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Summary

In this research two acoustic analogies, the linearized Euler equations and Lighthill’s equation are evalu-
ated. These equations describe the propagation of acoustic waves. Both the linearized Euler equations
and Lighthill's equation use a right hand side source term that is determined by a fluid solver. When
coupling the fluid solver with an acoustic solver for a low Mach number aeroacoustic problem, a dif-
ference in spatial and temporal scale can exist for the fluid and acoustic calculations. This research
is based on aeroacoustic solvers in which the spatial grid for the acoustics and the fluid is exactly the
same. Due to this condition it is shown that the ratio between the fluid and acoustic time step is
governed by the inverse of the Mach number to ensure that both the Courant and acoustic Courant
numbers are smaller than one. In the case of low Mach numbers (M < 0.1) this results in a time
step difference between the acoustic and fluid simulation of at least a factor 10. Due to the time step
difference, the source term in the fluid solver is not updated for every acoustic time step and hence
the accuracy of the acoustic result is reduced. To remedy this decreased accuracy one could solve
for the source term at every acoustic time step. However this leads to lengthy computations. The
objective of this research is thus to improve the efficiency of the fluid acoustic coupling by increasing
the acoustic accuracy for non-matching time steps in the fluid solver and in the acoustic solver. This
research objective can be fulfilled by improving the source term transfer from the acoustic solver to the
fluid solver by higher order temporal interpolation between different source levels. Furthermore the
source term can be reconstructed at the nodes by implementation of a higher order time integration
method in the fluid solver. In this research is investigated whether the improved temporal transfer and
reconstruction of the source term can lead to an increased time step difference between the fluid and
acoustic calculations for which an acceptable acoustic accuracy can be obtained.

The approach taken in this research is based on firstly quantifying the effect of keeping an analytic
monopole source term constant for multiple acoustic time steps. To adequately describe how the
source term is updated, a source term Courant number is derived. This number is defined as the time
interval between source term updates multiplied by the summation of the convective velocity and the
speed of sound and divided by the spatial acoustic step. Then the source term levels are interpolated
with Lagrange polynomials, to assess the improvement of the acoustic results. Furthermore this known
analytic monopole source term is reconstructed by solving an ordinary differential equation that has
the monopole as its exact solution. Both the spectral deferred correction method and the backward
Euler method are used to solve this equation. The spectral deferred correction method is a higher order
method that uses iterative low order substepping over Gauss Lobatto quadrature nodes. Using Gauss
Lobatto quadrature allows for exact integration of the integral in the Picard formulation. In the last part
of this research the spectral deferred correction method is implemented in an incompressible, transient
fluid solver to construct higher order source terms. Lagrange interpolation is used to interpolate the
source terms at the Gauss Lobatto node locations, to improve the source term transfer to the acoustic
solver.

The results from this research show that a large distortion of the acoustic results take place when the
source term Courant number exceeds one. For the source term transfer to the acoustic solver, inter-
polation with Lagrange basis functions over Gauss Lobatto nodes delivered the most accurate acoustic
results. In terms of higher order time integration, the reconstruction of the source term by solving
an ordinary differential equation with the spectral deferred correction method showed the highest ac-
curacy. The root-mean-square error of the acoustic result was decreased compared to a backward
Euler method. The relative effect on the improvement of the acoustic accuracy proved to be highest
by Lagrange interpolation over the Gauss Lobatto nodes compared to accuracy improvements at the
nodes by the spectral deferred correction method. Finally based on the result from the implementation
of the spectral deferred correction method in the incompressible, transient fluid solver, it can be noted
that the spectral deferred correction method did not show the same error convergence as was found
in the solution of an ordinary differential equation for the reconstruction of the analytic monopole. The
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Lagrange interpolation over the Gauss Lobatto node locations improved the overall acoustic result in the
active source region of the flow. In the far field the acoustic results were similar for both zeroth order
interpolation (which resembles the original piecewise constant source term) and Lagrange interpolation.
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Introduction

In the last 25 years large strides have been made in the development of computational aeroacoustic
methods. In the early nineties of the 20th century the problem was classified as a very premature
research area [1]]. Today, noise quantification is a major design consideration [2]. Due to the ad-
vancement of research in computational aeroacoustics, noise can be quantified in a preliminary stage
in the design process. This leads to more noise efficient prototypes and end-products. Furthermore
it prevents modifications late in the design process. Applications that benefit specifically from a low
aerodynamic noise footprint are wind turbine blades that are operated in the vicinity of populated ar-
eas. Another application of aeroacoustics can be found in the aircraft industry, where both the acoustic
quantification inside the aircraft and in the far-field is an important topic.

In general, aeroacoustics describes the interaction between an acoustics field and a flow field. It
describes the origination and propagation of sound waves that are created by aerodynamic sources.
Many challenges are associated with this process. The acoustic waves have often a significantly dif-
ferent propagation velocity than the convective velocity of the fluid. Furthermore the spatial length of
the smallest turbulent flow structures that create the acoustic waves can be considerably lower than
the acoustic wavelengths [1]. Generally the acoustic field has a larger domain than the fluid domain,
and acoustic values are often required at a significant distance away from the source. The need for
fundamentally different time and space scales and a large computational domain thus asks for an op-
timal use of the available computational resources.

Sound is quantified by deviations from the mean pressure level in air. The perturbations can be de-
termined by solving the compressible Navier-Stokes equations. As was stated different characteristic
time and space scales are needed to be solved for the acoustic variables. In order to avoid divergence
of the acoustic and flow simulations the finest grid and time scale are then required in a direct method.
This causes lengthy calculations. In order to adhere to the acoustic and flow Courant constraints in
an efficient manner, hybrid methods are developed. In hybrid methods the flow is calculated in a
source region. The source is used as a right hand side in the acoustic equations. Extensive research
is conducted in the development of hybrid methods. The non-linear source term in the acoustic wave
equation that describes the acoustics propagation, originates from turbulent fluid behaviour [3] [4].
The implementation of a hybrid method requires a solution for the different temporal and spatial scales
for flow and acoustics.

In a decoupled, hybrid approach a computational cheap addition to solving the fluid is found by incor-
porating the acoustics. In this research the same mesh is used for the fluid calculation and the acoustic
calculation, which prevents the need for higher order solvers in space for the acoustics. However this
causes a difference in required time scale between the acoustic and the fluid calculations. The objec-
tive is to find a time step ratio between the fluid and the acoustics, which is as high as possible, since
this reduces the computational load. The acoustic time step is held constant throughout this research.
The aim is thus to increase the fluid time step, while still achieving a high accuracy. To achieve a
higher ratio between the fluid time step and the acoustic time step, two methodologies are used, i.e.
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2 1. Introduction

temporal source term reconstruction (higher order time integration) and temporal source term transfer
(Lagrange interpolation). This research is focused on the effect of time integration and interpolation in
the fluid solver to improve the acoustic calculations in an efficient manner. Summarizing, the following
research goals can be defined:

¢ Quantify the acoustic error for various time steps at which the source term is updated, while
maintaining a constant number of acoustic time steps.

e Find an improved temporal source term transfer to the acoustic solver by implementing higher
order temporal source term interpolation to increase the maximum ratio of the fluid and acoustic
time step.

¢ Create an improved temporal reconstruction of the source term by higher order time integration
in the fluid solver to increase the maximum ratio of the fluid and acoustic time step.

« Establish the relative effect of the temporal transfer of the source term (interpolation) and the
temporal reconstruction of the source term (higher order time integration) on reduction of the
acoustic error for disparate time scales in the hybrid aeroacoustic system.

This research thus aims to find a generalized source term reconstruction and transfer methodology
that improves the efficiency of the hybrid system. The main research question is: can the efficiency of
the coupling between a fluid solver and an acoustic solver benefit from temporal interpolation and/or
higher order temporal source term reconstruction?

Chapter | describes the underlying physics of computational hybrid aeroacoustics. Two important
acoustic analogies, Lighthill’s acoustic analogy and the linearized Euler equations are treated here.
Then in Chapter  an analytic source term is used to establish a research hypothesis. In this chapter
the effect of keeping the source term constant for multiple acoustic time steps is tested. The effect
on the acoustic results is monitored. A relation to the acoustic Courant number is established. Based
on this research hypothesis, Chapter [ investigates interpolation strategies to interpolate the fluid re-
sults, as a way to improve source term transfer to the acoustic solver. Furthermore in this chapter a
higher order time integration scheme, the spectral deferred correction method, is assessed. Both the
interpolation technique and the time integration method are used to reconstruct the monopole source
term, to assess improvements in acoustic results. Finally Chapter B considers the implementation of
the spectral deferred correction method and the interpolation technique in a fluid solver, to reconstruct
the source term in a quasi-direct approach. In this context, quasi-direct, means that the source term
is only saved for the amount of substeps during one fluid time step.



Physics behind computational
aeroacoustics

A large part of this research is focused on a mathematical assessment of temporal source term char-
acterization. This chapter treats the more physical background of aeroacoustics and the underlying
assumptions for establishing the acoustic analogies, with the acoustic wave propagation on the left
hand side of the equation and the source term definition on the right hand side. Before assessing the
effect of keeping a source term constant over multiple acoustic time steps and applying the higher
order source term reconstruction and transfer, this chapter treats some fundamental theory underlyin
computational aeraocoustics. It serves as an introduction to the research presented in Chapters é, %
and B.

2.1. Introduction

The fundamental theory discussed in this chapter first consists of a qualitative assessment of the mech-
anism of sound, i.e.: sound origination, sound transmission and sound reception. Then a mathematical
description of sound is given by discussing and deriving two acoustic equations from the Navier-Stokes
equations which are based on distinct underlying assumptions. These acoustic wave equations with
an aerodynamic source term are: Lighthill’s acoustic analogy and the linearized Euler Equations (LEE).
Although a multitude of acoustic analogies exist, these analogies are arguably the most well-known.
Finally a research framework is constructed of the current challenges in constructing an aerodynamic
source term to solve the acoustic equations accurately and efficiently.

2.2. Mechanism of sound

As shown in Figure .1, acoustics can be divided in three main phases: origination, transmission and
reception. In this section these three areas are addressed.

2.2.1. Sound origination

The research area of aeroacoustics describes the acoustic wave propagation created by air flows,
which is a fundamentally different process than sound generated by vibrating solid objects. According
to Lighthill [5], experiments have shown that the frequencies that exist in the flow are identical to the
frequency of the sound waves. The challenge is to quantify the intensity of sound, which is determined
by the part of the energy of the flow that is converted to acoustic energy. The acoustic energy causes
longitudinal transverse fluctuations of air molecules that are perceived as sound.

In Figure R.2 a schematic image is shown of a flow over an airfoil. The interaction between the air-
foil and the flow causes an acoustic field which is propagating in all directions. The sound waves are
characterized by a sinusoidal variations in amplitude. The sound wave is described by the amplitude,
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4 2. Physics behind computational aeroacoustics

Acoustic
source

_____________________________ Receiver

Figure 2.1: Phases within acoustics.

\‘\ _Sound waves
Streamlines \\

Turbulent region

Figure 2.2: Sound waves created by the turbulent region in the airflow.

frequency and propagating speed. The relation between the propagating speed (speed of sound),
co(m/s), the wavelength A(m) and the frequency, f(Hz) is defined as:

f== (2.1)

In the boundary layer of an airflow, instabilities can occur which are amplified. These instabilities
interact with one another causing a turbulent flow. The inertial behaviour of the flow particles are
counteracted by the viscosity of the fluid, this balance is enclosed in the Reynolds number. If the
Reynolds number is high the disturbance propagates in a large amount of frequencies. For lower
Reynolds numbers the growth rate of the instabilities is less and also the range of frequencies in which
they propagate. Furthermore sound can be amplified by the existence of obstacles in the flow. Some
obstacles can work as a resonator, by oscillating at s%ecific frequencies. The specific frequencies are
then amplified, which creates a characteristic sound.

