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ABSTRACT

We present a resonant-mode, transverse-field, radio-frequency (rf) neutron spin flipper design that uses high-temperature superconducting
films to ensure sharp transitions between uniform magnetic field regions. Resonant mode allows for low-power, high-frequency operation
but requires strict homogeneity of the magnetic fields inside the device. This design was found to efficiently flip neutrons at 96.6 £0.6% at an
effective frequency of 4 MHz in bootstrap configuration with a beam size of 2.4 x 2.5 cm?* and a wavelength of 0.4 nm. The high frequency and
efficiency enable this device to perform high-resolution neutron spectroscopy with comparable performance with currently implemented rf
flipper designs. The limitation of the maximum frequency was found due to the field homogeneity of the device. We numerically analyze the
maximum possible efficiency of this design using a Bloch solver simulation with magnetic fields generated from finite-element simulations.
We also discuss future improvements of the efficiency and frequency to the design based on the experimental and simulation results.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0232175

I. INTRODUCTION

Neutron resonance spin echo (NRSE) is a high energy-
resolution experimental technique that is commonly used to probe
the dynamics of both hard and soft condensed matter systems."’
While the closely related technique of neutron spin echo (NSE) uses
strong static magnetic fields to generate neutron spin precession,
NRSE instead uses radio-frequency (rf) neutron spin flippers sep-
arated by a zero-field region. In general, rf flippers manipulate the
neutron beam polarization by using an rf field tuned to a resonant
frequency determined by the strength of a (typically stronger) static
magnetic field. The flipping efficiency of the rf flipper largely deter-
mines the performance of the NRSE instrument, an important factor
in deciding if it is an improvement over a similar NSE instrument.’

In order to make NRSE competitive with NSE, an rf flipper must:
run at a high frequency (~5 MHz), flip the neutron spin with a high
efficiency (2 95%), and be easily tuned and reliably run for multiple
days during an experiment.

Broadly speaking, there are two methods of spin manipulation
that rf flippers use, each involving both a static field and an oscil-
lating rf field perpendicular to the static field. The first method is
the adiabatic mode (also called gradient mode), which applies an
additional static-field gradient across the flipper along with a large-
amplitude rf field. In this method, the neutron spin direction can
be considered to follow the gradient field where it is strong and the
rf field where the Larmor frequency determined by the static field
is close to the rf frequency.”” Thus, the neutron spin adiabatically
follows the field direction throughout its path through the flipper.
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The second method is the resonant mode (also called non-adiabatic
mode), where the rf field magnitude is set much lower and the neu-
tron has a high likelihood of flipping (via single-photon exchange),
which changes the total energy of the neutron.” While the effect on
the neutron spin and energy is essentially the same for both modes,
the technical limitations of rf flippers based on these methods are
quite different. In the adiabatic mode, the rf field is much stronger
and an extra gradient field coil must be installed, leading to a much
higher power dissipation of the flipper. In the resonant mode, the
power is lower but the efficiency is much more sensitive to small
deviations in the fields, so higher field homogeneity of both the static
and the rf fields is required. These factors have limited the maximum
frequency of adiabatic mode rf flippers to 2 MHz’ and the maxi-
mum efficiency of resonant mode rf flippers at high frequency as
well.”*

In this paper, we present a prototype resonant rf flipper that
uses high-temperature superconducting (HTS) films as Meissner
screens to enhance the field homogeneity by reducing the effects of
fringe and stray magnetic field, so low power dissipation is essential
in order to be able to cool the device when run at high frequencies.
The device consists of two rf flippers in a single vacuum chamber
that can work additively in the so-called bootstrap mode to double
the effective frequency.’ Each flipper consists of a pair of static-field
coils, an rf coil that produces a longitudinal field along the beam, and
HTS films that sharply define the magnetic field regions. In boot-
strap mode, the device produces an effective frequency of 4 MHz
with a flipping efficiency of 96.6% and a beam size of about 2.4 x 2.5
cm” at a neutron wavelength of 0.4 nm. To explore the efficiency
of our design, we used a numerical Bloch solver that simulates the
evolution of the neutron spin as it passes through the rf flipper. By
analyzing the effect of the static and rf field inhomogeneities inside
of our prototype device, we propose future improvements to our
resonant rf flipper design.

Il. THE RESONANCE CONDITION

In this section, we review the standard mathematical theory
that has been shown to well-describe the action of rf flippers; for
a more extensive review, see Cook.'’

The Hamiltonian that describes our rf flipper is given in the lab
frame by

Hiap(t) = @[axBrf(t,r(t))cos(wt +¢o) +a:Bo(t,7(2))], (1)

where y ~ —1.832 x 10° rad T™" s™" is the gyromagnetic ratio of the
neutron, # is the reduced Planck’s constant, oy for k € {x,y,z} the
usual Pauli matrices, r(t) is the classical path of the neutron, w = 27f
is the angular rf frequency, and ¢, is the phase of the rf field. Here, we
explicitly split the magnetic field into a static field component By and
rf amplitude envelope By, both of which may be time-dependent.
To better understand the dynamics, we consider the Hamiltonian
in the coordinate system that rotates about the direction of the
static magnetic field at a frequency equal to the rf frequency.
Mathematically, this transformation is accomplished by the replace-
ment  |Y)eot = e @ TP)%/2|y) L Performing the substitution,
we obtain

ARTICLE pubs.aip.org/aip/rsi

Hrot(t) = O'x@Brf(t)[l + cos(2wt + ¢0)]

+ @@Brf(t)sin@wt +¢o)

- azg[yBo(t) o), )

where for clarity, we have suppressed the dependence of the
magnetic field on the classical path of the neutron through the
instrument.

We first consider the case where the magnetic field coefficients
are time-independent after averaging over many cycles of the rf sig-
nal. The time-averaged Hamiltonian in the rotating frame is given
by

Hao = [0l (Bef2) — 0248 - )] 3)

where the bar represents time-averaging. The solution to the
Schrodinger equation with Eq. (3) leads to the well-known Rabi
equation'’ for the spin-flip probability,

@y - (VBri/2)’ . o 0t
PO = PP () (42)
Wy = \/()/Eo - w)2 + ()/Erf/z)z, (4b)

where w, is the Rabi frequency for our Hamiltonian in Eq. (3). From
Egs. (3) and (4), we see that there are two conditions for an efficient
spin flip: the rf frequency must equal the Larmor frequency yBo for
the static magnetic field and the rf amplitude must be tuned to the
neutron travel time through the flipper. These two conditions for
resonance are given by the equations,

B =2, (52)
Y
2
By - 2 Creh (sb)
r yT  ymLA

where T is the total transit time of the neutron through the rf flipper,
L is the length of the flipper, and A is the wavelength of the neutron.
An additional factor of 1/2 is applied if a rotating rf field is used.'’
The spin-flip probability around the resonance conditions is shown
in Fig. 1.

