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A B S T R A C T

The buckling mode in piezoelectric materials offers advantages such as an increased measurable strain range, 
ease of installation, and extended service life. This paper investigates the potential of piezoelectric sensors 
operating in buckling mode for structural strain measurement by evaluating key factors including boundary 
conditions, sensor response linearity under dynamic loading, and impedance engineering to optimize the vol
tage–strain relationship. A structural extension was developed to facilitate sensor integration and to enable the 
application of different buckling boundary conditions. Results show that the clamped–clamped configuration 
generated at least 1.65 times higher output voltage, and three times greater peak strain compared to other 
boundary conditions. An experimentally validated analytical model was employed to assess and improve the 
performance of buckled piezoelectric sensors in dynamic environments. The findings highlight that introducing 
initial buckling reduces signal perturbations, enhances voltage linearity across loading frequencies, and extends 
the effective strain measurement range. Furthermore, impedance engineering was used to successfully mitigate 
the nonlinear effects of transient response, thereby improving signal stability and accuracy in dynamic strain 
monitoring applications.

1. Introduction

Dynamic strain monitoring is widely used to evaluate structural 
integrity, characterize dynamic behaviour, and estimate the service life 
of engineering structures [1–3]. Hence, strain sensors are increasingly 
applied for dynamic strain measurement and structural health moni
toring (SHM). Foil strain gauges (SGs) have been commonly utilized for 
strain detection; however, their performance can be affected by elec
trical noise and limited dynamic response sensitivity [4,5]. Additional 
challenges include calibration challenges and reduced high-frequency 
sensitivity due to small deformation amplitudes [6].

Fiber Bragg grating sensors are a promising alternative for strain 
measurement due to their high sensitivity, lightweight design, and im
munity to electromagnetic interference [7–10]. However, limitations 
include thermal sensitivity, fragility, and potential long-term signal 
degradation [11,12]. Additionally, their interrogation systems can be 
costly, particularly for high-frequency monitoring applications [13].

Piezoresistive strain sensors have been studied for their simplicity 
and material versatility [14,15], they are primarily suited for static or 
low-frequency applications [16,17]. In contrast, piezoelectric strain 

sensors are better suited for dynamic monitoring, as they generate 
electrical charge in response to strain rate, enabling self-powered 
operation, high signal fidelity, and broad frequency response [18,19].

Piezoelectric strain sensors convert mechanical strain into electrical 
charges, enabling them to detect even minute, rapid strain variations 
[20]. They are cost-effective, offer a wide frequency range, and are 
compatible with common signal conditioning and data collection sys
tems [21,22]. These sensors are known for their fast dynamic response, 
high sensitivity, low signal decay, long fatigue life, and durability in 
operational conditions, making them widely used in various applica
tions [23,24]. Mainly, two types of piezoelectric materials are employed 
in sensor design, such as lead zirconate titanate (PZT) and poly
vinylidene fluoride (PVDF), each optimized for specific uses [25].

Strain measurement in piezoelectric sensors is restricted to the linear 
region in the piezoelectric material response against the strain, limiting 
their application for high-strain level measurements, such as high-strain 
to failure materials or joints, where large strains may occur [18]. In our 
previous study, a comprehensive analytical and experimental investi
gation was done for applying piezoelectric sensors for structural strain 
measurement, considering the attachment strategy and mechanical 
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properties of the structure that is being monitored [26]. The results, 
alongside a review of existing studies, highlighted certain limitations, 
such as the strain measurement range being constrained to 100–150 µε 
due to material nonlinearities [27,28]. Other experimental findings re
ported maximum strain limits of 1 to 3.5 % [29,30] and strong de
pendency of the measured values on factors like the test structure and 
the bonding quality.

Recent developments in flexible strain sensors have improved the 
balance between large strain range and high sensitivity through 
advanced materials and structural designs [31,32]. While promising for 
wearable and soft robotics applications, their use in structural moni
toring is limited due to integration and durability challenges [33].

To tackle the measurable strain range limit, piezoelectric sensors can 
be utilized in a buckling mode, where the initial buckling (IB) chord 
determines the maximum measurable displacement [34]. Additionally, 
buckled shapes may be more suitable for curved structures or offer 

installation flexibility for hard-to-access areas such as joints. While 
studies in the literature have explored the use of piezoelectric films in 
buckling mode, the primary focus has been energy harvesting. For 
instance, C. Dagdeviren et al. designed and fabricated a network of 
PZT-based piezoelectric sensors on a thin polyimide layer, creating a 
biocompatible system to harvest heart movements in buckling mode 
[35]. Similarly, F. Cottone et al. conducted an analytical and experi
mental study using piezoelectric sensors in buckling mode to harvest 
energy from random vibrations, correlating the vibration characteristics 
with the sensor’s output [36]. J. Chen et al. investigated piezoelectric 
generators through numerical and experimental analyses of thin PZT 
layers on flexible substrates under buckling conditions. Their work also 
detailed the equivalent circuit of the piezoelectric sensor [37]. A com
mon thread across these studies is the consistent use of specific boundary 
conditions and approaches for strain distribution calculations, as thor
oughly outlined in the work by J. Song et al. [38].