Aerodynamic sound is characterized by small pressure perturbations in air, and is thus an inherently un-
steady phenomenon. There are three fundamental source terms that describe the origination of sound.
These elementary source terms are known as: monopoles, dipoles and quadrupoles. A monopole re-
sembles a mass or heat injection in the fluid. Dipoles originate from pressure fluctuations at walls[£].
Finally fluctuations can be induced by viscous stress in the flow or non-isentropic effects. The insta-
bilities in the viscous shear layer propagate in an unsteady manner and cause pressure fluctuations
from the mean pressure value that are perceived as sound. Mathematically this effect is described by

ILecture on Aerodynamic Generation of Sound, by James Lighthill & John Ffwocs Williams (source: YouTube)



2.3. Governing Equations 5

a quadrupole.

2.2.2. Sound propagation

The sound can be influenced by the medium through which it is propagated. Acoustic waves can have
low amplitude and long wavelengths compared to the airflow and propagate at the speed of sound.
In this research a one way coupling between flow and acoustics is assumed. This means that only
the effect of flow on the acoustics is addressed. In the medium reflection (by objects) and refraction
effects can occur, which requires the need for sufficient boundary conditions in order to accurately
describe the acoustic field [1].

In a medium refraction effects can occur, due to the the existence of a structure. This structure can
cause large pressure differences in the flow, leading to an unstable boundary layer in which fluctuations
create turbulent elements (eddies). The fluctuations can have a certain frequency which is based on
the length of the fluctuations and the convection speed of the flow (f = U/L). These fluctuations
cause acoustic waves. The wavelength of these acoustic waves are thus related to the length of the
fluid elements and the ratio of the speed of sound and the convective velocity. This will be treated
more extensively in Chapter B. In the case of low Mach numbers, the ratio between the speed of sound
and the convective velocity, %, is high. This means that the typical difference in length scale between
the acoustic wavelength and the length of the flow element is large. This then poses a challenge for
acoustic numerical implementation [7].

2.2.3. Sound reception
Sound is perceived by excitations of the ear drum. These excitations occur due to deviations from the
mean pressure. Sound is thus inherently unsteady. As a way to quantify sound the root-mean-square

value of sound is often used:
p= w/(zo'z). (2.2)

Although the physiology of the ear is not discussed in detail in this report, the general threshold of
hearing is 10~° Pa and the maximum acoustic signal strength that the human ear can bear is 10? Pa
[8]. The sound pressure level, shown in Equation B is calculated by using an international reference
value. This reference value is the minimum sound pressure level which the ear can experience for a
2kHz sinusoidal signal. And corresponds to a value of 10~>Pa. The sound pressure level is expressed as

p
pref
Here the sound pressure level is expressed in decibels (dB). In order to characterize sound a distinc-
tion needs to be made between the acoustic particle velocity, which determines the strength of the
acoustic signal and the propagation speed of the sound waves in a medium. The acoustic propagation

is determined by the speed of sound. In terms of frequency sound can be perceived in the range of
16 Hz up to 2000 Hz [8].

SPL =10log(

)2, (2.3)

To quantify sound both the frequency of the signal and the strength of the signal need to be addressed.
The relation between the signal strength and the frequency is given by the power spectral density. The
power spectral density describes the signal intensity for the entire frequency range of sound.

2.3. Governing Equations

So far a qualitative description of sound is given. In this section the aerodynamic origination and prop-
agation of sound is mathematically described by deriving and discussing Lighthill’s acoustic analogy and
the linearized Euler equations. These are two fundamentally different approaches of describing both



6 2. Physics behind computational aeroacoustics

sound propagation and sound origination that use different assumptions and have therefore different
applications.

2.3.1. Lighthill’s acoustic analogy

Lighthill’s acoustic analogy is arguably the most famous equation describing sound origination from
an aerodynamic source and wave propagation in a stationary medium. It is a wave equation that
is rewritten from the Navier-Stokes equations. This inhomogeneous wave equation describes sound
sources and the propagation of sound. The sound that is described is caused by a turbulent flow as
was qualitatively described in the previous section. The objective of the equation is to describe the
acoustic waves in the far field, as opposed to determining the acoustics in the flow region. Lighthill's
equation is based on the exact conservation equations of a fluid and does not make any compressibility
assumptions in the region of turbulence [7].

Lighthill’s equation can be derived from the conservation equations for mass and momentum [5]. Be-
low the derivation of Lighthill's equation is described. First take the time derivative of the continuity
equation:

0 0 0
a(a(ﬁ) + a_xi(pui)) = 0. (2.4)

Furthermore take the spatial derivative of the momentum equation, where only body forces are ex-
cluded,

L G +B)) =0 2.5)
ax(at(p”i) axj(puiuj 7)) = 0. .

Now, subtract Equation E from Equation @, which results in:

2 2
5z P = m(puiuj + Pj), (2.6)

where P,; is the compressive stress tensor acting on a portion of the fluid [5], defined by

Bj =@ — Px)bij — i), (2.7)

with p., the ambient pressure and o;; the viscous stress tensor. The density is written as a fluctuation
from the mean density, since these are the variables of interest in an acoustic context:

p =P = Po- (2.8)

Next subtract the expression ‘12'2 (p'cr?) from Equation .6 to obtain:

a
azp' —CZ Ozp' _ aZTij .
otz %0x;0x;  0x;0%;

(2.9)

This then results in Equation .9. Note that c,, is the ambient speed of sound in the stationary propa-
gation medium. To find this equation the following relation is used:

dp' _0p

at ot
This approach is valid since the waves are propagating in a stationary medium. Equation 2.9 represents
Lighthill’s acoustic analogy. On the right hand side it shows the source term whereas on the left hand
side it contains the propagation variables.

(2.10)



2.3. Governing Equations 7

The term T;;,

Tij = puwj + (' — c5p")8ij — o), (2.11)
represents the instantaneous applied stress in any point in the fluid[9] [5].

The density and pressure perturbations are respectively defined as p — p, and p — p,,. Myamoto [10]
describes that in the case of adiabatic flow and a sufficiently high Reynolds number, the source term
can be reduced to T;; = pu;u;. This means that the source term can be solved by an incompressible
solver. The density perturbation p’ is shown as part of the wave function on the left hand side, that
simulates wave propagation. Here ¢, represents the free stream speed of sound. As was stated in
the introduction to this chapter, the propagation medium is assumed to be a homogeneous medium
at rest [9]. It can be noted that the assumption of a homogeneous medium at rest is not applicable
for determining the source term. Lighthill's acoustic analogy can therefore only be used outside the
source region.

The left side of the equation 2.9 shows the propagation of the acoustic waves in a stationary medium
at the speed of sound. The right side is the source term that includes all effects that create acoustic
waves. Lighthill's equation thus supplies an analogy for the acoustic wave propagation as a result from
turbulent flow in a finite volume region. A crucial part of Lighthill's equation is that the speed of sound
is based on the stationary medium and not on the flow region where compressibility effects can occur
that severely change the value of the speed of sound. The sole objective of Lighthill's equation is thus
to establish the acoustic waves that propagate away from the source region. The source term thus
determines the way that fluid perturbations are coupled with the propagation of sound waves in the
far field. As opposed to linear acoustics no approximations in the source region are made. In linear
acoustics non-linear interactions and viscous effect are neglected. The aspects that are not covered by
the linearized acoustic equations are included on the right hand side source term in Lighthill’s acoustic
analogy [7].

2.3.2. Linearized Euler Equations

The previous section showed the equation for sound generation based on Lighthill’s acoustic analogy.
As was touched upon Lighthill’s acoustic analogy uses different assumptions compared to the linearized
Euler equations. The main difference can be explained by the objective of both acoustic equations.
The linearized Euler equations can be used to determine the acoustic waves inside the flow. Whereas
Lighthill’s acoustic analogy is used to determine noise in the far field only. However, Lighthill is an exact
derivation from the Navier-Stokes equations, taking all aerodynamic effects that cause acoustic waves
into account. Although the source region can be determined exactly by Lighthill’s acoustic analogy, it
assumes that the sound is radiated in free space and that due to the assumption of homogeneity of
the propagating medium, no sound can be determined inside the source region. The linearized Euler
equations are created by a linearization of the wave equation, thus neglecting non-linear turbulent
terms and neglecting viscous effects.

In this section the aeraocoustic equations are derived from the Navier-Stokes equations. From these
equations the linearized Euler equations are derived and insight is given in the justification of the
underlying assumptions. As was stated the linearized Euler equation assume isentropic and inviscid
flow. Thus there is no heat conduction and the entropy remains constant. Due to the fact that the
linearized Euler equations assume that fluctuations are propagated linearly the eddies remain coherent
structures [7].

Derivation of the LEE

In this section the aeroacoustic equations are derived from the Navier-Stokes equations, which are
given by
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dp d
_at + _axi (pu;) = S, (2.12a)
dpu; 5}
T + a—Xi((,Duiuj) +p6ij — 0ij) = Smii (2.12b)
dpe; d
ot T a_xi(Petui +pu; —ujoij +q;) = Se. (2.12¢)

Here p represents the density, u the velocity, o the viscous stress tensor, and e; the total energy [8].
The right hand side source terms of the conservation equations are described by S, S,,,; and S,.

As was stated before, the acoustics are described by pressure perturbations. Thus the conservation
equations need to be expressed in terms of pressure and velocity perturbations. To do so the velocity
and pressure can be decomposed in a mean value and a fluctuating value:

u=ug+u (2.13a)
p=po+p. (2.13b)

The pressure fluctuations are very small compared to the mean pressure, therefore multiplications of
perturbations can be left out of the equation (compare the threshold of hearing and pain, 10~° Pa and
102 Pa respectively, with the ambient pressure of 10> Pa). Furthermore the absence of viscous effects
can be assumed, since viscosity has very little effect on acoustic propagation. Therefore the propa-
gation of sound waves is assumed to be isentropic, which means that the density equation becomes
redundant. The Navier-Stokes equations are thus transferred in to the linearized Euler equations. Fi-
nally the mean density is normalized. Therefore the following system of equations remains according
to [11],

ou; o , oug; ., p'
L+ a—xj(uiuoj +p)+ a—xj(uj + )/_pouoj) = Sm,i (2.14a)

at

ap’ d oug; 9P
- I ! ) _ 1 r___vt __ ! —_
FTa ox, (ypou; +p'ue) + (v — D(p ox, U

t axi

S, (2.14b)

which is showing on the left side the propagation effects and on the right side the source terms that
are inserted externally. The system is left the same as in [[11] in order to compare acoustic results for
different source term reconstructions later in the research. In this equation y represents the ratio of
specific heats. Furthermore it can be noted that the value of p’ is determined with respect with the
mean pressure of the flow whereas in Lighthill’s equation p’ is determined with the stationary (mean)
pressure. [7] The source term formulation for the linearized Euler equations is based on a derivation
by Bogey, Bailly and Juvé [3], which is

dpuiu;
Smi=——F— (2.15a)
m,l axj
dpuju
Sz = —% (2.15b)

J

According to Bogey, Bailly and Juvé [3] the source terms are only non-linear in the velocity perturba-
tions. The velocity field that is calculated by a CFD solver can thus be used to construct the source
terms. Based on the analysis of both Lighthill’s acoustic analogy and the linearized Euler equations,
the application of these acoustic equations can be summarized by Figure .3.
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Far field region
(Lighthill's acoustic analogy or
linearized Euler equations)

Source region
(lingarized Euler equations)

.

Figure 2.3: Different regions in computational domain flow and applicability of acoustic equations.

2.4. Challenges in CAA research

The main objective of this research is to incorporate an improved hybrid aeroacoustic system for low
Mach number flow cases. So far some of the physics behind aeroacoustics have been qualitatively and
mathematically described. Furthermore two important acoustic equations, Lighthill's acoustic analogy
and the linearized Euler equations, have been addressed which are used throughout this research.

In computational hybrid aeroacoustics sources are computed by a flow solver. This flow solver cal-
culates the acoustic effects of the turbulent dynamics of the source region. The acoustic effects are
contained in the source term of the wave equations, which then needs to be solved for the acoustic
propagation variables on the left hand side of the equation [4].

