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SUMMARY

This thesis develops high-performance numerical methods for convex optimization, vari-
ational inequalities, and game theory, targeting computational bottlenecks in modern
large-scale systems. By leveraging the underlying mathematical structure of these prob-
lems, this work bridges the gap between abstract operator theory and real-time control
and strategic decision-making applications.

The first core contribution focuses on accelerating first-order methods for smooth
and nonsmooth convex optimization. We introduce adaptive step-size rules and cou-
pled smoothing-momentum techniques that achieve optimal convergence rates. These
methods are designed to exploit problem structure, ensuring computational efficiency
and enabling fast convergence without requiring prior knowledge of global problem pa-
rameters.

Extending beyond single-agent optimization, the research adopts the framework of
variational inequalities to address complex equilibrium problems. We propose projection-
free algorithms and specialized splitting methods for settings in which traditional pro-
jection operators are computationally expensive. This unified approach enables efficient
computation of equilibria in dynamic games and distributionally robust models, where
decision-makers must account for both strategic interactions and data uncertainty.

The practical relevance of these developments is demonstrated through real-world
applications and the introduction of an open-source computational toolkit. Collectively,
these contributions provide a scalable and robust framework for fast, structure-aware
decision-making in complex multi-agent systems.
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SAMENVATTING

Deze thesis ontwikkelt hoogwaardige numerieke methoden voor convexe optimalisatie,
variationele ongelijkheden en speltheorie. Het doel is om de computationele knelpun-
ten in moderne, grootschalige systemen weg te nemen. Door de onderliggende wiskun-
dige structuur te benutten, slaat dit werk een brug tussen abstracte operatortheorie en
toepassingen in realtime sturing en strategische besluitvorming.

De eerste kernbijdrage richt zich op het versnellen van first-order methoden voor
gladde en niet-gladde convexe optimalisatie. We introduceren adaptieve stapgroottere-
gels en gekoppelde smoothing-momentum technieken die optimale convergentiesnel-
heden bereiken. Deze methoden benutten de probleemstructuur optimaal, waardoor
ze efficiént en snel convergeren zonder dat voorafgaande kennis van globale parameters
nodig is.

Daarnaast kijkt het onderzoek verder dan enkelvoudige optimalisatie en gebruikt het
raamwerk van variationale ongelijkheden om complexe evenwichtsproblemen op te los-
sen. We stellen projectievrije algoritmen en gespecialiseerde splitting-methoden voor
voor situaties waarin traditionele operatoren te zwaar zijn voor de rekenkracht. Deze
aanpak maakt het mogelijk om efficiént evenwichten te berekenen in dynamische spel-
len en distributioneel robuuste modellen, waarbij rekening wordt gehouden met zowel
strategische interacties als data-onzekerheid.

De praktische relevantie blijkt uit diverse praktijktoepassingen en de introductie van
een open-source toolkit. Samen vormen deze bijdragen een schaalbaar en robuust raam-
werk voor snelle, structuurbewuste besluitvorming in complexe multi-agent systemen.

Xiii






INTRODUCTION

Optimization has become a central mathematical discipline for analyzing, designing,
and controlling modern systems. The rapid growth of data-driven control, networked
infrastructures, and large-scale computational tools has dramatically increased both the
scope and complexity of optimization problems encountered in practice. Whether in
machine learning, signal processing, economics, control theory, or scientific modeling,
one rarely encounters a closed-form solution or a single-step computation. Instead, one
works with iterative methods, equilibrium models, and layered decision processes where
optimization serves not as an isolated task but as an underlying operational principle.
A useful starting point is the classical formulation of a smooth convex minimization

problem,

min f(x), (1.1)

xeR"

where f is convex and continuously differentiable with a Lipschitz continuous gradient.
This problem captures a wide range of canonical models: least squares estimation, gen-
eralized linear models, regression problem, maximum entropy formulations, and more.
Classic methods such as gradient descent, accelerated gradient techniques, and quasi-
Newton schemes form the standard algorithmic tool for solving problem (1.1). Their
appeal stems from a transparent convergence theory, modest memory footprint, and
scalability to high dimensions. Despite their conceptual simplicity, convex problems re-
flect a deeper theme that permeates modern optimization: structure matters.

When the function f is well-conditioned, possesses particular curvature properties, or
decomposes across coordinates, significant performance gains can be achieved. Con-
versely, when these properties fail, classical methods exhibit slow convergence or nu-
merical instability. In this thesis, we aim to leverage the local structure of the underlying
objective function in optimization problems and incorporate this structure into classical
methods to enhance their efficiency.

1.1. PROBLEM DESCRIPTION
Next, we briefly describe the types of optimization problems considered in this thesis.
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1.1.1. FROM SMOOTH TO COMPOSITE MODELS

In many applications, smooth formulations are insufficient because the underlying prob-
lem exhibits intrinsic non-smooth structure. Rather than viewing non-smoothness as an
obstacle, modern optimization theory embraces composite structure as a modeling ad-
vantage. A broad class of problems takes the form

min F(x):= f(x) + g(x), (1.2)
xeR”

where f is smooth convex and g is proper, convex, and possibly non-differentiable. Typ-
ical choices of g include:

* Sparsity-promoting penalties (e.g., £1 norm),

* Low-rank inducing norms,

* Indicator functions of constraints,

* Separable terms enabling distributed computation.

Composite models unify a diverse collection of problems: Lasso and elastic net regres-
sion, total variation denoising, logistic regression with constraints, projection problems
in imaging, and numerous machine learning regularizers.

A key insight is that the non-smooth component g can often be handled by evaluat-
ing its proximal operator,

proxg(v):z argmxin{g(x)+%||x—v||2}. (1.3)

This operator enables attractive splitting schemes that alternate between handling the
smooth part through gradient evaluations and the non-smooth part through proximal
steps. Proximal gradient descent, forward-backward splitting, Douglas—Rachford split-
ting, and ADMM are prototypical examples. Each of these algorithms can be viewed as
an instance of a more fundamental operator-theoretic principle, which becomes central
later in this introduction.

1.1.2. NON-SMOOTH OPTIMIZATION AS A MODELING NECESSITY
Non-smooth convex optimization is not merely a technical extension; it is fundamental
to modern modeling. To illustrate, consider the a constrained regression problem,

1
min{—||Ax—b||2+)L||x||1+ng(x)}, (1.4)
xeR” | 2

where f(x) = Allx|l; and h(x) = tg- denote norm-1 regularizer and the indicator of a con-
vex feasible set &, respectively. Even this ostensibly simple model blends smooth terms,
sparse regularization, and hard constraints, classical smooth and composite optimiza-
tion tools alone cannot handle such structure. Particularly, the rich structure of nons-
mooth problems highlights two emerging philosophical shifts in optimization:

1. A problem should be solved in a way that respects and exploits its structure.
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2. Algorithms should accommodate inexactness, irregularity, and equilibrium be- 1
haviour.

Several studies have been devoted to developing methods for computing the prox-operator
(1.3) of a sum of two (multiple) functions, see the recent work [1], [2], [3] and the refer-
ences therein. These methods typically provide various assumptions under which we
have

PIoXy, j, = ProxXy o proxy, (1.5)

“w.»

where “o” denotes the mapping composition. However, these conditions are still restric-
tive, and the prox-operator of the sum of two prox-friendly functions may not have a
closed-form solution and may be in general computationally demanding (e.g., sparse re-
gression and semi-definite programming). Motivated by this, recent works adopt meth-
ods, e.g., smoothing techniques, designed to handle multiple nonsmooth terms. In (1.4),
both functions f and & are possibly nonsmooth but prox-friendly.

1.1.3. VARIATIONAL INEQUALITIES: A UNIFYING FRAMEWORK
Beyond minimization problems lies a broader class of models: variational inequalities
(VIs). A VI seeks x* € & satisfying

(F(x™),x—x")+gx)—g(x*)=0 VxeX%, (1.6)

under the standard assumptions that & < R” is a closed, convex set; F: R" = R" is a
(generally set-valued) monotone and Lipschitz operator, g is a proper lower semicon-
tinuous (Isc) convex function, and the solution set of (1.6) is nonempty. Variational in-
equalities generalize optimality conditions of convex optimization, saddle-point prob-
lems, Nash equilibria, and implicit dynamic models.

As an example, consider the composite minimization problem (1.2), where f is a convex
and smooth function and g is a proper Isc convex (and possibly nonsmooth) function.
Via the KKT conditions, this problem can be written as (1.6) with F = Vf and the same
g in (1.6) [4]. Another common problem in optimization and control theory is the min-
max problem. For example, consider the convex-concave saddle point problem:

min max g1 (y) + f(y,2) — g2(2),

YER™ zeR™
where g1 and g» are proper Isc convex functions and f(y, z) is a smooth convex-concave
function in y and z, respectively. By using first-order optimality conditions, we can
rewrite this problem as in (1.6) with the following variables:

e=(2), e[ T

_VZf(J’rZ))' gx) =g1(y) + §2(2).

Furthermore, in many applications of reinforcement learning and game theory, we need
to solve a fixed-point problem. For instance, Markov decision processes (MDPs) are a
powerful modeling framework in reinforcement learning, where we should solve a fixed
point problem, Tx = x, for some finite dimensional operator T, that is (1.6) with F =
Id—- T and g(x) =0 [5].
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1 This connection bridges convex optimization and monotone operator theory: many
widely used optimization algorithms can be reinterpreted as methods for solving (1.6).
Examples include:

* (adaptive/accelerated) Forward-backward method;

* Douglas-Rachford splitting method;

* Extragradient and mirror-prox methods for VIs;

 Projection-free (Frank-Wolfe) method for strongly monotone VIs;

Thus, VIs act as a conceptual umbrella under which classical minimization, compos-
ite optimization, and equilibrium modeling can be jointly analyzed.

1.2. OUTLINE AND CONTRIBUTIONS

The thesis is composed of three parts. We present the focus of each part and a summary
of each chapter next, while a schematic representation of the thesis structure is depicted
in Figure 1.1.

1.2.1. PART I: FAST CONVEX OPTIMIZATION

In the first part of this thesis, we focus on the optimization of convex functions. We be-
gin with smooth and composite optimization in Chapter 2, where we introduce a new
line-search first-order method for solving this class of problems. Next, in Chapter 3, we
consider more general fully nonsmooth convex optimization problems using smoothing
techniques. The detailed contributions of these chapters are as follows:

Chapter 2: We present our contributions on a novel linesearch method for stepsize se-
lection in solving smooth and composite problems (1.1)—(1.2) using (accelerated) first-
order gradient descent. This chapter is based on work by R. Rahimi Baghbadoranio,
S. Grammatico, and P Mohajerin Esfahani, “A New Line Search for Accelerated Compos-
ite Minimization” [6]. The main contribution of Chapter 2 are summarized as follows:

1. New linesearch for convex composite minimization. Following the same spirit of
the adaptive stepsize and linesearch rules, this study proposes a novel stepsize rule
without the knowledge of the global smoothness constant for solving convex com-
posite minimization problems (Figure 2.1). Using a Lyapunov-based argument, we
show that the proposed rule enjoys the optimal worst-case complexity bound of
©(k™!) and @ (k~2) in both cases of nonaccelerated (Section 2.1) and accelerated
(Section 2.2) algorithms, respectively. These results are developed for a general
class of composite convex functions and are optimal in the sense that they match
the theoretical lower bounds of the class of first-order algorithms for this class of
functions.

2. Numerical results with applications in operations research. We numerically bench-
mark the performance of our proposed algorithms against state-of-the-art meth-
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ods across three major problem classes: (i) smooth minimization (logistic regres-
sion, quadratic programs, log-sum-exponential), (ii) composite minimization (¢, -
regularized least-squares, ¢;-constrained least-squares, and ¢ -regularized logis-
tic regression), and (iii) non-convex minimization (cubic minimization), see Sec-
tion 2.3. These classes cover a wide range of operations research and management
applications, including portfolio optimization, discrete choice models, classifica-
tion and demand modeling, combinatorial decision frameworks, sparse recovery,
feature selection, and trust-region type algorithms.