To summarize, while piezoelectric sensors have shown potential in 
buckling mode applications, most existing literature primarily focuses 
on energy harvesting, especially on curved surfaces, rather than on 
structural strain measurement. A significant knowledge gap remains in 
evaluating key factors such as buckling boundary conditions and the 
linearity of sensor responses under dynamic strains. These aspects, 
crucial for the reliable use of piezoelectric sensors in strain monitoring, 
have not been explored so far. Addressing this gap is essential to fully 
leverage the capabilities of piezoelectric sensors for dynamic strain 
measurement and to advance their use in SHM. This study addresses this 
gap by presenting an experimentally validated analytical investigation 
of the piezoelectric electromechanical behavior in buckling mode. While 
much of the existing research has focused on clamped–clamped (CC) 
boundary conditions, this work explores a wider range of conditions and 

Fig. 1. (a) Test setup for buckling mode boundary condition experiments, (b) displays the piezoelectric sensor with the SGs installed, (c) illustrates the setup used to 
capture the deflection profile during buckling cycles, (d) test setup for cyclic tension-tension testing on the aluminum dog-bone specimen, (e) provides a close-up 
view of the buckled piezoelectric sensor installed on extension and LVDT placement, (f) shows the dimensions and the location of strain gauges, (g) represents 
the different layers of the piezoelectric sensor, (h) shows the schematic of the aluminum dog-bone test structure with the extension installation including LVDTs for 
tension-tension test (given dimensions are in mm).

Table 1 
Piezoelectric sensor and the test structure’s properties [40–42].

Property Qty Unit

Min. lateral contraction (PZT) 650 μm/m
Min. bending radius 12 mm
Electrical capacitance 150 nF
Poisson ratio (PZT) 0.35 ​
Young’s moduli E1=E2 (PIC255) 63E9 Nm-2

Young’s modulus (PZT sensor) 16.4E9 Nm-2

e31 = e32 (PZT) − 4.51 Cm-2

e33 (PZT) 17.22 Cm-2

Permittivity at constant strain (PIC255) 8.23E-9 Fm-1

Young’s modulus (aluminum) 7.04E10 Nm-2

Yield strength (aluminum) 3.09E8 Nm-2
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offers a comprehensive analysis. Various experimental tests are con
ducted to validate theoretical results. To facilitate sensor installation, an 
extension is designed to address buckling boundary conditions and assist 
with sensor integration [39]. By optimizing key parameters such as 
boundary conditions, IB, and impedance, this study aims to design a 
piezoelectric sensor with improved linearity, minimizing perturbations 
and challenges in the voltage-strain relationship, and ultimately 
enhancing its reliability for structural strain measurements.

2. Materials and methods

Table 1 summarizes the key properties of the PZT piezoelectric 
sensor used in this study. The P-876.A11 sensor, as shown in Fig. 1(g), is 
fabricated from PIC255 piezo-ceramic material and produced by PI 
Company [40]. This is a 100 µm PZT layer sandwiched between ~75 µm 
copper electrodes, ~50 µm glass-fibre-reinforced (GFR) layers, and ~25 
µm Kapton encapsulation layers on both sides. The test structure is a 
dog-bone-shaped specimen made of 6061-T6 aluminum with di
mensions of 210 × 20 × 3 mm (L × W × T). A 3D-printed extension is 
attached to the test structure using an epoxy adhesive, ensuring a robust 
bonding for experimental testing.

Two experimental setups were developed to investigate the piezo
electric characteristics in buckling mode and evaluate the performance 
of a piezoelectric sensor installed on an aluminum dog-bone structure, as 
shown in Fig. 1. The developed extension enables either pinned or 
clamped boundary conditions: a free-rotation space creates a pinned 
condition, while a tight slot ensures a clamped condition. Fig. 1(a) shows 
a test machine providing reciprocating linear motion to vary the buck
ling chord and frequency for each condition, along with a linear variable 
differential transformer (LVDT) to measure the buckling chord. Fig. 1(c) 
illustrates an alternative configuration with two LVDTs capturing the 
sensor’s deflection profile along the X and Z axes. Three SGs are 
mounted on the sensor’s top surface, with one additional SG on the 
bottom surface directly beneath the middle strain gauge (SG#2), as 
depicted in Fig. 1(f).

For the tension-tension test, depicted in Fig. 1(d), an Instron machine 
is employed to apply a range of tensile load amplitudes and frequencies. 
A minimum preload of 0.5 kN is maintained throughout the test to 
ensure the clamps remain securely engaged. Maximum loads ranging 
from 2 to 8 kN are applied, ensuring the specimen remains within its 
linear elastic region. Additionally, 0.5 and 4 Hz loading frequencies are 
applied to each load amplitude. To verify uniform tension in the 
aluminum dog-bone specimen and accurately measure displacement, 
two LVDTs are positioned on both sides of the extension.

Adjusting the extension’s initial positioning sets four different levels 
of IB, ranging from 0.5 to 2 mm. A range of load resistors from 10 to 100 
kΩ is selected to investigate the linearity of the piezoelectric sensor’s 
output. To record the piezoelectric sensor’s output, as well as synchro
nized LVDT and force data, a digital oscilloscope operating at a sampling 
rate of 1 GS/s is utilized, ensuring high-fidelity signal acquisition.

