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Adaptive and efficient isotonic estimation in Wicksell’s
problem

Francesco Gili, Geurt Jongbloed and Aad van der Vaart

Delft University of Technology, Delft, The Netherlands

ABSTRACT

We consider nonparametric estimation in Wicksell's problem, which
has applications in astronomy for estimating the distribution of star
positions in a galaxy and in material sciences for determining a mate-
rial's 3D microstructure from 2D cross sections. We focus on the
isotonised version of the plug-in estimator (IIE) for the cdf F of the
spheres’ squared radii. This estimator is fully automatic, requiring no
tuning parameters, and we show it is adaptive to local smoothness
properties of the distribution function F to be estimated. We also
prove a local asymptotic minimax lower bound in this non-standard
setting, with \/log n/n-asymptotics and where the functional F to be
estimated is not regular. Combined, our results prove that the iso-
tonic estimator (lIE) is an adaptive, easy-to-compute, and efficient
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estimator.

1. Introduction

In the field of stereology, scientists are usually concerned with the study of three-
dimensional properties of materials and objects by interpreting their two-dimensional
cross-sections. This differs from three-dimensional reconstructions in that some 3D quan-
tities can be estimated without expensive 3D reconstructions. In 1925, Sven Wicksell
published an article (Wicksell 1925) that studied the following classical stereological
inverse problem. Suppose that a number of spheres are embedded in an opaque three-
dimensional medium. Because the medium is opaque, we are not able to observe the
spheres directly; however, we can observe cross-sections of the medium (see Figure 1),
which show circular sections of the spheres that happen to be cut by the plane. This model
has present-day relevant applications in astronomy for estimating the positions of stars that
are spherically symmetrically distributed in galactic clusters, given projected stellar posi-
tions (see Sen and Woodroofe 2012), or to determine the 3D microstructure of a material
given its cross-sections, useful to assess its structural properties like resistance and fracture
toughness (see Lopez-Sanchez and LLana-Funez 2016; Cuzzi and Olson 2017 for applica-
tions of this setting).
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Figure 1. Samplingin Wicksell's problem. Left panel: 3D configuration with spheres and the intersecting
plane. Right panel: Observable circular profiles.

Assume the spheres’ squared radii are ii.d. realisations from a random variable X
with distribution function F, the object to be estimated. Following the same notation
as in Groeneboom and Jongbloed (1995), we have that a version of the density g (c.f.
Watson 1971) of the observable squared circle radii Z (thus Z ~ g) is given by

1 * dF(x)
(@) = — ;
2mg J, /x—2z
where 0 < mgy = fooo VY dF(y) < oo is the expected sphere radius under F.

Wicksell (1925) inverted this equation, by recognising an Abel-type integral, and found
an expression for F in terms of g:

(1)

[Ee=0"@dz Ve

F(x) =1- fooo Z_l/zg(z) dz = 1= V(O))

x> 0, (2)

where

[T g®
V(x) —/x de,

and F(x) = 0 for all x < 0. Therefore, to estimate F at a point x > 0, the essential object to
be estimated is the function V at x and at 0. Given a sample Z;, ..., Z, from the density
g and for G,, the empirical distribution function based on this sample, a naive (empirical

plug-in) estimator of V is
% dGy(2)
V = . 3
W= [ G)

The estimator for F is then defined by F,(x) =1 — V,,(x)/V,(0). As a function of x, this
estimator has some undesirable properties, being non-monotone and having infinite dis-
continuities at a set of points becoming dense in the support of the density g as n — oo.
This led in Groeneboom and Jongbloed (1995) to the definition of the so-called ‘isotonic
inverse estimator’ (IIE) F, for F, which is obtained by replacing V,, by its isotonic projec-
tion. This can be calculated as the right continuous derivative of the least concave majorant
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Figure 2. 200 observed draws from g and isotonic estimator for F ~ Ga(2, 0.5).

of the primitive function of V,,, which is
X e¢] o0
U, (x) :/ Vn(y)dyzz/ ﬁdGn(z)—Z/ vz —xdGy(2).
0 0 x

Note thatx = U(x) = f(f V(y) dyisa concave and increasing function on [0, c0), whereas
U, is not. Taking the least concave majorant of U, on [0, 00) yields an increasing concave
function. Denote by V,, the right derivative of this least concave majorant of Uy, and note
that this will be a decreasing function on [0, 00). Then F,, is given by

Fp(x) == 1 = Vu(x)/ V(0. (4)

This estimator has the important properties of being monotone (see Figure 2), right-
continuous and does not depend on tuning parameters, unlike other estimators in the
literature (cf. Golubev and Levit 1998).

This work is closely related to Groeneboom and Jongbloed (1995) and Golubev and
Levit (1998). In Groeneboom and Jongbloed (1995), the authors observed a peculiar
behaviour of the isotonic estimator (IIE) compared to the naive estimator F,(x) =1 —
Vu(x)/V,(0). Both estimators exhibit the same rate of estimation, (logn)~'/2./n, and
normal limiting behaviour. However, the naive estimator’s asymptotic variance o 2(F) =

47[—"12‘2’ (g(x) + g(0)(1 — F(x))?) is exactly twice that of the ITE. The authors of Golubev and
Levit (1998) propose an explanation, showing that for F in the Holder class A, with
y > %, any efficient estimator attains the variance 6 2(F)/(2y ). In Groeneboom and Jong-
bloed (1995), it is assumed that F has a bounded density f, which corresponds to y = 1,
thus explaining the variance reduction by half.

Moreover, the authors of Golubev and Levit (1998) propose an estimator based on Ker-
nel Density Estimation (KDE) that achieves the variance ¢2(F)/(2y ) and which is, to the
best of our knowledge, the only other efficient estimator in the literature. However, the
estimator they propose depends directly on the degree y of smoothness, which should be
guesstimated before using the estimator, making it non-adaptive. Furthermore, under local
conditions at x and 0 (cf. (24) and (25)), they derive an asymptotic minimax lower bound
assuming F is in the Holder class A, for y > %

This paper has two main contributions. On the one hand, we show that the IIE F,, auto-
matically adapts to the local smoothness of F, without requiring F to belong to a global
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Holder class. It suffices to consider the local smoothness at points x and 0, measured by
constants y, > % and y¢ > % (see conditions (5) and (38)). These can be interpreted as the
tight degree of Holder smoothness at the points x and 0. For F with density f (i.e. differ-
entiable at x and 0), we retrieve the y, = y¢ = 1 that explains the behaviour observed in
Groeneboom and Jongbloed (1995). On the other hand, we prove a lower bound on the
minimax risk for any estimator sequence. The minimax theorem holds as well under local
conditions of smoothness of F around x and 0. If all conditions are met, this shows that the
isotonic estimator is asymptotically efficient. No other estimator in the literature simul-
taneously has these properties. Consequently, the IIE emerges as the unequivocal choice,
surpassing alternative estimators previously proposed in Wicksell's problem.

First, we prove that the IIE is asymptotically normal and the smoother the cdf F is at x
and 0, the smaller the asymptotic variance automatically attained by the IIE (Theorem 1.1
a). Here, the smoothness of F ata point p is measured by considering constants K, > 0 and
7p > % such that

1
Hy(0) = /0 (F(p + ud) — F(p)) du ~ sgn(9)|0|"?Kp, asd — 0. (5)

Note that for p=0 we can only allow J > 0, because § < 0 would lead to Ky = 0.

The adaptivity extends also to the situation where F is constant around x and 0. Then a
faster o/n-rate of convergence is attained (Theorem 1.1 b). Note that previously there were
no results in the literature for nonparametric estimators that attained /7 rate in Wicksell’s
problem. In the case in which F is constant only around x but not around 0, or vice versa,
the rate will be again (log 1) ~'/2./n. We now state the first main result and its proof is given
in Appendix 1.

Theorem 1.1: Let F be the distribution function of the squared sphere radii and g the corre-

sponding density of the squared circle radii according to (1). Assume [, y% dF(y) < oo and
choose x> 0.

(a) IfF satisfies condition (5) both at 0 and at x for yo > % and yy > % respectively and
g(x) < oo holds true, then, as n — oo:

n /s 4mg ( g(x) »8(0)
logn (Fn(x) —F(x)) ~ N( ey (zyx + (1 = F(x)) 2—%))

(b) IfFis constant around x and 0, with K and K the biggest compact intervals in [0, 00)
that contain x and 0, respectively, so that F is constant, on K, and Ko, with K, N Ky = @,
then, as n — oo:

A 2m
Vi (Fa) = F()) ~ 2 (Le+ (1= F@)Lo).
T
where, for any a, b € R, the joint distribution of L, and Ly is given by
P(Ly <a,Ly < D)

= P(arg max {Zy(s) — as} < x,argmax {Z(s) — bs} < 0).

seK, seKy
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Here Z(s) = Z(s) — Z(p), for s > 0 and p € {0, x}. Z is a continuous centred Gaus-
sian process with covariance structure given by

Cov (Z(t), Z(s)) = cOv(z(ﬁ V@)1 )2 (VZ - v(zs)+)), 6)
whereZy =7 —tand Z; = 7 — s.

The second main result of this paper consists of showing that the IIE is asymptotically
efficient in this setting, i.e. the attained asymptotic variance is the smallest attainable. This
kind of result is obtained by proving a minimax lower bound for any estimator sequence
estimating F(x). Here we give a weaker (but perhaps more insightful) version of this result
and its proof is given in Appendix 2.

Theorem 1.2: Let the conditions of Theorem 1.1(a) hold, assume that F for such yg, y, sat-
isfies (38) and that g is continuous at x and 0. Let € be a bowl-shaped loss function, i.e. € is
non-negative, symmetric, and subconvex, then for any estimator sequence (F(x))en:

n
lim lim inf Eq, 0. /|— (F —F > E¢(L), 7
et e S (L E G R

where L possesses the normal distribution in Theorem 1.1(a). G is the probability measure
associated to the density g in (1) with F replaced by F'.

Combining the above results shows that the IIE is an easy-to-compute, adaptive, and
efficient estimator for F.

Review of other studies on Wicksell’s problem

There is a vast literature on Wicksell’s problem, see for instance Groeneboom and
Jongbloed (1995, 2014), Jongbloed (2001), Stoyan and Kendall (1987), Golubev and
Levit (1998), Watson (1971), Hall and Smith (1988), Golubev and Enikeeva (2001), Chan
and Qin (2016), Sen and Woodroofe (2012), and Deng et al. (2021). For a detailed introduc-
tion to Wicksell's problem, we refer the reader to Stoyan and Kendall (1987). The setting of
Wicksell’s problem has several modern applications, as mentioned above. In these appli-
cations, it is common to see the use of the so-called Saltykov method or methods based on
numerical discretisation. These methods are far from being efficient and in some cases not
even consistent, making our work of practical relevance. The estimation of F given data
from g is of interest not only for stereological procedures but also from the mathematical
point of view. Consider the class of inverse problems that entails the estimation of a func-
tional: W, (x:8) = [°(z — x)7g(2) dz,0 < a < 1 based on samples from g. This type of
functional estimation emerges in a vast variety of applications. For o < %, the above gives
a regular statistical functional (cf. Theorem 4 in Koshevnik and Levit 2023), whereas for
a > % gives instances of irregular functionals. Wicksell’s problem entails the boundary
case for & = 1/2, which makes the problem mathematically intriguing, both because of
the unusual rate of convergence and because of the non-standard efficiency theory that in
this paper is developed.
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Before continuing, we want to mention some other works related to the present paper.
The first time the naive plug-in estimator was studied by Watson (1971). Later in Groene-
boom and Jongbloed (1995) the proof of the asymptotic normality of this estimator was
simplified considerably. However, viewed as a function, the naive plug-in estimator is
severely ill-behaved as we already pointed out, and this led to the definition of the IIE.
Naturally, one may wonder why not use the Nonparametric Maximum Likelihood Esti-
mator. For Wicksell's problem, the usual definition of the NPMLE is also ill-posed, as
the log-likelihood can attain value infinity. However, work has been done, for instance
in Jongbloed (2001) and Chan and Qin (2016), to make the NPMLE an employable esti-
mator. For results about confidence intervals in Wicksell’s problem, we mention Sen and
Woodroofe (2012) and Deng et al. (2021). On the other hand for KDE-based estimators,
we refer to Hall and Smith (1988) and Golubev and Levit (1998). For extensions to convex
bodies other than spheres, see van der Jagt et al. (2023). Finally, regarding efficient estima-
tion, it is worth mentioning that one of the authors of Golubev and Levit (1998) did some
further works on Wicksell’s problem in Golubev and Enikeeva (2001) where it was shown
how to attain efficient smoothing for the plug-in estimator under square losses.