Although the resonance condition has been derived in the case
of an ideal magnetic field profile, similar resonance conditions apply
to non-uniform field profiles (see Sec. IV). However, field inhomo-
geneities will change the shape of the resonance tuning curve: if the
field profiles are too irregular and then the resonance curve will be
too sharp, thus impacting the practical flipping efficiency of the rf
flipper. One must also take into account thermal fluctuations, as they
may change the resistance in the coils and, therefore, the magnetic
field profile. In general, the flipping efficiency is dependent on the
homogeneity of the static field and the stability of the rf field.'>"”’
As detailed in Sec. 111, our approach to the field uniformity problem
involves using HTS coils and HTS films in order to generate a stable,
well-contained rf field and strong, uniform static field inside the rf
flipper.
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2 MHz

Flip Probability

FIG. 1. Example flip probability given in Eq. (4) as a function of static and rf field
strength with an rf frequency 2 MHz, flipper length of 8 cm, and neutron wavelength
of exactly 0.4 nm. The probability reaches unity when the resonance conditions
shown in Eq. (5) are satisfied. Notice that the flipping probability is much sharper
with respect to the static field than the rf field.

I1l. DESIGN AND SIMULATION

The design process of the rf flipper is naturally divided into two
sections, namely, the design of the components that generate the rf
field and static field. These fields were independently simulated via

the finite-element method with Siemens MagNet© software, which
includes the material properties in its solutions. The components of
the device are shown in Fig. 2.

A. Static field

The vertical static field is produced by a pair of coils wound
with 64 turns of HTS tape (SuperPower 2G HTS wire with 2 mm
thickness and a maximum current of 50 amps) around low carbon
steel (alloy 1018) hollow pole pieces, as shown in Fig. 2. The wind-
ing consisted of eight layers with eight turns per layer. The static
field was designed to have the maximum homogeneity in the beam
region. The low-carbon steel pole pieces were 23 mm tall and 14 cm
wide, much wider than the expected beam size of 2.4 x 2.5 cm?, in
order to increase field uniformity. The poles were hollow (3 mm
surface thickness) and powder coated to prevent electrical shorts. A
magnetic flux return, also made of low carbon steel, completes the
magnetic circuit away from the neutron beam. The homogeneity of
the static field was further increased by adding HTS films (Ceraco
ceramic coating GmbH) on the front, back, and sides of the coils.
Here, “front” refers to the film the neutron will encounter before
entering the flipper. The 350 nm thick YBa;CuzO; (YBCO) films
are deposited on a 0.5 mm sapphire plate and coated with 100 nm of
gold to prevent oxidation. At the operating temperature of 25 K and
at fields below H;,'* the films are in the Meissner superconducting
state, which constrains the field and also enhances the homogene-
ity."” The side HTS films have gaps for the rf shield support beams
in the front, middle, and back, as shown in Fig. 2(c). MagNet simu-
lations found that these gaps at the edge have little effect on the field
homogeneity in the beam because they are far from the beam center.

ARTICLE pubs.aip.org/aip/rsi
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FIG. 2. (a) Drawing of the front view of the magnetically relevant components of
the rf flipper. The neutron beam travels through the longitudinal rf coil (diameter
4 cm) at the center of the device (in the x-direction). A box of copper shielding
surrounds the coil to screen the rf field. The upper and lower static coils, made
of high-temperature superconducting (HTS) wire, produce a vertical field through
the rf coil region. An iron magnetic return loop (with dimensions of 30 cm wide by
13 cm tall) surrounds the device to homogenize the static field. The HTS films and
mu-metal shielding are not shown. (b) The front view with the components from
panel (a) as well as the structural components of a sapphire tube supporting the
rf coil and copper pieces connecting the components together. Two rf flippers are
pictured, one behind the other; this entire assembly is placed inside of a single
vacuum chamber, allowing the device to be operated in bootstrap mode. (c) Draw-
ing of the equatorial slice through a flipper. The six HTS films that provide a sharp
field transition and homogenize the field are shown in yellow. A mu-metal mask to
screen stray field is shown in red in front of and behind the rf flipper.

High permeability mu-metal plates were installed at the front and
back of each flipper to prevent external magnetic fields from pen-
etrating into the device and also to prevent the internal static field
from affecting the guide fields outside the device. MagNet simula-
tions found that this stray field was about 0.01% of the field at the
center of the device, even with a cut-out at the center to allow the
beam to pass through. The maximum height and width of the static
field region of the device was determined by the maximum size of
available YBCO films (currently 148 x 112 mm?).

MagNet simulations find that these coils produce a field of up
to ~110 mT in the 2.4 x 2.5 cm* beam area, as shown in Figs. 3(a)
and 3(b). MagNet simulations have been experimentally verified in
previous static field devices.'® The simulated field is uniform across
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0 40 80
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FIG. 3. MagNet finite-element simulations of the static field in the (a) horizontal
(x=y) plane and the (b) vertical (x—z) plane. The neutron beam goes from left
to right through the center of the device. The field is well contained by the high-
temperature superconducting (HTS) films at the front back and sides of the device.
The magnetic flux returns and mu-metal shielding at the top, bottom, and edges
have the highest field. The x and y components of the static field were found to
be negligibly small, so By ~ By2. (c) The simulated field for neutrons traveling
through the device at various distances from the beam center, with the HTS films
atx = 0.87 mm.

the beam to within 0.25 mT, as shown in Fig. 3(c). Notably, the vari-
ation is greatest closest to the front and back HTS films, consistent
with the results from similar simulations.'®

B. Radio-frequency field

The rf field is produced by a cylindrical solenoid, with the beam
passing through the center. The solenoid is wound with 57 turns
of 18 gauge aluminum wire around a 4 cm outer diameter, 8.1 cm
long sapphire tube. The winding density was one turn per 1.1 mm,
equivalent to the diameter of the wire including coating. Sapphire
was chosen for its good thermal conductivity and superior strength,
and aluminum wire was chosen for its ease of winding. The wire is
held to the sapphire tube with ultraviolet glue (Norland Optic 61)
and Kapton tape. A copper box to shield the rf frame was designed
to encase the rf coil. Copper flanges on the front and back support
the sapphire tube, as shown in Fig. 4. The dimensions of the rf shield-
ing were chosen to be as large as possible without touching the pole
pieces or the YBCO film in order to prevent heating or damaging the
delicate YBCO; there is a ~1 cm gap between the coil and shield box
at its closest point.

