion?
2. Can the model be trimmed analytically? If not, what other ways provide an acceptable trim

result?
3. Does a conversion corridor exist in the flight envelope, between the hover, and forward flight

state?
4. What is the general way to allocate controls in an overactuated compound helicopter?
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1. 3-DoF flight mechanics model

In this chapter, the primary setup for the development of an aerial vehicle will be discussed. Specifically,

one of the starting stages of the procedure is the mathematical model of the aircraft. The mathematical

model is the basis for evaluation of flying and handling qualities, and the development of the flight

control system of helicopters and other dynamical systems. In order for any trim, control, or manoeuvre

simulation to happen, the model must be available for manipulation. The compound helicopter entails

many different novel components that a conventional one does not, and they will shortly be visible

in symbolic form too. The first step is the Equations of Motion. Specifically, the sum of forces and

moments applied on a concept design lead the path for modifications that come next.

1.1. Free Body Diagram

Many adaptations of reference frames systems can be taken when breaking down a body’s mechanics. It

all depends on what definitions and assumptions are initially set, and if done correctly, the mathematical

model should be representative of the same vehicle. Figure 1.17 displays the two FBDs used for reference

for the directional forces and moments of the compound helicopter in design.

Figure 1.1: Longitudinal FBD by M. D. Pavel [54]

Figure 1.2: Longitudinal tail-less FBD

Figure 1.3

In flight mechanics, the crucial contributors, being forces and moments, habve to be specified, and

shown in relation to each other using relevant angles. The derived FBD of the helicopter of this study

can be seen below. It entails notations from literature, but primarily sources from the ones important

ones to the X
3
.
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Figure 1.4: Free-body diagram port side view

Figure 1.5: Free-body diagram front view Figure 1.6: Free-body diagram top view

The drag-contributing components, are the wing, fuselage, tail and vertical fins, while the drag induced

by the rotor blades is in the form o the H-force. Regarding the lift, the wing plays a large role, as has

been pointed-out in subsection 1.3, and further in the following parts of the report. However, the tail-lift

is assumed to not contribute to the vertical forces, but only to the pitching moments of the EOMs. Also,

the auxiliary thrust of the propellers, labeled X
P

is assumed to act along the x-axis, as the moment

that will impose is negligible, and the pitch rate will be chosen to be evaluated later, based on only the

elevator deflection and the longitudinal cyclic pitch of the main rotor.

1.2. Longitudinal EOMs formulation

The thesis objective will be the development of a 6 degree-of-freedom model of a hybrid compound

helicopter, with wing-mounted propellers. This report begins with the 3 DoF one, which concerns

the directional motion, namely forward and vertical translation, as well as pitch attitude. All general

equations are written in the sets III.1 and III.2, with the longitudinal ones highlighted in blue .

Force equations
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
¤u = –(wq – vr) +

X

M

– g · sinθ

¤v = –(ur – wp) +

Y

M

– g · cosθ · sinφ

¤w = –(vp – uq) +

Z

M

– g · cosθ · cosφ

(III.1)

Moment equations 
Ixx ¤p = (Iyy – Izz)qr + Ixz(¤r + pq) + L

Iyy ¤q = (Izz – Ixx)rp + Ixz(r
2

– p
2
) + M

Ixx¤r = (Ixx – Iyy)pq + Ixz( ¤p – qr) + N

(III.2)

The above sets provide a broad notation for the dynamics of any dynamic vehicle. It is the applied

forces and moments that make them representative of a unique model. These, specifically are the terms

X, Y, Z, L, M, N. The process of collapsing them to 3 equations is the equivalent of constraining the

vehicle’s movement in the sideways translation, roll, and yaw attitudes [55].

Forces X-axis

X = –T·sin(a
1R

)+H+Dtot·sinθ
f
+L

W
·sinθ

f
–Wg·sinθ

f
≈ –T·a

1R
+H+Dtot·sinθ

f
+L

W
·sinθ

f
–Wg·sinθ

f
(III.3)

Forces Z-axis

Z = –T · cos(a
1R

) + Dtot · cosθ
f
– L

W
· cosθ

f
+ Wg · cosθ ≈ –T + Dtot · cosθ

f
– L

W
· cosθ

f
+ Wg · cosθ

f
(III.4)

Moments Y-axis

M = –T · cos(a
1R

) · h
R

+ L
W

· cosθ
f
· d

W
– L

T
· cosθ

f
d

T
≈ –T · h

R
+ L

W
· cosθ

f
· d

W
– L

T
· cosθ

f
d

T
(III.5)

Equations III.3, III.4 and III.5 specify the contributions of the different subsystems of the compound

vehicle to the forces in the X and Z direction, as well as to the pitching moment equations. The small

angle approximation is implemented for the numerical calculation for the angle a
1R

. Note that it is not

applied. Now the focus extends to the force variables. The thrusts of the main rotor and propeller

are modelled to follow the conventional thrust formulas, shown in Equation III.6 and Equation III.6.

Furthermore, the lift and drag are visible in relations III.8, III.9 and III.10.

T = C
T
· ρ · Ω2

R
2
A (III.6) Xp = Tp = C

Tp
· ρ · Ωp

2
Rp

2
Ap (III.7)

L =

1

2

· C
L
· ρ · V

2
S (III.8) L

T
=

1

2

· C
LT

· ρ · V
2
S

T
(III.9)

D =

1

2

· C
D
· ρ · V

2
Aeq (III.10)

Regarding the flapping dynamics of the main rotor, the three key angles can be seen below in Figure 1.7.

The flapping dynamics problem is solved by way of Taylor expansion. In studies of accuracy like the

one here, it is acceptable that the first order coefficients are taken as approximation of the solution.
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Figure 1.7: Flapping angles (In this report they are labeled a0, a1, and b1 respectively)

The first order approximation of the solution is given by Equation III.11 of the quasi-steady-state flapping

rotor motion.

β = a0 – a
1
· cosψ – b

1
· sinψ (III.11)

For now, this report only concerns the longitudinal model, so the relations for a0 and a
1

are given by:

a0 =

γ

8

(
(1 + μ2)θ0 +

4λ
3

)
(III.12) a

1
=

2μ(4θ0

3
+ λ)

1 – μ2/2

(III.13)

The above representations are then substituted by numerical values from literature and the iterative

process of solving for the four controls θ
1s

, θ0, θ̄p and δe in trim occurs.

1.3. Trim process

Past the procedure of the mathematical model formulation, the trim of the vehicle takes place. Depend-

ing on the model in design, different trim strategies are applicable. The corresponding aircraft, being a

version of the experimental Eurocopter X
3
, is an overactuated one, meaning there are multiple control

inputs available per desired manoeuvre. The vector U of the controls is described in Equation III.14.

These are representative of the rotor collective and cyclic pitch, mean propeller pitch, and elevator

deflection, respectively. Concerning the third control variable, the pitch is not going to be equal for the

portside propeller and the starboard one. In this longitudinal model, only the mean propeller pitch is

used, for forward thrust and pitch moment contribution, where as an additional control variable of

the differential propeller pitch θ
diff

will be part of the vector, and will contribute to yaw control and

compensation of the main rotor rotational velocity.

U = [θ0,θ
1s

, θ̄p, δe]
T

(III.14)

It is noticeable, that there are 4 controls that make up the above vector, for a model of 3 degrees of

freedom. For at least one the accelerations ¤u, ¤w or ¤q, there are more than one inputs available. An

overactuated problem in dynamics is translates to an overdetermined sytem of more unknowns than

equations in mathematics. As a result, the trim solution is not the conventional analytical one, but it is

an example of problems where trim optimization needs to take place. There are multiple paths to a

result here, which are explored and talked about in this chapter.

Trim in control redundancy has a generalized core procedure presented by the workflow scheme of

Figure 1.8, which is adjusted for the specific circumstances of the trim problem from this base version.

It is vital that the objective function chosen is an effective one, as it will ultimately be the one that selects

resulting values in the optimization operation. This is why the workflow diagram shows a small loop
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between that and the lower box. At every attempt, the objective function should be evaluated based

on the equations in place and vice versa. The Initial value block represents the conditions for which

the optimization algorithm gives a numerical trim vector that is then to be inserted to the equations

block. Lastly, the trim calculation is the one that displays all the trim results and plots in this report.

The judgement of the complete start-to-end procedure by the engineer is based upon these plots, after

which tuning of the blocks in the lead-up might be needed.

Figure 1.8: Trim process adapted from Wang et al. [56]

As it will be shown later, study of relevant literature has shown different approaches to resolving control

redundancy. Criteria for optimality vary over the research in trim optimization. In the vehicle of this

project, control allocation is the method for trimming the compound aircraft. That is, the controls

available to the pilot for longitudinal motion are effectively distributed so that the trim requirement is

satisfied.

Figure 1.9: Trim plot of elevator deflection
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It all begins here with the elevator deflection. While the actuator is capable of relieving the rotor in all

airspeeds, it is more valuable that it is applied at around 150 knots, where the aircraft is essentially

transitioning from helicopter mode to airplane mode. As mentioned, the general idea of the experimental

vehicle is to offload the main rotor, so that higher cruise speeds are reached, without compressibility

effects on the advancing blade and stalling of the retreating blade occur. In the longitudinal plane,

the main rotor has three duties, based on the three Equations of Motion, namely, the vertical force,

horizontal force, and pitching moment duties. This is whats sets the computational base, in the control

allocation problem. Initially the elevator was chosen to be saturated, and compensate as much of the

moment requirement as possible. Based on the chosen elevator parameters from literature, the limits

are set to [-8°, 8°]. The model derived earlier with the empirical numerical parameters gives a pitching

moment requirement that varies with speed as viewed by the top line of Figure 1.10. At lower airpseeds

the initial allocation of elevator actuation was both inefficient and unrealistic for a compound helicopter.