2. Asymptotics of the isotonic inverse estimator

In this section, we prove two main theorems that will imply Theorem 1.1. To prove
Theorem 1.1(a), it is enough to look at the behaviour of V,,(x) and then apply the same
result also to V, (0). We now state the conditions needed for Theorems 1.1 and 2.1. First, a
natural assumption is a moment constraint for Z, which can be translated into a moment
condition on X (for 0 < my < 00):

/ zg(z)dz = 3i/ y% dF(y) < oo. (8)
0 Mo Jo

Additionally, for x > 0, we need our version of g to be well defined, i.e.

1  dF(s)

2mg Jy s—Xx

< 00. )

Furthermore, we measure the smoothness of F at x; 3K > 0 and y, > % such that (5) is
satisfied.

Before proving Theorem 1.1(a), we show that condition (5) entails the local smoothness
of the distribution function F by looking at the following examples 2.1 and 2.2.

Example 2.1: For y, > % consider the class of distribution functions locally behaved as
follows. Let F be so that there exists a neighbourhood U, of x > 0 and some K > 0:

Fu) F(x) + K(u —x)’*, foru>x, ue Uy
u) =
F(x) — K(x —u)’>, foru <x, ue Uy

One can think of such distribution functions as tightly Holder smooth of degree y, at the
point x. This class is of particular importance because it illustrates what type of functions
we are thinking of when we derive results under smoothness conditions at the point x and
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0. Such functions satisfy both conditions (5) and (22). Condition (22) follows immediately.
For condition (5) note that as || | 0, small enough so that [x — |J],x + |d|] C Uy:

1 1
H,(0) = /0 (F(x + ud) — F(x)) du = sgn(é)léleK/O u’* du + 0(J).

Example 2.2: For any x > 0, let u, be the discrete probability measure given by
1 o0
Hx = E ;Pz (5x+t,- + 5x—ti) >
for sequences p; of probability weights and ¢; | 0. In particular set: p; = %i_z and t; =

_1
i 7x where y, > 1/2 and di(-) indicates the Dirac measure at x. Denote by F the associated
cdf, so that, because y, > 1/2, we have

% dF(s) 311 3 e 1
/ DD Ity A Ml

Moreover, we have for d |, 0 (similar reasonings hold also for a generic sequence |J| | 0,
we consider d > 0 for simplicity):

1 i 1 i(0—t
Hx(é) :A (F(x—|—u6)—F(X)) duzz%/(; ltiguéduzzl%,

(5—i—Vrx
which means t; < J, thusi > 5%. Therefore Hy(d) = >, s %. Now we prove

the following fact,as 6 | 0 and k > 2:
1 1 o0 1
(o70)k-1 2 5o
i> in
This follows directly from the fact that for a — oo (e.g. a = 1/67*), we have

1 1 * 1 1 Bl | 1 1
= —dx < - < —dx = .
k—1 (o + 1)k1 /a+1xk —Zik—/()ka k—1(a— 1)1

i>a

Moreover (a/(a & 1))¥~1 — 1. Therefore as § | 0 we have

6 1 1 1 6
H = — —_ — = ~ Yx‘
x(9) 2 Z 2 5 Z 24+ L 72(1 + y)é

i>1/07x i>1/orx

This demonstrates that the required condition for Theorem 2.1 can also be satisfied for a
discrete cumulative distribution function.

Remark 2.1: Example 2.1 shows that tight Holder smoothness of degree y at the point x
implies (5). The implication in the other direction is not true as it is shown by Example 2.2,
where a distribution that is not Holder continuous at x satisfies (5). This example also
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shows that (5) does not imply Hélder continuity of F at x (i.e. |[F(x + J) — F(x)| = O(|d]"*)
as 0 — 0). The condition |F(x + d) — F(x)| = O(]d|”*) as & — 0 is also not sufficient for
Theorem 2.1 because |F(x + d) — F(x)| = O(]d|”) only gives information about the upper
bound of the difference, but not about the lower bound, which is also needed to be tight
Holder of degree yy, as can be seen by inspection of the proof of Theorem 2.1.

Theorem 2.1: Let x > 0, suppose that (5), (8) and (9) hold true and g(x) is given by (1).

Then
N 1
/10’g1n (Vn(x) — V(x)) ~ N (0, mg(x)) asn — 00.

Proof: We generalise the proof of Groeneboom and Jongbloed (1995), for y, # 1.

First note that (5) implies that F is not constant in a neighbourhood of x (c.f.
Lemma A.2). Fix x > 0 such that x satisfies the conditions stated above. Define, for a > 0,
the process T}, is as follows:

Ty(a) = inf {t > 0: U,(t) — at is maximal} .

The relation between T, and V, is given by the switch relation (see Groeneboom and
Jongbloed 2014):

Th(a) <t & Vn(t) < a. (10)

From this relation (Lemma 3.2, Groeneboom and Jongbloed 2014), it follows that for each
vanishing sequence (d,,) of positive numbers, for a € R, for J;; = 5,11/ ’* (y as in (5)), and
all n sufficiently large:

571 (f/n(x) _ V(x)) < a5 (T, (ag+ dna) —x) < 0
& (057 (T, (ag + dna) — x) < 0.

We aim to study the probability of the event on the left-hand side. We write ag for V(x),
which is fixed. The introduction of J; = 55/7* is one of the main steps that differentiates
the current proof from the one in Groeneboom and Jongbloed (1995). Now denote by

[0,00), ifx=0
L :=
R, if x > 0.

Define the localised process Z,inC (Iy), the space of continuous functions on I, as follows
(recall ag = V(x)):

Zn(t) = 6,1(55) 7 [Un (x + 65t) — Un(x) — aodt].
For each fixed a € R we can, for all n sufficiently large, write
(O3 ™! (T (a0 + 6na) — %)

= (52)_1(inf{x+ t>0:Uy(x+t) —apx

— apgt — 0p,ax — O, at is maximal} - x)
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= ((5:)_1 inf{t > —x: Uy(x +t) — Uy(x) — apt — 0, at  is maximal}
=inf {t > —(})""x: Uy (x + 54t) — Un(x) — agd;t — 6,0, at is maximal}
= inf {t > —(0) " 'x: Zy(t) — at is maximal} ,
where we use that the location of a maximum of a function is equivariant under translations

and invariant under multiplication by a positive number and addition of a constant. Thus
we analyse the asymptotic behaviour of the process:

Zo() —at = 6718 T HU, (x4 65t) — Up(x) = U (x + 621) + U} (1D)
+ 3,10 HU (x + 35t) — Ux) — V(x)55t} — at. (12)

We will now analyse the behaviour of the stochastic and deterministic terms (11) and (12)
separately. Let us start with (12). The Taylor expansion of U with integral form of the
remainder yields

1
Ux+d,t) — U(x) — V(x)o,t = 5:t/ V(x4 ud,t) — V(x) du
0

_ Ogtm
2m0

1
/ F(x 4 uoy,t) — F(x) du.
0

When we look at the limit of Z,,(f) — at we multiply the above expression by 9, 1(5%) ™! =
(9%)77x~ 1. Therefore we have to look at the limit behaviour of

ortr

! t7x+1
—(@ T / F(x + udit) — F(x) du = _ra
2mo Jo

(K +o(1)),  (13)
Mo

where we use assumption (5).
Now we consider (11). Defining the processes (Z,) in C(Iy) as

Zu(t) = 6,1 (0 T H{Un (x + 55t) — Un(x) — U (x + 65t) + Ux)}
2571 (54! / {,/—Z ~X{00)(2) = V2= X = B3 [} 50100) (z)} d(Gn — G) (2),
(14)

we will now establish convergence in distribution of the process Z,. To do so, we need that
g(x) < oo. This follows directly from (9). Moreover, we need the asymptotic covariance
structure of the process Z,, which is given by

Cov (Zu(s), Zn(£)) = %g(x)st (1 - loflog") n o( ! ) (15)

ogn logn

for each fixed s,t € I, provided that 8, = n~'/2,/log n. Therefore, using (15) and the
Lindeberg-Feller Central Limit theorem we have that

Zn(1) ~ N(0,g(x)/(2yx)), (16)
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(the proof of (15) and the proof of (16) are provided in Appendix 1). On the other hand,
by Chebyshev’s inequality and (15), we have, V & > 0:

V(Zn(t) - th(l)) S0

P(1Zn(t) = tZy(D)] > &) < 5
&

Therefore, the finite-dimensional distributions of Z, converge weakly to the finite-
dimensional distributions of the process: Z(¢) = tX, in C(I), where X ~ N(0, g(x)/(2yx)).
We now need a stochastic equicontinuity condition to apply Theorem 2.3 from Kim and
Pollard (1990). Take the class of functions for ¢ > 0, M > 0:

‘?19,/{? = { Z—Xx— 5;tkt1[x+(3;t,oo) (&) —vz—x— 5251[x+6;s,oo) (2)

:s,t € I, |s — 1] < &, max(|s], |£]) < M}. (17)

This class has square integrable natural envelope H, that satisfies for all ¢ > 0 small (cf.
Lemma A.1): [ H2(2)g(z)dz < g(x + 6}s A t)(e67)* log W (as proved in Lemma 2.1
this class of functions is also VC). Therefore, by using maximal inequality 3.1 (ii) from
Kim and Pollard (1990) we obtain

Esupyﬁ. |Zn(s) — Zn(t)lz
2

limsup P { sup |Z,(s) — Z,(t)| > 17} < lim sup
n— 00 5»2:’% n— 00 n

2 %

< lim sup JAY g+ 9us A D) (e0%)?log (€07) ™2 = J(1)*y 1y g(x)e? 9 0,
00 (6%)?logn " " *
where the reason why the uniform entropy integral is finite is as in the proof of Lemma 2.1.
The stochastic equicontinuity condition, together with the convergence in distribution
of the finite-dimensional distributions, implies convergence in distribution of Z, to Z in
(C(Iy), d) where d is the metric of uniform convergence on compacta. Next, we need the
stochastic boundedness of the sequence T, given below in (18) (the proof of which is given
in Appendix 1). For ag = V(x) and n — oo:

Ty (ag + dpa) = vt (a0) + Op (52) . (18)

One can now apply Theorem 2.7 from Kim and Pollard (1990) to the process Z,,.

t Vx“rl
(5;;)_1 (T (ap + Jna) — x) ~» arg max {tX - | |2m07[ K, — at} . (19)
tel,

But it is immediate to see that, almost surely:

|t|yx+17r
argmax | tX — Ki—at} <0 & X<a. (20)
tel, 2my

Hence, using the two relations above:
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n— oo

o7t (7a) = V@) = af = P{@) ™ (T (a0 + 6ua) — ») < 0} =3

tyx+1
L13))1?’ argmax[tX—| | nKx—at} <0 (ZZ())IP’{Xga}.
tel, 2myg

Example 2.3: As in Golubev and Levit (1998), it is possible to conduct the analysis in
accordance with the global smoothness properties of the underlying distribution func-
tion F. Consider, for arbitrary y = a + f,a =0,1,...,0 < < 1, the Holder class C”
of functions f(y),y > 0 having finite norm:

F @ 0]

Ifll, =sup|f(y)| + sup 7 (21)
y>0 x%y>0 |x — )’l
Then assume F € C” fory > % Moreover, assume
F t)—F
lim FEFDZFOL_ (22)

t—0 [£]”

Note that it is possible to prove thatif F € C” for y > 1/2, then the density of the observa-
tions g is bounded and continuous (see Lemma A.3). We show that the combination of (21)
and (22) implies (5). Using the Dominated Convergence Theorem in combination with the
assumption of the Holder condition, and (22), we obtain as § — 0:

/1 F(x + ud) — F(x)
0

7d K. 23
sgn(o)|9]” u? wdn= 23

Also for the case of Theorem 1.1(b), we look first at the behaviour of V,,(x).