To avoid lengthy computations by using a direct method, the hybrid approach allows for determining
the source region on a smaller domain. A large difference in fundamental length scales for the acoustic
and fluid length scales can exist. To connect different length scales interpolation approaches need to
be developed. However, in this research no spatial interpolation is used. The same spatial grid for both
the fluid and the acoustics is used. However, a fundamental difference in characteristic time scales
can occur. As was elaborated on in this chapter, the frequency of the source terms is the same as
the acoustics frequency. However the propagating velocity of the sound waves is different than the
convective velocity of a low Mach number fluid flow. This asks for a time interpolation approach to
make sure that the source term which is calculated by the flow solver can be accurately described in
an efficient way. Furthermore by implementing a higher order time integration scheme, a higher order
solution in time can be computed to increase the accuracy of the solution. The acoustic field is sensitive
to any form of perturbation it is thus crucial to describe the acoustic source term in an accurate way,
which is the main challenge of this research.






Acoustic quantification of source
term transfer

3.1. Introduction

When making a coupling between a fluid solver and an acoustic solver for a specific aeroacoustic prob-
lem, a difference in spatial and temporal scale can exist. In this chapter tests are conducted for an
aeroacoustic solver in which the spatial grid for the acoustics and the flow is exactly the same. De-
pending on the type of problem, this can result in a difference between time scales between the flow
solver and the acoustics solver.

Acoustic waves travel at the speed of sound (u,, ~ 343m/s [[7], in air depending on local conditions),
whereas low Mach number flows have a convective velocity that is at least a factor ten slower (M < 0.1).
Since the mesh for the acoustic calculations is the same as the mesh for the flow calculations, this im-
poses a condition on the ratio of time scales between both solvers. In order to determine a suitable
time step the acoustic and flow Courant number have to be taken into account. The flow Courant
number is defined as:

'LlAtf
Courant number = —. (3.1)
AXf
Here u is the flow velocity (m/s), At; is the time step (s) and Ax, is the spatial step in the fluid solver.
The acoustic Courant number is defined as:

(u + co)At,
Ax,

acoustic Courant number = (3.2)
Here At, represents the time step (s) in the acoustic solver, Ax, the spatial step (m) in the acoustic
solver and ¢, represents the speed of sound (m/s). Since the Mach number is defined as M = u/c,,
Equation can be rewritten to:

colt,
Ax,

acoustic Courant number = (1 + M) (3.3)
In general one could say (depending on the chosen discretization and solution methodology) that in
order to obtain an accurate representation of the convective transport and the wave propagation the
flow Courant and acoustic Courant numbers should not exceed one. Since this research focuses on low
Mach numbers, u << c,, Equation B.1 and B.2 can be rewritten to:

11
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ulty  (co)At, 1

Axs Ax, (3.9)
Equation B.4 can be further rewritten to:
lea Aﬁ = (3.5)
co Axp Aty '

This means that if the same grid is used for both the acoustics and for the flow simulations (Ax; = Ax,)
the following equation remains:

u Atf
aE = (36)
The Mach number is defined as:
u
M= a (3.7)
Thus combining Equation @ and @ leads to the following condition:
At,
M= E. (3.8)

Based on equation .8 the ratio between acoustic time step and fluid time step is governed by the Mach
number. To avoid divergence of the solution, the time steps have to differ at least a factor ten for low
Mach number flows (M < 0.1) when using the same spatial grid. The acoustic calculations thus require
a finer temporal discretization than the flow calculations. The acoustic field is essentially a by-product
from the fluid calculation, the main computational effort is centered at the source term calculation, i.e.
the fluid solution. Thus employing many smaller acoustic time steps does not have a major influence
on the total computational expense of the hybrid solver. Also due to the fact that the acoustic solver
is using the same spatial grid as the fluid, the acoustic solver does not have to use high order wave
preserving spatial discretization and solution methodologies.

The general objective of this research is to find an improved solver coupling that allows for larger dif-
ferences in time step between the flow simulation and the acoustic simulation when using the same
spatial grid. By having larger disparate time scales while still attaining a sufficient level of accuracy
increases the efficiency of the hybrid solver. This chapter aims to quantify the effect of discretization of
a source term, i.e. the source term is held constant at fixed intervals. Based on the research objective
one could define a third type Courant number, which is defined as

source term Courant number = AA% - (u + cp). (3.9)
a

Here t, defines the time between source term updates, Ax, the acoustic spatial step size, u the convec-
tive velocity and ¢, the speed of sound. This generalized Courant number combines the acoustic and
fluid parameters to give an expression for the convergence condition of a hybrid aeroacoustic system.
This source term Courant number is thus solely concerned with the coupling of the system. It can be
noted that whenever the acoustic solver is coupled to a fluid solver, t, is similar to the fluid time step
ty (when assuming that at every fluid time step a source term is calculated).

The difference in the acoustic result is quantified by means of the root-mean-square error that is com-
puted by the difference between a distorted source term and a source term that updates at every
acoustic time step.

In this chapter the effect of the ratio of flow and acoustic time step is quantified. In this chapter not a
flow solver is coupled to the acoustics solver, but an analytically defined monopole source term is used.
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Figure 3.1: Overview of the acoustic domain. The dimensions of the domain are shown at the corners. Along the sides of the
domain the convective outlet boundary condition is shown. Here ¢ is a generalized variable and is replaced for u; i p orp'.
The speed of sound, c,, is evaluated with respect to its normal direction.

This provides the opportunity to efficiently assess the effect of different time scale ratios between the
source term updates and the acoustic time steps. The acoustic error is measured as a function of the
source term Courant number. Since the spatial and temporal discretization is not altered, the source
term update time step t, is the only parameter that is causing a change in the source term Courant
number. Based on the quantification of the signal distortion due to different source term updates a
research hypothesis is formulated.

3.2. Source term formulation

The acoustic source term connects the flow to the acoustics [11]. The acoustic source term and the
propagation of the acoustics can be formulated in multiple ways, based on the number of assumptions
that are made, like refraction effects and non-homogenity of the flow. In this chapter an implementa-
tion of the linearized Euler equations is used to analyze acoustic behaviour that is excited by a source
term. The derivation of the Linearized Euler Equations from the Navier Stokes equations was shown
in Chapter 2. In this chapter a Riemann solver is used to solve the linearized Euler equations. This
solver is second order accurate in space [11]. It uses a 4-stage Runge Kutta scheme to march in time.
The boundary conditions need to be non-reflective in order to prevent contamination of the acoustic
domain. Therefore the convectiveOutlet boundary condition is used, which is an already implemented
boundary condition in OpenFOAM. It solves the convective equation at the boundary for the unknown
variables to provide an outflow of the waves from the acoustic domain. An overview of the domain
and its boundary conditions can be found in Figure B.1.

The functionality of this solver is tested by using a monopole to excite the system. A monopole is
a harmonic pulsating sphere [12]. It resembles a mass injection in the continuity equation and heat
addition in the energy equation. The flow in this test is assumed to be isentropic, which makes the
monopole only a source term in the energy equation. The formula of the monopole is defined as:

S; = € - sin(wt) - e~ @@ +¥), (3.10)
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Figure 3.2: Pressure perturbation at t = 150s with a 100X100 structured grid and a 4-stage Runge Kutta time integration
scheme.

In Equation € resembles the amplitude of the harmonically pulsating source term, w is the radial
frequency and « is a measure for the source decay. The source is applied in the entire acoustic domain.

3.3. Test case set-up

The acoustic source is discretized by a number of time steps. The acoustic results are then evaluated
to quantify the acoustic decay for various sampling ratios. A visual example of the source term updates
can be found in Figures B.3-B.5. From these figures it can be noted that the acoustic time step is
held constant, whereas the source term updates are varied. The analytical source term is used as an
analogy to the output from a flow solver.

The time step used in the acoustic solver equals 0.125s. Furhermore a stepsize of 2m is used and a

speed of sound of 1m/s . The flow is stationary and uniform, so u = Om/s. Based on Equation B.2
this resembles an acoustic Courant number of 0.0625. The waves propagate during 150s. An image of

S
Monopole source
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Figure 3.3: Source term update at each acoustic time step.
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Figure 3.4: Source term update at every 2 acoustic time steps.
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Figure 3.5: Source term update at every 3 acoustic time steps.

the wave propagation as a result of the monopole excitation can be viewed in Figure B.2. The source
term, as shown in Equation B.10, is sampled at different time steps. Finally the monopole parameters
as described in Section B.2 are @ = In(2)/9, w = 0.2094 and € = 1. Finally the monopole is excited in
a stationary medium, so u = 0.

In Figure B.6 A 400X400 mesh is used as spatial discretization. The acoustic propagation is given along
the center line of the domain. This solution is nearly similar to the analytical solution based on a free
space Green'’s function [13] [14].

The propagation of the acoustic waves is considered along a 100X100 mesh, which decreases the
run time of the solver. Solving the acoustic variables over this mesh takes approximately 15 minutes,
extending the simulation to a 400X400 grid thus leads to a run time of around 4 hours. Based on a
significant amount of planned tests, a 100X100 mesh is used for the testing phase. The results are
shown in Figure B.7. From this figure it can be noted that the 400X400 monopole has higher accuracy,
specifically along the center of the domain. However in order to assess the results of different time
integration approaches a 100X100 mesh will be sufficient. This enhances the efficiency of the test
schedule.

3.4. Monopole excitation results

The source term, which is dictated by the monopole equation can be varied, by keeping the monopole
constant for several acoustic time steps. Initially the values of the monopole source term are sampled
at t = 0.125s, which is at every time step in the acoustic solver. The source term Courant number is
then the same as the acoustic Courant number, which is 0.0625. By keeping the acoustic time step
the same and changing the time at which the source gets updated a distortion of the acoustic results
is to be expected. Multiple ratios of source term sampling are tested. First the source term is held



16 3. Acoustic quantification of source term transfer

1 T T T T T T T T T

—400x400 grid
081 1

p' (Pa)

100 -80 -60 40 20 O 20 40 60 80 100
x (m)

Figure 3.6: Perturbed pressure along centerline of domain at t = 150s (excitation by a monopole).
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Figure 3.7: Perturbed pressure along centerline at t = 150s (excitation by a monopole).
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Figure 3.8: Perturbed pressure along centerline at t = 150s (excitation by a monopole).

constant every 1s, which means that after 8 acoustic time steps the source term gets updated. Basi-
cally the acoustic solver is progressed along 8 acoustic steps, while using the same value of the source
term. Since the source term is held constant over these values, this resembles a piecewise constant
function. This experiment is then repeated for 16, 32, 64, 128 and 256 times the acoustic time step.
The acoustic solver uses a 4th order explicit Runge Kutta scheme, which is maintained during the tests.

Figure B.8 shows the perturbed pressure over the horizontal centerline of the acoustic domain. It can
be noted that a discretization of 8 times an acoustic time step still gives a good resemblance compared
to a sampling at every acoustic timestep. The main difference can be noted at the center of domain,
which seems to move slighthly out of phase, compared to the exact solution.

From Figure B.9 the piecewise constant time interval is increased to 16s, which resembles a source
term Courant number equal to 1. It can be noted that deviations in the perturbed pressure increase.
Again at the middle of the centerline, where the monopole is excited there is a phase difference. This is
due to the fact that the monopole is updating every 2s, whereas in the original solution the monopole
is updating every 0.125s. Furthermore the red line, is moving out of phase over the entire centerline,
meaning it is running slower than the original solution. The phase difference in the center around x = 0
can be explained by the fact that the monopole is updated at different times, but should not affect the
rest of the solution. The source term is updated at the right hand side of the sampling interval, by
rounding the remainder of a division to the nearest multiple of the divider. So if the source term is
updated every 8s, this means that at an acoustic time of t, = 17s, the source term time, t, = 24s, is
used for the acoustic solution. Mathematically this can be summarized as a piecewise constant interval
of the source term,

ty <t <tpr (3.11)

where the source term is then updated as

S(x, t) = S(x, ther)- (3.12)



18 3. Acoustic quantification of source term transfer

monopole sampled at 8 Hz (per 1 acoustic time step)
1t monopole sampled at 0.5 Hz (per 16 acoustic time steps) | |

p' (Pa)

100 -80 60 40 20 O 20 40 60 80 100
x (m)

Figure 3.9: Perturbed pressure along centerline at t = 150s (excitation by a monopole).