The copper flanges on the front and back have a thickness of
~0.6 cm, which was chosen to ensure good thermal contact with the
sapphire tube as well as to reduce the rf field strength at the front
and back of the device in the beam region. The flanges reduce the
field strength to ~1/6 of the maximum field strength at the gold-
coated film position, according to both the MagNet simulation and
pick-up coil test shown in Fig. 4(c). By reducing the rf field strength
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FIG. 4. (a) Simulations of the field in the vertical (x—z) plane from the rf coil and
copper shielding (only half the coil length is simulated). The beam travels from the
left to right, passing through the HTS film and through the center of the solenoid.
(b) Aluminum wire wrapped around sapphire creates the rf field. The copper flange
holds the sapphire tube and provides rf shielding. (c) Comparison of the simulated
field from panel (a) to the field measured with a pick-up coil along the axis of
the sapphire cylinder (the x axis). The HTS film is at x = 0 mm, and the interior
of the copper shielding flange is at x = 7 mm. The HTS film was included in the
simulations but not installed for the pick-up coil measurement.

close to the films, the gold-coated YBCO films function more effec-
tively as rf field shielding. The rf shielding effectiveness of the YBCO
films was checked by powering the first rf flipper (rfl) and placing
a pick-up coil at the center of the second rf flipper (rf2). The field
measured by the pick-up coil was found to be at most 1.2% of the
powered field. When the YBCO films were replaced by aluminum
sheets, the pick-up coil response was 0.2% or less, suggesting that
the gold-coated YBCO films are not perfect rf shields in the oper-
ating frequency range. The simulated rf field uniformity is shown
in Fig. 4(a). The ratio of the rf field integral along the center to
the field integral at a radius of 13 mm is 90%. The simulated field
was experimentally confirmed by translating a pick-up coil through
the rf coil optic axis at room temperature with the front and back
films removed, as shown in Fig. 4(c). The simulation includes the
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FIG. 5. (a) RF circuit self-reflected power measurement (s11) of the unmatched rf
coil vs frequency at 22 K. (b) The schematic of the matching circuit used to create
aresonance at the desired frequency with an impedance of ~50 Q) to match the rf
amplifier output. Capacitor values for some rf frequencies are presented in Table |.

YBCO film, while the pick-up coil measurement does not, which
explains the discrepancy at the edge of the coil.

The rf circuit for each independently driven rf coil consisted
of a function generator, rf amplifier, matching circuit, and rf coil.
A self-reflected power measurement (s11 measurement'”) was con-
ducted using a network analyzer, as shown in Fig. 5(a). If the
reflected power is close to 0 dB, then almost all the power is reflected
back into the transmitter, meaning that the circuit is not in reso-
nance by some unintentional coupling of the components of the
rf coil, shielding, and leads. The unmatched rf coil at 22 K has lit-
tle self-resonance up to 20 MHz. The rf coil produces a field of
~0.6 mT/amp at 2 MHz. Different matching circuits each consisting
of two capacitors (labeled C1 and C2) were used for each rf fre-
quency. As shown in Fig. 5(b), C1 is used to put the capacitor/rf coil
circuit on resonance and C2 is used to impedance-match the circuit
to the 50 Q output of the rf amplifier; see Table I for specific match-
ing circuit capacitances. Because the power dissipation was quite
low, the matching circuit impedance only needed to be in the range
of 10-90 Q. In order to reduce the self-resonance in the leads, the
matching circuits were found to perform best when attached directly
to the outside of the vacuum chamber feedthroughs.

Good thermal contact is essential between the rf coil and the
Sumitomo CH-110 dry closed-cycle refrigerator with water-cooled

TABLE . Capacitor values for the matching circuits at different frequencies shown in
Fig. 5.

Frequency (MHz) C1 (nF) C2 (nF)
0.56 1.8 39
2.02 0.1 5.6
2.53 0.05 3.9
2.95 0.03 1.5

ARTICLE pubs.aip.org/aip/rsi

compressor (CCR) used to cool the assembly. The thermal contact
was improved by using sapphire for the rf coil structure, compress-
ing indium into the junction of the sapphire tube and the copper rf
frame, and using copper 101 (oxygen free) for the connection pieces
between the CCR and the rf coil. With these measures, the device
was held at a stable temperature, ~5 K above the base temperature
of 21 K, even with the rf coils powered to 10 W (1 rf coil powered
at 10 W and both rf coils powered at 5 W each were found to have
approximately the same heating). In operation, a power output of
~1 W per coil is sufficient, so the flipper could be run using a water-
cooled compressor (Sumitomo F-70L base temperature 21 K) or
air-cooled compressor (Sumitomo HC-4A base temperature 30 K).
A vacuum of ~1077 Torr and a thin pure aluminum heat shield
around the flux returns kept the devices from being warmed by the
environment.

IV. QUANTUM BLOCH SOLVER SIMULATIONS

In order to understand the qualitative effects of a non-uniform
static field and rf oscillation envelope on the efficiency of the rf
flipper, we performed Bloch-solver simulations (i.e., numerically
solving the Bloch equations'”) of various field models in order to
understand design limitations and explain the experimental results
reported later in this work. We also analyzed the flipping efficiency
using the magnetic fields output by MagNet simulations, as dis-
cussed in Sec. I11. For more discussion on the method used in these
simulations, see Appendix A. Because of the boundary conditions
due to the HTS films as discussed in Sec. 11, we assume throughout
this section that the rf envelope vanishes at the flipper boundary.

The 3D real-valued neutron polarization vector Py for the
spinor |y) is defined in the usual way, Py, = ({0x),{0y),{0z))",
where the angle brackets represent the expectation over the state |y).
We only consider pure states in this work, i.e., states that exist on the
surface of the Bloch sphere, so |Py| = 1. We define the generalized
efficiency ¢ of the rf flipper as

1+P,-P
e= f g’

B (6)

where P and Py are the final and “goal” polarization states, respec-
tively. The final polarization goal is different for precession mode and
flipping mode: in flipping mode, the neutron enters the device par-
allel or anti-parallel to the static field, as shown in Fig. 6(a), and the
desired final state is the antipodal point on the Bloch sphere given
by Py = —P;, where P; is the initial polarization; in precession mode
shown in Fig. 6(b), the initial polarization state enters the flipper in
the plane perpendicular to the static field, and the desired final state
corresponds to a return to the equator of the Bloch sphere with a
final neutron azimuthal phase of

¢r=w(T+2t) — i 7

where to is the entrance time of the neutron and ¢, is the ini-
tial neutron phase. In terms of the polarization, this phase change
corresponds to a goal final polarization of

Py = Ry (¢5)Pi, (8)

where R;(-) is the appropriate rotation matrix about the axis
71 defined by the static field.
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A) Lab frame, 250 kHz

Rotating frame, 250 kHz

FIG. 6. (a) Example flipping mode and (b) precession mode calculated neutron
polarization evolution through the rf flipper at 250 kHz for a single trajectory using
the static and rf magnetic fields from the MagNet finite-element simulations. The
green dot on each of the Bloch spheres is the goal final polarization for that mode.
The low frequency was chosen to clearly display the trajectory of the polarization
on the Bloch sphere.

