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Preface

This thesis presents a novel design method for acquiring multi shape-morphing behavior in structures,
which is a topic of great interest in the field of mechanical engineering. This project was carried out as
a part of acquiring my masters degree at Delft University of Technology, where I had the opportunity to
explore a new and exciting research area.

By doing this research project, I had an opportunity to apply theoretical concepts to real-world prob-
lems, which allowedme to gain hands-on experience in designing and developingmulti shapemorphing
structures such as exoskeletons. It has also helped me to develop skills in conducting experiments,
analyzing results, and presenting findings in an effective way.

I would like to express my gratitude to my supervisors Dr. ir. G. Radaelli, Prof. dr. ir. J. L Herder and
Ir. A. Amoozandeh Nobaveh at TU Delft for their guidance, support, and valuable feedback throughout
this project. Their expertise and knowledge have been invaluable in shaping my ideas and approaches.
I would also like to thank my girlfriend, family and friends for their encouragement and motivation.

I hope that this thesis will inspire and motivate future researchers to explore new avenues in design-
ing structures with advanced shape morphing capabilities.

Jasper Pels
Delft, May 2023
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Summary

Structures that are capable of changing their shape in a predetermined manner can be found in vari-
ous domains. For example, in nature, the Mimosa Pudica plant adapts its shape to the day and night
cycle. In architecture, hygroscopic materials are utilized to allow building facades to adapt to changing
weather conditions. In engineering, shape-changing components are deployed to allow for multiple
working conditions such as in adaptive turbine blades and morphing aircraft wings. This phenomenon
is called shape morphing. The aim of this research is to enhance conventional shape morphing, which
involves transitioning between an initial and final shape, by introducing intermediate shapes to enable
multi-shape morphing. This paper focuses on the application of this concept in the design of lightweight,
flush exoskeletons.

To achieve multi-shape morphing, a novel design method and structure model are presented. The
shape of this mechanical structure is influenced at multiple locations by altering its curvature and the Y-
axis offset within specific bounds. By comparing structural node locations with objective shape nodes,
an assessment of multi shape morphing capability can be made. This measure of performance is used
in an optimization based design method consisting of a random search to acquire a representative sam-
ple of the design space followed by a minimization of a set of best performing designs, to find designs
an approximation of the best possible solutions.

To ensure the physical feasibility of this multi-shape morphing behavior, physical models are pro-
duced and their deformation behavior is evaluated under appropriate boundary conditions. Additionally,
a sensitivity analysis is conducted on relevant designs to analyze the relative importance of the geo-
metric design variables.

It was found that when influencing the structural shape at a sufficient number of points, not only
shape morphing but multi shape morphing can be achieved. When the provided shapes are relatively
simple, a low error between the provided and structural shapes can be achieved. However, as com-
plexity increases, certain limits become apparent. Due to the numerous geometric parameters involved,
comprehending the mechanical behavior of the structure can be challenging. Therefore, the main ad-
vantage of the proposed design method is that without vast knowledge of the influence of geometric
parameters of the structure, a representative set of designs can be generated for a given set of objec-
tive shapes.

Further research into the phenomena of multi shape morphing could improve upon the current
paradigm of mechanical structures by allowing mechanisms to be more functionally capable in de-
formation or lower in weight due to replacement of multiple components by a single, more capable
component.
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From Two Shapes to Many: A literature review on
Shape Morphing in Solids, Metamaterials and

Origami Structures
J.H. Pels

Delft University of Technology, Delft – Zuid Holland, The Netherlands

Abstract—A literature study is presented on shape morph-
ing methods and strategies in order to provide an overview,
evaluation and interpretation on the current advancements in
the field. Firstly, literature is analysed based on relevance
criteria. It is then classified based on the underlying evaluation
methods such as FEM, IFEM, PRBM and analytical methods,
as well as on structure types such as solids, metamaterials and
origami structures. Shape morphing methods and strategies in
the literature in these categories are then evaluated based on
how many distinct shapes they are able to follow during their
deformation path. The results of this study show that while a
lot of research has been conducted on structures that are able
to morph in shape between two shapes, the amount of research
conducted on shape morphing strategies and methods that go
beyond this amount is still relatively small, which be attributed to
bottlenecks that arise due to the added complexity and increased
computational cost as well as material limitations and the novelty
of the research field.

Index Terms—shape morphing, metamaterials, origami struc-
tures, inverse finite element method

I. INTRODUCTION

The demand for building better functioning components
in industries such as energy, high-tech and space is rapidly
increasing. For example, in the high-tech industry, the growing
demand for semiconductor chips is driving the need to increase
the performance and throughput of the machines that are used
to produce these chips. In order to increase the precision,
reliability or decrease footprint of a mechanism, engineers are
compelled to explore novel techniques to further improve the
performance of their designs. Conventionally used Rigid Body
Mechanisms that rely on stiff trusses and hinges have been
studied for centuries, and these mechanisms are often bottle
necked by their weight, reliability or lubrication requirements
[1]. Research into new structures such as compliant mecha-
nisms [2]–[4], metamaterials [5], [6] and origami structures
[7] that exploit their unique characteristics to outperform
conventional mechanisms is gaining traction in recent decades.
Characteristics such as compliance [8], auxeticy [9], bi- or
multistability [10] or reconfigurability [11] could allow mech-
anisms to decrease in weight, or improve the functionality
of a component by allowing new features that have not
been explored. One such characteristic being researched in
recent decades is the shape of a mechanism over its full
deformation range. This predetermined change in shape during
functioning is called Shape Morphing. Shape morphing is the

capability of a structure to change its shape while performing
a specific task in order to improve its characteristics or enable
new capabilities. Shape morphing structures can be found in
nature [12], architecture [13] and in engineering fields such as
aeronautic [14], automobile [15] and architectural engineering
[16].

While much research has been conducted on the classifica-
tion and nomenclature of compliant mechanisms [17] in order
to create a basis for compliant design, as well as on the design
of shape morphing structures [18] which aided in the following
of a single or two shapes, shape morphing structures that are
able to morph into multiple distinct provided shapes during
their deformation path still remain as a challenge for engineers
due to physical limitations, added complexity or the absence of
knowledge. Due to this absence of knowledge, this paper aims
to present the advancements in the field of shape morphing by
reviewing used methods and strategies. Providing a structure
with the ability to follow multiple shapes can allow for a larger
range of motion or the replacement of multiple components
by a single more capable one. This makes more research into
this field desirable in order to enable the next paradigm of
efficient machines.

The purpose of this literature review is to provide an
analysis of relevant literature, a classification of this literature
based on the underlying evaluation methods and structure type,
and an evaluation of the presented methods and strategies to
design a structure that is able to morph into multiple distinct
shapes during its deformation path.

In the next chapter, the methodology for this literature report
is explained. After this, the results of the literature research are
presented and elaborated on. Finally, the results are discussed
and interpreted.

II. METHODOLOGY

In this section the method of searching, selection, categori-
sation and evaluation of literature is explained.

A. CATEGORISATION AND EVALUATION OF LITERA-
TURE

Due to the wide scope of available literature in the field of
shape morphing structures, it is necessary to limit the inclusion
of research in this literature review based on relevance to the
main subject. Commonly used structure types in shape morph-
ing literature are solids, metamaterials and origami structures.



The most used evaluation methods for these structures are
analytical methods, Pseudo Rigid Body Model, Finite Element
Method and Inverse Finite Element Method.

The conducted procedure for generating literature is de-
scribed in this chapter. Firstly, literature is found by using the
search engines of Google Scholar and Scopus. This literature
is selected based on given procedure, thereafter categorized
and evaluated.

A categorization of the used search terms to find literature
is given in table I. The search process is divided in three levels
of detail indicated by 1, 2, 3. For general shape morphing lit-
erature, a single or multiple core terms from 1 were combined
and used as a search query. When research was focused on a
certain evaluation method or structure type, single or multiple
terms from 1 were combined with single or multiple terms
from 2. For finding more specific literature, single or multiple
additional terms from 3 were used in combination with single
or multiple terms from 1, 2 or 1 and 2.

Structure type
Solid Meta Origami

Evaluation
method

Analytical
PRBM
FEM
IFEM

Fig. 1: Literature categorization by evaluation method and
structure type, with grey cells representing the presence of
literature and white cells representing the absence of literature.

The selection procedure is conducted by assessing whether
a described structure is able to morph in shape between at
least two distinct shapes and on of the methods from fig. 1
was used to evaluate the structure. It is only relevant to look
at structures that have at least two distinct shapes, since this
is the minimum requirement for shape morphing. Therefore
any intermediary shapes that are not given as a requirement
do not count as distinct shapes.

Commonly used structure types found in shape morphing
literature and commonly used evaluation methods for these
structures are stated in fig. 1 to create a category grid.
Grey cells represent the presence of literature and white
cells representing the absence of literature. The structure
types solids, metamaterials and origami structures given in
fig. 1 are defined by their individual commonly exhibited
method of shape morphing. Where solids usually deform con-
tinuously, metamaterials and origami structures may present
characteristics such as bi- or multistability or reconfigurability
respectively. These structure types are chosen because they
represent commonly found shape morphing mechanisms in a
clear manner. When overlap in characteristics occurs between
these structure types, the best representing structure type is
chosen based its characteristics. The evaluation methods are
chosen such that they represent the commonly used evaluation
methods for these given structure types. The use of analytical
methods means that an analytical procedure was used for

evaluation of the shape morphing structure. The Pseudo-Rigid
Body Model is a commonly used approximation technique for
modeling compliant flexures or mechanisms. The use of FEM
and IFEM represent the use of numerical procedures. Each of
these structure types combined with their respective evalua-
tion methods are explained more in-depth in their respective
chapter in section III.

Fig. 2: Shape morphing performance categories based on
distinct shape following capability.

The evaluation procedure is based on the ability of the
structure or method to follow or design for distinct shapes
during its deformation path and can be seen in fig. 2. Three
classes are presented within this evaluation system. Binary
corresponds to two distinct shapes, the second interval is called
Intermediate and covers > 2 − 10 distinct shapes, the last
interval covers > 10 distinct shapes and is called Numerous.
Continuous morphing structures with no clear begin of end
state will be classified as Binary and thought of as having a
discrete initial and end shape unless other distinct intermediate
shapes are required by the designer. This phenomena can
for example be seen in structures that continuously morph
between an contracted and uncontracted state where only the
initial and final shape are designed. These structures are able
to morph into more than two shapes, however the set of shapes
is representative of a range with a beginning and an end and
thus is analogous to Binary shape morphing.

B. CHAPTER LAYOUT

At the start of each section in the following chapter, the
theoretical basis for an evaluation method as used with the
structure type is given for each section (corresponding to a cell
in 1). After this introduction, a piece of literature is shortly
described and thereafter evaluated.

III. RESULTS

This section contains the results of the procedure as ex-
plained in section II. The literature is given in summary in
table II and further elaborated on in the rest of this section.

A. Solids

In this subsection, shape morphing strategies for solids will
be discussed.

1) PRBM: In this paragraph, shape morphing applications
of solids evaluated with the Pseudo Rigid Body Model [52] are
discussed. This model is used to evaluate compliant members
by using rigid body components and torsion springs that, when
combined, have equivalent force-deflection characteristics as
their compliant counterparts. While compliant mechanisms
are usually modeled using continuum topology optimization



1 - Core shape morphing terms
Shape morphing synonym Shape description →
Morphing Deformed shape 2 - Focus terms
Shape morphing Deflected shape Evaluation method Structure type →
Shape shifting Loaded shape Analytical Solid 3 - Additional terms
Shape changing Intermediate shape Pseudo Rigid Body Model (PRB model, PRBM) Beam Property Miscellaneous
Shape following Initial shape Finite Element Method (FEM) Shell Bistable Synthesis
Prescribed shape Unloaded shape Inverse Finite Element Method (IFEM) Metamaterial Multistable Topology optimization
Shape programming Compliant Mechanism Neutrally stable Equivalent mechanism
Material programming Contact Aided Compliant Mechanism Force deflection

Origami Reconfigurable
Kirigami
Curved Crease
Structure

TABLE I: Overview of categorized search terms with increasing level of detail indicated by 1, 2, 3.

