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Summary 

A linear stability analysis of the governing equations for the bed and flow 

topography in straight alluvial channels is treated. The flow is described 

by a horizontal two-dimensional model, but secondary flmv due to curvature 

of the streamlines is included. Further more knowledge about secondary flow 

inertia achieved in recentY~ars is incorporated. 

The analysis suggests that secondary flow plays an important role for the 

development of meander bends in relatively narrow channels. 

The results of the stability analysis are compared with some sandflume data. 

The agreement is unsatisfactory, but the discrepancy can be explained by 

insufficient knowledge about the secondary flow properties. However, the 

sandflume data and the results of the stability analysis exhibit the same 

trends with respect to dependence of width-depth ratio and alluvial roughness, 

i.e. increasing width-depth ratio as -.;;rell as increasing roughness coefficient 

promotes the formation of alternate bars. 
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J_̂^ I n t r o d u c t i o n 

1.1. General 

The flow and bed topography i n curved a l l u v i a l r i v e r s play an important 

p a r t i n several aspects of r i v e r engineering, such as n a v i g a b i l i t y , bank 

p r o t e c t i o n and r i v e r r e g u l a t i o n . Engineering problems concerning t h i s 

t o p i c are mostly so complicated t h a t they must be i n v e s t i g a t e d using p h y s i c a l 

scale models or numerical models, as the non-linear character of the governing 

equations i n most cases makes an a n a l y t i c a l approach impossible. However, 

the thorough l i n e a r i z a t i o n of the equations, i n order to make an a n a l y t i c a l 

s o l u t i o n f e a s i b l e , i s j u s t i f i e d f o r a small group of problems. The r i v e r 

morphology problem concerning the formation of a l t e r n a t e bars i n s t r a i g h t 

a l l u v i a l channels may belong to t h i s group of problems. 

S t a b i l i t y of s t r a i g h t channels can be of great importance: Unforeseen s t a b i l i t y 

problems i n f o r instance a n a v i g a t i o n channel can lead to l a r g e costs f o r 

dredging. A l t e r n a t e bars can develop i n t o t r u e bends which b r i n g about 

a d d i t i o n a l roughness which i n t u r n can cause inundation of low s i t u a t e d 

areas. A l t e r n a t e bars i n flume experiments may impede the i n t e r p r e t a t i o n 

of the measured data. And many others. 

The present l i n e a r s t a b i l i t y analysis was i n i t i a t e d by i n s t a b i l i t y o c c u r r i n g 

i n a numerical model f o r the flow and bed topography i n curved a l l u v i a l 

r i v e r s . The o r i g i n a l aim was to i n v e s t i g a t e whether these o s c i l l a t i o n s 

had a physi c a l cause or whether they were of pure numerical character. The 

o s c i l l a t i o n occurred i n the s t r a i g h t reach before the entrance of a bend, 

and i t was th e r e f o r e thought t h a t a l i n e a r s t a b i l i t y analysis f o r a s t r a i g h t 

channel would serve as a good f i r s t approach. 

The study i s c a r r i e d out at the Laboratory of F l u i d Mechanics a t the D e l f t 

U n i v e r s i t y of Technology w i t h i n the framework of the r i v e r bend p r o j e c t 

of the j o i n t h y d r a u l i c research programme T.Ü.W. (Toegepast Onderzoek 

Waterstaat) i n which R i j k s w a t e r s t a a t (Governmental Water Control and 

Public Works department) the D e l f t Hydraulics Laboratory and the D e l f t 

U n i v e r s i t y of Technology p a r t i c i p a t e . 
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1.2. Previous work 

The formation of meanders has been studied by many s c i e n t i s t s and from 

several p o i n t of views (see Callander, 1978). I t i s a widely accepted 

assumption th a t deformation of the bed i s the fundamental cause of 

meandering and t h a t erosion of the banks fo l l o w s at a l a t e r stage. 

The bed i s considered to be deformed due to unstable response of a small per­

t u r b a t i o n of the bed. From t h i s approach several s c i e n t i s t s have 

c a r r i e d out l i n e a r s t a b i l i t y analysis i n order to f i n d the o r i g i n and 

i n i t i a l wavelength of meandering and b r a i d i n g i n a l l u v i a l streams. I n 

the f o l l o w i n g a b r i e f revue of some important p u b l i c a t i o n s w i t h i n t h i s 

t o p i c x \ f i l l be given. 

The l i n e a r s t a b i l i t y analysis are c a r r i e d out by Engelund and Skovgaard, 

1973; Parker, 1976 and Fredsc^e, 1978. A common basis f o r these three 

analysis i s t h a t the considered channels are wide i n order to be able 

to neglect any w a l l e f f e c t , t h a t the channels have a rectangular cross-

s e c t i o n a l shape and t h a t the banks are non-erodible. I n a l l three 

analysis the s t a b i l i t y of a double p e r i o d i c and harmonic p e r t u r b a t i o n 

of the bed i s i n v e s t i g a t e d . 

The analysis c a r r i e d out by Engelund and Skovgaard i s remarkable because 

a three-dimensional f l o w model i s applied. A pa r a b o l i c d i s t r i b u t i o n of 

the l o n g i t u d i n a l flow v e l o c i t y i n combination x^ith a f i n i t e bottom s l i p 

v e l o c i t y i s assumed. This non-uniform v e r t i c a l d i s t r i b u t i o n of v e l o c i t y 

provides f o r secondary c u r r e n t due to flow curvature, which i s a s i g n i f i c a n t 

advantage of t h i s a n a l y s i s . The flow i s considered to be quasi-steady, 

which i s j u s t i f i e d w i t h the c l a s s i c a l assumption f o r a bed l e v e l model; 

i . e . disturbances of the f l o w t r a v e l a t much higher c e l e r i t y than disturbances 

of the bed. Engelund and Skovgaard are using a model f o r the d i r e c t i o n 

of the sediment t r a n s p o r t , which i s not only t a k i n g the d i r e c t i o n of the 

flow close to the bed i n t o c o n s i d e r a t i o n , but also the g r a v i t a t i o n a l 

force a c t i n g on the grains along a s l o p i n g bed. The analysis explains 

why some channels tend to b r a i d , other tend to meander and why a t h i r d 

group remair^ s t r a i g h t . 

Parker (1976) applied a two-dimensional flow model i n h i s a n a l y s i s , thus 

secondary flow i s not taken i n t o c o n s i d e r a t i on. Parker i s using the 

equations f o r unsteady f l o w , and he obtained a complex f o u r t h degree 

a l g e b r a r i c equation f o r the a m p l i f i c a t i o n f a c t o r . Applying assymtotic 

expansion he found an approximation f o r the a m p l i f i c a t i o n f a c t o r ; which 
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i s i d e n t i c a l to the expression which can be obtained i f the d e r i v a t i v e s w i t h 

respect to time i n the flow equation are neglected. The analysis y i e l d s 

t h a t a l l streams are unstable because Parker neglected the g r a v i t a t i o n a l 

force a c t i n g on the grains, which indeed i s a very important s t a b i l i m n g 

e f f e c t . 

I n the analysis c a r r i e d out by Freds^fe (1978) the (steady) flow i s 

e s s e n t i a l l y described by the same two dimensional flow model as Parker used. 

So also i n t h i s analysis secondary flow due to curvature of the streamlines 

i s neglected. The analysis d i f f e r s from the previous ones by 

accounting f o r the g r a v i t a t i o n a l force from the transverse slope of the 

bed and by d i v i d i n g the sediment t r a n s p o r t i n t o bed load and suspended 

load, which makes i t possible to take account of the phase lag between the 

bed shear stress and the t r a n s p o r t i n suspension. 

Recently Ikeda, Parker and Sawai (1981) c a r r i e d out a l i n e a r s t a b i l i t y 

analysis f o r a channel w i t h e r o d i b l e banks. The analysis y i e l d s wave 

lengths of the same order of magnitude as the more t r a d i t i o n a l s t a b i l i t y 

analysis f o r a l l u v i a l streams. This supports the assumption t h a t the 

a l t e r n a t e bars evolute i n t o true bends. 

F i n a l l y , i t should be mentioned t h a t several authors have attempted to 

e x p l a i n the formation of a l t e r n a t e bars and meanders from other approaches. 

For ins t a n c e , E i n s t e i n and Shen (1964) q u a l i t a t i v e l y explained the formation 

of a l t e r n a t e bars by secondary flow induced by d i f f e r e n t shear stress at 

the side w a l l s or induced by an asymmetrical c r o s s - s e c t i o n a l shape. 

1.3. The present i n v e s t i g a t i o n 

This r e p o r t concerns a l i n e a r s t a b i l i t y analysis of the same type as the 

ones c a r r i e d out by among others Engelund and Skovgaard (1973), Parker 

(1976) and Freds^^e (1978), i . e . the s t a b i l i t y of a double harmonic per­

t u r b a t i o n of the bed i n a wide rectangular channel w i t h non e r o d i b l e 

banks i s i n v e s t i g a t e d . As i n the analysis by Parker and Freds^e a two 

dimensional f l o w model i s employed. The main d i f f e r e n c e from these two 

analysis i s t h a t the bed shear stress i s not p a r a l l e l to the main flow 

d i r e c t i o n , but the d e v i a t i o n from the main flow d i r e c t i o n due to curvature 

of the streamlines i s taken i n t o account; i . e . , secondary flow i s 
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considered although a two dimensional flow model i s employed. This i s 

a simpler approach than o b t a i n i n g the secondary flow f i e l d d i r e c t l y 

from the ( l i n e a r i z e d ) three-dimensional equation (see Engelund and 

Skovgaard). Hox^ever, the employment of the present approach i s more 

transparant and i t has the advantage t h a t i t i s possible to i d e n t i f y 

the influences of the flow and sediment t r a n s p o r t which i s important 

f o r the development of a l t e r n a t e bars. Further on, i n t h i s analysis 

knowledge achieved i n recent years about the d i r e c t i o n of the sediment 

t r a n s p o r t and about i n e r t i a of the secondary flow are incorporated. 
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2. Mathematical modelling 

The basic assumption underlying the mathematical model f o r the flow and 

bed topography i n a l l u v i a l channels i s t h a t the f l o w can be considered 

quasi-steady, i . e . the flow i s assumed to adapt much f a s t e r to a change 

i n bed l e v e l than the bed l e v e l change i t s e l f . Therefore the computation 

of the bed l e v e l development can be d i v i d e d i n t o small time steps, during 

which the bed i s kept f i x e d and the flow f i e l d i s considered to be steady. 

The bed l e v e l at the f o l l o w i n g time step can now be computed by means 

of the equation of c o n t i n u i t y f o r the sediment. This convenient d i v i s i o n 

between flow computation and bed l e v e l computation w i l l be maintained 

i n the f o l l o w i n g . 

Most n a t u r a l a l l u v i a l streams have a large width-depth r a t i o which suggests 

a two-dimensional d e s c r i p t i o n of the flow. This approach has proved to 

describe the main flow f i e l d r a t h e r good when main f l o w i n e r t i a and bed 

f r i c t i o n dominate, except i n a narrow region close to the banks where the 

w a l l f r i c t i o n has d i r e c t i n f l u e n c e . However, when the secondary f l o w 

has large i n f l u e n c e on the main flow d i s t r i b u t i o n , f o r instance i n a 

rectangular channel w i t h curved alignment, the two-dimensional model 

f a i l s . 

A mathematical model f o r time dependent change of the bed l e v e l i n a l l u v i a l 

channels consists i n p r i n c i p l e of momentum equation f o r each considered 

d i r e c t i o n f o r the f l o w and an equation of c o n t i n u i t y f o r both the sediment 

and the flow. I n the present case of a depth averaged approach there 

w i l l be four equations, which consequently can r e l a t e only four v a r i a b l e s . 

