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Abstract
This paper presents an efficient MATLAB framework for large-scale density-based topology optimization and porous infill 
optimization in 3D. Besides showing comparable computational efficiency with existing MATLAB implementations at 
equivalent simulation scales, this framework supports significantly larger models with up to 128 million hexahedral simula-
tion elements on a standard PC equipped with 64 GB RAM. Furthermore, it can handle arbitrary non-cuboid design domains 
and does not require powers-of-two differences in the elements’ spatial resolutions. To achieve this, the technical contribu-
tion concentrates on solving the linear system of static finite element method (FEM). A tailored element-based matrix-free 
computing stencil is demonstrated to circumvent the vast memory consumption in large-scale FEM. Its computational effi-
ciency is assured by fully leveraging the efficient matrix–vector operations and indexing functionalities in MATLAB. We 
further improve the computational efficiency and memory consumption of the MATLAB-implemented geometric multigrid 
method with a non-dyadic Galerkin coarsening and a diagonal relaxation scheme. All code is made publicly available at 
https://​github.​com/​PSLer/​TOP3D_​XL.

Keywords  Topology optimization · Porous infill · Multigrid method · Matrix-free

1 � Replication of results

All important details have been presented in the paper and 
included in the associated code repository. Are results can 
be reproduced from it.

2  Introduction

Topology optimization (TO) is a general tool for obtaining 
optimized structures that fulfill a set of predefined goals and 
constraints. The simplest and most widely studied topology 

optimization problem is that of compliance minimization for 
linear elasticity. Here, the goal is to maximize the stiffness of 
a structure against external forces while subject to a constraint 
on the amount of available material. In its basic form, density-
based TO operates on a first-order finite element discretization 
of the design domain to compute the compliance, requiring 
the solution of a sparse linear system of equations, KU = F , 
where the global stiffness matrix K is assembled from the ele-
ment stiffness matrices under the assumption of an isotropic 
material law. The element sensitivities guide the material dis-
tribution iteratively by determining, in each iteration, which 
elements should gain or lose material according to its deriva-
tives of the compliance and material consumption.

In previous works, MATLAB and high-performance imple-
mentations of TO have been presented, either designed for 
educational purposes, as reviewed in (Wang et al. 2021), or for 
the highest performance and model resolution on parallel com-
puting architectures. For CPU-based parallel implementations, 
we refer to the works of (Borrvall and Petersson 2001; Evgra-
fov et al. 2008; Aage et al. 2015; Liu et al. 2018; Lin et al. 
2022; Wu et al. 2024) and for GPU-accelerated approaches, 
see (Wadbro and Berggren 2009; Schmidt and Schulz 2011; 
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Challis et al. 2014; Martínez-Frutos et al. 2015; Wu et al. 
2016; Herrero-Pérez and Castejón 2021; Träff et al. 2023).

Educational codes are usually significantly behind perfor-
mance-optimized solutions regarding model resolution, in par-
ticular due to the use of explicit representations of the large 
stiffness matrix K . Performance-optimized codes achieve high 
model resolution via efficient CPU and GPU implementations 
of (node-based) matrix-free representations. In combination 
with multigrid solvers for computing the structural response 
of the layout (i.e., displacements), efficient systems for topol-
ogy optimization have been developed. This, however, often 
requires fine-tuning and computer system-specific adaptations, 
making such codes more difficult to understand for non-expert 
users. To further improve the performance, additional model 
constraints are often baked into the codes, such as powers-of-
two differences in the numbers of finite elements along dif-
ferent coordinate axes, or fully occupied cubical simulation 
domains (Mukherjee et al. 2021).

The motivation behind our work is to demonstrate that 
MATLAB-implemented educational codes can significantly 
narrow the gap with performance-optimized implementa-
tions — both in terms of model resolution and computa-
tional speed — while avoiding restrictive model constraints. 
Figure 1 illustrates this gap and shows the performance 
achievable in MATLAB by carefully revising computational 
blocks to leverage MATLAB’s core features and common 
optimization techniques.

To this end, we introduce an element-based matrix-
free format that is particularly well-suited for efficient 
matrix–vector operations, a key strength of MATLAB. This 
approach eliminates the need for assembling the global 
stiffness matrix ( K ). Additionally, we highlight adapta-
tions to the geometric multigrid solver used to solve the 
large linear system, to further reduce memory usage and 
enhance computational efficiency (Peetz and Elbanna 2021; 
Herrero-Pérez and Picó-Vicente 2023). We demonstrate the 
use of these optimizations for improving the performance 
of both TO and its local volume constraint variant—porous 
infill optimization (PIO) by Wu et al. (2018); Dou (2020). 
The PIO gives rise to a bone-mimicking infill structure 
and has been extended to work with multiple materials (Li 
et al. 2020), to design fiber-reinforced structures (Li et al. 
2021), and to generate the porous structures with grada-
tion (Schmidt et al. 2019). These intricate infill structures 
hinder the convergence of geometric multigrid solvers and 
serve to validate our framework.

The remainder of this paper is structured as follows. In 
Sect. 2, we briefly revisit the concepts of TO and PIO for 
completeness. Section 3 provides a detailed description 
of the adaptations to the geometric multigrid method. In 
Sect. 4, we introduce the element-based matrix-free format. 
The implementation details and validation results are pre-
sented in Sect. 5 and 6, respectively. Finally, we conclude 
the paper in Sect. 7.