Structure type Method Binary Intermediate Numerous

SOLID

Analytical
PRBM [19] [20]
FEM [21]

[18]
[22]
[23]
[24]

IFEM [25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]

META
MATERIAL

Analytical [35] [36] [37]
[38]

PRBM [39]
[40]

FEM [41] [42]
[43]

IFEM

ORIGAMI

Analytical [44] [45]
[46] [47]

PRBM [48]
FEM [49] [50]

[51]

IFEM

TABLE II: Literature matrix containing structure types (verti-
cal), evaluation methods and evaluation results (horizontal).

methods coupled with the FEM, compliant flexures can also
be modeled by using a PRBM.

In an effort to reduce computational costs, Schmiedeler et
al. used the PRBM method to synthesize a shape morphing
compliant mechanism [20] (fig. 3A) capable of approximating
a shape change defined by a set of morphing curves with
different shapes. A rigid body mechanism synthesis procedure
was conducted by generating a chain of links that through
optimization is able to approximate the morphing curves in
its deformation path. The mathematical formulation used in
rigid-body kinematics was then modified to include the used
of compliant elements which enabled the use of PRBM’s. The
presented mechanism is able to follow three distinct shapes
and is classified Intermediate.

Pucheta et al. proposed a method to design bistable com-
pliant mechanisms by using a PRBM to model the elastic

behavior of incorporated beams [19] (fig. 3B). By replacing
compliant members with rigid body members that are defined
by their precision position and thus using a PRBM, Pucheta
et al. were able to solve for the dimensions of each beam
member and use these dimensions to design for bistability. The
structure is able to follow two distinct shapes and is classified
Binary.

2) FEM: In this paragraph, shape morphing applications of
solids evaluated with the Finite Element Method are discussed.
Generally, this method is used to evaluate the deformed shape
of an arbitrary geometry given applied loads. Uses of the
FEM can be seen in many fields such as structural mechanics,
automobile and aeronautics.

Vafaeesefat [21] used the FEM combined with an iterative
scheme to design optimal blank geometry in sheet metal
forming. The blank shape was found by minimizing the shape
error between the boundary of the deformed blank and the
desired shape of the deformed blank. The structure is able to
follow two distinct shapes and is classified Binary.

Topology optimization based on boundary conditions may
be used to iteratively supply input shapes for evaluation with
the FEM. Lu and Kota proposed a synthesis method based
on topology optimization for morphing complaint mechanisms
using FEM [18](fig. 3C) that is able to morph from an initial
provided geometry to a desired loaded geometry. This method
is able to design for two distinct shapes and is classified
Binary. Kirmse et al. [22] (fig. 3D) used a similar method in
order to design a selective compliance shape adaptive structure
that is able to warp its surface between a flat configuration and
a sine shaped configuration. The structure resists unfavorable
loading directions and is compliant in favorable loading direc-
tions. The structure is able to follow two distinct shapes and
is classified Binary. Another application of this method can
be seen in the design of an aircraft wing that morphs between
two desired shapes by Kota et al. [23]. This method is also
classified as Binary.

Luo et al. proposed a systematic design method for remote
and wireless shape control of laminated composite structures
using optimization methods [53]. The structural shape control
was achieved by simultaneously seeking the best topology
layouts, and thus minimizing error for desired shapes, for
both the photorestrictive and elastic host layers. These desired
shapes are able to be achieved with this layout by exploiting
the photovoltaic effect as an actuation method. The structure is
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Fig. 3: Shape Morphing in Solids : (A) Chain of links for approximation of morphing curve by Schmiedeler et al. [20], (B)
Bistable mechanism by Pucheta et al. [19], (C) Kota and Lu’s method of designing for a deformed configuration using the
FEM [18], (D) Kirmse et al.’s shape adaptive structure [22], (E) Compliant shape-preserving ring by Schreurs et al. [24],
(F) Albanesi et al’s method of designing for a deformed configuration using the IFEM [28], (G) Yellowhorse et al.’s shape
fitting method [31], (H) Compliant gripper using IFEM by Albanesi et al. [32], (I) Folded leaf spring design using IFEM by
Rommers et al. [34]

designed for a deformed and an initial shape, and is classified
as Binary.

Schreurs et al. proposed a compliant shape-preserving ring
for possible use in sealing mechanisms, compliant grippers or
medical applications [24] (fig. 3E). Three compliant shape-
preserving ring designs are presented which are able to main-
tain a circular outer shape in up to 99% of their full range
of motion and of which the best design is able to expand in
diameter by ≈ 45%. In order to realize these designs, a novel
compliant scissor mechanism was developed through linkage
system synthesis and shape optimization. The structure is able
to deform continuously between an extended and a contracted
shape and is classified Binary.

3) IFEM: In this paragraph, shape morphing applications of
solids evaluated with the Inverse Finite Element Method are
discussed. The Inverse Finite Element method for two- and
three-dimensional isotropic elastic bodies with known loads
and deformed shape was originally proposed by Mihalic and

Govindjee [54], [55] and Yamada [56]. The IFEM was ex-
tended for use in three-dimensional orthotropic elastic material
by Fachinotti et al. [57] and later also for elastic beams that
undergo large deformations by Albanesi et al. [58].

All of the following methods are classified Binary since
found applications of the IFEM in solids exclusively rely on
finding an unloaded shape given forces and moments on the
structure.

Isotropic materials have uniform properties in all directions.
The IFEM for isotropic materials is used in industries such
as metal forming concerning sheet metal blanks by Lu et al.
[25] or automobile parts [26] by Azizi et al. [27] where the
plastically deformed loaded shape is taken as a starting point in
order to derive in the correct unloaded shape for the production
process. Similar use can be seen in the biological field where
the stress-free geometry of the abdominal aorta is determined
using the in-body pressurized geometry.

Orthotropic materials have directionality dependent proper-



ties and are of particular interest in fields like turbine blade
design or deep drawing of orthotropic metals. Albanesi et al.,
in an attempt to reduce weight and cost, used this method
to design the optimal geometry of laminated wind turbine
blades [28] (fig. 3F). By designing the loaded shape of these
laminated wind turbine blades and using the orthotropic IFEM
formulation, Albanesi determined the initial shape such that it
deformed correctly under a specified load. This inverse method
is also used in the determination of the optimal blank shape
from the desired shape in deep drawing of steel. by Kim et
al. [29] and Germain et al. [30].

Besides acquiring the initial unloaded shape from a de-
formed loaded shape, the IFEM also allows to solve for
the loads that allow morphing between these two states.
Yellowhorse et al. proposed a method for deriving the loads
needed to approximate a desired, relaxed state of a beam
given the stressed state [31] (fig. 3G). A given example of
an application of such a structure is a folded solar panel to
a rocket geometry. The proposed method was observed to
function with multiple fitting points or stressed states.

The inverse elastic beam model by Albanesi et al. [58]
allows for lower computational costs than previously discussed
more general methods due to simplification by using beam
elements. Albanesi demonstrated this method in the design of
structures where a beam simplification can be made such as a
compliant gripper or a car wiper blade [32] (fig. 3H).

In an effort to increase computational efficiency over con-
ventional forward iterative methods of design, Bertail et al.
used the IFEM method for beams in acquiring the initial
unloaded shape of an Kirchoff rod [33]. A Kirchoff rod is
a thin elastic rod which can be useful in the modelling of
beam-like structures such as DNA, hair or climbing plants.

Another use of the IFEM for beams is proposed by Rom-
mers et al. in the design of a folded leaf spring flexure
[34] (fig. 3I). For a linear guide, a high support stiffness
is desirable in both non-actuated and actuated state of the
structure. Rommers et al. used the IFEM to generate the
unloaded initial shape of the folded leaf spring from the
optimal actuated shape, and used this alongside a folded leaf
spring with an optimal shape in the unloaded configuration.
This allowed for higher support stiffness over the displacement
range than a combination of two non-curved regular folded
leaf springs.

B. Meta Materials

In this subsection, shape morphing strategies for metamate-
rials will be discussed.

1) ANALYTICAL: In this paragraph, shape morphing ap-
plications of metamaterials evaluated with analytical methods
are discussed.

Jiang et al. proposed a shape morphing metamaterial capable
of morphing into three-dimensional shapes [35] (fig. 4A).
Jiang was able to design cut patterns such that the initial planar
material is able to deploy continuously to a given surface as
well as a non-flat initial surface to a planar cut pattern. The
design is derived by using an analytical model combined with

an optimizer to create the correct pattern to map between the
two shapes. The structure is able to follow two distinct shapes
and is classified Binary.

A multistable metamaterial was proposed by Che et al.
[36] (fig. 4B). The material uses snap-through instability of
flexible members order to retain its shape in multiple positions
after deformation. The deformation sequence in which each
segment snaps to another state upon induced strain can be
tuned by varying the beam thickness for each elastic seg-
ment. By assuming small rotations, Che was able to derive
an analytical model which was able to yield comparable
deformation estimation results to Finite Element Analysis. The
structure is able to follow five distinct shapes and is classified
Intermediate.

A reconfigureable structure inspired by polyhedron linkages
as proposed by Liu et al. [37] (fig. 4C) allows for tunable
properties like Poisson’s Ratio or stiffness by the use of kine-
matic bifurcations. A kinematic bifurcation arises when two
different paths of the same structure intersect. The Wohlhart-
polyhedron as proposed by Liu achieves its motion through
rigid links with folds connected to a square center body. Liu
et al. used an analytical model for simulating the Poisson’s
Ratio of a tessellation of modules. The structure is able to be
configured in more than 10 distinct designed shapes and is
classified Numerous.

Attard et al. proposed a similar auxetic structure consisting,
of cuboidal rotating rigid units connected together at their
edges [38]. An analytical model was derived for the Poisson’s
Ratio and Young’s Modulus of the structure. It was shown
that the structure exhibits negative values for all the six on-
axis Poisson’s ratios when loaded on-axis. The structure has a
single degree of freedom and can either be closed or (partially)
open. Therefore two distinct shapes are assumed and this
structure is classified Binary.

2) PRBM: In this paragraph, shape morphing applications
of metamaterials evaluated with the Pseudo Rigid Body Model
are discussed. A Mmetamaterial containing at least one flexible
part that can be modeled as a beam in it’s unit cell can benefit
from employing the PRBM for improvements in computational
costs. Although the usage of PRBM’s in Meta Materials is
novel, some uses can be found.

Broeren et al. proposed the use of a PRBM for the analysis
of a spatial mechanical Meta Material [39] (fig. 4D) The use
of this model enabled Broeren to determine the post-buckling
behavior of the Meta Material without the need to consider
the whole elastic structure and thus avoid the use of FEM.
The analysis was conducted on a porous cylindrical structure,
consisting of rigid squares at their corners. Two PRBM’s were
presented. The first one, a simplified version of the Meta
Material with a single variable, was able to capture the main
features of the structure in the post-buckling regime but was
still coarse due to the inability to include boundary conditions
introduced by the clamping of the structure. The second one,
with one variable per non-boundary layer of the structure, was
able to capture the experimental boundary conditions and math
the observed Poisson’s Ratio and force-displacement behavior
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Fig. 4: Shape Morphing in Meta Materials : (A) shape morphing Meta Material by Jiang et al. [35], (B) Multistable Meta
Material by Che et al. [36], (C) Reconfigureable structure by Liu et al. [37], (D) Spatial mechanical Metamaterial by Broeren
et al. [39], (E) Cellular Contact Aided Compliant Mechanism by Hargrove et al. [40], (F) Progammable unit-cell by Mehta et
al. [41], (G) Morphing Metamaterial by Wenz et al. [42],(H) A bistable Meta Material by Rafsanjani et al. [43]

of the structure more accurately. The proposed method is able
to describe an initial and a deformed shape and is classified
Binary.

Another use of the PRBM was proposed by Hargrove et al.
[40] (fig. 4E), who designed a Cellular Contact Aided Compli-
ant Mechanism that exhibits nonlinear stiffness behavior. The
mechanism utilizes a semicircular compliant beam to enable
flexibility in one direction and stiffness in the other direction
by making internal contact. The mechanism exhibits nonlinear
stiffness behavior between two distinctly shaped topological
configurations and is classified Binary.

3) FEM: In this paragraph, shape morphing applications of
metamaterials evaluated with the Finite Element Method are
discussed.

Based on a regular honeycomb unit-cell design, Mehta et al.
as well as Wenz et al. proposed a new type of programmable
unit-cell that introduces a cantilever beam in the design [41]
[42] (fig. 4F, fig. 4G). The addition of this cantilever beam in
Wenz’s design introduces an extra parameter, gap length µg ,
which can be used to tune the non-linear stiffness behavior

in the unit-cell upon internal contact analogous to processing
functions used in informatics. Three types of strain-induced
shape morphing cases are presented which exhibit unique mor-
phing behavior. While Mehta et al.’s proposed mechanism is
classified as Binary due to it’s two topological configurations,
Wenz et al’s proposed structure consists of many of such unit
cells which are theoretically able to follow near infinitely many
distinct designed shapes. Wenz et al’s presented method and
structure are able to follow more than ten shapes and are
therefore classified as Numerous.

