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BMO SPACES OF ¢-FINITE VON NEUMANN ALGEBRAS AND
FOURIER-SCHUR MULTIPLIERS ON SU,(2)

MARTIJN CASPERS AND GERRIT VOS

ABSTRACT. We consider semi-group BMO spaces associated with an arbitrary o-finite von Neu-
mann algebra (M, ). We prove that the associated row and column BMO spaces always admit
a predual, extending results from the finite case. Consequently, we can prove that the semi-group
BMO spaces considered are Banach spaces and they interpolate with L, as in the commutative
situation, namely [BMO(M), Ly (M)]1/q = Lps(M). We then study a new class of examples. We
introduce the notion of Fourier-Schur multiplier on a compact quantum group and show that such
multipliers naturally exist for SU4(2).

1. INTRODUCTION

Spaces of functions with Bounded Means of Oscillation (BMO spaces) play an eminent role
in the theory of harmonic analysis. They serve as so-called ‘end-point spaces’ for many natural
operators in harmonic analysis including singular integral operators and Fourier multipliers, see
[Gra09]. More precisely, many singular integral operators and Fourier multipliers like the Riesz or
Hilbert transform act boundedly as operators L, — L,,1 < p < oo and at the boundary extend
to bounded maps Lo, — BMO. We call the latter bound an end-point estimate. Such endpoint
estimates have several applications; one of the most important ones being that after interpolation
they immediately yield L,-boundedness with sharp constants.

For some singular integrals, like the Riesz and Hilbert transform, BMO spaces even provide
optimal endpoint spaces. We mean this in the following sense (see [FS72], [Ste70]). Consider the
Hardy-space H'. By the celebrated Fefferman-Stein duality we have (H')* ~ BMO. Then the
Hilbert transform is bounded H! — L;. Moreover, the graph norm of the Hilbert transform as
an unbounded map L; — Ly is equivalent to the H'-norm (see [Gra09, Section 6.7.4]). The same
holds for the Riesz transform(s) if one takes all possible coordinates into account.

These and other results show that BMO and Hardy spaces occur naturally in the theory of
singular integrals and their duality is of fundamental importance.

In the current paper we take a non-commutative viewpoint on BMO and Hardy spaces. In
this case the classical approach to BMO using cubes to measure the oscillation is replaced by an
analysis of Markov semi-groups (in the commutative case diffusion semi-groups). In the commu-
tative situation these ideas go back (at least) to [Var85], [SV74]. Much more recently an analysis
of duality and comparison of several such BMO-spaces was carried out in [DY05a], [DY05b].

The introduction of non-commutative semi-group BMO spaces was done by Mei [Mei08] and
further developed by Junge-Mei in [JM12]. Their work is precedented by the theory of martingale
BMO spaces [PX97], [Pop00], [Mus03], [JM07] and [JP14]. Most notably in the appendix of [PX97]
a duality (H7)* = BMO is proven for a suitable notion of a Hardy space. Such martingale BMO
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spaces require the existence of a filtration of the von Neumann algebra. Many of the concrete cases
of martingale BMO spaces concern semi-classical von Neumann algebras (i.e. tensor products with
a commutative von Neumann algebra) or a vector-valued situation where the filtration still comes
from a commutative space. For some applications this structure is insufficient, see e.g. [JMP14],
[Meil7], [Cas19], [CJSZ20] and one requires a true non-commutative version of BMO.

Here we shall take the approach to BMO from [Mei08], [JM12] as a starting point. It assumes
the existence of a Markov semi-group ® = (®;);>0 on a finite (or semi-finite) von Neumann
algebra (M, 1), see Definition 4.1l [JM12] considers various BMO-norms associated with this and
its subordinated Poisson semigroup. We only consider the norm || - [[Bmog (or || - [|Bmo(e) in the
notation of [JM12]). For z € La(M) the column BMO-seminorm is then defined as

Izl Bao0g = sup 1@4(|] = Pe(2) ) loc (1.1)

where the Markov maps ®; extend naturally to La(M) and L;(M). Then column space BMO(M, @)
is defined as the space of elements from Ly(M) (minus some degenerate part) where the norm
(L) is finite. Finally, BMO(M, ®) is the intersection of BMO“(M, ®) and its adjoint row space.
[JM12] establishes the natural interpolation results between BMO and L, by making use of
Markov dilations and interpolation results for martingale BMO spaces. In the more general
context of o-finite von Neumann algebras a parallel study was carried out in [Cas19] which again
obtains such interpolation results through the Haagerup reduction method [HJX10] and the finite
case [JM12]. Both papers do this for several of the various BMO-norms defined in [JM12]. The

main advantage of considering the BMO-norm (LLI]) as opposed to the norm || - |[pmo, is that
the Markov dilation is not required to have a.u. continuous path in order to apply complex
interpolation.

There is a very subtle but important point that makes a difference between the current paper
and [Cas19]. In [Cas19] BMO is defined by only considering x in M and then taking an abstract
completion with respect to the norm (L)) (or one of the other BMO-norms). This ‘smaller BMO
space’ has the benefit that basic properties like the triangle inequality and completeness follow
rather easily. Here we stay closer to the ‘larger BMO space’ of Lo-elements with finite BMO-
norm as defined above, and show that these basic properties still hold. We do this by proving a
Fefferman-Stein duality result.

The contribution of this paper is twofold. Firstly, we study abstract BMO spaces of o-finite
von Neumann algebras. Instead of a direct H'-BMO duality theorem, we will prove such a duality
only for the column and row BMO spaces. This suffices for our purposes. The proof parallels the
tracial proof in [JMPI14]. The main difficulty lies in the fact that L, spaces beyond tracial von
Neumann algebras do not naturally intersect and we must deal with Tomita-Takesaki modular
theory.

It should be mentioned that the H' Hardy spaces we construct here are abstract in nature
and the question of whether every (column) BMO space has a natural Hardy space as its predual
remains open. We refer to [Mei08] and [JMI12, Open problems, p. 741] for details about this
question, where it was resolved under additional assumptions on the semi-group.

Theorem 1.1. There exist Banach spaces hi (M, ®) and h§(M, ®) such that

BMO®(M, ®) = B (M, ®)*,  BMO™(M, ®) = hS(M, ).
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Within the construction of the preduals we need some Lj,-module theory - see [Pas73] and
[JS05]. In particular, we need to extend some results to the o-finite case. We give an introduction
to the theory and prove the necessary results in Section [l

The existence of these preduals for the column and row space then settles important basic
properties of the BMO space itself, namely the triangle inequality and completeness of the normed
space.

Corollary 1.2. BMO(M, ®) is a Banach space.

Finally, we show that the interpolation result of [Casl9] still holds for our larger BMO space
and extends [JMI12] beyond the tracial case. We refer to Appendix [Bl and [JM12], [Cas19] for the
definition of a standard Markov dilation.

Theorem 1.3. If ® is p-modular and admits a p-modular standard Markov dilation, then for all
1<p<oo,1<qg<oo,

[BMO(M’ (I))a L;(M)]l/q ~pq L;q(M)
Here ~p, means that the Banach spaces are isomorphic and the norm of the isomorphism in both
directions can be estimated by an absolute constant times pq.

We note that the modularity assumptions are only needed to carry out the Haagerup reduction
method as in [Casl9]. Many natural Markov semi-groups are modular or can be averaged to a
modular Markov semi-group in case ¢ is almost periodic, see [CS15L Proposition 4.2], [OT15,
Theorem 4.15].

The second contribution we make consists of concrete examples for compact quantum groups.
Theorem [L.3] as well as our construction of the preduals hf (M, ®), h{(M, P) open the way for
L,-boundedness results on a wider range of multipliers. We give an application for multipliers on
the quantum group SU,(2). In Section [5] we define Fourier-Schur multipliers on quantum groups
which is an analogue of Fourier multipliers on group von Neumann algebras.

Definition 1.4. Let G be a compact quantum group and 7" : Pol(G) — Pol(G) a linear map. We
call T a Fourier-Schur multiplier if the following condition holds. Let « be any finite dimensional
corepresentation on H. Then there exists an orthogonal basis e; such that if u; ; are the matrix
coefficients with respect to this basis, then there exist numbers ¢; ; := o ; € C such that

Tuij = cijuij.
In this case (c}';)ij,u is called the symbol of T.

Basically, Fourier-Schur multipliers are Schur multipliers acting on the Fourier domain. We
consider Fourier-Schur multipliers on G, := SU,(2),q € (—1,1)\{0} associated with completely
bounded Fourier multipliers on the torus T.

The semigroups we use to define BMO are the Heat semi-group on T and the Markov semigroup
® on G, constructed in Section We use the shorthand notation BMO(T), BMO(G,) for the
associated BMO spaces; see again Section

Theorem 1.5. Let m € lxo(Z) with m(0) = 0 be such that the Fourier multiplier Ty, : Loo(T) —
BMO(T) is completely bounded. Let T, : Pol(Gq) — Pol(Gq) be the Fourier-Schur multiplier with

symbol (m(—i — j)); j1 with respect to the basis described in (5d). Then Ty, extends to a bounded
map

T : Loo(G,) — BMO(G,).
Moreover ||T¥) : Loo(Gy) — BMO(Gy)|| < [T : Loo(T) — BMO(T)]|e-
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Using the interpolation results of Section [£.3] i.e. Theorem[I3] also the corresponding L, — Ly,
follow. This is proved in Theorem B.171

In the proof we use our column and row H'-BMO duality principle to show that Fourier-Schur
multipliers extend from the weak-* dense subalgebra of matrix coefficients of irreducible unitary
corepresentations. The other important ingredient is a transference principle.

In the appendix, we give some comments on the operator space structures on BMO. Also, we
prove that the semigroup we use for the definition of our BMO space has a Markov dilation.

Structure of the paper. In Section 2] we fix preliminary notation and introduce non-commutative
L,-spaces associated with o-finite von Neumann algebras. Section [ is devoted to L,-module
theory. We generalize some of the existing results from the tracial to the o-finite case in order
to apply them in the subsequent sections. Section [ introduces BMO-spaces of o-finite von Neu-
mann algebras. We prove that the corresponding row and column spaces have preduals and gather
corollaries. In other words, we prove Theorem [Tl and Corollary In Section A.3] we prove
the interpolation result of Theorem L3l The proof is the same as in [Casl9] provided that we
can prove that an inclusion of a von Neumann algebra with expectation yields a 1-complemented
BMO-subspace (this point was already surprisingly subtle in [Cas19]). We give full details of this
fact in Section [£3l In Section Bl we turn to the examples. We introduce Fourier-Schur multipliers
and show how to construct them on SU,(2). Finally, in the Appendix we gather results on oper-
ator space structures and Markov dilations.

We would like to express much gratitude towards the referees for their careful reading and
numerous useful comments.

2. PRELIMINARIES

2.1. General notation. We use the convention N = Z>(. Following the convention in the litera-
ture for L,-modules, inner products are linear in the second component and antilinear in the first.
Dual actions are sometimes linear and sometimes antilinear (namely in the case of L,-modules);
whenever something is antilinear this will be explicitly mentioned. With an isomorphism (of Ba-
nach spaces), we shall mean a linear bijection that is bounded and whose inverse is also bounded.
We write = when the isomorphism is isometric.

2.2. Operator theory. We use the following notation for tensor products:

e A ® B for the algebraic tensor product of vector spaces.
e M®AN for the von Neumann algebraic tensor product.

o A ®uin B for the minimal tensor product of C*-algebras.
e H ®9 K for the Hilbert space tensor product.

For general von Neumann algebra theory we refer to [Mur90] or Takesaki’s books [Tak(2],
[Tak03a], [Tak03b]. For the theory of operator spaces, see [ER00] and [Pis03]. The following
standard result shall be used several times in this paper. The proof follows directly from the
definitions.

Proposition 2.1 (See [Con90]). Let X,Y be Banach spaces and T : X — Y a bounded linear
map. Then T* : Y* — X* is weak-x/weak-x continuous, i.e. normal.