Hence, a logistic-shaped step to saturation was applied and shown in Figure 1.9

As a result, the elevator provides the moment compensation visualised by the lower curve of Figure 1.10.

As this does not complete the full requirement, the remainder negative pitching moment is caused by

the main rotor, as plotted by the lower yellow curve of the same plot. Overall, the positive aerodynamic

pitching moment caused, is compensated primarily by the elevator, to the maximum of its capabilities

and secondarily by the longitudinal cyclic input of the main rotor. For verification, the resultant is

shown to be zero for all airspeeds.

Figure 1.10: Pitching moment components in trim

Having fulfilled the trim condition in the pitch rate equation of the EOMs, the trim process moves on to

horizontal force equilibrium. Further manipulation is required here, as the force output provided by the

rotor is not within limits, but a specific one at every airspeed, so that the vehicle remains in equilibrium.

It must be noted that there will exist a different horizontal force component required of the rotor to

counteract the pitching moment, and a different one to match the total drag and H-force. Table ??
outlines the trim problem in the longitudinal degrees of freedom for the helicopter. As indicated by

red, the accelerations ¤u and ¤q are coupled by the longitudinal cyclic input. Since we have the elevator

deflection input already, we also have this from the ¤q equation, and it will be the same as in the ¤u
equation because they obviously cannot be different. Therefore, we also obtain the value of the mean

propeller pitch to satisfy the horizontal force balance.
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Table III.1: Controls available for each acceleration of the 3DoF

Acceleration Value in trim Available controls Symbols

¤u 0

Mean propeller pitch

&

Longitudinal cyclic

θ̄p

&

θ
1s

¤w 0 Collective cyclic θ0

¤q 0

Elevator deflection

&

Longitudinal cyclic

δe
&

θ
1s

Following the aforementioned result, the non-dimensional thrust requirement sourcing from the

mathematical model in trim is summarized in Figure 1.11. It is the next step in solving the trim problem

after the elevator deflection is applied. This can be viewed by the pitching moment requirement

curve, which is the remaining horizontal thrust needed by the main rotor, which, multiplied by the

moment arm from the CG is going to satisfy the condition ¤q = 0. Note the slight change in gradient

at around 150 knots, which is where the elevator is applied. Furthermore, in sight of the horizontal

force requirement curve, one can deduce where the mean propeller pitch trim comes in. As mentioned

before, the longitudinal cyclic input at a particular airspeed cannot be different for the horizontal

acceleration and the pitch rate. Hence, the difference between the two curves will be the thrust of

the propellers. Final part of the main rotor trim calculation is the vertical force component, obtained

through the vertical acceleration equation in the EOMs. This is another visible example of the effect

of lift compounding discussed earlier, in subsection 1.3. Over the range of airspeeds, the lift of the

helicopter’s components is increased, and as a result, there will be reduction of the main rotor output

demand in the vertical direction. Overall, as airspeed increases, so does horizontal thrust of the rotor

and propellers, to counteract the increasing drag and H-force, and satisfy horizontal acceleration and

pitch rate equilibrium. Conversely, the vertical thrust component is reduced due to auxiliary lift that

rises in value and assists in equalling the weight.

Figure 1.11: Non-dimensional thrust requirement in trim

From the thrust coefficient components of the main rotor in the two axes, one is obtained through

Pythagora’s theorem in Figure 1.3.
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C
T, Rotor

=

√
C

T,vertical

2
+ C

T,horizontal

2

Following that, the equivalent rotor pitch trim curves can be formed from that one thrust coefficient

value at every airspeed. For comparison, the trim for the given mathematical model has been done with

and without the auxiliary controls. In Figure 1.12, the elevator, and propellers are fully inactive. The

entire force requirement, in both longtudinal axes is fulfilled by the main rotor, where the collective

cyclic reaches a value of 27.6°and the longitudinal cyclic goes up to 28.4°, both resembling experimental

curves, of a conventional helicopter in trim. After applying the control allocation method described

previously, the resulting trim curves for the main rotor are displayed in Figure 1.13.

Figure 1.12: Rotor control inputs before CA Figure 1.13: Rotor control inputs after CA

Figure 1.14: Rotor collective and longitudinal cyclic in trim

On the left-hand-side however, it easy to see a completely different formation of pitch values of the

main rotor in trim. The two curves start at the same angle, which is intuitive, as there is no influence of

the auxiliary controls in hover. Nevertheless, as the speed of the vehicle increases, the collective pitch

is reduced instead of following a logarithmic-like trajectory. This is again due to the aforementioned

reduction in need for vertical thrust, as the presence of the wing complements the rotor with auxiliary

lift that increases with airspeed.

Figure 1.15 Figure 1.16

Figure 1.17: Rotor collective and longitudinal cyclic in trim
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On the other hand, the longitudinal cyclic crosses over the collective curve at around 7.7°, instead of

following the collective at a similar path as before. At the lower speeds, there is faster rise of the pitch

value than earlier. This is because of the demand to counteract the moment of the wing. Conversely, at

the higher end of the speed spectrum, the curve fattens out, because the introduction of the elevator at

around 150 knots and the propeller thrust relieve the rotor from its horizontal thrust duties significantly.

At 248 knots, one sees a value of around 3.9°for the collective and 10.4°for the longitudinal cyclic. In a

very similar manner, the propeller needs to provide a certain thrust for the trim solution, which leads to

the coefficient values of Figure 1.15. From there, the mean propeller pitch is calculated to range from

25.5°to 36°. Once again, one should note the gradient increase at around 150 knots, when the elevator is

applied, which leads to a decrease in longitudinal cyclic, which leads to an increase in propeller thrust.

In the end, the complete picture of all the controls of the longitudinal 3DoF model in trim can be viewed

in Figure 1.18.

Figure 1.18: All longitudinal controls in trim



2. Mathematical modelling 47

2. Mathematical modelling

Determining the appropriate level of detail required for helicopter modeling is a crucial issue in the

field. While incorporating a large number of mechanical Degrees Of Freedom (DOF) related to rotor

dynamics can result in a highly complex system, oversimplifying the model can lead to significant

undermodelled dynamics. The key is to identify the essential effects while discarding insignificant

contributions of the system dynamics within the operational range of interest. Simple helicopter models

for small UAVs can be found in previous studies. Depending on the specific application, the number

of DOF considered in 3-D mathematical models ranges from the basic 6-DOF body-only model to a

more complex 16-DOF model, which includes detailed descriptions of rotor dynamics and nonlinear

aerodynamics. The accuracy required for the model also varies based on the helicopter characteristics.

For instance, while a 6-DOF model is typically sufficient to determine the natural behavior of an

articulated helicopter, this approximation is no longer applicable to hingeless rotorcraft. Hingeless

configurations are characterized by a rapid rotor response followed by a slower fuselage response,

and the stiffness of the blades flapwise plays a significant role in this type of influence. As a result,

helicopter modeling is a complex process. For the purpose of designing AFCSs to hingeless helicopters

without using rotor feedback, it is concluded that the models adopted more often consist of a 6-DOF

body simulation plus 3 more to account for the quasi-dynamic inflows of the rotor and propellers plus a

quasi-steady or a first-order description of the rotor disc-tilt dynamics, as noted in a literature survey on

helicopter simulation and modeling presented in Pavel (2001). The present research thesis focuses only

on steady-state rotor disc-tilt angles for simplicity.

2.1. Derivation of the rotor model

This research thesis assumes incompressible flow and Linear aerodynamics are used to model the tails

and fuselage, and the angular velocity of the main rotor is assumed constant and anticlockwise. The

rotorcraft modelled in this research resembles the Eurocopter X3, a high-maneuverability compound

helicopter with a hingeless rotor. The rotor hub is the most important mechanical part of a helicopter

from a control perspective, as it is where the rotor blades are actuated and where all the forces and

moments generated by the rotor are transferred to the fuselage. The rotor blades are attached to the

rotor via hinges that allow for three possible rotations: flapping, lagging, and feathering. However, only

the feathering angle can be controlled by the pilot or control system, while the other two angles are

determined by the dynamics of the rotor. Hinges were first introduced by Juan de la Cierva in 1922 to

compensate for the dissymmetry of lift during non-hovering flight. During hovering flight, the rotating

blades experience the same apparent velocity vector at every azimuth during a full rotation. However,

when the helicopter moves in a certain direction, a difference in lift between the two sides of the rotor

plane builds up. Flapping hinges were installed to allow the blades on the advancing side to flap up

and the blades on the retreating side to flap down in a harmonic fashion, overcoming this problem.

Rotor reference frames

As it is fundamental in all dynamics, here too the relationship between systems of reference are in need of

definition. In modelling the rotor, three key systems play a role, namely the shaft plane, control plane and

disc plane, perpendicular to the shaft axis, control axis, and disc axis respectively. The angular velocity

vector is about the DA, and their relative rotation angles are visually represented by Figures 2.19 and 2.20.
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Figure 2.19: Rotor reference systems view from port side Figure 2.20: Rotor reference systems view from port aft

The shaft or hub plane is the one about which the equilibrium is equated, and which is also at a slight

tilt angle γs to the body-fixed xy plane. is at . The DP is the one in which the tip-path plane of the blades

is drawn, and is perpendicular to the resulting thrust. The CP is also known as no-feathering plane,

meaning the one one of identical orientation to the DP if no flapping motion took place. Therefore

the flapping angles explained later are measured in relation to it. In hovering flight of conventional

helicopter configurations, these three coincide, however here, they compensate for other factors too, as

it will be shown later.