By exploiting bi- or multistability, Meta Materials can be
able to retain their shape after deformations. A bistable Meta
Material inspired by ancient geometric motifs was proposed
by Rafsanjani et al. [43] (fig. 4H). This planar Meta Material
consists of a network of rotating units connected with compli-
ant hinges, which through snap-through instabilities allow for
bistability and auxetic behavior. Due to the bistable behavior
of the structure it is classified as Binary.



C. Origami

In this subsection, shape morphing strategies for origami
structures will be discussed.

1) ANALYTICAL: In this paragraph, shape morphing ap-
plications of Origami structures evaluated with analytical
methods are discussed.

The kinematics of Origami structures can be modelled in
a variety of ways including direct geometric formulation,
equivalent mechanisms, such as a spherical model [60] [61] or
Denavit-Hartenberg (D-H) parameter setup [62], or reduced-
order methods which allow for describing the main behavior
of complex models once simplification hypotheses such as
symmetry or other conditions are fulfilled.

A direct geometric formulation can be used when the
Origami structure is assumed rigidly foldable, in other words
all motion happens due to deflection at the crease lines. Lee
et al. used a direct geometric approach in the modeling of a
deformable wheel for a robot [44], capable of varying it’s
radius by pushing the sides of the wheel. By constructing
a kinematic model of this structure, the deformation and
shape of the structure could be accurately predicted. While
the outer radius of the wheel could be derived analytically,
numerical tools were used in solving the remaining equations
due to occurring nonlinearities. The structure is able to deform
continuously between an extended and a contracted shape and
is classified Binary.

Li et al. used a kinematic approach in the proposal of a
multifunctional adaptive fluidic origami concept [59] (fig. 5C).
By taking advantage of the relation between folding motion
and the enclosed internal fluid volume, the structure is able
to achieve autonomous shape morphing and stiffness tailoring.
The analytical kinematic model was developed based on a unit
cell of fluidic origami with reinforced periodic boundary con-
ditions. The structure is able to deform between an extended
and a contracted shape and is classified Binary.

Enabling multiple distinct shapes in a structure may also
be achieved by exploiting bi- or multistability. Jianguo et al.
proposed a bistable cylindrical Origami structure based on
a Kresling pattern [45]. The structure was studied using an
analytical model, which concluded that for a certain ratio of
geometric parameters bistability was present. The bistability
was found to be caused by two minima of strain energy present
in the deformation path. The presented structure consists of
four segments and therefore five distinct configurations and is
classified Intermediate.

Fonseca et al. proposed an Origami wheel actuated by shape
memory alloy actuators [46]. Shape memory alloys can be
deformed when below a certain temperature, but return to their
pre-deformed shape when heated. When a SMA actuator is
deployed on the circumference of the wheel, shape change
can be induced by heating and cooling the SMA. Due to
symmetry, the model could be simplified to a 1-DOF system.
A reduced-order model was used to describe the origami
dynamics. The structure is able to deform between an extended
and a contracted shape and is classified Binary.

Another strategy to achieve distinct multiple shapes is
structural reconfigurability. Overvelde et al. proposed a design
strategy for reconfigurable architected materials, and explored
this design space by considering structures based on tessel-
lations of polyhedra [47] (fig. 5B). With this strategy, three-
dimensional reconfigurable materials comprising of a periodic
assembly of rigid plates and elastic hinges were explored and
different deformation modes and internal arrangements were
identified. The structures presented have a range of two to four
unique deformation modes and are classified Intermediate.

Choi et al. proposed a design method for compact recon-
figurable kirigami structures by introducing an intermediate
shape through which shape morphing between a compact con-
figuration and an open deployed shape and can be realized [49]
(fig. 5A). By recognition and generalization of the analytical
geometric constraints that describe said kirigami structures,
Choi et al. were able to use an optimization scheme that is
able to approximate an optimal configuration that matches
the target shapes and satisfies the reconfigurability conditions.
The structure presented is able to morph between two distinct
provided shapes, and an intermediate shape and is classified
Binary.

2) PRBM: In this paragraph, shape morphing applications
of Origami structures evaluated with the Pseudo Rigid Body
Model are discussed.

Rommers et al. used the PRBM to model the bending
behavior of the bottom facets of a Single Vertex Compliant
Facet Origami Mechanism [48] (fig. 5D). SV-COFOM’s are a
special type of origami structure in which the compliance of
the facets is used to incorporate spring behavior. The usage of
the PRBM allows for a simpler, yet accurate model that is able
to compute the moment curve of the structures as a function
of a given angle. The structure is able to deform between an
extended and a contracted shape and is classified Binary.

3) FEM: In this paragraph, shape morphing applications of
Origami structures evaluated with the Finite Element Method
are discussed. While the FEM can be used for simulating
the stretching, shearing and bending behavior of Origami
structures accurately [63] [64], it can prove challenging due to
high computational costs or not fitting for certain geometries
depending on the discretization technique. A more general
applicable method to different folding patterns with a sufficient
accuracy to capture the elastic behavior at a lower computa-
tional cost, is the bar-hinge model. The bar-hinge model was
originally proposed by Schenk et al. [65] and Wei et al. [66]
and later expanded upon to include in-plane deformations by
Filipov et al. [67]. Woodruff et al. later expanded further on
this work by incorporating curved-crease Origami [68] [69] in
the bar-hinge model.

Curved crease Origami can be modeled and deformed in
such a way to allow for neutral stability, which means that
the structure is able to maintain a constant elastic potential
energy during deformation. This enables equilibrium over a
significant portion of its deformation range. This neutrally
stable behavior is exceptional, since deforming structures
usually build up elastic potential energy which results in
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Fig. 5: Shape Morphing in Origami Structures : (A) Compact reconfigurable kirigami structures by Choi et al. [49], (B)
Reconfigurable architected materials by Overvelde et al. [47], (C) Multifunctional adaptive fluidic origami concept by Li et
al. [59], (D) Single Vertex Compliant Facet Origami Mechanism by Rommers et al. [48], (E) Neutrally stable curved crease
origami structure by Kok et al. [50], (F) Bioinspired dual-morphing stretchable origami by Kim et al. [51]

an opposing force or moment. Kok et al. proposed such a
structure [50] (fig. 5E), which consists of two flat arched-
shaped compliant sheets which are stacked and connected
along one side which functions as a hinge. The structure has
three stable positions, two of which are the fabricated and
inverted fabricated positions. The third position exists within
an energetic equilibrium and can be varied over a significant
range of motion, between the fabricated and the inversed
fabricated position. The energetic path during the transition
of this structure can be tuned by manipulating the crease
curvature as well as the local width. The structure has three
stable positions and is classified Intermediate.

A bio-inspired dual-morphing stretchable origami was pro-
posed by Kim et al. [51] (fig. 5F). A dual-morphing structure
is capable of unfolding from its initial state and stretching its

skin to enable shape morphing. In the study, the design of a
pellcan eel inspired structure is explored that embodies quasi-
sequential behavior of origami by unfolding and stretching its
skin in response to a change in fluid pressure. A Finite Element
Analysis study was conducted to study the angle and transition
pressure between modules of the structure. The structure has
three designed positions and is classified Intermediate.

IV. DISCUSSION
Designing strategies for shape morphing structures with

multiple distinct shapes during their working conditions still
remains a challenge due to physical limitations, added com-
plexity or the absence of knowledge. Research into structures
that morph into multiple distinct shapes still remains relatively
scarce. As can be seen in fig. 1, for some categories no
literature was found. This absence can be attributed due to the



novelty of the evaluation method combined with this structure
type, or the usability thereof.

As can be concluded from table II, solids currently lack
the functional complexity that is required for complex shape
morphing. This structure type does however have a solid
basis for binary shape morphing due to its ample studies into
applications in FEM and IFEM. The lack of analytical methods
being used in solids can be explained by the complexity
of describing the morphing behavior of complicated shapes.
Unlike meta materials and origami structures, where morphing
behaviour can often be simplified using simplified models,
such simplifications generally do not come into play when
describing the shape morphing behavior of solids. When the
shape of a solid is important, it is usually too complex to
describe analytically.

The use of metamaterials for shape morphing purposes
might prove to be successful due to the possible complex
behavior made possible by use of varying unit-cells, bi- or
multistability, or cut and fold patterns in a structure. The shape
morphing behavior of metamaterial unit-cells is analytically
generally well understood. This knowledge enables designers
to extrapolate these characteristics to describe an array of these
sub-structures. The use of the PRBM in meta materials can be
beneficial to simplify a model and thus decrease computational
cost, but remains relatively unused. Computational cost gains
of deploying PRBM over FEM are generally negligible when
considering the general description of a single cell, but could
provide to be useful when an multiple unit-cells get simulated
in parallel for varying properties inside a structure. The IFEM
is a novel technique, and due to this it has not been applied
in the field of meta material shape morphing, but might prove
useful if deformations are involved.

Origami structures might also prove to be successful for
shape morphing applications due to their enhanced mobility
introduced by cuts and folds. Analytical methods are readily
used to describe the kinematics of these structures. The use
of IFEM in origami structures has not been explored yet and
might prove to be limited in use due to the mostly rigid facets
present in origami structures. If these facets are however not
assumed rigid and deformations can be present, IFEM might
prove useful in future work.

The used categorisation in in fig. 1 provides a clear
distinction between the different structure types commonly
found in shape morphing, however there is overlap possible
between these types. In this case, the best fitting structure
type is chosen based on given literature. If an overlap is
present, the assessment of structure type could also be chosen
in a different way. This particular assessment of structure
type proves a limitation to the used categorisation method.
In future work, other structure types or evaluation methods
may arise that present yet unexplored functionalities. These
structure types or evaluation methods could be introduced or
used as a replacement in fig. 1. Another limiting factor in
this study is the ambiguity in describing certain phenomena.
Different pieces of literature can for example describe the
shape morphing mechanism using different terms. An effort

is made in table I by including synonyms that cover the same
topic. Certain descriptions may have not be included due to
their description being too different from the commonly used
terms in this field.

In future literature reviews on shape morphing phenomena,
the scope of evaluation methods could be increased by in-
cluding literature based on other structure types or evaluation
methods than given in fig. 1. While many studies on Origami
Structures use methods described in this literature review
to validate their results, a large amount of promising shape
morphing papers have been excluded from this literature
review due to their use of experimental design methods [70],
thereby limiting the scope of this literature review.

With the predominant use of FEM and IFEM in shape
morphing studies for solids, more effort could be put into
allowing introduction of intermediate distinct shapes. Possi-
ble means to aid in this challenge could be by combining
aforementioned methods or using iterative schemes to derive
an approximation of all desired shapes. However, limitations
in approximating said shapes may still arise due to limitations
in structure flexibility or limitations in structure capabilities.
If these limitations arise, other methods of enabling complex
shape morphing behaviour may be explored by for example
introducing additional external stimuli or actuators.

Future relevant work in the field of shape morphing capa-
bilities may be research into the approximation of multiple
shapes during the deformation of a structure, combined with a
desirable force-deflection characteristic of said structure. Due
to the influence of the shape of a structure on its exerted force
and vice-versa, this might prove to be a challenge for future
scientists and engineers.

V. CONCLUSION

A literature study is presented on shape morphing methods
and strategies in order to provide an overview, evaluation
and interpretation on the current advancements in the field.
Literature is analysed based on relevance criteria. It is then
classified based on the underlying evaluation methods such
as FEM, IFEM, PRBM and analytical methods, as well as on
structure types such as solids, Meta Materials and Origami
structures. Shape morphing methods and strategies in the
literature in these categories are then evaluated based on how
many distinct shapes they are able to follow during their
deformation path. The results of this study show that while a
lot of research has been conducted on structures that are able
to morph in shape between two user provided shapes, the
amount of research conducted on shape morphing strategies
and methods that go beyond this Binary classification into
Intermediate or even Numerous is still relatively small.
It is concluded the underresearch is to be attributed to
bottlenecks that arise due to the added complexity and
increased computational cost as well as material limitations
and the novelty of the research field.
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Multi Shape-Morphing: A Design Method for a
Parametric Beam Based Exoskeleton

Jasper Pels, Giuseppe Radaelli
Department of Precision and Microsystems Engineering, Delft University of Technology

Abstract—The bending stiffness of a structure is highly depen-
dent on its shape, and this relation can be utilized to allow for a
structure to morph into different shapes during deformation. This
paper focuses on shape-morphing into multiple shapes (Multi
Shape-Morphing), and presents a design method for a parametric
structure consisting of beams, that is able to approximate a
set of objective shapes during deformation by exploiting its
geometry. Several designs are generated with this design method
and experimental validation has been performed on several
physical models verify the multi shape-morphing performance. A
sensitivity analysis has been conducted on relevant design vari-
ables of generated designs to identify their relative importance
concerning the structure’s multi shape-morphing performance.
To demonstrate the feasibility of the proposed design method
for use with exoskeletons, a human-scaled prototype has been
designed, and validated.