Using this (and [Sak71l Chapter 1.22]) one proves that tensoring with the identity preserves
normality. More precisely, for von Neumann algebras M, N and a completely bounded normal
operator T : M — M, the map 1n ® T extends to a normal operator on N @M.
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Convention: All von Neumann algebras are assumed to be o-finite. We will remind the reader
of this convention a number of times in this paper.

2.3. Compatible couples. We will need some facts about compatible couples and compatible
morphisms. We summarise some of the relevant theory from [BLT76].

Definition 2.2. A pair of Banach spaces (A, A1) are called a compatible couple if both are
continuously embedded in some locally convex vector space A.

We will mostly keep track of the continuous embeddings ig : A9 — A and i : A3 — A. One
can define norms on the ‘intersection space’ 79(Ag) Ni1(A1) and ‘sum space’ ig(Ag) + i1(A1) by

lalln = max{|lig " (a)]| a0: i1 (@)]a, }, @ € do(Ao) Nir(Ay)
lall+ = inf{||laol|a, + lla1lla, | i0(a0)+i1(a1) = a}, a € ig(Ao) +i1(A1).

These norms turn the intersection and sum spaces into Banach spaces. When no confusion can
occur, we will denote them simply by Ag + A; and Ag N Aj.

Let (By, B1) be another compatible couple given by embeddings jo : Bo — B and j; : By — B.
A pair of bounded maps Ty : Ag — By, 11 : A1 — Bj are called compatible morphisms if they
coincide on the (inverse image of the) intersection, i.e.

jQ(TQ(ao)) = jl(Tl(al)), whenever io(ao) = il(al).

If (Ty,T1) are compatible morphisms, then there exists a unique map T : ig(Ag) + i1(41) —
jo(Bo) + 71(B1) ‘extending’ Ty and T, i.e.

T'(ig(a)) = jo(To(a)), T(i1(b)) = j1(T1(b)), a€ Ao, b€ A;. (2.1)

2.4. L,-spaces of o-finite von Neumann algebras. L,-spaces corresponding to arbitrary von
Neumann algebras have been constructed by Haagerup [Haa79] (see also [Ter81]) and Connes-
Hilsum [Con&0], [Hil81] (see also Kosaki [Kos84] in the o-finite case). Here we will use the
Connes-Hilsum definition. Each of the constructions can be recast in terms of the Haagerup
definition; see for instance [Ter81, Section IV] for the isomorphism between Connes-Hilsum and
Haagerup L,-spaces.

Essential in the Connes-Hilsum construction is Connes’ spatial derivative - see [Con80], [Ter&1].
Let M C B(H) be a von Neumann algebra. Let ¢ be any fixed normal, semifinite faithful weight
on the commutant M’. For a normal, semifinite weight ¢ on M, the spatial derivative is an
(unbounded) positive (self-adjoint) operator denoted by

Dy = d/dup.

Remark 2.3. The choice of 1 will up to isomorphism not affect any of the constructions below.
In particular it will yield isometrically isomorphic non-commutative L,-spaces. We will assume
henceforth that a choice for ¥ has been made implicitly and suppress it in the notation.

Remark 2.4. In this paper we only deal with o-finite von Neumann algebras M: von Neumann
algebras with a normal faithful state. In this case we may assume that M’ is o-finite as well, for
example by considering the standard form of M [Tak03al]. This way we may assume that v is
a faithful normal state and we shall not require the general theory of weights on von Neumann
algebras.
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The spatial derivative of a faithful normal state ¢ on M implements the modular automorphism
group:
of(z) = DizD,", weM, teR. (2.2)
We define the Tomita algebra
To={reM|t— Jf(ﬂ:) extends analytically to C}.

By [Tak03al, Lemma VIII.2.3] Ty is a o-weakly dense x-subalgebra of M. Hence it is also o-
strong-* dense.

For 1 < p < oo the space L,(M) is defined as the space of all closed densely defined operators
x on H such that u € M for the u from the polar decomposition z = ulz|, and |z|P = D, for
some ¢ € M. We define a trace on Li(M) as follows: let z € Ly(M)* and ¢ € M} be such
that x = Dg. Then

Tr(z) := ¢(1).
The trace is then extended to Lj(M) through the decomposition of an arbitrary operator into a
linear combination of four positive operators. The norm on L,(M) is given by ||z||, = Tr(|z[?)'/?.

Further set Loo(M) := M.

Let a,b € Ly(M),c € Lg(M) with 1 < p,q < oo. Then a + b and ac are densely defined
and preclosed. Their respective closures are called the strong sum and strong product and will
simply be denoted by a+b and ac. With these conventions a+b € L,(M) (turning L,(M) into a
Banach space) and ac € L,(M) for % = % + % with > 1. Moreover, we have the Holder /Kosaki
inequality:

lacllr < flallplcllq-

In case r = 1 we have the trace property Tr(ac) = Tr(ca) [Ter81), Proposition IV.13].

Remark 2.5. L,(M) may also be defined in the same way for 0 < p < 1. It is not a normed
space though. All we shall need in the current paper is that for % < p < 1 this space contains
the product of two elements in Lo, (M) and the square root of a positive element in L,(M) is in
Lop(M).

For € L,(M) we have z* € L,(M) with ||z|, = ||z*||, [Ter81, Prop IV.8]. In particular,

* 1/2 «11/2
lz* 25 = llzlly = " [lp = llz2"]],/5- (2.3)

There exists a duality pairing between L, (M) and L,(M) given by
<$,y> - Tr(xy), T e LQ(M)7y S LP(M)7

for 1 <p < oo and % + % = 1. This induces an isometric isomorphism L,(M)* = L,(M).

2.5. Compatible couples of L,-spaces. For finite von Neumann algebras, we have inclusions
Ly(M) C Ly(M) for % < p < g < oo. In the o-finite case, the Ly-spaces are not included in
each other as sets of operators on Hilbert spaces. However, they can be turned into a scale of
compatible couples as follows.
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Let M be a o-finite von Neumann algebra. Fix a normal faithful state o on M. Fix —1 < z < 1.
Forxe./\/l,%ﬁpgoowehave

3-91 G+l

D, D, € Ly(M).
For % < p < g < o there are contractive embeddings

(2) 23)a et 33
ket Lg(M) — Lp(M) : Dy, xDy, — Dy,

q,p

l+£ 1
fof 25 , xr € M.
It is well-known that the images of these embeddings are dense for 1 < p < ¢; this follows for
instance from [Kos84, Theorem 9.1, Lemma 10.5] (this actually proves the result for the Haagerup
construction, but as mentioned this can be recast in terms of the Connes-Hilsum construction).
z(ﬁ we may view L,(M) as a (dense) subspace of Lj(M) and hence this
turns all L,(M),1 < p < oo simultaneously into a (z-dependent) scale of compatible couples. For
z,y € Lg(M) and 1 < p < g < oo we have

Using the embeddings x

K@) =k, RGP @R @) = k) (ay). (2.4)

The embedding /igjl is ‘state-preserving’ when we consider the trace on L;(M):

Tr(x() (@) = Tr(@Dy) = p(2),  x€ M. (2:5)

Indeed, for x € M™ this follows from [Ter81, Theorem I11.14] and then use linearity for general
x. The following proposition is a special case of [HJX10, Theorem 5.1, Proposition 5.5].

Proposition 2.6. Let T : M — M be a unital completely positive (ucp) @-preserving map such
that Toof = of oT,t € R. Then T extends to a positive contraction TP) : L,(M) — L,(M) for
1 < p < oo satisfying

TV (), (@) = £, (T(2)), =€ M,
which is independent of the choice of —1 < z < 1. Additionally, TV is trace-preserving.

Proof. We prove only the last statement. Consider first = #’D, € Li(M) for 2/ € M. With

[235]) we have
Te(TW (@) = Te(T(2')Dy) = @(T(2')) = p(a’) = Tr(w).
For general x € L1(M) the statement follows by approximation. O
We recall that on the unit ball of M the strong topology coincides with the || ||2-topology

generated by the GNS inner product (z,y) = p(z*y),z,y € M. The following continuity property
then follows from [JS05, Lemma 2.3].

Proposition 2.7. Let ay € M be a bounded net converging to 0 in the strong topology. Then for
any 1 <p < oo and x € L,(M):

laxz||, — 0.



8 MARTIJN CASPERS AND GERRIT VOS

3. Lp—MODULE THEORY AND DUALITY RESULTS

In this section we recall some Ly,-module theory as introduced in [JS05]. This theory builds
upon the theory of Hilbert C*-modules, see e.g. [Pas73], [Lan95]. It is also [Pas73| that introduces
the ‘GNS module’ corresponding to a completely positive map. In the second part of this section,
we extend some duality results to the o-finite case; specifically, the duality relations of the L,-
module corresponding to the GNS modules. In Section ], we will use these results to construct a
predual for BMO in the o-finite case.

In the entire section M is a o-finite von Neumann algebra with faithful normal state ¢.

3.1. General theory of L,-modules.

Definition 3.1. Let 1 < p < oo. A sesquilinear form (-,-) : X x X — L,/»(M) on a right
M-module X is called an Ly, -valued inner product if it satisfies for z,y € X and a € M:
(i) (z,z) >0,
(i) (z,2) =0 <= = =0,
(iii) (z,y) = (v, )",
(iv) (z,ya) = (z,y)a.
A L, /5-valued inner product defines a norm on X given by

1/2
]| = [[(z, 2)])5-

For p < oo, X is called an L, M-module if it has a L, o-valued inner product and is complete
with respect to the above norm. For p = oo, we require that X has a L.-valued inner product
and is complete in the topology generated by the seminorms

= w((z,2)?, we Mt
We call this the STOP topology (after [JM12]).

Lemma 3.2. [JS05, Proposition 3.2] For z,y € X there exists some T € M with |T|| <1 such
that (x,y) = (x,xﬁT(y,yﬁ This implies the ‘L,-module Cauchy Schwarz inequality’:

1z o) llpy2 < eyl

Remark 3.3. The norms defined here are a priori only quasinorms. However, Theorem will
show that they are in fact norms.

An important class of L,, M-modules are the so-called principal L,-modules. Recall the column
space L,(M;¢§(I)) defined for 1 < p < oo as the norm closure of finite sequences = = (24 )aer,
Zo € Lp(M), with respect to the norm

HxHLp(M;ZQC) = H(Z |33a|2)1/2\|p-

ael

These spaces are isometrically isomorphic to L,(M®B(l2(I)))e1,1, the column subspace of L,(M®B(l2(1))),
via
I 0

(zo) — | 22 0
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For p = oo, we take the space of all sequences in Ly, (M) such that its image under the above
map is in Loo(M®B(l2(I))). See [PX97] for more details about the above construction.

Now let 1 < p < oo be fixed, I be some index set and (g )acr € M be a set of projections.
Consider the closed subspace

Xp ={(za)acr 1 Ta € qOéLp(M)7szxa € Lp/2(M)} < Lp(M§£g(I))-

acl

We define an L, j5-valued inner product on Xj, by

(z,y) = Z(xa)*ya-

acl
We refer to [JSO5] for the fact that this is indeed a well-defined L, /o-valued inner product. This

makes X, into an L, M-module. We call X, a principal L,-module and denote it by @; ¢aLp(M).
Note that we have the isometric isomorphism

q 0
P talp(M) = QL (MBB(tr(I))ers, Q=|0 @ |, (3.1)
I N .

This equation combined with the following general lemma (which has nothing to do with L,-
modules) will show that the family of principal L,-modules @; ¢oLp(M), 1 < p < oo, satisfies
the expected duality relations (although the identifications become antilinear).