Since there are more v a r i a b l e s i n t h i s problem a d d i t i o n a l c o n s t i t u t i v e 

r e l a t i o n s ( f o r bed shear stress and sediment t r a n s p o r t ) must be introduced 

i n order to close the system of equation. 

I n the f o l l o w i n g f i r s t the steady flow w i l l be t r e a t e d . The complete 

depth averaged flow equations w i l l be given, whereupon the unperturbed 

(zero order) s o l u t i o n and the l i n e a r i z e d ( f i r s t order) equation w i l l be 

derived. Much a t t e n t i o n xvfill be paid to the d e s c r i p t i o n of the bed 

shear s t r e s s . F i n a l the l i n e a r i z e d equation of c o n t i n u i t y f o r the 
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sediment w i l l be derived, and the d i r e c t i o n and amount of sediment 

t r a n s p o r t w i l l be considered, 

2.1, Steady flow model 

For the mathematical d e s c r i p t i o n of the flow a coordinate system i s applied 

which has the x-axis c o i n c i d i n g w i t h the channel axis and p o s i t i v e i n 

the flow d i r e c t i o n , the y-axis h o r i z o n t a l and perpendicular to the 

X - a x i s and the z-axis v e r t i c a l upwards. I n t h i s coordinate system the 

depth averaged f l o x j i s described by 

^ . i i i + ^ -H g ( ^ + ^ ) + ̂  = 0 (2.1) 
3x ^ ^^9x 3x ' ph 

3v , 3v ^ .3h ^ ^^b., ''•y „ in n\ 
u — + v — + e ( — + T — ) + ~T- - 0 \^'^) 
^ 3y ^^3y 3y ' ph 

K l i H l + i C h y l = 0 (2.3) 
9x 3y 

i n which 

g a c c e l e r a t i o n due to g r a v i t y 

h depth of fl o w 

u,v depth averaged flow v e l o c i t y i n x and y d i r e c t i o n , r e s p e c t i v e l y 

z, (given) bed l e v e l 
b 

p mass density of f l u i d 

T , T bed shear stress i n x and y d i r e c t i o n , r e s p e c t i v e l y , 
x' y 

Equation (2.3) i s exact, whereas the l o n g i t u d i n a l and transverse momentum 

equations, eq. (2.1) and eq. (2.2) r e s p e c t i v e l y , hold good under the 

assumption t h a t v e r t i c a l accelerations are n e g l i g i b l e ( h y d r o s t a t i c 

pressure), and t h a t depth averaged product terms of the h o r i z o n t a l v e l o c i t y 

components equal the product of the depth averaged v e l o c i t y . This implies 

t h a t the main f l o w i s unaffected by the h o r i z o n t a l component of the 

secondary flow. I n case of a considerable curvature of the fl o w and/or 

a long bend i t i s a rath e r rough approach to neglect the convective 

i n f l u e n c e from the secondary flow. However, no general a p p l i c a b l e and 

adequate way to account f o r t h i s e f f e c t i n a two dimensional model i s 
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a v a i l a b l e . Only f o r the case of m i l d l y s loping banks and bottom a model, 

which accounts f o r secondary flow convection, i s developed ( K a l k w i j k 

& De Vriend, 1980). Nevertheless, the r e d i s t r i b u t i o n of the main f l o w 

due to the secondary flow i s at l e a s t as pronounced i n rectangular channels 

as i n channels w i t h m i l d l y s l o p i n g banks (De Vriend, 1981b). 

I n the f i r s t place knowledge about the unperturbed s o l u t i o n must be 

obtained. The unpertutbed bed l e v e l i s given by 

\ = ^0 - ^0 • ̂  (2.4) 

i n which i s a reference l e v e l (at x=0) and I Q i s the e q u i l i b r i u m 

slope of the bed. Equation (2.4) i n s e r t e d i n eqs.(2.1), (2.2) and 

(2.3) i n combination w i t h impermeable side w a l l , which provides the 

boundary c o n d i t i o n s , y i e l d s the f o l l o w i n g zero order s o l u t i o n 

h = hQ 

u = u = 
0 WhQ 

V = 0 

= TQ = pg I^hQ 

T = 0 
y 

(2.5) 

where Q i s the t o t a l discharge and W the w i d t h of the channel 

I n order to make the s t a b i l i t y analysis f e a s i b l e the flow model, eqs. 

(2.1), (2.2) and ( 2 . 3 ) , must be l i n e a r i z e d . This i s done by superimpose 

a small p e r t u r b a t i o n to the zero order s o l u t i o n i n the form: 

h = hp + h 1 h' << 

U = Uy + u u' << 
^0 

V = 0 + v' v' << 
^0 

"b = "o " 
z' << 

^0 

T ' 
X 

T ' 
X 

« -̂0 
T = 0 + 
y 

T ' 

y 
T ' 

y 
« ^0 

(2.6) 
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I n s e r t i n g t h i s perturbed s o l u t i o n i n t o the flow equation (2,1), (2.2) and 

(2.3) and negle c t i n g second and higher order terms leads to the l i n e a r i z e d 

flow equations 

^ .9h' 3z; ^ "̂0 / x h's „ 
"0 9^ §^9^ " 9^) " ̂  - h^) = ° ^'-'^ 

f L \ , i f - \ f - ] . \ (2.8) 
0 9x 9y 9y ph. T Q 

u ÏB\ „„ ̂ \ . 0 (2.9) 
0 9x 0 9z 0 9y 

For convenience dimensioniess v a r i a b l e s x j i l l be introduced. For t h i s 

t r a n s formation the depth of flow h^ w i l l be used as the c h a r a c t e r i s t i c 

l e n g t h scale and ̂ Q/^Q as c h a r a c t e r i s t i c time scale. For instance 

h = h'/hQ, z* = z'/hQ, V * = V ' / U Q e t c . The as t e r i s k s i n d i c a t e 

dimensioniess perturbation v a r i a b l e s , but x\r i l l be omitted when t h a t does 

not give r i s e to confusion. The dimensioniess set of equations now 

becomes 

9x 9y 9y y 

+ 3Z + = 0 (2.12) 
9x 9y 9x 

i n which F i s the Froude number h o l d i n g f o r the unperturbed 

fl o x j s i t u a t i o n 

p = (2.13) 

and f a roughness c o e f f i c i e n t defined as 

f = = -S (2.14) 

P-0 

i n which C i s the wellknown Chezy roughness c o e f f i c i e n t . 
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2.2 Bed shear stress 

For two reasons the bed shear stress deserves some ex t r a a t t e n t i o n . 

F i r s t , the shear stress must be eliminated by a c o n s t i t u t i v e r e l a t i o n 

i n order to close the system of equations (2.1), (2.2) and (2 . 3 ) . 

Second, the d i r e c t i o n of the bed shear s t r e s s , which generally w i l l deviate 

from the main flow d i r e c t i o n due to secondary flow, has a large i n f l u e n c e 

on the d i r e c t i o n of the sediment t r a n s p o r t . 

The t r a d i t i o n a l method to express the bed shear stress by means of the 

flow parameter, i s Chezy's law, which, f o r uniform flow, implies t h a t the 

shear stress i s p r o p o r t i o n a l to the square of the mean flow v e l o c i t y . 

I n a h o r i z o n t a l two-dimensional flow the bed shear stress i s o f t e n 

expressed by 

r 
f u /u^ + v^ 

(2.15) 

T 

y 
p f V Vu^ + v^^ 

which holds good i n case of no secondary flow. As a f i r s t approximation 

eq. (2.15) i s applied i n the flow model, i . e . the secondary f l o w i s 

only taken i n t o account i n the model f o r the sediment movement. 

As the roughness c o e f f i c i e n t i s not a constant, the v a r i a t i o n of f must 

be expressed i n terms of the flow parameters. However no general a p p l i c a b l e 

and r e l i a b l e model i s a v a i l a b l e . Several s c i e n t i s t s using d i f f e r e n t 

approaches have d e a l t w i t h roughness p r e d i c t i o n , and general agreement.seems 

to e x i s t about a f u n c t i o n a l r e l a t i o n s h i p f o r the roughness c o e f f i c i e n t 

l i k e 

f = f ( F ,1) (2,16) 
S' 

u. 
i n which F = — — i s the densimetric Froude number, 

A i s the r e l a t i v e d ensity of the sediment compared to the de n s i t y of the 

water and d i s a c h a r a c t e r i s t i c diameter of the sediment. Thus the bed 

shear stress a c t u a l l y i s a' f u n c t i o n of the flow v e l o c i t y and the slope. 

The c o n s t i t u t i v e r e l a t i o n can then be l i n e a r i z e d by means of a double 

Taylor s e r i e expansion i n t o these two v a r i a b l e s . The terms i n eqs. 

(2.10) and (2.11), which contains the shear s t r e s s , can then be approximated 

by (see also Parker, 1976) 



1 0 

f ( T - h) = (M,u - M h) ( 2 . 1 7 ) 

f t = f , v ( 2 . 1 8 ) 

y O 

i n which Mj and are given by 

^ 0 ^ ^ 0 I ^ % 
M = ( 2 + ^ ^ ) / ( 1 - I - f ) 

1 fg 8UQ fg 9 1 

I ^'o 

^ ^ 2 = ' / - Ig - 9 1 - ) 

I n case of a constant roughness c o e f f i c i e n t = 2 and Mj = 1 . 

I n a curved flow there i s a transverse c i r c u l a t i o n due to the non-uniform 

v e r t i c a l d i s t r i b u t i o n of the main flow. For t h a t reason the d i r e c t i o n 

of the flow close to the bottom w i l l deviate from the d i r e c t i o n of the 

depth averaged flow. I n case of f u l l y developed f l o w i n a wide curved 

channel the h o r i z o n t a l component of t h i s secondary flow i s o f t e n found 

by s o l v i n g the momentum equation i n transverse d i r e c t i o n , d i s r e g a r d i n g 

a l l l a t e r a l f r i c t i o n terms and a l l i n e r t i a terms except the c e n t r i f u g a l 

ones. Applying t h i s procedure the d i r e c t i o n of the bed shear stress 

can be expressed l i k e 

t a n 6 = - a | ( 2 - 1 9 ) 

i n which 6 i s the angle between the shear stress and the d i r e c t i o n of 

the channel a x i s , R i s the radius of curvature of the channel and a i s 

a constant depending on the model f o r the l o n g i t u d i n a l flow. 

Rozowski ( 1 9 5 7 ) found a = 1 0 1 2 f o r a l o g a r i t h m i c v e l o c i t y p r o f i l e . 

Later De Vriend ( 1 9 7 7 ) modified Rozowski's theory and found a = 2 / K ^ 

( 1 - — ) i n which K 0 , 4 i s the von Karman constant. Engelund ( 1 9 7 4 ) 

K 

obtained a ^ 7 f o r a pa r a b o l i c d i s t r i b u t i o n of the l o n g i t u d i n a l flow 

v e l o c i t y . For a parabolic v e l o c i t y d i s t r i b u t i o n i n the upper p a r t 

of the flow and a l o g a r i t h m i c i n the lower p a r t Knudsen ( 1 9 8 1 ) found 

a ^ 1 0 1 1 . Thus a = 1 0 i s a re p r e s e n t a t i v e t h e o r e t i c a l value. 