I. INTRODUCTION

The demand for more efficient components in industries
such as biomedical [1], high-tech [2] and space [3] is rapidly
increasing. To meet this demand, engineers are constantly
seeking novel techniques to improve the precision, reliability,
and capabilities of their designs. A promising and developing
research field that seeks to aid in these challenges is the devel-
opment of compliant mechanisms [4], [5], which gain at least
part of their mobility through deflection of flexible members.
Research into compliant mechanisms is conducted in many
areas such as synthesis methods [6], designing for function
such as required deflection [7] or load-path characteristics
[8], hinge design [9], as well as on geometric aspects such
as shape-morphing. Shape-morphing involves the design of
structures that are able to change their shape while performing
a specific task, in order to improve their characteristics or
enable new capabilities. Shape-morphing structures can be
found in nature [10], [11] and in engineering fields such as
aeronautic [12], [13], deployable structures [14], automobile
[15] and architecture [16], [17].
Considerable research has been conducted on the design of
binary shape-morphing structures in solids [18], [19], metama-
terials [20], [21] as well as origami structures [22]–[24] which
are able to follow two shapes during deformation. Research
into multi shape-morphing structures that expand upon binary
and thus are able to morph into multiple distinct provided
shapes is still relatively scarce due to challenges in material
limits, added complexity or the absence of knowledge. Recent
work in multi shape-morphing includes applications in solids
[25], metamaterials [26] and reconfigurable structures [27],
[28], but may limit the designer’s ability to provide specific

objective shapes to the design method for the structure to
morph into [28] or have limited applicability. For example,
studies into solids designed with topology optimization for
multiple designed shapes may be bulky [25] or metamaterial
studies in shape-morphing can lack applicability due to scaling
issues when unit-cells are assumed to be infinitely small [29].
Further research in multi shape-morphing has the potential
to enhance the functionality of a component by expanding
its amount of working conditions or reduce its weight by
replacing multiple compliant components with a monolithic,
more capable component. An interesting area of application
for multi shape-morphing structures is in the design of ex-
oskeletons for the human body. Conventional exoskeletons
can be either passive [30] or active [31], [32] and rely on
rigid beams and springs to acquire their supportive positions.
These components can add weight, or introduce the reliance
on external power.
The goal of this paper is to expand upon the knowledge of
multi shape-morphing by proposing a method for the design
of a novel multi shape-morphing structure. This structure is
proven to able to morph into multiple distinct shapes and
is used for the design of an exoskeleton. This exoskeleton
can have potential applications for labor-intensive work by
providing a passive back support that is able to be flush
with the human body. The proposed structure relies on its
geometrically induced stiffness to acquire its multi shape-
morphing capability. The design method for this parametric
multi shape-morphing structure is able influence the curvature
of the structure and thereby influence its local stiffness. This
enables the structure to morph into multiple shapes during
deformation. The objective of this design method is to compare
the shape of the structure on its symmetry plane with a set of
objective shapes. It consists of a random search for acquiring
a representative sample of the design space, and minimization
of the shape error for a set of best designs. Several design
cases with different boundary conditions are evaluated as a
means to validate the proposed design method. The behavior of
these designs is then experimentally validated and sensitivity
analyses are performed to identify the relative importance of
design variables in relation to the structure’s multi shape-
morphing performance. The proposed design method is used
to design a full-scale prototype exoskeleton based on the shape
of the human back in multiple positions. Finally, the results of
the study are discussed and an interpretation of the limitations
and capabilities of multi shape-morphing is provided.
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II. METHODOLOGY

In this section, the proposed structure, corresponding design
methodology and several design cases for this method are
described. Thereafter the design method for an exoskeleton
prototype is explained. The used methodology for validation
and interpretation of the mechanical behavior of these struc-
tures is presented in the form of experimental validation and
a sensitivity analysis on relevant design variables.

A. Design functions

In order for the structure to be be used with the following
design method and this design method to be able to generate an
exoskeleton prototype design, the design needs to have some
general characteristics as described in section II-A.

• Be able to elastically deform and approximate a set of
input shapes.

• Provide geometric parameters that can be used in opti-
mization.

• Be symmetric.

B. Model

1) Design variables: A parametric beam structure that is
able have its shape modified at a given amount of points
is constructed. The structure is based on the characteristics
from section II-A, and is able to use its shape to influence
its bending behavior, similar to a shell structure, but com-
putationally more efficient. This structure is able to exploit
its transversal curvature at several locations to influence its
deformation behavior. In addition, an additional parameter for
shape defined by Y-offset is introduced. This Y-offset will be
called frontal offset, and is denoted by Yd. The transversal
curvature is denoted by κ. The structural influence of these
design variables is visually represented in fig. 1b. These
design variables are constructed for a given amount of design
variable sets S that dictate the amount of points where the
shape of the structure can be influenced. The usage of these
design variable sets is shown in fig. 1a. The design variables
are bounded within the ranges of Bκ = (−15m−1, 15m−1)
and BYd

= (−0.05m, 0.05m). The height of the structure
is named L and tx, ty and tz are positional indicators used
in discretization of the control point equations, of which the
amount of discretized points is given by the designer.

fX(κ, t) =
1

κ
sin tx (1a)

fY (κ, dY, t) =
1

κ
(cos ty − 1)− Yd (1b)

fZ(L, t, C) =
tzL

S − 1
(1c)

The aforementioned variables are used in a set of shape
equations described in eqs. (1a) to (1c) are used to define
a set of control points.

κ2, Yd2

κ1, Yd1

κ3, Yd3

.....

.....

κn-2, Yd n-2

κn-1, Yd n-1

κn, Ydn

(a) Arbitrarily shaped structure (blue) and neutrally
shaped structure (grey) with shape dictated by control
points (indicated by black lines) constructed for every
design variable set consisting of transversal curvature
κn and frontal offset Yd.

X

Z

Y
dn

1/κn

(b) Structural influence of de-
sign variables frontal offset Yd

(black arrow) and transversal
curvature κ (teal arrow).

L

Z

X

Y

P

(c) Arbitrary shaped struc-
ture of height L with fixed-
C1 (green dots) and symme-
try constraints C2 (grey dots),
load point P, ground plane
(light grey plane) and symme-
try plane (dark grey plane).

Fig. 1: Proposed structure with design variable set methodol-
ogy (fig. 1a), structural influence of design variables Yd and
κ (fig. 1b), and applied boundary conditions (fig. 1c).

2) Model creation: The geometry of the model is based
on a shell surface defined by a set of control points based
on eq. (1). This surface is constructed by the use of a Non-
Uniform Rational B-spline (NURBS). The coordinates on this
two-dimensional plane are described in the U direction and V
direction. This surface is then discretized and the amount of
nodes in this discretization step is based on a given resolution

2



for Ures and Vres. These nodal coordinates are used as beam
connection points, and the connected beams form the basis
for the used model in fig. 1. The width of the structure (U-
direction) is set at 0.1m for a single side, and thus the full
width is 0.2m. In most cases, the structural height is set at
L = 1m. Every beam in the structure has the same radius r.
For this study Ures is set to 3 and Vres is set to 20, as this
provides a good trade-off between computational efficiency
and model detail to allow enough degrees of freedom for the
structures shape to be altered. Due to the symmetry of the
structure and the fact that load conditions are applied in its
plane of symmetry, a reduction of the computational load can
be realized by evaluating only a single side of the structure.

3) Boundary conditions: As shown in fig. 1c (indicated
by grey dots), fixed boundary constraints denoted by C1

are applied on nodes on the ground plane and symmetry
constraints denoted by C2 (indicated by teal dots) have been
placed on the side where the nodes lie on the symmetry plane,
except when there is overlap with fixed constraints in which
case fixed constraints are dominant. Both of these constraints
are described in eq. (2). The structural deformation is evaluated
by using a nonlinear Finite Element Method for beams, based
on the work of Battini [33]. The material behavior is assumed
to be linear-elastic.

C =
[
X Y Z RX RY RZ

]
(2a)

C1 =
[
0 0 0 0 0 0

]
(2b)

C2 =
[
0 F F F 0 0

]
(2c)

For the design process of the exoskeleton designs for use with
humans, a model describing the approximate trajectory of the
attachment point with the human back has been constructed
that is to be used as the applied boundary condition. This
model can be seen in fig. 4b. This moving attachment point
acts as a hinge that therefore does not transfer any induced
moment following from its rotation. The hinge position r is
defined by L, L1, L2, α and timestep fraction i and is given
in eq. (3). The values for L1 and L2 are chosen such that the
resulting circular trajectory of r approximates the attachment
point at different stages of deformation of the human back.
The Y-position of r0 is equal to the Y-offset at load point P .

L1 =
7

20
L (3a)

L2 =
13

20
L (3b)

ri =
[
0 L2 sinαi L1 + L2 cosαi

]
(3c)

C. Design methodology

1) Objective: The objective of this design method is to find
an amount of design variable sets of curvatures κ and frontal
offsets Yd that construct a correctly shaped structure that is
able to approximate a set of provided planar objective shapes
on its symmetry plane during deformation. This symmetry
plane is shown in fig. 2a. The full set of the structural
symmetry plane nodes is denoted by X. The full set of planar

objective nodes are denoted by O. The amount of objective
shapes is denoted by n. For a planar objective shape nodes

(a) Arbitrary shaped model
(blue) with symmetry plane
nodes (black) and symmetry
plane (grey).

(b) Coupling Xj (blue) and
Ok (black) based on least dis-
tances.

O1

O2

O3

, X1

, X2

, X3

(c) Set of coupled planar objective shape nodes (black dots) denoted
by Ok and symmetry plane nodes (curved lines) denoted by Xl of
arbitrary shaped model.

Fig. 2: Objective function methodology with symmetry plane
nodes (fig. 2a), objective and symmetry plane nodes (fig. 2c)
and error calculation (fig. 2b).

subset Ok, a subset of symmetry plane shape nodes represent-
ing the j-th deformed shape of the structure Xj is chosen that
has the least error between its nodal coordinates Ok and its
corresponding symmetry plane node coordinates Xj as shown
in fig. 2c. Every planar objective shape nodes subset set can
only be mapped to a single subset of symmetry plane shape
nodes. In order to guarantee a smooth objective function, a
sufficient multiple η of objective nodes oh are constructed to
form every objective node matrix Ok. Therefore, not every
objective node is mapped to a symmetry plane node, and thus
the structure may be shorter or longer than the given objective
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sub shape.

xi =
[
X Y Z

]
, oh =

[
X Y Z

]
(4)

Xj =



x0

x1

.

.

.
xi−1

xi


, Ok =



o1

o2

.

.

.
oh−1

oh


, Ej =



e0
e1
.
.
.

ei−1

ei


(5)

For every deformed node xi in this set of intermediate nodes
on the symmetry plane, an error ei is defined as the least error
value between xi and every objective node coordinate in Ok,
as shown in eq. (6). This value ei can thus be interpreted an
error measure of the coupled structure- and objective node, as
shown in fig. 2b. The full error matrix Ej is then defined as
the full set of all the coupled structural nodes with objective
nodes in set number j.

ei = min |xi − oh| (6)

As shown in eq. (7), the norm fj of the error matrix Ej

representing the coupled intermediate shape node matrix Xj

and corresponding least error objective node matrix Ok is
taken as a sub-metric for the objective function.

fj = |Ej | (7a)
F = [f0, f1, . . . , fj−1, fj ] (7b)

The n-minimum values of fj are taken as a subset of F as
shown in eq. (8), namely Fsub, representing the lowest-error
coupled intermediate and objective shapes fj . The norm of
these minimum errors Fsub over the height of the structure L
is then taken as the final objective function Fobj as shown in
eq. (9).

