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 a b s t r a c t

To improve the predictive capacity of system models in the input–output sense, this paper presents 
a framework for model updating via learning of modeling uncertainties in locally and globally 
Lipschitz nonlinear systems. First, we introduce a method to extend an existing known model with an 
uncertainty model so that stability of the extended model is guaranteed in the sense of set invariance 
and input-to-state stability. To achieve this, we provide two tractable semi-definite programs. These 
programs allow obtaining optimal uncertainty model parameters for both locally and globally Lipschitz 
nonlinear models, given uncertainty and state trajectories. Subsequently, in order to extract this data 
from the available input–output trajectories, we introduce a filter that incorporates an approximated 
internal model of the uncertainty and asymptotically estimates uncertainty and state realizations. This 
filter is also synthesized using semi-definite programs with guaranteed robustness with respect to 
uncertainty model mismatches, disturbances, and noise. Numerical simulations for a large data-set of 
a roll plane model of a vehicle illustrate the effectiveness and practicality of the proposed methodology 
in improving model accuracy, while guaranteeing stability.

© 2025 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Dynamical systems modeling has been a key problem in many 
engineering and scientific fields, such as biology, physics, chem-
istry, and transportation. When modeling dynamical systems, it 
requires well-established principles of physics and known prior 
system properties (e.g., stability and set-invariance) (Manch-
ester, Revay, & Wang, 2021). However, for many complex prac-
tical systems, we only tend to have partial knowledge of the 
physics governing their dynamics (Abbasi & Nataraj, 2022). Even 
in cases where accurate physics-based models are established, 
as, e.g., in robotics, there exist inevitable (both parametric and 
non-parametric) uncertainties that impact the model’s predictive 
accuracy.

For a class of nonlinear dynamical systems, this paper assumes 
a prior system model is available (however, the results are also 
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applicable when no prior model is available). It focuses on learn-
ing models for uncertainties while guaranteeing the stability of 
extended models (prior models plus uncertainty representations), 
given available input–output data. This problem contrasts with 
black box modeling approaches, such as Neural Networks (NNs), 
because we incorporate prior relationships derived from first 
principles into both the modeling and learning framework.  More-
over, this problem differs from typical grey-box identification 
problems because, in our case, a prior model with known pa-
rameters is available. Off-the-shelf grey-box system identification 
methods can cope with a subset of the problem under discus-
sion, where no prior model is available. The problem considered 
here enables the characterization of system representations by 
comprising both prior (physics-based) and uncertainty learned 
models.  In what follows, a comparison of our approach with 
some related existing literature on hybrid modeling (based on 
both first-principles and data) is provided.

Existing Literature: Our approach augments a known (physics-
based) model by a black-box model used as a correction term, 
see, e.g., Bradley et al. (2022), Schneider et al. (2022) and refer-
ences therein. Such generic approach is also taken by Quaghebeur 
et al. in Quaghebeur, Nopens, and De Baets (2021), where an 
NN model is added to a known physics-based model with un-
known parameters. This approach allows maintaining the basic 
structure of the model that comes from first principles, which 
icle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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improves interpretability. However, simulating the hybrid model 
at each iteration during the training process is necessary. This 
approach, depending on the size of the NN model, may be more 
computationally intensive compared the method proposed here, 
which eliminates the requirement of simulating the model in 
every iteration. Moreover, the main drawback of the method 
in Quaghebeur et al. (2021) is the assumption that the initial state 
of the dynamic system is known, which may not hold in practical 
applications. This assumption is dropped in the method proposed 
here. Furthermore, methods such as those in Quaghebeur et al. 
(2021) do not provide stability guarantees, which are a core 
feature of our approach.

Our approach is fundamentally different from existing Physics-
Informed (PI) learning techniques where standard black box mod-
els (such as NNs) are trained constrained to satisfy physics-based 
relations (Daneker, Zhang, Karniadakis, & Lu, 2023; Taneja et al., 
2022; Yazdani, Lu, Raissi, & Karniadakis, 2020). Yazdani et al. 
in Yazdani et al. (2020) use this technique to construct so-called 
Physics Informed Neural Networks (PINNs). Although this method 
provides a NN as a system model (as well as parameters for 
physics-based models), it does not give a closed-form expression 
for the uncertainty in known physics-based models (i.e., it does 
not account for modeling mismatches due to unmodeled physics). 
Furthermore, parameters of both physics-based models and NNs 
are learned simultaneously, which increases the computational 
burden.

The approach proposed in this paper also differs from the 
so-called Sparse Identification of Nonlinear Dynamics (SINDy) 
scheme (Brunton, Proctor, & Kutz, 2016). SINDy assumes full 
knowledge of system states and their time derivatives. This ap-
proach has demonstrated accurate performance in sparse model 
identification of complex nonlinear systems (Champion, Lusch, 
Kutz, & Brunton, 2019; Champion, Zheng, Aravkin, Brunton, & 
Kutz, 2020; Loiseau & Brunton, 2018). However, SINDy not only 
requires full-state measurement but also requires the deriva-
tive of states to be known. Although the state derivatives can 
be approximated numerically if the complete state is known, 
most numerical methods are noise sensitive. Furthermore, the 
requirement of full-state measurements is a strong assumption 
for most dynamical systems to begin with. In our work, we do 
not require measurements of the full-state and its time derivative. 
The proposed algorithms need input–output data only.

Another important advantage of the proposed method is guar-
anteeing the stability of the extended nonlinear model (i.e., the 
model consisting of the prior known model and the uncertainty 
model). The identification of stable models has (mainly) been 
widely studied in the context of discrete LTI systems (Di Na-
tale, Zakwan, Heer, Trecate, & Jones, 2023; Lacy & Bernstein, 
2003). For further results on uncertainty learning for LTI systems, 
refer to Ghanipoor, Murguia, Mohajerin Esfahani, and Van de 
Wouw (2024b). However, the identification of nonlinear stable 
models is still under study, mainly focusing on identifying the 
complete dynamics in a black box fashion. For instance, kernel- 
or Koopman-based methods that enforce some form of model 
stability during the learning process are proposed in Khosravi 
(2023), Khosravi and Smith (2020) for the autonomous case and 
for the non-autonomous case in Shakib, Tóth, Pogromsky, Pavlov, 
and van de Wouw (2023). Moreover, there are results that aim to 
enforce model stability in other types of models, such as recur-
rent equilibrium network models (Revay, Wang, & Manchester, 
2021) and Lur’e-type models (Revay, Wang, & Manchester, 2023; 
Shakib, Pogromsky, Pavlov, & van de Wouw, 2019). However, it 
is important to note that none of these methods can be directly 
applied to the specific problem we are addressing here, given the 
prior known model.

In this paper, we propose a framework for model updating 
via learning modeling uncertainties in (physics-based) models 
2

Fig. 1. Overview of the MUNSyS methodology.

applicable to locally Lipschitz nonlinear systems. We first focus 
on learning uncertainty models, assuming that some realizations 
of input, estimated uncertainty, and estimated state are given. 
During uncertainty learning, we guarantee that trajectories of the 
extended model (i.e., prior known model plus uncertainty model) 
belong to a given invariant set for locally Lipschitz extended 
models, or ensure input-to-state stability for globally Lipschitz 
extended models. This is achieved by formulating the problem as 
a constrained supervised learning problem.

One key challenge in this problem involves the introduction 
of stability constraints, which is tackled using Lyapunov-based 
tools. The stability criteria usually result in an optimization prob-
lem that is non-convex. We address this challenge by propos-
ing convex approximated programs for both locally and globally 
Lipschitz models. This convexification, referred to as the cost 
modification approach, involves a change of variables in the cost 
function (Theorems  1 and 2 for locally and globally Lipschitz 
models, respectively). For the sake of completeness and com-
parison, we also provide a sequential algorithm that alternates 
the use of some variables in the optimization problem to con-
vexity the program. However, we show in the numerical section 
that (as it is known in related literature (Bertsekas, 2015, Sec. 
6.5)) that initializing this algorithms is challenging, which further 
strengthens the importance of the results provided here. We refer 
to the above mentioned sequential algorithm as the method of 
coordinate descent. 