By taking the right hand side of the piecewise constant domain the source term update is leading com-
pared to the original monopole in which an update of the monopole is determined at every acoustic
time step. This thus results in a perturbed pressure that is leading the reference solution. From Figure
B.d it can be noted that this is indeed the case.

However over the entire domain one would expect that the solver produces results that are in phase.
In Figure B.9 it can be noted that this result starts deviating from the reference solution.

In Figure the degradation of the signal can be noted. Not only are the acoustic waves running out
of phase, also the amplitude of the signal is smaller than the reference solution. Figure shows a
similar image as Figure B.10, but the degradation of the results in terms of dispersion and dissipation
is even worse. A source term update every 2s and a source term update every 4s gives a significantly
different result than a source term update between, 4s and 8s.

In Figure the results are degrading even more. Now the amplitude is higher than the exact solu-
tion. Again the monopole is moving out of phase at the center point of the middle line. From Figure
it can be noted that the signal has decayed entirely. The source term is updated every 32s,
which exceeds the temporal wavelength of the harmonizing monopole point source (which is 30s for
an angular velocity of w = 0.2094. This means that the PPW (points per wavelength) is less than one
which explains the lack of accuracy of this result.

In Figure the root-mean-square error is plotted as a function of the number of time steps that are
held constant during the sampling of the source term. The root-mean-square error is defined according
to Equation B.13. For Preference the solution along the centerline is taken from the 100X100 structured
grid with a 8 Hz sampling ratio (source update at every aoustic time step, for At = 0.125s).

n ! !
Zi=1((pi - pi,reference)z)
n

root-mean-square error = \j (3.13)
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Figure 3.10: Perturbed pressure along centerline at t = 150s (excitation by a monopole).

p' (Pa)

—— monopole sampled at 8 Hz (per 1 acoustic time step)
—— monopole sampled at 0.125 Hz (per 64 acoustic time steps)

15 . . . . . . . . .
-100  -80 60 40 -20 0 20 40 60 80 100

x (m)

Figure 3.11: Perturbed pressure along centerline at t = 150s (excitation by a monopole).
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Figure 3.12: Perturbed pressure along centerline at t = 150s (excitation by a monopole).
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Figure 3.13: Perturbed pressure along centerline at t = 150s (excitation by a monopole).
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Figure 3.14: root-mean-square error for p’ at horizontal centerline of acoustic domain at t = 150s (excitation by a monopole).

From Figure it can be noted that the increments of the error are very small for low numbers of
time intervals per discrete step. When the value of 16 is reached, which equals a source term update
every 2 seconds then the root-mean-square error is sharply increasing.

An analytical source term that is held constant over multiple acoustic time steps is an analogy to a flow
solver where the fluid time step is increased in a hybrid aeroacoustic system. It thus results in a lack
of source term updates, which causes reduced accuracy in the acoustic results. It can be noted that
there is a gradual increase in error, when the discretization exceeds 2s. This result can be explained
by the value of the source term Courant number as is elaborated on in the following paragraph.

In the acoustic solver that is used in this chapter the domain is discretized by a 100X100 mesh. The
domain has dimensions of 200X200. So the acoustic Courant number equals 0.0625 for a timestep of
At equal to 0.125s. Whenever the discretization of the monopole is increased to 2s, the source term
Courant update number is then equal to 1. So supposedly the error gradient thus increases whenever
the source term Courant number exceeds 1, which is the case for a discretization larger than 2s. And
from the root-mean-square error graph in Figure it can be noted that exactly from value 16 the
error is suddenly increasing. An overview of the root-mean-square error as a function of the source
term Courant number is given in Figure B.18.

It can thus be concluded that the ratio between the flow and the acoustic time step number, should
not exceed 16 in this solver, because it causes a large decay of the acoustic result. By implementing a
new time integration scheme with an interpolation approach the negative effect of a larger time step
difference can be decreased. This means that the increase of the root-mean-square error shall be less
when the source term Courant number exceeds 1. This enhances the efficiency in the coupling of flow
and acoustics.

3.5. Interim conclusion

Based on an analysis of the acoustic results that are produced by a second order accurate (in space)
Riemann based LEE solver with a 4-stage explicit Runge Kutta time marching scheme it can be con-
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Figure 3.15: semi-logarithmic plot of root-mean-square error for p’ at horizontal centerline of acoustic domain at t = 150s
(excitation by a monopole).
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Figure 3.16: root-mean-square error for p’ at horizontal centerline of acoustic domain at t = 150s (excitation by a monopole).
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cluded that a distortion of the results takes place when the source term Courant number exceeds one.
An analytical monopole acted as source term in the acoustic solver. This source term was discretized
in time, to simulate the behaviour of an actual flow solver that is feeding source term results into an
acoustic solver. When the source term Courant number exceeded the value of 1, it could be noted
that a large increase in error occurred. Essentially these results show that when the source term up-
date Courant number is increased then the time step difference between the acoustic and the flow
solver cause a significant distortion of the results. It has thus been established that a zeroth order
interpolation (which resembles keeping the source term constant for multiple time steps) leads to a
distortion of the acoustic results for specific source term Courant numbers. In order to build more
efficient hybrid solvers, the source term Courant number at which such a large deviation occurs need
to be increased. In this chapter an analytical monopole was used. However when coupling a fluid
solver to an acoustics solver, the time step between source updates is the same as the time step used
in the fluid solver. When using a higher ratio between fluid and acoustic time step the efficiency can
be increased. However by increasing such a ratio an improvement in the transfer to the fluid solver
has to be constructed. In order to still attain an accurate solution at the locations that are interpolated,
implementation of a higher order time integration methodology is proposed. Therefore the following
hypothesis is formulated:

“The maximum time step ratio between flow and acoustic simulations at which a large distortion
of the acoustic perturbation results occur can be increased by implementing an improved source term
transfer through higher order temporal interpolation and/or higher order time integration of the source
term at the node locations”

In the following chapters this hypothesis will be tested. First an accurate interpolation method is deter-
mined. Whenever this method is found the time integration at the node locations is explored. Based
on a literature study an interesting time integration method has been investigated that uses Gauss
Lobatto substepping, which is hamed the spectral deferred correction method. Due to its nodes loca-
tions Lagrange interpolation can be used to interpolate the solution at these locations. This technique
will be implemented in the Riemann solver. The analytical monopole test case is used to verify the
method. Finally the techniques will be implemented in an LES (large eddy simulation) solver coupled
to an acoustics solver, to construct improved source terms.






Verification of solution strategy

4.1. Introduction

The right hand side of the linearized Euler equations (LEE) resembles a source term, which is deter-
mined by solving the Navier Stokes equations in the fluid as was described in Chapter B. The temporal
source term reconstruction and transfer is investigated in this chapter.

Chapter B showed that in order to find an accurate solution the source term Courant number should
not exceed one. By using the same spatial grid, the ratio between the required flow time step and
acoustic time step is based on the Mach number of the flow as shown by Equation B.8. Specifically in
the case of low Mach numbers a large difference in time step can thus occur for the flow and acoustic
equations. A disparity in time scale means that the source term is not updated for every acoustic time
step. This leads to a decrease in accuracy of the overall solution. By finding a higher order solution
in time in combination with an interpolation of the source term between time levels, the accuracy &
efficiency of the acoustic results can be improved.

Multiple solution strategies have been investigated during a literature study. Based on this analysis, the
spectral deferred correction method seemed most promising for deriving useful relations. The spectral
deferred correction method created by Dutt, Greengard and Rokhlin [[15], is an iterative method that
uses low order substepping. The correction equation is solved in an iterative manner, increasing the
order of the solution for every iteration up to the underlying amount of quadrature nodes. [16]

The spectral deferred correction method unifies two important characteristics: efficient higher order
time integration and Gauss Lobatto quadrature. The results at the nodes at which the new time inte-
gration method determines the fluid solution need to be interpolated. However using equidistant nodes
can prove to be troublesome, in terms of the Runge phenomenon close to the edges of the domain.
By applying quadrature nodes in combination with Legendre polynomials this effect can be significantly
decreased. Finally, by using Gauss Lobatto nodes the Picard equation can be integrated by means of
spectral quadrature, which is exact and thus decreases an important error source. By implementing
this method in a hybrid aeroacoustic context, the method can realize a higher order accuracy in time
and enable an improved interpolation of the nodes. This then raises the accuracy of the acoustic cal-
culations.

This chapter is roughly divided in four parts. In the first part an analysis is made of the temporal error
sources that are existent in a hybrid aeroacoustic solver. In the second part a theoretical background
of the interpolation techniques are given. Here both the node spacing and the basis functions are
discussed. The source term transfer in the LEE solver is tested by using these basis functions and node
spacing to interpolate the discretized monopole source term. The third part of this chapter focuses on
the SDC method. Solutions at the node locations are compared to solutions found by the backward
Euler (BE) method. The new construction and transfer of the source term are tested by solving the
LEE and comparing the result to a solution in which the source term is updated for each acoustic time

25
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Figure 4.1: Interrelation between higher order time integration and interpolation to obtain improved acoustic results.

step. In the fourth part of this chapter an assessment is made of the relative importance of the time
integration method and the interpolation technique.

4.2. Error sources

In Chapter B a decay in the acoustic result was observed when the source term was held constant for
multiple acoustic time steps. In this chapter the spectral deferred correction method is tested. The
source term is transferred to the acoustic solver by interpolation of the solution at the node locations.
The acoustic discretization is not altered. This research solely focuses on determining the acoustic
accuracy by reconstruction of the source term and the transfer methodology to the acoustic solver.

The temporal error of the acoustic result is governed by the following relation:
€acoustic = Esource T €interpolate + €acoustic time march- (4-1)

Here €,.0ustics 1S the total temporal acoustic error. This error is a summation of the source term error
at the node locations ( €54yrce), the interpolation error (€interporate) @nd the error in the time march
of the acoustic equations (€eacoustic time march)- FOr all acoustic calculations a 4th order Runge Kutta time
discretization is used to march in time and an acoustic time step of 0.125s was used for every simula-
tion. Therefore the time march error (€;coustic time march) 1S held constant. The aim of this research is to
decrease the values of €5,yrce AN €ipterporate IN the most efficient way. €54,rce Can be decreased by
implementation of the spectral deferred correction method and €;nterporate Can be decreased through
Lagrange interpolation.

The error in the source term construction at the node locations (e;,,c) and the source term transfer
(Einterpotate) to the acoustic solver are separated. By separating these errors an assessment of the
relative contribution to the general acoustic error (e,4.0ustic) €an thus be made.

4.3. Source term interpolation

One of the key improvements that can be made in terms of the temporal resolution of the hybrid sim-
ulation, is temporal interpolation of the solution at sub steps as shown in Figure f.2.
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Figure 4.2: Interpolation of the source term solution at the node locations

Implementing such an interpolation in the hybrid solver leads to an update of the source term at each
acoustic time step. This is a quasi hybrid solution, since the fluid solution is stored at multiple substeps
during a fluid time step. A schematic overview of the quasi hybrid solution is given in Figure }.3.

During the literature study several basis functions that can be used for the construction of polynomials
were studied. Two main basis functions: the monomial basis and the Lagrange basis are tested in
this report. Furthermore the node spacing is an essential part of the interpolation strategy. So in this
section both the node locations and the interpolation weights are addressed to improve the accuracy
of the acoustic result. Normally a non-uniform node spacing can have a negative effect on the function
evaluation, however the spectral deferred correction is a higher order method that determines the
function values at these non-equidistant nodes. More specifically it uses Gauss Lobatto quadrature, so
that the two end-points of the domain are included. In order to test the various node spacings and
the construction of the quadrature weights, the discretized monopole from Chapter B is used. This
monopole was discretized with various ratios to measure the accuracy change of the result compared
to the exact solution.