Lemma 3.4. Let N be a o-finite von Neumann algebra and let P,Q € N projections. Then for
1<p<oo, i+ L =1 we have the following antilinear isometric isomorphism.:

p P
(QLy(N)P)* = QLy (N)P.
Proof. Let 1 < p < oo. Define S, := QL,(N)P C L,(N). It follows (see for instance [Con90),
Theorem I11.10.1]) that S = Ly (N)/Sy-, where Sy = {b € Ly(N) : Tr(Spb) = 0}. Hence it

y4 )

suffices to prove Ly (N)/Sy 2 QLy (N)P.

Let a € Ly(N), b € Ly(N). Then Tr((QaP)b) = Tr(a(PbQ)), hence for b € Ly (N):
be Sy > PbQ=0 < Qb*P=0.
Therefore if we define the surjective map
U:LyN)— QLy(N)P, b— Qb*P,

then ker ¥ = S;- and hence the induced map ® : Ly (N) /Sy — QL (N)P is an isomorphism. ¥
is contractive, hence ® is also contractive. Conversely, for b € L,y (N), we have

P(b— PbQ)Q = PbQ — PbQ = 0,
hence b — PbQ) € SpL, or in other words PbQ € b+ SpL. Thus
1Qb* Pl = 1PbQ > [|b+ Sy ||

This implies that ®~! is also contractive, so ® is an isometric isomorphism. ]
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Corollary 3.5. Let (qo)acr be some family of projections. Then for 1 < p < oo, % + 1% =1, we
have an antilinear isometric identification

(D daLp(M))" = P aaLly(M
1 1

The main theorem concerning L,-modules states that every L,-module is in fact isometrically
isomorphic to a principal L,-module.

Theorem 3.6 (Theorem 3.6 of [JS05]). Let X be a right L, M-module. Then there exists some
index set I and projections (qa)acr € M such that

X = EB qoaLp(M

acl

The following lemma allows us to transfer the duality results for principal L,-modules to general
families of L,-modules satisfying certain requirements. The lemma is essentially copied from
[JP14l, Corollary 1.13] with some adjustments to go from the finite to the o-finite case. It is in
fact slightly more general to circumvent difficulties with finding an embedding X — X,,.

Lemma 3.7. Let (X,)1<p<co be a family of L, M-modules. Assume that there exist maps I,
X=Xy (g <00) and Ingp : A — X for some submodule A C X, that satisfy for 1 <p <r <
q < oo

i) Igp(za) = Iq,p(x)a“le_é)(a) forz e Xy (orx e Aifqg=00), a €Ty,

it) Irpolgr = Igp,

iii) “q/)z p/2(<x,y>Xq) = (Igp(x), Iy p(y))x, for z,y € Xy (or z,y € A if ¢ = 00),

i) Isop(A) is dense in X,,.

Then there exists a family of projections (qa)acr € M such that X, = @ e daLlp(M), 1 <p <
00.

Proof. We give details only for those parts that differ from [JP14, Corollary 1.13]. One shows
that the maps I, , are automatically contractive embeddings. By applying Theorem (which
holds for o-finite von Neumann algebras) to the p = oo case we acquire projections (g,) such
that Xoo = @P,cr Galoo(M), say through an isometric isomorphism of Le-modules ¢o. For
1 < p < o0, the embeddings I, allow us to ‘transfer’ this map to X,:

Pp ) = @Qa ), @,«;mp oo (T)a) EB%O Dl/p
acl acl acl

We show that ¢, preserves inner products; for z,y € A:

(0p(To0p()): 0 To0.p (1))@ a1, = ZDVP Ja)* oo ()a DL
m@p/z«%o(x),gooo<y>>@m
= 50 (5,0 x0) = (oo (@), Too p (1)) x,-

Since I p(A) is dense in X, ¢, extends to an isometric homomorphism on X,. It turns out to be
an isomorphism since we can use a similar argument to construct an inverse. Next we show that
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¢p preserves the module structure (this was not an issue in the finite case); for x € A, a € T

Pp(Io p(w)a) = op(leo ,p(ﬂUU EB(,OOO xa Dl/p
1/a€I 1/ (3.2)
- EBSDOO(@“ a0’ i (@)D = EBQDOO oD Pa = pp(loop(z))a.
aecl acl

Now let a € M be arbitrary. By Kaplansky and strong density of 7, in M, we may choose a
bounded net (ay)y in 7, converging to a in the strong topology. Then by Proposition 2.7 we have

Moepl@)a = an)llx, = @ = a0)* Lo @), Ioop(@)x @ = a3 = 0

and similarly [|¢p(Zoop(7))(a — ax)|l@ gor, — 0- Since ¢, is continuous it follows that (3.2)) holds
for any a € M.
U

3.2. The GNS-module. We now describe the GNS-module as introduced by [Pas73], but in
the context of von Neumann algebras. Let ® : M — M be a completely positive map of von
Neumann algebras. We define the L,.-valued inner product:

(Z%@%Za} ®b;->oo = be(l) ara
i J i,J
and set N to be the quotient of M ® M by the set {z € M ® M : (z,z) = 0}.

For 1 < p < oo, we define the L, ,-valued inner product by simply taking the inclusion of M
into Ly, /(M) (see Remark 2.5l for the case 1 < p < 2):

5 = KO (50 h), 27 € M M. (33)
This L, ;-valued inner product gives rise to a norm ||z||pe = [/, z>p/2\|p/2 on Ny. We define

Ly(M ®4 M) to be the Banach space completion of Ny with respect to this norm.

Next we define a module structure on L,(M ®¢ M). For z € M@ M and a € T, it is given
by
z-a:=z(lpm ®o_i(a)). (3.4)
P
Note that this module structure satisfies property (iv) of Definition Bl By Kaplansky and strong

density of 7, in M, we can approach a € M by a bounded net (ay)x € M converging to a in the
strong topology. Setting by, = a) — a, and using Proposition 2.7, we have

12 baullpe = 12 - bagws 2 - bawdprally s = (165,02 2)p2brully)y = 0-
Hence we can extend (3.4]) for elements a € M, where the right hand side takes values in

L,(M ®gp M). This right action is then strong/|| ||, -continuous on the unit ball of M.

By the Lj,-module Cauchy Schwarz inequality, the L, 5-valued inner product and the module
structure extend to the space L,(M ®¢ M). With this, L,(M ®¢ M) turns into a well-defined
L, M-module.

For p = oo, we define Lo, (M ®¢ M) to be the completion with respect to the STOP topology,
i.e. the one generated by the seminorms z — w((2, 2)00) /%, w € M,. (-,-)oo is continuous in both
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variables on M ® M with respect to the STOP topology (and the weak-* topology in the range);
one can see this by writing (z, 2')o = (2, z)ééQT(z’, z’)ééQ as in Lemma 3.2 and, for w € M, using
the classical Cauchy Schwarz inequality on the bilinear form (z,2’) — w((z,2')). Hence (-, )so
extends to an M-valued inner product on L, (M ®¢ M). The module structure is simply given

by z-a:=z2(1 ®a).

Proposition 3.8. There ezists a family of projections (¢o)acr € M such that L,(M ®¢ M) =
@[ QaLp(M)y 1<p<oo.

Proof. To use Lemma [3.7] we must construct maps I, ,, as in the assumptions of that lemma. The
maps will be extensions of the identity map ¢ : M & M — M & M. For ¢ = oo, the space A from
the lemma will be M ® M and I is simply the identity ¢ : A — L,(M ®¢ M). For p < ¢ < oo,
the extensions exist because of the following estimate for z € M ® M:
1/2 0 1/2 0 0 1/2
I2llge = [z 2)gsallys = 5ty /o (22 2bao) 127 = 1650, n (5 (2, 2D s
0 1/2
= [k 2z 2)o0) )3 = 12 llp -
It follows that ¢ extends to a contractive map I, , : Lg(M®p M) — Lp(M®epM). The properties
i)-iv) all follow from the previous constructions. Now we can apply Lemma [B.7] to deduce the
result. O

Remark 3.9. We can deduce in hindsight the existence of the expected embedding
Loo(M @9 M) — L,(M ®e M)

through the identification with principal L,-modules where the embedding is clear. We will need
this observation later. In this case there is a common dense subset so there is no need to keep track
of embeddings here; instead, we may ‘redefine’ the GNS-modules for 1 < p < 0o to be closures
within L;(M ®¢, M) instead of abstract completions, so that Ly(M ®¢, M) C L,(M @4, M)
for 1 < p < g < co. Then through the identification with principal modules, we see that (B.3])
also holds for z, 2" € Loo(M ®¢, M); this was not entirely trivial.

Our next goal is to define duality results on the GNS-modules. To define a dual relation,
we need to show that the bracket can be extended to a map taking arguments from different
spaces. This follows easily through the identification with principal modules where this extension
is evident. In the GNS-picture, the bracket is given by

(#.9)pq = D (@,9)o DY* = 1S (2,9)cc) (3.5)
for z,y € M ® M and %—l—% = % with 1 < p,q,r < oo but p and ¢ not both oo.

The (antilinear) duality pairing is then defined as follows:
1 1
(@, y) = Tr({2, Y)pg); z € Ly(M®ep M), y € Ly(M ®9 M), 5 + 5 =1 (3.6)
This duality identifies L,(M ®¢ M) as a subspace of Ly(M ®¢ M)*. Using the identification

with principal modules, we can show that this inclusion is an (isometric) isomorphism.
Corollary 3.10. For1 < p < oo, % + % =1, we have an antilinear isomorphism

(Ly(M @5 M) = Ly(M @5 M).
Proof. This follows from Proposition B.8 and Corollary 0
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Remark 3.11. The definition of (:,-),, coincides with that of (:,-),/2. Both notations make
sense; the first refers to the inputs, the second to the output (and it corresponds to the term
L, jo-valued inner product). We will mostly be using the latter notation.

Remark 3.12. Due to the tracial property, the embedding we choose to define the duality bracket
does not matter. In particular, if v € Li(M ®¢ M) N La(M ®@p M) and y € Loo(M ®p M) N
Ly(M ®¢ M) then

Tr((x,y>1) = Tr(<x7y>1,00)

In the next lemma we check that the inner product behaves as expected when we use, informally
speaking, elements from L,(M) in the first tensor leg as inputs. For this last lemma, we presume
that ® satisfies the conditions of Proposition so that ®®/2) exists.

Lemma 3.13. Let 1 < p < o0, and let  be a unital completely positive (ucp) p-preserving map
such that ® o of = ol o ® for allt € R. The map

U,k (M) = LM M), kY (2) szl

w7p

extends to a contractive mapping ¥V, : L,(M) — Ly(M ®¢ M). For x,y € L,(M), z ="
bj € M ® M, it satisfies

(Wp(2), Up(y))pj2 = o2 (z*y), 2 <p<oo,
<\Ilp(x)7z>p/2 = Z (b(p)(x*aj)bjD;/p, 1 <p<oo.

J
Proof. We first note the following identity for x,y € M:

j%4®

@@Ly 1)y =r (@) =00 (@y) B o@D, (@)D, @) (3.7)

00,p/2 oo,p ,p

Hence, by the generalised Holder inequality

% 1/2 % 1/2
e ® L = 2072 (5, (@) 5L @) 7 < 15D, () K @) )5
< e8p @) 15 2 158 @) 152 = 1K (@) -
This shows that ¥, is contractive on n&%p(/\/{) and hence extends to a contractive mapping on
Lp(M).
Now let z,y € L,(M) and take (), (yn) € M such that n&%p(ﬂvn) —p « and /ig?,p(yn) —p Y.
From Minkowski’s inequality and the generalised Holder inequality it follows that

’ig),p(xn)*’fg),p(yn) _>p/2 x*y.
Hence by 37) and continuity of ®®/2):
<\pr(1'), \Ilp(y)>p/2 = nlgrolo<xn @ 1Ly, ® 1>10/2 = nlggo q)(p/z)(’ig),p(xn)*ﬂg),p(yn)) = q)(p/Z) (x*y)

The final equality is proved with a very similar method and is left to the reader. ([l

4. BMO SPACES AND BMO-H; DUALITY

In this section we construct BMO spaces of o-finite von Neumann algebras and prove that they
have a predual. We also prove the interpolation result of Theorem [[.3l M is again a o-finite von
Neumann algebra with faithful normal state (.
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4.1. Introduction to Markov semigroups and BMO spaces.
Definition 4.1. A semigroup (®;);>0 of linear maps M — M is called a (GNS-symmetric)
Markov semigroup if it satisfies the following conditions:

i) ®; is normal ucp, t > 0,

ii) o(Pe(z)y) = p(zPe(y)), z,y € M, t > 0 (GNS-symmetry)

iii) The mapping t — ®4(x) is strongly continuous, x € M.
The Markov semigroup is called ¢p-modular if ®; 0 08 = of o ®; for all s € R, t > 0.