Theorem 2.2: Let x > 0, and K, := [x,X] C [0, 00) the biggest interval that contains x on
which F is constant. Assume that (8) holds true. Then

Vi (1) = V) ~ L,

where, for any a € R:

seKy

Py <a)= P(arg max {Z,(s) — as} < x),
for Zy, a centred continuous Gaussian Process with covariance structure given by

Cov (Zu(0), Z(5)) = Cov (2(VZ+ = V@4):2(VZ)x =V @)3)).  @9)

where Z, :== Z — x and analogously Z; and Z;.

Proof: Using (10), we obtain for each fixed a € R, for all n sufficiently large:

Vi (1) = V@) < a
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& inf {s >0: Uy(s) — (V(x) + a/\/a sis maximal} <x
& inf {s >0: (Uy(s) — Upy(x) — U(s) + U(x))
+ (U(s) — U(x) — V(x)(s — x)) — (as)/+/n is maximal} < x,

where we use that the location of a maximum of a function is equivariant under transla-
tions. Now using the invariance under multiplication by a positive number and addition
of a constant, and defining

Zn(s) == +/n(Un(s) = Up(x) — U(s) + U(x)) and (25)
hi(s) := U(x) — U(s) = V(x)(x — 9), (26)
we obtain that the above event can be rewritten as
inf {s > 0: Z,(s) — as — «/nhy(s) is maximal} < x.
Lemma 2.1: Let £*° be endowed with uniform norm. Define

Z3(s) == &/n (Up(s) — U(s))
then
Zy ~~7Z in{*°[0,00), (27)

where Z is a Gaussian Process with a.s. continuous sample paths relative to the Euclidean
metric. In particular

1Up = Ulloo = sup [Up(s) — U(s)] —> 0. (28)

s>0
The proof of this lemma is given in Appendix 1. Consequently:
Zn=2y —Z3(x) ~ L —7L(x) = Zyx in{>[0,00), (29)

where also Z, is a Gaussian Process with a.s. continuous sample paths relative to the
Euclidean metric. By the above computations, we conclude that the limiting behaviour of

zn (s) == Zn(s) —as — \/Ehx(s)
is determined by the process W which is defined by

Zy(s) —as, fors e [x,Xx]

W(s) = {

—00, fors ¢ [x,x].

This is because hy(s) > 0 for all s € (0, x) U (X, 00), and therefore multiplied by —/n will
go to —oo in case the inequality is strict; however h,(s) = 0,V s € [x, x] and thus on that
interval the limiting behaviour is completely determined by Z(s) — as (using the limiting
behaviour of Z, derived above). Let

5, = inf {s > 0: Z,(s) — as — /nhy(s) is maximal} (30)
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§ := argmax {W(s)} = arg max {Z(s) — as} . (31)

s>0 selx,x]

To prove convergence in distribution, we use the Portmanteau Lemma and show for every
closed subset F of [0, 00): lim sup,_, . P(s, € F) < P(s € F).

Let us start by choosing a sequence ¢, |, 0 such that /nh,(x — &,) — ocoand \/nh,(x +
£n) — 00. This exists since V & > 0, we have y/nhy(x — &) A hy(x + &) — 00. Moreover,
hy(x + ¢) is an increasing function in ¢ that has a zero in ¢ = 0. The behaviour is analogous
for hy(x — ¢). Therefore it is sufficient to construct a sequence of &, such that h,(x — &,) A
hy(x 4+ &) = O(1/n*) for some o < 1/2. For K, := [x — &4,X + &,] and for K := [x, X]
(denoted by Ky in the statement):

limsupP ($, € F) < limsupP (5, € FNK,) + limsup P (5, € KJ))

n— oo n—oo n—oo
< limsupP{ sup Z,(s) > sup Zn(s) +limsup P (En € K;) . (32)
n— 00 seFNK, seK, n— 00

M @

We look at (2) in (32) and show it goes to zero. To do this, we need relation (33) and its
proof is given in Appendix 1. Thus

sup Zn(s) = sup {Zn(s) —as— ﬁhx(s)} E> —00 (33)

seKy seKy,

implies that

P (3,, € K,ﬂ) < ]P’( sup Zn(s) > sup Zn(s))

seKy, seKy
< ]P’( sup 2n (s) > sup {Zn (s) — as}) — 0. (34)
NS seK

The last convergence is a consequence of (33) and that Z,, ~» Z on £*°(K), combined with
the continuous mapping theorem (i.e. the term on the left-hand side of the inequality is
0,(1)).

Now we argue the behaviour of (1). For that, we need an additional convergence in
probability given in (35), and its proof is provided in Appendix 1.

sup {Zn(s) — nhy(s) — as} — sup {Z,(s) — as} L 0. (35)
seFNK, seFNK

Using that

sup {Zu(s) —as} ~ sup {Zx(s) — as},
seFNK seFNK

we conclude using Theorem 2.7(iv) from van der Vaart (1998) and (35):

sup {Zn(s) — nhy(s) — as} ~ sup {Zy(s) — as}.
seFNK, seFNK
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We derive the behaviour of (1) in (32). This term can be upper bounded by

lim supIP’( sup {Z,, (s) — &/nhy(s) — as} > sup {Z,(s) — as})
K

seFNK, NS

<P (sup {Zx(s) — as} > sup {Zy(s) — as}) <P(G e K)+P (3 € F) , (36)
FNK seK _—

where we used the above derivations, together with Lemma 2.1 and Theorem 2.7(v) from
van der Vaart (1998). Therefore by (32) combined with (34), (36) and Portmanteau Lemma,
we obtain the desired convergence in distribution, which can be restated:

P («/E(\A/,,(x) - V(x)) < a) = P(;Izlg {Zn (s) — as — «/nhy(s) is maximal} < x)

by ]P’(arg max {Z(s) — as} < x).
seK

Note that the last expression defines the cdf of a random variable L, which is the right

derivative of the least concave majorant of the process Zy evaluated at x. Indeed, by the

switch relation, we have IP(arg max,  {Zy(s) — as} < x) = P(Ly < a). |

Note that the proof of Theorem 1.1(a) (included in Appendix 1) is a consequence of
Slutsky’s Lemma, Theorems 2.1 and 2.2, the fact that 1 — F(x) = V(x)/V(0) together with
the asymptotic independence of Vi (x) and Vo (0). The proof of Theorem 1.1(b) follows the
same steps as the proof of Theorem 2.2.

Remark 2.2: Let x> 0, and suppose that F satisfies condition (5) both at x and at 0 for a
common y, > % and (8) holds true. Then, by Theorem 1.1(a):

n (s ) V(0)* 4 g(0)V(x)*
/@ (F,,(x) _ F(x)) N (o, VO ) . (37)

The asymptotic variance obtained here coincides with the one obtained in Golubev and
Levit (1998) where it is given a unique y and the one in Groeneboom and Jongbloed (1995)
with y, = L.

Simulation study limiting process Theorem 2.2

In this section, we present some simulations about the distribution of L, of Theorem 2.2;
in particular we show how to constructively sample from L, and that, even if L, is not
normal, its behaviour is close to being normal. First, we consider an underlying distribution
function F of the squared radii as displayed in the left panel of Figure 3, which is constant
on [2,3]; observe in light blue a histogram of 1000 gathered samples from the associated
density of the observations g (note that we obtain observations also on the interval where
F is constant).

In this setting, we show some simulations of the distribution of the limiting random
variable of Theorem 2.2, above denoted by L. To do that, we compute the kernel given
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Hidden generating radii distribution Kernel limiting Gaussian Process

[o
—— distribution function F' -

ro.4

samples from density g

01 2 3 45 6 7 & 910111213 1415
S

Figure 3. Left panel: Underlying cdf F with samples from g. Right panel: Representation of covariance
structure of the limiting Gaussian Process Zy.

Sample paths from limiting Gaussian process

VA :
g \%/

0.4+

0.24

paths
paths

0.04

—0.24

Figure 4. Left panel: 200 samples from limiting Gaussian Process Zy. Right panel: Zoom in on 15 sample
paths, putting into evidence the interval [2, 3].

in (6) of the limiting Gaussian process Zy. For the F given in the left panel of Figure 3, the
corresponding kernel is given in the right panel of Figure 3. Subsequently, we simulate 200
sample paths from the limiting Gaussian Process Z, with the given kernel. These sample
paths are shown in Figure 4. In the right panel of Figure 4, we zoom in on the interval [2, 3]
of interest and look at the behaviour of 15 selected sample paths. As we would expect, all
sample paths pass through (2.5, 0).

To simulate the distribution of L,, we use the fact that such random variable, by the proof
of the theorem, is the right derivative of the least concave majorant of the Gaussian Process
Zy evaluated at x =2.5. With all the gathered samples from Ly, we looked at its estimated
distribution and below we show some tests about the normality of the distribution of L,.
With the gathered samples, we see in Figure 5 that we could not reject the null hypothesis
that L, is normally distributed.

3. Local asymptotic minimax theorem

In this section, we show that the isotonic estimator (IIE) is asymptotically efficient, in the
sense that its asymptotic variance is the smallest attainable. For this reason, we establish
a statement about a lower bound of the minimax risk for any estimator sequence. We do
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empirical cdf

Comparison ecdf limiting random variable L, with fitted normal

P value Shapiro test: 0.4627

P value Kolmogorov Smirnov test: 0.7093

cdf normal
0.8

0.0

-3 -2 -1 0 1

—0.75 —0.50 —0.25 0.00 0.25 0.50 0.75 n N "
Theoretical quantiles

support

Figure 5. Left panel: ecdf of limiting random variable L, compared to a suitably fitted normal. Right
panel: qg-plot of L, compared to the fitted normal and p-values of the standard tests.

this by constructing a parametric perturbation along the least favourable direction in the
proximity of the true distribution function F.

Let x > 0 be the point at which we want to estimate F. The existence of a least favourable
path is a non-trivial matter. We will be guided by intuition in the construction of this path.
We want to estimate F(x) = 1 — V(x)/V(0). The local behaviour at x and 0 of the ker-
nels in the definitions of V(x) and V(0) is what essentially characterises the estimation in
Wicksell's problem and leads to the unusual rate n~1/2,/log n. Thus it should be enough
to introduce a local perturbation of F around x and 0. However, such perturbation must
be tailored according to the local level of smoothness of the true F near x and 0. Therefore,
we need to identify such a level, and this is done in the following condition (38).