3. Voltage-strain relationship in buckled piezoelectric sensor

Piezoelectric materials generate electric charge under mechanical 
stress and deform when subjected to an electric field, making them ideal 
for use in sensors and actuators [25]. Methodically considering ther
modynamics and Maxwell’s equations, Eq. (1) provides the relationship 
between the generated output voltage and mechanical strain in a PZT 
[25]. Piezoelectric materials can be broadly categorized into natural and 
synthetic types. Natural piezoelectric materials, such as quartz and 
tourmaline, exhibit inherent piezoelectric properties due to their crys
talline structure

Eq. (1) is the e-form (stress-charge form) of the piezoelectric gov
erning equation that describes the electromechanical behaviour of 
piezoelectric materials. The first term, Dm, represents the electrical 
displacement generated by mechanical stress, illustrating the sensor 

mode of the piezoelectric material. The second term, εkl, corresponds to 
the mechanical strain induced by an applied electric field, character
izing the actuator mode. 

Dm = kS
mnEn + emklεkl

Tij = − eijnEn + cE
ijklεkl

(1) 

Where all the variables and material parameters are defined in 
Table 2. The superscripts of the material parameters point out which 
physical quantities are presumed to stay constant in the framework of 
parameter identification and the subscripts {i, j, k, l, m, n} correspond 
to the spatial axes {x, y, z} or {1, 2, 3}.

The first part of Eq. (1) is a summation of two terms. The term 
kS

mnEn defines the electrical displacement resulting from the application 
of an electric field and the emklεkl the term is generated by mechanical 
strain. Since there is no external application of an electric field in this 
study, the former term can also be disregarded. Consequently, the most 
relevant equation linking mechanical strain to electrical displacement is 
expressed in Eq. (2). 

Dm = emklεkl (2) 

The equivalent circuit model of Van Dyke can be used to relate the 
output voltage to the electrical displacement [43,44]. This model can be 
simplified at lower loading frequencies [45], as shown in Fig. 2(a). Here, 
C represents the capacitance formed by the two parallel electrodes with 
the PZT material acting as the dielectric, RP accounts for charge leakage 
or recombination, and RL represents the impedance of the external cir
cuit [37]. For further simplification, RP and RL can be combined into a 
single equivalent resistance, reducing the model to a first-order parallel 
RC circuit, as illustrated in Fig. 2(a).

The capacitance of the equivalent capacitor, C, can be calculated 
using Eq. (3), where k0 and kr represent the vacuum and relative 
permittivity, respectively. Here, d is the distance between the two 
electrodes, and A is the area covered by the electrodes. Additionally, hpzt 
and ν denote the thickness and Poisson’s ratio of the piezoelectric ma
terial, respectively. The term k refers to the effective dielectric permit
tivity, which can be determined under plane-strain assumptions using 
Eq. (4) [46]. It is worth mentioning that the effect of strain on thickness 
variation based on the Poisson ratio is negligible. 

C = k0kr
A
d
=

kA
hpzt(1 − νε) ≅

kA
hpzt

(3) 

k = k33 +
e2

33
c33

(4) 

The resistance of PZT is very high and mostly it is dominated by RL. 
The current source ID stands for electrical displacement and is calculated 
by Eq. (5). Where JD is current flux which is equal to electrical 
displacement variation in time and e is the effective piezoelectric coef
ficient. Under thin film plane-strain assumption, the transversal strain 
ε22 = 0 and the effective piezoelectric coefficient can be defined as Eq. 
(6) [35]: 

Table 2 
The expressions used in Eq. (1).

Notation Description Unit

Intensive state variables
En Electric field density; vector Vm-1

Tij Mechanical stress; tensor rank 2 Nm-2

Extensive state variables
Dm Electric flux density; vector Cm2

εkl Mechanical strain; tensor rank 2 –
Material parameter
kSmn Electric permittivity; tensor rank 2 AsV-1m-1; Fm-1

emkl Piezoelectric stress constants; tensor rank 3 Cm-2; NV-1 m-1

cEijkl Elastic compliance constants; tensor rank 4 m2N-1
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ID = A⋅JD = A⋅
dDm(t)

dt
= A

deε(t)
dt

= Ae
dε(t)

dt
(5) 

e = e31 −
c13

c33
e33 (6) 

Eq. (7) is obtained as a first-order differential equation by identifying 
all the equivalent circuit components and applying Kirchhoff’s Current 
Law. Eq. (8) is obtained by solving the first-order differential equation in 
Eq. (7) using the initial condition V(0)=0, without requiring additional 
assumptions or external models. 

Q = C⋅V, i =
dQ
dt

→ic = C
dVPZT

dt
→ID = ic + iR = C

dVPZT

dt
+

VPZT

R
(7) 

VPZT =
Ae
C

e−
t

R⋅C

(∫
dε(t)

dt
e

t
R⋅C dt

)

(8) 

ε(t) represents the uniaxial strain of the buckled piezoelectric sensor 
under dynamic loading, which directly influences the generated voltage 
as described by Eq. (8). The voltage is proportional to the rate of strain 
ε(t), meaning the sensor predominantly measures dynamic strain. 
Additionally, the time constant, τ = RC, characterizes the sensor’s 
discharge rate or the recombination of generated charge, reflecting the 
system’s tendency to return to equilibrium conditions.