Note that by condition ii), ¢(®¢(x)) = ¢(z); in particular, the ®; are faithful. If ® := (P4)¢>0

is a ¢-modular Markov semigroup, then by Proposition there are extensions <I>§p ). L,(M) —
L,(M), where @gl) is trace-preserving. Note that condition ii) implies, after appropriate approx-

imations, that <I>§2) is self-adjoint.

For the rest of this section we assume ® = (®;);>0 to be a p-modular Markov semigroup. We
define closed subspaces of M and L,(M) as follows

M ={x e M | 4(x) — 0 o-weakly as t — oo},

Ly(M) ={w € Ly(M) | [ 8 (2)llp = 0, ¢ = oo},
Then [Cas19, Lemma 2.3] assures that the inclusions Ii,(;l); restrict to contractive inclusions Ly (M) —
Ly(M) for ¢ > p.

We record here two short lemmas for later use. We will need the generator As of the semigroup
(<I>§2))t20, i.e. the positive self-adjoint unbounded operator such that e~*42 = <I>§2); the existence
is guaranteed by a very special case of the Hille-Yosida theorem and we refer to the papers [Cip97]
and |GLI5| for a more elaborate analysis of generators of Markovian semi-groups.

Lemma 4.2. For each v € M, the net {®:(x) }4>0 converges o-strongly as t — oo.
Proof. Let x € M and write xDi,/z =& 4 & for €1 € ker(Ag), & € ker(Ag) L. Then
() DY? = B (2DY?) = 72 (&1 + &) = &1 + e 726,

It follows by elementary spectral theory for unbounded operators that e *42£, — 0 as t — oco.
Therefore @t(x)D;,/Q converges in the Lo-topology, i.e. ®4(z) is Cauchy within M in the || - ||2-
topology generated by the GNS inner product (x,y) = ¢(z*y),z,y € M. Since the ®, are
contractive, the net ®;(z) is bounded in M. So as the || - ||2-topology and the strong (and o-
strong) topology coincide on the unit ball, the net ®;(z) converges to an element in M in the
strong (and o-strong) topology. O

Lemma 4.3. Assume that x € L§(M) is such that Tr(xz) =0 for all z € M°. Then x = 0.

Proof. Let y € M and set the o-strong (hence o-weak) limit P(y) = lim_,o ®:(y), which exists
by Lemma Then y — P(y) € M°, hence we have

Tr(zy) = Tr(z(y — P(y))) + Tr(zP(y)) = Tr(zP(y)).

Now using condition ii) of Definition [4.1] and appropriate approximation, we can show that
Tr(w®(z)) = Tr(@%l)(w)z) for w € L1(M), z € M. Hence

Tr(xP(y)) = lim Tr(a®s(y)) = lim Te(@;" ()y) =0

since € LY(M). As y € M was arbitrary, we must have = = 0. O
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For x € M we define the column and row BMO-norm:

[z llBmog, = Sup 1@¢(Jz — e()|) X% lzllsymoy, = 2% (IBymos, -

The BMO-norm is defined as [|z||symo, = max{||z|Bmog,, [|z]|Bmoy, }- This defines a seminorm by
[JM12] Proposition 2.1].

Since @ is faithful, we see that for z € M, |z|[mo, = 0 implies that = = &;(z) for all ¢ > 0.
This means that the above seminorms are actually norms on M°.

Next, we turn our attention to defining an analogous BMO-norm on the space Ly(M) such as
in [JMI2]. This turns out to be more involved in the o-finite case.

The embedding K )1 allows us to define || - ||oc on L;(M) (it takes values oo outside of
fﬁ,)l(M)). We will also denote this by || - ||cc- Then we can define analogous column and row

BMO-(semi)norms on Ly(M) by

2) *
|z ||Batos, —supu<1>< (Jo — P (@)L lelemog = ll2*Bumog (4.1)

We will only show later (at the end of this chapter) that these seminorms satisfy the triangle
inequality. As with the corresponding norms on M, these seminorms are norms on L$(M). Now
we define the column BMO space as

BMO“(M, @) = {z € L3y(M) | |[z]smog, < oo}

and we define the row BMO space as the adjoint of the column BMO space with norm as in (4.1).
We emphasize that we have thus constructed a column (resp. row) BMO-norm both on M° and
L$(M) which by mild abuse of notation are denoted in the same way. They are identified by the
right embedding for the column norm and the left embedding for the row norm:

1
15 (@) lBmog, =ll2DY? Bmos, = llzllemos )

—1
1553 (@) lmnog, =IIDY ?x|emoy, = llllmmor

where z € M°. These equalities are straightforward to check. Since clearly |z[pmog < 4|2,

for z € M°®, it follows that )2 embeds M° into BMO“(M, ®), and similarly /<;( 2) embeds M°
into BMO"(M, ®).

The first thought for a definition of the BMO-norm would be max{|[|x||smog, [|z][Bmoz }, sim-
ilarly to the definition on M. However, this is not a suitable definition for the following reason.
The equalities (4.2]) show how the right and left embeddings of M in Lo(M) preserve the col-
umn and row norms respectively. However, there is no embedding of M into Lo(M) that would
preserve the maximum of these norms.

Instead, we embed BMO®(M, ®) and BMO" (M, ®) in L(M) through the embeddings /157_11)

and K;H respectively. This turns (BMO¢(M, ®), BMO"(M, ®)) into a compatible couple. The
following diagram commutes:
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(1)

Ly
N<>o,2 c
BMO P
K

MO

/N

BMO" P

(M)

Ul (=D

(M, @) N7

©) \

’1 / LT (M)

<M’%

N 21
L3(M)
We define

BMO(M, ®) = &5, (BMO®(M, ®)) N &) (BMO" (M, ®))
to be the intersection space, and for z € BMO(M, ®) we denote by
x. € BMO®(M, D), x, € BMO"(M, @)

the elements such that ligjll)(xc) =x= ,‘gglg (). The norm on BMO(M, @) is defined as

[z][BMO, = max{||zc[lBmog ; (|2 |BMOY, }-

When no confusion can occur, we omit the reference to the semigroup in the notation of the
various BMO-norms and just write, for instance, || - ||Bmo-

We check that x'%), is indeed an embedding of M° into BMO(M) that preserves | - ||Bmo:

00,1
0 1 —1
152 (2) lBao = max{ |5\, (2)Imvoes 185 5 (2)llmvor }
=max{||z|lBmoc, ||z][BMOr } = ||2][BMO-
(0)

The next estimate shows that L(M) contains the closure of ., (M?) with respect to || - [[Bmo,

as expected.

Lemma 4.4. For x € L3(M), we have ||z|2 < ||z|lsmoc and ||z|2 < ||z|Bmor. Hence for
x € BMO(M, ®), we have

lzllBpo = max{{[zcll2, |22} = [[#]]1-

Proof. Let © € Ly(M). If ||z|pmoc = oo then the inequality trivially holds. Now assume that
||lz||BMoe < 0o. Then for all ¢ > 0 there exists a y; € M such that <I>§1)|x - <I>§2) (2)]? = /i(()g),l(yt).
Let € > 0. Then we can find ¢ > 0 such that HCIDEQ) (2)|l2 < e. Then since <I>§1) is trace-preserving:
lallz < llo = @ (@)l2 +& = Tr(lz — 2§ (@)")/* + & = Tr(@f o — @y())/* 4
0
= (el ()7 e = ()" & < [l + < < Jleflmaror +<.

Since ||z]|2 = ||z*||2, we also get ||z]|2 < ||z||smor- The final statement follows from the definition
of || - |lBmo and contractivity of /ﬁlgzi This finishes the proof. O

It is not a priori clear whether BMO (M, @) is complete. However, this will follow as a corollary
from the result of the next subsection, which provides an ‘artificial’ predual to BMO(M, ®).
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4.2. A predual of BMO. We dedicate this section to proving the following theorem:
Theorem 4.5. There exist Banach spaces hi (M, ®) and h§(M, ®) such that
BMO“(M, ®) = hi(M,D)", BMO" (M, ®) = h{(M, ®)*.

In this part we will suppress the reference to M and ® in the notation of BMO¢, BMO" and
their preduals hf, h{.

In the finite case a predual for BMO was found in [JMI2, Section 5.2.3|, see also [JMP14]
Appendix A]. Our proof mostly follows the lines of [JMP14], although we will not attempt to
define a sum space hi. Also, our predual of BMO€® will instead be h] and vice versa, which makes
the identification in Theorem linear instead of antilinear.

Proof of Theorem 4.5. Since BMO" lies within L§(M), we have at our disposal an inner product
that can provide us with a duality bracket. We take the Hahn-Banach norm relation as the
definition of the norm of A{:

[yllne = sup [Tr(zy)],  y € Ly(M).
lzllBmor <1
which would be a well-defined norm even if || - || gmor wouldn’t satisfy the triangle inequality. To

see that [|y|[pe > 0 for y # 0, note that we can find 2 € M?° such that ]Tr(/@();l; (x)y)| > 0 (for
(=1

example take x such that £ 5

(x) is close to y*).

Now by Lemma 474}

[Yllng < sup [Tr(zy)| = [lyll2-
lefl2<1

Hence we define h{ to be the completion of L5(M) with respect to ||-[|4¢, and we obtain a contrac-

tive inclusion L§(M) C h§. We define h] analogously by taking the sup over = with ||z|pmoc < 1.

We will only show that BMO" = (h§)* (the other case follows similarly). It is not hard to show
that BMO" C (h{)* contractively. Conversely, let ¢ € (h{)*. Then ¥|rsar) € L3(M)* by Lemma
44l Hence by the Riesz representation theorem there exists an zg € L§(M) such that

P(z) = Tr(zp2)

for all z € L3(M). What remains to be shown is that 2§ € BMO", with [|z|[Bmor < [|[9[|(ne)« (the
other inequality follows from the definition of A{). This is equivalent to requiring that xy € BMO®
with [[zo[lBmoc < (9]l (ne)-

Fix t > 0. We will now use the Ly,-modules L,(M ®q¢, M) corresponding to the ucp map ;.
Let ¥, be the embedding of Lemma [3.13] Then we can define the map

up s L§(M) = Ly(M @9, M), uiy) = Ua(y — 7 (1))
Now it suffices to show that

ut(0) € Loo(M ®e, M) and [Jus(z0)loo,0 < 9]l (hg)-
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since then
Izollmaior = sup [0, (lao = &, (zo) 2L *"" sup (o), (o) 17
Rem. 3.9
= sup ey (un (o). ua (@0))oe 1L = sup (o) s (0) ool 147

= sup [[u (o), @, < [[¥]](ng)~
>0

where we have used respectively the first identity of Lemma [B.13] the last part of Remark 3.9 and
the definition of || - || in L1(M).

Define ¢y, (z,) to be the dual action of uy(zg) on La(M ®e, M) restricted to M @ M, i.e.

Pur(wo) () = Tr({ut(z0), 2)1)

The goal is to prove that u(xg) also defines a dual action on L;(M ®4, M). The proof is rather
technical, so we contain it in a separate lemma.