Fsub =
{
min
n

(|Fm|) | m = {1, 2, . . . , n}
}

(8)

Fobj =
|Fsub|
L

(9)

2) Random search: In order for the structure to be able to
approximate a set of objective shapes, it needs a fair amount
of design variable sets. Due to this amount of sets, the design
optimization process can involve a large number of design
variables and possible combinations, making it infeasible to
evaluate the entire design space. Therefore, a random search
is conducted to explore a representative subset of the design
space. For this study, this sample size is chosen to be 50 ·
103. A set of m best performing designs is selected from the
random search and used as a starting point for the subsequent
minimization process.

(a) Planar objective shape
nodes for Binary shapes
design.

(b) Planar objective shape
nodes for Multiple shapes
(simple) design.

(c) Planar objective shape
nodes for Multiple shapes
(complex) design.

(d) Planar objective shape
nodes for exoskeleton designs.

Fig. 3: Planar objective shapes for the generation of designs.

3) Minimization: The minimization of the error between
the design’s objective- and symmetry node shapes is per-
formed using the Nelder-Mead method. This method is used
to approximate local minima for each design result from the
random search. After a set amount of iterations the slope of
the objective function is manually evaluated. This process
is repeated until a reasonable convergence is reached, at
approximately a change in objective function value smaller
than Fobj = 1 · 10−4m. After this minimization, a desirable
final design is manually selected based on objective score and
load-path characteristic.

4) Design generation: In order to demonstrate the capa-
bilities and effectiveness of the proposed design method to
achieve multi shape-morphing, a set of design cases with
varying amounts of objective shapes are presented. Two ob-
jective shapes is called binary shape-morphing, and anything
exceeding this amount is called multi shape-morphing. The
binary- and multiple shape design cases serve as generalized
applications. The two following designs are generated for the
demonstration of the effectiveness of this method for the de-
sign of an exoskeleton. All of these examples are described by
name, applied boundary condition (B.C.), boundary condition
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Design name B.C. Value Shapes
Binary Y-displacement 0.3m 2

Multiple (simple) X-rotation −πrad 3

Multiple (complex) X-rotation − 3
2
πrad 3

Exoskeleton A Displaced hinge − 5
18

πrad 4

Exoskeleton B Displaced hinge − 5
18

πrad 4

Prototype Displaced hinge − 5
18

πrad 4

TABLE I: Generated designs with their boundary conditions
(B.C.) and number of objective shapes.

value and amount of provided objective shapes in table I. The
amount of objective shapes ranges from 2 (binary) to 3 or 4
(multiple). The properties described in table II were assigned
in to the model for use in simulation.

CS-type r E-mod. C-lines U-res V-res L
Circular 3mm 210 GPa 8 3 20 1 m

TABLE II: Assigned model properties in simulation.

(a) Contours of hu-
man back for acquisi-
tion of exoskeleton ob-
jective shapes.

Y

Z

α

L
1

L
2

r0

ri

(b) Model describing
the approximate attach-
ment point trajectory
(blue dot) as function
of α and height L and
heights L1 and L2.

(c) Front-view of
rectangular grid
structure based
on discretized
X-coordinates.

Fig. 4: Acquisition of back shapes (fig. 4a), simplified model
of back boundary condition (fig. 4b) and edited model gener-
ation for rectangular gird (fig. 4c).

D. Production method

From the proposed exoskeleton designs in table I, four scale
models and a full-scale exoskeleton prototype design will be
produced. The selected models to be produced can be found
in table III.

1) Scale models: The scaled down models as described in
table III are produced from Nylon (Nylon 12) with Multi-Jet
Fusion and have properties as described in table IV. Multi-jet
fusion is a 3D printing technology that utilizes a multi-agent
print head system to selectively fuse nylon powder in layers.

Design name Scale model Full model

Binary D ×

Multiple (Simple) D ×
Multiple (Complex) × ×

Exoskeleton A D ×

Exoskeleton B D ×

Prototype × D
TABLE III: Produced designs

CS-type r E-mod. C-lines U-res V-res L

Circular 2mm 1.9 GPa 8 3 20 1
3
m

TABLE IV: Scale model properties.

2) Prototype: As described in section II-A, the design
needs to be both flexible and symmetric. In order to produce
the design in a fast and geometrically precise fashion, it can
be produced in an automated planar fashion and assembled
manually. A choice is made for FDM as the production method
due to the speed of production and material properties. The
use of plastics allows for induced strains up to 6%. This allows
the exoskeleton that encounters strains up to 3% to elastically
deform instead of plastically. The regular exoskeleton design
case from table I was chosen as a starting point for the
production process due it having both lower strains and being
more stable during deformation as compared to the snap-
through exoskeleton design case due to the absence of snap-
through behavior.

3) Rectangular design: In order to enable planar production
of the exoskeleton, the design was used for an edited model
generation that discretizes the X-values of all nodes in the
design to a set of given values. The amount of these X-
values corresponds to the amount of horizontal nodes given
by Ures. This discretization set causes the structural grid to
be rectangular as shown in fig. 4c. The exoskeleton prototype
is designed for the back shapes of the author of this paper
as shown in fig. 4a. Therefore, the structural height is set
at 0.85m. The model properties used in simulation for this
prototype are shown in table V. The physical version of this
prototype has a square cross-section with a width of 3mm
to aid in manufacturability. Due to this change in height
and model generation, the objective score is not near its
local minimum. Therefore the design variable set values from
the exoskeleton design case were used as an input for an
additional minimization run. The result is a similar shaped
and performing design.

CS-type r E-mod. C-lines U-res V-res L
Square 3mm 100 MPa 8 3 20 0.85 m

TABLE V: Properties of exoskeleton prototype.
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(a) Binary shapes 3D-plot with initial-
(grey) and final shape (blue).

(b) Multiple shapes (simple) 3D-plot with
initial- (grey), intermediate- (blue) and final
shape (teal).

(c) Multiple shapes (complex) 3D-plot with
initial- (grey), intermediate- (blue) and final
shape (teal).

(d) Binary shapes symmetry plane plot with
initial- (grey) and final shape (blue) and
planar objective shapes (black dotted lines).

(e) Multiple shapes (simple) symmetry
plane plot with initial- (grey), intermediate-
(blue) and final shape (teal) and planar
objective shapes (black dotted lines).

(f) Multiple shapes (complex) symmetry
plane plot with initial- (grey), intermediate-
(blue) and final shape (teal) and planar
objective shapes (black dotted lines).

Fig. 5: Symmetry plane plots and 3D-plots of designs generated with random search and minimization as described in
section II-C, ranging from binary (2 shapes) to multiple (3 shapes).

E. Performance validation

The multi shape-morphing performance of all produced
models will be assessed by visual measurement of the nodal
positions on the symmetry plane and using these symmetry
nodes in the objective function as described in section II-C1
to acquire an objective function value. Due to the scale models
being smaller, the nodal coordinates will be evenly scaled up to
match the simulation height. For the final prototype, the same
method will be deployed, but without the scale factor since
this is already taken into account as shown in table V. For
the binary shapes design, a Y-displacement will be applied by
attaching a wire to load point P and making sure that the wire
is kept parallel with the global Y-axis during deformation. For
the multiple shapes design, a plastic bellow was used apply a

pure rotation on load point P in order to minimize reaction
forces. This bellow has a low stiffness in its radial directions,
and a high torsional stiffness. The bellow was kept as straight
as possible to minimize reaction forces on the load point. For
the exoskeleton designs, the setup from fig. 4b was created
using rigid aluminum beams. A similar but scaled up beam
frame is used for the evaluation of the full-scale exoskeleton
prototype.

F. Sensitivity Analysis

A sensitivity analysis will be performed on all designs for
which a model is produced as described in table III. Let
v = (Yd1, κ1, Y, κ2, . . . , Ydn, κn, ) be a set of design variable
values and F (v) be the objective function defined by this set.
A step size ϵYd

= 10−6m or ϵκ = 10−6m−1 is taken. The
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sensitivity Si of every design variable in v with respect to step
size ϵ is then given by the forward finite difference equation as
given in eq. (10). In this equation, ϵ represents the perturbation
being applied to the designated design variable.

Si =
Fobj(v + ϵ)− Fobj(v)

ϵ
(10)

This gradient corresponds to the set of sensitivities of each
design variable. The interpreted design variables for this
analysis values correspond to the found optimal values of the
design method from section II-C.

III. RESULTS

A. Design generation

In order to generate designs, the planar objective shapes
described in section II-C1 were used as an input for the design
method as described in section II-C. The first three will be
used to demonstrate the design method. All objective score
results from simulation are shown in table VI. Starting with
Binary input shapes, as shown in fig. 5a, a binary shape-
morphing behavior can be achieved by supplying the design
algorithm 2 shapes. The design has a high curvature on its
lower region to provide the necessary stiffness to counteract
movement, followed by lower curvature areas above, that have
lower stiffness and in effect allow more deformation. With

(a) Exoskeleton A
design 3D-plot.

(b) Exoskeleton A design symmetry plane
plot with intermediate shapes ranging from
blue to green and planar objective shapes
(black dotted lines).

Fig. 6: Exoskeleton A design.

multiple input shapes, as shown in fig. 5b, a more simple
shape-morphing behavior can be achieved by supplying three
shapes. The supplied shapes are in relative proximity to each
other during deformation. This design is characterised by a low
curvature area on its bottom and middle to allow deformation.
As shown in fig. 5c, a more complex shape-morphing behavior
is approximated by supplying three shapes that shape-wise are
not in relative proximity to each other during deformation.

(a) Exoskeleton B
design 3D-plot.

(b) Exoskeleton B design symmetry plane
plot with intermediate shapes ranging from
blue to green and planar objective shapes
(black dotted lines).

Fig. 7: Exoskeleton B design.

(a) Prototype design
3D-plot.

(b) Prototype design symmetry plane plot
with intermediate shapes ranging from blue
to green and planar objective shapes (black
dotted lines).

Fig. 8: Exoskeleton prototype design.

B. Exoskeleton design generation

The measured back shapes of the author of this paper
have been obtained and utilized as an input for the design
method. Two best-performing cases have been selected and
can be seen in figs. 6 and 7. The design in fig. 7 makes
use of a different approach and exploits a rapid change in
deformation that results in a better objective score. For the
full-scale exoskeleton prototype, the model height L has been
adjusted to 0, 85m in order to fit the authors back. The design
from fig. 6 has been chosen as an input and used in an
additional minimization run with the rectangular grid model
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Design name Simulated score
Binary Shapes 0,0153

Multiple Shapes (simple) 0,0517

Multiple shapes (complex) 0.101

Exoskeleton A 0,0424

Exoskeleton B 0,0416

Prototype 0,0434

TABLE VI: Objective score results from simulation.

from fig. 4c in order to make the design planar as well as
lower in height. The design is shown in fig. 8, and as can
be seen the symmetry plane shape is similar to its non-planar
counterpart. The Multiple Shape design was loaded with a

(a) Binary shapes
scale model.

(b) Multiple shapes
(simple) scale
model.

(c) Exoskeleton A
scale model.

(d) Exoskeleton B scale model. (e) Exoskeleton full-scale pro-
totype.

Fig. 9: Physical nylon scale models produced with Multi-Jet
Fusion (figs. 9a to 9d) and physical FDM produced full-scale
exoskeleton prototype design (fig. 9e).

rotational constraint as described in table I. The design during
deformation is shown in fig. 11.

Fig. 10: Binary shapes scale model measurement setup with Y-
displacement indicated by arrow →→ and symmetry plane shape
results from simulation consisting of initial- (black) and final
shape (blue).

Fig. 11: Multiple shapes (simple) scale model measurement
setup with angular displacement indicated by arrow ↷↷ and
symmetry plane shape results from simulation consisting of
initial- (black) and intermediate- 1 (blue) and final shape (teal).

C. Experimental validation
The design cases described in table III have been pro-

duced. In order to verify the shape-morphing capabilities of
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Fig. 12: Exoskeleton A scale model measurement setup
with angular displacement indicated by arrow ↷↷ and sym-
metry plane shape results from simulation consisting of
initial- (black), intermediate- 1 (dark), intermediate- 2 (light),
intermediate- 3 (teal) and final shape (green).