Fig. 1   Performance statistics of recent MATLAB-implemented edu-
cational TO codes (Ferrari and Sigmund 2020) (blue curve) and 
(Amir et  al. 2014) (green curve) on a 6-core CPU desktop system 
with 64 GB RAM, tested up to the highest possible model resolu-
tion on this system. Both codes considerably limit the possible model 
resolution and require a 3D simulation grid with the powers-of-two 

ratio in spatial resolutions. With our proposed MATLAB code (red 
curves), significantly increased model resolutions can be simulated 
while maintaining the multigrid’s linear time complexity in the num-
ber of simulation elements. The red dotted curve corresponds to the 
statistics of our method using a physically fixed filtering radius that is 
resolution-independent for different resolutions
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3 � Topology optimization

The optimization problem describing density-based TO for 
isotropic and linear elasticity is defined as

Here, the objective function (c) is the structural compliance. 
F and U refer to the nodal force vector and the resulting dis-
placement vector, respectively. Given that the density-based 
TO pipeline is considered here, � is the density vector that 
determines the material properties of the involved finite ele-
ments. It is processed by firstly a filtering/smoothing opera-
tion, optionally, followed by a projection, and afterwards, 
interpolation using Solid Isotropic Material with Penaliza-
tion (SIMP), see Eq. 5.

Here, F  is a filter of radius r, which is generally constructed 
via either convolution or solving a PDE, P is a Heaviside 
projection with � as sharpness and � as the threshold. In the 
code, we use the PDE filter as described in Lazarov and 
Sigmund (2011) and Sect. 4). In SIMP, the penalization fac-
tor ( � ) is typically set to 3. E0 is the Young’s modulus of 
the used isotropic material, and Emin is a minimum Young’s 
modulus ( Emin = 1.0e−6E0 in this paper), introduced to avoid 
the singularity of the global stiffness matrix, but still chosen 
sufficiently small such that void regions have no influence 
on the optimized design (Amir et al. 2014). Ee(𝜌̄e) is the 
interpolated Young’s modulus of the element with physical 
density 𝜌̄e.

The constraint function (g) is specified according to 
the concrete design requirements. In conventional TO, the 
global volume fraction is employed to restrict the material 
consumption so that it does not exceed the available mate-
rial budget, i.e.,

Here, V0 is the volume fraction of the permitted material 
consumption and Ne the number of design variables, i.e., the 

(1)min
�

c =
1

2
U

T
K(�)U,

(2)s.t. KU = F,

(3)g(�) ≤ 0,

(4)�e ∈ [0.0, 1.0], ∀e.

(5)

�̃ = F(�, r)

�̄ = P(�̃, 𝛽, 𝜂)

Ee(𝜌̄e) = Emin + 𝜌̄𝛾
e
(E0 − Emin)

(6)g(�) =

∑
𝜌̄e

NeV0

− 1 ≤ 0

number of involved finite elements. Under such a constraint, 
TO usually gives rise to a mono-scale structural design.

In contrast to the global volume constraint, PIO imposes 
local volume constraints and produces a multi-scale struc-
tural design, i.e., both the topology and the infills are opti-
mized concurrently (Wu et al. 2018). The mechanism is to 
let the material deposition around each finite element (e) in 
a certain region not exceed a given threshold ( Ve0)

Under this constraint, the resulting structural design 
becomes a porous infill structure with locally defined maxi-
mum volume fraction Ve0 . The raw format of Eq. 7 corre-
sponds to Ne constraint functions, which is cumbersome to 
solve. These constraints are aggregated by using the p-norm 
function into a single differentiable expression, as shown in 
Eq. 7, with p = 16 in our examples. Computing the local 
volume can be reformulated as a PDE filter, as shown in 
Träff et al. 2021.

The proposed framework supports both global and local 
volume constraints. This capability addresses functional 
requirements and also serves to further validate the robust-
ness and applicability of the presented linear system solver, 
considering the significant differences in the heterogene-
ity of the resulting density distributions between these two 
approaches. This is important since the heterogeneity of 
media plays a critical role in the convergence behavior of 
the geometric multigrid method. Fish and Belsky (1995); 
Erlangga et al. (2006); Liu et al. (2020).

Solving: Solving the optimization problem (Eqs. 1, 2, 
3 and 4) involves iteratively updating the design variables 
to minimize the objective function while fulfilling the con-
straint conditions. We adopt the Optimality Criteria (OC) to 
solve TO and the method of moving asymptotes (MMA) for 
PIO (Svanberg 1987; Träff et al. 2023; Wu et al. 2018). We 
chose the PDE filter (Lazarov and Sigmund 2011) for com-
putational compatibility reasons because it shares the same 
mechanism as applying a local volume constraint (Träff et al. 
2021).

In standard density-based TO or PIO, the structural 
design is explicitly represented by finite elements, leading 
to high computational overhead, especially the need for 
detailed structural designs. This stems from solving large-
scale FEM linear systems at each step, posing challenges in 
convergence and memory consumption. A widely adopted 
solution is the geometric multigrid-preconditioned conju-
gate gradient (MGCG) solver, known for its efficiency (Amir 
et al. 2014), and combining a matrix-free computational 

(7)g(�) =

�
1

Ne

∑Ne

i=1
𝜌̂
p

i

�1

p

Ve0

− 1 ≤ 0,

𝜌̂e =

∑
j∈ℕe

𝜌̄j

�ℕe�
, ℕe = {j� ∥ xj − xe ∥2≤ Re}, ∀e
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stencil for large-scale problems (Aage et al. 2015; Wu et al. 
2016). However, its efficient MATLAB implementation 
remains underexplored. The following sections discuss a 
tailored geometric multigrid method and element-based 
matrix-free computing stencils.

4 � Geometric multigrid method

Due to its improved convergence, MGCG is widely used 
to solve the FEM equation in TO and PIO, with additional 
performance optimizations such as using the solution vec-
tor from the previous step ( U ) as the starting guess for the 
current optimization step. Algorithm 1 provides the code 
framework of MGCG.