4.3.1. Monomial basis functions

First the monomial basis functions are tested. In order to find a unique solution for a given number
of grid points and function values a polynomial interpolation needs to be constructed. Basis functions
are used to construct the polynomial. An often used basis is the monomial basis which constructs the
following polynomial approximation[17]:

d(t) = ag + ast + azt? + .. + a,t™ (4.2)

At the node location the values of ¢ and t are known to construct the polynomial approximation
in Equation #.2. And thus the unknown coefficients need to be determined by solving a system of
equations. This is done by setting up a Vandermonde matrix that includes the function evaluations of
t:

1ty t3 -~ tf
v=[: &+ ¢ i i (4.3)
1 t, t2 - 1t

By solving the following equation:

Va= ¢, 4.49)
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Figure 4.3: Source term transfer from the fluid solver to the acoustic solver

the coefficients a, - a,, can be determined. These coefficients then constitute the polynomial function:

p(t) = ag + ait + azt? + .. + a,t" (4.5)

The above basis functions are used to construct source term interpolations of the known monopole
solutions.

4.3.2. Lagrange basis functions
Another interesting technique is the Lagrange polynomial basis. This basis consists of Lagrange mul-
tipliers. The Lagrange polynomial approximation is determined by rewriting the systems of equations

from Equation B.4. The Lagrange multipliers are defined as:
= ey
() = ,i=0,1,.mn (4.6)
. 1 &= tj
J=0;j#1

The value of the polynomial is then determined as:

p(t) = £l (). (4.7)

Here f is the vector containing the function evaluations of the known points and [,,(t) represent the
Lagrange multipliers.

The advantage of Lagrange interpolation is that the evaluation of the polynomial approximation does
not require the solution of a system of equations as is the case with monomial basis functions. A
disadvantage of Lagrange interpolation is that the function does however require the evaluation of the
Lagrange multipliers, which can be an elaborate procedure in the case of a large amount of nodes.

So far the theoretical background of interpolation has been discussed. Now the interpolation strategies
are applied to the Riemann solver. This is done by improving the source term transfer to the acoustic
source term by interpolating the discretized source term updates from Chapter B. The effect of the



4.3. Source term interpolation 29

interpolation is quantified by comparing the solution to the case where the harmonic pulsating monopole
is updated at every acoustic time step.

4.3.3. Node spacing and quadrature weights
Two basis functions, the Lagrange basis and the monomial basis have been discussed so far. Here the
derivation for Gaussian quadrature weights and node locations is discussed.

Concerning the node spacing two approaches are used, i.e. uniform spacing and Gaussian quadrature.
Below is described how the Gaussian quadrature weights and locations are determined. This example
is shown for three node positions. However this can also be extended to more node locations. The
Gaussian quadrature needs to be determined on the domain [—1, 1]. Since Gauss Lobatto quadrature
is used, the end points of the domain are included in the derivation of the quadrature weights. 3 nodes
are used so there are 6 unknowns (weights c1, c2, ¢3 and locations x1, x2 and x3). To solve for these
variables thus requires 6 equations. Six monomial basis functions (defined as g) are required, which
are x°, x', x? and x3, x* and x°. Now the equations are determined that guarantee that 2m points
can be integrated by a polynomial of degree 2m — 1:

1

f ldx=2=c +c¢; +¢3 (4.8)
-1
1
f xdx =0 = c1%1 + x5 + 033 4.9
-1
1 2
f x2dx = 3= C1%1% + C3x5% + Cc3x3° (4.10)
-1
1
J x3dx =0 = %3 + %53 + c3x5* (4.11)
-1
! 2
J- x3dx = T = 11t + coxpt + c3xgt (4.12)
-1
1
J- x3dx =0 = cyx1° + c3%,° + c3x3°. (4.13)
-1
Solving this system of equations gives c¢; = g,cz = g,c3 = %,xl = —1,x, = 0 and x3 = 1. This results
in:
1
1 4 1
|| 9@z =391+ 3000 + §g(n. (4.14)
When applying a coordinate transformation from [a, b] to [—1,1] then t = —Zx + b+—a and dt = %“dx.
The equation results in:
—a
f gt)dt = —f g( x+ —)dx (4.15)

The above example was used to show how to construct quadrature locations and weights. The equa-
tions can be modified for Gaussian nodes by excluding both end points of the domain or Gauss Radau
nodes by including only one end-point of the domain. However since the SDC method is using the
end-points of the domain, Gauss Lobatto quadrature is used throughout this research.Furthermore
different basis functions can be used on the same node locations that thus give different quadrature
weights. This will be explained when implementing the SDC method.
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Figure 4.4: Interpolation of 1 period of the analytic source term with monomial and Lagrange basis basis functions using 4
Gauss Lobatto nodes (4 PPW).

4.4. Interpolation verification in monopole excitation

In this section a preliminary analysis is made of the different basis functions and node spacings. To
test the effect of interpolation, a source term was reconstructed at 4 PPW (points per wavelength).
At first one wave of the source term is reconstructed with the monomial and Lagrange basis function.
The results can be viewed in Figure f.4.

From Figure H.4 it can be noted that the Lagrange basis functions give a more accurate representation
of the source term. The root-mean-square error of the monomial basis function with respect to the
exact solution equals 0.4525, whereas the Lagrange basis function gives a root-mean-square error with
respect to the exact solution of 0.1099.

In Figure K. an overview is given of the source term representation of monomial and Lagrange basis
functions with a uniform node spacing. The Lagrange basis functions still give a more accurate rep-
resentation of the source term. The monomial basis functions with uniform spacing give a RMS (root
mean square) error with respect to the exact solution of 0.4267, whereas the Lagrange basis functions
with the uniform spacing give a RMS with respect to the exact solution of 0.1402.

Overall it can thus be noted that the Lagrange basis functions in combination with Gauss Lobatto
quadrature give the most accurate representation of the source term.

4.5. Spectral deferred correction method

The spectral deferred correction method is among a relatively new class of iterative methods. The
method is characterized by low order iterative sub stepping to minimize the error of the solution. The
spectral deferred correction method handles both stiff and non-stiff terms in an ordinary differential
equation. In this section an analytic derivation of the method is given, according to [15]. In the
spectral deferred correction method the sub stepping within a time step is governed by Gauss Lobatto
quadrature. This enables spectral (exact) integration of the integral in the Picard formulation. First the
analytic derivation of the iterative method is given for an ordinary differential equation.

Consider the ordinary differential equation,
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d
PO~ romn, (4.16)

with initial value,

$(0) = ¢yo. (4.17)
This Equation can be rewritten in Picard form as:
t
$© =90+ | F@, Dz (4.18)

Now consider a first approximation, ¢ (t) that has been found to this problem by a forward or a backward
Euler method. This initial solution contains numerical error §(t) and is defined according to:

o) = ¢(t) + (D). (4.19)
Here ¢(¢) is the exact solution to the problem. Equation and can be combined to[116]:

t
dE)+8(t) = o + J; f(@ () +8(x), 1)dr. (4.20)

Furthermore the residual, which is defined as the quality of the approximation, can be defined as:

t
E(t,$) = $(0) +f0 f(t, d(@)dT — p(b). (4.21)
Now rewriting Equation and results in:

6(t) = fo (f(@+8(), D) - f($(),D))dT + E(, ). (4.22)
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Figure 4.6: In the SDC method the accuracy of the solution at the Gauss Lobatto nodes increases with each sweep till the
method converges.

This equation is known as the correction equation [18]. In the SDC method first an initial solution is
determined with a low order method. After this, Equation can be used to solve for the error. By
iterative evaluation of this equation the error is decreased. The accuracy of the approximate solution
increases.

So far the analytic derivation of an iterative method has been determined. However it has not been
discussed how the integral is determined. Again this determination has been developed in [15].

The Gaussian nodes, , ...., 7, are given on the interval [a, b] by

b—a b+a
y it

Consider that these points are associated to a value on their node locations, ¢, that satisfy a Lagrange
polynomial as

(4.23)

Si =

m

M@0 = ) a() - i (4.24)

i=1

The functions ¢;(t) are based on Lagrange multipliers which are constructed based on the nodal points,
according to:

t—t;
c(t) = 1_[ —. (4.25)
Jj#i t J

Then if a = aq, ..., a, IS the result of integrating the polynomial L™(f,r) as in:

t
a; =J- L™ (¢, r)dt, (4.26)
1

then the linear mapping is given as:

a=S"(¢). (4.27)

Here the matrix S™ is the integration matrix, containing the quadrature weights. This operator is exact
if the polynomial that interpolates the function values at the Gauss Lobatto nodes is of order m—1. [15]
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4.6. Discretization of the SDC method

The spectral deferred correction method is evaluated by dividing each time step [T, T,+1] in @ number
of Gauss Lobatto nodes. These Gauss Lobatto nodes can be used to find the collocation polynomial
over these nodes. [16]

In the SDC method quadrature weights are derived by

1 (tm
Iy = 52 fT s (4.28)
The Lagrange polynomial given in Equation is constructed, based on the quadrature nodes. When
the solution is approximated by a polynomial w,(t), then Equation integrates the polynomial ex-
actly. The following relation can be established as shown in Equation #.29, where m = 0, ..., M.

M
j=0

In order to write the problem more compactly the integration matrix g,,; can be written as a ma-
trix with M + 1 rows and M + 1 columns, where g, ; denotes all entries of the matrix. Furthermore
U = [Ug, oo, UM T and F(U) = [Fy, ..., Fy].

Equation is derived to compute the integral over the entire domain. This integration can be refor-
mulated to find a relation for node to node integration by

1 Jtm+1
Smi = — Li(s)ds (4.30)
™At tm 4
Here m = 1,..., M, which can be compactly written by the node to node integration matrix s which
contains M rows and M + 1 columns.

First the initial conditions are inserted at each collocation node. From here, the SDC iterations start.
Equation is solved at each node. [16].

Unh = Uit + 8t [fF (U tn) = £ (Us, t)] + At [ (Ut tinad) = 1 (U1, tmaa)] +ALST, (4.31)

This equation solves the U at every sub step. Here m denotes the substep, whereas k denotes the
sweep number. A visualization of the convergence of the solution over each sweep is given in Figure
k.6. Furthermore Sk is the vector that contains the integral of the Lagrange multipliers and is used for
node to node integration. The equation for Sk, is defined as

M

SK = S Z(F,-). (4.32)

Jj=0

Furthermore the above equation is defined both for stiff(f/) and non-stiff terms (f£). For the non-stiff
terms the forward Euler method is used, whereas for the stiff terms it uses the backward Euler method.
The method can also be used with only backward or forward Euler sub stepping.

The order of this method is based on the underlying integration rule, the location of the quadrature
nodes, the amount of nodes and the amount of sweeps. For each sweep the order of the scheme
increases by one [19]. When the SDC scheme converges it is of order 2M, where M+1 Gauss Lobatto
nodes are used [16].
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Figure 4.7: Solution by SDC of y’(t) = —2msin(2rt) — 2(y — cos(2mt), y(0) = 1, with 8 quadrature nodes and 9 sweeps.

Convergence of the SDC method can be determined by computing the residual as

r¥ = Uy + QF(U¥) — U*. (4.33)

Here Q denotes the Kronecker product of the quadrature weights and the identity matrix, which is
q ® I. Whenever this residual drops below a pre-defined value then the SDC iteration can be considered
converged and one can proceed to the next time step.

4.7. Verification of SDC implementation

The SDC implementation is first applied to the following initial value problem for an ordinary differential
equation. The equation is defined as

y'(t) = —2msin(2nt) — 2(y — cos(2mt), (4.34)

and has initial condtion

y(0) =1 (4.35)

The exact (analytic) solution to this problem is known to be y(t) = cos(2nt). The result of the SDC
method, which uses 8 quadrature nodes is shown in Figure ﬁ from ¢t = Os till ¢ = 20s. In Figure 4.8
the convergence of the solution with respect to the amount of sweeps is shown.

From this graph it can be noted that the error decreases one order for every sweep.

4.8. Source term reconstruction with SDC
In this final section first the source term is reconstructed by using the SDC method. This way the
expected error convergence of SDC simulations can be further verified. This also gives an insight in
how the source term error relates to the error in the acoustic result.
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Figure 4.8: Error of the SDC method (8 quadrature nodes) at t = 20 with respect to the exact analytical solution.