The strain ε(t) is directly related to the curvature of the sensor or, 
equivalently, the buckling chord (ΔL), as illustrated in Fig. 2(b) [38]. To 
establish a correlation between ΔL and ε(t), an energy-based approach is 

Fig. 2. (a) Equivalent circuit of a piezoelectric sensor in low-frequency range (f << fr) including load resistor and simplified circuit with an equivalent resistor, (b) 
illustration of the buckled piezoelectric sensor installed on a dog-bone aluminum specimen using the extension, accompanied by a side view and curvature schematic 
and (c) workflow for strain calculation in a buckled plate.
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employed, with the calculation process outlined in Fig. 2(c). While the 
boundary conditions significantly influence the buckling behavior, this 
analytical study assumes a CC configuration which experimentally 
showed better performance. This choice, as demonstrated later in the 
results section, proves to be the most optimal for maximizing the sen
sor’s output voltage.

The Euler-Bernoulli theory describes the deformation behavior of the 
piezoelectric sensor, relying on the key assumption that the plane sec
tions remain plane [47]. This implies that shear deformation across the 
section is negligible. Additionally, the theory assumes a linear stress 
distribution, which holds true only if the maximum stress remains below 
the material’s yield stress, as specified in Table 1. To find the relation of 
strain and physical dimension and the deformation function, let’s start 
with Eq. (9) which correlates the bending moment M and the defor
mation function of the piezoelectric sensor ω(x), where (x) indicates that 
the displacement is applied exclusively along the x-coordinate. 

d2ω(x)
dx2 =

M(x)
E(x)I(x)

(9) 

Where E and I represent the modulus of elasticity and the moment of 
inertia. is the deformation function. As illustrated in the bending sche
matic in Fig. 2(b), the piezoelectric sensor consists of a symmetric seven- 
layer structure with the PZT layer positioned at the center (Fig. 1(g)). 
This placement determines the neutral axis to be at the middle of the PZT 
layer. Consequently, the amplitude of strain increases linearly with the 
distance from the neutral axis. Eq. (10) expresses this relationship and 
incorporates Hooke’s law to calculate the resulting stress in the sensor. 

ε =
y
ρ → σ = ε⋅E = E

y
ρ (10) 

The bending moment M arises from the internal stresses distributed 
across the cross-sectional area of the element. It relates to the stress 
distribution as described in Eq. (11). 

M =

∫

σ.ydA ̅→

(
σ=E

y
ρ

)

M =
E
ρ

∫

y2dA (11) 

The Integral 
∫

y2dA represents the moment of inertia I of the cross- 
section. Thus, M = EI

ρ Considering Eq. (9), the deformation function is 
related to the bending radius ρ as expressed in Eq. (12). 

d2ω(x)
dx2 =

1
ρ (12) 

As illustrated in the bending schematic in Fig. 2(b), Eq. (13) estab
lishes the relationship between the bending radius, the bending angle, 
and the chord length (L) of the bent element. 

L = ρdθ →Lʹ = (ρ+ y)dθ ̅̅̅̅̅̅ →
(L=ρdθ ) dl = L + ydθ then : ydθ = L − dl

= ΔL
(13) 

Since strain is ε = ΔL
L =

y
ρ Eq. (12) can be rewritten as Eq. (14): 

ε =
1
ρ y =

d2ω(x)
dx2 y (14) 

In Eq. (14), the strain distribution can be determined once the 
deformation function is known. To obtain ω(x), the energy approach 
outlined in Fig. 2(c) is applied. The Euler-Bernoulli theory, as expressed 
in Eq. (15), establishes the relationship between the deformation and the 
load distribution, which in this case corresponds to the uniaxial 
compressive load N. 

D
d4ω
dx4 = − N

d2ω
dx2 andD = EI (15) 

The general solution of this differential equation is expressed as a 

linear combination of terms derived from the roots of the characteristic 
equation, as shown in Eq. (16). 

ω(x) = C1 + C2x + C3cos(αx) + C4sin(αx) (16) 

For a plate clamped at both ends, the boundary conditions at x =
0 and x=Lx are as follows: 

• The displacement ω(0)=ω(Lx)=0, indicating no vertical deflection at 
the clamped edges.

• The slope of the deformation ω′(0)=ω′(Lx)=0, reflecting the absence of 
rotation at the clamped edges.

The mode shapes associated with the eigenvalues are expressed in 
Eq. (17), representing the characteristic deformation patterns of the 
plate under buckling. 

ω(x) =
δmax

2

[
1 − cos

(nπ
L

x
)]

(17) 

In this analysis, n specifies the buckling mode, and for the current 
case, the first mode is considered (n = 1). The maximum deflection, δmax, 
is determined by analysing the system’s equilibrium condition, which 
balances the total energy contributions from both in-plane and out-of- 
plane deformations. The process for establishing this equilibrium is 
outlined in Eq. (18), where h represents the thickness of the sensor. 

dN
dx

= 0 →
d
dx

Ehε = 0 (18) 

The in-plane and out-of-plane components, along with the modulus 
of elasticity and the geometric properties of the sensor, collectively 
determine the resulting compressive load. This relationship is expressed 
mathematically in Eq. (19). 