The level of locality of the condition must be tied to the smoothness itself, because if the
true F is very rough around x or 0, then we expect a more stringent level of locality (and
vice versa). Therefore we define the following intervals close to p € {0, x} for constants
yo > %, Vi > % to be determined later:

KO = [n_% ]
n > 7’]n >

1

_L _L
K = [x— X — 1 ZVX], K}, = [x+ no 2, x4+ fyn],
where 7, | 0,0 < 5, < 1,V n and Ja € (0, 1) such that #,, = log Ok
the smallest constants greater than 1/2, such that the true F, for K, e {rK%, IK%, 1KY} and
therefore p € {0, x} satisfies

liminf inf /nlog M_oo. (38)

n— 00 p—x1
x1,x026K log{p xz}

With condition (38), our path can be shown to be well-defined and it is the least restrictive
we can require. As we naturally would expect, the yg, yx introduced above contain infor-
mation about the local roughness of F near x and 0. We illustrate this with our previous
Example 2.1 and an additional example.

Now, let ¢, yx be

Example 3.1: Let us consider the same class of functions as in Example 2.1. These func-
tions can be thought to be tightly H6lder smooth at x and satisfy (38). Let us consider the
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interval rK} = [x + n~V @) x 4 log(n)~*]. If F(u) = F(x) + K(u — x)"* for u e K,
then

|F (x2) — F (x1)| — K i (2 —x)"* — (x; — x)7*
log {(x — x1) / (x — x2)} xl}»j;zf)g(ﬁ log {1 + (x2 — x1) / (x1 — %)}

x1,%2€rK3

[T+ (2 —x1)/(x1 —2)]* =1

=K inf (x; —x)’* =Ky, inf (x; —x)™

x1,x%2€rK log [1+ (2 —x1)/ (x1 — %)] x1erK3
X1 <X2
— Ky~ 2,
A4y)7 -1 . . .. h limi
because Tog(14y) 18 Increasing in y > 0 with limit y as y | 0.

Example 3.2: Condition (38), which is similar to the conditions of Golubev and
Levit (1998) (cf. (24) and (25)), is a consequence of a stronger on, namely:

F —F
lim inf inf M > 0,
n— 00 |xy — x1]7*

where the infimum is as in (38). We show that it implies (38) on rKJ:

inf M — |F(x2) — F(x1)|  |x2 — x1|™
x1,%2€rK5 log{ﬁzg xixerKs |xy — xp |7 10g (1 _ ’;22—_9;1)

where x; < x,, both x1,x; € rK}; and thus 0 < ’;22;_’;1 < 1 going to zero as n — oo. The
above expression, for all n big enough behaves like in the previous example. Multiplied by

/nlogn (38) diverges to oo.

The second fundamental assumption to obtain our minimax lower bound is that g is
continuous in a neighbourhood of x and in a right neighbourhood of 0. We will assume
this all along. A sufficient condition to obtain this is that F is locally Hélder continuous
around x and 0 of degrees greater than % (see Lemma A.3 in Appendix 1). We also note
that from (38) we have F(x) < 1.

We will now proceed with the construction of the path on the space of distribution
functions and verify that it is well defined. The construction of our path is based on ideas
from Golubev and Levit (1998). Condition (38) gives us the appropriate y, yx that we use
for the definition of the perturbation. For u > 0 define

u

th(u)=§(F(u)+h1,n /0 ) v+ by /0 m,n(v—x)dv), (39)

where for yg > 1,7x > 1, using that [~ x2,,(v — x) dv = 0:



508 (&) F.GILIETAL

210 = )7 e <y )

Xz,n(V - X) = (V - x)_ll{n_l/(z“/x)§|v_x|inn}>

o0 o0
Dy =1+ i / 1) v+ / Zon(v — %) dv
0 0

o0
— 1t h, / Zin () dv.
0

We will see that the truncation levels of the function 1/(v — x) proposed here above work,
but they may not be unique. The function y;,, with similar truncation levels, was intro-
duced for the first time in Golubev and Levit (1998), however, there it was not used directly
for the perturbation as done here and the assumption yo = y, was used.

We will check that the perturbation Fj, is well defined for

hi
,/nlogn’

First, we compute the case of y; , to show how the perturbation looks like:

h,’)n = ]’l,‘ eR,i=1,2. (40)

/Ou)(z,n(v—x)dv=log(77n_l(x—u))l{ 1

x—anqu—n_zT’x }

+ log (n_ln_i) 1 1. -1
" {u>x—n zl’x} {”>x+’7n}

+ log (n,jl(u—x))l[ 1 ] (41)

x+n 27x <u<x4ny,

Figure 6 visualises the perturbation fou J2n(v —x)dv in (41). It is immediate from
(41) that this perturbation is continuous and therefore the summation with F results
in a function Fj, that is right-continuous. Moreover, thanks to the normalisation Dy,
limy— 400 Fp, (4) = 1 and, from the definition of Fj, , note that lim,_,¢ Fj,, (4) = 0. What
is not evident is if Fj, is non-decreasing. Intuitively, for this to be true, we need F to be
‘increasing enough’ to compensate for the negative drop introduced by the perturbation.
Condition (38) ensures that this is the case.

Lemma 3.1: For all n sufficiently large, Fy,, is nondecreasing.

The proof of this lemma is provided in Appendix 2. We start by stating the most
interesting result of this section which is the so-called LAM (locally asymptotically min-
imax) theorem and it entails the minimax risk for any estimator sequence. The proof of
this theorem requires a few additional technical statements (the LAN expansion and the
expression of the derivative of the functional of interest), which will be provided right after.

Theorem 3.1 (LAM): Let yg,yx be the smallest constants above > such that F satis-

1
2
2

2 . )
fies (38). Let] = 8”7(2) dlag(m, @), v = [ﬁ(l — F(x)) — i] ,gasin (1), and € be
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0 -
71 -
—2
perturbation at
_34 r=2,v =052, n=>50

1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00

Figure 6. Visualisation of fou x2n(v —x)dvforx=2,n=>50and yx = 0.52, 4, = 1/,/logn.

a bowl-shaped loss function, i.e. { is non-negative, symmetric and subconvex. Then for every
estimator sequence (Fp(x))neN:

. . n
Iscuﬂgz 11nn_1)1013f s;g Enf ( / @ (Fn(x) —Fy, (x))) > EL(L). (42)

Ifinite

The first supremum is taken over all finite subsets I of R, the expectation Ey, is under
G, , the probability measures associated to the perturbed densities g, in (43), and L ~

N,y w);
T 2y

X

Proof: The proof is an immediate application of Theorem 3.11.5 from van der Vaart and
Wellner (1996), using Theorem 3.2 and Lemma 3.3 given below. |

Now we proceed by proving the technical results needed for the proof of Theorem 3.1.
First, we show that given the path (39), we can obtain an LAN expansion (see van der
Vaart 1998, Chapter 7). In the statement of the LAN Theorem, the perturbed density of
the observations Z; appears. Therefore, using (39), we derive it before proceeding:

@) = 1 o0 thn(V)
Enl2) = th,1 z AV—2
oodF(V) < x1n(v) (/me@—X) }
: dv+h /=~ dvy,
th Dy, l NV —2z N v o z N Y

(43)

where m),, = fooo /s dFy, (s), analogously to my.

Theorem 3.2 (LAN expansion): Let y¢, 5 be constants above such that F satisfies (38).
Let g be continuous in a neighbourhood of x and in a right- nezghbourhood of 0. Then for
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h' = [h,hy] € RE hy, = —h_ Fy, as in (39) and accordingly g, in (43):
gn

nlo

n
gn(Zi) T 1 T
lo =h' A,—=h' Jh+0,(1),
210877y = An = gh T+ o1

‘ id -
where the 0,(1) is under Z,...,Z, = g for J = gﬁdlag(m,@) and A, ~
N(0,]), where

n 1 1 00 x1,a(v) [
A/nlogn (2g(Zi) Z; mdv fO ﬁ%l,n(V)dV)

i=1
A ,= my,, D,

n 1 1 00 y2.n(v—x) _ [ _
Zi:l mp, Dy, \/n logn (2g(zi) fZi NV=Zi dv fO ﬁXz,n (V x) dv)

Proof: The structure of the proof of this result is as follows. First, we give the expansions
of the functions [° %/;Zx) dv, [° % dv that will highlight the leading terms that
contribute to the limiting behaviour.

Next, we use the obtained approximations to write out the Taylor approximation of the
logarithm and prove some additional relations that will eventually give the LAN. Finally,
we show that the remaining terms are negligible. First of all, using the definition of Fj,,

in (39), we obtain

gn(z) _ 1 {m0+ hiy o0 x1n(v) v+ hz,n o0 x2n(v — X) dv}
g(Z) mh,,Dhn Zg(z) z AV—Z 2g(z) z ANV —Z '

Then using (A16) (see Lemma A.4 proved in Appendix 2):

T _1
o Cdv={——+0(n?)}1
z AV—2Z2 Y L/z—x + (;711 )] [n_z)i’xgz—xgnn]

1 _1
+0 (n47x) 1{ 1 1 ] + 0 (17,, 2) Liz—x<—n,) (44)

—n Zrx <z—x< n 2rx

+ [O(H_Z;x(x—z)_g) +o(;7;5)} 1{_’1 sz_xg_n‘ﬁ]' (45)

The proof of Lemma A.4 has the following relation as an important ingredient:

dt = 71_1{“20}”—1/2’ (46)

© 1
/u INJEt—u

which follows from || loo t\/% dt = =. We will see that asymptotically the only term that

matters is the first one in (44). It is immediate to see that sup, | fou xon(v —x)dv| =
O(log (5;7'n1/?7%)), once multiplied by h,/\/nlogn goes to zero as n — oco. Note also
that using the same computations as in Equation (41) also for y1,, it follows that D), =
1+ o(1).
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‘ _L

Denote by A" := {n 2« < ZF < n,}, where Z7 := Z; — x. As will be seen, the only
contributing term is 7 1 aix/NZi = x, we denote all the remainder terms by R;”* and it is
immediate to see that

1
n,x —2 i
Ri - O (’7” ) {1{_’771§Zj~c§—n_ 2}1’9( } I{Zfs_’]"} lA?lx}

1 1
+ O(n_m(x—Zi)_%) 1 _1,+ O(nm) 1. 1 1.
{~m<zi<—n"x} {-n 7% <zr<n” 2}

Analogously, we define R"’. Using the Taylor expansion of the logarithm with Peano
residual, and (45):

n

n(Zi - 1 h o0 n
2 e gg((z-)) =2 { [’”0 — iy, Dy + o [T L0 g

i=1 ' L mp,Dn, 28(Zi) Jz, v—27;
han ® xan(v —x) dv:| _ l |:1’YZO — my, Dy, hip (7[ lAiZO
28(Zi) J v—27; 2 myp, Dy, 2my, Dy 8(Z) \ V/Z;

; han w1 ix AT mo — mp, D
+Rl,0 4 > ( n + Rb* +o ey
") 2mp, Dy, g(Z) \VZi—x " P i, Dh,,
i, (7T1Ai,0 ,0> o ( w1 yix ) )]2
+ : =+ R )+ : ‘= + R . (47)
2mp,Dp,gZ) \ vZi ") 2mp,Dng(Z) \VZi—x "
The Taylor expansion of the logarithm is granted by relation (48) (see Appendix 2 for its

proof). For {1,(2) = [;° % dv,and for (,u(z — x) == [° %\/;zx) dvand Fasin (38);
then in probability:

h1nl1,0(Z;) + hanlon(Zi — x)
8(Z) 8(Z)

Now we provide a lemma on the normal behaviour of the term inside the first square
parenthesis in (47).