Lemma 4.6. Let z € M Q@ M. Then
Pus(20) (D) < MYl (ney= 112111,

In particular, u,(z,) extends to an element of Li(M @a M)™ with ||y, o) | < [[9](ne)-

Proof. Let z = 3, a; ® bj. Using the second identity of Lemma B.13 and the fact that <I>§2) is
self-adjoint we have

T ({ur (o) 2 ZH@Z 0 — 8" (20))7a;)b; DY)

2 2 *
= ZTI“ o} (wha;)bjDY?) — Te(0” (P} )(wo)aj)bjDi/Q)

i
* 2 2 * 2
= ZTr(woaj‘P,g )(6;DY%) — Te(f? (z})a; @ (b;DY?))
i

= ZTr w5a; 17 (0;DY?)) — Tr(x50” (a; 0} (b; DY?)))
—Zﬂ 527 (6D%) = 87 (0,27 (0 D))
= Tf(ﬂﬁout( ))-
Thus (=) := 52, 4,07 (0;0/”) = @ (0,2 (5;D*)) € Lo(M).
We are done if we can prove that |[uf(2)|lne < ||2]|1,8,. However, we do not even have uj(z) €
L§(M) in general, so this will not be possible. To circumvent this, let 7 be the projection
Ly(M) — L§(M). Then 7 is self-adjoint and 7(x¢) = zo, hence

Tr(zgug (2)) = Tr(zgm(ug (2)))-
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We claim that [|7(u;(2))|lns < |2[l1,e,- Indeed, by (8.5) and Remark .12

[7(us (2)llng =  sup  |Tr(ym(ui(2))l = sup |Tr(y*m(ui(2)))]
lyllBMmor <1 llyllBMoc <1
= sup |Tr({ue(y),2)1)l = sup  [Tr((ue(y), 2)oo,1)|
lyllBMoc <1 llyllBMmoc <1
< sup lzllneue () lloo,00 = [12]l1,0,-
llyllBMoOe <1

It follows that indeed

[Pur(ao) (2)| = [Tr(zgug (2))] < e [Tr(zoh)ll|zllne. = [l ng)- 12111
e <

O

Now through our duality result of Proposition B0, us(zg) € Loo(M ®¢ M) and

[[zol[BMoe = sup [[ut(20)lloo, @, = sup ~ sup  [Tr({us(20), 2)oo, 1) < [[¢]l(ng)=-
>0 20 ||2]11,0, <1

This shows that indeed BMO" = (h{)*. O
Note that this also proves that || - |[Bmoc, || - |[Bmor satisfy the triangle inequality and that

BMO®¢ and BMO" are Banach spaces. Hence (BMO¢, BMO") is a well-defined compatible couple
and the intersection space BMO is also a well-defined Banach space:

Corollary 4.7. BMO(M, ®), BMO‘(M, ®) and BMO" (M, ®) are Banach spaces.

Remark 4.8. In the absence of a predual for BMO, we will define a “weak-* topology” in a
different way, namely as the locally convex topology inherited from the topologies o(BMO®€, hY)
and o(BMO",h{). By slight abuse of notation, we will call this the weak-* topology. More
precisely, recall that for x € BMO, we denoted by x. € BMO® and x, € BMO" those elements

for which x = ﬁgjll)(a:c) = /{g% (z,). Then we say that a net 2* € BMO converges to z € BMO

in the weak-* topology if xi‘ — z. in the weak-* topology of BMO® and :UT),‘ — xz, in the weak-x
topology of BMO".

4.3. Interpolation for BMO space. In this section we show that [Casl9, Theorem 4.5] holds
again for the current definiton of BMO. Similar to how [Casl9, Theorem 4.5] is proved, the
proof is a mutatis mutandis copy of the methods in [Casl9 Section 3] provided that conditional
expectations extend to a contraction on BMO. In other words, we must show that [CasI9, Lemma
4.3] still holds in the current setup. This is done in Proposition [£.13] below. We start with some
auxiliary lemmas that could be of independent interest.

Let us state some preliminary facts. By [Ter81, Theorem II1.36], a standard form for M is
(M, La(M), J, L3 (M)), where J is the conjugation operator. Hence we will consider M as a
von Neumann subalgebra of B(La(M)) by left multiplication. With an inclusion of von Neumann
algebras M; € M we mean a unital inclusion, meaning that the unit of M; equals the unit of
M. Tt is a well known fact that M; admits a ¢-preserving conditional expectation if and only
if of (M) = M, for all t € R, see [Tak03a, Theorem 1X.4.2]. If £ is a y-preserving conditional
expectation, then we can use Proposition 26 to extend it to a contraction £®) : L,(M) — L,(M),
which can be checked to land in L, (M;).
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Lemma 4.9. Let M; C M be a von Neumann subalgebra that admits a p-preserving conditional
expectation E. Then for x € L1(M) and y € M we have
Tr(2€(y)) = Tr(EW (x)y).
Proof. If = D' with 2’ € M we have since £ is Tr-preserving,
Tr(2€(y)) = Te(ED (2E(y))) = Tr(D€('E(y))) = Tr(DyE (2 )E(y))
=Tr(Dg (£(x)y)) = Tr(EW (D)) = Tr(€W (x)y).
For general x € L1(M) the statement follows by approximation. O
The following lemma is a variation of the Kadison-Schwarz inequality.

Lemma 4.10. Let M1 C M be a von Neumann subalgebra that admits a p-preserving conditional
expectation €. Then for x € Ly(M) we have the following inequality in Li(M),

ED ()@ (2)* < W (zz*).
Proof. Naturally Ly(M;) C Lo(M) is a closed subspace and we have that £ : Ly(M) —
Ly(M1) is the orthogonal projection onto this subspace, see [Tak03al Proof of Theorem 1X.4.2].

Ly(M1) is an invariant subspace for My. Therefore M; commutes with both E@ and 1- £,
Hence, for y € M; and = € Ly(M) we have

(€D (), y€P (2)) + (1 = €@ (), y(1 = EP)(2)) = (z,ya).

And so for y € M™ we have

Te(E(y)€P (1)@ (2)") = (EP)(2), E()EP (2)) < (2,E(y)) = T (E(y)wa®). (4.3)
We further have by Lemma [£.9]

Tr(E(y)aa*) = Tr(y€W (wa™)),

and since £ is a projection onto Li(M;)

Te(E(y)EP ()@ (2)7) = Tr(y€M(EP ()P (2)*)) = Tr(y€® (2)€P (2)").
Therefore (3] shows that we have the following Kadison-Schwarz type inquality,

E@D(2)E@ (2)* < €W (za*).

Lemma 4.11. Let w € M. The following are equivalent:
(1) We have w < ¢.
SN
(2) There exists x € M with 0 < x <1 such that DixzD} = D,,,.
Proof. For ([Il) = (@), consider the map
1 1
T:LQ(M) —)LQ(M) :Df,x»—)Df,x, r e M.

From the fact that w < ¢ it follows that T' is a well-defined contraction. Moreover, we claim that
T € M. Indeed, the commutant of M acting on Ly(M) is given by JMJ where J : & — £* is
the modular conjugation. Then it follows that for =,y € M we have

1 1 1 1
TJyJD}x = TDZxy* = Dixy* = JyJT(Dgx).

1 1 1 1
Now set ¢ = T*T € M so that 0 <z < 1. We have TDg = DJ so that (D3T*)(T'D3) = D,,.
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The implication (2)) = () follows as for y € M we have

y)

Bl

1 1 1
w(yy™) = Tr(Dyyy™) = Tr(y*DgxDiy) = (Dgy, xD

1 1
<(Dgy, Dgy) = Tr(y" Dyy) = ¢(yy™)-
]
1 1
Lemma 4.12. Let a,b € L1(M)" and suppose that a < b and b = D2z, D2 with x, € M*. Then
1 1

there exists x, € M™ such that a = DganE,. Moreover x, < xyp.

Proof. Let ¢, and ¢, be in M such that D,, = a and D, =b. The assumptions and Lemma
AITimply that ¢y < ||zp||p. We find that ¢, < @) < ||23||¢. Therefore Lemma [.IT] implies that
1 1

there exists x, € M with 0 < x, < ||zp| such that a = D2z,D2. We have moreover x, < m
since a < b implies that for y € M,

1 1 1

1 1 1 1 1 1
(D3y,xaDgy) = Tr(y*D3x,D}y) = Tr(DixaD3yy™) = Tr(ayy™)
1 1 1 1
<Tr(byy*) = Tr(D2zpyD2yy*) = (D2y, z,D2y).
O

Proposition 4.13. Let M; C M be a von Neumann subalgebra that admits a @-preserving
conditional expectation €. Let & = (®1);>0 be a Markov semi-group on M that preserves M.
Then we have isometric 1-complemented inclusions

BMO(M;, ) € BMO(M, ®).

Proof. That the isometric inclusion exists is clear from the definitions. We have to prove that
the inclusion is 1-complemented. For ¢ > 0 and z € BMOg (M) C L§(M) we have the following
(in)equalities in L;(M) by Lemma [A.10]

@ (@) — 2P (P (@)? = €@z — 27 (2))* P (z — @P ()
< ED((z - o) (2))"(x — @) (2)))).
As V) preserves positivity and commutes with £,
o (1€ (2) — o7 (€@ () ) < £V (@ (2 — 0P (2))" (2 — & (2))). (4.4)
By assumption we may write
o ((x — 0P (@) (v — @7 (@) = £ (x7),

for some z; € M. So the right hand side of (&4]) equals /ﬁg?’l(ﬁ (x})). By Lemma it follows
that there exists z € M with 0 < z} < &(z}) such that

oM (1€ () — 2P (€D (2))?) = £, (7).
Taking norms we have

1E@) () |Bmoe = sup [ ||oe < sup |€(x})[loe < sup [|7}]ls0 = [lz]lBrOE-
>0 >0 t>0

The row BMO-estimate and the BMO-estimate follow similarly. 0
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We may now conclude the following theorem. The proof (based on the Haagerup reduction
method) follows exactly as in [Casl9, Sections 3 and 4] where [Casl9, Lemma 4.3] needs to be
replaced by Proposition [£I3l Note that in the statement of [Casl9, Theorem 4.5] the standard
Markov dilation must be modular as well (this is a misprint in the text of [Cas19]).

Theorem 4.14. Let ® be a p-modular Markov semigroup on a o-finite von Neumann algebra
(M, ) admitting a modular standard Markov dilation. Then for all 1 < p < 00,1 < ¢ < 00,

[BMO(M, @), Ly (M)]1/q Rpg Lpg(M).

Here ~p, means that the Banach spaces are isomorphic and the norm of the isomorphism in both
directions can be estimated by an absolute constant times pq.

pal

5. L,-BOUNDEDNESS OF BMO-VALUED FOURIER-SCHUR MULTIPLIERS ON SU,(2)

In this section we prove that Fourier-Schur multipliers on SU,(2) of a certain form extend to
the non-commutative L, spaces corresponding to SU,(2). We first introduce compact quantum
groups, SU,(2) and give the definition of Fourier-Schur multipliers. Then we prove the endpoint
estimates we need for complex interpolation.

5.1. BMO spaces of the torus. Define trigonometric functions
Go:T—T:z— 2, kel

Set the x-algebra Pol(T) := Span{(y : k € Z}. For m € ls(Z) let T,, : La(T) — Lo(T) be
the Fourier multiplier defined by T, (¢x) = m(k)Cx,k € Z. For t > 0 let hy € {o(Z) be given
by hi(k) = ¢~t** Then the maps T}, are well-known to define a Markov semigroup on the von
Neumann algebra L (T) (as they are restrictions of the Heat semi-group on L. (R)). We use the
shorthand notation

BMO(T) := BMO(Loo(T), (T}, )t>0)-
Let m € {5 (Z) be such that m(0) = 0. Then as t — oo,

_ 412
1T, (TnGi)lloe = €™ [m(k)|Galloo — 0.
So T, maps Pol(T) to L (T).