Fig. 13: Exoskeleton B scale model measurement setup
with angular displacement indicated by arrow ↷↷ and sym-
metry plane shape results from simulation consisting of
initial- (black), intermediate- 1 (dark), intermediate- 2 (light),
intermediate- 3 (teal) and final shape (green).

the scale models, the scale models have been fixed to a
plate and loaded with their respective boundary conditions.
Images of the structure in deformation have been un-warped
to account for perspective errors and used for visually tracing
the symmetry plane node coordinates. The nodal coordinates
at the symmetry plane have been normalised for height, and
put into the objective function from section II-C in order to
make a comparison with the simulation results. These results
are shown in table VII, along with their respective simulated
scores and their measurement deviation from the simulated
score δ. The Binary Shape design during deformation is shown
in fig. 10. For both exoskeleton measurements, a high-stiffness
beam frame was constructed as described in fig. 1, and used
to deform the exoskeleton by pulling it with a short wire.
This deformation path represents the attachment point to the
human back during deformation. The exoskeleton A design
during deformation is shown in fig. 12. The exoskeleton
B design during deformation is shown in fig. 13. For the

Design name Simulated Measured δ

Binary Shapes 0,0153 0,0253 0,0100

Multiple Shapes 0,0517 0,0542 0,0025

Exoskeleton A 0,0424 0,0499 0,0076

Exoskeleton B 0,0416 0,0681 0,0265

Prototype 0,0434 0,0516 0,0082

TABLE VII: Objective score results from simulated and mea-
sured and difference δ in objective score for generated designs.

exoskeleton prototype, a similar but larger scale beam frame
was constructed and used to deform the exoskeleton. The
prototype during deformation is shown in fig. 15.

0,0E+00

2,0E-04

4,0E-04

6,0E-04

8,0E-04

1 2 3 4 5 6 7 8

Se
n

si
�

vi
ty

 [
m

]

Design variable set

(a) Sensitivity of κ versus design variable set.

0,0E+00

5,0E-02

1,0E-01

1,5E-01

2,0E-01

1 2 3 4 5 6 7 8

Design variable set

Se
n

si
�

vi
ty

 [
m

-1
]

(b) Sensitivity of Yd versus design variable set.

Fig. 14: Binary shapes design variable sensitivities per set
level.

D. Sensitivity Analysis

On each design validated in section II-E, a sensitivity anal-
ysis is performed by using a finite difference approximation of
the gradient of F . The evaluated design variables are frontal
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a b c d

Fig. 15: Full-scale prototype design based on exoskeleton design case with simulation result shape lines consisting of
intermediate- 1 (a, blue), intermediate- 2 (b, light blue), intermediate- 3 (c, teal) and final shape (d, green).
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(b) Sensitivity of Yd versus design variable set.

Fig. 16: Multiple shapes (simple) design variable sensitivities
per set level.

offset Yd and transversal curvature κ. and A step size of
ϵ = 10−6m is used for acquiring the gradient. The sensitivities
for the binary shapes design can be seen in fig. 14. For both κ
and Yd a peak can be seen at around control point set level 3-
4, corresponding to the level where a change from high to low
curvature occurs to allow deformation. The sensitivities for the
multiple shapes (simple) design are shown in fig. 16. For κ,
a peak at the lower- and middle region of the design can be
spotted, corresponding to areas with lower stiffness to allow
for rotation. For Yd, the most critical area is between level 0
and 4, corresponding to the area between the two rotational

0,0E+00

5,0E+03

1,0E+04

1,5E+04

2,0E+04

1 2 3 4 5 6 7 8

Se
n

si
�

vi
ty

 [
m

]

Design variable set
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(b) Sensitivity of Yd versus design variable set.

Fig. 17: Exoskeleton B design variable sensitivities per set
level.

points as given by κ. The sensitivities for the exoskeleton B
design can be seen in fig. 17. As can be seen, the design
has a high deviation between sensitivities and therefore they
can not be used to interpret the structure. The sensitivities
for the prototype exoskeleton design can be seen in fig. 19.
The sensitivities for the exoskeleton A design can be seen in
fig. 18. A high sensitivity of K can be seen on both the fixed
end and hinged end of the structure. A peak in Yd can be seen
in the middle of the structure. A second sensitivity analysis
has been conducted on the amount of design variable sets that
are used to construct the Multiple Shapes (simple) structure.
As can be seen in fig. 20, an amount of 4,8 and 12 design

10



0,0E+00

1,5E-05

3,0E-05

4,5E-05

6,0E-05

1 2 3 4 5 6 7 8

Se
n

si
�

vi
ty

 [
m

]

κ per design variable set

(a) Sensitivity of κ versus design variable set.

0,0E+00

1,0E-02

2,0E-02

3,0E-02

1 2 3 4 5 6 7 8

Design variable set

Se
n

si
�

vi
ty

 [
m

-1
]

(b) Sensitivity of Yd versus design variable set.

Fig. 18: Exoskeleton A design variable sensitivities per set
level.
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(b) Sensitivity of Yd versus design variable set.

Fig. 19: Prototype design variable sensitivities per set level.

variable sets have been evaluated for objective score, all with
a random search group size of 50·103 designs. A fixed amount
of 1 ·103 function evaluations were allowed for minimization.

IV. DISCUSSION

A novel design method and parametric structure have been
proposed in this paper. This structure is able to exploit its
shape in order to influence its bending behavior, and thereby
allowing itself to partly morph into a set of provided planar
objective shapes. Six designs were constructed, of which four
were produced as a scale model and one as an exoskeleton
prototype. The deformation of all physical models was exper-
imentally validated, and a sensitivity analysis was performed
on these designs.

A. Performance of designs

From the objective score of the binary shapes design it
can be concluded that by using the proposed parametric
structure and design method, a low error between objective
and structural shapes can be achieved for this objective shape
set. This proves that two shapes (binary shape-morphing) can
be reasonably approximated using the proposed structure. The
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Fig. 20: Top 5 objective scores of 50 · 103 designs for
multiple shapes (simple) after random search (black dots) and
minimization (grey dots) versus amount of design variable sets.

multiple shapes simple design demonstrates that a low error
is also possible for 3 objective shapes, given that these shapes
prove to be approximately following a logical deformation
path. A limit on this shape-morphing capability is demon-
strated by the complex multiple shapes design where the set
of 3 objective shapes is too complex for the design method
to find a solution. Due to this complexity, the best solution
that was found has an objective score of roughly double
the score of the other designs. In order to demonstrate the
use of the proposed structure for exoskeleton purposes, two
designs were proposed. Exoskeleton A is, judging from its
objective score and symmetry plane plots, able to approximate
a planar shape set consisting of 4 shapes representing the
human back in bending over. Both sensitivity analysis and
scale model evaluation demonstrate that this design has a
higher stability as compared exoskeleton B. The exoskeleton
B design proved to be capable of achieving a lower error. The
generated design however does so by exploiting an instability
which allows it to switch from one to another deformation
mode during deformation. This sudden behavior is evaluated
to be unstable, as observed in experimental validation as well
as in the sensitivity analysis, where a small perturbation causes
the design to achieve a drastically higher error. As can be
seen in table VI, the prototype exoskeleton has comparable
objective score as compared to the non-planar exoskeleton
design.
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B. Design variable sensitivities

When evaluating the design variable sensitivities for the
binary shapes design, a peak in both κ and Yd representing
high sensitivity can be seen. These peaks could correspond to
a precision point that serves as an origin to allow the rest of
the structure to move about this point. These high sensitivity
points are also observed in the multiple shapes design where
two peaks of κ are observed that could correspond to the two
areas that most allow for deformation in the structure. The
sensitivity of Yd between these two precision points allowing
high deformation is observed to be high. This is observed
to be attributed to the second precision point and the rest
of the structures deformation path being dependent on the
deformation accuracy of the first point. For all evaluated
structures, it is observed that the sensitivity of Yd is on
average higher than κ. This can be attributed to Yd having
a direct influence on the shape and therefore objective score
of the structure during its full deformation range, whereas κ
gradually exhibits its influence on the objective score during
the deformation of the structure. Another sensitivity analysis
has been conducted on the amount of design variable sets
that define the shape of the structure. As can be seen in
fig. 20, for the evaluated amount of 50·103 designs for random
search, the objective score does not vary too much from 4 to 8
design variable sets and is sufficient, but for 12 design variable
sets the number of evaluated designs is to small. By looking
at the random search results for 8 and 12 design variable
sets in fig. 20 it is also clear that the found designs for 8
design variable sets are a better starting point for minimization
compared to the 12 design variable set random search results
when evaluating their minimized score. For an increase in
design variables from 8 to 12, a much larger amount of designs
would have to be evaluated, which is out of scope for this study
due to increased computational time.

C. Design validation

The shape-morphing performance of these designs has been
validated experimentally by measuring the symmetry-plane
node locations of the produced models under their corre-
sponding boundary conditions during deformation. These node
locations have been used to generate an objective score and
are compared to the simulation results as a means to verify the
shape-morphing performance of the structure. A comparison
between simulated-, measured- and difference δ in score can
be seen in table VII. For all experimentally validated designs,
some errors may be present. Detection errors may be present
due to the finite resolution of the camera and occlusion of the
symmetry plane by the structure, material errors may arise due
to the material not being perfectly homogeneous as assumed
and boundary condition errors may be present due to slight
inaccuracies in the application. For example, in the Multiple
shapes design case, some inaccuracies may be introduced due
to the applied rotational boundary condition not being perfect
in removing all reaction forces due to manual alignment errors.
However, for this design, the difference δ is lower than others
which is most likely a result of some reaction forces being

applied that have a positive result on the objective score.
Exoskeleton B has a bigger deviation than the other designs,
this can be attributed to its instability in deformation and
tendency to move out of plane when deformed. This behavior
was seen during experimental validation and is analogous
to a tape spring, as the structure has a convex shape when
approached from the negative Y direction. Due to this shape
and the applied loading condition, a compressive load will
occur in both outermost vertical beams at about half the height
of the structure. The out-of-plane instability can be attributed
the structure not being perfectly symmetric, which causes one
side of the structure to collapse under compression earlier
in deformation than the other side. In simulation however,
the structure is being evaluated with a symmetric boundary
condition. The discrepancy between simulated and experimen-
tally measured objective score can be attributed to the perfect
symmetry boundary condition being present in simulation, but
not during the experiment. For all produced models, excluding
the exoskeleton B, it is observed that the measured (multi)
shape-morphing performance is roughly in the same range
as the simulated results and therefore, their shape-morphing
performance is concluded to be physically viable.

D. Design method

The proposed design method is as stated before, able to
generate designs of the proposed structure that approximate
the shape sets provided in this paper with a low error. The
method enables the designer to evaluate an representative set
of possible designs for the given objective shapes, that can be
acquired without a lot of prior knowledge of the mechanical
behavior of the structure and influence of each design variable.
This allows for rapid generation of designs, and to make an
assessment of the feasibility of the structure and objective
combination. The presented design method does however
not guarantee a well-performing solution, since the objective
shapes may prove to be incompatible with the structure as
well as due to computational constraints due to not being
able to fully evaluate the design space for increased resolution
and amounts of design variable sets. A consequence of the
geometric design freedom is that for the exoskeleton designs
generated with the simplified back model, the trajectory can
vary between exoskeletons. This is due to the Y-coordinate of
the start of the trajectory being matched to the Y-coordinate
of the load point. The exoskeleton is able to approximate the
objective shapes, but due to the mapping to objective nodes,
it can be of different height. Therefore, the load point of the
exoskeleton may have a different absolute trajectory for two
individual designs, which do not exactly match the height of
the attachment point for the human back. This choice for a
variable start trajectory is made to allow for the most freedom
in design for the proposed method to enable a multi shape-
morphing behavior.

E. Capabilities & limits of structure

The multi shape-morphing capability of the proposed model
is demonstrated through the manipulation of its geometric
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parameters. Several advantages and drawbacks of the pre-
sented model can be observed. A drawback of the used
model generation technique is that the model is not able
to have a different height than specified in order to limit
complexity. This height is coupled to the objective shape
height, which causes a decrease in the amount of possible
solutions. Also, due to the choice for a symmetric structure
and planar objective shapes, no boundary conditions that could
result in out of plane movement have been evaluated. An
advantage of the proposed structure is that the amount of
design variable sets can be adjusted, allowing the designer
to adjust the geometric complexity of the model to fit their
computational constraints. This amount of design variable sets
is however limited in control by the topology of the structure,
namely the amount of beams in the V direction. The amount of
design variable sets must be coupled with the correct amount
beams to guarantee that the structure is able to correctly exploit
these design variables.