ε =
du
dx⏟⏞⏞⏟

in− plane

+
1
2

(
dω
dx

)

⏟̅̅̅⏞⏞̅̅̅⏟
out− of − plane

2

(19) 

By substituting ω(x) into Eq. (19), the equilibrium condition outlined 
in Eq. (18) is resolved, yielding the expression presented in Eq. (20). 

dN
dx

= Eh

{
d2u
dx2 +

1
2

[
d
dx

(
δmax

2

[

1 − cos
(

2π
L

x
)])]2

}

= 0

d2u
dx2 = − 2δmax

2
(π

L

)3
cos
(

2π
L

x
)

sin
(

2π
L

x
)

u =

(
δmax

2π
16L

)

sin
(

4π
L

x
)

− 2δmax
2
(π

L

)3
C1x + c2

(20) 

For a clamped condition, the boundary conditions u(0) = 0 and
∫L

0 

du = L0 − L are applicable. These conditions are used to derive the in- 
plane energy component, as expressed in Eq. (21). 

u =

(
δmax

2π
16L

)

sin
(

4π
L

x
)

−

(
L0 − L

L0

)

x (21) 

Substituting Eq. (21) into Eq. (19) defines the strain expressed in Eq. 
(22). 

ε =
1
4

(
δmaxπ

L0

)2

−
L0 − L

L0
(22) 

To account for the buckling length of the sensor and compute the 
total in-plane energy along its length, an integral over the sensor’s 
length is applied, as shown in Eq. (23). The subscript IP is used to 
distinguish in-plane terms from out-of-plane (OP) components. 
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Fig. 3. Strain and buckling chord measurements on different areas of the piezoelectric sensor (a) as a function of time under various boundary conditions and (b) 
comparison of strain values in different boundary conditions as a function of the buckling chord. CC, CP, PC, and PP refer to clamped–clamped, clamped–pinned, 
pinned–clamped, and pinned–pinned boundary conditions, respectively.
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Fig. 4. (a) Comparison of the sensor output under different buckling boundary conditions (pinned and clamped at both ends), alongside the variation in buckling 
chord measured by an LVDT. Analytical results illustrating: (b) the deformation function and strain distribution on the surface of the piezoelectric sensor and within 
the PZT layer, (c) the voltage generated by the piezoelectric sensor, (d) the electrical displacement in the PZT layer, and (e) a comparison of the deformation of the 
piezoelectric sensor as a function of the buckling chord in experiment and analytical studies.
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uIP =

∫L

0

1
2

Ehε2dx

uIP = Eh

[
π4δmax

4

32L3
0

−
π2δmax

2

4L0
(L0 − L)2

+
(L0 − L)2

L0

]
(23) 

Eq. (24) represents the calculation of the out-of-plane term, ac
counting for the deformation of the sensor due to buckling. 

uOP =

∫L

0

1
2

Eh3

12

(
d2ω
dx2

)2

dx

uOP =
Eh3

12
Aδmax

2π4

L3

(24) 

To determine the maximum deflection, the variation of the total 
energy with respect to the curvature slope at the peak of the deformation 
curvature must equal zero, as shown in Eq. (25). 

∂utotal

∂δmax
=

∂(uIP + uOP)

∂δmax
= 0

utotal =

(
Ehπ4

32L3
0

)

δmax
4 +

(
Eh3π4

12L2
0
−

Ehπ2(L0 − L)2

4L0

)

δmax
2 +

Eh(L0 − L)2

L0

δmax =
2L0

π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L0 − L

L0
−

π2h2

3L2
0

√

(25) 

The deformation function as a function of the buckling chord is 
represented in Eq. (26). 

ω(x) =
L0

π

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
L0 − L

L0
−

π2h2

3L2
0

√
[
1 − cos

(π
L

x
)]

(26) 

The term εc =
π2h2

3L2
0 

represents the critical buckling strain for Euler 

buckling in a doubly clamped condition. The sensor buckles when L0 − L
L0 

> εC. From Fig. 2(b), the displacement in the buckling chord is ΔL = L0 

− L. When comparing the critical buckling strain with the displacement 
in the buckling chord, it can be concluded that the critical buckling 
strain is negligible in comparison to the displacement. By substituting 
the deformation function into Eq. (14), the strain distribution is repre
sented in Eq. (27). 

ε = y
4π
L0

̅̅̅̅̅̅
ΔL
L0

√

cos
(

2π
L0

x
)

(27) 

This strain is along the x-direction (longitudinal). Since plane strain 
is assumed, the transverse strains are zero: ε22 = ε12 = ε23 = 0 [35]. The 
strain through the thickness is proportional to the longitudinal strain, as 
shown in Eq. (28) under the assumption that there is no external applied 
electric field [37]. 

ε33 = −
c13

c33
ε11 (28) 

The strain in each layer of the piezoelectric sensor can be calculated 
by considering the distance of the layer from the neutral axis, which is 
located in the middle of the PZT layer (Fig. 1(g)). The strain in the PZT 
layer contributes to the electrical displacement, and thus, the total 
electrical displacement for the buckled piezoelectric sensor under the 
plane strain condition is given by Eq. (29). 

D3 = ε11e31 + ε33e33

D3 = ε11

(

e31 −
c13

c33
e33

)

D3 =

(

e31 −
c13

c33
e33

)
yPZT4π

L0

̅̅̅̅̅̅
ΔL
L0

√

cos
(

2π
L0

x
)

(29) 

Substituting Eqs. (27)–29 into Eq. (8) yields Eq. (30), the sensor 
voltage as a function of the buckling chord. This relationship allows us to 
express the output voltage of the piezoelectric sensor in terms of the 
displacement in the buckled sensor, establishing a direct link between 
the mechanical uniaxial strain in test specimens, such as the dog-bone 
aluminum shown in Fig. 2(b), and the generated electrical signal. 