5.2. Compact quantum groups. For the theory of compact quantum groups we refer to
[Wor98| or the notes [MVDI8] which follows the same lines.

Definition 5.1. A compact quantum group G = (C(G), A) counsists of a unital C*-algebra C'(G)
and a unital *-homomorphism A : C(G) — C(G) ®min C(G) called the comultiplication such
that (A ®¢) o A = (¢t ® A) o A (coassociativity) and such that both A(C(G))(C(G) ® 1) and
A(C(G))(1® C(G)) are dense in C(G) @uin C(G). Here ¢ : C(G) — C(G) is the identity map.

A finite dimensional (unitary) corepresentation is a unitary u € C(G) ® M,(C) such that
(A ®id)(u) = ujsugs where ugs = 1 ® u and w3 is the flip applied to the first two tensor legs
of ugg. All corepresentations are assumed to be unitary. The elements (id ® w)(u) € C(G) with
w € M, (C)* are called matrix coefficients. The span of all matrix coefficients is a x-algebra called
Pol(G). A maps Pol(G) to Pol(G) ® Pol(G).

Here we shall mainly be concerned with the quantum group SU,(2) and we shall introduce
further structure such as Haar states and von Neumann algebras for this case only.
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5.3. Introduction SU,(2). Let G, := SU,(2) with ¢ € (—1,1)\{0}. It was introduced by
Woronowicz in [Wor87b|. Its C*-algebra is the one generated by the operators «a,y on the Hilbert
space H = l3(N) ®2 l2(Z) given by

ale; @ fj) =V1—q¢%e;1 @ fj,
(e ® fj) :qiei @ fij41-

where e; ® f;,7 € N,j € Z are the basis vectors of H. The operators o, satisfy the following
relations:

Yy =", ay = qya, ay* =gy,
afa+ vty =1, aa® + ¢?yy = 1.

The comultiplication is given by
Ale) =a®@a—-¢y"®@y, AMy)=7@a+a" @7

We define Lo (G,) = (a,7v)” C B(H). The corresponding noncommutative L,-spaces are
written as L,(G,). We also define Pol(Gq) C Lo (G4) to be the x-algebra generated by . This
is equivalent to the definition given in Section It is the linear span of elements a*~!(y*)™,
k€ Z,1,m € N, where we set o* = (*)*l in case k < 0. Obviously, Pol(G,) is weakly (or weak-x)
dense in Lo (Gy).

The Haar state on Lo (Gy) is given by the following formula:

p(x) = (1—¢°) ¢ (er @ fo, x(ex @ fo))- (5.1)

keN

See [WorS87a, Appendix A1] for the complete calculation. Note that ¢(a*+!(y*)™) is non-zero if
and only if £ = 0,1 = m. It is also faithful, as follows for instance from (&.1).
The modular automorphism group is given by

O.f(ak,yl(,y*)m) — qfitkak,yl(,y*)m‘ (52)
This can be derived from [Tak03al, Theorem VIII.3.3], where the u; from the theorem is equal to
(v*y)® and the 1 is a trace.

Remark 5.2. The above definition of Ly (G) is not the standard way to define the von Neumann
algebra; usually this would be the double commutant within the GNS-representation correspond-
ing to the Haar state ¢. However, these von Neumann algebras are isomorphic, although they are
not unitarily isomorphic.

5.4. Fourier-Schur Multipliers on SU,(2).

Definition 5.3. Let G be a compact quantum group and 7" : Pol(G) — Pol(G) a linear map. We
call T a Fourier-Schur multiplier if the following condition holds. Let « be any finite dimensional
corepresentation on H. Then there exists an orthogonal basis e; such that if u; ; are the matrix
coefficients with respect to this basis, then there exist numbers ¢; ; := o ; € C such that

Tuij = ciju,;-

In this case (c}';)i ju is called the symbol of T.
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Remark 5.4. If G comes from a classical abelian group G, i.e. if all irreducible corepresentations
are one-dimensional, then the above definition coincides with the definition of a classical Fourier
multiplier. In general, we see that 7' = FSF~!, where S is a Schur multiplier. Hence the name
‘Fourier-Schur multiplier’.

We will construct Fourier-Schur multipliers from Fourier multipliers on the torus T C C. We
assume henceforth that m € o (Z) with m(0) = 0 such that T}, : Loo(T) — BMO(T) is completely
bounded. In the remainder of this section, we will consider the map

T : POl(G,) — Pol(G,), oy (v*)™ s m(k)aFyt(y*)™ (5.3)

We will see after the next subsection that 7T}, is indeed a Fourier-Schur multiplier. We remark
that the symbol m is used both as an element of /., (Z) and a power of v*; the context will always
make clear which is meant.

We introduce at this point the Markov semigroup that we will use to define the BMO space:
By (afy (1)) = e *aFa ()", keZlmeNt>0.

We will only prove in Section [(.6lthat the maps ®; extend to form a Markov semigroup on Lo (Gy).
However, for the sake of exposition it will be convenient to already define the corresponding spaces

L;(Gy) as in Section (4.1l

The final goal is to prove that this map extends boundedly to L,(G4) — L,(Gy) for all p > 2. We
do this through complex interpolation (Riesz-Torin). This requires 3 steps: (1) a lower endpoint
estimate; (2) an upper endpoint estimate involving BMO spaces and (3) the construction of a
Markov dilation in order to apply Theorem [Z.T14]

We treat the Markov dilation in Appendix [Bl The remainder of this section is devoted to the
endpoint estimates.

Similarly to the torus, we have
Lemma 5.5. Let 1 < p < oco. Then n&%p o Ty, maps Pol(Gy) to Ly (Gy).

Proof. Let z = of~'(y*)™. For k = 0, we have Tj,(z) =0 € L;(Gy). Now assume |k| > 0. Then
for any 1 < p < oo, we have as t — o0,

10 (K0 (Trn))llp = 15D, (@4(Ton(2)))llp = [m(k)e*||xD, ()], — O.

o0,

Since Pol(G,) is the span of elements a*~!(y*)™, the result follows by linearity. (Note that for
p = 00, the o-weak convergence follows from norm convergence.) O

5.5. L*-estimate. In this subsection we prove that (5.3]) extends to a bounded map L2(G,) —
Ly(Gy). At the same time we prove (essentially) that it defines a Fourier-Schur multiplier. The
main ingredient will be the Peter-Weyl decomposition of G, (see [KS97, Theorem 4.17]) we shall
sumimarize now.

A complete set of mutually inequivalent irreducible corepresentations of G, can be constructed
as follows. They are labeled by half integers [ € %N. Consider the vector space of linear combi-
nations of the homogeneous polynomials in o~ of degree 2[. For some specific constants Cj 4,
we define basis vectors as follows:

g,(f) = Cppgo A k=l —141,... 1 (5.4)
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The precise value of the constant Cjj, can be found in [KS97, Chapter 4.2.3]; it is of little
importance to us. Next, we define the matrix u)) € Pol(G,) ® My 1(C) by

Zum@g@ .

i=—1

The Peter-Weyl theorem now takes the following form from which we derive the main result of
this subsection in Proposition B.7)

Lemma 5.6 (Proposition 4.16 and Theorem 4.17 of [KS97)). The matriz coefficients of u(®)
Mo1+1(Loo(Gy)) are a linear basis for Pol(Gq) satisfying the orthogonality relations

(i) ul)) = 6140005

zy Uy,

for some constants CZ-(Z) e C.

Proposition 5.7. The u form an orthogonal basis of eigenvectors for the map Ty, defined in
BE3) with eigenvalues m(—z — 7).

Proof. To prove this, we will calculate an explicit expression for the matrix elements u() With

-1

our notation aa™ = aa* =1 — q v*~. Hence,

ak(a*)k — ak—l(l _ qz’}/*’}/)( *)k—l — (1 QQkW*’Y) k— 1(a*)k—1
== (1= ) = ) (=) = (@Y Pk
The notation (a;b)x is known as the Pochhammer symbol. We define [’Z?]q to be the g-binomial
coefficients from [KS97, Section 2.1.2]. They satisfy the formula

k
(0w =[] 0 vt
=0
for v, w satisfying vw = qwv. Below we will use this formula on both tensor legs simultaneously,
which means that the subscript of the g-binomial coefficient becomes ¢—2. Thus:

l 7 i —1 i
A0y = Cri oA (@141 = Oy g Al@) I A ()
=Cisla®a—gv @) (y@a+a* @y)

l—1i
= Cl,i,q (Z(_q)l—z—a [lgi]q—2 aa(,y*)l—z—a ® aa’yl_l_a)

a=0
l+1
X (Z[l?]qz Y@ @ty )
s=0
l—i 141
Clquz a+s 1— z '}’ )lilia')/spa@(')/*,')/) ® anrs,YQlfafs
a=0 s=0

where C), ;= Cl/,l,q,as = (—q)lmimeqti=s)(stl-i—a)=s(—i-a) [l;i]q_Q [Z—L—i]q_Q and P,s(y*,7) =
P igas(Y",7) is some polynomial in the variables v*, v depending on the minimum value of

{a,l+i— s}. If the minimum value is [ 4+ i — s then P, s(v*,7) = (¢*v*; q2)min(a7l+i_5); ifitisa
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then the Pochhammer symbol appears instead to the left of a@ts—I—1

obtain extra powers of ¢ in the terms of the polynomial.

, so after interchanging we

Next, we substitute s by j where j = [—a—s and set P, ;(v*,7) := (V) I P (YY),
C&/ e C/

a,l—j—a

with slight abuse of notation. This gives:

-t l—a
=Cligy, Y, Cija P (v, 7) ®al Iy
a=0j=—a—1
min{l—i,l—j}
—(i41 l
:Clmz DR ATl (AR Tep s
j=—la=max{0,—i—j}
Hence we find o
u,; J_Oé_(H_j) Cl,@,q l]qz a,z,],l,ch,L,z,j,l,q(’Y 7) (55)

@

Now since the only power of a that occurs in (5.5) is a7, the u; ; are eigenvectors for the

maps T,. ]

Corollary 5.8. The map ([£.3) is a Fourier-Schur multiplier for G4 with symbol (m(—i — j))i .
where | € %N indexes the corepresentation and 1 <i,5 <20+ 1.

Corollary 5.9. For every m € lx(Z) there is a map 7P Ly(Gy) = La(Gy) extending (B.3) by

T(2) o /{(1)2 = /{( ) 9 © T

which is bounded with norm at most |m||s. If m(0) =0 then TP Ly(Gq) — L5(Gy).

Proof. Define the ¢-GNS inner product on Pol(G,) by (z,y) = ¢(z*y) and denote the associated
GNS space by H,. By Lemma and Proposition [5.7] we see that T}, : Pol(G,) — Pol(G,) is
bounded with respect to this inner product with bound at most ||m|~. Hence it extends to a
map T)f, : Ho — Hy. By [Ter82) Section 2.2] we have that

Pol(Gy) = L2(Gy) : z — a:D;,/Q
is an isometry with respect to this inner product on the left and hence extends to a unitary map
U: M, = La(Gy). Then the map 7% = UTLU* Ly(G4) — L2(Gy) satisfies the conditions.

The final statement is Lemma
[l

5.6. Transference principle and construction of BMO(G,). In this subsection we construct
the BMO spaces corresponding to Gy = SU4(2),q € (—1,1)\{0} that we need for the upper end-
point estimate. The main tool behind both the construction of the BMO spaces and the proof of
the actual upper endpoint estimate is the transference principle of Lemma [B.11l The idea is to
obtain properties of Fourier-Schur multipliers on L (G,) from properties of Fourier multipliers
on Lo (T).