Flapping Dynamics

The dynamics of the flaps are a significant aspect of helicopter dynamics as they contribute to rotations

of the rotor disk, which in turn affects the helicopter’s attitude. The individual flap angles of each

blade are converted to rotor cone flap angles using a Coleman transformation, resulting in multi-blade

coordinates [57].Equation III.15 provides the differential equation used to calculate the derivative of the

three parameters.∫
R

eβ

dT
1

(
r
bl

– eβ
)
dr

bl
=

∫
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(III.15)

Depending on the desired simulation accuracy and the type of helicopter, one may consider setting

the second and/or first derivative to zero, which calculates only the steady-state disk tilt angles. This

is acceptable for trim calculations or articulated rotors where the body modes and flap modes have

significant separation in time and frequency.
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In the absence of lead-lag dynamics, and under the rigid blade assumption, the flapping dynamics

in steady-state modes are modelled here up to and including the first harmonics of the Fourier series of

the periodic motion β(Ψ);

β(Ψ) = a0 – a
1

cosΨ – b
1

sinΨ (III.17)

where a0 is the coning angle, a
1

is the longitudinal disc-tilt angle, and b
1

is the lateral disc-tilt angle.

Truncation of the Fourier series sources from the fact that free motion of the blades like fast eigenmodes is

not of interest but only the effect on the airframe, and that the response to control inputs is instantaneous
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leading to asymptotic approximation of the flapping behaviour. As proposed by Bramwell the coefficients

of Equation III.17 are expressed as follows [19];

a0 =

γ

8

[
θ0(1 + μ2

x
) +

4λ
3

+

2

3

μxp̄

]
(III.18)

a
1

=

8

3
μxθ0 + 2μxλ + p̄ –

16

γ q̄

1 –
1

2
μ2

x

(III.19)

b
1

=

4

3
μxa0 + q̄ –

16

γ p̄

1 +
1

2
μ2

x

(III.20)

where q̄ = q/Ω and p̄ = p/Ω are the non-dimensional pitch and roll rate respectively. It is important to

list assumptions made for these simplified versions for the level of modelling fidelity of this research.

For them, the flapping hinge offset is neglected (ε = 0), and only a first-order relationship with rates p

and q is considered. Also, induced velocity is assumed uniform along the rotor disc here. To compensate

for that, the model follows (Pavel, 2002) in the usual inclusion of a correction factor, expressed as in

Equation III.21;

Kcorr =

1.33μx/|λ|

1.2 + μx/|λ|
(III.21)

in order to obtain the new lateral disc tilt angle of Equation III.22 [58].

b
1

=

4μxa0/3 + q̄ –
16

γ p̄

1 + μ2
x
/2

+

Kλ0
1 + μ2

x
/2

(III.22)

As mentioned, the above takes place in the control plane, so it will be shown shortly, how these help the

transition to the disc plane, and how they end up affecting the total movement of the body.

Inflow modelling

The blade element theory assumes uniform induced velocity across the rotor disc, which holds true at

high forward speeds but not at low speeds when the inflow velocity at the rotor blade is comparable to

other velocity components. An alternative approach, proposed by Glauert, is based on the momentum

theory and treats the rotor as an actuator disc—a circular surface that can accelerate air by creating

a pressure difference. This model assumes steady loading, although it allows for variation over the

surface. While it is an idealized approximation of the actual rotor and has limited applicability, it is

commonly used to estimate wake-induced flow. In this theory, the rotor disc is considered an actuator

disc of area A and total thrust T in hover conditions. The induced velocity at the rotor disc is denoted as

v0, and the wake-induced velocity infinitely far downstream is represented as vinf, where the pressure

matches ambient level p0.

This approach disregards rotational energy in the wake caused by rotor torque and assumes an

incompressible, inviscid fluid. Accurately modeling rotor inflow is crucial in rotorcraft dynamics,

and extensive research has been conducted in this area. Understanding rotor inflow is essential for

achieving simulation fidelity. Among various approaches for induced velocity, this research focuses on

a quasi-dynamic inflow model. It treats the variable as an additional state in the model and dynamically

varies it by equating the thrust coefficient obtained from the Blade Element Method with that resulting

from Glauert’s theory. Initially, a uniform inflow method was implemented in the longitudinal model

during the preliminary phase of this research and early stages of complete 6-DoF modeling for the

vehicle. However, assuming uniform inflow in forward and maneuvering flight led to misinterpretation

of the induced velocity in the rear region of the rotor disc, resulting in overestimated blade lift in that

area. Therefore, this more advanced model, considering the quasi-dynamic inflow, was adopted for

applications involving piloted simulation or control-related research.

C
Gl

T
= 2λ0

√(
μ cos α

dp

)
2

+

(
μ sin α

dp
+ λ0

)
2

(III.23)
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Regarding the Blade Element method, it will be used later in this section to derive the overall forces.

Although, its drawback is that it assumes uniform velocity over the rotor disc, which at high speeds

proves valid, but but at low speeds, measurement error diverges as inflow velocity approaches the other

velocity vector components acting on the blade. Using the momentum theory, Glauert analyzed the

rotor as an actuator disc, of zero thickness, which assumes a steady loading, but variable across the

circular surface [59]. This ideal approximation, is equivalent to an infinite-blade rotor, though gives a

decent first estimate of the wake-induced flow. Using non-dimensional values μ and λ0, for the airspeed

and the induced velocity at the rotor disc respectively, the thrust coefficient according to Glauert’s theory

is given by Equation III.23. Equating it with the one from the Blade Element Method, and dividing by

the time-constant τλ0
, provides the rate of change of inflow as shown below.

¤λ0 =

1

τλ0

(C
BEM

T
– C

Gl

T
) (III.24)

In the end, the idea is that the inflow becomes dynamic, and that in steady-state condition,
¤λ0 → 0,

which in turn means that, as such, the variable inflow takes place in the state vector, and in trim the

zero-valued derivative is targeted like all other states. (Simplicio et al. 2013) follows the same strategy

in modelling, and uses a time-constant value of 0.1, as seen in Appendix ??.

2.2. Rotational speed reduction

Firstly, one should account for the ultimate goal, which is achieving a cruise speed range up to 255

knots, with a slowed rotor rotational velocity. Specific effect to be bypassed here, is drag divergence

at the tip of the advancing blade, the fastest moving segment of the helicopter. The occurrence is the

abrupt increase in drag, at certain Mach numbers. Experimentally, it has been shown that this happens

between M = 0.85 and M = 0.92 [sipe65]. Following the modelling of Ferguson, the Mach bound to stay

under, is chosen to be M = 0.89 [47]. Figure 2.21 shows the rise of the advancing blade tip Mach number,

across the forward speed range of the flight envelope, but also the aforementioned Mach bound.

Figure 2.21: Advancing blade tip Mach number with rotor speed reduction

Ferguson’s approach involves a logarithmic-like reduction of the rotor’s rotational velocity, resulting

in larger decreases at higher airspeeds. In order to maintain a tip Mach number of approximately

0.85, a linear reduction of the rotational velocity is implemented after reaching 125 knots. The figure

illustrates the initial step of this research strategy, showcasing how the compound vehicle surpasses the
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conventional helicopter’s aerodynamic limitations. This achievement is made possible by incorporating

auxiliary thrust mechanisms, enabling the vehicle to attain higher speeds.

Figure 2.22: Rotor disc M at u = 255kts before RPM reduction Figure 2.23: Rotor disc M at u = 255kts after RPM reduction

By linearly reducing the rotational velocity from the hover Ω at u = 125kts, the contour significantly

improved overall, but especially at the advancing blade region, as Figure 2.23 shows.

2.3. Derivation of the propeller model

The propeller model follows the same calculation paths to the rotor. In this vehicle, the pair of wing-

mounted propellers is not just responsible for forward thrust, like in most aircraft, but also yaw control

in the absence of the conventional tail rotor, a result achieved with differential thrust. As mentioned in

the assumptions of this section, the engine dynamics are not modelled. Should that have been the case,

a time-delay consideration between command and output would have been applicable here. Like with

the rotor, the rotational velocity of the propellers is constant, and their thrust is manipulated solely

through pitch command. It must be noted here, that they are modelled such that their line of thrust

does not coincide, but is parallel to the x
b
-axis. As a result, the thrust sum contributes directly to the

x-component of the total force. For overall modelling integrity, the inflow ratio for the propellers is also

modelled under the quasi-dynamic inflow method of the rotor. The pair of the last two entries of the

state vector is given by Equations III.25 and III.26.

¤λ0pp =

1

τλ0p

(C
BEM

Tpp
– C

Gl

Tpp
) (III.25)

¤λ0ps =

1

τλ0p

(C
BEM

Tps
– C

Gl

Tps
) (III.26)

In a configuration like the one under focus here, it is important to realise that all components operate

inside the rotor’s wake region. This is also true for the empennage, but for high speeds only. The effect of

this observation, is an unconventional airflow near these components, and thus a strong rotr-component

aerodynamic interaction. In this research, and for the level of fidelity targeted here, this is addressed

in the form of interference factors. It will also be specified in the subsequent chapters but for the

propellers specifically, it takes place in the equation of their advance ratio. Looking at Equation III.27,

one can notice this the KpΩRλ0 factor, which negatively affects the vertical component of the velocity

experienced tangentially at the propeller disc. Also, the permeability of each propeller is given by

Equations III.28 and III.29.