— 0. (48)

1<i<n

Lemma 3.2: For F as in (38) and h;,,i = 1,2 as in (40):

1 Zn:[ hn [ 1) dv+ hon [ xon(v —x) dv
mhnDhn i=1 Zg(Zl) Zi v —= Zi Zg(Z,) Zi \/V_—ZI
2 h? K2
—mp, Dy, +moy ~ N (0, P ( 2 )) : (49)
2 8mg \708(0)  7xg(x)

The proof of this lemma is provided in Appendix 2. Now we can partition my — my,, Dy,
into the means showed in the definition of A, (use (??)). The terms appearing in Lemma 3.2
are a linear combination of the components of A,. By Lemma 3.2 all such linear combina-
tions have normal behaviour. But since we can show the normal convergence for any pair
of hj, i=1,2, the Cramér-Wold device allows us to obtain the joint asymptotic normality
claim for the components of A,.
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To determine the behaviour of the leading terms inside the second square parenthesis
in (47), i.e.

n W 721 ,i0 n W2 721 ,ix
S ) S s S
= 4my Dy ¢*(Zi) Zi = 4my Dy ¢*(Zi) Zi — x
it is enough to use that (see Appendix 2 for its proof):
1 . m? P w?
1 1) ———. (51)
nlogn ; 4m} PZ)Zi—x) i< en?| T 8ymigo)

The same result also applies for A2® around 0, and this gives convergence in probability
of the terms in (50). Now by grouping out properly the kT = [k, h,], we get the claim, as
convergence in probability of the matrix is implied by the convergence of its components.

We now show that all the other terms converge in probability to zero. It is enough to look
at multiples of the squared terms and show that these go to zero. Relation (52) gives that
these remaining terms are negligible and its proof is given in Appendix 2. For hj,,j = 1,2
as in (40) and accordingly s € {0, x}:

2 n i,s 2
mo — my, Dy 1 hinR:
( mhnDhn ) ° (f’l) Z(zmhnDhng(Zl) Op( ) ( )

i=1

We obtain also

n
my — my, Dy, hin 1 4i0 iO)
0 L ’ ~ 4+ RY )+
b (z[ mp, Dy, 2mp, Dy, g(Z;) ( VZi "

i=1

2my, Dp, g(Z)) \/Z; — x " IR
by combining (51) and (52). |

Remark 3.1: If we take y = yo = yx, the obtained asymptotic covariance looks the same
as the one obtained in Golubev and Levit (1998) (cf. page 2418), but our y, yx have a
different meaning.

For the proof of the LAM (locally asymptotically minimax) theorem, the derivative of
the map we are interested in estimating (cf. definition 1.10 in Bolthausen et al. 1999) is
needed. In particular, let y : G > R, where G is the space of the probability measures Gp
associated to the random variable Z (the observations). In our case, for our fixed estimation
point x > 0, w(Gp) = F(x) € R.

Lemma 3.3: For yo,yx as in Theorem 3.2 greater than %, h' = [hy,hy] € R2, h, =
h

A/nlogn

. T
By asin (39), y = [ 2,1 =F@) 3] asn— oo

(v (Gr,) — w(Gp) = | é (Fy,, (x) — F(x)) = hT .

logn
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The proof of this lemma is provided in Appendix 2. The combination of Theorem 3.2
and Lemma 3.3 yields the main result Theorem 3.1.

4. Conclusion

We conclude by stressing the fact that the local asymptotically minimax variance in
Theorem 3.1 coincides with the one obtained in Theorem 1.1(a). Moreover, as we naturally
expect, both the estimator’s behaviour and the minimax theorem are obtained under some
local conditions at x and 0 of the smoothness of F. The class of functions that are tightly
Holder continuous at these points as in Example 2.1 satisfy the key conditions needed for
the estimator and for the minimax theorem. In general, whenever the underlying F satis-
fies both (5) and (38), then the isotonic estimator (IIE) will attain the minimax asymptotic
variance in an adaptive way and without the need of external tuning.

Regarding possible future works, Theorem 2.2 shows that if F is assumed to be con-
stant on an interval containing x, the optimal rate of convergence increases to 4/n and the
IIE attains this rate adaptively, i.e. without explicitly using the assumption of local con-
stancy. However, the asymptotic distribution in this case is not normal, thus the IIE is not
efficient in the classical sense. An interesting future work would be to study other esti-
mators that in this setting attain /7 rate of convergence and find which one is efficient.
Another interesting but different research direction would be to study this problem in the
Bayesian nonparametric setting and to compare Bayesian estimators to the state-of-the-art
frequentist estimators. The authors of this paper are currently exploring these two research
directions.
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Now we provide some proofs about the fundamental behaviour of the covariance structure of the
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along the same lines of (15). We will use several times how samples of Z with density g (see (1))
are obtained in Wicksell’s problem. First, note that the observable radii in the cross-sections cannot
exceed the radii of the associated sphere; the spheres with bigger radius are more likely to be sampled.
Thus the distribution of the squared radii of the spheres actually cut is not F but a biased version of
it; thus we write X® with distribution function F? for the squared radius of the spheres actually cut.
Since we assume the samples are gathered uniformly, the observed squared circle radius Z is related
to X? via

Z=(01-U»x"=VvX’, U~U[0,1], V ~ Be(l,1/2). (A1)
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Lemma A.1: Fix x> 0. Ifg(x) < oo, then

2
E(\/Z—xl{z>x}—«/Z—x—el{z>x+g}) ~ ¢ log( )g(x) as¢ | 0.

Proof: In the proof, to make the notation lighter, we will denote xb by X (see (Al)). Define Zy :=
Z — x. The left side is

2
EZ(z, <o) +E (\/Zx —VZy — 8) 1iz,5¢) -
—_———

N @
We start with (1). By making a substitution below with vX — x = y(X — x), which means 1 —v =
(1 — y)=%*, we obtain

1
EZ 17 < (4D E llx>x/ X — x)M dv}
0<vX—x<e

21 —v

YAl X — x)3/2
=K 1X>X/ y_ ( ) dy .
0 21—y VX

If we define y(z) = foz 2%/@ dy, then the above equals to

ey
E[y(Xg_x/\l) 1X>X(X\/§32].

32
Usingf2J};Tydy= a }3') — /1=y + ¢, we can see that

Al :/"”“yd:l © Vo (=)
Nx—x 0 2T 7 T a\X—x X-x) )

Moreover, it is also true y(z) < z2,V z € (0, 1). The above proves

EZ 1z, <. = O(?). (A2)

Therefore (1) is negligible. Now we proceed with (2). Using Taylor’s theorem with integral form of
the remainder, we obtain

B(Va VAo =k [ [

dsdt 17,56

ZJZ —852\/Z — ¢t

(A1) & £ 1
="E 1 x—x>e) dvdsdt.
/o /0 /0 2vX —x—es2/vX —x — et 2/1—v (rX—x>e}

Now we use again the substitution vX —x = y(X — x) which implies 1 —v = (1 —y) X;‘

1 .
y(es,t) = [ J}}_—?S J)}THJ% dy to obtain

1 1 y(X X)>e}
dydsdt
/// \/y_i Xsi_tx«/l VX —xvX

el () e

Now we show the two following relations V0 < ¢,s,t < I:

1 1 1
y(e,s,t) ~log — — > loglog— 4+ O(1) ase 0 (A3)
€ €
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1 & 1
.0 < [log— +1 1. A4
y(((:S )_(0g8+0g1—svt)m+ ( )

From this it will follow that

2 2 1
E (\/Zj —VZ — g) 17,56 ~ %g(x) log - (A5)

Fixe < b < 1, then we can split the integral in the definition of y(g, s, t) into two integrals: one from
¢ to b and another one from b to 1. Let us look at the second one:

_ 1
ta-p7t P / L ay= 2 o (VIo)
b

b VY —é&s Jy—et b—e yI—y A —
Here we used the fact that the mapping y — y ~— is decreasing on [es, 1], tha b < bL and

y F dy = —2tanh™! (/T = y) + ¢. This shows that the asymptotic behav10ur w1ll be deter-
mined by the 1ntegral between ¢ and b;

—eswl—etw / ﬁﬁ ‘

Jyl—ESJyl—etdy(Jll—b - 1)'

On the other hand, since

b b
1
& y—es/\t Y —esyfy—¢&t e y—&sVt
Therefore we have

b—esvt 1

<1 R
1 L g, =80 —svy | vizp
Sy —esy—etJT—y > log b—esnt (2_ 1

e(l—=sAt) J1=b
Using b = %, we obtain for fixed c:
OgE
1 ! log; — ee log 11 1 ! 1 ! 1 !
Bl e [TV T e |
e
1 1 1 1
+ log ~log— — - loglog — + O(1), ase | 0.
1- e 2 €

This proves the first relation (A3). Now we proceed with relation (A4). Assume s < t. By performing
a substitution y — et = z(1 — et) which means 1 — y = (1 — ¢t)(1 — z), we obtain

dz.

b 1
g,s,t) < dy = -
"’ ) /gy—sta/l—y 4 «/l—at/%lz./l—z

We used the fact that we can compute the following primitive: [ 5 \/7 dy = —2tanh ™} (T —y) +
c. Therefore

1 1 1 [ e(Q—t¢ 1
dz = 2tanh™! 1— ( )
J—et 2= t>zm 1—et 1—et




JOURNAL OF NONPARAMETRIC STATISTICS e 517

L 1+ log (VI—st+/T—¢) 1
= O =
1—¢t & 1— — e —¢t V1 —et

l—st

<(1 L 1—3t+2) 1 <(1 L e2) 1,
og—+1lo og—+1lo .

- gs gl—l‘ V1 —et T ga‘ gl—t V11—t

And this proves (A4). Now we proceed by using the two relations, we just proved. First of all, (A3)
ase | 0:

y(#os) 1o ¥ (£51) 1wen logX, +log!

= : - Lixou).
log % log % log % e
Now using log xy < logx1,-1 + logy and (A4), we obtain
y (ﬁs f) Lx—x>c) (log +log l—s\/t) TR
logé - log <
< (1 Xlxoo1 +1 ¢ ) L
o 0
S\ OB T8 AT ) TS

Since the idea is to apply the Dominated Convergence Theorem to

1 Lol 1
1]E/ / y( ¢ )5, t) LixX—x>¢) dsdt,
log= Jo Jo X—x 2JX —xv/X

we need to verify that all the upper bounds have finite expectations. First ngﬂ% < 1 which

means
og X lix, > 1) 1 et
2 dsdt <2 dsdt < co.
// VX J1—svt ~ /0/0./1—t
On the other hand

//( l_svt)\/l_lﬁdsdmz//(mglit)%dsdt

1 1
=2 1 dt .
/o ("gl—t)m =

So by the Dominated Convergence Theorem, ifg(x) = E > «/ﬂ f 1{x>x} < 0o we obtain the claim.
|

Proof of (15): In the proof, to make the notation lighter, we will denote xb by X (see (Al)). Fix
s,t € L. Take the case 0 < s < t. Fix u; we define the function ¢ (-, 1) as follows:

Pz, 1) =~z — x[x00)(2) — vz —x — ﬂl[x+/¢,oo)(z)-

Using the i.i.d. property, we can write
Cov (Zu(5), Zu(1)) = 43, %(5;) 2n~" Cov (¢ (Z,55t) . ¢ (2,6}5)) » (A6)
where Z has density g. Since g(x) < oo, we will prove
1
E¢ (Z,0%s) ¢ (Z,65t) = — 58 (65)*log d; + O ((67)%) (A7)
which implies (15) for J,, = n_l/z,/logn and 0 = (6,)/7x. Define Zy := Z — x:

E [\/le{zx>0} —Zy— 5Zt1{zx>5;z}] [\/le{z,p()} —VZx — 5,’251{zx>5;s}]
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= IEZ:«11{0<Z,c<§,’;s} +E [\/Z (\/ch vV Z -0y 5) {0}s<Zy<opt} }

————
) @

(V2 ~ V2= 050) (v ~ V2= 055) o

(3)

Let us start with (1). We can use (A2) to see that for J; going to zero:

1 1
EZ1 o) < (09)°E —=1{x>4 = 0((5;9)%).
L{o<z,<ors) < (6,9) TR Jx e ((3,9)7)
This shows that this term is negligible as for the covariance it will be multiplied by 45, 2(5%) ~2n~! =
4logn (0%)72, will be of order 1— and it will go to zero.