After addressing the challenge of non-convexity, the paper 
proceeds to discuss the practical implementation of the frame-
work. It outlines a method for estimating uncertainty and state 
trajectories using input–output data and the prior known model. 
In this context, uncertainty is considered as an unknown input 
affecting the system dynamics and the estimation of uncertainty 
and state trajectories is achieved using robust state and unknown 
input observers (Ghanipoor, Murguia, Mohajerin Esfahani, & van 
de Wouw, 2022, 2025). For a schematic overview of the pro-
posed methodology, Model Updating for Nonlinear Systems with 
Stability guarantees (MUNSyS), see Fig.  1.

In summary, the main contributions of this paper are as fol-
lows:

(a) Practically Applicable Framework: The proposed frame-
work for learning modeling uncertainties in locally (and 
globally) Lipschitz nonlinear models only requires input–
output data, in contrast to methods based on SINDy (Brun-
ton et al., 2016; Champion et al., 2020).

(b) Stability Guarantee of Extended Models: The proposed 
framework guarantees the following: 1. For locally Lips-
chitz extended models, trajectories of the extended model 
(i.e., prior known model plus uncertainty model) belong to 
a given invariant set; 2. For globally Lipschitz models, it 
ensures Input-to-State Stability (ISS).

(c) Convex Approximations for Non-Convex Programs: Meth-
ods for both locally and globally Lipschitz models are
proposed to offer tractable convex approximations of for-
mulated non-convex optimization problems for uncertainty
model learning, while ensuring stability guarantees.
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This paper generalizes the preliminary results published in the 
conference paper (Ghanipoor et al., 2024b). In comparison to Gha-
nipoor et al. (2024b), which is applicable to LTI systems only, 
we present results for a broader class of systems, considering 
both locally and globally Lipschitz nonlinear systems. The results 
in Ghanipoor et al. (2024b) are a subclass of the results provided 
for globally Lipschitz nonlinear systems (see Theorem  2). More-
over, we would like to clarify that Ghanipoor et al. (2025) focuses 
on fault estimation, while this paper addresses model updating 
by proposing a method that separates uncertainty and state esti-
mation from model fitting. Although different methods could be 
used for uncertainty and state estimation, we choose to develop 
a particular method here, based on the work in Ghanipoor et al. 
(2025), such that the paper is fully self-contained. 

Notation: The set of nonnegative real numbers is represented 
by the symbol R+. The identity matrix of size n × n is denoted 
as In or simply I when the context specifies n. Similarly, matrices 
of dimensions n × m comprising only zeros are denoted as 0n×m
or 0 when the dimensions are clear. The first and second time-
derivatives of a vector x are denoted as ẋ and ẍ, respectively. 
For the rth-order time-derivatives of vector x, the notation x(r) is 
employed. A positive definite matrix is symbolized by X ≻ 0, and 
positive semi-definite matrices are indicated by X ⪰ 0. Similarly, 
X ≺ 0 is used for negative definite matrices, and X ⪯ 0 for nega-
tive semi-definite matrices. The Hadamard (element-wise) power 
of n ∈ N for a matrix X is denoted by X◦n. The same notation is 
used for vectors. The exp(x) shows the element-wise exponential 
function. The notation (x1, . . . , xn) signifies the column vector 
composed of elements x1, . . . , xn, and this notation is also used 
when the components xi are vectors. Both Euclidean norm and the 
matrix norm induced by Euclidean norm are represented by the 
notation ∥ · ∥. The infinity-norm is denoted as ∥ · ∥∞. We employ 
the notation L2(0, T ) (or simply L2) to represent vector-valued 
functions z : [0, T ] → Rk satisfying ∥z(t)∥2

L2
:=

∫ T
0 ∥z(t)∥2dt <

∞. For a vector-valued signal z defined for all t ≥ 0, the L∞

norm is denoted as ∥z∥L∞
:= supt≥0 ∥z(t)∥. For a differentiable 

function V : Rn
→ R, the row-vector of partial derivatives is 

denoted as ∂V
∂x , and V̇ (x) denotes the total derivative of V (x) with 

respect to time (i.e., ∂V
∂x

dx
dt ). The trace of a matrix W  is denoted as 

tr(W ). A continuous function ᾱ : [0, a) → [0,∞) is said to belong 
to class K if it is strictly increasing and ᾱ(0) = 0. A continuous 
function β̄ : [0, a) × [0,∞) → [0,∞) is said to belong to class 
KL if, for each fixed s, the mapping β̄(r, s) belongs to class K with 
respect to r and, for each fixed r , the mapping β̄(r, s) is decreasing 
with respect to s and β̄(r, s) → 0 as s → ∞. Time dependencies 
are often omitted for simplicity in notation.

2. Problem formulation

Consider the nonlinear system ⎧⎨⎩
ẋs = Axs + Buu + Sgg(Vgxs, u)

+ Sηη(Vηxs, u) + Bωω,
ys = Cxs + Dνν,

(1)

where xs ∈ Rn, ys ∈ Rm, and u ∈ Rl are system state, measured 
output and known input vectors, respectively. Function g : Rnvg ×

Rl
→ Rng  is a known nonlinear vector field, and function η :

Rnvη ×Rl
→ Rnη  denotes unknown modeling uncertainty. Signals 

ω : R+
→ Rnω  and ν : R+

→ Rmν  are unknown bounded distur-
bances; the former with unknown frequency range and the latter 
typically with high-frequency content (e.g., related to measure-
ment noise). Known matrices (A, Bu, Sg , Vg , Sη, Vη, Bω, C,Dν) are 
of appropriate dimensions, with n,m, l, nvg , ng , nvη , nη, nω,mν ∈

N. Moreover, we assume that the system admits an equilibrium 
point, which, without loss of generality, is assumed to be at the 
origin for u = 0. 
3

In the following, we state the problem we aim to solve at a 
high abstraction level.

Problem 1 (Uncertainty Learning with Stability Guarantees).
Consider system (1) with known input and output signals, u
and ys. We aim to learn a data-based model for the uncertainty 
function η(·) so that the extended model composed of the known 
part of (1) and the learned uncertainty model are ‘‘stable’’. The 
objective is to construct a more accurate system model (at least 
applicable to trajectories close to the training data set). 

We first assume the availability of a labeled data-set contain-
ing input, estimated uncertainty, and estimated state realizations. 
A method to obtained this data from input–output trajectories 
is given in Section 5. In what follows, we outline the problem 
settings for both locally and globally Lipschitz systems.

2.1. Problem settings

We consider two model classes. For both model classes, the 
extended model (for the system in (1)) is of the form: 

ẋ = Ax + Buu + Sgg(Vgx, u)
+ Sηlηl(Vηx, u),

ηl(Vηx, u) := ΘlVηx + Blu +Θnh(Vηx, u),
(2)

where x ∈ Rn is model state and function ηl : Rnvη × Rl
→ Rnηl

is the uncertainty model that is parameterized by Θl, Bl and Θn. 
Function h : Rnvη × Rl

→ Rnh  is a given nonlinear vector field. 
This function contains the vector of basis functions that serve as 
candidates for the nonlinearities in the uncertainty model. Design 
matrices are collected as θ = (Θl, Bl,Θn) and have appropriate 
dimensions, nηl , nh ∈ N.

2.1.1. Cost function
Recall that, for now, we assume that estimated uncertainty 

and state realizations are available. Define the data vector cor-
responding to the ith sample in time as

di :=
[

x̂⊤

i V
⊤
η u⊤

i η̂⊤

i h(Vη x̂i, ui)⊤
]⊤
,

where x̂i, ui, and η̂i represent the state estimate, input, and un-
certainty estimate, respectively. Vector h(Vη x̂i, ui) corresponds to 
the evaluated nonlinearity in (2) at the given realizations (of state 
estimation and input). Given N samples of the data vector defined 
above, define the data matrix D as follows: 

D :=

N∑
i=1

did⊤

i . (3)

Further consider the error vector between the uncertainty model 
and its (given) estimate as
ei := ηl(Vη x̂i, ui) − η̂i = Tdi

with 
T :=

[
Θl Bl −I Θn

]
. (4)

For learning, we use the following quadratic cost function to be 
minimized by properly selecting Θl, Bl, and Θn: 

J :=

N∑
i=1

e⊤

i ei =

N∑
i=1

d⊤

i T
⊤Tdi. (5)

In the following sections, for two model classes (two types 
of basis functions in h(·) and known nonlinearities in g(·)), we 
provide stability constraints and formulate the constrained super-
vised learning of uncertainty models as optimization problems.
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¯

Fig. 2. Illustration of different (ellipsoidal) sets for the system state Esys , input 
Eu , and model state Einv .