μxp
=

√
v

2
–

(
w + KpΩRλ0 – qdp

)
2

ΩpRp

(III.27)
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To further represent the adjusted airflow, both advance ratio and permeability in each propeller are

affected by induced local velocities cause by attitude rates. Factors qdp, qhp, rspp and rsps are exactly

for this, and in each instance, it is shown that a positive corresponding rate will affect the flow either

positively or negatively.

λpp =

u – qhp + rspp

ΩpRp

– λ0pp (III.28)

λps =

u – qhp – rsps

ΩpRp

– λ0ps (III.29)

Notice the opposite signs in front of the yaw rate factor in the last two equations. It is intuitive to

picture the vehicle performing a non-zero yaw rate turn, and that this will cause enhanced inflow at

the port side propeller, and a negative one at the starboard side propeller. This detail, together with

the variable pitch inputs, are the reason the two propellers end up having the desirable differential

thrust. Lastly, the induced by the forces are added with a torque cause around the y-axis, of the form,

Q
p

= ρπR2

p
(ΩpRp)

2
RpC

Q
p

, the coefficient of which is approximated from literature. Overall, forces and

moments regarding the auxiliary propellers are expressed in the body frame, and are summarized by

Equation III.30. 
őFp =

[
Tpp + Tps 0 0

]
T

=
őFpp +

őFps

őMp =

[
0 Q

p
0

]
T

+őrpp × őFpp +őrps × őFps

(III.30)

where the last two factor are appear split because of the CG offset, and means that the moment induced

around the z-axis comes after multiplying with slightly different arms spp = sp – s
off

and sps = sp + s
off

.

The sum of the two cross products in vector form equals

[
0 –(Tpp + Tps)hp Tppspp – Tpssps

]
T

.

Table III.2: Propeller parameters

Parameter Symbol Value Unit
Radius Rp 1.2 m

Number of blades Np 5 -

Rotational velocity Ωp 305 rad/s

Blade lift curve slope C
Lαp

5 rad
–1

Equivalent blade chord cep 0.15 m

Angle of twist θtwp -9 deg

Induced flow time constant τλ0p
0.1 s

Aerodynamic interference factor Kp 2 s

2.4. Derivation of the wings model

As mentioned, in addition to thrust compounding, this compound helicopter configurations features lift

compounding by including wings in the design. These are a set of short-span wings in high positioning

and at an anhedral angle. Contrary to the real Eurocopter X
3
, the model does not include aileron

surfaces. Therefore, their representation in the mathematical modelling is through their aerodynamic

forces and induced moment about the pitch axis. Equation III.31 outlines the lift force as follows;

Lw =

1

2

ρV2

w
SwC

Lw
cos(Γ) (III.31)

where Γ is the anhedral angle and the angle of attack experienced at the wing position is affected by the

induced velocity factor qdw caused in a pitch rate motion.

αw = arctan

(
w + qdw

u

)
+ iw – Kwε0 (III.32)
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As with most components in the model, for improved fidelity, the aerodynamic interaction effect between

the rotor and the wing is included using an interference factor Kw that alters the total angle of attack.

Lastly, the design uses a conventional lift curve slope where C
Lw

= C
Lα,w
αw + C

Lα=0
. Additionally, the

drag coefficient of the wing follows a parabolic drag polar equation, as expressed in Equation III.33,

where AR is the aspect ratio of the wing and e is the Oswald efficiency factor.

C
Dw

= C
D0

+

C
2

Lw

π · AR · e0

(III.33)

The forces and moments expressed in the body axis of the system can be grouped as shown below.
®Fw =

[
–Dw 0 –Lw

]
T

®Mw = ®rw × ®Fw =

[
0 hwDw + dwLw 0

]
T

(III.34)

Table III.3: Wing parameters

Parameter Symbol Value Unit

Surface area Sw 10 m
2

Lift curve slope C
Lαw

5 rad
–1

Zero-AoA Lift coefficient C
L0

0.3 -

Drag polar offset C
D0

0.02 -

Aspect ratio AR 5 -

Oswald efficiency factor e0 0.89 -

Aerodynamic interference factor Kw 2 -

Anhedral angle Γ 5 deg

2.5. Derivation of the fuselage model

The fuselage of the vehicle is represented in this model by its parasite drag force R
fus

, defined by

Equation III.35, and its aerodynamic moment contributions C
M

fus
and C

N
fus

, around the y- and z-axis

respectively. The drag of the body is approximated by its equivalent flat-plate area F0.

R
fus

=

1

2

ρV2
F0 (III.35)

Furthermore, due to the geometry of the fuselage, there exist induced aerodynamic moments around the

pitch and yaw axes, the coefficients of which are shown in Equations III.36 and III.37 respectively. The

fuselage is assumed symmetrical around the roll axis, thus no moment coefficient C
L

fus
is considered.

It is necessary to take into account the effect of the aerodynamic interaction between the rotor and

fuselage, which will impact the resulting angle of attack and sideslip angle, and which are represented

by interference factor K
f
. In (Pavel, 1996), citing (Marinescu & Anghel 1992), a value of 0.83 is suggested

for the first one [pavel96] [marinescu92].

C
M

fus
=

(
V

ΩR

)
2

1

AR

K
f
V

fM

α
f

(III.36)

C
N

fus
=

(
V

ΩR

)
2

1

AR

K
f
V

fN

β
f

(III.37)

V
fM

and V
fN

represent the volume of a body observed from their respective view, but having circular

sections. Considerable to mention, is the assumption of the direct relationship between C
M,fus

and α
f
.

The angle of attack at which M
fus

= 0 and the average downwash angle, are both considered to be zero,

and would both be subtracted from α
f

otherwise, to result in an effective AoA α
eff

≠ α
f
. The above are
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gathered in the body frame as expressed in Equation III.38. R
fus

was previously defined as such in the

velocity frame, and so the vector is transformed using Tv

i
from Appendix ??.

®Ffus = Tv

i
·
[
–R

fus
0 0

]
T

®Mfus =

[
0 M

fus
N

fus

]
T

(III.38)

Table III.4: Fuselage parameters

Parameter Symbol Value Unit

Equivalent flat plate area F0 18 m
2

Side view body volume having circular sections V
fusM

25.53 m
3

Top view body volume having circular sections V
fusN

6.13 m
3

Aerodynamic interference factor K
f

0.83 -

2.6. Derivation of the empennage model

The empennage of this vehicle is an H-tail configuration featuring a central horizontal tail and one

vertical fin on each side of it. The horizontal tail incorporates an elevator surface, the deflection of which

assists primarily in pitch moment control. The the vertical tails entail a rudder surface each, that control

yaw movement upon deflection. Initially, the velocity at which the airflow meets the horizontal and

vertical tail are visible in Equation III.39 and Equation III.40 respectively.

Vt =

√
u

2
+

(
w + qlt

)
2

(III.39)

Vv =

√
u

2
+

(
v + phv – rdv

)
2

(III.40)

As seen, both airspeeds above are affected by the vehicle’s attitude rates, via the induced velocity factors

ql
ht

, phvt and rlvt. More specifically, a positive pitch rate increases the horizontal tail airspeed, and a

positive roll rate does the same to the vertical tails, while a positive yaw rate negatively affects the latter.

These affect the angle of attack and sideslip angle in an identical manner as they do Vt and Vv. The

resulting force definitions of the empennage elements are expressed below.

Lt =

1

2

ρV2

t
StCLα,t

αt (III.41)

Yv =

1

2

ρV2

v
SvC

Yβ,v
βv (III.42)

The effect of the control surfaces are embedded in the coefficients C
Lα,t

and C
Yβ,v

by way of vertical

translation of the slope curves. That is, a positive elevator deflection δe raises the Lt/αt slope by a factor

of dC
Lα,t

/dδe. In the same manner a positive rudder deflection δr raises the Yv/βv slope by dC
Yβ,v

/dδr.
The contribution of the tail in the body dynamics is primarily through the negative pitch moment

created by the positive lift. The lift force itself has little effect. A drag force is also present for model

integrity, but negligible both in terms of force and moment contribution. Overall, the resulting vectors

for the empennage are gathered. Equation III.43 outlines those for the horizontal tail, and Equation III.44

those for the vertical tails.
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Figure 2.24: Aerodynamic interference between the tail and rotor wake [41]

Once again, the tail interacts with the rotor wake, but here at higher speeds mostly, as can be portrayed

by Figure 2.24. This is modeled by an interference factor, multiplied by the effective downwash, which

is airspeed dependent. 
®Ft =

[
–Dt 0 –Lt

]
T

®Mt = ®rt × ®Ft =

[
0 htDt – dtLt 0

]
T

(III.43)


®Fv =

[
0 –Yv 0

]
T

®Mv = ®rv × ®Fv =

[
hvYv 0 –dvYv

]
T

(III.44)

Table III.5: Empennage parameters

Parameter Symbol Value Unit
Lift curve slope C

Lαt
3.5 -

Lift-elevator slope dC
Lαt

/dδe 0.859 rad
–1

Drag-elevator slope dC
Dαt

/dδe 0.03 rad
–1

Horizontal tail Incidence angle α0t 0.07 rad

Horizontal tail surface area St 2.5 m
2

Aerodynamic interference factor Kt 1.5 -

Y-force curve slope C
Yβv

4 -

Drag-rudder slope dC
Dβv

/dδr 0.03 rad
–1

Y-rudder slope dC
Yβv

/dδr 0.859 rad
–1

Vertical tail Incidence angle β0v -0.08 rad

Vertical tail surface area Sv 2 m
2

2.7. Unified body dynamics

This section unifies the total dynamics of the modelled vehicle, analyzed over this section. Equation III.45

gathers all forces an moments in two corresponding vectors, both acting on the center O
b

of the body-

fixed reference frame O
b
x

b
y

b
z

b
. Note that due to offset distance s

off
of the CG, these two do not

coincide. 
®Ftot = ®FR + ®Fp + ®Fw + ®Ffus + ®Ft + ®Fv

®Mtot = ®MR + ®Mp + ®Mw + ®Mf + ®Mt + ®Mv

(III.45)