The source term is reconstructed by solving an ordinary differential equation that has sin(wt) as
its solution. Both the implementation of the spectral deferred correction method and the backward
methodology are compared. The error of both methods is thus measured against the exact solution
(sin(wt)). The underlying function that is being solved, equals % = wcos(wt) — 2(y — sin(wt)). This
equation describes an undamped motion that has purely imagery eigenvalues. Therefore the forward
Euler method was unstable for step sizes larger than one. This means that the instability of the forward
Euler method is not suitable for implementation in the acoustic solver. The backward Euler method is
however unconditionally stable, meaning that it can be used in the SDC substepping and as a reference
value for the acoustic calculations. In Figure B.9 it can be noted that the convergence of the backward
Euler method is equal to one. The SDC method with 4 nodes is 5th order accurate. The amount of
sweeps has been used such that the SDC method converges to the underlying collocation scheme. For
the case that 5 nodes are used in the SDC method the order of the solution is equal to 6. When 6
nodes are used the order increases to 7. It can thus be noted that by implementing SDC a higher order
method can be constructed.

In Figure the error is shown as function of the amount of sweeps. The order of the SDC method
converges by one with each sweep. However when dealing with stiff equations, like in this case, the
convergence of the method can slow down [16]. Accelerating the convergence of SDC iterations is
not part of this research. It can be noted that by increasing the number of nodes in the method the
minimum error reduces by an order equal to 1.5.

This section aimed at assessing the correct operation of the higher order methods. It was shown that
an equation describing an undamped motion with purely complex eigenvalues could be solved by this
method with high accuracy.

4.9. SDC implementation in a hybrid solver

Section @ and E served as a preliminary assessment of the source term reconstruction and transfer to
the acoustic solver. Based on this section it was concluded that monomial basis functions with uniform
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Figure 4.11: Overview of SDC implementation.

nodes were not a feasible alternative for hybrid aeroacoustic implementation. In this section the effect
on the acoustics is determined by implementing the SDC method and the Lagrange interpolation in the
LEE solver. Furthermore the individual effect of both the Lagrange methodology and the SDC method
is investigated.

4.9.1. Test setup

The analytic monopole function is pulsating harmonically along sin(wt). In this section an ordinary
differential equation that has sin(wt) as a solution was defined. The equation that was solved by the
SDC method and that thus has exact analytic solution sin(wt), is % = cos(wt) — 2(y — sin(wt)). This
equation was solved for each time step in the acoustic solver. Every time step, the dime domain is
divided in Gauss Lobatto nodes and the problem is solved over this domain. The result is then inter-
polated, so that the source terms can be extracted at any point in the time domain.

The periodical time of the sinusoidal monopole is 30s. So the tests for SDC and interpolation are con-
ducted for smaller time steps than this value. In the SDC method a Courant number of 1, equals a
time step of 6s. The subtsteps of SDC cannot exceed 30s. Furthermore the tests are run till t = 150s,
so the total run time has to be a multiple of t = 150s. Multiple amounts of SDC nodes were tested
for the source term reconstruction, to show the convergence of the method , shown in Figure #.9 and
B.10. In the hybrid tests the SDC method with 4 nodes is used. This will give a quantitative insight
on how a higher order time integration method is improving the acoustic result. In the LEE solver first
the source term is solved for the prescribed time step. Then the time step is reverted back (by using
OpenFOAM's subcycle class) to the start of the acoustic time steps (with t,.oustic = 0.125s) to solve
the LEE. An overview of the solution algorithm is shown in Figure . Finally the error is determined
by taking the root-mean-square error over the centerline of the domain.

4.9.2. Results

In Figure it can be noted that by applying the SDC method in combination with Lagrange inter-
polation a significant reduction in the root-mean-square error can be found. Again an increase in the
root-mean-square error can be perceived when the Courant number exceeds the value of one. How-
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Figure 4.12: Root-mean-square error of the perturbed pressure (at t = 150 s) as function of the Courant number. The blue line
shows the result of a discrete samping of the exact monopole, whereas the red line shows the reconstruction of the monopole
by using the SDC method and Lagrange interpolation.

ever the acoustic solution still has an error that is multiple orders lower than the discretized (which is
zeroth order interpolation) monopole. In this graph the converged solution of the SDC method was
used, which means that 10 sweeps were included.

So far a result has been established based on a combination of the SDC method and Lagrange interpo-
lating polynomials. However, as was described in the section about error sources, both interpolation
and the time integration method have an individual contribution to the error of the acoustic result. In
order to establish the relative improvement of each component a couple of tests are executed that
measure the sole contribution of each method.

Figure shows the result of the error in the perturbed pressure when only a time integration method
is used to resolve the monopole source term. Although the source term can be reconstructed with a
significant higher accuracy as was shown in Figure , the acoustic result does not show such a
significant improvement in result.

Since the time integration method analysis did not show the same order of improvement in the acoustic
result compared to the improvements that were found by both the higher order time integration and
the interpolation, the main contribution to the error reduction comes from the interpolation technique.
This is indeed the case when drawing a comparison between the interpolation done by Lagrange mul-
tipliers for the uniform nodes and the Lagrange nodes based on the exact solution at the node points.
The result can be found in Figure §.14.

From Figure §.12, and Figure it can be noted that the use of Lagrange interpolation has a
significant effect on the reduction of the error. It is thus shown that the use of Lagrange interpolation
is causing relative to the higher order time integration the largest decline in error. Furthermore from
it can be noted that the use of Gauss Lobatto nodes is marginally better for a larger disparity in
time scales than for a uniform node spacing.

Figure shows the difference between a combination of Lagrange interpolation and higher order
time integration for both the SDC and BE method with Lagrange interpolation. From this figure it can
be shown that the spectral deferred correction method in combination with Lagrange interpolation pro-
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Figure 4.15: Root-mean-square error of the perturbed pressure (over 150 s) as function of the Courant number.

vides the highest accuracy over the range of Courant numbers.

Finally Figures and show the acoustic error as a function of the source term error. The same
acoustic errors from Figure are used and the corresponding source term sample time intervals are
used to determine the error of the source term. Figure shows that already a low acoustic error
can be determined for a BE method with a small time step. However when the source term error is
increasing, due to an increasing fluid time step, the acoustic error is sharply increasing. Whereas for
the SDC method both the source term error and the acoustic error remain low for higher values of the
source term error. It can thus be concluded that by the implementation of a higher order source term
methodology the acoustic error can be kept lower for more values of the source term error. However
when considering the sole effect of the time integration method in Figure it can be noted that the
overall effect of lower source term error does not have a significant effect on the source term. Based
on these results it can be concluded that the acoustic result is mainly dependent on the interpolation
of the source term. Thus the main degradation of the acoustic result can then be attributed to the
interpolation of the source term at the node locations. Based on Figure it can be noted that the
lower acoustic error can be attributed to a more efficient Lagrange interpolation by the use of Gauss
Lobatto quadrature.

4.10. Interim conclusion

Based on a preliminary analysis of interpolation techniques, Lagrange basis functions in combination
with Gauss Lobatto quadrature delivered the highest accuracy. Furthermore the reconstruction of the
source term by solving an ordinary differential equation with the spectral deferred correction method
showed positive results. The root-mean-square error of the acoustic was decreased compared the BE
method .

Based on the reconstruction of the acoustic source term with Lagrange basis functions on a Gauss
lobatto grid significant improvements in results are shown. It proves that although using time steps
that differ a factor 64 an acceptable mean-square-error could be perceived.

Furthermore the relative effect of the interpolation proved to be highest for reduction of the root mean
square error. Also the node spacing showed some difference in accuracy. A SDC implementation with
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Lagrange polynomial interpolation gave the highest accuracy. Since the most significant error reduction
for this test case was created by interpolation the amount of used sweeps can be decreased to improve
the efficiency of the overall implementation.

These tests were based on the reconstruction of a known source term that could be reconstructed
by solving an ordinary differential equation. The next step to analyze whether the spectral deferred
correction method in combination with Lagrange interpolation improves hybrid acoustics, is to apply
the SDC technique in an actual flow solver instead of re-constructing an analytic source term. This
comes down to implementation of the SDC solution strategy in a flow solver to solve the conservation
equations. Furthermore based on the improved flow results an interpolation can be made to construct
an improved source term.



Validation of source term
reconstruction and transfer in a
hybrid aeroacoustic solver

5.1. Introduction

In Chapter A the spectral deferred correction method was analysed and tested. An ordinary differential
equation, that has the exact solution as source term, was solved. The solution of this equation was
then used to solve the acoustic equations in the linearized Euler equation (LEE) solver. The method
proved to increase the accuracy when non-matching time steps between flow and acoustics were used.
The combination of the spectral deferred correction method and Lagrange interpolation reconstructed
the discretized monopole in an efficient way by improving the accuracy significantly.

The next step in this research is to implement the method in an actual flow solver. The source terms
can be reconstructed and transferred in a quasi-direct manner to the acoustic solver. The reconstruc-
tion is defined as quasi-direct, since the sub steps of the SDC method are stored. Using a quasi-direct
approach prevents the need for storing large amounts of data from the flow solver. In this chapter
the SDC scheme is implemented in an unsteady, incompressible flow solver. First an investigation is
made into the effects of using only Lagrange interpolation based on the solution of the flow at the
Gauss Lobatto nodes. No correction sweeps are used in these calculations. Doing a separate analy-
sis of Lagrange interpolation and the SDC corrections before combining both methods will result in a
conclusion on the relative effect of higher order time integration and interpolation on the acoustic result.

The test case that is used in this study is the flow through an air-reed instrument[20]. The results from
a compressible LES solver and empirical values show that results are in the same order of magnitude.
[10] Although the results are in good agreement with the compressible calculations, it is not a target
in it self to find a closer resemblance to this result. By implementing the SDC method, the adaptability
(scalability) of the flow solver is assessed. An assessment is made whether the implementation of the
spectral deferred correction method is able to match the result of a backward Euler method with a
small time step.

Acoustic analogies were discussed in Chapter P. In Chapter § a Riemann based solver was used that
solved the linearized Euler equations. In this chapter an incompressible, unsteady solver is used to
construct source terms to solve Lighthill's acoustic analogy. This analogy assumes propagation in a
homogeneous medium. Therefore the acoustic calculations are executed in the far field with respect
to the flow region.

First some background information on the reed instrument is given. The validity of the current im-
plementation is shown by comparing the results to a direct aeroacoustic approach and an empirical
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relation. Then the pisoFoam algorithm is assessed. The solution algorithm, model geometry, pre-
conditioners, linear solvers and the boundary conditions of the methods are addressed. Then the SDC
and Lagrange implementation is shown. Finally the flow and acoustic results from the new implemen-
tation are presented and discussed.

5.2. Reed instrument

An air-reed instrument produces sound through the interaction between the oscillation of vortices and
the interaction with the edge. Air is blown through the mouth piece and interacts with the resonator.
Which is the open cavity of the instrument. At the end of the resonator the air pressure has to be equal
to the atmospheric pressure again. In the model a closed cavity is used, which leads to the highest
pressure at the end of the cavity. This causes a higher maximum wavelength that can sustain in the
cavity and thus a lower frequency.

The edge tones that are caused by the periodical oscillation of the flow and collision with an edge are
described through empirical definitions, as derived by Brown [10]

v = 0.466/(100V — 40)(1/(1001) — 0.007. (5.1)

In this formula j is a factor that shows whether a fundamental frequency is determined (j = 1) or
overtones (j = 2.3,3.8,5.4). Furthermore V represents the velocity of the flow and [ is the distance
between the resonator and the edge. The fundamental frequency of the reed instrument can thus be
determined. However this value requires a correction, since in the model a closed ended tube is used.
The correction is applied by an extension of the length of the instrument. The correction is based on
empirical results and in case of the reed instrument equal to Al = 0.005m [10].

First a simulation run is executed for the LES/Lighthill implementation without the SDC method as de-
veloped in [20]. In this model the Lighthill equation is solved, using different time steps than in the
LES calculations. In order to find sufficient accuracy in the acoustic calculations the subcycle class is
used to resolve the dominant frequencies in the acoustic spectrum. The subcycle class in OpenFOAM
uses the same length of the time step, but solves the equation over multiple substeps. The N substeps
equal At in the solution algorithm.