2.1.2. Locally Lipschitz model class
We first consider locally Lipschitz nonlinearities in (2), for both 

the basis functions h(·) and the known vector field g(·). Note 
that given bounded estimated state and input trajectories, we can 
always find ellipsoids that bound these trajectories. Hereafter, the 
system state and input trajectories are referred to as state and 
input sets, respectively.

Note that the set of all trajectories that can be generated by 
system in (1) is not known a priori. We only have finite data 
realizations of the estimated state in response to some input 
trajectories. Given this, we seek models (2) that generate state 
trajectories ‘‘close’’ to the available data set in response to inputs 
‘‘close’’ to the known input trajectories. To this end, we embed 
estimated state data and input trajectories in some known el-
lipsoidal sets, Esys and Eu, respectively. This embedding can be 
obtained efficiently, e.g., exploiting results in Boyd, El Ghaoui, 
Feron, and Balakrishnan (1994, Sec. 2.2.4).

Having these ellipsoids Esys and Eu, to induce closeness of 
trajectories between system training data and model trajectories, 
we seek to enforce during learning that all trajectories generated 
by the model, in response to all input trajectories contained in 
Eu, are contained in some known ellipsoidal set Einv . If we enforce 
the latter, and Einv ⊆ Esys, then we can guarantee that the model 
produces trajectories close to the training date set (close in the 
sense of set inclusion within Esys), see Fig.  2.

Let the ellipsoidal set containing the state estimates training 
data be of the form: 
Esys :=

{
xs | x⊤

s Fxs ≤ 1
}
, (6)

with F ⪰ 0 of appropriate dimensions, and the input set of the 
form: 
Eu :=

{
u | u⊤Uu ≤ 1

}
, (7)

with U ⪰ 0 of appropriate dimension.
Because we seek to restrict model trajectories to the sets Eu

and Esys, and consider models in (2) with Lipschitz nonlinearities, 
we only require them to be Lipschitz within these sets. We 
formally state this in the following assumption.

Assumption 1 (Locally Lipschitz Nonlinearities). The functions 
g(Vgx, u) and h(Vηx, u) in (2) are locally Lipschitz in Eu and Esys, 
i.e., there exist known positive constants lgx , lgu , lhx  and lhu  satis-
fying 
∥g(Vgx1, u1) − g(Vgx2, u2)∥ ≤ lgx∥Vg (x1 − x2)∥

+ lgu∥u1 − u2∥ ,

∥h(Vηx1, u1) − h(Vηx2, u2)∥ ≤ lhx∥Vη(x1 − x2)∥
+ lhu∥u1 − u2∥ ,

(8)

for all x1, x2 ∈ Esys ⊂ Rn and all u1, u2 ∈ Eu ⊂ Rl. 
In what follows, we formulate conditions to guarantee that 

model trajectories of (2), with locally Lipschitz nonlinearities, 
belong, in forward time, to an ellipsoidal invariant set: 
E :=

{
x | x⊤Px ≤ 1

}
, (9)
inv

4

guaranteeing Einv ⊆ Esys, for some positive definite matrix P . Note 
that if Esys is too small, it might not be feasible to find an Einv that 
is both a forward invariant set for the model and a subset of Esys. 
In such scenarios, Esys should be enlarged.  Conditions to ensure 
the latter can be formulated through Lyapunov-based stability 
tools and the S-procedure (Boyd et al., 1994, Sec. 2.6.3). For 
the sake of readability, these conditions are derived in Appendix 
A.1. There, it is shown that if the following conditions hold, the 
ellipsoid Einv is a forward invariant set for (2) and Einv ⊆ Esys:⎡⎣ ∆+ βP P(Bu + SηlBl) 0

⋆ (lgu + l̄hu )I − αU 0
⋆ ⋆ (α − β)I

⎤⎦ ⪯ 0, (10a)

[
γ F − P 0

∗ −γ + 1

]
⪯ 0, (10b)

lhx∥Θn∥ ≤ l̄hx , (10c)

where the involved components in the above equation are de-
fined as 
∆ := A⊤P + PA + V⊤

η Θ
⊤

l S⊤

ηl
P + PSηlΘlVη

+ (lgx + lgu )PSgS
⊤

g P + (l̄hx + l̄hu )PSηlS
⊤

ηl
P

+ lgxV
⊤

g Vg + l̄hxV
⊤

η Vη,

(10d)

lhu := l̄hx
lhu
lhx
, (10e)

and ̄lhx , α, β, γ  are adjustable parameters. In fact, ̄lhx  characterizes 
the size of a set within which Θn is enforced to reside.

Note that the condition in (10a) is not convex in the in-
variant set shape matrix P and uncertainty model parameters 
θ = (Θl, Bl,Θn), resulting in a non-convex optimization problem 
for uncertainty learning with invariance guarantees. Now, we 
can state the non-convex optimization problem for the locally 
Lipschitz model class, aiming to find a tractable convex solution 
later.

Problem Setting 1. (Locally Lipschitz Model Class)  Consider a 
given data-set D of input, estimated uncertainty, and state real-
izations and let Assumption  1 be satisfied. Further consider given 
ellipsoidal sets Esys and Eu, as introduced in (6) and (7), respectively, 
containing the available input and state estimates data sets. Find 
the optimal parameters θ = (Θl, Bl,Θn) of the uncertainty model 
ηl(·) in (2) (with locally Lipschitz nonlinearities) that minimizes the 
cost function J in (5) constrained to the ellipsoid Einv in (9) being a 
forward invariant set for the extended system model in (2). In other 
words, solve the non-convex optimization problem: 

min
P,Θl,Bl,Θn,α,γ

J

s.t. (10) and P ≻ 0.
(11)

In what follows, we formulate an analogue problem for the 
globally Lipschitz model class (that is assuming that the nonlin-
earities in (2) are globally Lipschitz).

Remark 1 (Comparison of Locally and Globally Lipschitz Model 
Classes).  The main drawback of the globally Lipschitz model class 
is that it covers a smaller class of nonlinear systems compared to 
the locally Lipschitz class. However, we can enforce a stronger 
stability property (input-to-state stability (Sontag et al., 1995)) 
for globally Lipschitz nonlinearities. Notably, for this model class, 
knowledge of the system state and input sets is no longer re-
quired. Furthermore, in the derivation of stability conditions 
for globally Lipschitz case, the need for a sufficient approxima-
tion (see S-procedure tools in Appendix  A.1) is eliminated. This
elimination relaxes the conservatism typically introduced by the 
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sufficient condition. Moreover, the absence of this condition re-
duces the number of tuning parameters required for optimizing 
the globally Lipschitz class. The above arguments motivate to 
consider both model classes.

2.1.3. Globally Lipschitz model class
For this model class, the nonlinearities in (2) are assumed 

globally Lipschitz.

Assumption 2 (Globally Lipschitz Nonlinearities). The functions 
g(Vgx, u) and h(Vηx, u) in (2) are globally Lipschitz, i.e., there exist 
known positive constants lgx , lgu , lhx  and lhu  satisfying 
∥g(Vgx1, u1) − g(Vgx2, u2)∥ ≤ lgx∥Vg (x1 − x2)∥

+ lgu∥u1 − u2∥ ,

∥h(Vηx1, u1) − h(Vηx2, u2)∥ ≤ lhx∥Vη(x1 − x2)∥
+ lhu∥u1 − u2∥ ,

(12)

for all x1, x2 ∈ Rn and all u1, u2 ∈ Rl. 

In what follows, we formulate conditions to ensure Input-to-
State Stability (ISS) of the extended model in (2) satisfying As-
sumption  2. In the following definition, we introduce the notion 
of ISS for the extended model (Sontag et al., 1995).