Algorithm 1   MGCG​

 In Algorithm 1, G refers to the multigrid preconditioner, 
i.e., the V-cycle to compute the correction term ( z ) from the 
residual ( r ). The parameters M and �0 respectively control 
the maximum number of iterations and the tolerance in the 
residual-based convergence criteria.

4.1 � V‑cycle

The geometric multigrid method uses a grid hierarchy in 
combination with a relaxation scheme to recursively restrict 
a fine-grid residual to the next coarser grid, where a cor-
rection term is computed and then interpolated to the fine 
grid. This process forms a so-called V-cycle, which takes 
the residual ( r ) as input and returns the correction term ( z ). 
Algorithm 2 outlines the major computational steps of a 
V-cycle.

Algorithm 2   Standard V-cycle

In Algorithm 2, K[l] , r[l] , and z[l] are the system matrix, 
residual, and correction term on level l, respectively. Level 
numbers 1 and L correspond to the finest and coarsest level. 
(
P
[l+1]

)T is the prolongation operator to restrict the residual 
at level l to level l + 1 . Its transpose is used to interpolate 
the correction term at level l from the values at level l + 1 . A 
Jacobi smoother reduces high-frequency errors on the cur-
rent fine grid, with the damping factor w set to 0.65. D[l] is 
the vector of diagonal entries of K[l].

Hierarchical representation From the global stiffness 
matrix at the finest resolution level ( K[l=1] ), the system 
matrices at the coarser levels are computed as

Fig. 2   Schematic diagram of a hexahedral element ( h[l+1]
e

 ) in blue at 
level l + 1 and its nested eight elements ( [he][l] ) in black at level l 
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For a nested Cartesian grid hierarchy, where each element 
on level l + 1 nests eight elements from level l (see Fig. 2), 
the prolongation operator is constructed using trilinear FEM 
shape functions. That is, the values at the fine-grid vertices 
are trilinearly interpolated from the values at the vertices of 
the next coarser grid.

For a dyadic hierarchy, i.e., the element size is doubled 
from level l to level l + 1 , the same prolongation operator 
is applied across all levels. We refer to this operator as the 
element prolongation operator Pe.

Boundary conditions To compute the correction terms 
at the coarser resolutions, the boundary conditions speci-
fied at the vertices of the finest grid need to be trans-
mitted to the system matrices at coarser resolutions. 
We adopt the scheme by Amir et  al. (2014) to tackle 
this problem. Specifically, the entries corresponding to 
the fixed degrees of freedom (DOFs) in the global stiff-
ness matrix ( K ) are identified and split into two groups: 
entries on the diagonal of K are set to 1, and all other 
entries are set to 0 (see Fig. 3a), regardless of whether 
the elasticity tensors of the elements with the fixed DOFs 
are updated or not during the optimization. In this way, 
the dimensions of K are not changed after applying the 
boundary conditions, which ensures data alignment when 
transferring among different levels.

Once the boundary conditions are applied and transmitted 
appropriately, the correction terms at levels 2 to L − 1 can be 
computed via the relaxation scheme. At level L, a linear sys-
tem with significantly reduced dimension is directly solved 
via Cholesky decomposition.

(8)K
[l+1] = (P[l+1])TK[l]

P
[l+1]

, l = 2 ∶ L. 4.2 � MG preconditioner

Preconditioning aims to improve the convergence rate and 
stability of iterative solvers when solving large systems of 
linear equations. An effective preconditioner should substan-
tially reduce the total number of iterations while maintaining 
low overall computational overhead. In our work, we con-
sider two adaptations to the standard V-cycle to enhance its 
preconditioning effectiveness.

Non-dyadic V-cycle Let us first emphasize that our 
approach builds upon a matrix-free representation of the 
global stiffness matrices to reduce memory usage. Instead 
of explicit assembly, the matrices are stored as individual 
element stiffness matrices (see Sect. 4). This is especially 
advantageous for K[1] , where all element stiffness matri-
ces are identical except for a scaling factor derived from 
the Young’s modulus in the SIMP method (Eq. 5). Conse-
quently, we store only a single unit Young’s modulus ele-
ment stiffness matrix and a per-element scaling vector.

However, this strategy does not extend to system matri-
ces at levels 2 to L, where element stiffness matrices are 
unique and must be stored explicitly. This leads to either 
high memory consumption or computationally expensive on-
the-fly assembly, creating a bottleneck for geometric multi-
grid methods on high-resolution grids. For instance, storing 
the element stiffness matrices for K[2] on a 5123 simulation 
grid requires about 72 GB of memory.

To circumvent this issue, we adopt the non-dyadic 
V-cycle from Wu et al. (2016), which skips level 2 in the 
grid hierarchy and V-cycle construction and directly com-
putes the stencils at level 3 from level 1. This approach lev-
erages the flexibility of the MG coarsening scheme, which 
is not limited to dyadic grid decimation but allows alterna-
tive decimation factors. Practically, this strategy integrates 

Fig. 3   Applying boundary 
conditions on the global stiff-
ness matrix (a) and the element 
stiffness matrix involving fixed 
DOFs (b). In (b), the numer-
ics 1

x
 indicates that the vertex, 

including this DOF, is shared by 
x finite elements
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seamlessly into the nested grid hierarchy of a Cartesian grid, 
requiring only a new element prolongation operator ( P̂e ) 
between levels 1 and 3, analogous to Pe but involving more 
fine-resolution elements per coarse element.