So f a r the model f o r the d i r e c t i o n of the bed shear stress i s based 

on pure t h e o r e t i c a l considerations f o r an i d e a l i z e d channel. Experiments 

i n curved flumes w i t h smooth bed and f i n i t e w i dth show t h a t the t h e o r e t i c a l 

models tend to underestimate the magnitude of the shear stress angle 

(Yen, 1 9 6 5 and De Vriend, 1 9 7 9 ) . Further more according to the theory 



the d i r e c t i o n of the flow changes r a p i d l y close to the bed. Therefore, 

when the bed i s covered w i t h bedforms, the choice of a r e p r e s e n t a t i v e 

l e v e l f o r c a l c u l a t i o n of the bed shear stress introduces a great deal 

of u n c e r t a i n t y i n the bed shear stress angle. 

I n a developing flow (e.g. entrance and e x i t of a bend) the streamline 

curvature does not equal the channel curvature. However i t i s assumed 

t h a t eq. (2.19) also applies f o r the angle between the streamlines 

and the bed shear stress i n a developing flow. I n t h i s case the angle 

between the bed shear stress and the channel axis becomes 

tan 6 = ^ - a I (2.20) 
s 

i n which R i s the radius of curvature of the streamline. I n a s t r a i g h t 
s 

channel the streamline curvature can be approximated by (De Vriend, 1978) 

1 1 9v 

R = ~ u ^ (2.21) 

Combining eq. (2.20) and (2.21) leads to a model f o r the d i r e c t i o n 

of the bed shear stress i n terms of the dependent v a r i a b l e s 

t a n . - ^ . a i | ï (2.22, 

This model applies i f the secondary flow i s considered to respond 

immediately to a change i n f l o w curvature. As w e l l as the main fl o w , 

the secondary flow w i l l need a c e r t a i n length a f t e r the beginning of 

a bend before i t i s f u l l y developed, and a c e r t a i n l e n g t h to decay beyond 

a bend. I t i s very important to have a d e s c r i p t i o n of t h i s retarded 

adaption to change i n curvature, because the streamline curvature of the 

flow over a l t e r n a t e bars r a p i d l y changes sign. 

De Vriend (1981) suggested to describe t h i s secondary flow i n e r t i a by 

means of a damped exponential f u n c t i o n l i k e 

h 1^ + X = - — (2 23) 

i n which x i s a v a r i a b l e representing the degree of development of the 
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secondary flow and b i s a dimensioniess constant. According to De Vriend 

b 1.3. The d i r e c t i o n of the bed shear stress i s now given by 

tan 6 = - + a X (2.24) u 

I n appendix A i t i s o u t l i n e d how De Vriend obtained t h i s model. 

The model f o r the secondary flox7 i n e r t i a i s based on considerations 

about the decay of the h e l i c a l flow a f t e r a bend i n a v e r t i c a l plane 

through a s t r a i g h t streamline. Further more d e r i v a t i v e s i n y - d i r e c t i o n 

(except the pressure) are considered much smaller than d e r i v a t i v e s i n 

z - d i r e c t i o n and consequently they are neglected. This i s of course 

a very schematic approach, and i t may not be j u s t i f i e d to employ the 

model to the development of the secondary flow i n case of curved stream­

l i n e s and/or i n narrow channels. Further more so f a r only experimental 

v e r i f i c a t i o n f o r smooth bed have been c a r r i e d out (De Vriend, 1981). 

The model f o r the d i r e c t i o n of the shear stress and the secondary flow 

i n e r t i a y i e l d s , when l i n e a r i z e d and made dimensioniess i n the same way 

as before 

- w i t h o u t secondary flow i n e r t i a 

tan 6 = V + a 1^ (2.25) 
9x 

- w i t h secondary flow i n e r t i a 

3^ + ^ = ^ (2.26) 
y|-9x ^ 3x 

tan Ö = V + a X (2.27) 

i n which v, S and x are dimensioniess perturbation parameters. 

2.3. Equation of c o n t i n u i t y f o r the sediment 

The mass balance f o r the sediment y i e l d s 

9z, 9s 9s 
— A + _ J i + = 0 (2.28) 
9t 9x 9y 
i n which s and s are sediment t r a n s p o r t s per u n i t w i d t h i n x and y 

X y 

d i r e c t i o n , r e s p e c t i v e l y . The d i r e c t i o n of the sediment t r a n s p o r t \jj 

i s defined as 



1 3 

s 
tan ijj = (2.29) 

X 

By means of eq. (2.29) the transverse sediment t r a n s p o r t i n eq. (2.28) 

can be eli m i n a t e d . The equation of c o n t i n u i t y then becomes 

3z, 9s 9s , 
b ^ X ^ ^ , 3 I t a n i ^ Q 

9t 9x 9y X 9y 

The zero order s o l u t i o n of eq. (2.30) i n combination w i t h the unperturbed 

flow y i e l d s 

Z ^ = Z Q - I x 

''x " ^0 (2.31) 

tan ijj = 0 

Superimposing a s l i g h t p e r t u r b a t i o n to the zero order s o l u t i o n , i n s e r t i n g 

i n eq. (2.30) and n e g l e c t i n g second and higher order terms leads to the 

l i n e a r i z e d equation of c o n t i n u i t y 

1 ^ ' + l £ ' + 3 standi;' ^ 

9t 9x ^0 9y " ^̂ --̂ ^̂  

Dimensioniess v a r i a b l e s w i l l be introduced as f o l l o w s : 

\ ' 
X = x/hg 
y"" = y/hg 
* 1/ 

t " = t Up/h 
0 

I n terms of these dimensioniess perturbation v a r i a b l e s the equation of 

c o n t i n u i t y becomes 
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i n which the a s t e r i s k s • have been omitted. 3 i s the r a t i o between 

the s p e c i f i c discharges of the 

unpertubed s i t u a t i o n , i . e . g = 

the s p e c i f i c discharges of the flow of the sediment evaluated i n the 
SO 

" o % 

2.4. Sediment tr a n s p o r t 

The magnitude and d i r e c t i o n of the sediment t r a n s p o r t must be expressed 

i n terms of the dependent parameters i n order to close the system of 

equations.In p r i n c i p l e the s t a b i l i t y analysis i s based on eq. (2.33), 

so a proper d e s c r i p t i o n of the sediment t r a n s p o r t p r o p e r t i e s i s very 

important. Therefore t h i s p o i n t demands some a t t e n t i o n . 

A large number of formulae which r e l a t e the amount of sediment t r a n s p o r t 

and the flox7 parameters are a v a i l a b l e . A good deal of the t r a n s p o r t 

formulae y i e l d s t h a t the t r a n s p o r t r a t e i s a f u n c t i o n of the dimensioniess 

shear stress (Shield parameter) 9 = hl/Ad and p o s s i b l y more parameters, 

i . e . 

s = s(e, ) (2.34) 

By means of a double Taylor s e r i e expansion the perturbed dimensioniess 

sediment t r a n s p o r t can be approximated by 

s = N]U - N^h (2,35) 

i n which Nj and are given by (Parker, 1976) 

«2 s„ 3I„ «2 

Mj and are defined at p.10. Both Nj and and and are evaluated 

i n the unpertubed s i t u a t i o n . 

Models f o r the d i r e c t i o n of the sediment t r a n s p o r t are scarce. Three 

t h e o r e t i c a l models w i l l be considered here. The models are based on the 

assumption t h a t a g r a v i t a t i o n a l force a c t i n g along the i n c l i n e d bed 

causes a d e v i a t i o n of the d i r e c t i o n of t r a n s p o r t from the d i r e c t i o n of 

the bed shear s t r e s s . The models are 
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Engelund (1974) -

tan$ 8y 
1 3 2 

tan \b = tan ö - -— /o 
^ tan$ 3v {Z.3b) 

- Koch (1980) -

- I If 
t a n , i . - - — — ( 2 . 3 7 ) 

- Engelund (1981) -

t-n^ = tan6~-^ ^ (2.38) 

i n which $ i s the dynamic f r i c t i o n angle ($ - 30° - 40°), y i s a f a c t o r 

of the order of magnitude of u n i t y , 6 i s the Shields parameter and 6' i s 

the e f f e c t i v e Shields parameter, i . e . the shear stress r e l a t e d to the s k i n 

f r i c t i o n . According to E i n s t e i n (1950) 0' can be obtained from 

^0 
6 + 2.5 I n ^ /TT - ° ^ ^'^ ITSÓ-Q (2.39) 

e 

Engelund (1974) used eq. (2.36) to c a l c u l a t e the bed topography i n a meandering 

channel. At f i r s t s i g h t the good agreement between theory and experiments 

supports eq. (2.36). However, i f the r e l e v a n t parameter f o r the experiments 

are i n s e r t e d i n eq. (2.37) and eq. (2.38), then the three models are almost 

i d e n t i c a l . Eq. (2.37) i s used to c a l c u l a t e the bed p r o f i l e f o r a few f u l l y 

developed bends (Koch, 1980). The agreement between theory and experimental 

data was s a t i s f a c t o r y , but i t was necessary to tune the model w i t h the 

f a c t o r y. Eq. (2.38) i s a t h e o r e t i c a l model i n which a constant (0.6) 

i s determined e m p i r i c a l l y . The model i s tested w i t h a large number of 

experimental data obtained from three almost 360° bends (data: Zimmermann 

& Kennedy, 1978). The data confirm the t h e o r e t i c a l model but there i s 

a r a t h e r large s c a t t e r i n the data, e s p e c i a l l y f o r low Shield parameters. 

Further iiEire a l l bends i n these experiments had a ra t h e r steep transverse slope, and 

the r e f o r e i t cannot be taken f o r granted t h a t the model and/or the e m p i r i c a l 

constant do apply i n case of a weak transverse slope. Consequently the 

model may not apply i n case of a small p e r t u r b a t i o n . Nevertheless from the 

three models eq. (2.3 8) seems most r e l i a b l e . 
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With a l i n e a r i z a t i o n according to the r u l e s o u t l i n e d i n chapter 2.1 a l l 

three models get the form 

tan (|J = tan (S - c ||- (2.40) 

i n which ip, ö and z again are dimensioniess p e r t u r b a t i o n parameters. 

Equation (2.40) w i l l be applied i n the f o l l o w i n g w i t h c c a l c u l a t e d 

according to eqs. (2.38) and (2.39). 
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S o l u t i o n f o r a double harmonic p e r t u r b a t i o n 

The s t a b i l i t y analysis i s i n f a c t an analysis of the development i n time 

of a two-dimensional small amplitude wave superimposed on the e q u i l i b r i u m 

bed. This p e r t u r b a t i o n can mathematically be expressed as 

z = z 
s i n ( k ^ y ) 

cos(k^y) 
exp- i ( k x - (j)t) (3.1) 

^ . ^0. . . 
i n which z i s the amplitude of the p e r t u r b a t i o n , k = m-rr — i s the dimensioniess 

w w wavenumber i n transverse d i r e c t i o n , m i s two times the number of waves i n a 

cross-section, k = 2TT ^ Q / L the dimensioniess wavenumber i n l o n g i t u d i n a l 

d i r e c t i o n , L the wave l e n g t h , ^ the complex c e l e r i t y and /V = - 1 . 

The va r i a b l e s m determine the bed p a t t e r n . For m = 1 there i s one sub­

merged bar i n a cross - s e c t i o n , which corresponds to the e a r l y stage of 

meandering. For m = 2,3 etc. the p e r t u r b a t i o n of the bed consists of an 

increasing number of surbmerged bars, which gharacterizers the i n c i p i e n t 

b r a i d i n g r i v e r ( f i g u r e 1). 

The s o l u t i o n f o r the double harmonic p e r t u r b a t i o n w i l l take place i n two 

steps. F i r s t the s o l u t i o n of the flow model w i l l be derived. Next t h i s 

s o l u t i o n w i l l be used to o b t a i n an expression f o r the complex c e l e r i t y ; 

a c t u a l l y being the s o l u t i o n of the equation of c o n t i n u i t y . 