2. Mathematical modelling 56

A total of 12 states are part of this model’s system of equations and they are listed below;

• The body velocities: ®u =

[
u v w

]
T

• The Euler angles that express the vehicle’s attitude with respect to the O
n
x

n
y

n
z

n
frame:

®𝛉 =[
φ θ ψ

]
T

• The body angular velocities: ®𝛚 =

[
p q r

]
T

, and

• The quasi-dynamic inflows of the rotor and the two propellers described earlier:
®𝛌0 =

[
λ0 λ0pp λ0ps

]
T

Note the positional vector

[
x y z

]
T

is not of interest in this study as the purpose is the finding of

steady-state operating points in forward flight, and these states are necessary in control-system design,

and simulation of maneuvering flight. This article assumes a rigid body with constant mass M and

inertia J moving along a flat, non-rotating Earth with a uniform gravity field of acceleration ®g. The final

EOMs is a final set of differential equations, to be solved, and fed back to the system dynamically as

states next to the inputs. In the computational aspect of this thesis, their solution was obtained using

Runge-Kutta numerical integration, by way of the MATLAB
®

function ode45. They are firstly comprised

of the translational dynamics of Equation III.46, where the second factoy of the right-hand side entails

the gravitational force transformation to the body frame, which in some expression in literature, is

embedded in the Ftot vector.

Figure 2.25: Modeling scheme

¤u =

1

M

Ftot + Tb

n

[
0 0 g

]
T

– 𝛚 × u (III.46)

In the absence of the positional vector, that was just mentioned, the kinematics of the translational motion

are not included in the EOMs, but for expansion of this model, they are represented by the differential

equation ¤x = Tn

b

u, where ¤x is the derivative of

[
x y z

]
T

and Tn

b

= {Tb

n
}
–1

is the transformation back

to the NED frame. Additionally, the definitions of the dynamics and kinematics of the rotational motion

are respectively displayed in Equations III.47 and III.48.

¤𝛚 = J–1
[Mtot – 𝛚 × J𝛚] (III.47)
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¤𝛉 = On

b
𝛚 (III.48)

Although, translational kinematics are not included, the rotational description is necessary to this

research, as the orientation of the vehicle relative to the NED frame in steady-state operation is vital.

Lastly, the three quasi-dnamic inflows are part of the EOMs, all three of which follow the same expression

as that of Equations III.24, III.25 and III.26. Now that the mathematical model is finalized, and ready to

be manipulated dynamically, the following steps towards a linearized compound helicopter will be

investigated.
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3. Trim Optimization

Having modelled the 9-DoF compound helicopter thoroughly under valid assumptions and approxi-

mations, the research proceeds to the trim phase of said model. In this section, steady-state operating

points are discovered throughout the vehicle’s airspeed range in forward flight, under which it will

function in mechanical equilibrium. The challenge that is presented now, is the redundant number of

available control inputs on the aircraft. That is, in order to achieve higher cruise speeds, as is the goal

of compound helicopters, the total control effort has to be allocated among the actuators, which then

should lead to the slowing of the main rotor, avoiding therefore compressibility effects on the advancing

side and dynamic stalling on the retreating side. The second of the fundamental problems of flight

dynamics concerns trim and states there exists a set of state and input vectors X∗
and U∗

such that:

f(X
∗
, U

∗
) = 0 (III.49)

and in this particular case:

f(X∗
, U

∗
) =

¤
X =

[
¤u ¤θ ¤ω ¤λ0

]
T

(III.50)

For clarity, the function f here is the derived nonlinear model. In literature, the section focusing on

the trim is a relatively small one, as it is usually a straightforward process. Most aircraft models are

critically actuated, leading to an analytical trim that will provide a unique solution (X∗
, U∗

) for each

operating condition in the flight envelope. This is not the case in discussion here. More specifically, the

control inputs vector U is displayed in Equation III.51. In some models in literature the control of the

propellers have been represented by inputs θ̄0p and θ
diff

, meaning mean and differential propeller pitch

instead of directly having available θ0pp and θ0ps [15]. However, the only difference the first version

makes, is two additional equations, a sum and a subtraction of the two within the model.

U =

[
θ0 θ

1s
θ

1c
θ0pp θ0ps δe δr

]
T

(III.51)

Between this, and the 12-entry state vector, the objective leads to a trim vector showed below.

utrim =

[
φ θ λ0 λ0pp λ0ps UT

]
T

(III.52)

Thus, this is evidence of an over-actuated system, for which analytical trim is not possible, as the

system is highly coupled, meaning there is multiple instances where more than one controls affect a

single motion of the helicopter, either translational or rotational. Mathematically, this case serves as an

under-determined system of equations, with more unknowns than equations in place. The solution is

searched therefore, by means of numerical trim optimization.

3.1. Process

Gaining a deeper physical comprehension and insight into the behavior of a compound helicopter

system can potentially expedite the identification of optimal control parameters. This could entail

determining which redundant controls have greater efficacy and which ones exhibit less sensitivity

towards specific objectives, or identifying the optimal sequence for executing redundant controls and

their corresponding effects. This knowledge base could significantly reduce the search space for both

numerical optimization algorithms and fly-to-optimal approaches, thereby enabling a faster in-flight

determination of the optimal state [60]. In the context of model-based optimization, a common approach

to compute a steady-state operating point involves imposing constraints on the system variables, inputs,

or outputs. These constraints may take the form of fixed values or bounds, which guide the optimization

search towards a suitable solution. Nevertheless, in certain scenarios, the optimization search may

benefit from increased flexibility in the definition of its parameters to accommodate specific system

requirements or application constraints. The main element in need of definition during numerical

optimization are an objective function given by;

cost = min

utrim
J = arg min

utrim



ďX


,

subject to : c(U) : δlb ≤ U ≤ δub

(III.53)
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where Table III.6 outlines the constraint function set c(U), sourcing from the physical upper- and

lower-bound limits of the actuators. Computational optimization algorithms interpret equalities and

inequalities separately, but given their decimal points size, essentially the constraints follow the "less

than or equal to" constraint. Furthermore, these can only be coded as one-sided, meaning the table

translates to 14 constraints applied to the algorithm.

Figure 3.26: Operating point search scheme

The point of this subsection has been to overcome the hurdle of not being able to obtain an operating

point analytically. However, remaining in this stage is still not a desirable result. Let the aforementioned

formulation of Equation III.53 and Table III.6. Given the physical capabilities there exist multiple

operating points OP
k

= {X∗
, U∗

} that follow the relation;

OP
k
∈ S7 ∀k ∈ {1, 2, 3, ...n} (III.54)

where S7
is the seven-dimensional space of solutions that satisfy Equation III.53 at a single forward

airspeed under the applied optimization tolerance. Lowering this tolerance will potentially reduce the

size of this set but still to a non-singular amount of solutions. The next approach at this point can take

many directions depending on the goal of the study, such as a secondary objective function making

this solution a multi-objective optimization. This research however, utilizes the methods of control

allocation to obtain the required operating points.

Table III.6: Controls limits

Constraints Limits

Rotor Collective 0.4° ≤ θ0 ≤ 16.4°

Longitudinal cyclic –16° ≤ θ
1s

≤ 16°

Lateral cyclic –8° ≤ θ
1c

≤ 8°

Port-side propeller pitch 0.4° ≤ θ0pp ≤ 16.4°

Starboard-side propeller pitch 0.4° ≤ θ0ps ≤ 16.4°

Elevator –25° ≤ δe ≤ 15°

Rudder –15° ≤ δr ≤ 15°

3.2. Control Allocation

In this field, various processes are devised in order to either tackle the over-actuation problem, or

eliminate part of a control effort in certain scenarios. Suppose a system with a control effectiveness
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matrix Be as defined below. The highlighted problem exists when the matrix is non-square, and more

columns are present than rows. As it is known in classical control theory and linear algebra, the inverse

of such matrix cannot be computed, and so, no direct solution can be found.

Be =


𝜕L

𝜕δ1
𝜕L

𝜕δ2
· · · 𝜕L

𝜕δn

𝜕M

𝜕δ1
𝜕M

𝜕δ2
· · · 𝜕M

𝜕δn

𝜕N

𝜕δ1
𝜕N

𝜕δ2
· · · 𝜕N

𝜕δn


(III.55)

In the field of control allocation, strategies are searched for in order to bring this matrix to invertible

form, and obtain a set of inputs as a result to the trim problem, most of which have been attempted,

and a particular one proved the best. Explicit ganging, firstly, is an a priori method for combining or

ganging effectors in order to produce a single effective control from multiple devices. Additionally, the

weighted Moore-Penrose pseudo-inverse matrix has been calculated according to [61]:

Bmp = W–1Be
T

(
BeW–1Be

T

)
–1

(III.56)

It should be noted as a reminder, that this system is non-linear, which implies that the control-effectiveness

matrix Be is not readily available, in order for this method to be given a try. It has therefore, been

manually constructed, after initially trimming the model numerically, obtaining one of the operating

points in the solution subspace S7
, and then perturbing the inputs from their trimmed state to come

up with the required matrix. This virtual "re-allocation" method, requires a solution subspace that

is not null, and non-singular. In literature, control allocation is applied primarily in control systems

desing, in which stage, an linear system is potentially already available, where as here, it is the final goal.