Definition 1 (Input-to-State Stability). The extended model (2) is 
said to be ISS with respect to the input u(t) if there exist a class 
KL function β̄(·) and a class K function ᾱ(·) such that for any 
initial state x(t0) and any bounded input u(t), the solution x(t) of 
(2) exists for all finite t ≥ t0 and satisfies 

∥x(t)∥ ≤ β̄ (∥x (t0)∥ , t − t0)+ ᾱ( sup
t0≤τ≤t

∥u(τ )∥). (13)

For readability, ISS conditions for the model in (2) satisfying 
Assumption  2 are derived in Appendix  A.2. It is shown that if the 
condition (10c) together with the following condition hold, 
∆ ≺ 0, (14)

where ∆ is as defined in (10d), then, the extended model in (2) 
with globally Lipschitz nonlinearities is ISS with respect to the 
input u(t).

Now, we can state the non-convex optimization problem for 
the globally Lipschitz model class, aiming to find a tractable 
convex approximation later.

Problem Setting 2. (Globally Lipschitz Model Class) Consider a 
given data-set D of input, estimated uncertainty, and state realiza-
tions and let Assumption  2 be satisfied. Find the optimal parameters 
θ = (Θl, Bl,Θn) of the uncertainty model ηl(·) in (2) (with globally 
Lipschitz nonlinearities) that minimizes the cost function J in (5), 
such that the extended system model in (2) is ISS with respect 
to input u(t). In other words, solve the non-convex optimization 
problem: 
min

P,Θl,Bl,Θn
J

s.t. (10c), (14),P ≻ 0.
(15)

The challenge in Problem Settings  1 and 2 is that stability 
constraints are not convex, resulting in non-convex optimization 
problems. To tackle this challenge, we provide two approximate 
convex solutions for both problem settings. The approach for 
convexification is refereed to as the cost modification approach. 
As an alternative solution, we provide a procedure to solve the 
original non-convex problems via coordinate descent.
5

3. Approximate convex programs

We convexify the stability constraints by a change of variables 
and rewrite the cost function in (5) in them. First, we provide 
the approximate solution for Problem Setting  1, followed by the 
approximate solution for Problem Setting  2.

3.1. Locally Lipschitz model class

The following theorem formalizes the associated convex opti-
mization problem as an approximation to the non-convex opti-
mization problem in (11).

Theorem 1 (Stable Locally Lipschitz Model Learning). Consider 
system (1), a given data-set D of input, estimated uncertainty, and 
state realizations. In addition, consider given ellipsoidal sets Esys and 
Eu, as introduced in (6) and (7) with shape matrices F ⪰ 0 and 
U ⪰ 0, respectively. Further consider the extended system model in 
(2), under Assumption  1 with Lipschitz constants lgu , lgx , lhu  and lhx . 
Consider the following convex program:  

min
P,S,R,Z,W ,α,γ

tr(W )

s.t.

⎡⎢⎢⎢⎣
M11 M12 0 M14 M15
⋆ M22 0 0 0
⋆ ⋆ M33 0 0
⋆ ⋆ ⋆ −I 0
⋆ ⋆ ⋆ ⋆ −I

⎤⎥⎥⎥⎦ ⪯ 0 (16a)

[
l̄hx I lhxZ

⊤

∗ l̄hx (2µ1P − µ2
1I)

]
⪰ 0 (16b)[

γ F − P 0
∗ −γ + 1

]
⪯ 0⎡⎣ 2µ2P T̃ D̃⊤ µ2I

∗ I 0
∗ ∗ W

⎤⎦ ⪰ 0 (16c)

P ≻ 0, α, γ ≥ 0

 with the involved matrices defined as follows: 
M1 := A⊤P + PA + V⊤

η S⊤
+ SVη + lgxV

⊤

g Vg

+ l̄hxV
⊤

η Vη, M11 := M1 + βP,

M12 := PBu + R, M22 := (lgu + l̄hu )I − αU,

M14 :=
√
lgx + lguPSg , M15 :=

√
l̄hx + l̄huP,

M33 := (α − β)I, T̃ :=
[

S R −P Z
]
,

(16d)

for given positive scalars ̄lhx , β, µ1, µ2, and ̄lhu  as defined in (10e), 
where D̃ is the Cholesky decomposition of the data matrix D in (3) 
(i.e., D = D̃⊤D̃), and the remaining matrices are the known parts of 
the system dynamics in (1). Denote part of the optimizers of (16) 
as P⋆, S⋆, R⋆, Z⋆, and W ⋆. Then, the following parameters of the 
extended model (2), Sηl = I,Θl = Θ⋆

l = P⋆
−1
S⋆, Bl = B⋆l = P⋆

−1
R⋆

and Θn = Θ⋆
n = P⋆

−1
Z⋆ guarantee that the ellipsoid Einv in (9) with 

P = P⋆ is a forward invariant set for the extended system model 
in (2) and that Einv ⊆ Esys. In addition, it holds that the cost J of 
(11) satisfies J ≤ tr(W ⋆). As such, (16) represents an approximate 
convexified version of the problem in (11).

Proof.  The proof can be found in Appendix  A.3.  ■

3.2. Globally Lipschitz model class

The subsequent theorem formalizes the convex optimization 
problem, serving as an approximation to the non-convex opti-
mization problem in (15). 
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¯

Theorem 2 (Stable Globally Lipschitz Model Learning). Consider 
system (1), a given data-set D of input, estimated uncertainty, and 
state realizations. In addition, consider the extended system model 
in (2), under Assumption  2 with Lipschitz constants lgu , lgx , lhu  and 
lhx . Consider the following convex program:  
min

P,S,R,Z,W
tr(W )

s.t.

[ M1 M14 M15
⋆ −I 0
⋆ ⋆ −I

]
≺ 0 (17a)[

l̄hx I lhxZ
⊤

∗ l̄hx (2µ1P − µ2
1I)

]
⪰ 0 (17b)⎡⎣ 2µ2P T̃ D̃⊤ µ2I

∗ I 0
∗ ∗ W

⎤⎦ ⪰ 0, P ≻ 0

 with M1,M14,M15, T̃  as defined in (16d), for given positive scalars 
lhx , µ1, and µ2, where D̃ is the Cholesky decomposition of the data 
matrix D in (3), and the remaining matrices are the known parts of 
the system dynamics in (1). Denote part of the optimizers of (17) 
as P⋆, S⋆, R⋆, Z⋆, and W ⋆. Then, the following parameters of the 
extended model (2), Sηl = I,Θl = Θ⋆

l = P⋆
−1
S⋆, Bl = B⋆l = P⋆

−1
R⋆

and Θn = Θ⋆
n = P⋆

−1
Z⋆ guarantee that the extended model in (2) 

is ISS with respect to input u(t). In addition, it holds that the cost J
of (15) satisfies J ≤ tr(W ⋆). As such, (17) represents an approximate 
convexified version of the problem in (15). As a special case, when 
the Lipschitz constants are zero (no nonlinearity) the conditions in 
(17) and (17a) reduces to 
A⊤P + PA + V⊤

η S⊤
+ SVη ≺ 0. (17c)

Proof.  The proof follows the line of reasoning of the proof of 
Theorem  1 and it is omitted here due to space constraints.  ■

Remark 2 (Surrogate Convex Optimizations). We remark that the 
semi-definite programs in (16) and (17) are not equivalent to the 
non-convex optimization problems in (11) and (15), respectively 
(i.e., these are convex approximations). This approximation is due 
to setting Sηl = I and using two sufficient conditions (two lower 
bounds) in the derivation of LMI conditions in each of the convex 
programs (see details at the end of the proof of Theorem  1). 
Although by letting Sηl = I , we do not use the known structure 
of uncertainty, this makes the problem tractable. Note that here, 
we do not use knowledge of uncertainty structure.

In the following section, an alternative solution for solving the 
non-convex problems in Problem Settings  1 and 2 is provided 
using a procedure based on the technique of coordinate descent. 