3.1. S o l u t i o n of the fl o w model 

The l i n e a r i z e d flow model arises from combining the eqs. (2.10),(2.11), 

(2. 12), (2.17) and (2.18) 

i ^ ^ ~ ' ( i ^ l f ) u - H ^ h ) = 0 (3.2) 

9x 3x 9y 
(3.4) 
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As there i s no time dependence i n t h i s set of equations , i . e . steady flow, 

the complex c e l e r i t y i n eq. (3.1) will f o r the time being be taken equal 

zero. I t i s e a s i l y seen th a t the s o l u t i o n has the form 

z = z 
si n ( k ^ y ) 
cos(k^y) 

exp i k X 

a. 
u = u 

h = h 

sin(k^^y) 

cos (k^^y) 

s i n ( k ^ y ) 
cos(k^y)^ 

exp i k X 

exp i k X 

(3.5) 

V = V 
cos(k^y) 
-8in(k^y)_^ 

exp i k X 

m which u, h and v are complex amplitudes. The i n f l u e n c e of a complex 

amplitude can be displayed by representing f o r instance u i n po l a r f i rm 

u = r exp i é 
u ^ ^u 

s i n ( k y) 
cos(k^y) 

w 
exp i k X 

= r 
sin(k^y> 
cos(k y) 

w 
exp i (kx + ij;^) (3.6) 

i n which r = /u^ + u? 
u r 1 

and tan I |J 

: I . 
1 

So the complex amplitude determines the phase and the amplitude of the wave. 

Impermeable side w a l l s provide the boundary conditions f o r the f l o w model, 

i . e . 

V = 0 f o r y = + 
W 

(3.7) 

I n s e r t i n g eq. (3.7) i n the s o l u t i o n f o r v i n combination w i t h the d e f i n i t i o n of 

k y i e l d s 
w 
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V c o s ( y IT) e x p i k X = 0 => m 

V s i n (-J I T ) e x p i k x = 0 =>in 

1,3,5 

2,4,6 

(3.8) 

Consequently the upper s o l u t i o n i n eq. (3.6) applies f o r m ,podd and the lower 

one f o r m even. 

The complex amplitude can noxj be found by s o l u t i o n of a set of simple 

algebraic equations. I n s e r t i n g eq. (3.6) i n t o the l i n e a r i z e d flow model, 

eqs. ( 3 . 2 ) , (3.3) and (3.4), y i e l d s a f t e r r e d u c t i o n of the harmonic p a r t 

i k u + F2(£]^li^ + i l ^ ^ ) + f M j u 

i k v + F ^ ( k ft!+k z ) + f v = 0 
w w 

i k u + i k h - k v = 0 
w 

f M2 1Ï = 0 (3.9) 

(3.10) 

(3.11) 

After'.risairtrtamging and d i v i s i o n by k the three l i n e a r equations can be 
w 

expressed i n matrix-form as 

F 2 

e M + i 1 -e M + i F ^1 
-2 

0 F 

i 1 i 1 

0 

e+i 1 

-1 

r 'V n " - i l U " - i l 

- 1 h = z - 1 

- 0 L V - - 0 

(3.12) 

i n which 1 = k/k and e = f/k . 
w w 

The determinant of t h i s complex m a t r i x can be elaborated to 

D = e[Mj + 1^(1 - F ^ ( l + Mj + M^))-

+ i [1(1 +e?F^(Mj + M^)) + 1^(1 - F \ 

The s o l u t i o n of the three complex v a r i a b l e s f i n a l l y are 

(3.13) 
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u = ^ [ e ( l 2 - + i l3J (3.14) 

h = f + M,) - i (1 + l 3 ) ] (3.15) 

O, 

V = ^ i 1 [-e (Mj + M^) - i l ] (3.16) 

I n f i g u r e 2 the phase and the amplitude of u, h and v are depicted as a 

f u n c t i o n of the r e l a t i v e wavenumber 1 f o r two d i f f e r e n t values of e. I n 

f i g u r e 3 the in f l u e n c e of the Froude number i s depicted. I n both cases 

the roughness c o e f f i c i e n t i s considered to be independent of the flow 

parameters, so l i = 2, and Mj = 1. 

The phase lag of the water depth i s almost constant IT and the amplitude 

i s close to u n i t y , a t l e a s t f o r moderate Froude number and f o r long waves 

i n l o n g i t u d i n a l d i r e c t i o n . I n t h i s case the r i g i d - l i d approximation 

ap p l i e s , i . e . 

h = - z (3.17) 

This i s a very a t t r a c t i v e approximation because a p e r t u r b a t i o n of the depth of 

flow can be considered instead of a p e r t u r b a t i o n of the bed l e v e l . 

Consequently one dependent v a r i a b l e can be e l i m i n a t e d . Reducing z/D from 

eqs. (3.14), (3.15) and (3.16) y i e l d s 

. ^ e d l ^ - l ^ ) - i 13 
u = h — — • (3. 18) 

e(Mj+l2) + i ( l + l 3 ) 

v = h i l - ' (3.19) 
e(Mj+l2) + i ( l + l 3 ) 

The r e s u l t i s now independent of the Froude number. Note t h a t eqs. (3.18) 

and (3.19) always apply independent of the r i g i d - l i d approximation. 

Figure 2 provides the p o s s i b i l i t y of making some r e f l e c t i o n s about the cause 

of the i n s t a b i l i t y . For a given wave len g t h the phase lag between u and z 

w i l l be equal to — , which corresponds to maximum p o s i t i v e g r a d i e n t of u at 

the same l o c a t i o n where z i s minimal. A simple one dimensional equation of 

c o n t i n u i t y f o r the sediment, i n which the sediment t r a n s p o r t i s considered 

to be p r o p o r t i o n a l to the flow v e l o c i t y , reads 
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_3z 
3t 

^^0 _3u 
8x 

= 0 (3.20) 

I n the case considered — w i l l be negative and the amplitude of the 

p e r t u r b a t i o n w i l l grow. I n the present analysis the occurrence of maximum 

i n s t a b i l i t y i s more complicated than o u t l i n e d here because features l i k e 

transverse t r a n s p o r t , secondary flox^ e.t.c. are taken i n t o c o n s i d e r a t i on. 

However, the phase lag between u and z of about ^ i s s t i l l one of the 

dominant f a c t o r s . 

3.2. The s t a b i l i t y analysis 

To carry out the s t a b i l i t y analysis eq. (3.1) and s i m i l a r p e r t u r b a t i o n s f o r u, 

V and h are introduced i n t o the l i n e a r i z e d equations of c o n t i n u i t y f o r the 

sediment. The r e a l p a r t of the c e l e r i t y i n eq. (3.1) i s related to the 

m i g r a t i o n v e l o c i t y of the p e r t u r b a t i o n , whereas the imaginery p a r t (j)^ i s the 

exponential growth r a t e as 

z = z 

z 

si n ( k ^ y ) 
cos (k^^y) 

exp i ( k x - (f)t) = 

(3.21) 

exp 
s i n ( k ^ y ) 
cos(k^y) 

exp i ( k x - <f,^t) 

For (f)^ < 0 the amplitude of the p e r t u r b a t i o n w i l l decrease, whereas i n s t a b i l i t y 

occurs f o r > 0. 

The l i n e a r i z e d equation of c o n t i n u i t y f o r the sediment can be expressed i n 

terms of the dependent v a r i a b l e s by combining eqs. (2.26), (2.27), (2.33) 

and (2.40) 

3 3t ^ 1 3x ^2 3x 3y 3y ~ (3.22) 

w i t h X from 

b 8X _̂  y 3 
3x (3.23) 
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I n s e r t i n g eq, (3.1) and the s i m i l a r one f o r the remaining dependent v a r i a b l e s 

and reducing the harmonic p a r t leads to the dispe r s i o n equation, which reads 

^ i ( f . z = N, i k u - N „ i k h - k v - -~r^^— k V + c k2 z (3.24) 
g l 2 w . , b , w w 

1 k — + 1 

/ • l b , ,.-1 8v 
as X = ( i k — + 1) — 

/ f 

S u b s t i t u t i n g eqs. (3.14), (3.15) and (3.16) i n t o the d i s p e r s i o n equation 

gives, a f t e r a few manipulations, an expression f o r the complex c e l e r i t y 

. k 1 
I = - i c k j + ~ - [e(l2(Nj+N2) + N2MJ - NjM2 + Mj + M2 

+ i ( l 3 ( N +N ) + 1(N +1)] (3.25) 
'Ï "2 

k^ 

+ a ( i — k + 1 ) " ' [ - l 3 + i e 
D / f w 1- 1 2 - ^ 

I n which D i s given by eq. (3.13) 

The three main terms i n eq.(3,25)can be a t t r i b u t e d to d i f f e r e n t e f f e c t s . The 

term "- i c k^ " i s due to the g r a v i t a t i o n a l force on the grains along the 
w 

transverse slope of the bed. The term "k 1/D [,..1 " describes the i n f l u e n c e 
w '¬

of the main flow on the complex c e l e r i t y . This term i s i d e n t i c a l w i t h the 

expression Parker (1976) based h i s s t a b i l i t y analysis on. The remaining 

term i s new i n t h i s type of an a l y s i s . I t accounts f o r the i n f l u e n c e of the 

secondary flow on the s t a b i l i t y of the bed. 

The expression f o r the complex c e l e r i t y i s not very transparant. A short 

s e n s i t i v i t y analysis w i l l be c a r r i e d out i n order to i l l u s t r a t e the inf l u e n c e 

of the d i f f e r e n t v a r i a b l e s and parameters. However, f i r s t a discussion of 

the basic assumptions, which u n d e r l i e s t h i s a n a l y s i s , w i l l be presented. 
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4. Discussion on basic assumption 

Always when dealing w i t h sediment t r a n s p o r t i n a l l u v i a l channels a great 

deal of u n c e r t a i n t y i n the p r e d i c t i o n of the tr a n s p o r t r a t e and the a l l u v i a l 

roughness i s present. Of course t h i s also applies to t h i s analysis of the 

l i n e a r i z e d equations. However, i n the present case of a two-dimensional 

approach, the major source of u n c e r t a i n t y o r i g i n a t e s from the model f o r the 

d i r e c t i o n of the bed shear stress (secondary floxvr) and from the model f o r the 

d i r e c t i o n of the sediment t r a n s p o r t . I n chapter 2 the r e l i a b i l i t y of the 

models f o r the secondary flow and f o r the t r a n s p o r t d i r e c t i o n were b r i e f l y 

t r e a t e d . A thorough discussion of the roughness and t r a n s p o r t r a t e 

p r e d i c t i o n i s out of the scope of t h i s r e p o r t . I n the f o l l o w i n g a b r i e f 

discussion of the problems which are s p e c i f i c f o r the present approach w i l l 

be given. 

A c o n d i t i o n f o r the v a l i d i t y of the approach i s t h a t the considered submerged 

bars d i f f e r s i g n i f i c a n t l y from the bed forms. For instance i f the length 

of the a l t e r n a t e bars and the dunes are of the same order of magnitude, then 

the amplitude of the a l t e r n a t e bars must be much l a r g e r than the dune height 

i n order to avoid any appreciable i n f l u e n c e on the flow(phase l a g e t c . ) . 

The other way around, i f the amplitude of the a l t e r n a t e bars i s of the same 

order of magnitude as the dune h e i g h t , then t h e i r l e n g t h must be much l a r g e r 

than the length of the dunes i n order to enable an averaging procedure over 

the large scale bedform. 