Chapter 3: We propose an adaptive accelerated smoothing technique for a nonsmooth
convex optimization problem, where the smoothing update rule is coupled with the
momentum parameter. We further extend the approach to cases where the objective
function is the sum of two or more nonsmooth functions, which are widely used in
optimization-based control, system identification, and machine learning. This chapter
is based on R. Rahimi Baghbadoranio, S. Grammatico, and P. Mohajerin Esfahani, “Lo-
cally Linear Convergence for Nonsmooth Convex Optimization via Coupled Smoothing
and Momentum” [7]. The main contributions of Chapter 3 are summarized as follows:

1. Global optimal sublinear convergence: We introduce an algorithm with an adap-
tive smoothing parameter coupled with the momentum term (Alg. 1). When the
smoothing rule is modified to stay away from zero, we provide a global sublin-
ear convergence rate of & (1/¢) that matches the optimal worst-case complexity
bound for optimizing this class of nonsmooth functions (Theorem 3.2.3).

2. Locally linear convergence: When the nonsmooth term f(x) meets a so-called
oo-locally strong convexity condition, we show that Alg. 1 enjoys a local linear con-
vergence rate (Theorem 3.2.4). Combined with the global convergence result from
the previous section, this implies that an appropriate initial condition for Alg. 1
ensures a transient optimal sublinear convergence rate followed by an asymptotic
linear convergence rate.

3. Multiple nonsmooth terms: The proposed algorithm allows for multiple non-
smooth terms. Such settings can be computationally challenging as the “prox-
friendly” property, a key feature in nonsmooth optimization, is not necessarily ad-
ditive (see Section 3.1.1). Important applications falling into this category include
model-free fault diagnosis, nonsmooth model predictive control, sparse regres-
sion and sparse semidefinite programming, which are the examples investigated
in our numerical section to validate the performance of our proposed algorithm
(Section 3.4).

1.2.2. PART II: FAST EQUILIBRIUM SEEKING

In the second part of this thesis, we study a broader class of optimization problems,
namely variational inequalities. Chapter 4 introduces a projection-free method for solv-
ing strongly monotone variational inequalities. Chapter 5 then analyzes applications of
variational inequalities to linear—quadratic dynamic games and iterative solution meth-
ods, with particular emphasis on splitting techniques. Finally, Chapter 6 investigates the
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formulation of Wasserstein distributionally robust Nash equilibrium seeking as a vari-
ational inequality problem. The detailed contributions of each chapter are presented
below.

Chapter 4: We study variational inequality problems and propose a projection-free method
for solving strongly monotone VIs, suitable for settings in which projection evaluations
are costly. This chapter is based on “A Frank-Wolfe Algorithm for Strongly Monotone
Variational Inequalities” [8]. The main contributions of Chapter 4 are summarized as
follows:

1. Projection-free method in variational inequality: Following the footsteps of the
accelerated Nesterov’s technique for solving strongly monotone variational inequal-
ities [9] and the FW algorithm for solving saddle point problems [10], we propose a
novel accelerated algorithm with FW method as an oracle for solving the strongly
monotone VIP and provide a non-asymptotic convergence rate (Remark 4.2.3).

2. Numerical justification (case study: Traffic Assignment Problem): To validate
the theoretical results and efficacy of projection-free methods in solving strongly
monotone VI’'s, we implement the proposed method in the traffic assignment prob-
lem, an important application in transportation and operation research [11], [12],
[13], where the complexity of the problem (the corresponding set) increases expo-
nentially with the number of variables (Section 4.3).

Chapter 5: We first study constrained linear dynamic games with quadratic objectives
and formulate them as affine variational inequalities. Moreover, we propose a split-
ting method to solve the resulting variational inequality and benchmark its performance
through numerical experiments in an automated-driving scenario. This chapter is based
on R. Rahimi Baghbadoranio, E. Benenati, and S. Grammatico, “A Douglas—Rachford
Splitting for Solving Monotone Affine Variational Inequalities in Linear-Quadratic Dy-
namic Games” [14]. The main contributions are summarized as follows:

1. Affine variational inequality for open-loop Nash equilibrium: We define a strongly
monotone affine VI whose solution, under suitable assumptions, yields an infinite-
horizon open-loop Nash equilibrium of a linear-quadratic dynamic game (Lemma
5.1.5). We show that a closed-form solution exists when the initial state lies in a
neighborhood of the origin.

2. Douglas-Rachford spilliting method: Leveraging the linear structure of the VI, we
develop atailored iterative solver based on the Douglas—Rachford splitting method
and establish linear convergence for the corresponding affine VI (Section 5.2).

3. Intersection dynamic game: We adopt the proposed splitting method to com-
pute the control inputs of a receding-horizon controller derived from a VI formu-
lation of a linear—quadratic dynamic game. The numerical case study considers
autonomous vehicles crossing an intersection while maintaining safe distance and
speed (Section 5.3).
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Chapter 6: We show that heterogeneous Wasserstein distributionally robust Nash games
with private data reduce from an infinite-dimensional formulation to a finite-dimensional
Nash equilibrium. The resulting problem admits an equivalent finite-dimensional vari-
ational inequality with matching solution sets. The content of this chapter is based on
G. Pantazis, R. Rahimi Baghbadoranio, and S. Grammatico, “Nash equilibrium seeking
for a class of quadratic-bilinear Wasserstein distributionally robust games” [15]. The key
contributions of this chapter are outlined below:

1. Heterogeneous Wasserstein distributionally robust game: We analyze heteroge-
neous data-driven Wasserstein distributionally robust games with quadratic-bilinear
agent costs. Each agent behaves selfishly, optimizing an individual objective de-
pendent on a private uncertain parameter. By allowing agents to form personal-
ized ambiguity sets with distinct distributions and Wasserstein radii, we generalize
classical optimization-based models to a fully game-theoretic setting. This frame-
work yields solution sets that can differ substantially from those obtained under
common ambiguity sets in prior work (Theorem 1).

2. Scalable robust Nash equilibrium reformulation: We reformulate the game as a
robust Nash equilibrium problem and establish its relationship to the correspond-
ing distributionally robust Nash equilibria. For this class of games, we show that
the inner maximization can be solved without epigraphic variables, avoiding un-
shared coupling constraints and reducing computational complexity. This leads
to, to our knowledge, the first data-scalable distributionally robust game reformu-
lation that directly exploits problem structure (Proposition 6.2.7).

3. Variational inequality solution methods: The robust Nash equilibrium problem
is further recast as a variational inequality (VI). Unlike analogous optimization
settings where monotonicity may hold, the resulting mapping is generally non-
monotone due to heterogeneous ambiguity sets and cost functions. Nonetheless,
we show that the problem can be solved efficiently using aGRAAL and a hybrid
variant, which exhibit near-linear convergence in several cases and remain stable
as sample size grows. We demonstrate the practical value of this approach on a
portfolio allocation game incorporating market uncertainty and behavioral inter-
actions (Section 6.3).

1.2.3. PART III: APPLICATION TO MULTI-AGENT OPTIMIZATION AND CON-
TROL

This part consists of Chapters 7 and 8, which present the use of optimization problems

and related computational methods to model and solve real-world applications. We also

introduce a Python package implementing several iterative methods for monotone vari-

ational inequality problems.

Chapter 7: We introduce a bilevel optimization framework to model an embedded-
oriented Energy Community Management (ECM) architecture that maximizes shared
energy, minimizes individual costs, and enhances overall economic benefits. By refor-
mulating the upper- and lower-level problems via their KKT conditions, we develop a
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modified ADMM algorithm with Nesterov acceleration to achieve faster convergence.
This chapter is based on G. Ferro, S. Grammatico, L. Parodi, R. Rahimi Baghbadoranio,
and M. Robba, “An embedded accelerated decentralized optimization algorithm with
application to energy communities” [16]. The main contributions of Chapter 7 are sum-
marized as follows:

1. Decentralized ECM: We propose a decentralized ECM formulation that jointly
maximizes shared energy and minimizes individual user costs, balancing collec-
tive welfare and economic efficiency within renewable energy communities (RECs),
see Section 7.1.

2. Accelerated privacy-preserving ADMM: We design a fast, privacy-preserving ac-
celerated ADMM algorithm for the QP-reformulated ECM problem, ensuring rapid
convergence, scalability, and confidentiality while remaining compatible with low-
resource embedded platforms (Section 7.2).

3. Embedded real-time implementation: We provide an embedded implementa-
tion with experimental validation on low-power microcontrollers (ODROID-N2L
and H3+), demonstrating deterministic computation times, high numerical accu-
racy, and real-time applicability (Section 7.3).

Chapter 8: We presentmonviso (monotone variational inequalities solver), anovel open-
source Python package for solving monotone variational inequalities, and illustrate rep-
resentative use cases across control, optimization, and machine learning.

1.3. OTHER CONTRIBUTIONS AND CURRENT WORK

In addition to the works reported in Chapters 2—-8, we have also worked on the following
project during my PhD.

Inverse Game Theory: Ininverse optimization (I0), the objective is to recover the decision-

making process of an expert agent that, given an exogenous signal, produces a corre-
sponding action. A closely related challenge arises in equilibrium modeling, common in
game theory and transportation, where the model inputs are often difficult to estimate,
yet the equilibrium outcomes they generate are typically observable. This analogy mo-
tivates the use of 10 principles in equilibrium settings, where observable equilibria can
be exploited to infer underlying model parameters. By combining ideas from inverse
optimization with variational inequality theory, inverse game theory aims to recover the
structure of a game, in particular the objective functions of the players. Recent works [17]
study inverse (strongly) monotone variational inequalities associated with generalized
Nash equilibria and employ first-order loss functions, in both parametric and nonpara-
metric settings, to learn the pseudogradient operator corresponding to the players’ ob-
jectives. Advances in inverse optimization [18], [19], [20], motivate the adoption of more
efficient learning losses, such as suboptimality loss, to reduce computational complex-
ity and improve the accuracy of parameter recovery in inverse games. Moreover, existing
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nonparametric approaches [17] do not guarantee monotonicity of the learned pseudo-
gradient operator. Our goal is to develop a new nonparametric (kernel-based) frame-

work with statistical guarantees that ensures monotonicity of the learned operator while

enabling accurate and efficient estimation of the underlying game model.

Online Stackelberg Game: A class of games widely used in energy networks, economics,
and multi-agent systems is the Stackelberg game, where optimal decisions are made
sequentially: the leader commits to a strategy first, and the followers subsequently re-
spond optimally. Recent studies assume that the leader has access to the gradient of
the followers’ objective functions and therefore apply hypergradient-based first-order
methods to compute the leader’s optimal strategy [21]. In practice, however, the leader
typically lacks knowledge of the followers’ utility functions and strategy spaces. This lim-
itation motivates the zero-order methods proposed in [22], where the leader constructs
gradient estimators of the followers’ utilities using only function evaluations. Although
effective, these methods suffer from slow convergence and require a large number of it-
erations to approach the optimal strategy. A promising direction for improving efficiency
and convergence speed is to estimate the followers’ parameters from collected data us-
ing zero-order measurements, and then allow the leader to centrally solve an approxi-
mated problem within a local region. This hybrid approach can significantly accelerate
convergence while mitigating the limitations of purely zero-order optimization.
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IfI have seen further it is by
standing on the shoulders of Giants

Isaac Newton

Boris Poljak Arkady Nemirovsky Yurii Nesterov

This part builds on the foundational contributions of leading researchers in convex
optimization, notably Boris Poljak, Arkady Nemirovsky, and Yurii Nesterov. Their seminal
works have shaped the core concepts and methodologies discussed herein.






A NEW LINESEARCH FOR
ACCELERATED COMPOSITE
MINIMIZATION

The choice of the stepsize in first-order convex optimization is typically based on the smooth-
ness constant and plays a crucial role in the performance of algorithms. Recently, there has
been a resurgent interest in introducing adaptive stepsizes that do not explicitly depend
on smooth constant. In this chapter, we propose a novel linesearch stepsize rule based on
function evaluations (i.e., zero-order information) that enjoys provable convergence guar-
antees for both accelerated and non-accelerated gradient descent. We further discuss the
similarities and differences between the proposed stepsize regimes and the existing step-
size rules (including Polyak and Armijo).