4. Coordinate descent approach

A classical approach to provide a suboptimal solution for non-
convex optimization problems with a convexity structure in each 
variable (or coordinates) is coordinate descent. This is an it-
erative optimization algorithm that updates each coordinate at 
a time while holding the others fixed. This procedure repeats 
in a periodic manner, and is particularly useful when updates 
along individual or a subset of coordinates are easy to compute. 
This is indeed the structure for the problems (11) and (15). For 
more details about the algorithm and its different variants, we 
refer to Bertsekas (2015, Sec. 6.5).  For the given non-convex 
optimization problems, we can fix Lyapunov function parameter 
P or uncertainty model parameters θ = (Θl, Bl,Θn). The former 
transforms the non-convex optimization problem(s) in (11) (or 
6

in (15)) to feasibility problem(s) and the latter to convex opti-
mization sub-problem(s). Then, this transformed problems can 
be solved iteratively until the convergence of the cost(s) of the 
convex optimization sub-problem(s).

Next, an algorithm is presented as a sub-optimal solution 
for the non-convex optimization problem(s) in (11) (or in (15)). 
Steps 1 and 2 in this algorithm can be swapped to create a dual 
algorithm. In the loop below, initialization for θ is necessary, 
whereas for the dual loop, initialization for P is required. The 
algorithm consists of three steps: 

Step 1: Fix θ and find a feasible solution for the transformed 
feasibility problems in (11) (or (15));

Step 2: Fix P as the feasible solution from Step 1 and solve the 
transformed sub-convex problem(s) in (11) (or (15)).

Step 3: Redo Steps 1 and 2 until the cost of the transformed sub-
convex problem(s) in Step 2 converge. Denote part of 
the optimizers of the transformed sub-convex problem(s) 
with θ = θ ⋆ that provides the uncertainty model param-
eters. These uncertainty parameters guarantee stability of 
the extended model in (2).

Remark 3 (Coordinate Descent and Convex Approximations
Comparison).  The effectiveness of this coordinate descent
method is recognized to rely on the initialization (Bertsekas, 
2015, Sec. 6.5). For example, in the simulation results in Sec-
tion 6, no other initialization was found except the solution of 
the convex approximation optimizations provided in Section 3, 
highlighting the significance of the proposed convex programs. 
Moreover, depending on the optimization problem and initializa-
tion, the coordinate descent method might require many itera-
tions for convergence, making this method expensive in terms of 
computations. On the other hand, the drawbacks of the convex 
approximation programs are that they require some tuning and, 
due to conservatism in their derivation, their solutions might be 
more sub-optimal (i.e., have a larger cost) than the coordinate 
descent method. 

In the results so far, we assumed that state and uncertainty 
realizations are available, which is, in practice typically not the 
case. In what follows, we present a solution for uncertainty and 
state estimation based on only input and output data.

5. Uncertainty and state estimation

The following filter is designed for uncertainty and state esti-
mation: ⎧⎨⎩

ż =f (z, u, ys;ψ),
η̂ =φ1(z, ys;ψ),
x̂s =φ2(z, ys;ψ),

(18a)

where z ∈ Rnz  is the internal state of the filter with nz ∈ N. 
Functions f : Rnz × Rl

× Rm
→ Rnz , φ1 : Rnz × Rm

→ Rnη , and 
φ2 : Rnz × Rm

→ Rn characterize the filter structure, ψ denotes 
design parameters. Moreover, x̂s is the estimate of the state xs of 
(1) and η̂ is the estimate of η in (1). Inspired from observer-based 
approaches, we design f (·) and φi(·), i = 1, 2, as follows: 
f (z, u, ys;ψ) = Nz + Gu + Lys

+ MSgag(Vga x̂a + H(ys − Cax̂a), u),

φi(z, ys;ψ) =C̄i(z − Eys),
(18b)

with x̂a = z − Eys, filter order nz = n + rnη , where r is a positive 
integer selected by the user following the instruction provided 
later, and the remaining matrices defined as
C̄ :=

[
0 I 0

]
, C̄ :=

[
I 0

]
,
1 nη 2 n
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N := MAa − KCa, M := I + ECa,

G := MBua , L := K (I + CaE) − MAaE,

Aa :=

[A Sη 0
0 0 Idn
0 0 0

]
, Bua :=

[
Bu
0

]
,

Sga :=
[

S⊤
g 0

]⊤
, Vga := [ Vg 0 ],

Ca :=
[

C 0
]
,

(18c)

with dn := (r − 1)nη . The matrices E, K , and H are filter gains to 
be designed which can be collected as ψ = {E, K ,H}. The filter 
gains in ψ are determined via an optimization problem to satisfy 
performance guarantees, as discussed later.

Define x̂d := (η̂, x̂s) (representing the estimate of both the 
uncertainty and the state) and its estimation error as 

ed := x̂d − xd, (19)

where xd := (η, xs). Note that according to (18b), x̂d that repre-
sents the variables to be estimated is x̂d = C̄ax̂a with 

C̄a :=
[

C̄⊤

1 C̄⊤

2

]⊤
. (20)

The estimation error dynamics can be written as follows (Gha-
nipoor, Murguia, Mohajerin Esfahani, & van de Wouw, 2024a, 
Sec. 6.4): {

ė = Ne + MSgaδg − MBωaωa + Bνaνa,

ed = C̄ae,
(21a)

where e ∈ Rnz  is an auxiliary state to formulate the error 
dynamics and the involved components in the above equation are 
defined as 
δg := g(Vga x̂a + H(ys − Cax̂a), u) − g(Vgaxa, u),

Bωa :=

[ Bω 0
0 0
0 Inη

]
, ωa :=

[
ω

η(r)

]
,

Bνa :=
[

KDν −EDν
]
, νa :=

[
ν⊤(t) ν̇⊤(t)

]⊤
.

(21b)

The selection of r in (18) can be performed by starting with 
r = 1 and increasing it iteratively until the norm of the de-
sired error in (19) of the filter provided below does not de-
crease further. For further details on the interpretation of r , refer 
to Ghanipoor et al. (2025).

In what follows, we provide an optimization problem with 
LMI to design the gains of the proposed uncertainty-state es-
timator in (18) (i.e., ψ = {E, K ,H}). Consider the system (1), 
the uncertainty-state estimator in (18), under Assumption  2 with 
Lipschitz constant lgx . Solve the optimization problem with LMI 

minΠ,R̄,Q̄ ,H,ρ,σ ρ

s.t.
[

X11 X12
∗ −I

]
≺ 0,⎡⎣ L11 −(Π + R̄Ca)Bωa X12

∗ −ρaI 0
∗ ∗ −I

⎤⎦ ⪯ 0,⎡⎢⎣ X11 H12 0 X12
∗ −b2I T⊤

ν H⊤ 0
∗ ∗ −I 0
∗ ∗ ∗ −I

⎤⎥⎦ ⪯ 0,

[
Π C̄⊤

a

]
⪰ 0, Π ≻ 0, σ ≤ σmax

(22)
∗ σ I
7

with the involved matrices defined as follows:

X11 := A⊤

a Π + A⊤

a C
⊤

a R̄⊤
− C⊤

a Q̄⊤
+ΠAa + R̄CaAa

− Q̄ Ca + lgx (V
⊤

gaVga − V⊤

gaHCa − C⊤

a H⊤Vga ),

X12 :=

[ √
2lgx

(
(Π + R̄Ca)Sga

)⊤√
lgx (HCa)⊤

]⊤

,

Bωa :=

[ Bω 0
0 0
0 Inη

]
, L11 := X11 + aC̄⊤

a C̄a,

H12 := [ Q̄Dν −R̄Dν ], Tν := [ Dν 0 ],

given scalars a, σmax > 0, b, matrix C̄a as in (20), and the 
remaining matrices as in (1) and (18c). Denote the optimizers as 
Π⋆, R̄⋆, Q̄ ⋆, H⋆, ρ⋆ and σ ⋆. Then, we have the optimal parameters 
of (18) as ψ = ψ⋆, namely, {E⋆ = Π⋆−1

R̄⋆, K ⋆ = Π⋆−1
Q̄ ⋆,H⋆}.