The height of the dunes i s t y p i c a l 10% - 20% of the depth of fl o w , so the 

height of the a l t e r n a t e bars w i l l always be of the same order of magnitude, 

f o r instance never a f a c t o r 10 l a r g e r . Therefore t h i s analysis applies to 

the cases where the a l t e r n a t e bars are much longer than the dunes. Several 

i n v e s t i g a t o r s have r e l a t e d the dune length to the depth of flow. Y a l i n (1964) 

suggested the dune le n g t h - depth of flow r a t i o to equal f i v e . This analysis 

i n d i c a t e s a length of the a l t e r n a t e bars which i s of the order of magnitude 

of three times the wi d t h . An expression f o r the dune length - a l t e r n a t e bar 

length r a t i o then becomes 

5 ^0 
^dunes ^ ^ a r s ~ 3" W~ (^'^^ 

Consequently t h i s analysis only applies to channels w i t h small depth-width 

r a t i o s . 
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Another questionable p o i n t i n t h i s analysis i s the l i n e a r i z a t i o n of the model. 

Below, f i r s t a discussion on the l i n e a r i z a t i o n of the flow model w i l l be given, 

next tUe l i n e a r i z a t i o n of the bed l e v e l model w i l l be t r e a t e d 

4.1. L i n e a r i z a t i o n of the flow model 

The flow model i s known to be only weakly non-linear. A s u i t a b l e way to 

demonstrate t h i s i s to compare the s o l u t i o n of the l i n e a r i z e d flow model w i t h 

the s o l u t i o n obtained by a computational model, which also takes the non-linear 

terms i n t o c o n s i d e r a t i o n . 

I n f i g u r e 4 the r e s u l t of such a comparison i s depicted. The non-linear 

r e s u l t i s obtained w i t h a computational flow laodel which disregards the t r a n s ­

verse f r i c t i o n (Olesen, 1982). The l i n e a r s o l u t i o n , according to eqs. (3.18) 

and (3.19), are corrected f o r t h i s omission. 

I t i s expected t h a t a short wave i n l o n g i t u d i n a l d i r e c t i o n w i l l course the 

l a r g e s t d i f f e r e n c e between the two models. I n f i g u r e 4 the wave length i n 

l o n g i t u d i n a l d i r e c t i o n i s two times the w i d t h (1=1) and the amplitude h=0.10 

which corresponds to the order of magnitude of the dune h e i g h t . Even i n t h i s 

case the l i n e a r i z a t i o n does not give r i s e to any appreciable discrepancy. 

Thus the l i n e a r i z a t i o n of the f l o w model does not contest the v a l i d i t y of t h i s 

s t a b i l i t y a n a l y s i s . 

4.2. L i n e a r i z a t i o n of the sediment model 

The sediment t r a n s p o r t model has a s t r o n g l y non-linear character, which f i r s t 

of a l l o r i g i n a t e s from the non-linear dependence of the t r a n s p o r t r a t e on the 

flow v e l o c i t y . The non-linear character causes a deformation of an i n i t i a l 

s i n u s c o i d a l wave and f i n a l l y a shock w i l l be formed. The deformed wave can 

very w e l l be described by a .Fourier s e r i e . Unfortunately the a p p l i c a t i o n 

of a Fourier s e r i e would impede the analysis considerable. The analysis would 

lead to a complex c e l e r i t y which would depend on the l o n g i t u d i n a l coordinate 

X , i . e . the wave would deform and the i n i t i a l Fourier s e r i e would no longer 

apply. 

However, i n case of a small amplitude of the p e r t u r b a t i o n non-linear e f f e c t 

i s n e g l i g i b l e . The l i n e a r approach may t h e r e f o r e at l e a s t give a s a t i s f a c t o r y 

i n i t i a l growth or damping r a t e . Thus the l i n e a r i z a t i o n does not so much 

e f f e c t the a b i l i t y of t h i s analysis to d i s t i n g u i s h between s t a b l e and unstable 
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r i v e r s , whereas the propagation and damping/amplification of a p e r t u r b a t i o n 

w i t h a c e r t a i n amplitude may be t r e a t e d somewhat i n c o r r e c t l y due to non-linear 

e f f e c t . 
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5. The complex c e l e r i t y 

As mentioned before the r e a l p a r t of the complex c e l e r i t y gives i n f o r m a t i o n 

about the m i g r a t i o n v e l o c i t y of the pe r t u r b a t i o n s and the imaginary p a r t 

shows the r a t e of growth. The imaginary p a r t of the c e l e r i t y can the r e f o r e 

be used to d i s t i n g u i s h between stable and unstable r i v e r s as a p o s i t i v e ^. 

corresponds to increasing amplitude of the disturbance and a negative one 

corresponds to a decreasing amplitude. 

The analysis also y i e l d s the p r e v a i l i n g wave le n g t h . I n f i g u r e 5 the 

a m p l i f i c a t i o n f a c t o r (the imaginary p a r t of the complex c e l e r i t y ) i s depicted a 

a f u n c t i o n of 1. The usual assumption i s th a t a l t e r n a t e bars, w i t h the wave 

length f o r which i> ̂  has i t s maximum, w i l l develop i n the stream. This i s an 

obvious assumption, but i t can be doubted whether t h i s i s the only c r i t e r i o n 

f o r the f i n a l wave length of the a l t e r n a t e bars. A p o s s i b i l i t y i s t h a t non­

l i n e a r e f f e c t may s h i f t the maximum a m p l i f i c a t i o n from one x^ave length to 

another, when the amplitude of the p e r t u r b a t i o n increases. The i n i t i a l 

disturbance, which may be r e l a t e d to the bed forms, may have i n f l u e n c e on the 

developing a l t e r n a t e bar p a t t e r n . Hoxrever, as no model e x i s t s which accounts 

f o r these e f f e c t s , the present analysis w i l l be based on the assumption t h a t 

the maximum of (f>̂  determines the wave length of the developing submerged bars. 

The complex propagation f a c t o r eq. (3.25) i s an i n t r i c a t e f u n c t i o n of a large 

number of v a r i a b l e s . Therefore i t i s d i f f i c u l t to recognize, which e f f e c t 

the d i f f e r e n t v a r i a b l e s and terms have on the behaviour of eq,(3.25). Never­

theless the expression f o r the complex c e l e r i t y gives already r i s e to an 

important observation. The term accounting f o r the g r a v i t a t i o n a l force i s 

alxrays complex and negative (independend of 1), thus i t i s s t a b i l i z i n g . The 

magnitude i s p r o p o r t i o n a l to the square of k^, whereas the term accounting 

f o r the main flow i s p r o p o r t i o n a l to k^. The secondary flow term increases 

l i n e a r l y w i t h k^ f o r large 1 and q u a d r a t i c l y f o r small 1. A l l e f f e c t s 

considered there i s a large s t a b i l i z i n g e f f e c t f o r l a r g e k^. This corresponds 

w i t h the observation t h a t narrow channels remain s t a b l e . 

Regarding the i n t r i c a c y of the expression f o r the c e l e r i t y a s e n s i t i v i t y 

a nalysis seems adequate to gain f u r t h e r i n s i g h t i n t o the behaviour of eq. (3.25) 
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For t h i s aim i t i s convenient to d i v i d e the v a r i a b l e s i n t o three groups. 

1. Variables from l i n e a r i z e d c o n s t i t u t i v e r e l a t i o n s -

Mj, M̂ , N j , a, b and c 

2. Variables d e s c r i b i n g the undisturbed flow s i t u a t i o n -

F, f , 3 and W (k = m TT ^ ) 
w W 

3. Wave number of disturbances -
ho 

k and m (k = m ir — ) 
w W 

The s e n s i t i v i t y analysis w i l l have one example as a p o i n t of reference. The 

undisturbed e q u i l i b r i u m s i t u a t i o n f o r t h i s reference example i s given by 

F = 0.25 

f = 0.01 

k^ = 0.10 (W= lO -TT^hg i n case of i n c i p i e n t meandering). 

The v a r i a b l e s from the c o n s t i t u t i v e g e l a t i o n s are assumed to be given by 

a = 10 (Rozowski, 1957; M. Knudsen, 1981; and many others) 

b =1.3 (De Vriend, 1981a) 

c = 1.76(Engelund, 1981) 

Mj = 2.06 (According to Engelung-Hansen, J967. 

= 1.29 For the e l a b o r a t i o n of Mj and 

Nj =5.09 see Parker, 1976) 

^2 =0.43 

= 0.001 i s used f o r the e l a b o r a t i o n of c, M̂ .̂. N.̂ . I n f i g u r e 5 the 

a m p l i f i c a t i o n f a c t o r f o r the reference example i s depicted as a f u n c t i o n 

of 1. Here the c o n t r i b u t i o n from the three main terms i n eq. (3.25) i s 

also i n d i c a t e d . 

I n the s e n s i t i v i t y analysis below the i n f l u e n c e of one v a r i a b l e a t the time 

w i l l be displayed, so no t e s t f o r mutual i n t e r a c t i o n between the v a r i a b l e s 

w i l l be c a r r i e d out. F i r s t the i n f l u e n c e of the v a r i a b l e s from the c o n s t i ­

t u t i v e r e l a t i o n s and second the v a r i a b l e s d e s c r i b i n g the e q u i l i b r i u m s i t u a t i o n 

w i l l be t r e a t e d . 
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5.1. Influence of c o n s t i t u t i v e r e l a t i o n s 

The c o n s t i t u t i v e r e l a t i o n s are probably the main source of u n c e r t a i n t y i n 

t h i s a n a l y s i s . I t therefore seems appropriate to gain some i n s i g h t i n t o 

t h i s p o i n t , before a discussion of the i n f l u e n c e of the 

physical parameters on the development of submerged bars takes place. To 

t h i s end a short s e n s i t i v i t y analysis i s c a r r i e d out. 

The i n f l u e n c e o f the secondary flow, i . e . the parameters a and b, i s i l l u s t r a t e d 

i n f i g u r e 6 and 7. The magnitude of the secondary current i n case of f u l l y 

developed flow (the parameter a) seems to have only l i t t l e i n f l u e n c e on the 

wave len g t h , f o r which the maximum <̂  ̂  occurs, whereas the i n f l u e n c e on the 

maximum i t s e l f seems considerable. The e f f e c t of the secondary f l o w i n e r t i a 

(b) i s very s i g n i f i c a n t , and i t extends to both the magnitude of the ampli­

f i c a t i o n f a c t o r and to the wave length 1 , f o r which max .] occurs. 

Equation (3.25) shows t h a t the term accounting f o r the g r a v i t a t i o n a l force 

i s independend of 1, and t h a t i t equals the a m p l i f i c a t i o n f a c t o r f o r 1 = 0 . 

Therefore a change of c e x c l u s i v e l y e f f e c t s the mgnitude of cj), as i t only 

causes a v e r t i c a l displacement of the graph (see f i g u r e 5 ) . 

The parameters o r i g i n a t e from the l i n e a r i z a t i o n df the shear stress model 

(Mj and M^) har d l y i n f l u e n c e the magnitude of the term accounting f o r 

secondary flow, but the e f f e c t on the main flow term i s r a t h e r s i g n i f i c a n t . 

Mj ( f i g u r e 8) has f i r s t of a l l a considerable i n f l u e n c e on the 'maximum' 

xvrave number 1 , whereas the e f f e c t on the a m p l i f i c a t i o n f a c t o r i t s e l f i s 
max 

r e l a t i v e l y modest. As suggested by f i g u r e 9 the contrary applies to M̂ . 