Recall that ¢; : T — T was defined by z + z* and let e; ; be the matrix units in B(¢2(N)). We
define the unitary

U=> e ® lpum) @G € B(H)@Lo(T),
=0
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and the injective normal x-homomorphism
7 :B(H) = B(H)®Loo(T) : = U*(x @ 1)U.
Lemma 5.10. We have for k € Z,1,m € N that
(oA (y)™) = aFy (7)™ @ G (5.6)
Proof. For € € Ly(T), i €N, j € Z,
m(@" A (7)) (e ® f;©€)
=U* (o' ()" @ id)(e; @ f; ® (i€)
U\ (1= @)1 @) (1= @R e @ f G
— S = @)= @) (1= e @ G
(@Y ()" @ G (e @ f; ©€)-

0

This implies that 7 maps Pol(G) into Pol(Gq) ® Lo (T). Hence by density, it maps Loo(Gy)
into Loo(G¢)®Loo(T). We denote tpq for the identity operator M — M on a von Neumann
algebra M, reserving 14 for the unit of M. The following identity is now immediate. We refer
to this identity as the ‘transference principle’.

Lemma 5.11. Let m € {5 (Z). For k € Z,l,m € N we have
(tLac(@y) @ Ti) (@A (v*)™) = i (k)m (™ (v*)™).

Set again the Heat multipliers hy(k) = e_th,k € Z,t > 0. Let us define a semigroup on
Loo(Gg)®Loo(T) by S = (St)i>0 with Si := 1 (g,) ® Th,- Recall that (Tj,)i>0 is a Markov
semigroup (see Section 5.1]). By approximation with elements from the algebraic tensor product
and the text following Proposition 2.1}, one can prove that S is also a Markov semigroup. From
this and the transference principle, we can now prove that the semigroup (®;);>0 we defined in
Section [(£.4]is actually a well-defined Markov semigroup.

Proposition 5.12. The family of maps given by the assignment
Dy (Pl (™) = e_thcxk’yl(*y*)m, keZ,l,meN,t>0,
extends to a Markov semigroup of Fourier-Schur multipliers ® := (®;)i>0 on Loo(Gy) satisfying
To®, = S;om.
Moreover, the semi-group is modular.

Proof. By Lemma [5.11] we have the commutative diagram:
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7 is a normal injective *-homomorphism so that we may view L (G,) as a (unital) von Neumann
subalgebra of Lo(Gy)®Loo(T). We find that ®;, being the restriction of S; to Pol(Gy), is also
a normal ucp map. This means that ®; extends to a normal ucp map on L. (G,). By the
same argument, we deduce strong continuity of ¢ — ®;(x). This shows properties (i) and (iii) of
Definition .11

To show property (ii), we recall (see (5.1)) that the Haar functional ¢ on G, is non-zero
on basis elements a*y'(y*)™ only if k = 0,1 = m. If z = oF4}(y*)™, y = ¥+ (v*)", then
zy = Cal W 41 (4 ym+7 for some constant C'. This shows that p(2®;(y)) = ¢(®;(x)y) on basis
elements x,y, and hence everywhere.

Finally, by the formula for the modular automorphism group (B:2l), we find that ®; is ¢-
modular. O

We define corresponding BMO spaces for this semigroup. We use the shorthand notation
BMO(Gy) for BMO(Ls(Gy), ®), and similarly for the column and row spaces. We can also define
a BMO-norm || - [[BM0og 00 (Loo(Gq)®Loo(T))°. We will do some of the estimates within the
normed spaces (L2, (Gy), | - [IBMOg) and ((Loo(Gq)®Loo(T))®, || - |[BMOg) to avoid some technical-
ities.

Lemma 5.13. The map 7 is isometric as a map between normed spaces

™ (Lo(Go)s || - IBM0s) = ((Loo(Gg)@Loo (T))%, || - [[BMOS)-

Proof. This follows from the commutative diagram of Proposition and the fact that 7 is
an injective, hence isometric, *-homomorphism Lo (Gy) — Loo(Gy)®@Loo(T). Indeed, for z €
L+ (G4)°, we have that

1Se(m (@)oo = [[(7 © @4) () [lc — 0,
which implies in particular o-weak convergence. Hence m(z) € (Loo(Gq)®Loo(T))°. Also,

I () [Bnog = sup || Sy(|m(z) — Si(m(@)P) = sup || Sy(|m(z) m(@4(2) )|
= sup || Si(m(|z — 4 (2)[*))| = sup || (@ (|2 — 4 (2)*)) |
= sup [[&(|z - () *)l = [l Bnog -

Replacing x by z* yields isometry for the row BMO-norm from which it follows that 7 is isometric
on BMO as well. O

5.7. Loo-BMO estimate. We proceed to prove an upper end point estimate for T,,,. Recall that
we defined a “weak-* topology” on BMO(G,) in Remark A8

Theorem 5.14. Let m € lo(Z) with m(0) = 0 be such that T,, : Loo(T) — BMO(T) is completely
bounded. Then there exists a bounded weak-* /weak-+ continuous map

T2 Loo(Gy) — BMO(Gy),
satisfying T (x) = ngg%l(fm(x)) for x € Pol(Gq). Moreover,
T : Loo(Gg) — BMO(Gy)|| < T ¢ Loo(T) = BMO(T) | (5.7)
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The proof consists of the following two lemmas. We first prove a BMO-norm estimate of T},
for the polynomial algebra, using again the transference principle from Lemma G111

Lemma 5.15. Let m € loo(Z) with m(0) = 0 be such that Ty, : Loo(T) — BMO(T) is completely
bounded. Then for x € Pol(Gy):

I (@) lBMOs < 1T+ Loo(T) = BMO(T)|op || oc- (5-8)

Proof. By Lemma 55, T, maps Pol(G,) to L2 (G,). Note that m sends Pol(G4) to Le(G,) ®
Pol(T) and ¢1,__(g,) ® Tim sends Loo(Gq) @ Pol(T) to Loo(Gq) ® L3(T) C (Leo(Gq)@Loo(T))° (see
also Appendix [Al). Now Lemma [5.1T] gives us a commutative diagram like in Proposition

Loo(Gy) ® Pol(T) 2202 (1 (G )@ Loo(T))°
Pol(Gq) T » L3 (Gq)

Note that in particular the restriction T}, : Pol(T) — (L3,(T), || - [lemo) is completely bounded.
Now Lemma .13 and Proposition [A.T] allows us to find a BMO-estimate on T}, for z € Pol(Gy):

1T (2)llBr704 = Il 0 Ton()llBMOs = (1 (6) ® Tin) 0 7(2) [ BMOS
< Tmllepllm (@) ] = 1T lep] ]| oo

where || T |leb = [| T @ Loo(T) = BMO(T)||p- g

Recall that « )1 isometrically embeds the normed space (LS (Gy), | - [|[BM0O,) into BMO(Gy).

Now define 7,0°) = m(o)lon, which we may consider as a bounded map from Pol(G) to BMO(Gy)
by Lemma [5.I5] It remains to prove that this map extends to Loo(G4). The proof is essentially
that of [JMP14, Lemma 1.6] together with a number of technicalities that we overcome here.

Lemma 5.16. T, has a weak-x /weak-+ continuous extension to Lo (G4) — BMO(G,).
Proof. Let h§(Gy) := h{(Ls(Gy), ®) and hi(Gy) := h](Lss(Gy), ®) be the preduals constructed
in Section We will construct maps S, : h{(G,) = L1(G4) and S, : h{(G,) — L1(G,) such

that their adjoints are equal and extend T,Sf").

Construction of maps S. and S,. We construct the map S, : h{(G,) — L1(G4) by proving that
the map /{(1) (T,E,?))* is bounded as a map L3(G4) — L1(Gg) with respect to [| - [[4e(g,) on the
left. For y € L$(G4) and z € Pol(G,) we find

(2, (L) () DY?) = (D2, (T) () = (DY *Tin(2), ). (5.9)

By the Kaplansky density theorem and [Tak02, Theorem II.2.6] the unit ball of Pol(G4) is weak-x
dense in the unit ball of Lo (G,). Hence for y € L§(G,) we find:

IS (T2 = sup [z (T2 () DY)
z2€Pol(Gq) <1

= sup  [(DY*Tn(2),0)] < | Tlleoll¥llng c,)-
2€Pol(Gq) <1
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In the last step we used that [[&'c 5 (Zn(2)) lsvor = [T (2) Ivor < || Tnllesl|2lloc. We conclude
that ngli ° (TTS? ))* extends to a bounded map
Se: h§(Gy) — L1(Gy).
(-1)

In a similar manner we can prove that the map /{2;
Syt h1(Gy) = L1(Gy).

By taking limits in (5.9), we can prove the following equalities for z € Pol(Gq), yq € h{(G4) and
Yy € hg (Gq):

o (T,g,?))* extends to a bounded map

(2,8:(ya)) = <Dé/2Tm(Z)7ya>a (2,8 () = <Tm(2)Div/27yb> (5.10)

Analysis of the adjoint maps. Now consider the adjoint maps S : Loo(G4) — BMO¢(G,) and S :
L (G4) = BMO"(Gy). They are weak-*/weak-* continuous by Proposition 2l By composition,
we get maps
T.:= k5, 085 : Loo(Gy) = LY(Gy), Ty := kg1 057t Loo(Gy) — L5 (Gy).
Let z € Pol(G,) and y € h§(G,). Then (E.I0) yields
(S5(2),y) = (2,5c(v)) = (DY*Ton(2), )
(=1)

~ . . . 0) & ~
so S} extends K 0.2 oT,,. Hence, T, is a weak-*/weak-* continuous extension of /{(()O),l ol = TTSIOO).

In a similar way, we find that T, is a weak-*/weak-* continuous extension of T,E,LOO). In particular,
T. and T, coincide on Pol(G,). It remains to prove that T, = T,; this implies that the image of
this map is contained in BMO(G,), and hence it is the weak-*/weak-* continuous extension of

T,Sfo) that we were looking for.

Proof of the equality T, = T,. Let ¢ € Loo(G,) and take a net x) € Pol(G,) such that ) — z in
the weak-* topology. By the weak-x/weak-* continuity of S}, we have S’ (xy) — S} (z) =: y. €

r

BMO¢(G,) in the weak-* topology. Similarly, S} (xy) — S¥(z) =: y, € BMO"(Gy) in the weak-x
topology. We need to prove that Di,/zyc = y,nDi,/2 in L9(Gy).
First let z € L3 (G,). In that case, we have

(S7(22), 2Dy Mo by = (Te(®2)s 21,00 = (Tr(22); 2)1,00 = (S5 (22), DY *2)BMO" s -
Hence,
(Di;myc, 2)1,00 = (Yes ZDL}J/2>BMOC7h§ - li§n<5:(m)’ ZD;/2>BMO%§
_ hin<SZ(x)\)’ D<,10/22>BMO7"JL§ — <yr’ D}p/22>BMO’",h§ = <yrDi’/2, Z>17oo.

Now let z € Loo(Gy). Let E be the projection of Lo (G4) onto LS (G,4). Then as in Proposition
2.6 we get a projection EM : L (G,) — L3(G,) which is the adjoint of E. Hence,

(D ye, 2) = BN(DY?ye), 2) = (DY e, B(2)) = (y-D/*, B(2)) = (3, DY?, 2).
e conclude that .= Ur ; this finishes the proof.
W lude that D%y, = y,D¥?; this finishes the proof 0

Proof of Theorem [5.14 The existence of 7% follows from Lemma F5I5 and [5.16. The inequality
in (5.7) follows from (5.8) and the Kaplansky density theorem. O
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5.8. Consequences for L,-Fourier Schur multipliers.