With the non-dyadic V-cycle, trilinear interpolation is 
performed over a larger element, leading to reduced accu-
racy of the residual and interpolation vector at the fin-
est level. This may slow V-cycle convergence due to an 
increased iteration count. However, it reduces per-iteration 
computational cost and memory usage by eliminating level 
2 operations while also lowering V-cycle initialization over-
head. In Sect. 6, we demonstrate that these improvements 
ultimately lead to faster overall solve times, even under strict 
error tolerances.

Diagonal relaxation To further reduce the total solve 
time, we use the non-dyadic V-cycle and omit all interme-
diate matrix–vector multiplications. Specifically, we replace 
Jacobi relaxation with a simple diagonal relaxation by omit-
ting line 6 in Algorithm 2 and simplifying line 13 to

While this approach is expected to increase the iteration 
count due to less effective damping of high- and low-fre-
quency errors during restriction and interpolation, it signifi-
cantly reduces the per-iteration computational cost. Unlike 
the non-dyadic V-cycle, which requires per iteration three 
computations of K[1]

u and two computations of K[l]
u for 

l = 3 ∶ L − 1 , refer to line 7 in Algorithm 1, line 6 and 13 
in Algorithm 2, the proposed method requires only a sin-
gle computation of K[1]

u (line 7 in Algorithm 1). Here u is 
generic, representing the displacement vector, as well as 
the residual and correction vector. If the iteration count 
increases by no more than a factor of two, a net reduction in 
total processing time is still achieved. Moreover, memory 
usage is further reduced, since K[l] , for l = 2 ∶ L − 1 , no 
longer needs to be stored.

The convergence behavior of the V-cycle and its vari-
ants is demonstrated in Fig. 8 and 9 in Sect. 6. We refer 
to these V-cycle implementations as the Standard V-cycle, 
Non-dyadic V-cycle, and Adapted Non-dyadic V-cycle.

5 � Element‑based matrix‑free format

High-resolution TO and PIO demand significant memory, 
primarily due to the assembly and storage of the global 
stiffness matrix ( K ). As discussed in Sect. 3, K is used to 
perform matrix–vector multiplication ( Ku ) and compute 
coarser-level stiffness matrices for the V-cycle. A matrix-
free representation can be employed to conduct these opera-
tions without explicitly assembling or storing K . The matrix-
free representation benefits from the SIMP material model 

(9)z
[l] = z

[l] + wr[l]∕D[l]

and the Cartesian simulation grid, where all elements share 
the same shape and size. Consequently, the same element 
strain matrix can be used and the element matrix remains 
constant up to a scaling factor, i.e.,

where Ke0 is the identical element stiffness matrix corre-
sponding to the unit Young’s modulus, S0 is the correspond-
ing identical elasticity tensor, and Be is the element strain 
matrix. With Ke0 and a vector ( [Ee] ) storing the per-element 
Young’s modulus, all element stiffness matrices at level 1 
can be represented.

Matrix-free formats are node-based or element-based, 
depending on whether Ku is computed node-wise or ele-
ment-wise. A node-wise computation scheme loops over all 
nodes, reads the stiffness matrices of all elements the current 
node belongs to via indexed memory access operations, and 
multiplies each matrix with the 3 × 1 vector corresponding 
to this node. Our experiments have shown that the indexed 
memory access operations slow down the performance 
significantly in MATLAB. Consequently, we switch to an 
element-based representation, which enables MATLAB to 
compute all matrix–vector products between the generic ele-
ment matrix and the nodal displacement vectors efficiently. 
Therefore, the nodal displacement vectors are organized into 
columns of an element-wise displacement matrix, so that 
MATLAB’s built-in capability for efficient matrix–vector 
operations can be exploited.

Conducting Ku The computationally most expensive 
step in linear elasticity FEM analysis is conducting Ku , 
where u[Nd×1]

 stores the displacement corrections at each 
grid node. Ku can be split into a series of matrix–vector 
products Keue , where ue[24×1] stores the nodal values of 
element e. The information is obtained by indexing with 
the corresponding grid information ( T[Ne×8]

 ) providing the 
element-vertex connection list (refer to Step 1 in Fig. 4). Let 
Y = Ku , Ye = Keue , and [Ye][24×Ne]

 a matrix storing the Ye of 
all elements. Then, Y can be obtained by accumulating the 
entries of [Ye] in the corresponding positions according to T 
(Step 4 in Fig. 4). The MATLAB code of this procedure is 
provided in Appendix A.

In practice, the computation of Keue is split into two steps 
to fully exploit the structure of Eq. 10. First, we let Ke0 mul-
tiply [ue] (Step 2 in Fig. 4). Here, the unique element stiff-
ness matrices (Fig. 3b) incorporating fixed DOFs must be 
considered to enforce boundary conditions. This is achieved 
by replacing the corresponding columns of [Ye0] with the 
precomputed products of these matrices and the correspond-
ing columns in [ue] . Next, [Ye0] is scaled column-wise by 
[Ee] (Step 3 in Fig. 4), the vector storing the per-element 
Young’s modulus. Notably, the presumably more efficient 

(10)Ke(𝜌̄e) = Ee(𝜌̄e)∫Ωe

B
T

e
S0Bedx = Ee(𝜌̄e)Ke0,
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approach of setting fixed-DOF values to 0 after projecting 
the product vector to global indices was found to adversely 
affect convergence behavior.