I n f i g u r e 10 and 11 the e f f e c t of the v a r i a b l e s from, the l i n e a r i z e d 

model f o r the sediment t r a n s p o r t r a t e are i l l u s t r a t e d . The term i n eq. 

(3.25) which accounts f o r secondary flow i s completely independend of the 

parameters Nj and N^, th e r e f o r e only the t o t a l a m p l i f i c a t i o n f a c t o r s are 

depicted. The magnitude of max cj) ̂  i s s t r o n g l y e f f e c t e d by change i n where 

as 1 i s almost i n d i f f e r e n t . Figure 11 displays t h a t <l> . i s almost 
max 1 

Uneffected by a change i n K̂ - Eq. (3.24) i n combination w i t h the f a c t t h a t 

the r i g i d - l i d approximation does apply o f f e r s a n explanation of t h i s . I n s e r t i n g 

a = - z i n eq. (3.24) shows t h a t only has i n f l u e n c e on the r e a l p a r t of 

the c e l e r i t y . 
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So f a r there i s an inconsistency i n the a n a l y s i s . As mentioned i n chapter 

2.1., there i s not accounted f o r secondary flow or secondary flow i n e r t i a 

i n the flow model but only i n the bed l e v e l model. I n f i g u r e 12 the i n f l u e n c e 

of t h i s inconsistency i s i n v e s t i g a t e d . The a m p l i f i c a t i o n f a c t o r i s depicted 

f o r the bed shear stress p a r a l l e l to the main f l o w and p a r a l l e l to the channel 

a x i s . Further on i s depicted i n case of f u l l y developed secondary f l o w 

and i n case of secondary flow i n e r t i a . The f i g u r e shows t h a t a r e l a t i v e l y 

large e r r o r i s made i f the transverse f r i c t i o n i s neglected, but i t also 

shows t h a t i t i s permissible to neglect secondary f l o w i n the f l o w model 

(but not i n the bed l e v e l model), i . e . the inconsistency i n t h i s a nalysis has 

no appreciable e f f e c t . 

The s e n s i t i v i t y a nalysis has not been profound, as there was no t e s t f o r 

possible mutual i n t e r a c t i o n and because only one set of p h y s i c a l parameters 

was employed. However, i t i s assumed, t h a t t h i s s e n s i t i v i t y analysis has 

revealed some general trends. Suimnarized the conclusions are -

The a m p l i f i c a t i o n f a c t o r i s r a t h e r s e n s i t i v e to the model f o r secondary flow 

and e s p e c i a l l y f o r the model f o r secondary f l o w i n e r t i a . The v a r i a b l e c, 

which accounts f o r the g r a v i t a t i o n a l force on the g r a i n s , has a s i g n i f i c a n t 

i n f l u e n c e on the magnitude of Further on the l i n e a r i z e d model f o r the 

a l l u v i a l roughness has a n o t i c e a b l e i n f l u e n c e on the main f l o w term. However, 

the main f l o w term i s most s e n s i t i v e to the v a r i a b l e , which .originates 

from the l i n e a r i z a t i o n of the sediment t r a n s p o r t r a t e w i t h respect to the 

l o n g i t u d i n a l flow v e l o c i t y . F i n a l l y f o r moderate Froude number the a m p l i f i c a t i o n 

f a c t o r i s independent of N^. 

5.2. Influence of the flow parameters 

An engineer, who f o r instance has to design a n a v i g a t i o n channel, w i l l be 

very i n t e r e s t e d i n ways to decrease the a m p l i f i c a t i o n f a c t o r . The engineer 

ha r d l y has means to i n f l u e n c e the parameters discussed above, but he may have 

the p o s s i b i l i t y to draw up a design, which insures s t a b i l i t y . For t h i s aim 

the i n f l u e n c e of the parameters which describe the undisturbed f l o w s i t u a t i o n 

and the geometry of the r i v e r w i l l be i n v e s t i g a t e d . 

The parameters d e a l t w i t h here are the Froude number ( F ) , the roughness 

c o e f f i c i e n t ( f ) , the r a t i o between the sediment and water discharge (g) and 
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the wave number i n transverse d i r e c t i o n (k ) • The a m p l i f i c a t i o n f a c t o r i s 
w 

p r o p o r t i o n a l to the parameter g, i . e . g i s only r e l a t e d to the r a t e of groxjth/ 

decrease of a p e r t u r b a t i o n . I n t h i s analysis g i s used as a n o r m a l i z a t i o n 

f a c t o r f o r the complex c e l e r i t y . 

I n f i g u r e 13 the Froude number i s depicted against the maximum value of the 

imaginary p a r t of the complex c e l e r i t y max [(})^] and against the corresponding 

wave number 1 . I f the r i g i d - l i d approximation eq. (3.17) i s accepted, the 
max 

complex c e l e r i t y i s independent of the Froude number (see eqs. (3.18) and 

(3.19)). The f i g u r e confirms t h a t t h i s approximation only applies i n case 

of small Froude number. The i n f l u e n c e of moderate Froude numbers on 1^ 

i s r a t h e r s i g n i f i c a n t , whereas the e f f e c t on max [ ( f ^ J i s n e g l i g i b l e . 

max 

The maximum a m p l i f i c a t i o n f a c t o r as w e l l as 1 are i n c r e a s i n g approximately 
max 

l i n e a r w i t h the roughness c o e f f i c i e n t ( f i g u r e 14). Although i t does not 

appear very c l e a r l y on the graph f o r max ij). , the v a r i a t i o n of 1 shows 

th a t the i n f l u e n c e of the roughness c o e f f i c i e n t extends to both the main flow 

term and to the secondary f l o w term i n eq. (3.25). The trend o u t l i n e d i n 

f i g u r e 14 i s i n agreement w i t h the assumption t h a t a phase l a g on about ^ 

between the bed l e v e l and the l o n g i t u d i n a l f l o w v e l o c i t y i s one of the dominant 

causes of the i n s t a b i l i t y (anyway concerning the main f l o w ) . An increased 

roughness c o e f f i c i e n t causes a l a r g e r amplitude of the disturbance i n the 

f l o w v e l o c i t y and i t causes the phase l a g of ^ to occur f o r a l a r g e r wave 

number (see f i g u r e 2 and r e c a l l e = f/k-^) • 

The i n f l u e n c e from the w i d t h of the channel i s very s i g n i f i c a n t . I n f i g u r e 15 

the maximum a m p l i f i c a t i o n f a c t o r i s depicted against the transverse wave 

number. This f i g u r e o f f e r s an explanation of the f a c t t h a t som.e channels 

tend to b r a i d , other w i l l form meander bends and other remain s t r a i g h t . The 

wave number k , f o r which the o r d i n a t e has the same ordinate as the abscissa 
* w 

2 k^ , d i s t i n g u i s h e s betxreen b r a i d i n g and meandering channels. I f IT ĥ /W 

(= k f o r m = 1) i s smaller than k* then the a m p l i f i c a t i o n i s l a r g e r f o r 
^ x̂  w 
2 IT h„/W (= k f o r m = 2) thus the channel tends to b r a i d . For s t i l l wider 

Ü w 

channels the maximum a m p l i f i c a t i o n w i l l occur f o r s t i l l l a r g e r m (Engelund 

& Skovgaard, 1973). I t i s evident t h a t when the maximum a m p l i f i c a t i o n f a c t o r 

i s negative the channel w i l l remain s t r a i g h t . 
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Also the wave number i n l o n g i t u d i n a l d i r e c t i o n f o r which maximum a m p l i f i c a t i o n 

occurs k i s depicted i n f i g u r e 15. The dashed l i n e i n d i c a t e s waves which 

w i l l be damped or w i l l not occur. The f u l l drawn l i n e i s almost s t r a i g h t , which 

implies t h a t the r e l a t i v e wave length 1 i s independent of k . 
max w 

I n f i g u r e 16 a curve s i m i l a r to f i g u r e 15 i s depicted, but here the secondary 

flow i s neglected. Comparing the two f i g u r e s i t i s n o t i c e d , t h a t secondary 

fl o x j does not play an important r o l e f o r small wave numbers, whereas the 

i n f l u e n c e i s very s i g n i f i c a n t f o r large k^. This implies t h a t the secondary 

fl o w has a very dominant in f l u e n c e on the s t a b i l i t y c r i t e r i o n , x^hereas the 

b r a i d i n g c r i t e r i o n i s r a t h e r uneffected by the secondary flow. 

The secondary f l o w i n e r t i a i s e s s e n t i a l f o r t h i s a n a l y s i s . I n f i g u r e 17 the 

secondary flow i n e r t i a i s neglected (b = 0 ) . Note t h a t the v e r t i c a l scale i s 

d i f f e r e n t from the ones i n f i g u r e 15 and 16. For k^ l a r g e r than a p a r t i c u l a r 

value there i s no longer any maximum but (J)̂  has a h o r i z o n t a l tangent f o r 1 

i n f i n i t e l y great. The absence of a maximum at the curve f o r max i m p l i e s 

t h a t the r i v e r w i l l b r a i d i n t o an i n f i n i t e number of submerged bars. I n 

f i g u r e 13 the g r a v i t a t i o n a l force on the g r a i n i s omitted (c = 0 ) . 

Also i n t h i s case the stream w i l l develop an i n f i n i t e number of submerged 

bars. 

From the p o i n t of view of an engineer the s t a b i l i t y c r i t e r i o n i s of most 

i n t e r e s t i n t h i s a n a l y s i s . This c r i t e r i o n i s very s e n s i t i v e to the secondary 

flow and e s p e c i a l l y to the secondary f l o x j i n e r t i a . U n f o r t u n a t e l y t h a t i s the 

most u n r e l i a b l e element i n t h i s a n a l y s i s . The shortcomings of the analysis 

can be emphasized. I n case of a wide channel the secondary flow p r o p e r t i e s 

are probably r e l a t i v e l y good determined, but the main flow term i n eq. (3.25) 

w i l l be predominant. F u r t h e r more i n t h a t case the i^)^ w i l l be so obvious 

p o s i t i v e , because also the term accounting f o r the g r a v i t a t i o n a l force w i l l 

be r a t h e r small, as t h i s term i s p r o p o r t i o n a l to k . The opposite argumentation 
w 

applies i n case of narrox^ channels. Almost only the g r a v i t a t i o n a l term 

( s t a b i l i z i n g ) and the secondary f l o w term ( d e s t a b i l i z i n g ) c o n t r i b u t e to (j). . 

Further more the magnitude of the two terms i s o f t e n of the same order of 

magnitude. I n t h i s case i t i s t h e r e f o r e very important to have an accurate 

estimate of the secondary floxvf p r o p e r t i e s , but i n a narrow channel the estimate 

i s encumbered x^ith a l a r g e u n c e r t a i n t y . 
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The analysis cannot be used d i r e c t l y f o r design purpose before much more 

knowledge i s obtained about the magnitude, the growth and the decay of 

secondary flow. However f o r design of stable channels a few trends can 

be extracted from the analysis so f a r . F i r s t of a l l i t i s important to make 

the channel as narrow as possible. Secondly a small roughness c o e f f i c i e n t 

must be aimed. This can be done f o r instance by designing f o r a high bed 

shear stress so t h a t the bed w i l l not be covered by dunes. A low shear 

stress ( r i p p l e covered bed) w i l l also lead to a small roughness c o e f f i c i e n t 

but i n t h a t case the sediment w i l l be close to the p o i n t of i n c i p i e n t motion, 

so N w i l l be l a r g e , which increases the a m p l i f i c a t i o n f a c t o r . 
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Comparison w i t h flume experiments 

Regarding the large s e n s i t i v i t y to the secondary f l o w i t i s d e s i r a b l e to 

have measurements of the secondary flow p r o p e r t i e s f o r a v e r i f i c a t i o n of 

the model. However measurement of the secondary flow p r o p e r t i e s i n a 

channel w i t h a l t e r n a t e bars i s h a r d l y f e a s i b l e . Therefore the r e s u l t of 

the analysis w i l l be compared to some flume experiments, i n which only the 

main flow p r o p e r t i e s and the dimension of the a l t e r n a t e bars are measured. 