Remark 4 (Performance Guarantees). The estimation error of 
the filter defined in (19), governed by the dynamics in (18), 
can be seen as the image of the input (ω, η(r), ν, ν̇) under a 
mapping induced by the filter dynamics. The main theoretical 
results presented here, together with the optimization program in 
(22), establish important regularity properties for this mapping, 
typically expressed as input–output gains under certain metrics, 
as follows:

(i) Stability: The estimation error dynamics in (21) is input-
to-state stable in the sense of Ghanipoor et al. (2024a, Def. 1);

(ii) Disturbance Attenuation: For ν = 0, the L2-gain of the 
mapping (ω, η(r)) ↦→ ed in (21) is upper bounded by 

√
ρ⋆, i.e., 

∥ed∥L2 ≤
√
ρ⋆∥(ω, η(r))∥L2; (23)

(iii) Noise Rejection: For (ω, η(r)) = 0, the L2 − L∞ induced 
gain of the mapping (ν, ν̇) ↦→ ed in (21) is upper bounded by √
bσ ⋆, i.e., 

∥ed∥L2 ≤
√
bσ ⋆∥(ν, ν̇)∥L∞

. (24)

It should be noted that the guarantees in (23) and (24) remain 
valid even if ∥(w, η(r))∥L2  or ∥(ν, ν̇)∥L∞

 is not bounded; however, 
in such cases the statement is trivial, since the upper bound be-
comes unbounded. We refer the interested readers to Ghanipoor 
et al. (2024a, Prop. 1) and Ghanipoor et al. (2025, Thm. 1) for 
further details.

Note that the solution we have provided for uncertainty-state 
estimation is applicable to globally Lipschitz nonlinear systems 
(i.e., Assumption  2 is satisfied). However, for locally Lipschitz 
nonlinear systems, a similar unknown input-state estimator pro-
posed in Ghanipoor, Murguia, Esfahani, and van de Wouw (2023) 
can be used.

6. Case study

In this section, we evaluate the proposed methods via a case 
study. We assess the obtained model accuracy for the considered 
class of nonlinear systems in the sense of output accuracy. The 
case study is a four-degree-of-freedom roll plane maneuver of 
a vehicle with nonlinear suspension, as considered in Blanchard 
(2010), Kessels, Fey, and van de Wouw (2023). See Fig.  3 for a 
schematic of this system. The equations of motion and the system 
parameters are given in Appendix  A.4. The nonlinearity of the 
system is rooted from nonlinear stiffness and damping between 
the roll bar and both tires. As available measured outputs, we 
have the relative displacement and relative velocity between the 
roll bar and both tires (i.e., ys1 = q1 − q3, ys2 = q2 − q4, ys3 =

q̇1 − q̇3, ys4 = q̇2 − q̇4, see Fig.  3). The system inputs are the 
position of the road surfaces (u  and u  in Fig.  3).  The training and 
1 2
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Fig. 3. Roll plane system schematic.

test data sets are generated by providing different system inputs, 
as described in Section 6.1.

For the above-mentioned system, we have (unknown) para-
metric uncertainty in the linear stiffness between the roll bar 
and tires (i.e., uncertainty in the linear parameters k̃1, k̃2 shown 
in Fig.  3), and the nonlinear stiffnesses (i.e., k̃1n , k̃2n  shown in 
Fig.  3) are completely unknown. The problem is to find a data-
based model for the mentioned uncertainties and guarantee sta-
bility of the extended model (i.e., known model together with 
uncertainty model). The proposed methods (three algorithms) 
presume that a (training) data-set of inputs, estimated uncertain-
ties, and estimated state realizations is given (using uncertainty 
and state estimators discussed in Section 5). The results of uncer-
tainty and state estimation for one training data-set are provided 
in Ghanipoor et al. (2024a, Sec.A.6).

Following the proposed method for this problem, since the 
nonlinear stiffness is unknown, first we assume that we have 
basis functions as given by h(·) in (2) that are representative of 
the unknown nonlinearity (the proposed method is evaluated for 
a range of basis functions in Section 6.3).

6.1. Training and test data-sets

The training and test data-sets are generated via different sys-
tem inputs. System inputs comprise combinations of sinusoidals 
at different frequency ranges (to cover different range of inputs). 
This type of multi-sine signal is usual for system identification of 
the considered case study (Blanchard, 2010, Sec. 3.3). The system 
input u = (u1, u2) can be written as

u1 =
max α̃i∑ñ

i=1 α̃i

ñ∑
i=1

α̃i sin
(
ω̃it + φ̃i

)
, t ∈ [0, tf ]

u2 = 0,

where the parameters

(α̃i)
ñ
i=1 , (ω̃i)

ñ
i=1 ,

(
φ̃i

)ñ
i=1 ,

and ñ are randomly drawn from uniform distributions in the in-
tervals [0.01, 0.1] m, [0.6π, 3π ] rad/s, [0, 0.94π ] rad, and [2, 10], 
respectively. The parameter tf  indicates the final time of the sim-
ulation. Five training data sets and 1000 test data sets of inputs 
are drawn from the aforementioned system input distributions.

6.2. Model accuracy

Next, we compare the accuracy of the uncertainty models 
trained via the proposed methods. We compare the results
against the true system model used to generate the data. We 
fit three extended models using the known physics-based model 
and the learned uncertainty models via the proposed methods 
described in Sections 3 and 4. Additionally, we examine a scenario 
8

Fig. 4.  Histogram for comparison of system outputs and the outputs of different 
models with cubic basis function (i.e., h = (Vηx)◦3) for the test data.

where no stability guarantees for the extended model is consid-
ered (i.e., only by minimizing the cost function in (5)). Thus, for 
the test data-set, we compare the system output with the outputs 
of three extended models and a model that is not extended and 
neglects uncertainties (i.e., only consist physics-based model).

Given the large number of test data-sets (1000 test data-sets), 
this comparison is depicted via the histogram shown in Fig.  4. 
The horizontal axis is a metric for the output error computed via ∑tf =20

t=0 ∥ys(t)−Cx(t)∥. The histogram presents the distribution of 
output errors for the test data by dividing it into intervals and 
displaying the frequency of occurrences within each interval. In 
the results shown in Fig.  4, the basis function representing the 
true system is a cubic function (i.e., h = (Vηx)◦3 in (2)). For results 
considering basis functions other than the cubic function, see 
Section 6.3. In the histogram, results from four models are shown: 
1. The green plot represents results from the physics-based model 
alone; 2. The magenta plot represents results using the extended 
model trained via the approximated convex optimization in The-
orem  1; 3. The blue plot represents results using the extended 
model trained via the coordinate descent method;  4. The red 
plot represents results using the extended model trained by min-
imizing the cost in (5) without stability guarantees. From Fig.  4, 
one can observe that both learning strategies (the results in blue 
and magenta) substantially improve model quality compared to 
the baseline without a learned uncertainty model (green). The 
coordinate descent method is initialized with the solution of the 
convex program. The performance gain from magenta to blue 
is relatively small, indicating that most of the improvement is 
already achieved by the convex approximation.  Other initializa-
tions, such as setting the parameters of the uncertainty model 
θ = (Θl, Bl,Θn) to zero or fixing the invariance set shape matrix 
P as a constant multiplied by the identity matrix, did not yield 
a feasible solution. This further highlights the significance of the 
proposed convex approximation.

Moreover, for further comparisons of different models, the 
mean Root Mean Square Error (RMSE) for each output entry, 
computed across all 1000 test samples, is presented in Table  1. As 
can be seen, the RMSE decreases across all output entries when 
using the proposed extended models, demonstrating their strong 
performance and reliability.

Furthermore, to provide a quantitative comparison with ex-
isting literature on model updating, we compare the proposed 
method with the neural network (NN)-based approach presented 
in Quaghebeur et al. (2021), which updates the model by adding 
a fully connected feedforward NN to a physics-based model. We 
train two updated models for the studied example: one with 50 
training epochs and a NN with two hidden layers of size 12 and 
tangent hyperbolic activation functions, and another with 1000 
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Table 1
Mean of RMSEs for different models.