Figure 5 compares the efficiency of the proposed element-
based matrix-free format with MATLAB’s built-in sparse 
matrix–vector multiplication. The test cases, detailed in 
Sect. 6, involve a cuboid design domain discretized into 
48 × 24 × 24 , 96 × 48 × 48 , 192 × 96 × 96 , 384 × 192 × 192 , 
and 768 × 384 × 384 elements simulation elements. For each 

case, we compute Ku using both the proposed matrix-free 
format and MATLAB’s explicit sparse format, comparing 
processing times. Due to memory constraints, MATLAB’s 
explicit approach runs out of memory beyond the first three 
resolutions. The element-based matrix-free format is approx-
imately twice as slow as MATLAB’s built-in function, but 
it scales linearly with problem size. As resolution increases, 
Steps 1 and 4 in Fig. 4 consume a growing portion of the 
total runtime. This is because these steps involve indexing 

Fig. 4   Conducting Ku in the 
element-based matrix-free 
format. The explicit format 
is provided in the top left for 
reference. Ne and ND are the 
number of elements and DOFs, 
respectively. T is the matrix 
storing the element-vertex con-
nection list

Fig. 5   Performance statistics of 
conducting Ku using MAT-
LAB’s explicit matrix format 
(purple bars) and the element-
based matrix-free format. Steps 
1 to 4 refer to Fig. 4
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operations, which MATLAB processes in a single thread. In 
contrast, Steps 2 and 3, involving matrix–vector multiplica-
tions, benefit from MATLAB’s automatic parallelization.

Similarly, the PDE filter used in TO and PIO can also 
benefit from the proposed element-based matrix-free format. 
The filter is implemented by solving a Helmholtz-type dif-
ferential equation, which is formulated using standard FEM 
as a linear system (Lazarov and Sigmund 2011). The system 
matrix is constructed by assembling the per-vertex kernels 
of the grid, which remain constant when a uniform filtering 
radius is employed. We solve the resulting linear system 
iteratively using the matrix–vector multiplication scheme 
illustrated in Fig. 4. The filtering operation involves only 
one DOF per node, compared to the three DOFs needed 
for the mechanical problem. Furthermore, due to the well-
conditioned system matrix, the computational cost of the 
filtering operation becomes negligible in practice.

Coarse grid computation With the diagonal relaxation, 
for l ∈ [2 ∶ L − 1] it becomes unnecessary to store K[l] once 
its diagonal entries ( D[l] ) are extracted and K[l+1] is com-
puted. The computation of K[2] depends on K[1] , but with the 
matrix-free format, K[1] is no longer explicitly stored. There-
fore, we propose to compute the element stiffness matrices 
[K[2]

e
] from [K[1]

e
] first, and then recursively obtain [K[l]

e
] for 

l > 2 . Specifically, at each resolution, [K[l]] can be repre-
sented by the corresponding [K[l]

e
] , except for [K[L]] , which 

needs to be explicitly assembled from [K[L]
e
] for the direct 

Cholesky solver. In Appendix B, we provide the MATLAB 
code of extracting D[l] from K[l]

, l = 1 ∶ L − 1 , stored in a 
matrix-free format.

Restriction and interpolation. To further reduce memory 
consumption, the restriction and interpolation operations in 
the V-cycle can also be implemented in the element-based 
matrix-free format, eliminating the need to explicitly assem-
ble the global prolongation operators ( P[l]

, ∶ l = 2 ∶ L ). 
Similarly to the way of conducting Ku , these operations 
can be performed on a per-element basis as well. Then, the 
per-element residual ( r[l]

e
 ) and correction term ( z[l]

e
 ) vectors 

are projected onto their global indices to obtain r[l] and z[l] , 
respectively. Here, the difference to the matrix-free com-
putation of Ku is that the entity at a vertex of the mesh is 
concurrently determined by the elements sharing this vertex. 
In this case, an averaging process is used.

6 � Implementation details

6.1 � Non‑cuboid domains

In practice, the design domain on which TO and PIO oper-
ate is not necessarily a fully-filled cuboid, meaning that a 
nested grid hierarchy cannot be computed directly. This is 
problematic for the element-based multigrid solver, where 
a boundary element at a certain level may not include 8 
elements at the next finer level. In this case the per-element 
operations need to be adapted, which can disrupt data align-
ment and reduce processing efficiency. In the following, we 
propose a workaround specifically tailored to a hexahedral 
simulation domain.

Consider an arbitrary closed boundary surface defining 
the simulation domain (Fig. 6a) and its axis-aligned bound-
ing volume. Computing the simulation grid starts by discre-
tizing the bounding volume with a Cartesian grid. The cells 
inside and outside the boundary surface are marked as solid 
(1) and void (0), respectively. The hexahedral elements cor-
responding to solid voxels are extracted and used to form the 
FEM simulation model (see Fig. 6b).

Our first strategy ensures that for a given level L a nested 
grid hierarchy can be constructed, which is the case if at 
all levels l the resolutions along each of the three grid axis 
divided by 2l are integers. This can easily be achieved by 
adding extra layers of void hexhahedral cells until all resolu-
tions up to level L satisfy the criterion.

Our second strategy addresses the case where a boundary 
element at level l + 1 does not enclose eight solid elements 

Fig. 6   Domain discretization 
and hierarchy construction. a 
The domain boundary given 
as closed triangle mesh. b 
Discretization of the bound-
ing volume (orange) with a 
hexahedral grid. c The enlarged 
bounding volume (purple) so 
that an integer number of cells 
is obtained along either axis. d 
The mesh hierarchy (green), the 
mesh edges at the coarser levels 
are in orange and magenta, 
respectively
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at level l. To resolve this, we adapt the mesh hierarchy by 
including void elements (within the boundary elements of 
the coarser level) in the simulation model. These additional 
elements are assigned zero stiffness, and their corresponding 
vertices are excluded from the simulation to preserve the 
original geometric model’s properties.

The benefit of this strategy is twofold: First, it does not 
introduce additional DOFs since the solid voxels remain 
unchanged. Second, it ensures a consistent computational 
layout per element, simplifying implementation and main-
taining uniform memory access patterns.