We numerically benchmark the performance of our proposed algorithms against
state-of-the-art methods across three major problems classes of (1) smooth minimization
(logistic regression, quadratic programs, log-sum-exponential, and smooth max-cut re-
laxation) (2) composite minimization (¢ -regularized least-squares, ¢ -constrained least-
squares, and ¢ -regularized logistic regression), and (3) non-convex minimization (cubic
minimization). These classes include a wide range of operations research and manage-
ment applications such as portfolio optimization, discrete choice models, sparse classifi-
cation and feature selections, high-order optimization and trust-region subproblems.

15
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Thanks to its simple implementation, scalability and applicability, gradient descent
(GD) is arguably the most popular algorithm to efficiently solve large-scale optimiza-
tion problems, which finds a wide range of applications in operations research [23], [24],
[25], machine learning [26], [27], control and system identification [28], [29]. The main
challenge in using gradient descent is the choice of the right stepsize, which has a con-
siderable impact on the convergence speed. Several works have studied this choice, yet
either the fastest possible convergence rate cannot be guaranteed or an expensive line-
search at each iteration is needed [30], [31], [32], [33]. In this paper, we address these
issues by introducing a novel and simple linesearch method.

Let us consider the unconstrained convex minimization problem )rcxel[g’} f(x), where f

is a smooth convex function. The usual iterative algorithm is of the form
X1 = Xg + Ardy. (2.1)

where 1 and dj represent the stepsize and the descent direction, respectively. In the
last decades, many algorithms have been developed for choosing (Ax),.cp and (di) pen
in (2.1) either statically or adaptively. We review some classes of design choices in the
following.

A key object playing an important role in determining most of the existing stepsize
rules at the iteration xy. is the objective function along the update direction dy = -V f (x)
defined by

O () == flxp + Ady). 2.2)

When the function f is convex, then the scaler function ¢4 : R — R defined in (2.2) is also
convex. Several classical stepsize rules defined via ¢ in (2.2) are the following.

(i) GD with constant stepsize [32]: The simplest stepsize rule is the constant 1 =
1/L, where L is the so-called smoothness parameter (Lipschitz continuity of V f(x). The
convergence rate of the suboptimality f(x;)— f(x*) with the constant stepsize is @ (k™).

(ii) GD with exact linesearch [32]: Another classical stepsize is to find the optimal
stepsize minimizing the function ¢} along the direction dj is 1 = argminy ¢ (1) which
involves a scalar optimization problem that requires evaluation of the original function
f.

(iii) GD with approximated stepsize [32]: Due to the complexity of finding the step-
size by solving the exact linesearch minimization, alternative stepsize rules have been
proposed that only require ensuring an inequality such as ¢ (1) < ¢ (0) + c¢),(0) for
some predefined constant ¢ > 0. Among others, Armijo [34], Wolf, and strong Wolf line-
search [32] are backtracking linesearch methods falling into this category.

Armijo : dr(A) < pr(0) + clit(p;c(O), c1 €(0,1). (2.3a)
Wolf': L A) = c2¢7.0), ¢z € (c1,1) + Armijo condition. (2.3b)
strong Wolf : 1P} (D) < c2¢0.(0), ¢z € (c1,1) + Armijo condition. (2.3¢)

The suboptimality convergence rate of these algorithms is @(k™!). There are also sev-
eral stepsize rules approximating the smooth constant locally based on the zero-order
oracle’s information (i.e., the objective function evaluation) [31], [35], [36], [37]. In the
following, we review two important stepsize rules that fall into this category:
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(iv) GD with the Polyak stepsize [35]: One of the classic adaptive stepsize rules is
the Polyak stepsize, which uses the zero-order oracle’s information at each iteration to
locally approximate the smooth constant of the objective function:

flxp) = f(x™)
IV f (xi) 17

Although the Polyak stepsize offers optimal convergence rates for GD (2.1) when the up-
date direction is set to dy = —V f(xy) [38], it cannot be applicable in problems where the
optimal function value f(x*) is not available. We will get back to the Polyak stepsize and
its relation to our proposed rule in Subsection 2.1.3 (see equations (2.18)).

(v) GD with adaptive stepsize [31]: Recently, the next adaptive stepsize has been
proposed based on the idea of approximating the smoothness constant locally:

- Xpe A
/lk:min{\/1+0k_1)Lk_1, 16k = Xie—1 } 0, = % 2.5)

2V f(xx) = Vf(xe-Dll Ak-1

p= (2.4)

The second term on the left-hand side of (2.5) represents this local approximation as
the inverse of the smoothness constant, while the first term ensures a required conver-
gence rate of this parameter. The theoretical sub-optimality convergence rate for the
stepsize rule (2.5) is ©(k™1), however, the adaptive (i.e., state-dependent) nature of (2.5)
has the advantage of (a) lifting the knowledge of the smoothness constant for the objec-
tive function, and (b) improving the practical convergence rate when the local smooth-
ness is smaller than the global constant one. Next, we consider methods with a dynamic
direction dj in (2.1). The update rules in this class of methods have an extra term, which
is called momentum, and allows the descent direction to have some inertia in the search
space [30].
(vi) AGD with constant stepsize [39]:

1+4/1+45% 1- i

k= » Yk = ’
ﬁ 2 ¥ ﬁk+1

A
i

where L is the smooth constant of f. The descent direction in this method uses previous
iteration values to accelerate the convergence rate, which is @ (k™2) for f(x;) — f(x*).

(vii) AGD with adaptive stepsize [31]: A heuristic version of adaptive stepsize (2.5)
for accelerated methods is also proposed in [31, Section 3]

. Ok-1 Ik — g1 Ak
Ak =min 1+ Ak-1, =
‘ { 2 2||Vf(xk)—Vf(xk_1)u} T
A =min { 1+ LA, ”Vf(xk)_vf(xk—l)”}’ 0, = Ay ,
) 2 2|[xk = Xpe—1 |l Ag-1
F \/1//1]{ vV Ak
£ V1AL \/Ak
1 Aje—
ﬁk( £ dk—l—(1+—)Vf(xk)+LVf(xk_1)).
k B Ak
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This adaptive rule presents promising numerical performance while there is no formal
theoretical guarantee explaining this interesting performance. This theoretical gap to-
ward accelerated techniques is one of the motivations of this study.

We also consider the composite minimization problem

min F(x) = min f(x) + k(x) (2.6)
XEX XeX

where f: & — Ris a convex and smooth function, and h: & — Ris convex and possibly
non-smooth but prox-friendly (technical details are postponed to Section 2.1). There are
several methods for convex composite minimization in the existing literature. Among
them, subgradient descent and mirror descent are two well-known classic methods that
suffer from slow convergence rate @ (k~1/?) [40], [41], [42], [43]. Following the seminal
works by Nesterov, one can exploit the structure of the nonsmooth part in the objec-
tive function and deploy a first-order accelerated method. ISTA and FISTA [44], which
are extensions of GD and NAGD, respectively, offer a faster convergence rate compared
to subgradient and mirror descent. However, these methods require knowledge of the
smooth constant associated with the smooth part, f in (2.6). Additionally, there are var-
ious backtracking techniques available to approximate the smooth constant, but they
often tend to be conservative, resulting in larger values than the actual smooth constant.
This conservatism can impact the convergence speed. The authors in [45], [46] propose
an algorithm that enjoys the local smoothness of f to determine the stepsize. However,
despite its simplicity and efficacy, the convergence guarantee is still the suboptimal rate
of @(k™1). More recently, the authors in [47] propose a fully adaptive stepsize with mo-
mentum acceleration and a convergence rate of @ (k~2). However, the algorithm requires
several hyperparameters, which may affect the performance in practice. Inspired by this,
we develop a hyperparameter-free algorithm for convex composite minimization prob-
lems (2.6) with the optimal theoretical convergence rate & (k~2) while maintaining a rea-
sonable level of computational complexity.

Contributions. Following the same spirit of the adaptive stepsize and linesearch
rules, this study proposes a novel stepsize rule without the knowledge of the global smooth-
ness constant for solving convex composite minimization problems. Using a Lyapunov-
based argument, we show that the proposed rule enjoys the optimal worst-case com-
plexity bound of 0 (k1) and @(k~2) in both cases of nonaccelerated and accelerated al-
gorithms, respectively. These results are developed for a general class of composite con-
vex functions and are optimal in the sense that they match the theoretical lower bounds
of the class of first-order algorithms for this class of functions. Our convergence results
are summarized in Table 2.1 where our update direction dj = —G{h(xk) is our gradient
mapping (see the definition (2.10) for more details concerning the gradient mapping).
Let us note that the results in Table 2.1 are reported for the general composite case (2.6).
If the nonsmooth term is 2(x) = 0, then the gradient mapping reduces to G{ h(x) =Vf(x).
In the rest of the introduction, we briefly discuss our proposed stepsize rule in this spe-
cial case of a smooth convex function and provide a geometrical illustration in compar-
ison with the existing rules reviewed above. Partial result: If f is a smooth and convex
function, our proposed stepsize rule is defined as

Aour = argmfx{ll rA) < %¢’k(om+¢k(/1)} 2.7)
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Table 2.1: Summary of the main results of this paper.

Algorithm Problem Stepsize rule Convergence rate
nonaccelerated (Theorem 2.1.3)  composite  ¢$(2A) < p(A) — 7L<G/{h(x),vf(x)) + %H Gﬁh(x)) I ok
nonaccelerated (Corollary 2.1.6) smooth P21 <p) + %([)’ (0) o™

accelerated (Theorem 2.2.1) composite  p(2A) < p(A) — )L(Gf{h (), Vf(x)) + %H G{h(x)) I Ok?)
accelerated (Corollary 2.2.2) smooth P21 = p(A) + %([)’ 0) G(k™?)
or(N)

o (") [Linescarch seps: |
| Exact A
| Armijo A

| Wolf
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@) ¢pr (). (b) Stepsize rules.

Figure 2.1: Geometric interpretation of different stepsize rules using ¢ (1) defined in (2.2).

where the function ¢y is defined in (2.2) and visualized in Figure 2.1a. Recall that in
the case of non-accelerated methods, the update direction is simply dy = =V f(x). We
emphasize that the proposed linesearch above only requires additional zeroth-order in-
formation, namely the objective function evaluation, while the first-order information
is the gradient of the function which is already computed in the previous step. Figure
2.1b illustrates a geometric interpretation of the proposed stepsize rule (2.7), together
with the existing literature reviewed in the preceding section. For further geometrical
interpretation, particularly in case of accelerated methods, we refer to [48].

The paper is organized as follows: In Section 2.1, we present the theoretical results for
the non-accelerated adaptive stepsize algorithm. Section 2.2 provides technical proofs
for the accelerated adaptive stepsize case. Some implementation techniques and illus-
trative examples to show the efficiency of our approaches are presented in Section 2.3.
Finally, the conclusion and further discussion are given in Section 2.4.

Notation. Let & be the finite-dimensional real vector space with the standard inner
product ¢:,-) and Zp-norm -1, (by Il I, we mean the Euclidean standard 2-norm). If fis
differentiable, then V f(x) represents the gradient of f at x. The function f is L-smooth,
or equivalently the gradient of f is L-Lipschitz, if for all x,y € R? one of the following
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inequalities is satisfied:

IV -V < Lix—yl, (2.8a)

L
f) < fO)+(VF), y—x>+§||x—y||2. (2.8b)

Furthermore, f is locally smooth if it is smooth over any compact set of its domain, see
[49, Chap. 2] for more details. The prox operator of a convex function h: & — R is
defined as

1
proxy,(x) = argmuin h(u) + 3 |l — x||2. 2.9)

A function is “prox-friendly” if the prox operator in (2.9) is (computationally or explicitly)
available. We also denote the gradient mapping of two convex functions f and & by

1
G, 1= 7 (x = proxy, (x - AV /(). (2.10)

where 1 is a positive scalar and has a stepsize interpretation. The gradient mapping is
available if f is differentiable and £ is prox-friendly.

2.1. NON-ACCELERATED ADAPTIVE STEPSIZE

We present our algorithm and its convergence analysis for the non-accelerated case in
this section. From a high-level viewpoint, the proposed rule follows the proximal gradi-
ent descent method with the difference in the choice of stepsize A, which depends on
the previous state and its gradient.

2.1.1. PRELIMINARIES

We first proceed with some assumptions and lemmas that will be used throughout the
paper. We note that the classical Cauchy-Schwartz and convexity inequalities are the
two useful tools in our analysis and most of the results build on the seminal works by
Nesterov [39] and Polyak [30]. The following assumptions hold throughout this study.