VPZT =
A
C

e−
t

R⋅C

{∫
d
dt

[(

e31 −
c13

c33
e33

)
yPZT4π

L0

̅̅̅̅̅̅
ΔL
L0

√

cos
(

2π
L0

x
)]

e
t

R⋅C dt
}

(30) 

Eq. (30) represents the classical exponential decay of voltage across a 
capacitor in a first-order RC circuit, as commonly found in basic circuit 
theory [48]. In the context of this study, it describes the transient 
discharge behaviour of the piezoelectric sensor, where the sensor’s 
intrinsic capacitance and resistance, together with the external resis
tance, form an effective RC network that governs the transient voltage 
response

4. Results and discussions

This section presents the experimental evaluation of the developed 
equations, with a primary focus on validating Eq. (30) and linking 
experimental observations to the theoretical model for improved sensor 
design and a more precise voltage-strain correlation. The parameters R 
and C can be adjusted through external electrical connections, while the 
strain in the test structure determines ΔL. To investigate the influence of 
boundary conditions, different extension configurations were applied to 
achieve pinned or clamped conditions at the sensor’s ends. Fig. 3(a) 
shows the strain distribution measured at four distinct locations, as 
indicated in Fig. 1(f), for the four boundary conditions tested.

As shown in Fig. 3(a), for all the boundary conditions, SG#2 and 
SG#4 exhibit good symmetry due to being installed at the same axial 
location on opposite surfaces. Under the CC condition, in addition to 
displaying higher strain at the top middle point (SG#2), SG#1 and SG#3 
indicate the same strain. This is because in the clamped condition, both 
ends of the PZT-covered area are fixed, causing the side near the elec
trode connector to stretch more, as indicated in green in Fig. 1(f). 
However, under the PC and CP conditions, SG#1 and SG#3 do not 
display the same profile due to the asymmetric position of the PZT and 
copper electrode layer, which alters the local stiffness across the sensor.

To facilitate a clearer comparison, Fig. 3(b) presents the measured 
strains as a function of buckling chord variation, confirming the highest 
strain levels experienced by the CC condition. Additionally, the SGs 
located on the clamped side’s top surface (SG#1 and SG#3) exhibit a 
negative strain due to the convex curvature. For SG#2 under the CC 
condition, an analytical solution (Eq. (27)) that accounts for the full 
sensor thickness is included as a green dashed line. The analytical curve 
shows a good agreement with the experimental data in both magnitude 
and curvature, supporting the validity of the model for strain distribu
tion in the buckled configuration.

Although the CC condition shows higher strain at the middle point 
(SG#2), the strain at SG#1 and SG#3 has the opposite sign, which 
makes it difficult to determine which boundary condition results in a 
higher overall strain. However, since strain along the sensor generates 
electrical displacement, which in turn affects the output voltage, the 
output voltage can serve as an indicator of the sensor’s performance 
under different boundary conditions. The output voltages from the 
piezoelectric sensor are shown in Fig. 4(a), with the legend notation 
using two letters to indicate the boundary condition at each end. A low- 
pass filter was applied to the measured voltage signals to reduce the 
high-frequency noise. The buckling process was consistent across all the 
conditions, transitioning from a flat state to a maximum buckling of 1.5 
mm at a frequency of 1 Hz.

Fig. 4(a) demonstrates that the CC boundary condition generates the 
highest output voltage, while the PP condition produces the lowest and 
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Fig. 5. The output voltage of the piezoelectric sensor under the CC condition, (a) experimental results, showing the variation with BF and different IB chords, (b) 
analytical results for two different BFs, (c) dependency of output voltage on IB and (d) BF for both transient and SS stages.
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the CC condition is a good choice as the most sensitive boundary con
dition. The difference between the CP and PC conditions arises from the 
asymmetric clamped length and difference in clamp shape because of 
electrode connections. Specifically, the side with the electrode connec
tions has more space, resulting in unequal strain distributions under 
these conditions. Also, Fig. 3(a) shows the strain level in CP is lower than 
in PC.

Another notable observation is the perturbation in the sensor voltage 
signal when the displacement, as measured by the LVDT, reaches zero. 
During the buckling cycle, there is a moment when the LVDT shows no 
variation as the reciprocating movement transitions in direction. At this 
point, the piezoelectric sensor tends to discharge due to its inherent 
capacitance and resistance properties.

To explore further the CC condition, Fig. 4(b-e) provides analytical 
results for the deformation function, strain distribution, and electrical 
outputs of the piezoelectric sensor. Fig. 4(b) reveals that the strain dis
tribution along the sensor’s length is not uniform in sign. Examining the 
deformation function shows two convex regions near the ends, which 
induce compressive strain on the upper surface, and a larger concave 
region in the middle, resulting in tensile strain on the upper surface. 
Considering the piezoelectric layer’s thickness and its position that is 
closer to the neutral axis, the strain on the PZT surface (εₚₓₜ) is 
approximately 25 % of the strain at the top surface. Mathematically, 
there must be a point where the slope of the deformation function 
changes the sign as shown by a green dashed line in Fig. 4(b), leading to 
zero strain—this is referred to as the counter-fracture point.