6.2 � Memory access optimization

By analyzing the MGCG solver, we identify Step 1 as the 
most memory-intensive step (Fig. 4). In this step, the vertex-
wise vector u is converted to an element-wise matrix ( [ue] ), 
requiring 24 × 8 × Ne bytes of memory. Here, 24 represents 
the DOFs for each hexahedral element, and 8 indicates the 
use of double-precision numbers. For instance, [ue] con-
sumes 24 GB of memory for a 5123 element simulation grid.

Rather than processing a single large data block inter-
nally, we partition the elements into smaller chunks based 
on their global indices, ensuring each chunk does not exceed 
a predefined target size. This guarantees that all individual 
blocks fit within the available RAM, preventing frequent 
swap operations. Steps 1 to 4 are then executed separately 
for each chunk, using only the relevant data subset. Addi-
tionally, the memory allocated for [ue] can be reused when 
processing subsequent chunks.

Splitting the computation into smaller tasks per chunk 
may slightly reduce efficiency, as it may not fully utilize the 
capacity of high-end hardware. However, it decreases the 
solver’s dependence on problem size, particularly on mid-
range hardware, thereby improving scalability in the model 
resolution. In practice, we find that setting the chunk size to 
107 (approximately 1.8 GB of memory) gives a good balance 
between efficiency and model scalability on a machine with 
64 GB of RAM.

7 � Results

In the following, we demonstrate the capabilities of MAT-
LAB TO and PIO framework from various perspectives. All 
numerical experiments are performed on a Windows desktop 
PC equipped with an Intel Xeon W-2235 CPU (6 cores, 3.8 
GHz) and 64 GB of RAM. For the conjugate gradient solver, 
we set a relatively high convergence tolerance �0 = 10−3 , 
which has been verified to give a stable solution when only 
the minimum compliance problem is considered. In addition, 
the maximum iteration (M) is set to be 600 for safety, though 

it’s never reached apart from the extreme testing case when 
setting �0 = 10−12 for convergence behavior verification.

The move limits of OC and MMA, respectively, for TO 
and PIO, are selected as 0.2 and 0.1. All examples run in 
MATLAB R2023b. The Young’s modulus and Poisson’s 
ratio are set to 1.0 and 0.3, respectively. For all PIO exam-
ples, the outermost two layers of elements are defined as 
passive elements. The framework outputs two result files 
with standard formats for downstream operations like visual 
inspection and manufacturing. One is the structural design 
given as an isosurface in the STL format, and the other is the 
density volume in the NIFTI format. For the latter, one can 
inspect it via the WebGL-based volume renderer provided 
by Wang et al. (2025).

The experimental setup is organized as follows: First, 
the proposed V-cycle variant is verified using the models 
’Femur’ and ’Molar’ (Fig. 7). Next, a benchmark example, 
’Cantilever’ (Fig. 10), is used to compare computational 
efficiency and model scalability of the framework against 
existing MATLAB implementations. Finally, the ’GE 
Bracket’ (Fig. 12) is considered to highlight the frame-
work’s support for optimization problems under multiple 
loading conditions.

Comparison of V-cycle variants We conduct TO (Fig. 7b, 
e) and PIO (Fig. 7c, f) on ’Femur‘ and ’Molar’ using the 
V-cycle implementations Standard V-cycle, Non-dyadic 
V-cycle, and Adapted Non-dyadic V-cycle. For TO, only the 
smoothing filter is used, whereas both the smoothing filter 
and projection are used for PIO, c.f. Equation 5.

Fig. 7   Problem descriptions (a, d) and the corresponding TO (b, e) 
and PIO (c, f) results. Green arrows indicate the loading conditions, 
regions covered by the translucent patches in cyan are fixed. For both 
’Femur’ and ’Molar’, the largest resolution is set to 400, correspond-
ing to about 4.7 and 8.2 million finite elements, respectively
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Figure 8 shows the TO statistics, showing the MGCG iter-
ations required to solve the FEM linear systems at each opti-
mization step in 8a (’Femur’) and c (’Molar’), respectively, 
and the corresponding processing times of each optimization 
step in 8b (’Femur’) and d (’Molar’). The results demon-
strate that for both cases the Standard V-cycle requires the 
fewest iterations but the longest processing time due to high-
est computational cost per MGCG iteration. The Adapted 

Non-dyadic V-cycle achieves the shortest processing times 
(both per step and overall) despite needing more iterations, 
benefiting from significantly reduced computational load per 
iteration. The Non-dyadic V-cycle shows intermediate con-
vergence behavior, though not perfectly consistent between 
examples.

Following the layout of Figs. 8,  9 presents the PIO statis-
tics. These results corroborate the earlier conclusion that the 

Fig. 8   TO statistics with differ-
ent V-cycle implementations. 
a The number of iterations 
required by different V-cycle 
implementations to solve the 
linear system at each optimiza-
tion step (’Femur’). b The per-
step processing time of different 
V-cycle implementations and 
the processing time of the entire 
optimization process are pro-
vided in the legend (’Femur’). 
Similarly, c and d show the 
corresponding statistics for the 
’Molar’ example

Fig. 9   Statistics of conduct-
ing PIO with different V-cycle 
implementations. The figure 
layout remains consistent with 
Fig. 8
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Adapted Non-dyadic V-cycle achieves the shortest process-
ing time among the three implementations.

A comparison between Figs. 8 and  9 reveals additional 
insights: Despite identical linear system dimensions, all 
three V-cycle implementations require more MGCG itera-
tions and consequently longer processing times per optimi-
zation step—for PIO than for TO. This stems from PIO’s 
more heterogeneous density distribution (i.e., higher spa-
tial frequencies), which geometrically complicates the lin-
ear system and degrades the geometric multigrid solver’s 
convergence.