Theorem 5.17. Let m € loo(Z) with m(0) = 0 be such that the Fourier multiplier T,, © Loo(T) —
BMO(T) is completely bounded. Let Ty, : Pol(Gq) — Pol(Gq) be the Fourier-Schur multiplier
with symbol (m(—i — j)); ;1 with respect to the basis described in (54), where | € N indezes the
corepresentation and 1 < i,j < 20+ 1. Then for 1 < p < 0o, Ty, extends to a bounded map

T,E,f) 1 Lp(Gy) — L;(Gq),
where by ‘extension’ we mean that T,%))(ﬁ&zp(x)) = n&),p(fm(m))

Proof. Proposition (.9 and Theorem [(.14] show that T,E,LOO) and Ty(,? ) together are compatible mor-
phisms. Therefore, by Riesz-Torin (see e.g. Theorem 2.5 from [Casl3] and the rest of that

paragraph), we get bounded maps on the interpolation spaces. Since ® admits a Markov dilation
(see Proposition [B.4]), Theorem T4 tells us that

[BMO(Gy), L3(Gq)l2/p = Lp(Gy)-
Also we have by [Kos84] that
[Loo(Gy), L2(Gq)]2/p ~ Lp(Gy).

This proves that for 2 < p < oo we can construct bounded maps 7w . Ly(Gy) — Ly(Gy) that

extend T, - or more precisely, they satisfy TP )(ﬂg),p(x)) = ﬂg),p(fm(x)) for all € Pol(Gy).

Now consider 1 < p < 2 and let p’ be such that % + 1% = 1. Then the adjoint map T;;L is simply
the Fourier multiplier with symbol m, and hence by the above argument T;‘I extends to a map on

L, (Gq). Hence the map 7P L,(G,) = L,(Gy) given by the double adjoint is the extension we
were looking for. O

Remark 5.18. The condition that m(0) = 0 is not very important: if we ‘add a constant sequence
to m’, i.e. we switch to the map Ty, a1 = Tin + Atp (1), then this map still ‘extends’ (in the sense
of the theorem) to a bounded map L,(G,) — L,(Gy).

Remark 5.19. In [JMP14, Lemma 3.3] classes of completely bounded multipliers Lo (T) —
BMO(T) have been constructed. Further, in [JMP14, Lemma 1.3] the connection between classical
BMO-spaces and non-commutative semi-group BMO spaces is established giving further examples.
This shows that indeed the class of symbols m to which Theorem [B.17] applies is non-empty and
contains a reasonable class of examples.

APPENDIX A. COMPLETELY BOUNDED MAPS WITH RESPECT TO THE BMO-NORM

Throughout this section, let M C B(K) be a o-finite von Neumann algebra with n.f. state ¢
and Markov semigroup ® = (®;);>¢. Fix some n > 2. Then the maps ¢p7, ® @4 define a Markov
semigroup on M, (M). Hence we can define the matrix BMO-norms || - ||mo,, on M, (M)° with
respect to the semigroup S,, := (tpr, ® ®¢)e>0. Through a straightforward calculation, one also
checks that M,,(M)° = M, (M?°). Hence the above norms define matrix norms on M°. It is not
hard to prove that these norms turn M® into an operator space, which we denote by (M°, ||||smo)-
We leave the details to the reader.

Let N' C B(H) be a o-finite von Neumann algebra. Then N®M is again a o-finite von Neu-
mann algebra. Similarly as in the matrix case, S := (1o ® P¢)>0 is a semigroup on N@M. In
line with the main text, we denote || - |pmog for the corresponding BMO-norm on (N®M)°.
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Using the fact that N, ® M, is dense in (N@M), (see [Sak71, Chapter 1.22]) one can show
that N @ M° C (N@M)° .

Proposition A.1. Let A C M be a linear subspace and T : A — (M°, ] - |[Bmo) be completely
bounded. For x e N @ A,

(v @ T)()|IBMOs < T lle 7|l Brcakc)-

Proof. Take z € N ® A and write z = )z, ® 2},. Let z = (i,v @ T)(z) € N ® M°. Setting
wy, = T(z}) we have z = >z, @ wy,. For a finite dimensional subspace F' C H let Pr be the
projection onto F'. Denote xf — Ppx, Pr the truncation of z, to F. Denote zf' = nmf; & Wy
and 2" =Y 2l @),

Now we prove the column estimate. Let £ € H ® K (algebraic tensor product) and write

=>4 ®@n. Define FF CH to be
F= Span{&k,xmgkax;xmgk | n,m, k}

Then we note that F is finite dimensional and (z£)*zf ¢ = 2¥ 2,6, Let t > 0 be arbitrary.

Writing out the expression in the column BMO-norm gives
(v @ P)(|1z = (v @ @)(2)P) = Y 2hzm © Do((wn — Bo(wn))* (wim — Be(win)))-
n,m

Hence, denoting Sy := (LB(F) ® @t )>0,

[(ear @ ®1)(|2 = (tw © 0)(2) )€ [ mea
(e © ) (127 = (s @ ) (27)P)él pak

< s © (127 = (sr) © 20 () e €]
< =" lBmog, €l = sy © )@ mog 61 < IT 1% 12 Bk lIE]
In the last step, we used that T is also completely bounded when considering || - ||gpmoe on the

right. Taking the supremum over all £ € H ® K with ||]| =1 and ¢ > 0, we conclude

(v @ T)(@)l[Bmog < [T llebllzll B uze2k)
The row BMO estimate follows similarly, from which the BMO estimate follows. U
Remark A.2. In the case where M is a finite von Neumann algebra, we can extend the operator

space structure to BMO(M, ®). In the o-finite case however, it seems to be more difficult than
expected to prove that M, (BMO(M, ®)) C BMO(M, (M), tpr, @ ).

APPENDIX B. A MARKOV DILATION OF THE MARKOV SEMIGROUP &
Definition B.1. We say that a Markov semigroup ® on a o-finite von Neumann algebra M with
faithful normal state ¢ admits a standard Markov dilation if there exist:

(i) a o-finite von Neumann algebra N with normal faithful state ¢,
(i) an increasing filtration (Nj)s>o with par-preserving conditional expectations & : N — N,
(iii) a x-homomorphisms ms : M — N such that g o m5 = par and

Es(mi(z)) = ms(Py—s(2)), s<t,xze M.
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A Markov dilation is called p-modular if it additionally satisfies
msoof =ofNom,, s>0,teR.

One can analogously define the notion of a reversed Markov dilation; we refer to [CJSZ20)
Definition 5.1] for the precise statement.

In this subsection, we construct a Markov dilation for the semigroup ® = (®4);>0 on Loo(Gy)
given by
By(afy (y)™) = e * ok ()", keZImeN,
as used in Section [0

To construct the Markov dilation, we use the fact that L.,(G4) can be written as the tensor
product of two relatively simple von Neumann algebras. This is a well-known fact; we give a
sketch of the proof for the convenience of the reader. We let £(Z) be the group von Neumann
algebra of Z generated by the left regular representation .

Proposition B.2. Lo (G,) = B({2(N))RL(Z).
Proof. Let Ty,, Ty be the multiplication maps on f5(N) with symbols m(k) = ¢*, m(k) =

/1 —¢?k. Then we can write

Y=Tmn®Mz, o=yl @1
where we denote A7 and A\ for the right shift on ¢3(Z) and ¢3(N) respectively. From these
expressions it is immediately clear that Lo (G4) C B(¢2(N))®L(Z). For the other inclusion, note
that the partial isometries in the polar decompositions of o,y are 1® A1 7 and A] y®1 respectively.

These elements generate 1 ® £(Z) and B(¢3(N)) ® 1 respectively as von Neumann algebras. Hence
the other inclusion follows from the definition of the von Neumann algebraic tensor product. [

Through this expression for Lo (G,) we will show that ®; can be written as a Schur multiplier.
We will need the fact that Schur multipliers are normal.

Proposition B.3. Set H = l3(I) for some index set I and let T : B(H) — B(H) be a Schur
multiplier with symbol t = (t; ;); ;, i-e. T(e; ;) = tijeij. Then T is normal.

Proof. Denote L1(H) to be the trace class operators and denote ¢ to be the transpose of t. We
claim that 7| Ly (#) is nothing but the Schur multiplier with symbol tT. Indeed, if z € B(H),
y € Li(H) and i € [ is fixed, then
(ei, T'(x)ye;) = Ztm%kym = Z%ktflylm = (eq, 2t} ;i j)ijei)-
kel kel
Hence
Tr(T(x)y) = Y fei, T(x)yes) = Y (wei, (6 jyig)igei) = Tr(z(t]vi5)i;).
iel el

This shows the claim.

Let y € Li(H). By the above T*(y) is an operator on H so that we can define its trace-class
norm. Then by Hahn-Banach

1Ty, ey = sup  [{&,T*y)l=  sup  [(Tz,y)| < |T|lyllL, )
veB(H):a]<1 veB(H): 2] <1

So T* restricts to an operator Li(H) — L1(H). Therefore, since B(H) = L1(H)*, we see that by
Proposition RII T = (™|, (%))* is normal. O
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Proposition B.4. The semi-group ® admits a (standard and reversed) p-modular Markov dila-
tion.

Proof. We prove first that ®; can be written as a Schur multiplier on the left tensor leg of Lo (Gy).
Let = a*+!(y*)™. z acts on basis vectors by

€ ® fr ¥ Ceik @ frglom; €= Colmiir = \/(1 — ¢¥)(1 = ¢¥72) ... (1 — g2i=2k+2)gillam),
In other words, the matrix elements of x are given by

<1‘€Z‘ b2y f7"7 €; @ fs> =cC 5j,ifk53,r+lfm-
Hence if we define W; : B({3(N)) — B({2(N)) as the Schur multiplier given by W,(e; ;) =
e‘t|i_j|2ei7j, then we have
y(a) = M = (U ©idg () (2)

Hence ®; and ¥; ® id(z) coincide on Pol(Gq). Since both are normal (Proposition for @,
and Proposition [B.3] for ¥;) they must coincide on Lo (Gy).

The proof from now on is essentially that of [RicO8] or [CJSZ20, Proposition 4.2] with the main
difference that the unitary u below only sums over the indices of ¢5(N). Let € > 0 be arbitrary.
We define a sesquilinear form on the real finite linear span Hy = Spang{e;,i € N} C H by setting

<£,77> = Z 67607@')25@'77]" 5,77 € HO
1,JEN

We define Hp to be the completion of Hy with respect to (-, ) after quotienting out the degenerate
part. Let I' = I'(HR) be the associated exterior algebra (see [CJSZ20, Section 2.8]) with vacuum

vector 2 and canonical vacuum state 7. The dilation von Neumann algebra (B, ¢g) will be given
by

B = Lao(G)®T®®,  ¢p=p®715™

where the infinite tensor product is taken with respect to 7. Next we describe the dilation
homomorphisms 7s. We consider the unitary

=361 @ 1o © 5(es) © 1§ € Loo(G) BT
1€EN

which is defined as a strong limit of sums. Let S : v — 1 ® v be the tensor shift on I'®>, and let
B : B — B be defined by B(2) = u* (¢ (g,) ® 5)(2)u. The x-homomorphisms 75 : Loo(Gy) — B

are given by
Mz zlel..., mize (Bfom)(x), k>1.
One shows by induction that for x € Lo (Gy)
Wk(x) = Z em-er-J ® (8(62‘)8(6]‘))®k & 1?00
1,JEN

By (GI)) it follows that 7y is state-preserving, and by [Tak03b, Proposition XIV.1.11], it is ¢-
modular.
Finally, the filtration is given by

By = Loo(Gg)@T®™ @ 18% C B,
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One checks that the associated conditional expectations satisfy
Em(eiimes; @ (s(ei)s(e;)®* @ idE™)
=ta(s(ei)s(e;))" Meiire;; @ (s(er)s(e;)®™ @ 1E.

From this and the identity

o (s(en)s(e;)) = (s(e5) 0 5(e))92) = 70"
one deduces that indeed
(Em o m) () = T (Pe (o) (2))-
So the semigroup (®.y,)nen admits a Markov dilation for any € > 0. By [CJSZ20), Theorem 3.2],
(®4)r>0 admits a standard Markov dilation. This theorem is stated only for finite von Neumann

algebras, but it also holds in the o-finite case with the same proof mutatis mutandis. A reversed

Markov dilation can be obtained by essentially the same argument and a o-finite analogue of
[CJSZ20l, Theorem 5.3].
O
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