Furthermore, it is inefficient for the weighted methods to be used as such, because multiple instances of

trial and error have to happen to get a unique useful W matrix for each airspeed in trim. The resulting

method that has been followed overall, is a Direct Allocation, by means of a mapping function f
CA

in

the optimization, which also uses weighted penalization of certain undesirable controls.

f
CA

(U) = δ
lb

≤ WU ≤ δ
ub

with : W =



w
1

0 · · · 0

0 w2 · · · 0

.

.

.

.

.

.

.
.
.

.

.

.

0 0 · · · w7


(III.57)

Along the forward flight speed range, the penalty of the longitudinal cyclic increases at higher speeds, in

order for the propellers to be used primarily for forward thrust. The empennage surfaces are constantly

weighed by a small factor, in order. The collective left unallocated as it only adds vertical thrust on top

of the wing lift, when necessary. Similarly, the lateral cyclic is unallocated since it is the only input that

controls the rolling motion. The product of this methodology is outlined in the Results section.

Table III.7: Rotor parameters

Optimizer Runtime Cost at arbitrary OP

graddescent 1328.7 3.9 · 10
–9

graddescent-proj 674.7 3.8 · 10
–6

graddescent-elim 500.6 8.1 · 10–14

lsqnonlin 805.5 2.8 · 10
–3

lsqnonlin-proj 2930.0 1.3 · 10
–3
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After the detailed trim procedure, the research has ended up with the most challenging result to obtain,

the trimmed operating points along the forward speed range of the aircraft’s flight envelope. In contrast

to literature, a higher trim resolution has been chosen, with an operating point being sought at every

5 knots. The reason for this is the fact that in this algorithm, each operating point is chosen as initial

guess for the optimization of the next one. Such a method is needed, in similar problems, where there

is a large number of available solutions, which is hard to navigate through. In combination with the

inherent instabilities of helicopters, a smooth change in controls needs to be present, so that no large

jump of input is needed suddenly. The following spider plots give a visual representation of how the

controls of the aircraft are distributed following the trim process.

Figure 3.27: Control effort in hover Figure 3.28: Control effort at u = 50kts Figure 3.29: Control effort at u = 200kts

Figure 3.30: Collective pitch trim Figure 3.31: Cyclic trim Figure 3.32: Empennage deflections trim

Note that, outside of the three collectives, the axes are in absolute value, because the amount of deflection

from zero is important to see, rather than the actual sign of the controls. Initially, in Figure 3.27 a single

line can be seen. The reason for this is that it has been the only stage in which control allocation has

not been necessary. For hover, there is not airflow for the empennage surfaces to manipulate, so then,

they are simply not deployed, which stops making the system over-actuated. In the adjacent two plots,

the distribution of the control effort is shown for a low speed of 50 knots, and a high one of 200 knots.

In them, the unallocated controls are seen in the dashed-blue contour, and the final distribution after

control allocation in the shaded red region.
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Figure 3.33: Resulting weight selection

In hover, the inputs δe and δr are at zero, as said before. The rotor collective is at its maximum value,

since no lift-compounding takes place in the absence of airflow around the wing. Actually, the collective

is even larger than it would be for the same helicopter without a wing, meaning not only does the

wing not help with a lift force it hover, but it is a drawback, since its position in the middle of the rotor

wake creates an induced download on the vehicle, to be compensated by the main rotor. The yaw

control by the propellers can be visible by the slightly higher starboard propeller pitch value, which

result in a higher thrust value, which in turn leads to a compensatory yaw moment. Regarding the

two plots for forward flight, there is clear reduction of the rotor collective as speed increases, and the

differential thrust remains present. Furthermore, the mean propeller pitch increases with speed, so that

the required thrust is provided. Lastly, the very clear drop between the two contours is the one of the

longitudinal cyclic of the rotor, an effect of the applied weights from ??. In the end, the overall trim

results of all controls at all airspeeds are viewed in Figures 3.30, 3.31 and 3.32.

3.3. Attainable Moment Set

The collection of moments that can be generated by the actuators at any operating point in this study is

known in the field as the Attainable Moment Set (AMS) or sometimes as Effective Moment Set. It results

from a hyper-rectangle in the seven-dimensional Control Space R7
, the Admissible Controls Set (ACS),

containing all possible combinations of inputs, and not to be confused with the set S7
from earlier, which

has only the ones that satisfy the objective function. The characterization of the AMS in the presence

of non-linearities and couplings within the control effectors’ aerodynamic model poses a significant

challenge. Linearizing the aerodynamic model with respect to control positions enables the definition

of a linear function utilizing the control effectiveness matrix Be, serving as an approximation of the

mapping between the ACS and the AMS. It has been proven that the resulting AMS exists as a bounded

convex polytope in three-dimensional space R3
[62]. The construction of the AMS entails employing a

geometric algorithm detailed in [63] for scenarios where the number of control effectors is either 2 or 3.

Additionally, an extension of this algorithm has been proposed in [varriale22] to encompass systems

with arbitrary dimensions in Moment Space. Here, the AMS then, is a convex hull in the Cartesian axis

system in R3
with the change in momentsΔ

L
,Δ

M
andΔ

N
placed on each axis. It encloses all possible

moment perturbation vector, attainable at a specific dynamic point, hence the name. Figures 3.34 and

3.35 display it for the operating points OP at low and high speed.
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Figure 3.34: AMS from OP at u = 50kts Figure 3.35: AMS from OP at u = 200kts

An additional feature is that when the non-linear model is linearized with respect to the operating

points, the control effectiveness matrix Be of Equation III.55 defines a linear function which maps the

ACS to the AMS. The attribute of interest, though, is the trim point, indicate by the red marker at the

origin of all surface plots. In a research of equilibrium search, it is necessary to show the dimension size

of this problem that has been mentioned. Similarly to how Be maps any point of the ACS to the surface,

the pseudo-inverse fulfills the opposite route, and the function created in this study f
CA

maps the trim

point back to the solution space S7
. This result is vital as it not only shows the order of the complex

derived model, but also is a blueprint for coordination within it. these results, are crucial for the design

of a control allocator, to follow a controller in a feed-forward loop, that will get fed a control effort

vector necessary, which will lead to a smaller region within the AMS, called the Rerquired Moment

Space (RMS), and will output a mapped solution to command the actuators. Figure 3.36 displays the

utilization of the AMS surface in terms of mapping the trim point as well as the desirable maneuver

moments back to the control vector.

Figure 3.36: Attainable Moment Space to Control Space mapping
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4. Linearization

Now that the desired operating points have finally been determined, it is time to linearize the system, in

order for it to be efficiently controlled and simulated in the future.

4.1. Linearization methodlogy

Recall that this inherently non-linear model is easily reprenseted by;

¤X = f (X, U) (III.58)

and the goal is to describe it in state-space formation, of the form:

¤x = Ax + Bu (III.59)

Matrices A and B contain the stability and control derivatives respectively, whereas their adjacent

vectors are the state and input perturbations from the trimmed operating points. This means this

representation varies with airspeed. The numerical linearisation process to reduce the equations of

motion into linear form follows the fundamental assumption that the vehicle’s state derivatives can be

expressed by a Taylor-series expansion. Let a perturbation from one of the trim state be denoted by the

vectors δX and δU. At that moment, the system’s nonlinear motion is given by;

¤X + δ ¤X = f(X∗
, U∗

) +

𝜕f

𝜕X
δX +

𝜕f

𝜕U
δU (III.60)

Having already chosen the set of (X∗
, U∗

) in ?? such that
ďX = f(X∗

, U∗
) = 0, the Taylor-series now becomes;

δ ¤X =

𝜕f

𝜕X
δX +

𝜕f

𝜕U
δU ⇒ ¤X ≈ 𝜕f

𝜕X
X +

𝜕f

𝜕U
U (III.61)

and the approximation is finalized by dropping the differential notation δ from the vectors, and by

equating the Jacobians
𝜕f
𝜕X

and
𝜕f
𝜕U

to A and B to obtain Equation III.59

4.2. Linearization results

Having processed everything up to now, the article is finalized with the linearization of the model

in forward flight. Such a highly coupled non-linear system provides great benefit when having been

realized, especially to the control system design phase. Following the methodology of section 4, the

process ends up with a set of system and control matrices A, B. For the chosen cases of hover, low

speed and high speed, the resulting matrices are available below. Having those, it is important to show

the open-loop instability of such a system. It is a classic method in control-system design to view the

sensitivity of a system, without being placed inside a control loop. In this test, the longitudinal cyclic is

perturbed by 1 degree for 0.5 seconds from the trimmed state of hover, as visible below.
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Figure 4.37: Perturbation of the longitudinal cyclic in hover

Note that this is the allocated control effort in hover, and hence, no elevator or rudder deployment is

visible. As a result, the states of the helicopterdiverge as seen in

Figure 4.38: Instability of the translational states
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Figure 4.39: Instability of the angular states

Overall there is an obvious need need for a robust intelligent control system in feedback loop formation,

in order to be able to achieve desired manoeuvres in between operating points of forward flight. With a

linear system, this research definitively sets the stage for the following steps to take place in order for it

to be achieved.