Model
Output entry first [m] second [m] third [m/s] fourth [m/s]

Only physics-based model 0.054 0.054 0.389 0.383
Extended model

without stability guarantees 0.015 0.016 0.130 0.134
Extended model via
method in Thm. 1 0.042 0.042 0.316 0.285
Extended model via

coordinate descent method 0.038 0.039 0.294 0.285
Fig. 5.  Histogram comparing the true system outputs with model outputs ob-
tained using the proposed method and the physics-NN model from Quaghebeur 
et al. (2021), evaluated on the test data.

training epochs and a NN with two hidden layers of size 20 and 
tangent hyperbolic activation functions. The performance of these 
models on the test data is shown in the histogram in Fig.  5, where 
the cyan plot corresponds to the first setting and the black plot 
to the second. Since this NN-based method does not guarantee 
model stability, we compare it to our proposed method without 
stability guarantees.

As shown in the figure, the hybrid physics-NN model with 
the first setting outperforms the proposed method. However, 
its training time exceeds 6 h, whereas our method (even when 
enforcing stability guarantees) requires less than 10 s to train. No-
tably, the hybrid model with the second setting performs worse 
than our proposed method and still requires over 120 s of training 
time. All models were trained on the same hardware setup to 
ensure a fair comparison: a laptop equipped with an Intel Core i7-
9750H CPU @ 2.60 GHz and 16 GB RAM, using high-performance 
power settings. These results demonstrate the effectiveness of our 
method in achieving high performance with significantly lower 
computational cost, at least for the studied example. 

Remark 5 (The Price of Stability). Imposing the stability con-
straint turns out to deteriorate the expected output errors (com-
pare the average of the red histogram with the blue and magenta 
histograms in Fig.  4). The root cause of this can be due to the 
fact that the stability constraints make the resulting optimization 
program non-convex. Namely, we have to resort to a sub-optimal 
solution among all possible models considered (the magenta and 
blue histograms in Fig.  4), whereas ignoring this condition allows 
us to stay in a convex setting where we can find the global 
optimal model (the red histogram). It is, however, worth noting 
that this better performance at the average level may come at the 
cost of some rare instances in the tail of the histogram (see the 
zoom window in Fig.  4). In this light, one can see this average 
performance degradation as ‘‘the price of stability’’ to ensure that 
any model we estimate meets our prior stability assumption.
9

Fig. 6. Histogram for comparison of system outputs and the outputs of different 
models with basis function h = [(Vηx)◦2

⊤

, (Vηx)◦3
⊤

]
⊤ for the test data.

Fig. 7. Histogram for comparison of system outputs and the outputs of different 
models with basis function h = [(Vηx)◦2

⊤

, exp(Vηx)⊤, (Vηx)◦3
⊤

]
⊤ for the test data.

Fig. 8.  Histogram for comparison of system outputs and the out-
puts of different models with basis function h = [sin(Vηx)⊤, cos(Vηx)⊤,
exp(Vηx)⊤, (Vηx)◦2

⊤

, (Vηx)◦4
⊤

, (Vηx)◦6
⊤

]
⊤ for the test data.
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6.3. Effect of basis functions

Figs.  6–8, similar to Fig.  4, illustrate the histogram for the 
models’ output errors. Unlike Fig.  4, the basis functions (i.e., h(·)
in (2)) are not same as the true nonlinearity in the system. 
Now, the basis functions are h = [(Vηx)◦2

⊤

, (Vηx)◦3
⊤

]
⊤, h =

[(Vηx)◦2
⊤

, exp(Vηx)⊤, (Vηx)◦3
⊤

]
⊤, h = [sin(Vηx)⊤, cos(Vηx)⊤,

exp(Vηx)⊤, (Vηx)◦2
⊤

, (Vηx)◦4
⊤

, (Vηx)◦6
⊤

]
⊤ in Figs.  6–8, respectively.

The results in these three figures indicate that the selection 
of the basis function does not significantly affect the accuracy 
of the extended model, especially for the results with stability 
guarantees. That is, having a model that uses the ‘‘wrong’’ basis 
function is still better that using the model that does not account 
for uncertainty (at least in the considered use case). 

7. Conclusion

This paper has proposed a framework for model updating via 
learning modeling uncertainties in locally (and globally) Lipschitz 
nonlinear models. Moreover, we have ensured the stability of 
the extended model, which consists of a prior known model and 
the learned uncertainty model. The proposed framework includes 
two steps. First, we have assumed that uncertainty and state 
estimates are known. Under this assumption, we have intro-
duced two semi-definite programs: Theorem  1 for locally (and 
Theorem  2 for globally) Lipschitz nonlinear models, to learn un-
certainty models while ensuring the stability of the extended 
model (invariant set and ISS for locally and globally Lipschitz 
nonlinear models, respectively). Second, we have proposed a fil-
ter, designed using the semi-definite program outlined in (22), to 
estimate uncertainty and state, based on the known prior model 
and input–output data. Simulations for a large data-set of a roll 
plane model of a vehicle have demonstrated the performance and 
potential of the proposed approach. Future work could include 
addressing the suboptimality of the convexification method pre-
sented in this paper for locally Lipschitz systems (i.e., Theorem 
1). 
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Appendix

A.1. Invariant set conditions for model (2)

Let W (x) = x⊤Px with P ≻ 0 be a Lyapunov function 
candidate. We need to derive the derivative of the Lyapunov 
function candidate along the trajectories of the extended system 
model (2). Before that, first, we impose the condition Einv ⊆ Esys
on the model invariant set and the system state set as defined in 
(6) and (9), respectively. By doing so, later, the Lipschitz property 
of the nonlinearities of extended system model (2) can be used 
in deriving a tractable condition for Ẇ ≤ 0. It is shown in Boyd 
et al. (1994, Sec. 3.7.1) that the condition Einv ⊆ Esys can be 
written as (10b) by applying S-procedure.

From (2) and the Lipschitz conditions for the known non-
linearity g(·) and the uncertainty model nonlinearity h(·) in (8) 
10
(together with that zero is an equilibrium point of system for 
u = 0), it follows that 
Ẇ (x) ≤x⊤

(
A⊤P + PA + V⊤

η Θ
⊤

l S⊤

ηl
P + PSηlΘlVη

)
x

+ 2∥x⊤PSg∥(lgx∥Vgx∥ + lgu∥u∥)

+ 2∥x⊤PSηl∥∥Θn∥(lhx∥Vηx∥ + lhu∥u∥)

+ 2x⊤P(Bu + SηlBl)u.

(A.1)

See Ghanipoor et al. (2024a) for more details of (A.1) derivation. 
Now, by imposing the condition on parameters of the nonlinear 
part of uncertainty model given in (10c) and then a specific 
form of the Cauchy–Schwarz inequality an upper bound for the 
right-hand-side of (A.1) can be found as follows: 
Ẇ (x) ≤x⊤

(
A⊤P + PA + V⊤

η Θ
⊤

l S⊤

ηl
P + PSηlΘlVη

)
x

+ (lgx + lgu )∥x
⊤PSg∥2

+ lgx∥Vgx∥2
+ lgu∥u∥

2

+ (l̄hx + l̄hu )∥x
⊤PSηl∥

2
+ l̄hx∥Vηx∥

2
+ l̄hu∥u∥

2

+ 2x⊤P(Bu + SηlBl)u

=x⊤∆x + 2x⊤P(Bu + SηlBl)u + (lgu + l̄hu )u
⊤u

(A.2)

with ̄lhu  as defined in (10e) and ∆ as defined in (10d). See Gha-
nipoor et al. (2024a) for more details of (A.2) derivation. There-
fore, from (A.2), it follows that 

Ẇ (x) ≤x⊤∆x + 2x⊤P(Bu + SηlBl)u + (lgu + l̄hu )u
⊤u. (A.3)

If we can find a P such that Ẇ ≤ 0 whenever u ∈ Eu (as 
defined in (7)) and W ≥ 1 along the trajectories of (2); Then, 
the ellipsoid Einv (as defined in (9)) is an invariant set of (2). To 
this end, consider the vector 

[
x⊤u⊤1

]⊤. Using (A.2), the condition 
Ẇ ≤ 0 can be stated as 

E1 =

⎡⎣ ∆ P(Bu + SηlBl) 0
⋆ (lgu + l̄hu )I 0
⋆ ⋆ 0

⎤⎦ ⪯ 0. (A.4)

Similarly, the condition (7) can be written as 

F1 =

[ 0 0 0
⋆ U 0
⋆ ⋆ −1

]
⪯ 0. (A.5)

Finally, the condition W (x) ≥ 1 can be restated as 

G1 =

[
−P 0 0
⋆ 0 0
⋆ ⋆ 1

]
⪯ 0. (A.6)

Therefore, for constructing an invariant set of trajectories, we 
require (A.4) (Ẇ ≤ 0) to hold when (A.5) and (A.6) hold. To satisfy 
these conditions, we can apply S-procedure (Boyd et al., 1994, 
Sec. 2.6.3), which states that there should exist non-negative 
constants α and β such that the following inequality holds: 
E1 − αF1 − βG1 ⪯ 0. (A.7)

The condition above can be written as (10a). Note that in the 
derivation of (10a), we impose the condition on Lipschitz set 
condition in (10b) and the norm constraint on parameters of non-
linear part of uncertainty model in (10c). Therefore, the condition 
(10a) together with (10b), and (10c) imply that the ellipsoid Einv
(as defined in (9)) is an invariant set of the extended model (2).