We now turn to simulating the rf flipper magnetic field models
determined by MagNet. Just one coil of the bootstrap pair was simu-
lated, so a simulation at 2 MHz reflects the efficiency of a coil in the
effective 4 MHz bootstrapped set-up. A beam size of 2.4 x 2.4 cm®
was simulated in 4 mm pixels of By¢(x, y,z) and By (z); only the posi-
tive y and z values were simulated as the device is symmetric around
the y and z axes, and By(x,y) were found to be negligibly small.
The fields By¢(x,y,z) and Bo(z) were each multiplied by a scaling
factor, which detunes the static field or rf amplitude from the res-
onance condition, and the efficiency was simulated. The maximum
efficiency averaged across the beam is shown in Fig. 7.

This simulation imitates an experimental scan, in which the
overall magnitude of each field can be tuned by the applied current
but the relative inhomogeneities are fixed. As expected, the efficiency
is much more sensitive to By than to By. As a check of the Bloch
solver, a device with perfectly homogeneous By and B¢ was simu-
lated and the efficiency was found to match the expected form given
in Eq. (4). The simulated maximum efficiency of a single flipper in
flipping mode with 2.4 x 2.4 cm? beam at 2 MHz was found to be
95.3%. Figure 8 shows a 2D plot of efficiency vs pixel.

Our flipping-mode simulations also uncovered some general
qualitative results. First, the exact profile of the rf envelope was
found to not have a substantial effect on the maximum flipping effi-
ciency; by using elementary time-dependent perturbation theory,
one can see that the relevant parameter is only the integral of the
rf envelope (see Appendix B). The envelope does not have to be
symmetric or have particularly sharp boundaries, but only be slowly
varying compared to the rf oscillating field when transformed into
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FIG. 7. Example of the simulated efficiency of the flipper of the whole beam as a
function of the static field strength and rf field strength at 2 MHz. The simulated
fields are multiplied by a scale factor, equivalent to performing a current scan in
the real device. The dashed curve represents a device with a strictly uniform static
field and rf field amplitude throughout the device, which corresponds exactly to the
Rabi equation for the spinflip probability given in Eq. (4).
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FIG. 8. Simulated efficiency of the rf flipper at 2 MHz in flipping mode with the
simulated static and rf fields for different trajectories parallel to the optic axis. The
efficiency is defined by Eq. (6).

the center-of-mass frame of the neutron. The shape of the rf enve-
lope does change the width of the tuning curve from Lorentzian to a
more Gaussian shape without a decrease in maximum flipping effi-
ciency; therefore, it may be beneficial to specifically design rf flippers
with a gradual change in rf amplitude along the x axis in order to
use larger beam sizes. Second, the tuning curves from these simula-
tions are also useful to understand the experimental data discussed
in Sec. V. For example, the static field inhomogeneity determines the
asymmetry of the tuning curve: if the static field profile is concave
down, then the sub-peak shoulder of the tuning curve at the larger
rf amplitude is diminished while the smaller-amplitude sub-peak is
enhanced, and vice versa if concave up.

Finally, we mention that preliminary simulations of our rf flip-
per design in precession mode, which suggest that the maximum
efficiency is limited by the non-longitudinal components of the
rf field. As discussed in the traditional spin echo literature,'” !
adding multiple short compensation coils superposed near the ends
of the rf solenoid may enhance the precession-mode efficiency by
reducing the strength of the radial rf fields. In principle, the most
important condition for a high-efficiency rf flipper in precession
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mode is that the polarization returns to the equator of the Bloch
sphere, even if the desired azimuthal phase defined in Eq. (7) is not
quite attained: the azimuthal phase can be adjusted by an additional
weak static field, while the introduction of a polar phase will typi-
cally lead to beam depolarization in the conventional NRSE setup.
Therefore, in analogy to a proposal for traditional NSE,** the most
efficient parameter for an echo scan would be the phase of rf flipper
¢, in Eq. (1) as the polar phase change would be zero throughout the
entire scan while the efficiency would be a simple linear function of
rf phase. In addition, as the magnetic field envelopes are constant
during the scan, potential issues due to hysteresis and coupling
between the rf and static fields would be minimized.

V. FLIPPING MODE RESULTS

A test of the rf flipper performance at an effective frequency
of 4 MHz was conducted at the beamline HB2D at the High Flux
Isotope Reactor (HFIR) with a neutron wavelength of 0.43 nm. The
two rf flippers (rfl and rf2) in the single vacuum chamber were in
bootstrap mode, meaning that the static fields were approximately
the same strength but in opposite direction, so that they act as a sin-
gle rf flipper with an effective frequency of the sum of the frequency
of rfl and rf2.” Thus, in the 4 MHz effective frequency experiment,
rfl and rf2 were each run with frequencies of ~2 MHz. Each rf flip-
per was independently powered by a current of ~1.2 amps peak to
peak. The rf flippers were placed between a neutron polarizer and
analyzer, as shown in Fig. 9. The polarizer and analyzer were both
m =4 V-cavities produced by SwissNeutronics AG. An He-3 tube
detector of 1 in. diameter with no position sensitivity was used.
Reduced efficiency of the detector at the edges makes the beam size
effectively 1 mm smaller in the horizontal direction. The detector
background intensity was negligible. Several static guide fields were
placed between the polarizer, rf flippers, and analyzer in order to
maintain a strong field direction to keep a field of at least 1 mT
along the entire beamline. The neutron beam entered the device
with polarization direction either parallel or anti-parallel with ver-
tical static field in rfl. Two masks were installed on the beamline,
a 1.9 x 1.1 cm® mask in the “mask 1” position shown in Fig. 9 and
a 2.5 x 2.5 cm” mask at the “mask 2” position. These masks were
separated by a distance of ~1 m.

The performance of the bootstrapped rf flipper was determined
by measuring the neutron intensity of the beam as the static field was
scanned through the resonance condition. Ideally, a perfectly effi-
cient flipper on a perfectly polarized beamline should result in zero

Mask 1 Pol. Mask 2 rf1 rf2 Ana. Det.

ap 1

FIG. 9. Experiment consisted of a polarizer, the two rf flippers (rf1 and rf2) in
bootstrap mode, and an analyzer before the detector. The neutron beam travels
from left to right. The beam collimation was determined by two masks, one before
the polarizer and one attached to rf1. A weak vertical guide field ( > 1 mT) was
maintained between the polarizer, device, and analyzer.

ARTICLE pubs.aip.org/aip/rsi

intensity under the resonance condition and the full beam inten-
sity when the By field is sufficiently far off resonance. If the initial
polarization direction is reversed by reversing the guide field direc-
tion, then the resonance condition will have the full beam intensity
and the intensity will be zero off resonance. However, in practice,
the intensity of each curve is given by the combined efficiency of
each individual rf flipper as well as the other beamline components,
e.g., the polarizer, analyzer, and coupling of the guide field to the
flipper’s static fields. The efficiency of each individual rf flipper, as
well as the polarization of the overall beamline, can be independently
determined by a two flipper measurement, which consists of the four
permutations of the rf flippers being on or off.””** Here, we assume
the flipper efficiencies are constant. The efficiency f; of each flipper is
defined as the fraction of neutrons flipped when the flipper is tuned
to the resonance condition.