F. Future work

The multi shape-morphing performance of the structure has
only been evaluated by use of planar objective shapes. More
research could be conducted in adapting the design method
to allow for non-planar objective shapes with an extra spatial
dimension by the use of B-splines, evaluating the structural
shape on multiple planes, or evaluating the whole shape of the
structure. Model generation could be altered by enabling the
structure to be constructed asymmetrically to further expand
the design space. The design space could also be expanded by
allowing for a structural height that differs from the objective
shape height, to allow for more initial shapes as well as
different objective shapes. The multi shape-morphing perfor-
mance of the structure could be enhanced by introduction of
self contact-aided segments [34]–[37] to allow for a varying
topology during deformation. These elements can result in a
rapid change of stiffness that influences the deformation of the
structure as well as the load-path characteristic, and thereby
could aid in achieving not only multi shape-morphing but also
a more desirable load-path characteristic.
Several aspects of the proposed structure for usage in ex-
oskeleton design could be improved by further research. For
example, the bounds of κ could be set such that only a concave
or flat structure could be generated. This would be benefi-
cial for the structure being flush with the human back, but
would however decrease the design space and could increase
the chance of instability based designs being generated. An
improvement for additional stiffness of the structure could
be introduced by changing the topology of the structure by
increasing Ures. This would increase the stiffness by addition
of vertical elements, at the cost of an increase in computational
time. Other means of increasing the stiffness of the structure
could be by evaluating different types of materials than the
one in this paper, that posses a similar high elastic strain limit
but an increase in stiffness, such as titanium.

V. CONCLUSION

A novel design method is presented for acquiring multi
shape-morphing behavior with the accompanying parametric
beam structure. The proposed design method is able to influ-
ence the shape of the structure at multiple locations to allow
for it to morph into multiple shapes when deformed. Multiple
designs were generated and their mechanical behavior was
validated experimentally. A sensitivity analysis was performed
on the design variables of most of the designs, as well as on
the amount of design variables necessary for a fixed simulation
time.
The results of the experimental validation of the designs
proved to be comparable to the simulated results, verifying the
capabilities of the structure. The sensitivity analysis on design
variables identified some sections in each design that were the
most sensitive for small changes. The sensitivity analysis on
the amount of design variables proved that a correct group
size for the amount of design variables was used.
Overall, it is concluded that not only shape-morphing but
multi shape-morphing is possible with the provided structure,
given some limits to the complexity of the provided objective
shapes. It is concluded that the proposed design method able to
generate designs of the proposed structure that approximate the
shape sets provided in this paper with a low error to allow the
multi shape-morphing capabilities. The design method allows
for evaluating the capabilities of the structure without too
much prior knowledge about the mechanical behavior of the
structure, but does not guarantee a solution within the design
space. The design space is however limited by the limited
amount of geometric design variables such as structural height
or required symmetry.
Further research into the multi shape-morphing capabilities of
the proposed structure could benefit from the introduction of
asymmetric structures, different topologies or a more com-
prehensive evaluation of the shape of the structure. Further
research into multi shape-morphing could allow for a new
generation of structures or mechanisms that are more capable
in function or more efficient in weight.
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A
Supplementary material: Design variables

A.1. Bounds
For both design variables that can influence the shape of the structure at levels dictated by the amount
of design variable sets, bounds have been set up to limit the design space. For setting up bounds forK,
the width of the structure is taken to bewfull = 0.2m, thereforewside = 0.1m. Values ofK should not allow
local curvature of the structure with an end-angle past θ = 90◦. In the circle circumference equation
from equation (A.1), wside and θ can be plugged in to acquire appropriate limits for r. Thereafter, κ can
be acquired as shown in equation (E.1). An absolute limit for κ of 15.708 is acquired, which is rounded
to κ = 15m−1. In order to allow both positive and negative values for κ, the lower limit has been set
to −15m−1, and higher limit to 15m−1. It is important to note that whenever a value of κ is evaluated
that is within an absolute threshold of c = 10−6m−1, κ is set to c in order to prevent unnecessary large
numerical values for r in model generation.

lside = θr (A.1)

κ =
1

r
(A.2)

For the second design variable in each design variable set, the lower and upper bounds for Yd were
set to allow for 5% of the original simulation height L of the structure. Therefore the lower and upper
bounds are set to −0.05m and 0.05m respectively.

A.2. Numerical values
In this subsection, the found design variable values for each generated design in the research paper
are stated. For readability, alongside the found values is a copy of a 3D-plot and the corresponding
symmetry plane node plot from the research paper.
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A.2. NUMERICAL VALUES 27

(a) 3D-plot with initial- (grey) and
final shape (blue).

(b) Symmetry plane plot with initial- (grey) and final
shape (blue) and planar objective shapes (black

dotted lines).

Level Yd K

1 -0.00704 14.54271
2 -0.00762 14.75581
3 -0.00353 9.82769
4 -0.00358 9.25759
5 -0.00228 1.63895
6 0.00145 2.99332
7 0.01012 -14.96644
8 -0.01416 4.30499

(c) Binary shapes design variable values
from bottom of structure to top.

Figure A.1: Binary shapes 2D (figure A.1a) and 3D (figure A.1b) plots and corresponding design variables (table A.1c) per set
level.

(a) 3D-plot with initial- (grey),
intermediate (blue) and final shape

(teal).

(b) Symmetry plane plot with initial- (grey),
intermediate (blue) and final shape (teal) and
planar objective shapes (black dotted lines).

Level Yd K

1 0.00168 0.92139
2 -0.01091 -6.3108
3 0.00033 -14.93151
4 -0.0006 -4.90884
5 0.00166 -6.26096
6 -0.00039 -12.49174
7 0.00029 -14.99875
8 0.01212 -14.99997

(c) Multiple shapes (simple) design variable
values.

Figure A.2: Multiple shapes (simple) 2D (figure A.2a) and 3D (figure A.2b) plots and corresponding design variables (table
A.2c) per set level.



A.2. NUMERICAL VALUES 28

(a) 3D-plot with initial- (grey),
intermediate (blue) and final shape

(teal).

(b) Symmetry plane plot with initial- (grey),
intermediate (blue) and final shape (teal) and
planar objective shapes (black dotted lines).

Level Yd K

1 0.00504 -8.47951
2 -0.00792 5.93159
3 -0.01917 5.68741
4 0.00846 10.13153
5 0 4.61184
6 -0.00022 10.47662
7 -0.01942 15
8 -0.0142 15

(c) Multiple shapes (complex) design
variable values.

Figure A.3: Multiple shapes (complex) 2D (figure A.3a) and 3D (figure A.3b) plots and corresponding design variables (table
A.3c) per set level.

(a) 3D-plot with intermediate shapes
ranging from blue to teal.

(b) Symmetry plane plot with intermediate shapes
ranging from blue to teal and planar objective

shapes (black dotted lines).

Level Yd K

1 -0.03916 -7.38059
2 -0.01239 -10.48991
3 0.02147 -13.59662
4 0.00324 -1.47302
5 -0.01372 13.74444
6 -0.00315 -7.33619
7 -0.00893 2.49281
8 -0.01162 1.50367

(c) Exoskeleton A design variable values.

Figure A.4: Exoskeleton A 2D (figure A.4a) and 3D (figure A.4b) plots and corresponding design variables (table A.4c) per set
level.
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(a) 3D-plot with intermediate shapes
ranging from blue to teal.

(b) Symmetry plane plot with intermediate shapes
ranging from blue to teal and planar objective

shapes (black dotted lines).

Level Yd K

1 -0.05 -5.09453
2 0.00035 -14.22102
3 0.03399 -14.93024
4 0.01229 -8.70034
5 -0.01911 -4.22911
6 -0.00371 -4.88939
7 0.00221 -3.23189
8 -0.00058 -2.80954

(c) Exoskeleton B design variable values.

Figure A.5: Exoskeleton B 2D (figure A.5a) and 3D (figure A.5b) plots and corresponding design variables (table A.5c) per set
level.

(a) 3D-plot with intermediate shapes
ranging from blue to teal.

(b) Symmetry plane plot with intermediate shapes
ranging from blue to teal and planar objective

shapes (black dotted lines).

Level Yd K

1 -0.03235 -7.77545
2 -0.01032 -9.61898
3 0.01991 -13.73947
4 0.00308 0.00378
5 -0.01338 14.77522
6 -0.00247 -9.74619
7 -0.00921 2.78218
8 -0.0099 1.03608

(c) Prototype design variable values.

Figure A.6: Prototype 2D (figure A.6a) and 3D (figure A.6b) plots and corresponding design variables (table A.6c) per set level.
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Supplementary material: Reaction force and moments

(a) Binary shape morphing force-deflection diagram. (b) Multiple shapes (simple) moment-angle diagram.

(c) Multiple shapes (complex) moment-angle diagram. (d) Exoskeleton A moment-angle diagram.

(e) Exoskeleton B moment-angle diagram with rotation
applied at pulling beam from simplified back model.

(f) Prototype exoskeleton moment-angle diagram with
rotation applied at pulling beam from simplified back model.

Figure B.1: Reaction force and moments at load point P of the structure versus the applied boundary condition per design
case.

For each of the design cases in the research paper(figure 2.1), the corresponding reaction force-
and moment graphs are shown in figure B.1. Since the applied rotations for all the design cases based
on a rotational boundary condition are in the negative direction, their corresponding reaction moments
are also negative. As can be seen in figure B.1c and figure B.1e, due to the present instabilities there
are introduced nonlinearities in the behavior of the structure.
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Supplementary material: Varying radius and topologies

C.1. Influence of increase in radius
The stiffness of a single beam consists of an inertia term that includes r4, as shown in equation (C.1).
Therefore, the radius of the beams can be used to tune the stiffness of the structure. By increasing the
radius, usually a scalar multiplication of the force-deflection or moment-angle behavior can be achieved.

Iyy = Izz =
πr4

4
(C.1)

C.2. Varying topologies
As shown in figure C.1, the topology of the structure can be varied in U -direction (horizontal) and V -
direction (vertical) to alter the behavior of the structure under load. For demonstration, multiple struc-
tures with varying properties are loaded with a Y -displacement of 0.28m. In figure C.2 the structure
has r = 3 and κ = 0m−1. In figure C.4 the structure has r = 3 and κ = 5m−1. In figure C.3 the
structure has r = 6 and κ = 0m−1. In figure C.5 the structure has r = 6 and κ = 5m−1. For figure C.2
and figure C.3, the radius has been doubled. By measuring the force at figure C.2b (39.8m) and com-
paring it to figure C.3b, it can indeed be concluded that 39.8N · 24 ≈ 636.5N . When comparing the
curved structures from figure C.4 and figure C.5, a change in deformation behavior can be seen. This
change can most likely be attributed due to the increase of radius r, as the structure is less prone to
exhibit snap-through behavior in figure C.5. As can be seen in figure C.2a and figure C.3a, when no
curvature is present in the system, there is no sensitivity to an increase in the amount of horizontal
segments defined by Ures. This can be explained by the absence of compressive or tensile forces in
the structure due to the absence of curvature. Furthermore, by comparing figure C.2 and figure C.4,
the effect of curvature can be identified to be very influential in increasing the stiffness of the structure.
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2 3 4 5 6
(a) Varying values of Ures ranging from 2 to 6 and Vres fixed at 20.

5 10 15 20 25
(b) Varying values Vres from 5 to 25 and Ures fixed at 3.

Figure C.1: Initial (grey) and deformed (blue) structure with fixed radius and varying topology due to alteration of Ures
(figure C.1a) and Vres (figure C.1b) and their respective resolution values and color labels.

(a) Structure model.

0

5

10

15

20

25

30

35

40

45

0 0,05 0,1 0,15 0,2 0,25 0,3

Fo
rc

e 
[N

]

Y-displacement [m]

(b) Force deflection for varying values of Vres.
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(c) Force deflection for varying values of Ures.

Figure C.2: Model and force-deflection graphs of structure with beam-radius of 3mm, κ = 0m−1, and varying values of Ures
(figure C.2b) and Vres (figure C.2c).
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(a) Structure model.
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(b) Force deflection for varying values of Vres.
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(c) Force deflection for varying values of Ures.

Figure C.3: Model and force-deflection graphs of structure with beam-radius of 6mm, κ = 0m−1, and varying values of Ures
(figure C.3b) and Vres (figure C.3c).

(a) Structure model.
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(b) Force deflection for varying values of Vres.
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Figure C.4: Model and force-deflection graphs of structure with beam-radius of 3mm, κ = 5m−1, and varying values of Ures
(figure C.4b) and Vres (figure C.4c).