A =



0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.001 0.136 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 –0.008 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.008 1.009 0.000

0.000 –9.720 0.000 0.128 0.000 0.003 –0.577 0.990 0.000 11.463

9.720 –0.011 0.000 0.007 –0.000 0.000 0.017 0.105 0.000 1.634

–0.081 –1.325 0.000 0.004 0.000 –0.000 0.031 –0.062 0.000 196.180

0.000 0.000 0.000 0.089 0.000 –0.000 –2.019 1.717 0.038 –13.664

0.000 0.000 0.000 –0.035 0.000 –0.001 0.266 –0.017 –0.000 3.773

0.000 0.000 0.000 0.014 0.000 –0.000 –0.334 0.294 0.083 –5.477

0.000 0.000 0.000 –0.000 0.000 0.000 0.000 0.000 0.000 –3.260



B =



0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000

–7.015 9.720 –0.004 11.870 11.870 0.000 0.000

–1.089 0.000 9.734 0.000 0.000 0.000 0.000

–130.787 –0.521 –0.081 0.000 0.000 0.000 0.000

9.896 0.102 57.173 3.169 –3.169 0.000 0.000

–2.793 –15.232 –0.002 –5.251 –5.251 0.000 0.000

5.359 0.170 9.206 6.881 –6.881 0.000 0.000

0.758 0.000 0.000 0.000 0.000 0.000 0.000


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Low speed: u = 50kts

A =



0.000 0.000 0.000 0.000 0.000 0.000 1.000 –0.002 0.116 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.015 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 –0.015 1.007 0.000

0.000 –9.744 0.000 0.148 0.000 –0.553 –0.594 1.048 0.000 –171.760

9.743 0.017 0.000 0.011 –0.006 0.066 0.122 0.069 –25.669 –16.102

0.150 –1.135 0.000 –0.026 0.000 –0.864 –0.220 25.626 0.000 198.847

0.000 0.000 0.000 0.082 53.933 0.041 –1.561 1.691 0.890 –10.079

0.000 0.000 0.000 –0.038 0.000 21.691 0.261 –0.287 –0.000 98.204

0.000 0.000 0.000 0.010 117.272 0.011 –0.424 0.315 0.983 –2.629

0.000 0.000 0.000 –0.002 0.000 0.004 0.001 0.000 0.000 –3.467



B =



0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000

–15.273 5.962 0.001 64.907 64.907 0.000 0.000

3.213 1.708 8.421 0.000 0.000 0.000 0.004

–132.345 –21.539 0.016 0.000 0.000 0.015 0.000

20.988 1.173 59.126 41.592 –41.592 0.000 0.033

–0.662 –16.252 0.001 –28.715 –28.715 0.031 0.000

5.523 0.427 9.521 90.303 –90.303 0.000 –0.007

0.767 0.108 0.000 0.000 0.000 0.000 0.000


High speed: u = 50kts

A =



0.000 0.000 0.000 0.000 0.000 0.000 1.000 –0.087 0.491 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.985 0.174 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000 –0.195 1.100 0.000

0.000 –8.779 0.000 –0.295 0.000 –1.934 –0.318 1.467 0.000 –171.345

8.644 0.763 0.000 –0.004 –0.023 –0.012 0.109 0.190 –102.678 2.976

1.530 –4.311 0.000 –0.045 0.000 –1.041 –1.041 102.801 0.000 209.257

0.000 0.000 0.000 0.098 215.731 0.389 0.581 1.271 2.079 –94.295

0.000 0.000 0.000 0.176 0.000 86.884 0.417 –1.499 0.000 106.022

0.000 0.000 0.000 0.005 469.086 0.037 –0.579 0.245 0.716 –8.994

0.000 0.000 0.000 –0.000 0.000 0.005 0.006 0.000 0.000 –9.631



B =



0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000

0.000 0.000 0.000 0.000 0.000 0.000 0.000

–23.484 –11.795 0.008 64.885 64.885 0.000 0.000

–21.351 –1.259 –1.899 0.000 0.000 0.000 0.069

–163.369 –82.936 0.077 0.000 0.000 –0.046 0.000

110.593 39.984 74.353 41.578 –41.578 0.000 0.524

14.316 –16.207 0.003 –28.705 –28.705 –0.093 0.000

11.669 3.782 11.973 90.273 –90.273 0.000 –0.118

0.962 0.482 0.000 0.000 0.000 0.000 0.000


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1. Conclusion

In conclusion, this research has demonstrated a commendable level of comprehensiveness and depth in

presenting its findings, introducing innovative methods in the field of flight dynamics and numerical

trim optimization. The derived linear 9 Degree of Freedom mathematical model has undergone

extensive analysis, providing valuable insights into the stability, response characteristics, and the ability

to simulate a wide range of maneuvers and trajectories. Through this thorough examination, the

behavior of the system has been meticulously explored across the entire forward flight envelope, with

operating points established at 5-knot intervals, spanning from hover to a remarkable 255 knots of

forward flight airspeed. The transparency achieved in understanding the system’s behavior throughout

the forward flight envelope has played a pivotal role in facilitating the design of an efficient and effective

control subsystem. By gaining comprehensive insights into the dynamic response of the compound

helicopter, engineers and researchers have been able to develop a control system that enables precise

command and control over the aircraft’s performance.

The ability to finely tune and modulate the control inputs at various operating points has significantly

enhanced the maneuverability, stability, and overall performance of the compound helicopter. Further-

more, the detailed examination of the system’s behavior across the entire forward flight envelope has

not only contributed to the design of the control subsystem but has also enabled a deeper understanding

of the complex dynamics and aerodynamic interactions at play. This understanding can lead to further

advancements in optimizing the compound helicopter’s performance and enhancing its operational

capabilities. It provides a solid foundation for future research and development efforts aimed at

improving the control strategies and overall flight characteristics of compound rotorcraft. By presenting

the research findings in a comprehensive and multi-layered manner, this study has made a substantial

contribution to the field of flight dynamics and control optimization. The insights gained from the

analysis and simulation of various maneuvers and trajectories have provided a valuable resource for

researchers, engineers, and designers working in the domain of compound helicopter configurations.

The outcomes of this research not only advance our understanding of the compound helicopter’s

behavior but also pave the way for future advancements in control system design, flight performance

optimization, and the realization of safer, more efficient, and highly maneuverable aircraft.

Additionally, the research has delved into the importance of auxiliary lift and propulsion in expanding

the flight envelope of the compound helicopter configuration. It has been established that the initial

objective of achieving higher cruise speeds compared to conventional helicopters has been successfully

validated. The linear reduction of the rotor’s rotational velocity beyond 125 knots, down to 75% of its

hover value, proves to be an effective measure in mitigating adverse effects such as drag divergence and

dynamic stall. This remarkable capability enables the rotorcraft to adapt and allocate its control efforts

among available controls, ensuring the attainment of the desired airspeed while maintaining stability

and maneuverability. Regarding the transition phase of the flight envelope, the research findings reveal

that there is no fixed predetermined pattern for the conversion corridor. Instead, a range of input

combinations can be employed to gradually increase forward flight speed, with the specific weight

selection influencing the approach. This flexible approach to the transition phase allows for versatility in

adapting to different flight scenarios. Furthermore, the research has thoroughly addressed the challenge

of over-actuation in the compound helicopter system. Recognizing that the system possesses more

unknown variables than equations, resulting in an under-determined system, traditional analytical

trim methods become infeasible. To overcome this limitation, numerical optimization methods have

been employed. A custom mapping function has been developed, incorporating weighted penalties for

undesired inputs and prioritizing smaller indices. This innovative approach has proven successful in

identifying 52 operating points for forward flight speeds and their corresponding attainable moment sets.

These findings provide valuable insights into the maneuverability of the compound helicopter at

each operating point, aiding in the optimization of flight control strategies and enhancing overall

performance. Moreover, the adapted control mapping method introduced in this research possesses

broader applicability that extends beyond the compound helicopter domain. Its potential utilization

extends to similar over-actuated dynamical systems with similar objective functions, particularly within

the realm of hybrid compound rotorcraft. This indicates the potential for the research findings to
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make valuable contributions to the advancement of control theory and the development of efficient

control strategies in various aerodynamic systems. The significance of this research extends beyond

its immediate impact, as it has paved the way for a deeper understanding and optimization of flight

dynamics in hybrid compound rotorcraft. The derived mathematical model, coupled with the insights

garnered from stability analysis, control allocation, and simulation of diverse maneuvers, establishes a

robust foundation for future investigations. It enables researchers to delve further into the intricacies of

maneuvering flight, facilitating the realization of fully functional simulations for this captivating and

innovative aircraft configuration. By shedding light on the complex dynamics and control challenges

faced by hybrid compound rotorcraft, this research fills crucial gaps in knowledge and offers tangible

solutions. It empowers engineers and designers to refine and optimize the flight control systems of such

aircraft, enhancing their safety, performance, and efficiency. The findings from this research can serve

as a reference and guide for future endeavors in the field of hybrid compound rotorcraft, stimulating

further advancements and innovations in this exciting area of aviation.

In conclusion, this research has not only deepened our understanding of flight dynamics in hybrid

compound rotorcraft but has also paved the way for future breakthroughs. Through its comprehensive

analysis, the development of control strategies, and the establishment of a solid mathematical foundation,

it has contributed significantly to the progress of this field. With its potential for wider applicability

and its impact on control theory, this research holds great promise for the continued advancement and

realization of efficient and maneuverable hybrid compound rotorcraft.

2. Recommendations
For research completeness, certain points are to be put forward in which further development would be

beneficial for the field.

• It has been mentioned that the lateral cyclic is the sole control input available for roll manipulation.

It is in the best interest of the model in terms of fidelity that a set of aileron surfaces are modelled

at the wing. As it can be seen from the AMS surface, rolling maneuverability is around half of

the other two axes. Incorporation of ailerons will improve that significantly, but will also prevent

lateral cyclic saturation, which is imminent.