Let us continue with (2). Flrst note one can upper bound (2) using Holder’s inequality and note
that by (A5) we have

5* 2
E (V2 — V2= 035) iy ~ 1o 51 g, (A8)

4

which implies that the square root of this term is of the order O(J;,, /log 3%). Moreover, note that
by (A2):
{EZ1(s55<z, <s0 } < {Ez.1 Zx>5*s}} = O(dy).

All together we obtain that (2) is of the order O((é;)zw /log (6;)~1). This quantity for the covariance
structure will be multiplied by 46, %(6%) ~2n~! and will be of order O( «/117) thus it will go to zero
Og n

because , /log 6% ~ /logn.

Now we argue the order of (3). We argue like in the proof of (A5):

3:5*Zst]E// dpdqlz,-s;
® =6 0 Jo 2/Zy—04sp 2/Zx — d}tq Pea o0

5*)2st 1x—x>or 1
:IE/// (05)°s (vX—x> 5%t} dvdpdg.
0o Jo Jo 2/VX—x—3sp2 /v X —x—5tqg2/1—v
X—x

Now we use again the substitution vX — x = y(X — x) which implies 1 —v = (1 — y)5

. 1 .
Y0y, t) = fé; inézs inégt Jllfydyto obtain

1 1 1 %\ 2
(6,,)"st 1)/(X x)>6* 1 1
:IE/ / / dydpdq
1— —
o Jo Jo 8\/)/ 2 Xq y— «/ Y VX —xvX

*\2
(5) SﬂE/ / ( > SPs q) ﬁfl{x_x>§:t} dpdq.

Then one can obtain the claim by using (A3) and (A4). The reason why we can apply the Dominated
Convergence theorem is as in the proof of Lemma A.1. The cases s < 0 < tand s < t < 0 can be
argued in a similar way. n

Proof of (16): We verify the Lindeberg condition for Z,(1). Recall from (14) the definition of Z, (1).
Then set Z,(1) = >}, (X! — EX}") and thus s3 = >_}_, V(X!"), which on the other hand means

1V Zk = X x00) (Zk) = /Zk — % = 031153, 00) (Zk)
n oy, '

n
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Therefore by (15): s2 = V(Z,(1)) = ig(x)(l - logbgn) + O(logn) We show EX} = (G

logn n

0@} = O(\/nll()?). It is enough to prove for J;; | 0:

/ {«/z = X100)(2) = /2= % = 1 [y 00) (z)} ¢(2) dz = O(S7). (A9)
Let Z, := Z — x therefore the right-hand side of the above can be written as

E[/le{0<zx<5;}]+E<J7x VZx —(5) (Ze>02) -

=(a) =(b)

We show (a) = O(J;;). By using (A1) (we denote xb by X for brevity) and making a substitution
below with vX — x = y(X — x), whichmeans 1 —v = (1 — y)%, we obtain

10<1/<1
EVZlz s« =E{1x / vX —x dv
e o 0<vX—x<d% 21—

5*
X—jX/\l \/}7 (X _x)
=El1 d
X>x/0 2 /;1 — ﬁ y

For y(z) = foz 2% dy, the above can be upper bounded for all J;; small:

5 X —
ST <« 5 5
E [y (X — A l) Ix-x \/X ’ E5 fl{x>x O(én). (A10)

That is because: fo zﬁdy = sm “1(J2) — —«/z(l —z) < zforz € (0,1). Now we proceed with
(b). By using agaln (A1) and by makmg a substitution below with vX — x = y(X — x), which means

1 —v=(1—y)=%*, we obtain
1 oF
]E(\/Zx VZx —5) (Z>58) / ————dsl{z,>41)
Jo 2\/Zy— s

1
1
ZE// 1 1iz, >s:y dvds
o Jo 2\/VX—X—§;;$2\/1—V{ >0l

1 «/)7( X—x
7E// \/y(X—x) Sis/T—y/X—x X dyds

S o 1
= E ) ——=Lxoxior) ds,
v2 [ (7E) St

where y(g,5) = fgl J}}Tes ﬁdy. For b € (&, 1), as done previously, we split the integral between &

and b and between b and 1. For the first integral, we have

1 b b 1
dy—/ —dy dy -1).
Jy—esl—y ¢ Ny—es Jy—es V1-1b

From which we conclude

1 < 2vVb—es—24/¢(1 —s))(
- gy
e VY TESVI=Y 2(2«/1)—85—2\/8(1—5))(2— ! )
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For the second integral, we have

1 1 . .
/b ﬂﬁdysﬁ{m—sm (M)}

Putting together the above computations, for all J;; small and b ~ 1

logé'

Lxsatsn) o
E(VZi = VZ:= ;) 1o S RS = 00},

This proves that (A9) is true.
Let us now look at the indicator 1y XI—EX|>zs,)- We look separately at the cases: X! — EX} > es,

and X! — EX}! < —eésy,. Using the following facts:

VZxlze>00 = VZx — O3l iz, > 000 = v Zeljo<z, <7} + (va

Onl(z,>01) liz.>5;)
—Zx— )1 591 < /O T ds < Ok + 0 —
* “) (Ze0i) = ”+/0 Zy— Oks = * 2\/Zy =3}

So we can rewrite the set {X}' — EX} > &s,}, using the fact that EX}! = O(ﬁ), and noting that
nlogn

the last inclusion is valid for all n big enough:

Z:1 — VZx — Gz
(\/7 {Zx>0} X n{Zx>0;} > gsn\/@-i- O(l)]

9

1 S*
- [2{ZX>”} > espy/nlogn

1
- —+0()
Z:—o; Vo }

C %< % s+ont-
4 (,/oxnlognes, — 1+ O(,/3%))

% for all n big enough we conclude

~ 1
4(y/ 5 nlognes,—14+0(/6%))? nlogn’

1
(X —EX}; > es} C {Zx < — +5;} =:A,.
nlogn

Since

Now we see that the set {X}! — EX}' < —és,} is negligible, because the object on the left-hand side
in the following expression is nonnegative:

71 — V2 = liz>e
[\/7 (220 = v/Zx = Siliz=ay) < —gsyy/nlogn + O(l)]-

9

Therefore we see that the integral over the set |X} — EX}!| > es, for all n big enough has the same
behaviour as integrating over the set: A,,. Using i.i.d.:

n
> EIX} — EXP)*1a,] < 20E[(X)*14,] + 2n(BX})*P(An) — 0.
k=1

(9] @
Since EX}! = O(—===) we see immediately that (2) goes to 0. Now we prove that (1) also does.
logn
We need to look at the following upper bound:
@)~
logn

(5*) -
logn

E[{Zdz00 + (Ze — ) z50m} 1, ] < E [Z1(z,> 004, ] -
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From (A2), we recall that EZ,1o<7 <, = O(&?) for & | 0. We conclude that

1 1 2
(0)72 1 n \7= [ (logn\ 2= 1
——E | Z1 . ~
logn *0<Zx <O+ ogs) logn \logn n + nlogn

1 1 n O\ 1 1 n A\
~ 0.
logn + logn <logn) nlogn + logn (logn) n2log* n ~

For y, > % Therefore the Lindeberg condition is satisfied for Z,(1). |

Proof of (18): We start with the class of functions kg : [0,00) = R:
I = [hg tho(2) = 277 — X [x,00) (2) — 242 — O1(,00)(2) — ao(x — 0),0 > 0}

and, for n > 0, its subclass %, = {hg € S : |0 — x| < n}. In Groeneboom and Jongbloed (1995),

they show that the envelope of 7%, H;(2) = 2(v/z — x1[x,00)(2) — /Z — X — N11[x—y,00)(2)) + a0,
satisfies for all # small (cf. (11) in Groeneboom and Jongbloed 1995):

/ H2(9)g(2) dz < —2g(x) log . (AL1)

The first thing that needs to be proved is that for |@ — x| small, we have
[ @ = (216 < o 1.

Using a Taylor expansion for f hg(z)dG(z) around x (note hy(z) = 0), we get, using the definition
of U: U(x) = 5~ Jo @ =F(y)dy = [y V() dy, that there exists 79 > 0 such that

/hg (2) dG(z) = 2/ Vz = x1[x00)(2) — ¥z — 01{9,00)(2) dG(2) — V(x) (0 — x)

@ 0 —x)x

=Ux)—U@®B)—Vx)(x—0) = /1 F(x+ u(@ — x)) — F(x) du

21’)’1() 0

DL 19— x (K, + 0(1)),
2m0

for all @ with |6 — x| < no and for some constant K > 0. Note that here we used the same reasoning
as in (13) and we also used assumption (5).

Now we show the weak consistency of Ty, (ag + dna) for x = V=1 (ap). This will follow from The-
orems 2.1 and 2.2 in Groeneboom and Jongbloed (1995) and the switch relation (10). In other
words, we prove: V ¢ > 0 then P(|Ty,(ap + dna) — x| > ¢) — 0. Indeed using the switch relation
and consistency of V,, we get

P (T, (ap + opa) — x| > ¢€)
< P(Ty(V(x) + opa) > e +x) + P (T, (V(x) + dpa) < x —¢)

=P (Vn(x +¢&)> V(x)+ 5na) +P (Vn(x —¢&) < V(x)+ 5na) — 0.

Asby consistency V,,(x 4 €) = V(x4 ¢),d, | 0and V is strictly decreasing at x, it will never be the
case that V(x + ¢) > V(x), nor V(x — &) < V(x). Note that V is already decreasing by definition,
and it cannot be constant in a neighbourhood of x, as we would get a contradiction with the fact that
F is not constant in a neighbourhood of x.

Now we will proceed by deriving the rate of convergence of Ty (ag + Jna) to x = V"1(ag). We
will do it by a standard technique using a peeling argument, combined later with what we showed
above.
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First it needs to be proved that V ¢ > 0 there exists {M,} sequence of stochastically bounded
random variables and a positive constant #; such that

2 ’ / {«/z =¥ [xo0)(2) — vz — Oligoo) (z)} d(Gn - G) (2) (A12)
< glx — 01T 4 (91) T My, (A13)

for all 8 with |# — x| < #;, and y as in assumption (5). Remember that x has been fixed and that
oy = n_l/z,/log n, whereas ), = (5,,)1/“. Now we proceed with the proof of (A12). Fix ¢ > 0, and
let {M,,(w)} be the random variable defined omega-wise as the infimum of all positive numbers # so
that

’/ hy(2)d (G — G) (zw)| < elx — O] + (57)*H 1, (A14)
holds for all § € [x — #1,x + m1]. If we define, for n,j > 1,
Amj) ={0>0:G—1)5; <10 —x| <jo}},

we can write, for all # > 1 and v constant:

P{M, > v}
m/o,
<2 P[ sup ()~ 0+ /he(z)d(Gn — G @)|>e(— 1)+ u]
=1 OeA(nj)
/% B supyy_ i )20V [ [ hy(2)d (G — G) (2) 2
-y { UP9—x|<ji [/ o ] } s

j=1 [6G— D7t + 0]

By maximal inequality 3.1(ii) in Kim and Pollard (1990) and relation (A11) (with # = J;;5),3a C> 0
such that, for each j < #1/0% and using that (9%) 20+ D = (9%) 7252

2
IE[ sup () 720D [/ hy(2)d (G — G) (Z)] ]

|9—x|§j§;;
*\ —2 n 2
= (d,) @E ‘ IH—S;III;'ES; [/ ho(2)d (G, — G) (Z)] ]
2
< (6:)‘2{(% (—28(x)j*(5})* log (3 - j)) = Cg(x)j* + O (logm) ™),

where J(1) is the uniform entropy integral appearing from the application of the maximal inequal-
ity 3.1(ii) in Kim and Pollard (1990). We argue that J(1) is finite in the proof of Lemma 2.1.