The flume experiments were c a r r i e d out at the D e l f t Hydraulics Laboratory 

De Voorst branche where also the processing of the measured data took place 

A l l data are reported i n Wang & Klaassen, 1981. I n t a b l e 1 the necessary 

data f o r the comparison are summarized. The data concerning the bar 

dimensions depend s l i g h t l y on the applied f i l t r e technique ( s t r i c t l y 

speaking the c u t - o f f wave len g t h , see Wang, 1981 and Wang & Klaassen, 1981) 

The experiments were c a r r i e d out w i t h a r a t h e r uniform sand w i t h a mean 

diameter of 0,75 mm. The experiment T 34 d i d not e x h i b i t any i n s t a b i l i t y 

and f o r T 26 i t i s d o u b t f u l whether any bars were developed, whereas the 

remaining experiments e x h i b i t e d s i g n i f i c a n t a l t e r n a t e bar p a t t e r n s . 

Based on the given data i t i s i n p r i n c i p l e possible to design a model f o r 

the sediment t r a n s p o r t r a t e and f o r the bed shear stress f o r the p a r t i c u l a r 

sand, although 9 experiments are r a t h e r few to set up these models. I n 

f i g u r e 19 the square of the densimetric Froude number (F = u//gAd) i s 
s 

depicted against the Shield parameter (6 = hl/Ad) f o r the experiments. 

According to Chezy's law the l i n e through a p a r t i c u l a r p o i n t and o r i g i o n 

w i l l have f as slope, A group of experiments i s s i t u a t e d at the same 

l i n e and t h e r e f o r e they have the sam.e roughness c o e f f i c i e n t . Two of the 

te s t s which are not on t h i s l i n e (T 31 and T 34) are c a r r i e d out i n a flume 

w i t h another w i d t h . The experiment T 19 has an extreme high Froude number 

andT 14 a very low shear s t r e s s , thus other bed form types can be expected 

i n these two experiments. This implies t h a t the roughness c o e f f i c i e n t i n 

the flume w i t h the w i d t h of 1,50 m i s independent of the f l o w parameter 

f o r flows w i t h not too large Froude numbers and not too low bed shear stress 

This i s very convenient f o r the c a l c u l a t i o n of the c o e f f i c i e n t s from the 

l i n e a r i z e d bed shear stress model, as simply Mj = 2 and = 1, 
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The sediment tr a n s p o r t i n k i l o per hour per u n i t e w i d t h i s depicted on double 

l o g a r i t h m i c paper against the Shield parameter i n f i g u r e 20. A l l the e x p e r i ­

ments, except T 19 which has a very low Froude number, are s i t u a t e d close 

to a l i n e w i t h a slope of 1.40. As the roughness c o e f f i c i e n t i s constant 

t h i s i mplies t h a t Nj = 2.80 (2 x 1.40) and N2 = 0 f o r the experiments T 04, 

T 12, T 23, T 24 and T 26. 

As a f i r s t approach i t i s again assumed t h a t 

a = 10 

b = 1.3 
0.6 

= T T ' 

i n which 8 ' i s obtained from the boundary layer equation (2.40). 

The a m p l i f i c a t i o n f a c t o r s f o r the f i v e experiments are depicted against the 

r e l a t i v e l y wave number i n f i g u r e 21. I t appears t h a t the analysis y i e l d s 

t h a t a l l f i v e flume experiments are s t a b l e , whereas the measurements showed 

t h a t T 04, T 12, T 23 and T 24 were c l e a r l y unstable and T 26 may be unstable. 

This discrepancy may be caused by a wrong choice of a, b and/or c, or t h i s 

analysis must be r e j e c t e d as the adequate explanation of the formation of 

a l t e r n a t e bars. 

As mentioned i n chapter 2, measurements i n curved rectangular flumes show 

that the t h e o r e t i c a l model (a = 10) tends to underestimate the magnitude 

of the secondary flow. The underestimation can e a s i l y amount to a f a c t o r 

two. Further iia)r€ the model f o r the secondary flox^ i n e r t i a i s based on 

r a t h e r schematized t h e o r e t i c a l considerations and i t i s h a r d l y v e r i f i e d . 

Consequently a l a r g e s c a t t e r i n the c o e f f i c i e n t b cannot be r e j e c t e d . Last 

but not l e a s t the model f o r the g r a v i t a t i o n a l force i s only v e r i f i e d i n case 

of a s u b s t a n t i a l transverse slope and not i n case of a weak slope and the 

v e r i f i c a t i o n of the model showed t h a t a large s c a t t e r can be expected. 

However there i s no evidence t h a t t h i s should lead to a systematical under­

es t i m a t i o n of c and t h e r e f o r e c w i l l be kept unchanged i n the f o l l o w i n g . 

A combination of a and b, which cannot be r e j e c t e d as u n r e a l i s t i c , can be 

chosen so t h a t the a m p l i f i c a t i o n f a c t o r becomes p o s i t i v e and maximum f o r 

wave numbers which correspond to the experimental f i n d i n g s . I n f i g u r e 22 

a = 25 f o r a l l experiments and b = 1.30 f o r T 04, b = 1.25 (T 12), b = 0.65 

(T 23) and b = 0.45 (T 24). The analysis now y i e l d s i n s t a b i l i t y and maximum 
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a m p l i f i c a t i o n f o r the c o r r e c t wave number, and the choice of a and b i s not 

u n r e a l i s t i c . Consequently the analysis cannot be r e j e c t e d . 

A d i r e c t v e r i f i c a t i o n of the model i s thus not f e a s i b l e before much more 

inf o r m a t i o n about the secondary flow p r o p e r t i e s i s obtained. F o r t u n a t e l y 

i t i s possible to recognize some t r e n d s i n the measured data, which correspond 

w e l l w i t h t h e o r e t i c a l f i n d i n g s . 

The most important parameter i s the transverse wave number, which i n the 

experiments i s p r o p o r t i o n a l to the depth w i d t h r a t i o as m = 1. According 

to f i g u r e 15 the maximum a m p l i f i c a t i o n f a c t o r increases f o r decreasing k , 

except m a narrow region between the maximum and the wave number k , which 
w 

d i s t i n g u i s h e s between b r a i d i n g and meandering streams. The same trend i s 

found i n the measured data, i f i t i s assumed t h a t increasing dimensioniess 

height of the bars correspond to in c r e a s i n g magnitude of the maximum a m p l i f i ­

c a t i o n f a c t o r ( f i g u r e 23). 

Also the i n f l u e n c e of the roughness c o e f f i c i e n t can be i n v e s t i g a t e d . The 

experiments T 04, T 12, T 14 and T 19 as w e l l as T 23 and T 31 are s u i t a b l e 

f o r t h i s purpose because they have approximately the same depth w i d t h r a t i o 

( k ^ % 0.2 and k^ ^'0.4, r e s p e c t i v e l y ) . I n f i g u r e 24 the measured h e i g h t 

and length of the bars are depicted against the roughness c o e f f i c i e n t . 

This f i g u r e displays the same trend as suggested by f i g u r e 14, i . e . the 

maximum a m p l i f i c a t i o n f a c t o r as w e l l as the corresponding wave number 1 
max 

increase f o r in c r e a s i n g roughness c o e f f i c i e n t . 

The Froude number of the experiments i s , except T 19, located i n a narrow 

range. Unfortunately there i s no s u i t a b l e experiment to compare T 19 

regarding roughness c o e f f i c i e n t and depth w i d t h r a t i o . 

The experiments do not confirm the v a l i d i t y of the approach, but on the 

other hand i t i s not possible to r e j e c t the model as an adequate explanation 

f o r the i n f o r m a t i o n of a l t e r n a t e bars. S i m i l a r trends are found i n 

experiment and theory, which supports the v a l i d i t y of the approach. 
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7. Conclusions and Further research 

This r e p o r t concerns a l i n e a r s t a b i l i t y analysis of the governing equations 

f o r the bed and flow topography i n a s t r a i g h t a l l u v i a l channel w i t h non-

er o d i b l e banks. The aim of the analysis was to f i n d the cause and characte­

r i s t i c l e ngth scale of i n c i p i e n t meander and b r a i d i n r i v e r s . An i n v e s t i g a t i o n 

of the s e n s i t i v i t y to the assumed models f o r the sediment t r a n s p o r t r a t e , 

f o r the bed shear stress and f o r the secondary flow as w e l l as the s e n s i t i v i t y 

to the width of the channel, the roughness c o e f f i c i e n t and to the Froude 

number i s c a r r i e d out. 

The i n v e s t i g a t i o n i s an extension of previous work c a r r i e d out by among others 

Fredsgie (1978) and Parker (1976), as secondary flow due to flow curvature 

i s taken i n t o consideration. Furthermore a model which accounts f o r the 

secondary flow's retarded adaption to change i n curvature (secondary flow 

i n e r t i a ) i s included i n the a n a l y s i s . 

The analysis confirms the concept t h a t s t a b i l i t y i s c l o s e l y r e l a t e d to the 

depth w i d t h r a t i o of a stream, i . e . wide channels tend to b r a i d , narrow 

channels remain s t r a i g h t and i n between the channels w i l l form meanders. 

The analysis also suggests t h a t a high roughness promotes the formation of 

a l t e r n a t e bars, whereas a high Froude number tends to counteract t h i s . 

Further more the analysis shows t h a t the s e n s i t i v i t y to various parameters 

may be of dec i s i v e importance f o r the r e s u l t of the analaysis. 

The trends, which are summarized above, are not d i f f e r e n t from the r e s u l t s , 

which would be obtained by an a n a l y s i s , which d i d not account f o r secondary 

flow. The main i n f l u e n c e of the term accounting f o r secondary f l o w i s th a t 

i t provides a d d i t i o n a l i n s t a b i l i t y f o r f i r s t of a l l short waves i n transverse 

d i r e c t i o n . Therefore the secondary flow has not much i n f l u e n c e on the 

formation of b r a i d s , whereas the secondary f l o w may be dec i s i v e f o r whether 

a channel w i l l remain stable or develop a l t e r n a t e bars. 

The performance of the model was compared to some experimental r e s u l t s . 

The measured data e x h i b i t e d the same trends as the analysis w i t h respect 

to depth width r ^ t i o and a l l u v i a l roughness, x<rhich of course supports the 
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theory. However, an attempt to v e r i f y the theory by means of f i v e flume 

experiments had as a r e s u l t , t h a t the analysis c l a s s i f i e d a l l f i v e experiments 

as s t a b l e , although s i g n i f i c a n t a l t e r n a t e bars were observed i n four of the 

experiments. This discrepancy can be explained by an inaccurate d e s c r i p t i o n 

of the secondary flow, but at the same time i t can not be excluded t h a t a 

dominant a d d i t i o n a l e f f e c t e x i s t s . For instance a l l k i n d of w a l l e f f e c t s 

have been neglected i n t h i s a n a l y s i s . The e f f e c t may extend to a considerable 

p a r t of the cross-section as the depth w i d t h r a t i o was r e l a t i v e l y l a r g e . 