• In order to fulfill the flight envelope expansion capabilities it is essential that the scope be

broadened towards climbing flight. It is suggested that the climb angle γ be varied in steps for a

constant airspeed vector V initially, and that then the latter is varied for constant climb angles,

while remaining within rate of climb limits, in order to have the entire flight envelope graphed

and compared to that of the Eurocopter EC155.

• Regarding the inflow of the rotating components, a more sophisticated model can be implemented,

most of which have been documented in the literature study of this research. Specifically, a

quasi-dynamic inflow model can be advanced to a Peters-He or Pitt-Peters dynamic inflow one.

Rotor and propeller performance are key to the dynamic response of this research, and could

therefore be explored further in terms of fidelity.

• Vital is also the modelling of the aerodynamic interaction between components around this

vehicle. In this study, this has been modelled by means of interference factors in the aerodynamic

equations. However, a more complex method such as wind-tunnel data in the form of lookup

tables would favor the progress. Recently, Laurianne Lefevre has conducted significant work with

experimentation in rotor-propeller interaction, so research in the topic is advised ([64],[65]).

It is not effective for a study not to provide insight on how it can be used for further research, and while

controlling and analyzing the model in its stability is the obvious route from here, the aforementioned

discussion items are crucial in the improvement of said model.



V
Additional Information

71



1. Coordinate Frames 72

1. Coordinate Frames

This appendix provides an overview of these reference frames and the coordinate transformations

necessary to convert vector coordinates between them [66]. In the body-fixed reference frame the plane

of symmetry of the vehicle contains the x-axis and the z-axis. The x-axis points towards the front of the

vehicle and is aligned with the fuselage centerline, while the z-axis points downward perpendicular to

the x-axis. The y-axis is defined to maintain a right-handed reference system. This coordinate system

proves to be highly valuable in expressing the linear velocities (u, v, w) and angular velocities (p, q, r) of

the aircraft around its three axes. Another commonly used reference frame is the North-East-Down

(NED) frame, where the origin is typically attached to the vehicle’s Center of Gravity (CG). The z-axis of

this frame points vertically downward, aligning with the local gravity vector. The x-axis points toward

the North, as observed from the vehicle’s CG, while the y-axis points toward the East, establishing a

right-handed coordinate system. In many applications, particularly for small distances, the orientation

of this reference frame remains relatively constant with the vehicle’s displacement, allowing us to

neglect its rotation. This assumption simplifies the analysis of motion by disregarding the curvature

of the Earth. Moreover, by considering the Earth as non-rotating, the NED frame can be treated as an

inertial reference frame. However, it is important to note that this assumption holds true only for control

design purposes and cannot be applied to guidance or navigation systems intended for long-distance

flight.

1.1. Rotation definitions

The rotation matrices facilitate the conversion of vector coordinates between coordinate systems that are

interconnected through a rotation of an arbitrary angle t around a specific axis. The resulting matrices

vary depending on the axis of rotation, and are as follows:

Rx(t)

Δ
=


1 0 0

0 cos t sin t

0 – sin t cos t

 Ry(t)

Δ
=


cos t 0 – sin t

0 1 0

sin t 0 cos t

 Rz(t)

Δ
=


cos t sin t 0

– sin t cos t 0

0 0 1


All the transformations discussed in the subsequent sections can be decomposed into the multiplication

of three fundamental matrices, which also yield orthogonal matrices.

1.2. NED to body-fixed frame transformation

The orientation of any reference frame relative to another one can be given by a sequence of three

angles that describes the required rotations so that one frame is transformed into the other. These three

angles are generally known as Euler angles and twelve different sequences exist to describe the referred

transformation unambiguously. In flight dynamics, one of the most common sequences is defined as

follows: first a rotation of the yaw angle ψ about the z-axis, then a rotation of the pitch angle θ about the

intermediate y-axis and finally a rotation of the roll angle φ about the intermediate x-axis.
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Figure V.1: Euler angles [67]

According to this, the transformation from the NED to the body-fixed reference frame

Tb

n
(φ,θ,ψ) = Rx(φ)Ry(θ)Rz(ψ) =


cosψ cosθ sinψ cosθ – sinθ

cosψ sinθ sinφ – sinψ cosφ sinψ sinθ sinφ + cosψ cosφ cosθ sinφ
cosψ sinθ cosφ + sinψ sinφ sinψ sinθ cosφ – cosψ sinφ cosθ cosφ


1.3. NED to velocity frame transformation

Similarly to the previous scenario, a sequence of rotations can be defined to convert NED coordinates

into the velocity reference frame. This conversion requires two angles: the flight path angle γ and the

heading χ. The flight path angle represents the angle between the velocity vector and the local horizon,

which is a plane perpendicular to the local gravity vector. On the other hand, the heading angle is

the angle between the velocity vector and the North direction. The relationship between the three

aforementioned coordinate frames is visible in Figure V.2

Figure V.2: NED, body, and velocity frames x-axis from portside view (left) and top view (right)

Furthermore, it can be observed that when the fuselage centerline aligns with the velocity vector, the

pitch of the aircraft corresponds to the flight path angle, and the yaw angle aligns with the heading.

In a broader context, two additional angles can be defined to describe the relationship between the

body-fixed frame and the velocity reference frame: the angle of attack (α = θ – γ) and the sideslip angle

(β = χ – ψ). The angle of attack represents the difference between the pitch angle (θ) and the flight path

angle (γ), while the sideslip angle represents the difference between the heading angle (χ) and the yaw

angle (ψ). The transformation between the NED frame and the velocity frame is shown below:
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Tv

n
(γ, χ) =


cosχ cos γ sin χ cos γ – sinγ

– sinχ cosχ 0

cos χ sin γ sin χ sin γ cos γ


2. Flapping angles

Figure V.3: Moment arms from port-side view

Figure V.4: Moment arms from top view
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3. Moment arms

Figure V.5: Moment arms from port-side view

Figure V.6: Moment arms from top view

Table V.1: Moment arms

Parameter Symbol Value Unit
Rotor x-arm d

R
1.12 m

Rotor z-arm h
R

1.7 m

CG y-offset s
off

0.03 m

Propeller x-arm dp 1.66 m

Propeller z-arm hp 0.28 m

Mean propeller y-arm sp 2.38 m

Wing x-arm dw 0.73 m

Wing z-arm hw 0.3 m

Horizontal tail x-arm dt 5.10 m

Vertical tail x-arm dv 6.58 m

Vertical tail z-arm hv 0.88 m
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4. Rotor disc Mach number distribution

In this section, the avoidance of compressibility effects is portrayed. Initially, the Mach number

distribution is shown across the rotor disc for a constant rotational velocity Ω, and afterward, the effect

of reducing this speed linearly can be seen.

Figure V.7: Hover Figure V.8: u = 10kts Figure V.9: u = 20kts

Figure V.10: u = 30kts Figure V.11: u = 40kts Figure V.12: u = 50kts

Figure V.13: u = 60kts Figure V.14: u = 70kts Figure V.15: u = 80kts
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Figure V.16: u = 90kts Figure V.17: u = 100kts Figure V.18: u = 110kts

Figure V.19: u = 120kts

From this airspeed onward, the rotational velocity of the rotor is reduced linearly, as has been explained,

in order to avoid compressibility effects at the advancing side. The following plots compare the Mach

number distribution across the rotor disc, firstly if this measure had not been taken, and next the new

one.

Figure V.20: u = 130kts before RPM reduction Figure V.21: u = 130kts after RPM reduction
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Figure V.22: u = 140kts before RPM reduction Figure V.23: u = 140kts after RPM reduction

Figure V.24: u = 150kts before RPM reduction Figure V.25: u = 150kts after RPM reduction

Figure V.26: u = 160kts before RPM reduction Figure V.27: u = 160kts after RPM reduction
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Figure V.28: u = 170kts before RPM reduction Figure V.29: u = 170kts after RPM reduction

Figure V.30: u = 180kts before RPM reduction Figure V.31: u = 180kts after RPM reduction

Figure V.32: u = 190kts before RPM reduction Figure V.33: u = 190kts after RPM reduction
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Figure V.34: u = 200kts before RPM reduction Figure V.35: u = 200kts after RPM reduction

Figure V.36: u = 210kts before RPM reduction Figure V.37: u = 210kts after RPM reduction

Figure V.38: u = 220kts before RPM reduction Figure V.39: u = 220kts after RPM reduction
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Figure V.40: u = 230kts before RPM reduction Figure V.41: u = 230kts after RPM reduction

Figure V.42: u = 240kts before RPM reduction Figure V.43: u = 240kts after RPM reduction

Figure V.44: u = 250kts before RPM reduction Figure V.45: u = 250kts after RPM reduction
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5. Allocated control effort

This section includes all spider plots of the allocated control effort, that lead to the desired operating

points from hover until maximum speed.

Figure V.46: u = 10kts Figure V.47: u = 20kts Figure V.48: u = 30kts

Figure V.49: u = 40kts
Figure V.50: u = 50kts Figure V.51: u = 60kts

Figure V.52: u = 70kts Figure V.53: u = 80kts Figure V.54: u = 90kts
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Figure V.55: u = 100kts Figure V.56: u = 110kts Figure V.57: u = 120kts

Figure V.58: u = 130kts Figure V.59: u = 140kts Figure V.60: u = 160kts

Figure V.61: u = 170kts Figure V.62: u = 180kts Figure V.63: u = 190kts

Figure V.64: u = 200kts
Figure V.65: u = 210kts Figure V.66: u = 220kts
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Figure V.67: u = 230kts Figure V.68: u = 240kts Figure V.69: u = 250kts

Figure V.70: u = 250kts Figure V.71: u = 255kts
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