The electrical displacement in Fig. 4(d) further confirms the strain 
variation, which reflects strain sign changes. The distance between the 
two counter-fracture points determines L, leading to a higher strain 
value. This higher strain in the middle is influenced by the two convex 
regions near the ends. These regions, being opposite to the concave 
middle, contribute to an overall strain that remains higher than other 
boundary conditions. Fig. 4(c) presents the analytically derived voltage, 
which closely matches the experimental measurements in Fig. 4(a). A 
key analytical outcome is the maximum deformation, illustrated in 
Fig. 4(e), which aligns well with the experimental results obtained using 
the test setup shown in Fig. 1(a).

To address the perturbation issue in the output voltage observed in 
Fig. 4(a), different IB chords (ranging from 0.5 mm to 2 mm) were 
applied during the installation of the extensions to prevent the sensor 
from reaching a fully flat stage. Fig. 5(a) shows the effect of these IB 
chords on the output voltage. The results indicate that introducing an IB 
eliminates the voltage perturbation; however, the magnitude of the IB 
does not significantly affect the output voltage. According to the 
developed equations, the IB does not influence the output voltage, as it 
appears in the deformation function but does not contribute directly to 
the strain rate, which governs the voltage generation.

The voltage signal exhibits both transient and steady-state (SS) re
sponses. As shown in Fig. 5(a), the voltage amplitude is higher during 
the beginning of buckling but eventually stabilizes to a SS value. This 
behaviour can be attributed to the time-dependent exponential terms in 
Eq. (30), which diminish over time and become negligible in the steady 
state. Fig. 5(b) illustrates the results of Eq. (30) for two BFs, 4 Hz and 8 
Hz, confirming this behaviour. Additionally, higher BFs lead to a higher 
rate of voltage variation as well as an increase in voltage amplitudes. 
Similarly, the transient time, highlighted by a black line in all graphs in 
Fig. 5(a and b), is significantly shorter at higher frequencies (e.g., 4 Hz) 
compared to lower frequencies (e.g., 0.5 Hz).

To further investigate the effect of IB, Fig. 5(c) and 5(d) illustrate 
how the output voltage depends on both the IB and the buckling fre
quency (BF). The first peak (FP) represents the maximum value during 
the transient stage, while the SS value is taken as the average of the 
subsequent peaks. Fig. 5(c) shows that IB has a negligible influence on 
the output voltage in both stages. In contrast, Fig. 5(d) demonstrates an 
exponential-like increase in output voltage with rising BF.

Since the IB level does not significantly affect the output voltage, it is 
optimal to set the IB based on the strain levels of the test structure. The 
displacement between the two legs of the extension must not exceed the 
IB distance; otherwise, the sensor could reach a fully flat state, rein
troducing voltage perturbations that could interfere with strain calcu
lations. Additionally, the bending radius must not exceed the minimum 
bending radius specified in Table 1.

An IB of 1 mm is selected for the test structure, an aluminum dog- 
bone specimen (Fig. 1(h)). The applied tensile load and the measured 

Fig. 6. (a) Applied tensile load and measured displacement between the extension legs, (b) load-strain response of the test structure, (c) generated voltage by the 
piezoelectric sensor and (d) voltage-strain relationship at different loading frequencies.
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displacement between the extension legs are shown in Fig. 6(a). As Fig. 6
(b) illustrates, the applied load remains within the elastic region of the 
test structure.

The generated voltage from the piezoelectric sensor, shown in Fig. 6
(c), confirms that IB helps mitigate voltage perturbations. During the 
initial loading stage, which follows a ramp wave, the sensor produces a 
nearly constant voltage with an initial exponential-like response. This 
behavior aligns well with Eq. (30), where the constant ramp rate results 
in a steady voltage, while the exponential terms contribute to the 

transient response.
Fig. 6(d) presents the voltage-strain relationship across different 

loading frequencies, showing a linear correlation between voltage and 
strain for each frequency. However, similar to Fig. 5(d), the voltage does 
not exhibit a linear dependency on loading frequency. The slight devi
ation at higher strain levels is attributed to a minor slip of structure in 
the clamps, causing a lower voltage output.

The nonlinearity observed in the output voltage with respect to BF 
originates from the capacitive behavior of the piezoelectric sensor. At 

Fig. 7. (a) Experimental and analytical transient response for varying IB and BF, (b) and (c) Bode plots of piezoelectric impedance as a function of externally 
connected resistance.
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Fig. 8. (a) Output voltage of the piezoelectric sensor with varying external resistances (10 kΩ to 100 kΩ) and BFs (0.5 to 8 Hz), (b) close-up of transient and SS 
voltages with a 20 kΩ resistor and (c) output voltage dependence on BF for different resistances.
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higher frequencies, the generated charges accumulate in the sensor’s 
inherent capacitance (see Fig. 2(a)) but do not have sufficient time to 
discharge before the load reverses direction. As a result, the system 
exhibits a smaller effective time constant, which directly affects the 
transient voltage response [49] as described by the exponential term in 
Eq. (30).

To quantify the time constant of the piezoelectric sensor, Fig. 7(a) 
shows the transient output voltage for BFs of 4 Hz and 8 Hz under 

varying IB conditions. A fitted function of the form V0e−
t
τ, with τ = R⋅C =

0.17 s, demonstrates close agreement with the experimental data. Using 
the known sensor capacitance of 150 nF (Table 1), this corresponds to an 
estimated internal resistance of approximately 1.13 MΩ.