Assumption 2.1.1 (Convex regularity). The function F in (2.6) admits bounded level sets,
whereby the terms f(x) and h(x) are smooth and prox-friendly, respectively.

The next lemma indicates several properties of the composite minimization (2.6)
that are central to develop the algorithms in this paper.

Lemma 2.1.2 (Gradient mapping). Let G{ 5 (X) be the gradient mapping defined in (2.10)
for a smooth convex function f, a possibly nonsmooth function h, and a positive constant
AinR,.

(i) Stationary condition: The vector x is a minimizer of (2.6) if and only if G{ p(x)=0.

(ii) Convexity-like inequality: For all x, y in R% we have

h(x=AGL, () < h(y) = (G}, (0 = VF(0), y = (x = AG], ().
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(iii) Increment bound: Considering x* = x — )LG{ n (%), forany z € R? we have
Flr') = F(2) = (x* -3, V() =V () + 2 G, () - (i it — 2P+~ (xt - x-2))
- ' 2 An 21 A ' ’
(iv) Zero-order linsearch: Let the update direction dy = —G{h(x). If A satisfies
_ f A 2
Pk A) = Pi(A) = MGy, (), Vf(x) + 2 Gy, CNIIE, (2.11)

we then have (x* — x,Vf(x")-Vf(x)+ %Gﬁh(x)) <0.

Before providing the technical proof of the lemma, let us offer some insights into why
the above four statements will help us develop algorithms: The convex-like inequality
(ii) is a gradient mapping intrinsic characteristic that is particularly useful for control-
ling the increment of the original function F in (2.6) along the direction of dy = —G{ (%)
In both cases of the non-acceleration and acceleration approaches, the increment in-
equality (iii) is crucial in proving our convergence analysis. The increment bound (iii)
allows for the inclusion of a momentum term that emerges in the acceleration dynam-
ics. The first term on the right-hand side of (iii) is an unfavorable term which is often
targeted via the stepsize rule to remain negative. Checking the linesearch in (iv) guaran-
tees the negativity of this unfavorable term, which only requires additional zeroth-order
information of function F while the gradient (first-order) information of the gradient
mapping G{ ,, (%) has already been computed. This is a crucial feature, making a stepsize
rule computationally more useful in practice. We conclude this section with the proof of
the lemma.

Proof of Lemma 2.1.2. We provide the proof of each part separately as follows:

Part (i): Assume X is the minimizer of the composite minimization (2.6). Then, by the
definition of prox operator (2.9), we have the following equivalent implications

G{h(fc) =0 < X=prox, (2 -AVf(})) = @-AVf(X) - %€ A0h(%)

< —AVf(X) € A0h(X) < 0€V[f(X)+0h(X) < xis the minimizer of (2.6).

Part (ii): Let r = prox, (). By the definition (2.9) and the first order optimality condition,
we can write

1 1
r= argmrinh(r) + ﬁllr— t? < 0€dh(r)+ z(r —1) < t—-reldh(r). (2.12)
By defining u := x — AG{h(x) and w := x— AV f(x) we have
1
U=x- )LGf{h(x) =x- ﬂz(x — prox, , (x - /Wf(x))) =prox,, (x — AV f(x)) = prox(w).

Now, using (2.12), we can conclude: Gf{h(x) -Vf(x) e 6h(x—/1G{h(x)). Finally, using
convexity of i we can write

h(x—AG!, (X)) < h(y) ~(G), (x) = Vf(x), y — (x = 1G], (0)).
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Part (iii): By using the definition of F we have

F(x")=F(2) = f(x") + h(x") - f(2) - h(2)
= f(x—AG] ()~ f(2) + h(x~ AG/, (x)) - h(2)

Using the result of (ii) on the right-hand side of the above equality and the convexity of
Fyields

F(x")-F(2) < f(x~ AG] ) — f(0) +(Vf(x),x—2)—(G h(x) Vfx),z—(x— pres T
=(Vf(x- /IGM(x))x AG! () — x>+(G/1h(x)x z>+(Vf(x),/1GM(x)>

=" —x,Vfxh) - z<x+ - X%,x =2y +{(x—x",Vf(x). (2.13)
1
By adding and subtracting 1 (x* = x, x) in (2.13), we obtain

1 ¢ 1 1
F(x*)—F(z)s<x+—x,Vf(x+)—Vf(x)+EGM(x»— ﬁ||x*—x||2+I(x*—x,x—z) :

Part (iv): Replacing the definition ¢ (:) from (2.2) in (2.11) leads to

fx-2AG h(X))—f(x AGL () = /I(GM(X) Vf(x)>+ IIG h(x)ll2

Using the convexity of f on the left-hand side of the above inequality yields
(Vf(x— AGE 2 (0), X — 2067 10 — x+/1th(x)) el V) + - IIG h(x)ll

Considering the definition of x* in part (iii), we rearrange the above inequality and arrive
at

1
(Vf(x—AG), (x) - Vf(x) + —Gf{h(x), G/ (x)=0

= (Vf(x* )—Vf(x)+ G h(x)x —x)<0.

2.1.2. NON-ACCELERATED COMPOSITE MINIMIZATION

This section focuses on devising an adaptive stepsize rule for non-accelerated algorithms
(i.e., di = —G{h (x)) for the general class of composite functions (2.6). Next, we propose
our non-accelerated stepsize rule for the general composite minimization problem (2.6).
In this case, the zero-order linesearch (iv) is the driving force behind the proposed step-
size rule, after which we only need to apply the classic gradient descent update (2.1) with
di = —G{ »(X). This discussion is formalized in the next theorem.



2.1. NON-ACCELERATED ADAPTIVE STEPSIZE 23

Theorem 2.1.3 (Non-accelerated adaptive stepsize). Consider the function F in (2.6) as
a composition of a smooth function f(x) and a prox-friendly function h(x). Assume that
the sequence (xy) ey generated by the update algorithm (2.1) in which the direction and
stepsize rule are

{Ak—max{/leRJrIQbk(ZM <) - /L(G)Lh(xk) Vf(xk))+ IIG (xk))||2} (Alg. 1)

dk = _G/lkh(xk)‘

Then, we have the uniform stepsize lower bound Ay = 1/3L where L is the smoothness

D
constant of f. Moreover, we have the sub-optimality bound F(xy) — F(x*) < * where D is

a constant that only depends on the initial condition xy, the optimal solution x*, and the
smoothness constant L.

Proof. First, to show that Ay is bounded from below by 1/3L, we just need to show
that the condition in the stepsize rule always is satisfied by A = 1/3L. Considering
the smoothness of f, we can write the inequality (2.8b) for the pair (x, x*) where x* =

X— AG% h (x), which arrives at the two inequalities

F) < f) —(Vf(), Ath(x)>+ ||th(x)||2

F) < f) +(VF),AGL, (0) + % 1G], (112,
Adding the two sides of the above inequalities leads to
(G n (%), Vit - Vf(x)+L7LG (x)) =0, VAeR,, xeR". (2.14)
Due to the smoothness of ¢(-), the stepsize rule in Alg. 1 is satisfied whenever
(G, (0, V)~V + A G () =0,

which coincides with the inequality condition in (2.14) when A = 1/3L, showing that
the stepsize rule in Alg. 1 is always satisfied by choosing A = 1/3L. Next, we prove the
convergence of Alg. 1. By putting z = xj in the inequality (iii) we have

Ak ~f 2
Fltin) = Flxe) = =—21Gy (il (2.15)

Telescoping the above inequalities from k = 0 to k = co and using the fact that A = 1/3L
gives us

1 [e.°]
F(x®) = F(xo) < —— Y IG] , (xn)l1?
6Li% ™

According to Assumption 2.1.1 that F(x) has a finite minimizer, we conclude || G h (x®) )2 —
0 which shows the convergence from (i). To drive the rate of convergence we start from
(2.15) with z = x*.

1 *
F(Xg41) < F(x™ )—ﬁnxk-#l_xk" —/1—<xk+1 Xy X —X7) (2.16)
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1
By adding and subtractmg (xk+1,xk) and — (xk, X) terms and expanding the right-
Ak
hand side of (2.16) we have

* 1 * *
Flten) < Fee) o (e = 012 = e = 27 1) (2.17)
2Nk
Using (2.17) and the lower bound of 1%, we can write
Flvesn) < FG) + Ll = %12 = i = 27 1P)

Summing above inequality from k=1 to k = T gives us
T
Y (Feow = Fee)) < Lllxo = x* 12 = ey = x712) < Lilxo = %" 12
k=1

Because the sequence of F(x;) is nondecreasing, we can apply Jensen’s inequality to ar-
rive at

k _ k2
> (Feen = Fee)) < 210 - 1 = i = x* 1) < Hlixo 271" _ D

F(xy) - F(x™) i 2

1
k
O

Theorem 2.1 can be extended to a slightly more general setting where f is locally
smooth.

Corollary 2.1.4 (Locally smooth function). The sequence (xi) ey generated by (2.1) for
the direction and stepsize rule Alg. | ensures the boundedness of sequence and the sub-

optimality bound F(x;) — F(x*) < T where f is locally smooth function in (2.6).

Proof. This extension essentially indicates that the smoothness condition concerning
the term f reflected in the constant L is only required over a compact set. To this end,
we recall the proposed algorithm is monotone thanks to the inequality (2.15). That is,
f(xx+1) < f(xg) for all k, implying that the entire sequence of (xj) ey remains in the
sublevel set of {x e R" : f(x) < f(xp)}. Note also that the regularity condition in Assump-
tion 2.1.1 implies that the levelset of the objective function f is compact. This concludes
the desired assertion. O

Remark 2.1.5 (Approximate adaptive stepsize rule). The stepsize rule Alg. I involves a
scalar optimization problem. In practice, we use a simple backtracking method to ap-
proximate the optimal solution. To this end, we start with a initial 1y and scales it with a
coefficient C = (0,1) as

. A
A= max{AoC’ | $r(2A) = P (A) =~ MG, (xi, Vf ) + S NG, o), i € N}.

C
The above approximate solution is guaranteed to satisfy Ay = TR
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2.1.3. NON-ACCELERATED SMOOTH MINIMIZATION

In this subsection, we refine the result proposed in the previous subsection for (locally) smooth

minimization, i.e., h(x) = 0 in (2.6). Specifically, the analysis in Theorem 2.1.3 can also
be applied to a (locally) smooth minimization. Note that in the smooth case, G£ h(x) =
V f(x) and the linesearch in Alg. 1 is simplified to finding the largest A satisfying ¢(21) <

¢(A) + =¢'(0). The following corollary explain the results when we invoke Alg. 1 to mini-

mize the (locally) smooth function.

Corollary 2.1.6 (Convergence of smooth minimization). Lef the function F in (2.6) be a
smooth (i.e., h(x) = 0). Then, the stepsize rulein Alg. 1 reduces to (2.7) while ensuring The-
orem 2.1.3 results of the uniform stepsize lower bound Ay = 1/3L and the sub-optimality

bound F(x) — F(x*) < %

Comparison of different stepsizes regime: We close this subsection by highlighting a
common feature shared between the Polyak stepsize (2.4), Armijo stepsize rule (2.3a),
and our proposed stepsize rule (2.7). These three stepsizes, denoted by A, respect the
following inequalities

1 <L<}L<cf(yl)_f(y2)

3L 2L " T IviE (2183

where the points y; and y» potentially depend on x; and the stepsize A. More specifi-
cally, we have

Polyak (2.4) : Y1 = X, Yo =x7, c =1,
Armijo (2.3a) : VY1 =Xk, Yo =xx—AVf(xg), ¢ >1,
Our stepsize (2.7): y1 =xx—AVf(xr), ¥y2 =x—-2AVf(xr), ¢ =2.

(2.18b)

The common lower bound 1/(2L) in (2.18a) is well known for Polyak- and Armijo-type
rules. Our proposed rule in Theorem 2.1.3 instead achieves a lower bound of 1/(3L),
which is smaller than the bound of the existing linesearch rules. While larger step-
sizes are commonly expected to yield faster convergence, our numerical experiments
across multiple problem classes show that the proposed linesearch consistently outper-
forms existing methods. A possible explanation for this is that the theoretical bounds
are typically conservative: in realistic problems, the local geometry often permits step-
sizes much larger than those implied by the global smooth constant. Our linesearch pro-
cedure exploits this favorable curvature by accepting substantially larger steps in most
iterations, leading to faster objective decrease and fewer gradient/proximal evaluations
overall.