Applying this inequality to (A15), it follows that we can upper bound it by: 2;7:1/15" %,
by choosing v sufficiently large, P{M,, > v} can be made arbitrarily small uniformly in n, which
proves (A12).

We are now ready to conclude that T, (ap + Jna) is a J; -consistent estimator for x = V= (ap).

From the above we know with probability tending to 1, | T, (ao + dna) — x| < 7o A 11, for n — oo.
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If | Ty (ag + dna) — x| < no A 11, take € in relation (A14) equal to 5 and obtain that

0= / he(2) dGy(2) < / B a0 (@) ACn(2)

S/th

_ (nKx Ky

Ty (a0 + 0ua) " + (&) M,

+0Q1) ) Ix = Ty (ag + Fpa) |+t + (85)7* T M,,,
4my 2my

where the sequence {M,} is stochastically bounded by the above part. This proves that T, (aq +
ona) — x = 0,(d;) for n — oo. |

Lemma A.2: Condition (22) implies that F is not constant in a neighbourhood of x and that
dF(s)
f A/ S—X

Proof: Assume (22). Suppose F is constant in a neighbourhood of x then the limit in (22) is zero, a
contradiction. From condition (22), it follows that we can fix K > € > 0 knowing that there exists
6> OsuchthatVt e RT :t < Sthen (K — €)' < F(x+t) — F(x) < (K + €)t’*. Let us set a grid
that goes fromxtox+dasixg =x+Jd>x1 > --- > x5 =x+ 2775 1t is enough to look at

/x+5 dF(s) Z / dF(s) (K—I—e)z 7xG+1) i (K —€)2774d
c  s—x o VS — % V2= V2-G+Dgs

where the last expression is finite as y, > %

Lemma A.3: If F is locally Holder continuous of degree yx > 1/2 around x, then the density of the
observations g is bounded and continuous around x.

Proof: Fix any z in a neighbourhood of x, so that 37 > 0 : F is H6lder continuous on (z — 7,z +

n).Setzj =z + n2 7 forj=0,1,2...s0thatzg =z+n >z > --- > z and therefore zj — zj11 =
#277=1. We have (note my < oo by (8)):

g@)my = / \/%dF(x) Z ﬁdF(x)—i- / . J%dp(x)
z Zj+1 z+n

o o0 i
E(z)) — F(z 1 1 277 G+D
c3 @ e 11 (g )
o VEHTZ VIS 2720

where the last expression is < oo if and only if y, > % Now we know that the function g is bounded
around xo. We have to prove that it is continuous. Using the same reasoning as in the previous part
we have that

oo

g(z) 2/2+1 \/deF(X)-i- /+”«/%dF(x)

2

@
Since in the previous part of the proof we have been able to bound (1) with the convergent series
. . oo 277 G+1)
independent of z: 37X, To
funct1ons (M-test) yields that the series (1) converges uniformly. Now we need to show that z —
%
50 7=

1 —i—1 =iy (s) . .
that the following function: f(s) = % is continuous on the compact set [#27/~1, 2],

then the Weierstrass criterion for uniform convergence of series of
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T e
x—z

thus uniformly continuous. By taking s =x—z, one can retrieve . Now take ¢ so

that whenever |z; — z3| < J, by uniform continuity we have

1[21+'72_j_1,21+'72_j](x) _ 1[22+'12_j_1,22+'72_j](x)
/X — 21 A X —2Z)

Then we have, using the triangle inequality for integrals:

1 —j-1 i) 1 —j-1 —i1(x)
[z1432777 2 +5277] [za+7n2777  zy+5277]
— dF(x)| <& | dF(x) =e.
‘/ VX =z VX =z ()] < / )
Finally, (2) is continuous because ll”’f_o)z « _ 1[’7’°°))C(_X_Z) is uniformly continuous on [#, 00). The

Weierstrass M-test together with the uniform limit theorem yield the continuity of g. |

Proof of Lemma 2.1: Because

n

U =2 > V@ ~ V@ =91},

i=1

the stated convergence is equivalent to saying that the class of functions z — /(2)4 —
V(z—=35)4,s > 0is Donsker. From Lemma 2.6.16 in van der Vaart and Wellner (1996), it follows
that the class of functions {z — s : s > 0} is VC, next by Lemma 2.6.18 (ii) in van der Vaart and Well-
ner (1996) we see that the class {(z — s)+ : s > 0} is VC. Again by Lemma 2.6.18 (vii), (iv) and (v)
in van der Vaart and Wellner (1996) we conclude that the class of functions {\/(2)+ — /(z — $)+ :

s > 0} is VC. Such class has envelope: 0 < /(2)+ — /(2 — $)+ < /(2)+. Therefore the class is P-
Donsker for any P with fooo zdP(z) < 0o, which is the case here by assumption (8) with k = % Now
we prove that Z is a Gaussian process with a.s. continuous sample paths. Consider:

2
E (Z(t) — Z(t))” = E‘,/ Z =)+ = VZ - t)+

where we use the fact that the square root is Holder continuous of degree 1/2.

Since the intrinsic semimetric d(s, t) :== (E(Z(s) — Z(£))*)"/2 < /[s — t], we obtain sample path
continuity of Z.

By the very same computation as above, we deduce that V(Z(t) — Z(s)) # 0 for s # t and since
Z is indexed by a o -compact metric space, we obtain from Lemma 2.6 in Kim and Pollard (1990)
that the maxima of the sample paths of Z are a.s. unique. Finally the covariance structure of Z is
given by direct computation:

< It —til,

Cov (21, Z() = Cov(V @)1 = V1N Dy =V Z)s).

Proof of (33): Note that
sup {Zn(s) — nhy(s) — as} < sup Z,(s) — <in_f‘ {\/ﬁhx(s) + as} ,

seks §20 s>X+en

where the first term on the right-hand side is O,(1) by the convergence given in Lemma 2.1. The
second infimum is the minimum over the infima over the intervals [0,x — c], [x — ¢, x — &,], [x +
&n, X+ 1] and [x + 1, 00) for a constant &1 < ¢ < x. Because F is constant in [x, x], we have U(s) —
U(x) — V(x)(s —x) = 0 for s € [x,x] and from the concavity of U:

U@s) —Ux) —V(x)(s—x) <0, forsé¢ [x, x].

Again from the fact that U is concave and because [x, x] is maximal:



JOURNAL OF NONPARAMETRIC STATISTICS e 525

Vo>0,3np>0:U()—UKx)—VX)(G—x) <—nyls—x|] fors<x—97,
Vo>0,3n>0:U(s) —Ux) — V(x)(s—x) < —y|s—Xx| fors>Xx+9.
Therefore using these three facts stated above we have: on [x + 1, 00),
Vil (s) + as > /nyls — x| — |a|s > /n — oo
andon [x + &€, X + 1],
Vnhy(s) + as > /nhe(x + &,) — |a] > 00

by the construction of ¢,. The other two intervals can be handled similarly. |

Proof of (35): First note

0< sup {Z,,(s) — nhy(s) — as} — sup {Z,(s) — as}
seFNK, seFNK

< sup {Z,(s) —as} — sup {Z,(s) — as}
seFNK, seFNK

Define the process:

Zu(s) —as, ifse[xXx]
Zn(s) == 1 Zn(x) — ax, ifse[0,x]
Zn(X) — ax, if s € [x,00)

because sup,pnp, Zy(s) = SUPseFK Z(s) = SUPcpiiZn(s) — as}, then

sup {Z,(s) —as} — sup {Z,(s) — as}
seFNK, seFNK

sup {Z,(s) —as} — sup Z, (s)

< sup |Zn(s)—as—2n(s)|

seFNK, seFNK, seFNK,
< sup |Z,,(s) —as— Zn(g)| \ sup |Z,,(s) —as— zn(fc)| - 0,
seFNK,N[0,x] seFNK,N[x,00)
where we used the asymptotic equicontinuity of the Z,,. |

Proof of Theorem 1.1: The claim is a consequence of 1 — F(x) = V(x)/V(0) and by analogy, we
construct the estimator using the adaptive isotonic estimator. Apply Slutsky’s Lemma together with
Theorem 2.1 (cf. Corollary 1 in Groeneboom and Jongbloed 1995) to get Theorem 1.1(a). To prove
Theorem 1.1(b), it is possible to follow the same steps as in the proof of Theorem 2.2 and show the
joint convergence, for all a, b € R:

P(ﬁ (769 - V() < 0 Vi (7a0) = V) < b)

- P(arg max {Zy(s) — as} < x,argmax {Zo(s) — bs} < 0)

seKy seKop
=Py <aly<b),

where in the last step we used the switch relation. Using again Slutsky’s Lemma with the above
convergence and the asymptotic independence of V,.(x) and V,,(0) (which follows from the fact that
Ky N Ky = @), we get claim. |

Appendix 2. Proofs complemental statements for the LAN expansion

Proof of Lemmma 3.1: 1t is enough to consider the case h; > 0 and hy > 0 (depicted in Figure 6
around x) and we prove in this case that Fj,, is non-decreasing for all n big enough. We check only
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around x on K}, as around 0 is the same. From (38), for any h, > 0, 3 N* such that V n > N*, all
x1,%2 € KF, x1 < x2: F(x2) — F(x1) > Fl og {3= xz} and therefore eventually:

Dy, (Fp, (x2) — Fp,(x1)) = F(x2) — F(x1) —

]’l2 1 [x—xz] ~0
o > 0.
Jnlogn 8 X=X

]
lanVS n
Lemma A.4: Let {(x) := fxoo %Jlfx“ dv, then
1 .
) =0 ifx>n, |Gx )’ )3/2+ﬁ if —n,<x<—0p
£ - i )| < — G| S —
sup x , sup x)| < ,  sup x)| < .
Gomal | f «/7 (amonl | N2 T n

Remark A.l1: Another more compact way of stating the above lemma is (cf. Golubev and
Levit 1998):

0, if x > 7y,
zx 1240 _1/2) , if 0y < x < s
G =10(5"7), if =0y <x <0 (A16)
O (Gu(=072) + 0 (1), if = < x < 6,
O(’?n 1/2), if x < —ny.

Proof: (1) Ifx > 5y, then clearly ¢, (x) = 0, due to the indicator function.
(2) If 9, < x < ny, using (46) and the triangle inequality:

() — =1 "L g /oo L g
xX) — — = ——dv— v
En Jx =0 x Vv —x v VWV —x
o0 o0 1 T
dv S/ ——dv = .
VAV —x . VAV — 1 /1

(3) If =0, < x < Iy, using (46):

In 1 © 1 © 1 T
n = d d ——dv = .
‘C (x)’ /(5n vV —x = /(5” YV —x = 5, VAV —0p Y Op
() =y < x < =00 J0) = [} 3 = A=) HY) = [ s dw

—6p 1

1n
) = x «/v—xdv+/ VAV — X

dv

1 1 Mn
= - - d
Aﬂ v(«/v—x «/—v—x) v —x V«/V—.X

S0 ()

Because H(00) = —J(0) = log (3 + 2+/2), we obtain

o= () o ()]
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1 on/=x 1 1 1 o0 1
B / LY (LI dv+ / dv
—=x \Uo v\JSr+1 J1—v m/—x VWV + 1
< On +L.
Y (=%

(5) Ifx < —ny, using the same reasoning as above:

1660 /’7"/"1( 1 1 )‘ )< 1og(3+2f)
o _f o v\ F1 - i
[ |

Proof of (48): Fixe > 0, using the triangle inequality, we can justlook separately at p € {0, x} (where
forj=1, p=0; for j=2, p=xand recall hj,,j = 1,2 as in (40)):

h “ hj,an,n (Zi - P)
o (s )= ( )
1=

8(Z) g(Z)
" Gn(Zi — p) Jnlogn
SEP( gz | )

Consider now the expansion in (45). Define

=12.