Assuming that the rf flippers do not affect the polarization
when turned off, the intensity with both rf flippers off is given by

N0021(1+PB), 9)

where I is the intensity scaling factor of the beamline that depends
on the beam divergence, incident flux, and wavelength and Pg is the
combined efficiencies of the polarizer, analyzer, and other compo-
nents on the beamline, including the effects of depolarizing magnetic
coupling between rfl and rf2. Defining the measured intensities with
rfl on, rf2 off as N1, rfl off, rf2 on as Ny;, and both on as N1, we
find

N()] =I[1+P3(1—2f1)], (103.)
N10=I[1+PB(1—2f2)], (10b)
N11 =I[1+PB(1—2f2)(1—2f1)], (10C)

where fi and f, are the efficiencies of rfl and rf2, respectively.
Solving these equations for fi, f2, and Pp gives

1( N11*N10)
=1+ —>"—) l1a
fi 5 Noo —Not (11a)
1 N11—N01)
=—(1+—], 11b
f2 2( Noo — N1o (11b)
Noo — N, Noo —
PB=( 00 01) (Noo NlO). (110)

NooN11 — No1Nio

The values for Noo, No1, N1o, and N1 were found by scanning
the By field of rfl or rf2 with the corresponding rf fields turned
on. The results of these four curves are shown in Fig. 10. The Ny
intensity is shown in a separate plot because By for rfl was scanned,
while for the other three curves, rf2 was scanned. The flat curve for
Noo shows that it is a good assumption that an rf flipper will not
cause a flip when turned off. Without fitting, we can see that the
maximum intensity of the data in N; scan are ~60800, and we can
see that the average Noo value ~62900, so we expect a combined
flipper polarization of ~97%. To more accurately interpolate the
peak intensities, we performed the standard Monte Carlo bootstrap
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(a) TABLE II. Experimental results of the intensities N from the experimental data that
60000 are used to determine the rf flipper efficiencies f; and baseline beam polarization Pg
in Eq. (11). The intensities are a result of an interpolation of the data shown in Fig. 10
50000 using the Monte Carlo bootstrap method with 10° resamplings.25
§4oogg Noo Nio No1 N1y
%“30000 60904 + 199 7190 = 77 5786 £ 76 62899 + 35
c
£
20000
10000 (@) RF 1 efficiency (b) RF 2 efficiency 1.00
24
0 . . . . . 0.98
-31.4 -31.2 -31.0 -30.8 -30.6 = 16 5
(b) rf2 By current (amps) E 0.96 E
N 094
o]
60000 092 %
0
50000 0 0 g 10 0.90
5 y (mm) y (mm)
3 40000
5 FIG. 11. 2D map of the flipping efficiency for rf flipper 1 (a) and rf flipper 2 (b),
g 30000 calculated from the data taken at 1.2 MHz and fit using Eq. (4).
= 20000
10000 4 x 4 mm? pixels.” The beam shape is not rectangular because the
Anger camera had a usable area of 24 x 16 mm? in this setup. Masks
%310 31.2 31.4 316 31.8 32.0 of size 1 x 1 cm? (mask 1) and 2.5 x 2.5 cm? (mask 2) were separated

rfl By current (amps)

FIG. 10. (a) Observed neutron intensity as the current driving B, field of rf2 is
scanned under the resonance condition with both rf coils off (Ngo), only rf2 on at
2 MHz (No1), and both rf1 and rf2 on at 2 MHz (N41). The black line is the expected
curve for a perfectly homogeneous field, as given by Eq. (4). (b) The N4q intensity
data with rf1 on at 2 MHz and rf2 off are shown as the current of the static-field of
rf1 is driven through the resonance condition.

procedure on the experimental data, using a non-parametric method
via cubic splines.”” The result for the peak values from 10° resam-
plings are presented in Table II. The experimental result is an
efficiency of 96.6% + 0.5% for the bootstrap rf flipper at an effective
frequency of 4 MHz. The two flipper measurement at 4 MHz found
a polarization of Pg = 83% of the combined polarizer, analyzer, and
guide fields. The polarizer and analyzer each are expected to have
a polarization efficiency of more than 98%, so it is likely that the
coupling between the rf flippers and the rest of the beamline caused
depolarization. There are two regions where the stray field is most
likely to cause depolarization: between the rf flippers and between
each rf flipper and the vacuum chamber. The separation between the
flippers is 5 mm and between the flipper outside face and the outside
of the vacuum chamber is ~2 cm. The stray field in these regions
could be reduced by adding more mu-metal shielding.

We also measured the efficiency of flippers at a lower effective
frequency of 2.4 MHz as using a 2D detector. This measurement was
performed at the CG4B beamline at the HFIR with a neutron wave-
length 0.55 nm and bandwidth of less than 0.005 nm. Both rfl and
rf2 were set to 1.2 MHz to give a bootstrap effective frequency of
2.4 MHz. The setup was similar to the 4 MHz setup except the ana-
lyzer was an s-bender and the detector used was an Anger camera
with 2 dimensional pixels of size ~0.2 mm, which were binned into

by ~1 m, such that the beam was mostly parallel to the optic axis.
Therefore, the pixel position on the detector largely corresponds to
the position inside of the flipper. By performing the same two flipper
measurements as above, the efficiency at each pixel was measured
for both rf flippers. Figure 11 shows the efficiency for each pixel for
both rf flippers. The high efficiency and uniformity suggests that the
By homogeneity is similar across the beam. However, there is an
unexpected asymmetry in the rf2 data, with the lower right corner
showing a few-percent lower efficiency.

The flipping mode efficiency results and the Bloch solver sim-
ulations are in good agreement, within 1% for each rf flipper,
demonstrating the homogeneity of the internal static field in the
rf flippers and that the MagNet software simulates the internal field
well.

VI. MIEZE RESULTS

The rf flipper polarization efficiency was also measured in the
so-called modulated intensity via zero effort (MIEZE) mode, a vari-
ation of NRSE in which only two rf flippers are needed.”” This
mode is a more sensitive probe of the internal field homogene-
ity of the rf flipper because the neutron is precessing through the
rf flippers. Essentially, an MIEZE mode measurement consists of
running rfl and rf2 at different frequencies and measuring the time-
oscillating neutron intensity at the detector. Theoretical details of
this technique can be found in in the work of Keller.”® Each rf flip-
per will change the energy phase of the neutron proportional to
its frequency, so the frequencies can be chosen based on a focus-
ing condition to maximize the amplitude of the oscillating intensity
signal at the detector position. The MIEZE frequency is the oscil-
lation frequency of this signal and is twice the difference in the
if frequencies at the focal point.”””" In this case, 77/2 flippers are
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FIG. 12. Measured integrated intensity vs detector time in MIEZE mode. Error
bars are the size of the data points or smaller. The frequency is determined by the
difference in the rf flipper frequencies. The detector time is reset at the expected
MIEZE frequency.

added after the polarizer and before the analyzer such that the neu-
tron precesses throughout the device, including through the uniform
guide field. This experiment was conducted at CG4B with an s-
bender analyzer and a scintillator-based Timepix3 detector.’"”* For
this measurement, rfl was set to 50 kHz and rf2 to 100 kHz, and no
matching circuits were used. The Fourier time of the measurement
was 10 ps®. An additional 1 x 1 cm® mask was placed in front of the
detector.