Notice that the optimal choice of the stepsizes is the upper bound of the admissi-
ble interval (2.18a). It is also important to note that in the case of Armijo (2.3a) and
our proposed choice (2.7), this upper bound also depends on A (see (2.18b)), making
the stepsize rule implicit. Finally, we wish to draw attention to the choice of the upper
bound between Armijo and our proposed approach in (2.18a): One can inspect that the
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proposed rule (2.7) looks one step ahead of Armijo in the direction of V f. This may ex-
plain why the proposed rule (2.7) performs numerically better, as it can approximate the
curvature of the function f by “looking one step further" than Armijo. Finally, it is also
worth noting that the recent work [31] offers an adaptive stepsize rule with the lower
bound 1/2L and an explicit upper bound (i.e., independent of 1) that depends on the
gradient of two successive iterations (see (2.5)).

2.2. ACCELERATED ADAPTIVE STEPSIZE

This section pertains to the analysis of convergence for update direction dj in acceler-
ated methods. The general form of our accelerated minimization algorithm is provided
in Alg. 2, which follows the accelerated proximal gradient descent method with the dif-
ference in the choice of stepsize A [39], [49], [50]. Differently from [39], [44], the stepsize
is not fixed, and in our numerical experience, it does not strictly decrease in many it-
erations, which partially explains the acceleration of the algorithm up to the optimal
theoretical bound @ (k~2).

Theorem 2.2.1 (Accelerated adaptive stepsize). Consider the function F in (2.6) as a
composition of a smooth function f(x) and a prox-friendly function h(x). The sequence
(x1) ke generated by (2.1) with the direction and stepsize rule

1+4/1+46% 1- i

ﬁk: 2 » Yk = ﬁk+1)x02xl»ﬁ1:0y .

A= argrilgé({)ll P21 = p(A) - )L(G{h(x),Vf(x)) +3 ||G£h(x))||2, A=Ak },
_ Ak—l 1 f Ak—l f

dp=-Yk (dek—l -1+ ,)/_k)G/lkh(xk) + /l—kGAHh(xk-l) .

(Alg.2)

ensures the uniform stepsize lower bound Ay = 1/3L and the sub-optimality bound F (x;)—
D/

F(x*) = — where L is the smoothness constant of f, and D' isa constant that only depends
on the initial condition x, the optimal solution x*, and the constant L.
Proof. The proof of a first proposition is the same as in Theorem 2.1.3. Specifically, ac-
cording to stepsize rule in Alg. 2, we should first check whether the previous 1_; satisfies
the linesearch condition. Since the inequality (2.14) holds for A = 1/3L (according to the
linesearch condition in Alg. 2), we have the guarantee that 1; = 1/3L. Regarding the con-

vergence analysis bound, in the first step, we invoke the increment inequality of (iii) in
Lemma 2.1.2 for two cases of z = y; and z = x*, which arrives at

1 1
Fis1) = F) < ———1¥k1 — Xell> = — (Vi1 — X Xk — Vi) (2.19a)
20k Ak

" 1 1 .
F(Yir1) = F(x™) < = ——1Ykr1 = Xk 1? = — (Vi1 — Xpo X — X7 (2.19b)
2N Ak

Let us define 8y := F(yx) — F(x*). Then, multiplying (2.19a) by B — 1, and adding the two
sides of the inequality to (2.19b) yields

1 *
ﬁk5k+1—(ﬁk—l)5k5——ﬁk IYka1 = Xkell® = — Vi1 — Xk BeXk — (B — Dy — x*).
2N Ak
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Multiplying the above inequality by A1 and considering ﬁiq = ﬁi — B and using the
fact that 1y < A;_;, we have

1 *
APl a1 — Ak-1P5_ Ok < —E(”ﬁk(J’kH = xi)I% + 2Bk (Vi1 — Xpe» Bk — (Be — Dyr — x >)-
(2.20)

The right-hand side of (2.20) can be equivalently written as

1Bk Va1 — X1 + 2Bk Vks1 — X BeXk — (B — Dye —x*) =

IBkYi+1 — B — Dyi — x* 12 = 1 Bxxx — (B — Dyr — x* 12
(2.21)

Substituting (2.21) into (2.20) and rearranging the inequality lead to
2 2 1 * 2 2
Mbids = A1 B0k = =5 (1Beyier = B = Dy =< I = Ui = (B = Dye =" I°).

(2.22)
Using the update rule of xj; on the right-hand side of (2.22) reduces to

BiVi+1— Br—Dyk = x* = Brr1Xks1 — Brsr = DYrr1 — X7, (2.23)
which is equivalent to

_ (=14 Pi+ Pr+1) 1- Bk
X1 = —————————Vk+1 +
Br+1 Brr1

By combining (2.22) and (2.23) and defining uy = Bixr — (Bx — 1) yx — x*, we obtain

V-

1
AkBidier = A1 By 8k = 5 (gl = s ). (2.24)

We note that the inequality (2.24) can be viewed as the so-called Lyapunov function as it
indicates that the term A ﬁié‘ k+1+ 211 1%/2 is monotonically decreasing in each itera-
tion. Summing inequalities (2.24) from k =1 to k = T, one obtains

1 1 1
ArBF6741 — Ao 501 < Sl I - 5||uT+1||2 < 5||u1||2.

2
Setting o = 0 in the above equation yields 741 < ” uTl ! 5. Finally, using Remark 2.1.5
T
and the growing rate of f; = k/2, we deduce the desired result
F(yra1) — F(x") = 6741 < 6L u)? D
Yr+1 =0T+1 = cTz ~ T2

O

We can refine the result proposed in Theorem 2.2.1 for smooth minimization, where
the non-smooth part, h, in (2.6) is k(x) = 0. In this case, G/{h(x) = Vf(x), and the line-
search in the stepsize rule Alg. 2 is simplified to find the largest positive scalar 1 that
satisfies ¢p(21) < p(A) + ’%(,b’ (0). This is formalized in the next Corollary.
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Corollary 2.2.2 (Accelerated smooth minimization). Letthe function F in (2.6) be a smooth
(i.e., h(x) = 0). Then, the stepsize rule in Alg. 2 reduces to (2.7) while ensuring Theorem
2.2.1 results of the uniform stepsize lower bound Ay = 1/3L and the sub-optimality bound

!/

.. D
Flxg) ~F() < 5.

2.3. NUMERICAL RESULTS

We illustrate the performance of our proposed stepsize rules Alg. 1 and Alg. 2 in three ma-
jor problem classes widely used in operations research, machine learning, and systems
and control:

1. Smooth functions, including the specific objective functions

(i) logistic regression, motivated by classification tasks in machine learning prob-
lems [51],

(ii) quadratic programming, motivated by portfolio optimization and resource
allocation problems [52], [53], [54],

(iii) log-sum-exp, motivated by discrete-choice modeling and entropy-regularized
transport, e.g., multinomial logit model and softmax demand models [55],
[56], [57], and

(iv) max-cut, abenchmark for combinatorial optimization and approximate semidef-
inite programming [58], [59], [60], [61].

2. Composite minimization, including the specific objective functions

(i) ¢,-regularized least squares, commonly used in high-dimensional statistics
for support recovery and in signal processing for sparse signal reconstruc-
tion [62], [63]),

(if) ¢;-constrained least squares, in sparse signal recovery with explicit coeffi-
cient bounds [64]), and (2-iii) ¢, -regularized logistic regression (sparse clas-
sification and feature selection, [65]).

3. Non-convex minimization, where we consider a cubic objective function relevant
to cubic-regularization in nonconvex optimization and trust-region subproblems [66],
[67].

Before presenting the numerical results, let us first start with a practical discussion
concerning the implementation of the approximate solution in Remark 2.1.5 for the
stepsize rule in Alg. 1. The backtracking in Remark 2.1.5 uses an initial constant 1 to
approximate the proposed stepsize rule in Alg. 1. On the one hand, if the initial A is too
large, it takes time to compute the desired stepsize satisfying linesearch condition. On
the other hand, a too small 1 deteriorates the convergence speed [32]. To address this
issue, we approximate the function ¢ in (2.2) via a quadratic function, denoted by ¢, and
suggest the desired Ay as its optimizer; see Figure 2.2 for a visual representation of this
approximation (cf. Figure 2.1b).
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(")

F(@) = 6u0)

flak-1) = f(zx) b1 (M)

0 \our o A

Figure 2.2: Initial choice of Ag at the (k+ 1) iteration.

For the approximate function ¢, we suggest the following criteria:
$(0) = (0),
$'0)=¢'(0), = Ag= argm/lin(’ﬁ(/l) =
$(0) —minp\) = f(xx_1) — f(xp)

2( Feoe-n) - fxo)
VEIE

Notice that the function ¢ is constructed in a way whose minimum value is f(xg_1) —
f(xx), i.e., the objective improvement of the last iteration.

To evaluate our performance, we compare our proposed algorithms with the follow-
ing methods from the literature: For the class of (1) smooth optimization, we consider
the gradient descent (GD) [32], Nesterov’s accelerated gradient descent (NAGD) [39], the
recent adaptive gradient descent (AdGD) and its heuristic accelerated version (AdGD-
accel) [31]. Respectively, for the class of (2) composite minimization, we consider the
nonsmooth counterparts including the proximal gradient descent (ISTA) and its acceler-
ated version (FISTA) [44], the adaptive golden ratio algorithm (aGRAAL) [46] and adap-
tive primal-dual algorithm (APDA) [45]. For (3) non-convex minimization, we use the
existing algorithms from the first class of (1) smooth minimization.

2.3.1. SMOOTH MINIMIZATION
This section includes four different classes of smooth functions:

(i) Logistic regression: Motivating with the classification problems [51], we consider
the logistic regression with quadratic regularization as follows:

1 N
min—Zlog(1+exp(—biaiTx))+gllxllz, (2.25)

xeR4 i=1

where N is a number of data, A = [a;|az]--|a,] € R4*N and {b,-}f.il € R are the features
of data, and y is a regularization parameter proportional to 1/N. In our experiments,
The test data is generated as follows: the matrix A € RV*V is generated randomly us-
ing the standard Gaussian distribution .#'(0,1), where we generate A with 50% corre-
lated columns as A(;, j +1) = 0.5A(, j) + randn(:). The observed measurement vector
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b is generated as b := Ax! +.4(0,0.05), where x is generated randomly using .4 (0, 1),
d = N =200, and we estimate the Lipschitz constant of the gradient by the closed-form
expression L = | A|?/N +y used in GD and NAGD as a stepsize. Figure 2.3a reports the
results where all algorithms are initialized at the same point chosen randomly.

(ii) Quadratic programming: Following recent works on portfolio and robust opti-
mization [52], [53], we examine the quadratic objective function

1
min-x' Bx+b'x, (2.26)
xeRd

where B € R%*4 > 0and b € R are given. This function is smooth with constant L = || B 2.
The parameters B and b are chosen in the same manner as in the previous part, with the
difference that B = AT A and b are normalized. Additionally, in our experiments, we set
d = 200. The results of minimizing this quadratic function are provided in Figure 2.3b
where all the methods are initialized at the same point. It is interesting to note that
the proposed stepsize rule for accelerated algorithms exhibits similar behavior to NAGD
with a comparative performance while outperforming other adaptive algorithms.

(iii) Log-Sum-Exp: In the context of discrete-choice modeling and entropy-regularized
transport [55], [56], [57], we consider the log-sum-exp objective function with regulariza-
tion

N
minlog| )" exp(aiTx— b)) |+ lexllz, 2.27)
xeRd i=1 2
where A = [aj]|az|---|a,] € RP*N and {bi}Y, € R are the problem data. The log-sum-exp
function is viewed as a smooth approximation of max, ga{a; x— b1, a, x—ba,++,ax—

bn}. This function can sometimes be ill-conditioned, making the minimization task par-
ticularly difficult for the first-order methods. The function is smooth with the smooth-
ness constant L = 0 ,4x(A") where 0 ,4x(AT) is a maximum singular value of AT. In
the experiment, we set N = d = 200, and A and {bi}ﬁ\i , are generated using a similar
approach as in the logistic regression part. The results of minimizing the log-sum-exp
function are depicted in Figure 2.3c where the proposed accelerated method demon-
strates superior efficacy compared to other algorithms.