By using sampling points in the solver, the pressure is returned at each point in time. These results
are shown by Figure 5.7 in a graph that gives the pressure perturbation as a function of time. In order
to compare the results to the direct results from Myamoto [10], a Fourier transform needs to be made.
The LES (large eddy simulation) solver uses a discontinuous time step, while the FFT (fast Fourier
transform), requires equidistant nodes. The time values are thus interpolated linearly and equidistant
values of the pressure are inserted to create the frequency spectrum. In Figure .1 results are shown
for this implementation.

The fundamental frequency of the reed instrument from Figure 5.1 is 1077Hz according to Equation
B.1l. Since this value is based on an open reed instrument a correction needs to be applied by extension
of the flue. The fundamental frequency that is therefore assumed is 913.1Hz [10]. From Figure 5.1 it
can be noted that the fundamental frequency is around 1100Hz. The results from Miyamoto[10], using
a direct method, indicate a fundamental frequency of 805.7Hz. Based on the empirical results and the
direct hybrid method, the true fundamental frequency is likely to be lower than the value determined
by the hybrid approach. The lower fundamental frequency in the direct approach is also due to the fact
that the direct method uses the determined pressure perturbations as feedback to the results. Since
this coupling is not existent in a one way hybrid coupling, the fundamental frequency can never be
exactly the same. However, due to the fact that the frequency spectrum shows resemblance with a
direct solution, it seems as if the solver is finding a correct solution. It thus serves as a good baseline
to conduct tests with a new temporal integration approach.

The new implementation aims at improving the determination of the frequency spectrum. At first a
simulation is done that uses Gauss Lobatto substepping in the flow solver. The values of the flow field
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Figure 5.1: Frequency spectrum of LES/Lighthill coupling without SDC and Lagrange interpolation.

that are determined at these locations are interpolated with Lagrange polynomials. By making such an
approximation at each flow time step, improved source terms can thus be constructed. The improved
source terms are then transferred to the acoustic solver. This solver uses a smaller time step than the
flow solver, by using the subcycling class in OpenFOAM.

5.3. Model set-up

In the previous section some background information about the reed instrument was given. The sec-
tion showed that the model as implemented in OpenFOAM showed sufficient numerical agreement
with a compressible (direct) solver. The fundamental frequencies found by Myamoto[10] with a direct
compressible solver were lower than for the incompressible solver. This difference can most likely be
attributed to the fully coupled aeroacoustic direct method. In this section the model is assessed more
precisely.

The flow calculations are done by an incompressible LES (large eddy simulation) solver. The flow results
are used to construct source terms that serve as an input to Lighthill’s equation. Air is emanating from
the mouthpiece with a velocity of 12m/s. The density perturbations and the pressure are calculated
outside the source region. The geometry of the model is shown in Figure 5.3.

5.3.1. Governing equations

Before discussing the PISO algorithm first the governing equations that are solved in the algorithm are
treated here. Consider the incompressible Navier Stokes equations, where the continuity equation is
defined as

V-u=0, (5.2)
and the momentum equation is

du

T +V(u-u) =V -Vu)+Vp=0. (5.3)



46 5. Validation of source term reconstruction and transfer in a hybrid aeroacoustic solver

100 T . . :

80|

Pressure (Pa)

-80

-100 s s s s s s .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Time (s)

Figure 5.2: Pressure as function of time by the initial implementation (probe located inside the resonator).
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Figure 5.3: Overview of the computational domain around the reed instrument including the probe locations used in this
research. Also the boundary conditions are included.
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Here u is the velocity, v the kinematic viscosity and p the pressure. As is explained in the next section,
the PISO algorithm solves the above conservation equations in a segregated manner. At first Equation
5.3 is solved based on the old/initial pressure field. Then the mass fluxes are determined at the faces
of the cells. Whenever these values are known, the Laplace equation is solved for the pressure. The
Laplace equation is derived by inserting the momentum equation in the continuity equation.

5.3.2. The PISO algorithm

The most well known fluid dynamics applications in OpenFOAM are the PISO (pressure implicit split
operator), the SIMPLE (semi-implicit method for pressure linked equation) or PIMPLE (pressure implicit
method for pressure linked equation. The last application is a combination of the PISO and SIMPLE
applications[21]. In each equation a momentum predictor is solved. Then the pressure equation is
solved by adhering to conservation of mass. The value of the pressure is used to explicity correct for
the velocity. Both PISO and PIMPLE iteratively solve the pressure equation and correct for the momen-
tum equation. While PIMPLE iterates over the entire system as well. Finally the main differences with
respect to the SIMPLE algorithm is that the PISO algorithm uses multiple momentum corrector steps
and does not use under-relaxation.

This section describes the operation of the incompressible PISO algorithm which is used for transient
flow calculations [22]. The conservations are solved in a 'segregated’ manner, meaning that the func-
tions are solved in sequence. In the incompressible calculations there is no coupling between the
density and pressure and no coupling to the energy equation. The discretized formulas that are being
solved are defined as [22] [23]

apup = H(w) - > S(p); (54)
f

1 _ H(u)
ZS[(E»(VW]—ZS( 2 (5.5)

Here S/ represents the face surface of each cell, a,, contains the diagonal coefficients of the spatial
discretization, H(u) represents the transport operator that contains the off-diagonal coefficients of the
discretization of the momentum equation and a source term (which contains only terms of the spatial
discretization in order to maintain temporal consistency [19]), finally p represents the pressure. First
the momentum equation as stated in Equation .5 is solved for the velocity field using the initial pres-
sure, which is called the momentum predictor. This operation returns an intermediate velocity field.
Then the mass flux is computed at the cell faces after which the pressure equation is solved. Multiple
non-orthogonal corrections are applied to solve the pressure equation and the mass fluxes at the faces.
The non-orthogonality is applied due to the difficulty in unstructured meshes to approximate the gra-
dient of the field at the face [24]. Then the velocities are corrected based on the new pressure field
and the boundary conditions are updated. After this the mass fluxes are computed at the cell faces.
After the PISO iterations are completed the next time step starts. It should be noted that a colocated
grid is used, meaning that all variables are described in the same point. Since in the PISO algorithm
a segregated approach is used, the value of the pressure gradient does not depend on the pressure
in the adjacent cells. As a result the mass flux does not contain an effect of the pressure, like the a,
coefficients from the momentum discretization. This causes oscillations in the solution [25]. To solve
this issue a Rhie & Chow correction is used in OpenFOAM. This expression is not explicitly stated in the
PISO algorithm. However due to the Rhie & Chow correction the Laplacian equation for the pressure
uses the face values of the pressure based on the neighbouring cells. Finally in these simulations an
LES subgrid scale model is used. For some simulations the subgrid model is changed to laminar. This
is stated when applicable. A general overview of the PISO algorithm is shown in Figure 5.4.

5.3.3. Geometry
The geometry of the model can be observed in Figure 5.3. Probe measurements are done at various
locations in the domain. As Lighthill’s acoustic analogy is not applicable inside the flow domain, probe
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Figure 5.4: Overview PISO algorithm.

locations are required outside the active flow (source) region. In Figure 5.5 the solution of the per-
turbed density can be perceived at t = 0.18s. Furthermore the axis shows the dimensions to which
can be referred when data is plotted over time in this chapter.

5.3.4. Solvers

So far a broad outline was given of the PISO algorithm, which contains all the equations that are being
solved. However within this group of equations, like the pressure equation, the momentum equation
and the continuity equation, require individual linear solvers, that solve the matrix equations in an
iterative manner. In this section the used solvers are elaborated on, and it is shown which underlying
equations are solved. Furthermore the pre-conditioners, which are used to ensure faster convergence
of the solution of matrix equations are being described. When running the code, the number of itera-
tions and the residuals by the solvers are shown. The residual is calculated by inserting the new found
solution in the equation. The left and right hand side of the equations are then used to quantify the
convergence of the solution. No under-relaxation is applied in the simulations. For the pressure equa-
tions the DILU (Simplified diagonal-based incomplete LU pre-conditioner) was used, which uses lower
(L) triangular and upper (U) triangular matrices to accelerate solving matrix equations for assymetric
matrices. The lower triangular matrices are not sparse and therefore demand memory requirements.
For the symmetric matrices the DIC pre-conditioner is used, which is the symmetric version of DILU.
The Laplacian terms and the time derivative terms use the DIC pre-conditioner, whereas the convec-
tive terms and the turbulent terms use the DILU pre-conditioner. In terms of linear solvers the matrix
equations with symmetric matrices are solved with the PCG (preconditioned conjugate gradient) solver.
While for the asymmetric matrices the PBiCG (Preconditioned bi-conjugate gradient) solver is used [26].

5.3.5. Boundary conditions
The inflow uses a uniform horizontal velocity of 12m/s. The pressure at the inlet is defined by a
Neumann boundary condition. At the outlet the boundary is set to zero for the pressure and a Neumann
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Figure 5.5: Reed instrument immersed in flow at t = 0.179846s, density perturbation (p’) in the acoustic domain is shown.
The dimensions are shown on the x- and y- axis.

boundary condition is used for the velocity. Furthermore for the acoustic calculations the boundary
conditions are defined by the convective outlet boundary determination, which is the same condition
as used for the LEE solver in Chapter § and Chapter H. For the flow simulation Neumann boundary
conditions are used for the pressure and a no-slip condition is used for the velocity and density at the

walls [20].

5.4. Implementation of SDC

The SDC method is implemented by building outer corrections in the pisoFoam algorithm over the PISO
iterations. In order to start the simulation a backward Euler time step is calculated over the sub steps.
The sub steps are defined by dividing the fluid time step in a number of Gauss Lobatto nodes. The
next step again a backward Euler is used to find all function evaluations at the nodes. Then the first
sweep is initiated in which the SDC correction equation is solved implicitly for every sub step. Finally
the result at the Gauss Lobatto nodes are interpolated through Lagrange multipliers. It should thus
be noted that due to the left end point requirement that the function evaluation is required at the first
node. Since this value can not be determined when starting the simulation the first step is computed
by using a backward Euler method.

The implementation of the spectral deferred correction method, means that a source term is included in
the right hand side of the discretized momentum equation. In this research the incompressible Navier
Stokes equations are solved, which are defined as,

V-u=0 (5.6)

du

E+V(u~u)—V(V'Vu)+Vp=O (5.7)
Whenever these equations are discretized by the finite volume approach and operators are determined
for solving these equations, the following equation remains[fL9]:

du

i H(u) — au — Vp. (5.8)
In this formulation H(u) is the spatial discretization, consisting of a source term q and —Bu, which are
the off diagonal coefficients multiplied by the fluid velocity. In order to set up an initial value prob-
lem with improved time integration the source term H(u) can only include the spatial discretization
contributions[19]. Then if this is the case the following ordinary differential equation remains:

du
= = Fup,0). (5.9)
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As was stated in this chapter, Equation 5.9 is solved by applying the backward Euler method. However in
this research a new time integration method, the spectral deferred correction method, is implemented.
This method has a different right hand side as was shown in chapter 4. First the discretization of the
backward Euler is defined as

u —u

% = F(Wm+1, Pm+1 tms1)- (5.10)
Here m denotes the Gauss Lobatto substepping. In the following equation the spectral deferred correc-
tion method is applied to the initial value problem in Equation 5.9. This results in a different formulation,
as shown in Equation 5.11. The analytic derivation of the method was shown in Chapter . Here sk
is the node to node integration by multiplying the integration weights with the function values on the
nodes. The SDC formulation is defined as

u —u
% = F** Y (U1, Dty tmr1) = F¥(Winat, Dis 1, tmet) + S (5.11)
m
It can thus be noted that Equation contains a more elaborate right hand side than the backward
Euler method in Equation . The extension of the right hand side means that the momentum

predictor gets an extra source term on the right hand side, which is a summation of the function
evaluation at the previous iteration and the node to node integration term. This term is defined by
spectral quadrature.