Since the voltage is recorded via an oscilloscope with a 1 MΩ input 
impedance, this resistance acts in parallel with the sensor’s internal 
resistance. In such a configuration, the total equivalent resistance is 

always less than the lowest individual resistor 
(

Rtotal =
R1 ⋅R2
R1+R2

)

. There

fore, the observed time constant of 0.17 s implies that the sensor’s in
ternal resistance must be higher than 1 MΩ.

To further validate this finding, the experiment was repeated using a 
10 MΩ oscilloscope probe at 4 Hz and 8 Hz for 1 mm IB. The resulting 
transient response, also shown in Fig. 7(a), was best fitted with a func
tion using τ = R⋅C = 1.7 s. This confirms that the sensor’s internal 
resistance is much greater than 10 MΩ, though it lies beyond the 
measurable range of a conventional ohmmeter.

To understand how an external resistor influences the piezoelectric 
impedance, Fig. 7(b) and 7 (c) present Bode plots of the overall 
impedance for a range of resistances from 10 kΩ to 1.2 MΩ. Both the 
amplitude and phase of the impedance reveal that higher external re
sistances lead to increased nonlinearity, which can be connected to the 
piezoelectric time constant. The green highlighted region in Fig. 7(b) 
represents the range where the nonlinearity in impedance remains 
below 10 %, defining an optimal resistance range of up to 50 kΩ. Based 
on this analysis, if the external resistance is set within the aforemen
tioned range, the dependency of the output voltage on BF becomes 
significantly more linear. This improvement enhances the strain-voltage 
relationship, making it more straightforward and less complex to 
interpret.

To experimentally evaluate the effect of an external resistor on the 
linearity of the sensor’s voltage-BF relationship, a range of resistances 
from 10 kΩ to 100 kΩ was applied to the piezoelectric sensor under 1 
mm of IB and a BF range of 0.5 to 8 Hz. The results are shown in Fig. 8. 
As illustrated in Fig. 8(a), increasing the external resistance leads to 
higher output voltage amplitudes, but the transient response is signifi
cantly reduced. A closer view in Fig. 8(b), focusing on the results with a 
39 kΩ external resistor, highlights that the difference between the FP 
and the SS stage is minimal and occurs only during the first cycle. 
Additionally, Fig. 8(c) presents the dependency of output voltage on BF 
across different external resistances. Dashed lines represent linear 
regression fits applied to each dataset, and the corresponding coefficient 
of determination (R²) values, expressed as percentages, are displayed 
directly within the figure. These R² values quantify the degree of line
arity for each resistance. A comparison with Fig. 5(d) reveals a marked 
improvement in linearity when using optimized external resistors. 
Notably, the 20 kΩ and 39 kΩ cases exhibit R² values above 99.7 %, 
making them strong candidates for linear strain–voltage conversion. 
However, this enhancement in linearity comes at the expense of reduced 
voltage amplitude compared to the results in Fig. 5(d), highlighting a 
trade-off between output magnitude and frequency-response consis
tency. Similar linearization trade-offs have been observed in other 
electromechanical systems, including carbon nanotube (CNT) /cement 
composites [53] and cementitious sensors [54], where impedance tun
ing enhanced linear behavior under dynamic loading. Furthermore, FEM 
modeling of CNT-based materials has demonstrated that nonlinearities 
in electromechanical response can be mitigated through 

impedance-aware structural design [55]. These findings support the 
generalizability of impedance optimization as an effective tool for 
improving sensor response consistency across material systems.

Compared to prior studies focusing on energy harvesting with 
buckled piezoelectric films [50–52], this work offers a distinct contri
bution to dynamic strain sensing. Unlike earlier works which mainly 
considered fixed boundary conditions (often clamped–clamped), our 
study systematically compares four boundary configurations and dem
onstrates that the clamped–clamped condition yields up to 1.65 ×
higher voltage output and 3 × higher peak strain than others. Moreover, 
while most previous studies assumed idealized impedance, we show that 
impedance tuning with external resistors significantly improves voltage 
linearity (by up to 40 %), especially across varying BFs. Additionally, 
our custom-designed extension provides a practical solution for inte
grating the sensor into structures while controlling IB — an installation 
and repeatability factor not systematically addressed in earlier work.

5. Conclusions

This study explores the use of piezoelectric sensors operating in 
buckling mode for structural strain measurement, focusing on boundary 
conditions, sensor response linearity, and impedance optimization. An 
analytical model supported by experimental validation was developed 
to establish a comprehensive voltage-strain relationship for dynamic 
strain monitoring. The developed knowledge can enhance the practical 
use of piezoelectric sensors in structural strain monitoring, offering 
greater accuracy, larger measurement range, durability, and installation 
flexibility. Key findings include: 

• Sensor output is highly influenced by boundary conditions, with CC 
configurations generating the highest voltage due to greater induced 
strain, highlighting essential considerations for sensor design and 
installation.

• Output voltage perturbations caused by the sensor’s inherent 
capacitance and resistance, particularly at zero-displacement tran
sitions, were mitigated by introducing IB without compromising 
performance.

• Sensor output voltage increases with BF due to higher strain rate. The 
derived time constant from transient response analysis showed 
strong agreement with experimental data.

• Impedance engineering was found to improve voltage linearity with 
respect to frequency variation. While this optimization reduces 
voltage amplitude, it yields a more stable and predictable sensor 
response—a trade-off that has also been observed in CNT-based and 
cementitious electromechanical systems.
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