(vi) Approximate semidefinite programming: Semidefinite programs are ubiquitous
in combinatorial optimization and control [58], [60], [68], graph theory [69], network
and communication [70]. Most of the problems in this class essentially deal with mini-
mizing the maximum eigenvalue of a matrix, which is a nonsmooth function of its vari-
able. A popular example falling into this category is the max-cut problem, whose &-
approximation with the regularizer 2 (x) reads as

n

mDiane(C+ diag(y) — (1, ) +nZ(x), f[f(X)= z—:log(z exp(}Li(X)/e)) R (2.28)
yer™ i=1
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(a) Logistic regression (2.25) (b) Quadratic programming (2.26) (c) Log-Sum-Exp (2.27)

Figure 2.3: The results for the class (1) smooth minimization. The first row shows the optimality gap, and the
second row shows the stepsize behavior.

where C is a constant matrix, 7 is a regularization coefficient, and f,(X) is the smooth
convex approximation of Apax(X). As shown in [59], the gradient of f;(X) can be com-
puted as
YL exp(li(X)/e)qiq]

Y exp(Ai(X)/e)

st(X) =

where g; is the it column of the unitary matrix Q in the eigen-decomposition QZQT of
X with eigenvalues A; = --- = 1,,. In addition, f;(X) is smooth with the smoothness
parameter 1/e. Figure 2.4 shows the simulation results of solving (2.28) for different
regularization coefficient n where the approximation level is £ = 107°. The matrix C is
also generated using the Wishart distribution with C = G'G/| Gllg, where G is a standard
Gaussian matrix [71], n =100, and Z(y) = || y|I>.

2.3.2. COMPOSITE MINIMIZATION

Motivated by sparse recovery and reconstruction problems [62], [63], [64], as well as
sparse classification and feature selection [65], we consider the following non-smooth
composite minimization formulations:

(i) /1-Regularized least square [62], [63]:

min || Ax — b3 +yllxll; . (2.29)
XER e O ——
fx) h(x)
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Figure 2.4: Approximate maximum eigenvalue (2.28). The first row shows the optimality gap and the second
row shows the stepsize behavior.

(ii) /,-Constrained least square [64]:

min{||Ax - b3 : I xll; < 1} = min | Ax - bl|5 + g, (0,1 - (2.30)
xeR4 XER e v
f) h(x)

(iii) ¢, -Regularized logistic regression [65]:

1 N
min — Y log(1 +exp(—b,-aiTx)) +ylxl;. (2.31)
xeRd N i=1 ~——

N J h(x)

RE)

The functions f(x) and h(x) represent the smooth and prox-friendly parts, respec-
tively. In the previous subsection, we explain the smooth parts and their smooth con-
stant. The prox-friendly term /(x) has a closed form solution provided in Table 2.2 where
6, B110,1], [']+, and © are indicator function, unit ball with 1-norm, positive part selector,
and elementwise product, respectively [72].

Table 2.2: Closed-form prox-operator of i(x).

h(x) Proxy,
ylixih Ty (x) = [|x] - ye], ©sign(x)
SBi10,1) Ppo(x)= min |y—x]|

Y€B10,1]
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In our simulations, we set N = d = 200, y proportional to 1/N, A=5-rand(n,n), and
b=rand(n,1), where rand (-) is uniformly distributed random numbers in the interval
(0,1). The results are provided in Figure 2.5. We wish to note that for the objective func-
tions (2.29) and (2.30), the proposed accelerated stepsize Alg. 2 has a competitive result
and similar behavior with the best performance FISTA [44] while in the case of (2.31)
outperforms all the other algorithms notably.

iter iter iter

——ISTA & FISTA
RAAL

——APDA
— g1

—

07 07 “
10° 10 10* 10* 10! 10" 10! 10° 10° 104 1 10t 1 10° 10

iter iter iter
(a) ¢1-Regularized least square  (b) ¢1-Constrained least square (c) ¢1-Regularized logistic
(2.29) (2.30) reg (2.31)

Figure 2.5: The results for the class (2) composite minimization. The first row shows the optimality gap, and
the second row shows the stepsize behavior.

2.3.3. NON-CONVEX MINIMIZATION:

We also test our algorithm in non-convex minimization. We consider the case of cubic
optimization that is useful in high-order methods and trust-region subproblems [66],
[67] which is defined as

1 M
min—xTHx+ng+—||x||3, (2.32)
xeRd 6
where the matrix H € R?*?, vector g € R, and scalar M > 0 are the problem data.

Note that in higher-order methods, the constant M has an impact on the convergence
rate [73]. Due to the cubic term, the function (2.32) is neither convex nor smooth. The
parameters g and H are the gradient and the Hessian of the logistic loss (2.25), respec-
tively, and are computed using the same data as in Subsection 2.3.1 ((i) logistic regres-
sion). We provide the simulations for different M with d = N = 200, and the results are
reported in Figure 2.6.

2.4. CONCLUSION AND FUTURE DIRECTIONS

This research proposes a new stepsize rule for non-accelerated and accelerated first-
order methods for convex composite optimization. The proposed approach provably
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Figure 2.6: Cubic regularization problem (2.32). The first row shows the optimality gap, and the second row
shows the stepsize behavior for different values of M.

achieves the convergence optimal rate of @ (k~?) for accelerated methods. Compared to
other stepsize rules, our proposed scheme is implicit but only requires zeroth-order in-
formation to compute a suitable stepsize. Possible extension to this work could be the
minmax problem [74], [75], [76], stochastic gradient descent optimization [77], varia-
tional inequalities [78], [79], [80], and non-convex optimization [45], [81], [82]. To miti-
gate the fact that the stepsize in Alg. 2 is non-increasing, one could re-initialize it finitely
many times after a predefined number of iterations. This technique is similar to the
restarted accelerated gradient method [43], [83], [84] and it is left as future work.

The authors of a recent work [85] demonstrate that iterations generated by Forward
Backward splitting methods, which include several variants (e.g., ISTA, FISTA), lie on
active manifolds within a finite number of iterations and enter a regime of local linear
convergence. However, their analysis are based on the standard assumption that the
stepsize belongs to [0,2/L]. Departing from this convention is one of the future areas of
interest. The authors in [85] also establish and explain why FISTA locally oscillates and
can be slower than ISTA under the same standard assumption A € [0,2/L]. We observe
similar behavior in our simulation results (Figures 2.3a, 2.5b, 2.6). Analyzing this behav-
ior for A > 2/L, which can also occur in our proposed stepsize rules, could be another
future direction.



LOCALLY LINEAR CONVERGENCE
FOR NONSMOOTH CONVEX
OPTIMIZATION VIA COUPLED
SMOOTHING AND MOMENTUM

Chapter 2 explores the analysis of methods for solving smooth and composite convex op-
timization problems. However, in many real-world applications, the modeling involves
multiple nonsmooth convex terms, for which classical methods are slow and algorithms
developed for smooth problems are not directly applicable. In this chapter, we propose an
adaptive accelerated smoothing technique for a nonsmooth convex optimization prob-
lem where the smoothing update rule is coupled with the momentum parameter. We also
extend the setting to the case where the objective function is the sum of two nonsmooth
functions. With regard to convergence rate, we provide the global (optimal) sublinear con-
vergence guarantees of O (1/ k), which is known to be provably optimal for the studied class
of functions, along with a local linear rate if the nonsmooth term fulfills a so-calllocally
strong convexity condition.

We validate the performance of our algorithm on several problem classes, includ-
ing regression with the ¢1-norm (the Lasso problem), sparse semidefinite programming
(the MaxCut problem), Nuclear norm minimization with application in model free fault
diagnosis, and ¢ -regularized model predictive control to showcase the benefits of the cou-
pling. An interesting observation is that although our global convergence result guaran-
tees O(1/k) convergence, we consistently observe a practical transient convergence rate of
O (1/k?), followed by asymptotic linear convergence as anticipated by the theoretical re-
sult. This two-phase behavior can be explained in view of the proposed smoothing rule.

35
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Objective functions with multiple nonsmooth terms are widely used in optimization-

based control, system identification and machine learning. The broad applicability of
these formulations across diverse domains calls for efficient algorithms capable of han-
dling nonsmooth optimization problems.
For instance, the authors in [86], [87] consider model predictive control (MPC) with non-
smooth ¢, regularizers to obtain sparse control inputs. The authors in [88] use combina-
tions of ¢; and Nuclear norms to model fault detection in model-free dynamical systems.
[89] employ ¢»—¢, and ¢1-¢, formulations for image restoration; [90] utilize the TV-¢;
model for image denoising; [91] apply the ¢;-¢; formulation to dictionary learning; and
[92] use Nuclear norms for low-rank matrix decomposition in graph neural networks
with an ¢; regularizer.

Motivating example. Consider the MPC formulation for a class of constrained linear
systems with uncertain state-delays [93, Eq. (1)]:

x(k+1) =Ax(k) + Agx(k — Ny (xi)) + Bu(k),
Ny(k) € [1,Nyl; x(i)=xi, Vie{-Nyg,...,0},

luill<@;, i€fl,...,m}, 3.1

where k is the discrete-time index, x € R" represents the system state, u € R™ is the
input vector, i@; are the input constraints, N;(k) is the uncertain time delay, possibly
varying with time, Ny is its upper bound, and the matrices A, Aq, and B define the system
dynamics.

Based on an artificial Lyapunov function, a stabilizing condition depending on the upper
bound of the uncertain state-delays, together with MPC, is presented in the form of a
linear matrix inequality as [93, Eq. (15)]:

min J(k) (3.2)
u(klk),...,u(k+N-1]k)

s.t. system dynamics and constraints (3.1),

P-N;Q; 0 (A+BK)T
0 Qu A} >0,
A+BK Ay p!

Y K
KT pu!

>0, Y,-jsaﬁ, Vi,je{l,...,m},

where, J is anonsmooth objective function that can include an ¢; regularizer, e.g., >_; | Au;ll1,
to enforce sparsity in input changes, allowing the controller to respond promptly to dis-
turbances and system variations [86], [87]. We emphasize that, the MPC problem in (3.2),
is complex due to the nonsmooth objective function and SDP constraints, and must be
solved at every sampling time.

This motivates fast optimization algorithms for nonsmooth convex problem of the
following class:

min F(x) = min f(x) + h(x), (3.3)
xeR" xeR"
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Table 3.1: Comparison of algorithms for minimizing nonsmooth convex functions.

Algorithm Smoothing technique  prox-friendly assumption Local linear convergence rate  Global convergence rate

Subgradient descent [40] X X X O/
Stochastic smoothing [101] X X X 01/€?)
Chambolle-Poc [90] X v X G(1/¢)
Nesterov’s smoothing [59], [96] v v X O(1/¢)

Variable smoothing [104] v v X G (log(1/¢e)/€)
Adaptive smoothing [105] v v X O(1/¢)

Proposed adaptive smoothing

(Theorems 3.2.3-3.2.4) v v v (under some assumptions) O(1/¢e)

where the functions f and h are proper, closed, convex, possibly nonsmooth, but prox-
friendly (to be made precise later in the notation section, see (3.4)). A particular subclass
of such problems is composite minimization in which one of these functions is smooth
(6], [44], [94]. While the composite minimization problem has been extensively studied,
the possibility of having multiple nonsmooth terms remains relatively unexplored. This
is primarily due to the fact that the summation of two prox-friendly functions is not nec-
essarily prox-friendly [1]. Let us emphasize that the most common algorithms, such as
subgradient [40], mirror descent [41], and bundle methods [95] often suffer from a slow
convergence rate of @ (1/e?) where ¢ is an apriori desired precision.