Most notably, between optimization steps 150–250, the 
required iterations per step increase significantly. This phe-
nomenon typically results from the interplay between grow-
ing density-field heterogeneity and persistently large update 
magnitudes.

The Adapted Non-dyadic V-cycle demonstrates the high-
est computational efficiency for both TO and PIO, while 
simultaneously achieving minimal memory consumption, 
as element stiffness matrices from level 2 to L − 1 no longer 
require storage. This verifies its superior capacity. Finally, 
we observe that the peaks in the PIO results originate from 
the continuation of the beta parameter in the smooth Heavi-
side projection filter.

Computational efficiency We evaluate the computational 
efficiency of our framework by comparing it to existing 
alternatives. To ensure maximal consistency, we restrict our 
comparison to MATLAB implementations from Amir et al. 
(2014) and Ferrari and Sigmund (2020), focusing specifi-
cally on their linear system solvers.

Amir et al. propose an MGCG solver using an explicit 
matrix format, while Ferrari and Sigmund employ a direct 
solver coupled with an external C++ code for efficient 
global stiffness matrix assembly. For fair large-resolution 
performance comparisons, we replace Ferrari’s direct 
solver with Amir’s MGCG solver, as recommended in Fer-
rari and Sigmund (2020). Thus, both implementations solve 
large-scale FEM systems via MGCG (without matrix-free 
approaches), differing only in matrix assembly: Ferrari and 
Sigmund (2020) uses a C++ program through MATLAB’s 

MEX interface, achieving higher efficiency than MATLAB’s 
native sparse() function.

We omit comparisons to the node-based matrix-free 
implementation in Träff et  al. (2023), which is signifi-
cantly slower due to loop-intensive indexing, as discussed 
in Sect. 4, and Liu and Tovar (2014)’s direct solver, which 
fails at higher resolutions due to memory constraints.

We use ’Cantilever’ as the benchmark for this experi-
ment. The design domain is a cuboid with dimensions 
1.0 × 0.5 × 0.5 (Fig. 10a). The domain is discretized into 
48 × 24 × 24 (R48), 96 × 48 × 48 (R96), 192 × 96 × 96 
(R192), 300 × 150 × 150 (R300), 384 × 192 × 192 (R384), 
768 × 384 × 384 (R768), and 800 × 400 × 400 (R800) hexa-
hedral elements, respectively. TO is performed using our 
MATLAB code and, for performance comparison, the codes 
from Amir et al. (2014); Amir (2015) and Ferrari and Sig-
mund (2020).

Except the resolution, we use the same settings in all 
experiments, including a material budget of V0 = 0.12 , 50 
optimization steps, and a PDE filter radius (r) of 

√
3 times 

the element size. Additionally, we investigate mesh-inde-
pendence by imposing a physically fixed filter radius across 
different resolutions, see Fig. 10b for the corresponding TO 
result. Specifically, we set r =

√
3 for R48, r = 2

√
3 for R96, 

r = 4
√
3 for R192, r = 6

√
3 for R300, r = 8

√
3 for R384, 

r = 16
√
3 for R768, and r = 17

√
3 for R800, respectively.

Figure 1 presents the processing time statistics for each 
method across different resolutions. When using the code 
from Ferrari and Sigmund (2020), a memory issue occurs 
when assembling the global stiffness matrix at R192, 
whereas with the code from Amir et al. (2014); Amir (2015), 
this issue arises at R300, benefiting from MATLAB’s auto-
matic RAM-to-hard-drive swapping. Regardless of the 
memory limitations, the existing implementations cannot 
directly work with resolutions like R300 since they require 
powers-of-two differences in the simulation grid’s spatial 
resolutions. Note that this is not a methodological limitation 
but rather a trade-off between computational efficiency and 
model variability. In contrast, our MATLAB code supports 
resolutions up to the maximum tested (R800) and comfort-
ably accommodates R300.

In terms of processing times, the implementation from 
Ferrari and Sigmund (2020) achieves the highest efficiency 
at R48 and R96, owing to its OpenMP-accelerated C++ 
backend for matrix assembly. At R48, R96, and R192, our 
framework’s computational efficiency is comparable to that 
of Amir et al. (2014). Moreover, our approach demonstrates 
near-linear scaling in computational complexity from R48 
to R800.

While the implementations from Amir et al. (2014) and 
Ferrari and Sigmund (2020) could be optimized further (e.g., 
by exploiting the symmetry of the global stiffness matrix or 

Fig. 10   a Problem description for ’Cantilever’. b Identical TO results 
at different resolutions and physically fixed filtering radius
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using chunked assembly operations), such adjustments 
would not fully resolve the memory constraints of explicit 
matrix assembly. Thus, we leave these codes unmodified, 
except for replacing their filtering operation with the PDE 
filter for consistency. The corresponding compliance and 
measure of non-discreteness (MDN) values are provided in 
Table 1, where MDN is computed as 4

Ne

∑
e

𝜌̄e(1 − 𝜌̄e).

With ’Cantilever’, we further design an experiment 
to verify that even when setting �0 = 10−12 , the proposed 
V-cycle still converges. Specifically, we conduct PIO 
with parameters ( Re = 8 , r = 2

√
3 , Ve0 = 0.6 ) on the 

resolution R192, by separately using the Standard V-cycle 
with �0 = 10−12 , and the Adapted Non-dyadic V-cycle with 
�0 = 10−12 and �0 = 10−3 . The optimization process stops 
either after 300 optimization steps or when MDN is below 
0.01. Given the low MGCG tolerance, we set M = 1500 for 
safety reasons.