The neutron intensity is shown in Fig. 12, fitted to a cosine
function. The fit contrast of 0.89 + 0.03 is comparable with the
results of other high efficiency rf flippers at this frequency.” The fit
frequency was 100.7 + 1.3 kHz, consistent with the expected MIEZE
frequency of 100 kHz. However, the contrast is noticeably lower than
the 96.6% efficiency seen in the flipping mode measurement. The
efficiency of an rf flipper is typically higher than the MIEZE contrast
for two primary reasons. The first is that because both flippers need
to be on to measure the MIEZE contrast, only the combined effect of
the polarizers, guide field, rf flippers, analyzer, and detector can be
measured. The second reason is that in MIEZE mode, a difference
in a field integral will lead to a decreased contrast, while in flipping
mode, only the field direction matters. Thus, if the fields inside the
rf flipper are pointed in an almost constant direction inside the
device but have varying strength across the beam, then the flipping-
mode efficiency will be high but the MIEZE contrast will be
decreased. Therefore, it is difficult to determine if the contrast is
lower than the efficiency due to the guide field homogeneity or due
to the rf flipper field homogeneity. To maintain the MIEZE mode
focusing, changing the frequency of the rf flippers also requires
changing the guide field strength, making it complicated to decouple
these effects.

VIl. DISCUSSION

Our goal throughout the design process was to maximize the
flipping efficiency of our rf flipper design without reducing the max-
imum spin echo time of Tngrsg ~ 1000 ns (also called the Fourier
time). For an NRSE instrument, the spin echo time is given by

2m*AL

o J258 (12)

TNRSE =
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where AL is the distance between rf flippers.”® From Eq. (12), we see
that to maximize the spin echo time, we must maximize the rf fre-
quency while keeping a reasonable flipping efficiency, which deter-
mines the contrast of the measured polarization. In this section, we
compare our design to other rf flippers and discuss future improve-
ments to our design that maximize the spin echo time, which most
practically means maximizing the rf frequency.

A. Comparison with other rf flippers

The device presented in this work is similar to the rf flipper
designed by Li.° Both are bootstrap, transverse rf flippers with lon-
gitudinal rf fields, and both use HTS films as Meissner screens and
HTS wire for high current. However, the Li rf flipper was designed
for adiabatic mode and included a gradient field coil, making the
efficiency in resonant mode lower (93.6% at 2 MHz). However,
the efficiency in adiabatic mode is quite high (98% at 2 MHz), but the
power output of ~20 W and the need to cool the HTS films made the
maximum effective frequency 2 MHz in bootstrap mode. The beam
size and wavelength used in those experiments were approximately
the same as in this flipper.

A key advantage of these types of rf flippers over static-field
coils used in conventional NSE instruments and some other flip-
per designs is the lack of material in the beam. The only material
in the beam is the gold-coated YBCO film on a sapphire substrate.
The transmission through four of these devices for 1 nm neutrons
would be ~93%, with most of the absorption from the sapphire
substrate.

The RESEDA beamline at FRM-II uses two longitudinal, res-
onant RF flippers for MIEZE measurements.® For these flippers,
the static field is along the beam direction and the rf field is trans-
verse. The maximum frequency tested has been 3.6 MHz. The beam
size is 3.6 x 3.6 cm® with a polarization of ~92%.%" Based on our
experimental results, we expect that our rf flippers would perform
comparably in the same setup, with a slightly higher frequency and a
smaller beam size. If four of our rf flippers were incorporated into an
NRSE instrument, the field integral would be 0.55 Tm with a typical
separation of the flippers of 2 m.

A longtime concern in using transverse rf flippers has been the
ability to correct for aberrations from different path lengths of neu-
trons through the instrument. Because much of the instrument is
in zero-field, NRSE instruments typically need less correction from
field aberrations than NSE instruments. However, neutrons trav-
eling at different angles through the instrument will still acquire
aberrant phases unless correction elements are added. In the lon-
gitudinal rf flippers, Fresnel coils that are the same type as used
for NSE can be used.” Transverse-field correction methods have
recently been developed using ellipsoidal mirrors™ or a prototype
of a quadratic field integral phase correction coil.’® At RESEDA, no
correction elements are used for spin echo times up to 20 nanosec-
onds, suggesting that no correction elements would be required
for Fourier times up to 20 nanoseconds regardless of the type of
rf flipper.”

B. Future improvements

One way to increase the effective frequency of the device is to
increase the number of bootstrap coils. A flipper with a fixed field
inhomogeneity ratio ABy will have a much lower efficiency when it
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is at higher frequency, as can be shown by a Taylor expansion in
Eq. (4) as discussed by Martin.'* This is also shown by the Bloch
solver for the simulated field inhomogeneity of this device. With a
2.4 x 2.4 cm? beam, the efficiency at 8 MHz is 69%. Meanwhile, the
probability of an effective 8 MHz flip from four 2 MHz flippers in
bootstrap mode is 0.98* = 92%. Bootstrapping the rf flippers leads
to a significant increase in the polarization, even though the flippers
have the same relative ABy. This is a significant advantage of using
the transverse-field rf flippers that can be run in bootstrap mode.
This result will be compounded by the two flippers required for an
MIEZE beamline or four flippers require for an NRSE beamline.
Moreover, bootstrapping our rf flippers would enable higher effec-
tive frequencies in the future without pushing against the thermal
limit.

The disadvantages of increasing the number of flippers are the
increased material in the beam, device length, and calibration time.
Our flippers only have thin HTS YBCO films deposited on a sapphire
substrate in the beam, so material in the beam is the most neg-
ligible disadvantage. Adding more flippers in bootstrap mode will
make the device longer, decreasing the divergence acceptance angle.
The largest difficulty is the tuning procedure. In this experiment,
the optimum tuning parameters were found at each frequency by
measuring the neutron flipping ratio. Practically, this would be too
time-consuming as typical spin-echo experiments require many dif-
ferent frequencies to access different spin echo times. Adding more
flippers in bootstrap mode exacerbates this problem. If a calibration
pick-up coil for the rf field and Hall probe for the static field can be
added close to the beam center without disrupting the rf resonance,
the flipper may be able to be tuned using a pre-determined calibra-
tion value in those devices rather than using neutrons. In that case,
the greatest obstacle for adding more bootstrap coils is the overall
cost and reliability of each flipping device.