Following the seminal works by Nesterov [59], [96], one can exploit the structure of
the nonsmooth objective function to propose a smooth approximation and then deploy
a first-order accelerated method to find the optimizer of the smooth approximation [39].
Remarkably, Nesterov’s algorithm requires only & (1/¢) iterations to reach an € optimal
solution. Inspired by this approach, several works have tried to improve and enhance
the efficacy of smoothing algorithms in terms of complexity or to customize it for spe-
cific applications at hand [90], [97], [98], [99]. In [100], comparisons are made about the
advantages and disadvantages of smoothing techniques and proximal-type methods.
Based on [59], the authors in [101] utilize a stochastic smoothing technique to improve
the scalability of the algorithm for semidefinite programming problems. The smoothing
techniques in [102] improve the convergence speed in comparison with conditional gra-
dient algorithms. The authors in [103] study the smoothing technique for minimizing
the sum of three functions, where two of which are nonsmooth. The paper [104] studies
an adaptive smoothing algorithm with a convergence rate of ' (1/¢log(1/¢)).

The closest existing work to our study is the adaptive smoothing technique in [105]
that enjoys G(1/¢) complexity, which matches the worst-case bound offered by Nes-
terov’s algorithm. Table 3.1 summarizes the convergence results of this study and com-
pares them with those in the literature. Following the footsteps of Nesterov’s smoothing
technique, we propose a novel adaptive-smoothing technique where the smoothing pa-
rameter decreases with each iteration but as a function of the momentum, which retains
the same global convergence rate while improving the asymptotic performance.

Contributions: The contributions of our work are summarized as follows:

(i) Global optimal sublinear convergence: We introduce an algorithm with an adap-
tive smoothing parameter coupled with the momentum term (Algorithm 1). When
the smoothing rule is modified to stay away from zero, we provide a global sublinear
convergence rate of @ (1/¢) that matches the optimal worst-case complexity bound
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for optimizing this class of nonsmooth functions (Theorem 3.2.3).

(ii) Locally linear convergence: When the nonsmooth term f(x) meets a so-called co-
locally strong convexity condition, we show that Algorithm 1 enjoys a local linear
convergence rate (Theorem 3.2.4). Combined with the global convergence result
from the previous section, this implies that an appropriate initial condition for Al-
gorithm 1 ensures a transient optimal sublinear convergence rate followed by an
asymptotic linear convergence rate.

(iii) Multiple nonsmooth terms: The proposed algorithm allows for multiple nonsmooth
terms. Such settings can be computationally challenging as the “prox-friendly” prop-
erty, a key feature in nonsmooth optimization, is not necessarily additive. Impor-
tant applications falling into this category include model-free fault diagnosis, non-
smooth model predictive control, sparse regression and sparse semidefinite pro-
gramming, which are the examples investigated in our numerical section to validate
the performance of our proposed algorithm.

To validate the theoretical results of this study, we implement and compare the per-
formance of the proposed algorithm with different existing methods in the literature on
various classes of problems including regression with the ¢;-norm (the Lasso problem),
sparse semidefinite programming (the MaxCut problem), and Nuclear norm minimiza-
tion. Regarding the above contributions, an observation consistently confirmed by these
numerical results deserves attention.

An unexpected observation: The smoothness parameter has a direct impact on the
stepsize in accelerated algorithms, i.e., the smoother the function, the larger the step-
size. A general rule of thumb is that larger stepsizes lead to faster convergence, and with
that in mind, we would expect to see a slower convergence rate for coupled smooth-
ness parameters. It, however, turns out that this is not the case and the proposed adap-
tive smoothness parameter has a faster convergence rate of @(1/k?) for its transient and
asymptotic convergence of @(e~*), as opposed to the existing rate of @(1/k) [105]. This
two-phase behavior with these rates is also evident in the proposed smoothing rule (cf.
Lemma 3.2.2).

Roadmap. The paper is organized as follows: Section 3.1 reviews Nesterov’s smooth-
ing technique for solving nonsmooth minimization. We propose our adaptive-smoothing
algorithm in Section 3.2 and provide the technical proof of theorems in Section 3.3. Sec-
tion 3.4 benchmarks our algorithm in several applications.

Notation. R” shows the real vector space, we denote the standard inner product by
(,) and £p-norm by | - ||, (and by | - I, we mean the Euclidean standard 2-norm). If
f is differentiable, V f(x) represents the gradient of f at x. The function f is called L-
Lipschitz for some L > 0 if

Ifx)-fWI<sLix-yl, Vx,yeR"™

The function f is p-smooth if its gradient is y-Lipschitz, i.e., [Vf(x) =V f ()l < pllx-yI.
The convex function f is called p-locally strongly convex at x*, if there exists € > 0 so that
the function f(x) — gllxll2 is convex over the ball B.(x*). We call f co-locally strongly
convex if f is p-locally strongly convex for any p > 0. The Fenchel conjugate of f is
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defined as f* (x) := sup({x, y) — f (). The prox operator for function 4 is defined as
y

1
prox;(x) := argmuinh(u)+5||u—x||2. (3.9

A function is “prox-friendly” if the operator (3.4) is available (computationally or explic-
itly). We also denote the gradient mapping of two convex functions f and h by

1
G{h(x) = E(x—prox{h(x—(Vf(x))), (3.5)

where ( is a positive scalar and has a stepsize interpretation. The gradient mapping is
available if f is differentiable and # is prox-friendly.

3.1. STATE OF THE ART ON NONSMOOTH OPTIMIZATION

In this section, we review the current state of the art in smoothing nonsmooth functions
and discuss a possible challenge that may emerge in dealing with multiple smoothing
terms.

3.1.1. NESTEROV’S SMOOTHING TECHNIQUE

Consider a possibly nonsmooth convex function f that we assume to be prox-friendly
and L¢-Lipschitz continuous. A key object in smoothing techniques is the Moreau enve-
lope defined as

i 12
fu(x).—mymf(y)+2M||y x|=. (3.6)

The Moreau envelope is a smooth lower approximation of a function at every point,
ie, fu(x) = f(x) forall x € R”™. By definition, the objective function of the Moreau en-
velop (3.6) and the prox operator (3.4) are closely related, namely, the optimizer of (3.6)
is prox,, s (x). The following lemma indicates several known properties of the smooth ap-
proximation (3.6) that are central for algorithms in this context. For brevity, we skip the
proof and refer interested readers to [104] for further details.

Lemma 3.1.1 (Smoothness regularity). Let f,, be defined as in (3.6). Then, the following
holds:
(i) Dual reformulation: f},(x) = mzax{(x, zy—f*(2) - gllzllz}.
(i) Uniform bound: f,(x) < f(x) = fu,(x) + ng , Where Ly is the Lipschitz constant of f.
1
(iii) Gradient evaluation: V f,(x) = — (x — prox, f(x)) .
U
1
(iv) Smoothness: f,,(-) is —-smooth, ie., ||V f,(x) =V f ()| < illx— 7.
U
Lemma 3.1.1 paves the way to a power smoothing technique as follows: The uniform

bound (ii) allows us to choose a minimum value for the smoothing parameter so that the
smoothed function f,, remains in a desired ¢-vicinity of the original function f. Thanks
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to the smoothness result in (iv) and under the assumption that f is prox-friendly, one
can apply Nesterov’s accelerated algorithm using the gradient evaluation (iii) and opti-
mize f,,. The choice of Nesterov’s algorithm (Algorithm 0) is justified by the fact that it is
the fastest general convex optimization algorithm for smooth functions [39].

Algorithm 0 Nesterov’s accelerated method for 1/u-smooth functions [39]

Input: given initial conditions y; = x;, fo > 0, and smoothing constant p.
Vi+1 = Xk — ¢V fu(xy), with the stepsize { =y

X1 = =Y Vir1 + YiVk

1_
Brs1=3(1+/1+46%), vk = ﬁkik

This idea is first proposed in [96] in which the smoothness parameter is proposed to
be the constant u = 2¢/ Lfc where ¢ is an apriori desired precision. This yields an overall

complexity of O(1/¢) in terms of the precision parameter . More recently, [105] pro-
poses an adaptive version of the smoothing technique. Our proposed adaptive smooth-
ing technique also follows a similar spirit as in [105], but the key feature is to pair the
update rule with the momentum parameter of the accelerated method. Before proceed-
ing with that, we also wish to briefly comment on our motivation for another feature of
our proposed algorithm that allows for two nonsmooth terms.

Several studies have been devoted to developing methods for computing the prox-
operator (3.4) of a sum of two (multiple) functions, see the recent work [1], [2], [3], [106]
and the references therein. These methods typically provide various assumptions under
which we have

ProX;, j, = ProXy o proxy, 3.7

“«_»

where “o” denotes the mapping composition. However, these conditions are still restric-
tive, and the prox-operator of the sum of two prox-friendly functions may not have a
closed-form solution and may be in general computationally demanding (e.g., sparse
regression and semi-definite programming). Motivated by this, we develop our algo-
rithm so that it allows for two (multiple) nonsmooth terms, i.e., in (3.3) both functions f
and h are possibly nonsmooth but prox-friendly.

3.2. PROPOSED ALGORITHM AND CONVERGENCE ANALYSIS

This section presents the main algorithm of this paper and its global and local conver-
gence results.

3.2.1. ALGORITHM
The proposed method is given in Algorithm 1. The algorithm follows Nesterov’s accel-
erated method in Algorithm 0 with the difference in the choice of stepsize {, which is
coupled with the momentum parameter at two consecutive steps B and Bi.; (Lemma
3.2.1). This connection is established by looking at the increment of the function as de-
scribed in one of the preliminary lemmas in Section 3.3 (Lemma 3.3.2).

Our first result quantifies the performance of Algorithm 1 after T iterations for a spe-
cific choice of adaptive smoothing sequence (i) >0"
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Algorithm 1 Adaptive accelerated smoothing method

Input: given initial conditions y; = x;, fp > 0, and the to-be-defined sequence
(Hie) k0-

1+,/1+4p% 1- B

IBIC 1= v Yk =
’ 2 ﬁk+1

Juks
Vi1 = Xk =Gk Gy, P k), (k= Bke
X1 =01 —Yk)yk+1 +YkVk

Lemma 3.2.1 (Optimality gap in adaptive smoothing). Consider the optimization problem in

3 -1
(3.3) and Algorithm 1 with adaptive smoothing variable (1} = max{uk l(i - 1) ,c},

k-1
for some c = 0. Then, after T iterations, we have

F(yrs1) Lpbra P 3.8)
T+1) — » .
" 2 zﬁZTHTH

where the constant E is
3
E= Nl +CopFor+ (1 - £2) L2 L5005,
Ho

with 81 = fu, (y1) + h(y1) — F* and uy = 1x1 — (B1 = Dy1 —

Lemma 3.2.1 serves as a basis for different types of convergence results (global and
local) in this study. We note that the right-hand side of the bound (3.8) consists of two
terms that are dependent on the adaptive smoothing parameter y; and can be used to
control the optimality gap. The proof of Lemma 3.2.1 builds on two preparatory lem-
mas, which we relegate to Section 3.3 to improve the flow of the paper. Before proceed-
ing with the main results concerning the convergence of Algorithm 1, we first provide a
lemma that sheds light on the behavior of the smoothing parameter p; that we use in
the algorithm.

Lemma 3.2.2 (Smoothing parameter convergence). The sequence generated by the first
part of ux in Lemma 3.2.1, i.e., [x—1 (Sﬁi/ﬁi_l - 1)_1, exhibits a transient behavior at the
order of O(1/ k?) and an asymptotic linear rate of@’(e’k)

The proof of Lemma 3.2.2 is rather straightforward and we defer it to Section 3.3.
The convergence behavior of uy helps the global and local convergence guarantees of
Algorithm 1. In fact, our first result is to show that Algorithm 1 enjoys a global optimal
convergence rate of G(1/¢) when the smoothing rule of uj is uniformly lower bounded
away from zero.

Theorem 3.2.3 (Global sublinear convergence). Suppose the sequence of the smoothing

parameters ({ii) -, is defined as in Lemma 3.2.1 where ¢ = €/ L?. Then, the outcome of

Algorithm 1 after T iterations satisfies F(yr) —F* < e if T = 2Lf\/E/£.
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Proof of Theorem 3.2.3. The proof builds on the assertion of Lemma 3.2.1. From Lemma
3.2.2, we know that the first phase of p is decreasing with the rate of at least @(1/k?).