The results in Fig. 11 demonstrate that the proposed 
Adapted Non-dyadic V-cycle still delivers high-precision 
solutions efficiently, confirming that the convergence behav-
ior observed with ’Femur’ and ’Molar’ remains valid. Addi-
tionally, the PIO results for �0 = 10−3 show no significant 
difference compared to those for �0 = 10−12.

Fig. 11   a The PIO result (directly shown by the density values) under �0 = 10−12 , which is visually identical with the one under �0 = 10−3 . b and 
c The MGCG iterations and timings of each optimization step of the three involved test scenarios

Table 1   Statistics on the 
number of elements, compliance 
(c), and MDN for ’Cantilever’. 
The value of the filter radius (r) 
refers to the number of elements 
it considers

Models #Elements Ferrari et al. 
2020 ( r =

√
3)

Amir et al. 2014 
( r =

√
3)

Ours ( r =
√
3) Ours

c MDN c MDN c MDN c MDN r

R48 27,648 963.467 0.153 963.464 0.153 965.226 0.156 965.226 0.156
√
3

R96 221,184 695.020 0.089 695.020 0.089 679.250 0.091 886.209 0.143 2
√
3

R192 1,769,472 – – 609.529 0.057 591.716 0.057 866.852 0.140 4
√
3

R300 6,750,000 – – – – 566.538 0.043 843.392 0.135 6
√
3

R384 14,155,776 – – – – 555.891 0.036 861.937 0.139 8
√
3

R768 113,246,208 – - – - 545.192 0.020 860.676 0.139 16
√
3

R800 128,000,000 – – – – 545.068 0.020 861.685 0.139 17
√
3

Fig. 12   a Problem description 
for ’GE Bracket’: the largest 
resolution is set to 512, cor-
responding to about 11 million 
finite elements. The 4 loading 
conditions are indicated by 
arrows with different colors, the 
fixed regions are in black. b and 
c show the results of TO and 
PIO, respectively
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Multiple loading conditions In a final experiment, we 
use ’GE Bracket’ to demonstrate applying multiple loading 
conditions. In this case, the objective function (Eq. 1) needs 
to be slightly adapted to account for the contributions from 
different loads. This is achieved by replacing Eq. 1 with a 
weighted sum over the compliance values corresponding to 
different loading conditions. For PIO, the effecting radius 
( Re ) and local volume threshold ( Ve0 ) are consistently set 
to 6 element sizes and 0.6 across the domain. For TO, the 
global volume threshold ( V0 ) is chosen to be 0.45. For both 
TO and PIO, the radius of the smoothing filtering is set to 
be 2 element sizes, and the outermost 5 layers of elements 
in the fixed area and the outermost 15 layers of elements in 
the loading area are set as passive elements. Note that the 
outermost 2 layers of elements are also set to be passive ele-
ments for the PIO experiment.

Figure 12a shows the result using 4 different loading con-
ditions, meaning that 4 linear systems need to be solved at 
each optimization step. Considering that all loading con-
ditions correspond to the same fixed regions, the V-cycle 
only needs to be initialized once at each optimization step. 
The TO result (Fig. 12b) is obtained after 50 optimization 
steps, while the PIO result (Fig. 12c) is obtained after 300 
optimization steps, which take 7.6 and 144 h, respectively.

Regarding multiple loading conditions, we acknowledge 
that our current approach requires a separate solve pass for 
each individual load case. Consequently, compared to fac-
torization-based solvers, which can efficiently solve multiple 
right-hand sides after a single factorization, our method is 
less efficient in this setting. However, factorization-based 
solvers have high computational complexity and can suf-
fer from exponential growth of components—issues our 
approach is specifically designed to overcome. An interest-
ing research question is whether the advantageous properties 
of both strategies can be combined.

8 � Conclusions

This paper presents and analyzes an efficient MATLAB 
implementation of density-based topology optimiza-
tion and porous infill optimization in 3D, with a focus on 

high-resolution simulation domains. To achieve this, we 
provide insights into efficiently solving large-scale linear 
elasticity problems using the finite element method (FEM) 
in MATLAB. We demonstrate that the widely used multi-
grid preconditioner for a conjugate gradient solver can be 
effectively combined with a matrix-free computing sten-
cil. By optimizing the matrix-free format to fully leverage 
MATLAB’s built-in computational routines and employing 
an adapted V-cycle implementation, our approach achieves 
a significant performance improvement over existing alter-
natives—enabling resolutions approximately two orders of 
magnitude higher. Furthermore, the proposed MATLAB 
framework offers high usability, seamlessly accommodat-
ing arbitrary domains, resolutions, and multiple loading 
conditions.

Although this framework demonstrates compelling per-
formance advantages over existing alternatives, it has inher-
ent limitations for further optimization. The primary bottle-
neck lies in MATLAB’s single-threaded indexing operations 
that are frequently used in conducting the matrix–vector 
multiplication in the element-based matrix-free format. 
This becomes particularly restrictive for large-scale prob-
lems. This limitation also explains why the framework’s 
performance still remains below state-of-the-art C/C++ 
implementations.

Potential solutions include leveraging MATLAB’s GPU 
acceleration or MEX functionality. However, GPU-based 
approaches are constrained by the limited VRAM of mid-
range graphics cards, making them unsuitable for high-reso-
lution simulations. Meanwhile, MEX would require external 
C/C++ code, which contradicts this work’s focus on a pure 
MATLAB implementation. In future work, we will monitor 
MATLAB’s development of enhanced indexing capabilities 
to address this challenge.

A Appendix

Demonstration code for conducting Ku in the proposed 
element-based matrix-free format.
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B Appendix

Demonstration code for extracting the diagonal entries 
( D[l] ) from K[l] with l = 1 ∶ L − 1.
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