If a no-neutron tuning technique is found, one can imagine the
two bootstrap coils being replaced with four (or more) bootstrapped
coils. In that case, there would be 16 total rf flippers on an NRSE
instrument and a large dynamic range can be accessed by turning off
some of the rf coils and using them as static field subtraction coils,
such as those between the RF flippers on the RESEDA* or Larmor
instruments.*® In principle, this enables an NRSE instrument using
these flippers to reach very short spin echo times while maintaining
high polarization.

The most direct improvement to an rf flipper for a resonant
spin-echo instrument is to increase the maximum frequency of each
rf coil. For our rf flipper, the maximum frequency with high effi-
ciency was found to be 2 MHz for each coil. Above that frequency,
the static field inhomogeneity decreases the efficiency. This may be
improved by shortening the length of the coil. By shortening the coil,
the rf field magnitude needs to be increased in order to keep the
same field integral. The higher rf field strength will reduce the depo-
larizing effect of static field inhomogeneities.'” This is more useful
at higher frequencies where the static field inhomogeneity decreases
the flipping efficiency more. Even with a shorter coil, a higher fre-
quency may be hard to achieve because eventually the static field
will be strong enough to penetrate the superconducting YBCO films,
reducing the sharpness of the field boundary. In addition, the rf field
inhomogeneities will be more severe as the coil length is shortened,
with the transverse rf components eventually limiting the flipper
efficiency.

ARTICLE pubs.aip.org/aip/rsi

In order to maximize the flux on the sample, a large divergence
acceptance angle is preferred for an rf flipper. This can be achieved
by increasing the beam size through the device. The simulation
results show that the rf field homogeneity will decrease noticeably as
the diameter is increased, so this would require a more sophisticated
coil design to correct for these aberrations. A way to increase the
divergence acceptance angle without increasing the beam size is to
add neutron guides between the rf flippers, as the RESEDA beamline
already does. The correction of the phase due to path length aber-
rations between the rf flippers is still possible with neutron guides,
although not for the entire length.*

Because the spin echo time is proportional to A* [see Eq. (12)],
a slight increase in the wavelength will greatly increase the spin echo
time. However, a longer wavelength hurts the instrument perfor-
mance in two ways. First, the longer wavelength will reduce the flux.
At the cold neutron source at the HFIR, the flux is proportional to
A™* for wavelengths above 0.6 nm."” Second, to keep the rf flipper
in resonance, as the wavelength is increased, the rf field strength is
decreased. This will make the device more sensitive to static field
inhomogeneities, as discussed above.

Even without any of the improvements discussed above, the
existing rf flipper is well-suited to an MIEZE-type instrument. As
discussed above, the rf flipper is comparable in frequency with those
currently installed at the RESEDA and Larmor beamlines. There
are straightforward options to improving our existing instrument,
largely because the transverse-field enables four bootstrapped coils
as a way to double the frequency. The Bloch solver developed for
this paper matched the experimental results well, so a new ver-
sion of the rf flipper can be simulated and optimized before being
constructed.

Therefore, a four bootstrap, effective 8 MHz flipper can be real-
ized and then a 1000 ns spin echo time NRSE instrument could be
built. More specifically, an instrument with the flippers set 4 m apart
would provide a field integral of 2.2 Tm, which gives a spin echo time
of 100 ns with 0.63 nm neutrons and 1000 ns with 1.35 nm neutrons.
With the polarization at 96.6% for each 4 MHz flipper, equivalent to
what was found in flipping mode at 4 MHz in this measurement,
the overall efficiency of the flippers would be ~75 %. This assumes
that the efficiency can be maintained at wider bandwidths and up to
1.35 nm as well as that the contrast is close to the overall efficiency.
These assumptions have proven to be true in other spin echo instru-
ments. If the contrast can be kept close to the overall efficiency, this
would make a competitive instrument for high-resolution neutron
spectroscopy.

VIIl. CONCLUSION

We have constructed a transverse, resonant rf flipper suitable
for an NRSE type instrument. The resonance mode operation allows
for low power output, which enables the flipper to be run at 4 MHz
with 96.6 £0.6% efficiency in bootstrap mode. To our knowledge,
this is the highest effective operating frequency tested for a neutron
spin flipper. We have also presented a Bloch solver to simulate the
efficiency of rf flippers with non-uniform static or radio-frequency
fields and will use this solver along with finite-element magnetic
field simulations to further reduce the field inhomogeneity of future
designs. With this method of understanding the inhomogeneity,
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we maintain that we can design a resonant rf flipper suitable for a
high-performance NRSE instrument.
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APPENDIX A: QUANTUM BLOCH SOLVER
THEORETICAL METHODS

In this appendix, we derive the equations used in the quan-
tum Bloch solver used to simulate the rf flipper, including a
discussion of the necessary assumptions. Starting with the time-
dependent Schrodinger equation ih0:|y(t,r)) = H(t,r)|y(t, 1)),
where |y(t,7)) is the neutron spinor and H(t,r) is the single-
neutron Hamiltonian, we can write down the formal solution in
terms of the time-evolution operator: |y (t,r)) = U(t, to)|y (o, 1)),
where U(t,t) = T exp [—% L dt’ H(t',r)] with 7 as the time-
ordering operator. The time-ordering operator is needed as the
direction of the magnetic field changes, and thus, the Hamiltonian
at different times does not commute with itself.

The first approximation we take is to assume that the kinetic
and potential terms of the time-evolution operator can be expressed
in the following way:

it 2 it
U(t, to) zexp(fé/t dar’ f—m) X Texp(é/t dt'y-B(t',r)).
(A1)

By using this approximation, we are assuming that the neutron
travels the “classical” path determined by Ehrenfest’s theorem; we
also assume pure transmission of the neutron through the region
of non-zero magnetic field as the reflection coefficient is vanish-
ingly small for the considered field magnitudes. Although the path
that the neutron takes is treated classically in this approximation,
the spin state is still treated quantum mechanically as a two-level
system (or qubit). We call this particular factorization, the semiclas-
sical approximation as it corresponds to a semiclassical view of the
neutron where the neutron polarization precesses with a frequency
yB about the direction of the applied magnetic field. Higher-order
corrections depend on the commutator of the kinetic and magnetic
terms given by the Zassenhaus formula, a relative to the well-known
Baker-Campbell-Hausdorff and Suzuki-Trotter formulas.*!