(a) Structure model.
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(b) Force deflection for varying values of Vres.
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Figure C.5: Model and force-deflection graphs of structure with beam-radius of 6mm, κ = 5m−1, and varying values of Ures
(figure C.5b) and Vres (figure C.5c).
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C.3. Varying radius
For the exoskeleton A and exoskeleton B design, the moment-angle characteristic has been evaluated
with varying radii. The moment-angle diagram of exoskeleton A is shown in figure C.6 and of exoskele-
ton B is shown in figure C.7. For exoskeleton A, the increase in radius mostly leads to a quantitative
change in behavior. The stiffness of the structure does increase which leads to a higher reaction mo-
ment, but no qualtitative difference in structural behavior is found.
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(a) r = 3mm.
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(b) r = 5mm.
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(c) r = 7mm.
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(d) r = 9mm.

Figure C.6: Moment-angle graphs of exoskeleton A design with varying beam-radius ranging from 3mm to 9mm.

As can be seen in figure C.7, by increasing the radius, the structural behavior will change qualitatively.
This can be seen by looking at the present peak at which the instability takes place. This peak becomes
less pronounced when the radius is increased. This change is most likely induced by the structure being
less prone to snap under compressive forces.
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(a) r = 3mm.
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(b) r = 5mm.
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(c) r = 7mm.

-25000

-20000

-15000

-10000

-5000

0

-0,9 -0,7 -0,5 -0,3 -0,1

M
o

m
en

t 
[N

m
]

Rota�on about X-axis [rad]

(d) r = 9mm.

Figure C.7: Moment-angle graphs of exoskeleton B design with varying beam-radius ranging from 3mm to 9mm.
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Supplementary material: Exoskeleton design, production and validation.

D.1. Test models
In order to learn more about the mechanical behavior of the proposed structure, some experimental
test models were 3D-printed and assembled. These models can be seen in figure D.1.

(a) Flat shaped structure. (b) Arbitrary shaped structure. (c) Structure with zero curvature
and varying Y-offset.

(d) Structure with varying
curvature and varying Y-offset.

Figure D.1: 3D-printed experimental models for verification of physical behavior which enables shape morphing.

D.2. Human back shape acquisition
The exoskeleton is designed for the author of this paper, and therefore the shapes of the authors back
during deformation have been photographed and its contours have been traced as shown in figure D.2a.
These contour lines have than manually been discretized to a set of nodal coordinates as shown in fig-
ure D.2b. These manually discretized coordinates are not equidistant from eachother, and thus have
been used as input points for construction of a bezier curve that is thereafter discretized in order to
acquire multiple sets of equidistantial nodes representing the objective shapes used in this paper.
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D.3. Production method
Deciding on the correct production method is a big factor when determining material choice. Disre-
garding the elastic strain limit, the structure needs to be able to deform symmetrically as described in
section 2. When using steel rods, the shape of the structure has to be created manually. This presents
many challenges in conceiving a symmetric structure as well as constraining horizontal and vertical
rods at nodal connection points. In figure D.2 the considered constraining methods for steel and PLA
are shown. A drawback of using FDM technology to conceive a design is that for this structure, both
the horizontal and vertical beam elements must be flat in order to fit on the printing plate. A similar
rectangular design could also be considered by using laser cutting. This way, other materials such as
titanium could be considered, using the same constraining method as in figure D.2d.

Y

Z

A

(a) Traced contour lines of back
shape with approximate origin of

rotation point A.

(b) Manually discretized nodal
back coordinates.

1

2

(c) Constraint methods for
connecting steel beams with angle
clamp (1) and trellis clamp (2).

(d) Method of PLA beam
connection using ”U-fit” in

combination with super glue.

Figure D.2: Deployed method of generating objective shapes representing human back with contour line tracing (figure D.2a)
and manually discretized contour lines (figure D.2b) and evaluated material joining methods (figures D.2c and D.2d).

D.4. Exoskeleton production
The node coordinates of the structure are imported into Autodesk Inventor, and connected to form
beams. Each horizontal and vertical U-fit (figure D.2d) is based on a single sketch, which is patterned
to acquire every joint whole structure. Thereafter, beams are formed by sweeping a cross-section in
parts along all nodes. In order for the exoskeleton design to be printable, the vertical beams had to be
cut in pieces that fit on the printer bed. These vertical parts have been connected with small rectangular
tubes to form the whole vertical structure. Every vertical connection and horizontal connection has been
fixed with super glue.
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(a) Isometric view of 3D model made with Autodesk Inventor. (b) Close-up of rectangular tube that connects vertical sections.

(c) Frontal view of the rectangular grid structure. (d) Isometric view of exoskeleton prototype.

Figure D.3: Pictures of the rectangular grid exoskeleton prototype with 3D-model (figure D.3a), tube connector (figure D.3b),
rectangular grid view (figure D.3c) and isometric view (figure D.3d).
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Supplementary material: Induced strains

E.1. Simplified theoretical model
In order to make an assessment on what material to use for producing a prototype for exoskeleton
usage, the present strains during deformation of the structure should be taken into account. The strains
that occur during deformation can be approximated for the horizontal segments by simplifying their
geometry to a smooth beam that may have an initial curvature K1 and deforms to a final curvature K2

as described in appendix E.1.

R1 =
1

K1
(E.1a)

R2 =
1

K2
(E.1b)

These curvatures relate to the radius of curvature as described in equation (E.1). By looking at the
change in radius of curvature from R1 to R2, an estimation of the induced strain ϵ can be made, as
described in equation (E.2).

ϵ = rf
R2 −R1

R2R1
(E.2)

The vertical resolution Vres for the generated designs is 20, and for these levels the induced strain will
be evaluated.

rf
1/K11/K2

Figure E.1: Two beams with varying curvatures K (black), fiber distance rf and discretized beam geometry (striped grey).

E.2. Results
Most steels have an elastic strain limit ranging from 0.2% to 0.6%. Commonly used plastics for 3D-
printing such as PLA and PETG have higher strain limits ranging from 2% to 6%. When evaluating the
induced strains in the designs from figures E.2a and E.2b, it is clear that steel is not a viable option
when dealing with large deformations. For usage in exoskeletons, due to the large deformations in the
structure another material that could be used for production could be titanium as the strain limit of this
material can range from 0.5% to 2%. A rectangular grid model generation must then be used in order
allow for production by laser-cutting.
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(a) Induced strains in horizontal segments due to structural deformation of binary shapes, multiple shapes (simple)
and multiple shapes (complex) design.
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(b) Induced strains in horizontal segments due to structural deformation of the exoskeleton A, exoskeleton B and
prototype design.

Figure E.2: Induced strains in demonstrative designs (figure E.2a) and exoskeleton designs (figure E.2b).
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Supplementary material: Experimental validation

(a) Bellow for applying the angular displacement. (b) Exoskeleton prototype measurement setup side view.

(c) Exoskeleton scale model at measurement setup (d) Snap-through scale model exoskeleton at
measurement setup.

(e) Exoskeleton prototype
measurement setup.

Another image of the produced scale models is shown in figure F.2. In order to apply the rotational
constraint for the multiple shapes (simple) design, a bellow has been constructed from a flexible electri-
cal conduit with a custom 3D-printed adapter. By putting a hole in the adapter design, and drilling one in
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the conduit, they can be fixed together with a tie-wrap. The bellow is shown in figure F.1a. The physical
setup of the simplified back model can be seen at full-scale in figure F.1b as well as a smaller version
in figures F.1c and F.1e. Several Thorlabs components such as a base plate and beams are used, in
combination with some short wire to pull the exoskeletons and a 3D-printed hinge for figure F.1b.

Figure F.2: Produced scale models with Multi-Jet Fusion production method.



G
Supplementary material: Code diagram

In order to provide an overview of the conducted steps in the proposed design method, a code diagram
has been generated. This diagram gives a description of the most important steps during initialization
(figure G.1a), random search (figure G.2a) and minimization (figure G.2b) and comes with a legend
(figure G.1b).

Initialization

Input design parameters

Model (E,v,w,h,L)
Boundary conditions
(Displacement or rotation value)
Mesh (Ures,Vres)

Design variable (number of
design variable sets, random or
non-random generation)
Objective shapes (set number,
discretization multiplier)

Input settings

FEM solver (convergence
threshold, amount timesteps,
amount iterations)
Random search (group size,
amount best designs)
Minimization (Enabled, amount
of function evaluations)
Multicore (Enabled, amount of
cores used, size in memory)
Plot (generate plots, generate
subplots, design animation
amount of frames)
Save (write to excel)

Generate objective shapes

Random search

(a) Initialization step of design algorithm.

? ... ?

For...

Legend

Main design method step

Conditional step

For all specified designs

Function step

Function substep

(b) Legend describing used blocks in code diagram.

Figure G.1: Simplified diagram of initialization of design algorithm and corresponding steps represented by rows (figure G.1a)
and corresponding legend (figure G.1b) on right.
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Random search

? Design variable generation method ?

Random design
variable generation

Design variables
import from excel

method=="random" method=="static"

Generate shape equations

Generate model

Generate struct data type

Generate boundary conditions

Solve with FEM for intermediate shapes

Score individual design

Set struct properties

Generate designs matrix with scores
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Generate plots

Minimization

Get control points from shape equations

Get NURBS surface from control points

Construct interconnection matrix

Set X-coordinates to fixed values

? Planar model generation ?

FALSE TRUE

Get node coordinates from discretized
NURBS surface

Add hinge simulation elements

TRUE
Plot model

TRUE
? Save design to file ?

Save design
variables /

plots to Excel

TRUE
? Save design animations ?

Save 2D / 3D
animations to

GIF

? Generate plots ?

(a) Initialization step of design algorithm.

Minimization

Minimize with Nelder-Mead
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Evaluate slope manually

FALSE

End

? Slope small enough / design feasible?

Generate plots

Import designs matrix into workspace

TRUE

TRUE

? Save design to file ?

TRUE
? Save design animations ?

Save design
variables /

plots to Excel

Save 2D / 3D
animations to

GIF

(b) Legend describing used blocks in code diagram.

Figure G.2: Simplified diagram of random search step (figure G.2a) and minimization step (figure G.2b) of design algorithm
and corresponding steps represented by rows.
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Supplementary material: Multi-threading

Start multicore

Determine indices in output array to fill
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FALSE
Remaining chunks <= 0

Determine number of assigned cores
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Map pool of tasks for execution

Track progress with given interval

Fill chunk with results

Convert designs in chunk to struct

Update remaining chunks

TRUE

Return full result array

Amount designs > criteria

TRUE

Split large task into chunks

FALSE

End multicore

(a) Multi-thread function.

? ... ?

For...

Legend

Main design method step

Conditional step

For all specified designs

Function step

Function substep

(b) Legend describing used blocks in multi-thread diagram.

Figure H.1: Description of multi-thread function steps (figure H.1a) and corresponding legend(figure H.1b).

H.1. Parallelism
In order to realize a better understanding of the Finite Element Method as well as to enable the full
design method to work in python, the FEM code has been converted from it’s existing version based on
MATLAB andC++ to a fully Python-based one. An advantage of this translation is that the Python-based
code has been tailored towards parallelism. The existing code utilized a C++ multi-thread-accelerated
construction of the stiffness matrix for the whole structure. While this is desirable for evaluating a
single structure once or multiple times, when evaluating large amounts of designs in parallel it is not
desirable to utilize all CPU threads for every design. Rather, a single-thread-based approach for design
evaluation allows every thread to evaluate a single design and thus it can be easily scaled up. For
implementation of this multi-thread based-approach, the multiprocessing python library was used. A
general description of the steps of the multi-threaded function is given in figure H.1.
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H.2. Chunk size
The multi-threaded function has a parameter known as the chunk size, which determines the size of a
task to be loaded into memory. It is crucial to manage the system memory when using this parameter
since loading the full task into memory can cause memory issues. Therefore, limiting the memory
usage makes sense.

H.3. Memory adress referencing
Another important consideration of multi-threaded execution is that each assigned thread operates in
an isolated environment. As a result, any struct datatypes used and stored within this environment
cannot be accessed from outside. To avoid referencing a memory address in the multi-thread isolated
environment, all struct datatype models are converted to a nested list before being passed as an output
argument of the multi-thread function.

H.4. Conclusion
A drawback of this introduced parallelism is that for the minimization step, the evaluation of designs is
in single core. Due to time constraints for the project, this minimization process is not enhanced for
parallel execution and as a result, it runs single-threaded. Thus, the task takes longer to execute for a
single design as compared to the original MATLAB code. The introduced advantage is however, that
a parallel random search can be conducted.
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