5.5. Implementation of interpolation approach

As the new higher order time scheme is implemented a more accurate representation of the velocity at
the nodes should be perceived. However another important aspect of the source term reconstruction
is the interpolating polynomial. Due to the fact that 3 substeps are used in the determination of the
velocity field, these values are stored at the nodes. Due to the fact that the nodes are created by Gauss
Lobatto quadrature an accurate approximation of the polynomial over the domain can be made.

The Lagrange script is built by decomposing the velocity vectors, so that the Lagrange script can be

solved based on scalars. The Lagrange approximation is determined by determining the Lagrange
multipliers with

X — X

L) = 1—[ — (5.12)

o=msk

and multiplying these with the known values at the nodes. In the PISO algorithm the subcycling class
is not only implemented in the acoustic solver, but also in the flow solver. The time step is subdivided
in the Gauss Lobatto substeps. During a timestep, the substep velocity data is saved. This data is
then used as input to the Lagrange script. To do so, additional volume vector fields are loaded in
OpenFOAM. Furthermore the solver is using a constant time step. Due to Lagrange sub stepping the
time step is smaller, so that the flow Courant number decreases in the new implementation. A visual
overview of the modified algorithm can be found in Figure J.6.

5.6. Flow results

In this section the flow results are discussed after implementing the spectral deferred correction
scheme. In this section the flow solver is disconnected from the acoustic solver. This way it is possible
to efficiently check the implementation of the spectral deferred correction method. In the previous
chapter the spectral deferred correction method was used to solve ordinary differential equations. In
this implementation as discussed in the previous section, the SDC method is implemented around the
PISO algorithm to improve the accuracy and efficiency of the flow solution.
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Figure 5.6: Hybrid solver that incorporates the SDC methodology.

A large pressure difference occurs at the start of the simulation. This pressure peak is due to initial
conditions which accelerate the flow from zero velocity in the nozzle, instantly to 12m/s. This causes a
(theoretical) infinite acceleration. In general a smaller time step leads to an improved accuracy. How-
ever, due to the way that the initial conditions are introduced, a small time step can lead to very high
accelerations and cause a divergence of the simulation. By using a variable time stepping condition,
the initial part of the simulation is stabilized. Although the simulation has an unsteady nature, such
pressure spikes do not occur for the rest of the simulation. However for the sake of testing the acoustic
accuracy it is important to use a constant time step, as the Gauss Lobatto nodes are predetermined
with respect to each other. Using a variable time step, would not work in combination with a higher
order time approach that uses Lobatto quadrature. Therefore the simulation is saved at 0.17s and used
as initial condition for the tests. This avoids having to cope with the large pressure peak at the start
of the simulation.

In Figure 5.7 the convergence of the error is shown for the BE and SDC method. The error is determined
with respect to a reference solution that is computed with a BE stepsize of t = 1e — 7s. Furthermore a
laminar subgrid scale model is selected with a kinematic viscosity of 1.46 - 10~3m?s~1, It can be noted
that the SDC method, that uses 3 sweeps produces a lower root-mean-square error for a time step of
le — 5s. However the error for t = 1e — 6s is the same as for BE. The error convergence that was
shown in Figure B.9 cannot be perceived in this implementation.

5.7. Acoustic results

Finally the acoustic results are determined when the solver uses a turbulent model and a lower kine-
matic viscosity, which is 1.46 - 10~>m?s~1. This is a more realistic setting for noise prediction. In these
tests different fluid time steps are used. Here the BE solution is determined over the Gauss Lobatto
nodes. For one simulation run, the solution at the nodes is interpolated by Lagrange multipliers. For
the reference solution a fluid time step of dt = 1e—7s was used and 2 acoustic subcycles. For the other
two test cases a fluid time step of 1e — 5s was used and 200 subcycles. Different acoustic subcycles
between the reference solution and the test cases are used to have the same acoustic time step, which
is 5e — 8s. This way the discretization error of the acoustic simulations, as described in section .2,
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Figure 5.7: Root-mean-square error of the horizontal velocity field over the entire grid.

is held constant. The results are shown for different probe locations in Figure 5.8-5.10. For a visual
representation of the probe locations given below each graph, one can refer to Figure J.5.

Figure 5.8 shows a probe location in the region where the fluid behaviour is active. At ¢ = 0.002s a
clear difference between zeroth order interpolation and Lagrange interpolation can be perceived.The
RMS (root-mean-square) is reduced with 11 percent. Figure 5.9 shows the acoustic result at a slightly
different probe location. The Lagrange interpolation at the Gauss Lobatto nodes, shows a close resem-
blance with the reference solution. Whereas the BE method which uses zeroth interpolation (which is
a constant source term between substeps), shows some deviations of the reference solution. The RMS
is reduced with 7 percent by using Lagrange interpolation. Finally the acoustic results in the far field,
away from the active source region, are shown in Figure 5.10. Here, hardly any difference can be per-
ceived between the reference solution and the results with and without interpolation at the quadrature
nodes.

5.8. Interim conclusion

In this section a hybrid aeroacoustic solver was used that constructs source terms with an incompress-
ible LES solver. The PISO algorithm is modified to accommodate Gauss Lobatto substepping. At the
node locations the velocity fields are stored. The velocity fields at the node locations were interpo-
lated by a Lagrange polynomial to construct improved source terms for solving Lighthill's equation.
Furthermore the SDC method was implemented around the PISO algorithm. Based on the results, it
can be concluded that the SDC method did not show the same error convergence as was determined
in Chapter . The SDC method decreased the root-mean-square error over the entire domain at a
time step of dt = 1e — 5s compared to the BE method. However for a time step of dt = 1le — 65 the
root-mean-square error was identical to the BE method. Finally the interpolation error was assessed.
Implementing Lagrange interpolation at the node locations improved the acoustic result in the active
source region. In the far field acoustic results were similar for both zeroth order interpolation and
Lagrange interpolation.
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Figure 5.8: Density perturbation (p’) at probe location (0.017;0.015) as a function of time (s), 50 acoustic sub cycles were
used for each simulation.
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Figure 5.9: Density perturbation (p') at probe location (0.02;0.015) as a function of time (s), 50 acoustic sub cycles were used
for each simulation.
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Figure 5.10: Density perturbation (p") at probe location (0.1;0.05) as a function of time (s), 50 acoustic sub cycles were used
for each simulation.



Conclusion

Through the discrete sampling of an analytic monopole source term, a quantification of the acoustic
error was made as a function of the source term Courant number. By keeping the monopole constant
at several values, the influence on the acoustic result when using disparate time scales between flow
and acoustics was investigated. Keeping the monopole constant between source levels resembled a
zeroth order interpolation between source levels. By varying the discretization of the source term, the
degradation along the centerline of the domain could be quantified. Compared to a solution, which
nearly resembled the analytic solution based on Green’s function, the degradation increased most when
the source term Courant number exceeded one.

In the next phase of the research the discretized monopole was used to test both the effect of interpo-
lation at the node locations and by implementation of a higher order time integration method, which
is called the spectral deferred correction (SDC) method. A combination of the higher order temporal
precision of the source term calculation and the use of non-uniform nodes in the Lagrange interpolation
causes the most accurate result for larger numbers of time step disparity. Based on these results, it
can also be noted that Lagrange interpolation has the largest relative effect on improvement of the
accuracy of the acoustic results when compared to temporal integration. The acoustic error improved
by multiple orders when implementing Lagrange interpolation.

As was stated a new time integration method was tested, which is called the spectral deferred correction
method. This method was used to solve an ordinary differential equation, which was defined in such a
way that the solution equals the temporal part of the monopole source term. The SDC method showed
its theoretical order behaviour, when solving for the source term. The spectral deferred correction
method also improved the acoustic results compared to the backward Euler (BE) method. However
the acoustic error was in the same order of magnitude for SDC and BE whereas the error in the source
term differed multiple orders. The computational effort, due to the extra sweeps, is thus significantly
higher for a minor acoustic improvement. Furthermore the relation between the acoustic error and the
fluid error was established. It showed that improvements in the flow result do not have a linear effect
on the acoustic result.

Finally the SDC method was tested, by implementation in an LES (large eddy simulation) solver. The
solver was used to find a fluid solution for the flow which is emanated through the mouthpiece of an
air reed instrument. The results showed, that the SDC method reduced the error for a backward Euler
step of t = 1e — 5s. The order behaviour was not the same as for solving the ordinary differential
equation in chapter H. This could be explained by the fact that the cell-centered values of the veloc-
ity are used for constructing higher order source terms. This causes inconsistencies in the temporal
discretization. Therefore it is proposed to test alternative correction methodologies in the segregated
approach used in the PISO algorithm. The Lagrange interpolation of the flow results improved the
acoustic result significantly. Based on the findings in this research it can thus be noted that the influ-
ence of the interpolation is the dominant factor in resolving changes in time scale between the acoustic
solver and the flow solver. Furthermore it can be noted that the Lagrange interpolation of the flow
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results showed specific improvement in areas where flow behaviour was highly unsteady. Here the
acoustic gain was significant. It should be noted that when working with Lighthill’s equation the results
in the source region are not realistic as was discussed in Chapter 2. However for the point of showing
the mathematical improvement of the Lagrange interpolation, this result is relevant. In the far field
the difference in perturbed density between the reference solution, zeroth order interpolation (wich re-
sembles a piecewise constant source term) and Lagrange interpolation was small. Therefore Lagrange
interpolation is specifically useful for acoustic analogies that can calculate the acoustic variables in the
source region, where the flow can be highly unsteady.



Recommendations

In this section some recommendations are given for future work. One of the main findings in this
research is that the Lagrange interpolation of the source term at the Gauss Lobatto locations has a sig-
nificant effect on the acoustic accuracy produced by hybrid methods. Higher order time integration at
the node locations also has an influence on the acoustic result, but the acoustic accuracy improvement
was less significant. Further research can thus be conducted by establishing the relative influence of
the parameters contained in the source term. It can then be determined how the parameters relate to
changes in the acoustic result. In order to accomplish such an overview different acoustic analogies
can be assessed.

In the tests the sub stepping in the solver was implemented correctly. By implementation of Gauss
Lobatto substepping, the solution could be stored at these nodes. Based on the fluid flow results at
these locations an interpolation of the velocity could be made. Furthermore the SDC (spectral deferred
correction) method was incorporated to find a higher order approximation in time at the nodes. A clear
improvement could be found, by using the method to solve an ordinary differential equation. However
by implementation in the LES (large eddy simulation) solver, the error convergence of the SDC method
was different from the evaluation of an ordinary differential equation. A possible reason for this incon-
sistent temporal behaviour is the occurence of oscillations in the solution due to a collocated grid [27].
Further research can be conducted by investigating the Rhie Chow interpolation correction and what
modifications can be made for finding a temporal consistent behaviour of the solver for implementation
of the SDC method in OpenFOAM.

Furthermore the SDC method requires function evaluations at the nodes. These function evaluations
should contain only spatial discretization terms for a consistent temporal formulation. However by
using the PISO algorithm with a turbulent term in the momentum equation, the function evaluations
were more challenging to be explicitly determined in order to make the method consistent in time.
Therefore more research can be conducted in the implementation of an SDC method in a turbulent
model.

The SDC method requires a left hand side function evaluation of the time step to determine the spectral
integration vector for node to node integration. Due to the absence of a consistent explicit formulation
of the function value the difference between consecutive velocity values has to be determined to find
this value. Since at the first time step such data is not available a backward Euler step was firstly used
to initialize the SDC solver. It is thus interesting to quantify the effect on the obtained accuracy of
starting an SDC method with a low order first time step.

The SDC method does not increase an order with every sweep for unstable solutions as was shown
in chapter H. Accelerating the convergence of SDC methods is a current interesting topic of research
[16]. In an aeroacoustic context an accelerated SDC method could prove to be useful to increase the
efficiency of the source term calculation. This then increases the efficiency of the entire hybrid system.
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38 7. Recommendations

Finally concerning the interpolation a more elaborate research can be done in filtering for a specific
part of the frequency spectrum [4]. Sound can produce a multitude of frequencies and the interpola-
tion can be modified to accommodate the filtering of certain tones. This then results in an improved
interpolation for a specific frequency range.
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