As a second assumption, we will only consider planewave solu-
tions. Each neutron spin state is more accurately described by a
finite-size wavepacket which can spatially separate, an example of
the single-particle Stern-Gerlach effect.”"’ However, as long as the
longitudinal and transverse coherence lengths of the neutron are
larger than the spatial separation, each component of the spinor
can typically be treated as a planewave; if the separation is larger
than the coherence lengths at the detection time, one would observe
anomalous depolarization as the two wavepackets would no longer
be significantly overlapping.” For the magnetic fields, we consider
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in this paper, this spatial separation is at most 1 ym at an rf frequency
of 4 MHz. The coherence length of the neutron has been observed to
be of order of microns or larger, so we are safely in the planewave
limit.” " From the well-known duality between planewaves and
rays,"® we can now treat the kinetic portion of the time-evolution
operator as a classical ray, and so we restrict ourselves to calcu-
lating the spin portion of the time-evolution in the center-of-mass
frame of the neutron. We also ignore the Doppler effect when we use
the usual Galilean transform (x, )55 = (X — v, £)com to shift from
the lab frame into the neutron’s center-of-mass frame as the fre-
quency correction is only around 0.1% even for an rf frequency of
4 MHz. Therefore, with these approximations, we have transformed
the problem into an ordinary differential equation in time only.
Our goal is now to numerically solve the equation,

i y(0) = HOW(D), (A2)

with the choice o = 0. Using the Magnus expansion”””’ for the
B-dependent part of the time-evolution operator U ®) in the

semiclassical approximation, for a small enough time interval 7,we
find

(B) i T / / ’
UD (¢4 1,1) wexp(%f dt’ - B(,r(t ))), (A3)
t

where now the magnetic fields are strictly only a function of time
as we have chosen to work in the center-of-mass frame of the neu-
tron. The Magnus expansion formalizes the intuitive idea that we
can choose the time step small enough such that the Hamiltonian
appears to be time-independent, which corresponds to the average
Hamiltonian theory in the nuclear-magnetic resonance literature.’!
Although more accurate higher-order commutator expansions exist
(e.g., the Magnus-Floquet, Fer, and Wilcox expansions), the first-
order average Hamiltonian theory was found to be sufficient for our
analysis.

The analytical form for our propagator can be found by
applying Euler’s formula for quaternions, resulting with

UP (t+1,t) =T, cos(y|B|r/2) —i v~ o sin(y|B|z/2),  (A4)

where we have defined I, as the 2 x 2 identity matrix and the
magnetic field as B(t) = |B|#. More advanced magnetic field interpo-
lation schemes were considered such as the method described by de
Haan,” but we found the simple linear interpolation to be sufficient.
Finally, the neutron spinor at time ¢ = 7(n + 1) for time step n € N is
then given by the simple recursive equation |yyu+1) = U & [Wn).

A convenient closed form for the propagator also exists for the
polarization, known as Rodrigues’ rotation formula,

L{}(,B)(t +1,t) =13+ 7- Q sin(y|B|7)
+(7-0)*[1 - cos(y|B|7)]. (A5)

The matrix components of the vector Q = (Qx, Q,, Q.) are
given by

ARTICLE pubs.aip.org/aip/rsi

00 0 0 0 1
Q.=[o o -1|, =0 o of
01 0 -1 0 0
(A6)
0 -1 0
Q=1 o of
0 0 0

which are the familiar generators of 3D rotations and I3 the 3 x 3
identity matrix. See Curtright and Kortryk™ for a closed form for
the propagator for any spin value. Notice that the spinor (polariza-
tion) propagator is unitary (orthogonal), so the probability (norm)
of the state is conserved at every step, which enhances the numerical
stability. Such numerical solutions are called geometric integrators
as they preserve the geometric structure that determines the flows
of the governing differential equation.”*” See the following refer-
ences for discussions of the numerous computational advantages of
the approach outlined here.”” ™ For further insights and discussion
of the connection between 3D rotations and the dynamics of qubits,
see the studies by Berry and Robbins® and Rojo and Bloch.®’ We
note that Mathews have also applied a similar numerical method in
their spin tracking software, which was developed for the neutron
electric dipole moment experiment at the spallation neutron source
(nEDM@SNS).“

Finally, we note that any Bloch solver method does not exactly
describe the time-evolution of the neutron as it does not account for
the energy exchange between the rf field and neutron. To incorpo-
rate this change in energy, one can either treat the rf field classically
or quantum-mechanically, as discussed in more detail in a series of
studies by Sulyok.””"® A recent paper by Sobolev et al.®® showed
mathematically that it is always possible to achieve a 100% efficient
2n-flip with any arbitrary rf envelope, while the same was not found
to be true for a n-flip, although they did not construct a rigorous
proof of this efficiency limitation of the 7-flip case. A 27-flip would
result in an exchange of 2fiw between the rf field and the neutron,
increasing the spin echo time by another factor of 2 at the potential
cost of increased field inhomogeneity. Therefore, it may be useful
to model and experimentally verify the efficiency of multi-photon
exchange””** with our rf flipper design.

APPENDIX B: GENERAL RESONANCE CONDITION

Here, we consider the case where the rf envelope is non-
uniform using first-order time-dependent perturbation theory. We
now show that the neutron spin flip probability for a non-uniform
rf envelope simply depends on the integral of the envelope. For
simplicity, we only consider magnetic fields of the following form:

B(t,r(t)) = By g(t) cos (wt) % + Boz, (B1)

where Bys and By are constants and g(t) is an arbitrary envelope
function that approaches zero at the flipper boundaries t = 0 and
t = T. If one considers the rf field as a perturbation to the much
stronger static field, then without loss of generality, the probability
amplitude for a spin flip | 1) — | |) is given by

—iyBy [T ot
oy~ %fo dt’ g(t") cos (wt' )", (B2)
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where wy, = (Et — E;) /h = yB,, is the usual Born frequency due to the
uniform static field By. In the rotating wave approximation, the spin
flip probability is given by

Br 2 T ’ i(wp—w ’2
pM:|cM|2z(%) |f0 dt’ g(t')e @ )’|. (B3)

We can immediately see that the location of the peak of the envelope
only contributes an irrelevant phase factor. For the idealized case
where g(t') = 1ift' € [0, T] and g(¢") = 0 otherwise, we find

i Br T 2 -
P;f) = ()/ 4f ) s1nc2(wb wT), (B4)

2
which agrees with Eq. (4) when sufficiently off-resonance.
Considering the limit of the ratio of the ideal result to the gen-
eral case as the detuning parameter w, — w goes to zero, we obtain
the promised result, namely, the squared ratio of the area of the
envelopes,

(id)
lim —PM = r

woay Pyy | fdt g(t))]

Therefore, to ensure a spin flip, one has to multiply the rf amplitude
By for the general envelope g(t) by the square root of this ratio.
Although it is well-known that the first-order theory breaks down
when approaching resonance,” if one considers the higher order
terms in the Dyson series and takes the resonance limit, each higher-
order coefficient will contain a similar integral over g(t), meaning
that this first-order behavior still holds at resonance as confirmed
numerically by our Bloch solver for a variety of functions, including
non-symmetric and multimodal functions.

(B5)
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