A.2. ISS conditions for model (2)

Let W (x) := x⊤Px be an ISS Lyapunov function candidate. 
Similar to the proof in Appendix  A.1, given the globally Lipschitz 
property of the model nonlinearities in (12) and the imposed 
condition on parameters of nonlinear part of uncertainty model in 
(10c), the time-derivative of the candidate ISS Lyapunov function, 
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Ẇ , can be written in the form of (A.2). The rest of the proof 
follows the line of reasoning of the proof of Proposition 1 in Gha-
nipoor et al. (2025), which for brevity is omitted here. It is shown 
in Ghanipoor et al. (2025) for a Lyapunov derivative inequality 
similar to (A.2) that, in order to conclude ISS property of a dynam-
ics, ∆ has to be negative definite. Note that in the derivation of ∆
in (A.2), we impose the condition on the parameters of nonlinear 
part of uncertainty model in (10c). Therefore, the condition ∆ ≺ 0
together with (10c) imply that the extended model (2) is ISS with 
respect to input u.

A.3. Proof of Theorem  1

We show that the non-convex optimization problem in (11) 
can be convexified as in (16). First, to make the problem tractable, 
we set the Sηl = I in extended system model (2). Then, we 
convexify the non-convex conditions in (11) as follows.

Consider the stability constraint (10a). By applying changes of 
variables as S := PΘl, R := PBl and the Schur complement, the 
stability constraint in (10a) is equivalent to (16). Favorably, by the 
introduced change of variables, the stability constraint becomes 
convex (an LMI). However, since the cost J in (5) is a function of 
Θl = P−1S and Bl = P−1R, the cost is not convex in S, R and P , 
after the changes of variables. Therefore, we have to convexify 
the cost to arrive at a convex optimization problem formulation. 
For scalar cost function J in (5), we have the following equality:

J =

N∑
i=1

d⊤

i T
⊤Tdi =

N∑
i=1

tr(d⊤

i T
⊤Tdi).

Due to cyclic property of the trace operator, the above cost can 
be written as

J = tr(T⊤T
N∑
i=1

did⊤

i ).

By the definition of the matrix D in (3) and the cyclic property of 
the trace, we have
J = tr(TDT⊤).

Now, we can write the epigraph form of the optimization problem 
in (11) as follows: 

min
P,S,R,Θn,W ,α,γ

tr(W )

s.t. (16), (10b), (10c)
P ≻ 0, α, γ ≥ 0

tr(TDT⊤) ≤ tr(W ).

(A.8)

 Due to monotonicity of trace, the last constraint in (A.8) can be 
transformed to the following constraint:
TDT⊤

⪯ W .

Note that even with the application of the above transformation, 
the optimization remains equivalent to (A.8) (Boyd et al., 1994, 
p.8). By applying the Schur complement to the above inequality, 
we have[

W TD̃⊤

⋆ I

]
⪰ 0.

Note that by construction, the data matrix D is always symmetric 
and positive semi-definite. Therefore, its Cholesky decomposition 
(i.e., D = D̃⊤D̃) always exists. By applying the congruence trans-
formation of diag(P, I) to the above inequality, we obtain the 
following equivalent inequality: [

PWP T̃ D̃⊤
]

⪰ 0. (A.9)

⋆ I
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Note that in the above inequality to introduce T̃ := PT =[
S R −P PΘn

]
, the change of variable as Z := PΘn is 

applied. Now, by substituting the lower bound 2µ2P − µ2
2W

−1, 
with given positive scalar µ2, for PWP and applying the Schur 
complement, the LMI in (16b) is obtained.

Consider another non-convex condition (upper bound on the 
parameters of nonlinear part of uncertainty model) as (10c). 
Based on (Caverly & Forbes, 2019, sec. 2.11), the condition (10c) 
can be written as [

l̄hx I lhxΘ
⊤
n

⋆ l̄hx I

]
⪰ 0. (A.10)

By applying the congruence transformation of diag(I, P) to the 
above inequality, we obtain the following equivalent inequality[

l̄hx I lhxZ
⊤

⋆ l̄hxP
2

]
⪰ 0.

Now, by substituting the lower bound 2µ1P − µ2
1I , with given 

positive scalar µ1, for P2, the LMI in (16a) is obtained.
In conclusion, instead of the non-convex optimization problem 

in (11), we provide an approximation of that problem in the form 
of the semi-definite program in (16). We remark that the approx-
imation arises from initially setting Sηl = I at the beginning of the 
proof. Additionally, we use the lower bound of 2µ2P−µ2

2W
−1 for 

PWP in the derivation of the LMI in (16b), and the lower bound 
of 2µ1P − µ2

1I for P2 in the derivation of the LMI in (16a).

A.4. Roll plane system description

The equations of motion of the roll plane system are given 
in Kessels et al. (2023, app. B.2). Here, we provide the state space 
representation. By defining the state vector xs = [xs1 , xs2 , . . . ,
xs7 , xs8 ]

⊤
:= [q1, q2, q3, q4, q̇1, . . . , q̇4]⊤, where qi and q̇i are 

the displacements (as shown in Fig.  3) and the corresponding 
velocities, the system dynamics can be described in the form of 
(1), where we have

A =

[
0 I

−M̃−1K̃ −M̃−1C̃

]
, Bu =

[
0

M̃−1K̃u

]
,

Sg = Sη =

[
0

−M̃−1S̃

]
, g(·) = 0.2c̃1,ntanh(Vgxs)

Dν = I, Bω = 0, η(·) = δk̃1Vηxs + k̃1n (Vηxs)
◦3,

C =

[
C̃ 0
0 C̃

]
, C̃ =

[
1 0 −1 0
0 1 0 −1

]
Vg =

[
0 10C̃

]
, Vη =

[
C̃ 0

]
,

M̃ =

⎡⎢⎢⎣
m̃
2

m̃
2 0 0

−Ĩ
L̃

Ĩ
L̃

0 0
0 0 m̃t1 0
0 0 0 m̃t2

⎤⎥⎥⎦ ,

K̃ =

⎡⎢⎢⎣
k̃1 k̃2 −k̃1 −k̃2

−L̃
2 k̃1 L̃

2 k̃2
L̃
2 k̃1

−L̃
2 k̃2

−k̃1 0 k̃1 + k̃t1 0
0 −k̃2 0 k̃2 + k̃t2

⎤⎥⎥⎦ ,

C̃ =

⎡⎢⎢⎣
c̃1 c̃2 −c̃1 −c̃2

−L̃
2 c̃1 L̃

2 c̃2
L̃
2 c̃1

−L̃
2 c̃2

−c̃1 0 c̃1 0
0 −c̃2 0 c̃2

⎤⎥⎥⎦ ,

K̃u =

⎡⎢⎢⎣
0 0
0 0
k̃t1 0

⎤⎥⎥⎦ , S̃ =

⎡⎢⎢⎣
1 1
−L̃
2

L̃
2

−1 0

⎤⎥⎥⎦ .

0 k̃t2 0 −1
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The parameter values are provided in Ghanipoor et al. (2024a, 
Sec. A.5).
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