. 1
AX = {n_ZT’x <Zi—x< ﬂn}> (A17)

and analogously A:’. Now we can use (45) and, in particular, note that the term in (44) is the one of
greatest order. So if we show that for j= 1,2 and accordingly p € {0, x}:

nlogn
S i)

where A;’p is as in (A17), we obtain the claim. The above summation is zero for all n big enough

. L
because the indicator on A} requires 1/,/Z; — p to be bounded by n™? < ,/nlogn(C + o(1)), for

Vp > %, C> 0 and n big enough. Moreover the density of the observations on A;? is bounded away
from zero. u

n

Proof of Lemma 3.2: We will structure the proof as follows: first, we show that the expression inside
the parenthesis in (49) is mean zero, second, we show that by using the expansion (45) the term in
line (44) is the one that contributes to the normal behaviour (both around x and around 0) and lastly
we show that all the other terms converge to zero in probability. First note:

/00 /°° Xz,n(V—x)dV / / 220V —x) d dy — /°° 21 (v = X) &
o Ja 2g(2)\/v—z 2J/v—z 0 )
and it is immediate to see, using the definition of my,, and my, that
(e.¢] (o.¢]
Dy, my, = mo + hyp / Vviia) dv + hyy, / VVyan(v — x) dv. (A18)
0 0

This proves that the expression inside the parenthesis in the statement of Lemma 3.2 is mean zero.
Let kft be the mean of the term first term on the right-hand side of the equality in (44) multiplied

1/(2my,, /nlog n) and analogously E(:; the same mean with 0 instead of x. Define (independently of
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i and recall (40)):

—_ — hy s hin
k ::kx—}-EO:E‘ 7[ il li,x]—f‘E[ii’l i,],
" te 2mp, g(Z)NZi —x 2mp, g(ZHN'Zi Ay

where we used again the definition of Ai;p in (A17). Note that we just isolate the term k,, from the
centring (my, Dy, — mq)/(my,) which already contained it. We need to isolate k, for the next part

(note k,, = o(1)). Finally, denote by X, the asymptotic variance in (49). Using the fact that Dy, =
1 4+ o(1), we can prove that for h; ,, i = 1,2 as in (40):

n

i Zl Mn _yoop —E]wN(o =)
2my, S\ gZIVZ M gZyNZi—x M T

We apply the Lindeberg Central Limit Theorem. If we look at

2 72,'2 i [ hl,n 1 + h2,n 1 ]
s, = o e
oam = gV AT eI —x M

the covariance of the two terms above inside the parenthesis goes to zero because for all n sufficiently
large 1,01 4x = 0. Now we focus on the variance
1

Z h T hen?
>v 2 Losb = —2— +o(L). (A19)
— | /nlogn 2mp,g(Z)/Zi —x 8yxmgg(x)

Indeed using the i.i.d. assumption and leaving out the constants (h?7 %) /(4m3) (recall my,, /mg — 1),
we obtain that the left-hand side of (A19) is equivalent to

2
1 1 1 1
logn'~ [gZ(Z)(z —x) 1"’5] - (ﬁognE [g(Z)ﬁz = xl’*’é]) '

Now analyse the first term by taking limit in n. Using the continuity of g at x and that g(x) > 0,

together with 0 < 7, < 1,and , 2 W:

X+1n 1 1 1
lim —— / SR . (A20)
n—ooologn Jyi 1 z—xg(2) 2yx8(x)

nl/27x

1 fx+'7n 1
\/@ x+ﬁ Jz—x
ing and taking the limit. This proves the claim about the variance. Using the same relation (A19)
with 0 instead of x, we obtain

The second term converges to zero because: lim,—, dz = 0 just by integrat-

2.2 2.2
2 him hsm

s, = + o(1). (A21)
8y0m3g(0)  8yxmig(x)

Now we look at Lindeberg condition; define

T 1,ix 1,i0 _

B = ( 2 + u )—kn > €s,¢ .
2my,/nlogn \g(ZIVZi—x  g(Z)VZi
ThenV ¢ > 0,as n — 00, we show
2

1 <& Thyy, 1,0 ﬂhz)nlAi,x _
-S'E N " — ko) 15 | > 0. (A22)
S ; (2g(Zi)mhn\/Zi 26(Zymy NZi—x

By using the triangle inequality, the fact that k, = O(1/,/nlog 1), that from (A21) s, converges to a
constant, and that 1 i, /g(Z;) = 1,i»/g(p) + o(1), for p € {0, x} and all n big enough, we can work
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with the superset of B:

- ._[ lAlx 1A10 €2MoSn
T @0 T oIVZ =5 T GO +o())VZ | wlnlogm) 12

Since (k) = o(1), the term in (A22) involving (k,)? goes to zero. Alike, the cross-product terms
go to zero. So the only terms that matter are the squared terms. Thus we look at

o).

n
71,2

1
4’”% sﬁnlogan[ 2Z)(Zi — p) AxplC } for p € {0, x},

which are zero for all  sufficiently large as for all such n we have 1 ,: i Ige, =0.

Now we proceed with the last part of the proof and we show that all the terms that we did not
take into account in the computations above converge to zero by using the Bernstein inequality (see
for instance Pollard 1984 page 193). We will do it only for the terms deriving from (45) involving the
perturbation around x. The analogous terms deriving from the perturbation around 0 can be treated
in the same way.

To apply Bernstein’s inequality, we need to centre the random variables of interest. The means of
all the terms below are already contained in (my, Dy, — mg)/(mp, ) (as it was for ky), thus we only
need to isolate them for the next part. Recall also the assumptions on F and g (continuous at x and
0 and g(x) > 0,g(0) > 0).

(1) LetAl, := {-—bo < Zi—x < naand Y}, = O(n, *) (141 /g(Zi) — Bl /g(Z)) then V(Y}) =
O(1). Define
Vi= /Y.
Then /V(Y}) = 77,;1/2,/\/(?;;) and by the assumptions on g we have |Y!| < L bounded for
all n big enough, therefore V & > 0:
> e)

ZY’ >g) ( V()

VV(Yi)/nlogn |4 ZY

(ﬁ

-1
n _g%logn logn
o Yilse|<S2e ° (+OW"7W) - 0. (A23)
JV(Yi)/nlogn |i=1

. . Bl
() Let Ali= (-l <Z—x< b}, Yi=0(7)(1,/g(Z) —Ely /g(Z) then
V(Y!) = O(1). Define

~ 1 .
Y, =n Y.
. e = ~.
Then /V(Y}) = n*x,/V(Y}) and by the assumptions on g we have |Y}| < L bounded for

all n big enough, using the same steps as for the previous term in (A23) and because y, > %,

Ve>0:
2]0gn<1+ eLy/logn )7l
ZY’ >e)<2e o) o,
,/nlogn

. o(n=Y2rx o(n~Y2rx
() Let A= {m < Zi—x < —wtosh Vi= @Sty — B zin Ly, then
V(Y}) = O(1). Define

Vi=nmey
Then /V(Y}) = n¥x /V(Yi) and by the assumptions on g we have | Y/ | < L bounded for all

1y

n big enough, using the same steps as for the previous term in (A23) and because yx > 3,
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varepsilon > 0:

210gn<1+ eLy/logn )71
>e)<2e ow=tnvn ) s 0,

(o 2

(4) Let Al:= (Z—x < —n), and Y} = Ol ) (L /g(Z) — Bl /g(Z0) then V(Yi) =
O(n;l)(f(f 1/g(z) dz — x?) (using the assumptions on g we have fox 1/g(z) dz > 0). Define
Vi — gty

Then /V(Y}) = nzl/z,/V(Y’j‘) and by the assumptions on g we have |?:1| < L bounded for
all n big enough, therefore V & > 0:

2.1

n

2. Y

i=1

gzlogn (1+ eLy/logn

> e/nnlogn | <2e “”;l/zﬁ) - 0,

> &

O(’?n )
7 8) VV(Yi),/nlogn

n

(ﬁ

om

Jn V(¥

where a € (0,1) and 02 := [ 1/g(z) dz — x*.
(5) The last term can be treated identically to 1.

i
n

Proof of (51): Let Ail as in (A17). We are going to verify the conditions of Theorem 2.2.6. from
Durrett (2010) to prove

1 " 1 X+Hn 1 1
_ Z _ - n/ ——dzp — 0. (A24)
nlogn ~ g 2(Z)(Zi —x) ot e z—xg(2)
By (A20) we know how @ f;r"l”/lz = L p g(z) dz behaves; for this reason, if we show (A24), we get
nl/2¥x

the claim. We verify condition (i) of Theorem 2.2.6. in Durrett (2010):

n

1 g(Z) dz = 0,
{m {”n Si< 1/2x}>nlogn]

because the set over which we are integrating is empty for all # big enough. Now we check condition
(ii) of Theorem 2.2.6. from Durrett (2010) we have, using Leibniz integral rule together with de

L’Hopital rule and the fact that 5 - -+1> yx

1 X+1n 1
lim 7;1/ ————dz=0
n—o0 p2 log n Jer—1_ (z—x)?g(2)

nl/2yx

The above computations now yield (A24). By combining (A24) and (

2 . .
L, we obtain the claim. ]
amy

Proof of (52): Using (A18), the definition of h;,, i = 1,2 in (40), the fact that fooo V() dv =
O( /1) and that [ /vy (v — x) dv = O(1s):

2
(2252 oet) )
mp, D, nlogn nlog!™* (n)/~
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Now we look only at the terms derived from the perturbation around x (i.e. the ones for p = x), as the

one derived from the perturbation around 0 behave alike. It is enough to consider all the squared
terms in (R:¥)2. The ones that are at most O(y7,!), go to zero as %gnn) — 0, a € (0,1). The
remaining terms converge in probability to 0 by Bernstein’s inequality as in the proof of Lemma 3.2.

Proof of Lemma 3.3:

o v

Dy, \/logn

+ hy [y xon(v—x)dv h I x1n(v) dv _h Jo” x2n(v—x)dv F)
Dy, logn N Dy, logn Dy, logn

hi [y xun(v) dv

(Fn, (x) — F(x)) = Dy, logn

ogn ((1 = Dy, )FG) +

by 5 xnMdv by f§ 2o (v —x) dv
Dy, logn Dy, logn '

Now by using: [ x1,x(v) dv = (1 + 0(1)) log ™"/, [y, (v — x) dv = 0(1), [§' x1.n(v)d
v=—(14 0(1))logn1/270) and that fox x2n(v —x)dv = (14 0(1)) log n~1/272) the above for
all n big is equal to (using also 1/Dj, — 1)

h1 _ﬁ _ h2
= m(l +0(1))(F(x) — 1)logn Dih,, logn (o(1))F(x)

hy T hy 1|51 Fx)
+ ———(1+o()logn 7 — —(1—F(x))— — =h' |2 :
D, logn( ) log 2yo( ) 2 L

n

Proof of Theorem 1.2: Because for any neighbourhood in supremum norm of F there exists n € N
such that the ‘least favourable’ perturbation Fj,, (cf. (39)) is in such neighbourhood, the expression
in (7) is lower-bounded by the expression in (42) (cf. p. 117 in van der Vaart 1998). |
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