Secondary flow convection, which has proved to have a large i n f l u e n c e i n 

rectangular channel bends (De Vriend, 1981b), may also have some i n f l u e n c e 

on the flow over a l t e r n a t e bars, although the curved f l o w i s r a t h e r short 

and the curvature small. Furthermore a necessary c o n d i t i o n f o r the neglect 

of the e f f e c t from the bed form i s t h a t the height of the dunes must be 

much smaller than the height of the a l t e r n a t e bars o r; i f t h i s c o n d i t i o n 

i s not s a t i s f i e d the wave len g t h of the bars must be much la r g e r than the 

dune length (Chapter 4 ) , For instance f o r one of the experiments (T 23) 

the two relev a n t r a t i o s are 1.2 (H, /H, ) and 4.4 (L, /L, ) (Wang & 
bar dun ^ bar dun ^ * 

Klaassen, 1981), thus none of the conditions are s a t i s f i e d . 

For design purpose of e.g. a n a v i g a t i o n channel the s t a b i l i t y c r i t e r i o n i s 

very important. Unfortunately t h i s c r i t e r i o n i s very s e n s i t i v e to the model 

f o r the magnitude of the secondary flow and e s p e c i a l l y s e n s i t i v e to the 

model f o r the secondary flow i n e r t i a , which are the two most u n r e l i a b l e models 

i n t h i s analysis. I n case of a rather narrow channel the secondary f l o w 

p r o p e r t i e s are very poorly determined, but the i n f l u e n c e of the term i s 

dominant. I n a wide channel the secondary flow i s b e t t e r determined but the 

in f l u e n c e i s n e g l i g i b l e . Consequently the analysis i s not yet s u i t a b l e f o r 

design purpose. 

Non-linear e f f e c t s w i l l probably have some in f l u e n c e on the propagation 

and growth of the a l t e r n a t e bars when the amplitude becomes f i n i t e . To 

which extend the l i n e a r i z a t i o n of the equations contest the v a l i d i t y of 

the r e s u l t can be te s t e d , as ^i o n - l i n e a r ) computational models f o r the 

development of the bed and f l o w topography i n a l l u v i a l channels already 

e x i s t (see Koch & F l o k s t r a , 1981), 
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The performance of the theory can only be improved considerably by improving 

the d e s c r i p t i o n of the secondary flow i n r e l a t i v e l y narrow channels. That wi 

probably r e q u i r e an accurate d e s c r i p t i o n of the flow close to the w a l l s , i . e . 

also v e r t i c a l v e l o c i t y components must be considered. A three-dimensional 

d e s c r i p t i o n of the flow i s therefore necessary. With a good model f o r the 

eddy v i s c o s i t y t h i s approach has many advantages compared to the two-

dimensional d e s c r i p t i o n of the flow. However the computational e f f o r t w i l l 

increase considerably and e l e c t r o n i c computers w i l l be necessary even to 

ob t a i n the zero order s o l u t i o n . 

I t would also be of great value to extend the analysis to account also f o r 

the i n fluence of the bed forms, as the dimensions of the dunes o f t e n w i l l 

be of the same order of magnitude as the dimensions of the submerged bars. 

The flow over a dune i s o f t e n computed w i t h a boundary layer model, thus 

the extension w i l l p r o h i b i t a depth averaged d e s c r i p t i o n of the flow. 

Consequently, a change, which would thoroughly improve the a b i l i t y to p r e d i c t 

whether a channel x . i l l remain stable or not, w i l l demand an enormeous compu­

t a t i o n a l e f f o r t . A time dependent three-dimensional model must be solved, 

which f o r the time being i s out of the range of most e l e c t r o n i c computers. 
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Appendix A 

Secondary flow i n e r t i a (De Vriend, 1981a) 

The model f o r secondary flow i n e r t i a i s based on numerical computations 

of the decaying flow beyond a bend. The governing equations f o r the flow 

can be considerably s i m p l i f i e d and s t i l l not cease to describe the e s s e n t i a l 

problem. The shallow water approximation ( i . e . neglect l a t e r a l d i f f u s i o n ) 

and considering s t r a i g h t depth averaged streamlines only make i t possible 

to disregard a l l y - d e r i v a t i v e s except the transverse pressure gradient. 

I f furthermore the pressure i s assumed h y d r o s t a t i c a l l y d i s t r i b u t e d , then the 

transverse momentum equation can be reduced to 

u 
8v _ 1 3p ^ 8 ,̂  Sv 
3x p 3y 3z ' " t 3z ^h^Kwty (Al) 

i n which A^ ia the eddy v i s c o s i t y and u and v are here dimensional l o c a l 

v e l o c i t i e s , i . e . u(x,y,z) and v ( x , y , z ) . 

I n stead of so l v i n g the l o n g i t u d i n a l momentum equation a s i m i l a r i t y 

approximation i s assumed to apply to the l o n g i t u d i n a l f l o w v e l o c i t y , namely 

u = Ü (A2) 

i n which the bar denotes a depth averaged q u a n t i t y . The f u n c t i o n ƒ 

i s given by 

4 = 1 " # ^ ( 1 l-ïï^ (A3) 

The d i s t r i b u t i o n of the eddy v i s c o s i t y (A4) i s the w e l l known parabolic 

d i s t r i b u t i o n , which i s consistend w i t h the l o g a r i t h m i c v e l o c i t y p r o f i l e , 

\ = - ' ^ ^ f ( l - f ) ( A 4 ) 

I n s e r t i n g eqs. (A2) and (A4) i n t o eq. (Al) the transverse momentum 

equation can be w r i t t e n as 
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^ 3v' 3p' ^ 3 ,̂  , 3 v \ , 

4 -31' = 37' 3¥') 

i n which 

v' = v/u 

Â ' = z ' ( l - z ' ) 

z' = z/h 

y' = y/h 

x' = K / f x/h 

p' = p/(pu K /f) 

The dimensioniess pressure gradient can be determined w i t h the au x i l i a r y -

c o n d i t i o n of zero net flow i n transverse d i r e c t i o n ( s t r a i g h t depth averaged 

streamlines) 

.1 

J v'dz' = 0 (A6) 
0 

A known v e r t i c a l d i s t r i b u t i o n of v' ( f u l l y developed secondary flow) 

at the upstream end i s applied as a boundary c o n d i t i o n f o r eq. (A5) 

^ ' l x = 0 = V (A7) 

i n which v^' i s the s o l u t i o n of 

3 

At the surface the shear stress vanishes 

V ^ ' l z ' = l = ° (A9) 

- and at the bottom the w a l l f u n c t i o n approximation i s applied 

V ' 

v' = — { ̂ + 1 + I n z'} (A.10) 

The set of equations (A5 - A7 and A9-A10) i s solved numerical ( d e t a i l s , 

see de Vriend, 1981a). I n f i g , Al the secondary f l o w i n t e n s i t y 
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I = ƒ /v'/dz 
cor- •' ' ' 

0 

sec t • ' • ( A l l ) 

- i s p l o t t e d versus the dimensioniess l o n g i t u d i n a l coordinate x' on 

semi-logarithmic paper. The f i g u r e shows t h a t the secondary f l o w i n t e n s i t y 

decrease approximately exponential w i t h x'. I.e. 

^sec ^ ^sec - P ( - f ' ) (A12) 

i n which the r e l a x a t i o n length A appeared to he almost independend of 

the roughness c o e f f i c i e n t f . I n terms of dimensional v a r i a b l e s the 

secondary flox^ i n t e n s i t y beyond a bend can t h e r e f o r e very w e l l be 

approximated by 

^ s e c « = ^sec^O) - P ^ - f ^ ^ ^ (AJ3) 

I n case of a var y i n g source term i t i s analogous assumed th a t the 

secondary f l o w i n e r t i a can be found from 

, „ 31 

^ ~H + 1 = SOURCE (x) (AJ4) 
9x sec v^JH^ 

I f i n a d d i t i o n a s i m i l a r i t y hypothesis i s applied to the secondary f l o w ; 

then the r e l a x a t i o n length (1.3 h / / f ) applies t o the transverse bed shear 

stress as w e l l , because i n t h i s case the shear stress i s assumed p r o p o r t i o n a l 

to the secondary f l o w i n t e n s i t y . 



Figure A l . Decay of secondary f l o w i n t e n s i t y beyond a bend. 

C = 50 mVs ( A f t e r De Vriend, 1981a), 



TEST 

Q 

U?s) 

W 

(m) 

h 

(m) 

S 

(kg/h) 

F 

(-) 

e 

(-) 

f 

(10-2) 

1 

(-) (-) 

k 

w 

(-) 

TO 4 0.075 1.50 0.111 63.7 0.432 0.214 1.28 0.55 0.57 0.23 

T12 0.090 1.50 0. 115 127. 1 0.491 0.307 1.37 0.58 0.53 0.24 

T14 0.063 1.50 0. 105 13.7 0.394 0.0925 0.70 0.41 0.45 0.22 

T19 0. 100 1.50 0.087 577.8 0.830 0.485 1.00 0.54 0.51 0.18 

T23 0. 146 1.50 0.200 65.0 0.346 0.259 1.32 0.67 0.35 0.42 

T24 0.266 1 .50 0.301 125.3 0.341 0.379 1.33 0.69 0.25 0.63 

T26 0.401 1.50 0.405 179. 1 0.331 0.501 1.39 (0.66) (0.21) (0.85) 

T31 0. 131 1. 125 0.208 48.6 0.392 0.266 1.03 0.60 0.26 0.44 

T34 0.048 0.50 0.211 23.6 0.316 0.281 1.65 - - -

H^H^^^/h , mean height of the a l t e r n a t e bars. 

Table 1. Sand flume data (Wang & Klaassen, 1981). 
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Figure J. Bed patterns associated w i t h d i f f e r e n t values of m. 

Submerged bars (shaded) and t y p i c a l streamline p a t t e r n s . 
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Figure 3. Phase lag (above) and amplitude (below) of depth ( h ) , 

l o n g i t u d i n a l and transverse v e l o c i t y (u and v, r e s p e c t i v e l y ) 

f o r d i f f e r e n t values of the Froude number ( F ) . 
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Figure 4. Linear and non-linear computation of the f l o w over 

submerged bars. 



Figure 5. A m p l i f i c a t i o n f a c t o r . Reference example. 



Figure 6, A m p l i f i c a t i o n f a c t o r . I n f l u e n c e of 

magnitude of secondary flow. 
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Figure 12. A m p l i f i c a t i o n f a c t o r . I n f l u e n c e of d i f f e r e n t ways to 

account f o r the transverse bed shear stress i n the f l o w model. 
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Figure 13. Maximum a m p l i f i c a t i o n f a c t o r . I n f l u e n c e of the 

Froude number (F) . 
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Figure 1 7 . Maximum a m p l i f i c a t i o n f a c t o r . I n f l u e n c e of the w i d t h 

of the channel ( k ^ = „, 1 ) . Secondary f l o w i n e r t i a neglected 

(b = 0 ) . 
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Figure 19. Bed shear stress ( S h i e l d parameter) as a f u n c t i o n of 

the densimetric Froude number. Sand flume data. 
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Figure 20. Transport r a t e as a f u n c t i o n of the Shield parameter. 

Sand flume data. 
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Figure 22a. A m p l i f i c a t i o n f a c t o r f o r the flume experiments, 

Adapted secondary fl o w c o e f f i c i e n t s (a and b ) . 
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Figure 22b. A m p l i f i c a t i o n f a c t o r f o r the flume experiments. 

Adapted secondary fl o w c o e f f i c i e n t s (a and b ) . 
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Figure 23. Measured height of a l t e r n a t e bars as a f u n c t i o n of the 

transverse wave-number. 

4 

X 

Figure 24. Measured hei g h t and le n g t h of a l t e r n a t e bars as a 

f u n c t i o n of the roughness c o e f f i c i e n t . 