Therefore, the smoothing rule i also converges to €/ L?c with the similar rate of at least

G (1/k?). It then suffices to determine the minimum number of iterations T so that UT+1

reaches €/ L?. To this end, note that since B = k/2 for all k, we have:

2I%E
Flyrs))—F*<oq—1_
2 T2

Hence, the ¢ precision is guaranteed if T greater than 2L VEle which concludes the
desired assertion. O

We note that the global sublinear rate provided in Theorem 3.2.3 is worst-case op-
timal for the class of nonsmooth functions (3.3) [59], [96]. Another key message of this
study is that under a certain condition over the nonsmoothness, Algorithm 1 can achieve
alinear, butlocal, convergence rate when the smoothing parameter follows the sequences
inLemma3.2.2 (c = 0in Lemma 3.2.1). This two-phase behavior is evident in the smooth-
ing rule as elucidated in Lemma 3.2.2.

Let us remind that the stepsize in Algorithm 1 is dictated by the smoothing parameter
(i.e., {x = Ur+1)- It is surprising to have an exponentially fast diminishing stepsize in
optimization algorithms. However, the following result addresses this phenomenon and
demonstrates that, under a specific co-locally strong convexity condition, such a rate
facilitates local linear convergence.

Theorem 3.2.4 (Local linear convergence). Consider the optimization problem in (3.3)
where the hypotheses of Lemma 3.2.1 hold with ¢ = 0. In addition, suppose the nons-
mooth term f is co-locally strongly convex at the solution x* of (3.3), i.e., forany p > 0 the
function f(x) — pllx|? is locally convex in a neighborhood containing x*. Then, for any
initial condition o > 0, the sequence (yy) =0 generated by Algorithm 1 converges locally
linearly to x*, i.e., there exist € > 0 and a € (0,1) such that for all xo € B¢(x*) there exists
ko where for all k = ko, we have F(y;) — F* < a*=%0) (F(y,) - F*).

Before proceeding with the proof of this theorem, let us note that the key feature
leading to local linear convergence is the fact that when f is co-locally strongly convex,
the condition number of its Hessian 4° fu at its optimizer is uniformly bounded for all
sufficiently small u. This allows the first-order accelerated algorithm to converge locally
linearly and independently of the smoothness parameter (. It is also worth noting that
the linear convergence rate is uniform for all the initial conditions xy € B, (x*). Let us
formally explain this as follows.

Proof of Theorem 3.2.4. Let us define Fy, (x) := fy, (x) + h(x). Note that using the basic
property of the Moreau envelope in Lemma 3.1.1(ii), we have the inequality

Py -F&) = L+ Ry - F, (3.9
where F;jk = minyegn Fy, (x) = Fy, (x;k). Thanks to Lemma 3.2.2, we know that the term

Uk, and as such the first term of the upper bound (3.9), converges to zero exponentially
fast. Therefore, it suffices to show that Fy,, (yx) — F;, converges to zero linearly with a rate
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independently from uy. To this end, we recall that the Moreau envelope is locally €2-
differentiable [107]. From the recent work [108], the maximum and minimum Hessian
eigenvalues of f, at the optimal point x; . can be bounded by

2 . _ 62 . B 1
/lmax(ﬁf,uk(xuk)) = I‘l’kl) /lmin (@fﬂk(xﬂk)) = (P ! +I‘l’k) .

where p is the strongly convex parameter of f,, (i.e., fy, (x) — p||x||2/ 2 is convex). This
observation yields the bound on the condition number « := Amax/Amin of the Hessian
as 1 <x <1+ (pur)~!. Recall that thanks to the co-locally strong convexity feature of
f,» we know that the parameter p can be arbitrarily high as we are closer to the solu-
tion x*. In other words, there exists a sufficiently small € > 0 where we can choose p
large enough for all x € B, (x*). Since the (accelerated)-proximal gradient descent meth-
ods converge linearly with the rate of (1-1/«) [109], we can deduce that for all sufficiently
small enough py, Algorithm 1 enjoys linear convergence in a neighborhood of the solu-
tion x*. O

Note that the co-local strong convexity of f is essential for having locally linear con-
vergence in Theorem 3.4. Namely, this property enables a linear decrease in the smooth-
ing parameter while the strong convexity parameter, characterized by p(x), grows suffi-
ciently fast as we converge to the minimizer. Interestingly, this property holds for many
popular nonsmooth terms commonly encountered in applications; see Section 3.4 for
several such examples and also [110] (e.g., Theorem 3.1) for a detailed analysis of the
explicit computation of such parameters.

We close this section with two remarks concerning the class of co-locally strongly
convex functions and the initial value of the smoothing parameter in the proposed algo-
rithm.

Remark 3.2.5 (co-locally strong convexity vs. sharpness). We note that the concept of “co-
locally strong convexity” is closely related to the “sharpness” property [111], but in a slightly
weaker manner, in the sense that the former is typically used locally, whereas the latter is
posed globally. More specifically, a function f isco-locally strongly convex with parameter
P2 (respectively, sharp with the parameter p*") when the following holds:

00-SC

oo-locally strong convexity: = —||x - x* I°< f(0) = f(x*), VxeBe(x*), p>* e

sh
Sharpness: %le—x* I<fx)-f(x*) Vx.

Remark 3.2.6 (Avoid switching rule in Algorithm 1). In view of Theorem 3.2.4, local linear
convergence is achievable if we are sufficiently close to the global optimal point x*. One
can use Algorithm 1 with the lower-bounded smoothing rule (Theorem 3.2.3) to converge
to an arbitrarily close neighborhood of the optimal solution wherein linear convergence is
guaranteed, and then continue with ¢ = 0 in Algorithm 1 to converge to the desired solu-
tion with the faster rate anticipated in Theorem 3.2.4. To avoid this switching mechanism,
a promising idea is to choose the initial value y in a way that ensures a sufficient decrease
in the objective function in the first phase behavior of Ly, and as such, guarantees reaching
the desired neighborhood B, (x*) where the linear convergence is achievable. Note that the




44 3. LOCALLY LINEAR CONVERGENCE FOR NONSMOOTH CONVEX OPTIMIZATION

optimal value of g typically depends on the initial error | x* — xo ||, as we elaborate further
in the next section.

3.2.2. FURTHER DISCUSSION, LIMITATION, AND FUTURE DIRECTION
In this part, we provide additional information and insights concerning the proposed
smoothing technique, its limitations, and possible future directions.

Further insights behind the adaptive smoothing rule: The main motivation of the
adaptive smoothness parameter is to exploit the possibility of having a larger smooth-
ness parameter i (and as such, optimizing smoother approximate function f},), which
leads to larger stepsizes and potentially faster convergence rate. However, any stepsize
larger than £/L2 can increase the Lyapunov function of Nesterov’s accelerated algorithm,
which is the key driving force behind our algorithm. This violation turns out to be depen-
dent on the two subsequent algorithm momentum S and B+, and the two subsequent
smoothness parameters p; and pr.;. This observation indeed leads to the smoothing
rule in Lemma 3.2.1. Furthermore, as explained in Lemma 3.2.2, the smoothing param-
eter ;. has an initial decreasing rate of @'(1/k?), but asymptotically it converges to zero
with an exponential rate. This behavior can explain the locally linear convergence of
Algorithm 1 discussed in Theorem 3.2.4.

Extension to the smoothing rule: It can be shown that the smoothing parameter

ba-)+a B5 ) }

-1 'B?c—l o

where a > 1 and b > 0 are hyperparameters that control the behavior of the smoothing

parameter p;. These parameters can be selected to prevent Algorithm 1 from switching,

thereby enabling locally linear convergence, as discussed in Remark 3.2.6. The optimal

tuning of these parameters remains unclear to the authors and is a promising direction
for future research.

Relation to prior works and the existing performance guarantees: We note that
our apriori theoretical results in Theorem 3.2.3 match the state of the art [96] for the
particular choice of algorithm parameters (a, b) = (1,0), but do not improve the global
performance. We wish also to note that this is not a rare precedent in optimization algo-
rithm literature that a new algorithm numerically performs better than its formal apri-
ori guarantees. For instance, the well-known FISTA algorithm proposed by [44] has the
same convergence bounds as in Nesterov’s method [96] when the latter is restricted to
the proximal setting.

Limitation and future directions: The primary limitation of the proposed method
lies in the selection of the initial condition p (see Remark 3.2.6). When py is too small
and ¢ = 0, there is a risk that the algorithm fails to reach the region where linear con-
vergence is attainable. This can result in stagnation of iterations due to the diminishing
but still summable rate of decrease in the sequence of stepsizes {; = pi+1. Conversely,
if po is excessively large, the algorithm precision is compromised, as it takes longer to
reach the linear convergence region. An optimal value for 1o may depend on the initial
error || x* — xg|| and the local characteristics of the functions involved in (3.3) at x* [85].
Investigating and analyzing these features are promising avenues for future research.

Another future direction is concerned with the relation between the stepsize and
smoothing parameters. In this work, the smoothing parameter dictates the stepsize.

Ui in Lemma 3.2.1 can be generalized to yj = max{bpk_l(
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However, if we untangle this dependency, an adaptive stepsize may support the acceler-
ation of the algorithms while an adaptive smoothing parameter enhances the precision.
This adaptive stepsize-adaptive smoothing rule can be a promising research direction.

3.3. TECHNICAL PROOFS

In this section, we provide the theoretical proof for Section 3.2 and additional material
supporting the technical as well as the numerical investigation of the paper.

3.3.1. DETAILS OF THE THEORETICAL ANALYSIS
Our proof for Lemma 3.2.1 relies on a Lyapunov argument. To this end, we first proceed
with two preliminary lemmas.

Lemma 3.3.1 (Gradient mapping). Let G{h (x) be the gradient mapping defined in (3.5)
where ( is a positive scalar, f(x) is smooth, and h(x) is prox-friendly. Then, we have

h(x =G, () = k() - (Gf, (0 -V f(0,y - (x - (G}, (x))), Vx,yeR?.

Proof of Lemma 3.3.1. Defining u = prox;,(w), we can write

1 1
u = prox,(w) < u:argmuinh(u)+ —|u— wII2 ©0€6h(u)+z(u— w)e w—ueloh(u)

2¢

By defining u := x — (G 7 () and w:= x—-{V f(x), we have

x— (G (x)=x— ( (x = proxgy, (x = {V f(x))) = proxyj, (x — CVf(x)):>G (x)=Vf(x)
N———

%,_/ c

u w

eoh(x— (G (x)).

Using the convexity of &, we can write

h(x— CG (x))<h(y)—<G (x)—Vf(x),y—(x—(G{h(x)».

O

Lemma 3.3.1 is an inherent property of the gradient mapping and essentially rep-

resents a convex inequality that is particularly helpful to control the increment of the
original function F in (3.3).

Lemma 3.3.2 (Increment bound). Suppose function f is prox-friendly and f,, is the smooth

approximation (3.6). Considering the update y41 = X —( kGf” k1 (xg), for any z € R4 we
have

1 1
S Vi) = f(2) + h(yi41) — h(2) < _Zl|yk+l o a(J’kH - X, Xp—2z)  (3.10)
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Proof of Lemma 3.3.2. By using the uniform boundedness of f,, and the definition of
convexity, we have

fuk+1(yk+1)_f(z)+h(yk+1)_h(z) < fpkﬂ(Xk CkGy, Juia (X)) = fups, (@
+hxe = kG, ), Skt () — h(2) < fuen k= (G Tt (1) - Fitgny (0)

AV frp, (X0, X — 2) — <Gf"’<+1 (%) = V fiugs (Ki), 2= (e = Gy Juiaa (xk)»

~
Lemma 3.3.1
2

(
<AV fup (K1), Xk — (kGf”k+1 () = x) + o — IIGf”'““ () I* + (G, "k” (Xk), Yi+1 = 2)
+(V fur (00), Ck G Skt () (3.11)

The last inequality is valid as a result of the smoothness property of the function f},,,

1
(iv). By adding and subtracting (— (Vk+1 — Xk, Xg) in (3.11), we obtain
k

2
kst — Xkl

J

I Ygsr = xill* =
241 ’ 241

=0

Tuges Vke1) = F(2) + h(yrs1) — B(2) < (Vw1 — X,

T I yier = xil® = i(.)/kﬂ = Xj, Xk = 2)-
O

Lemma 3.3.2 plays a key role in the proof of Lemma 3.2.1. The increment bound (3.10)
allows for the inclusion of a momentum term that emerges in acceleration. We are now
in a position to prove Lemma 3.2.1.
Proof of Lemma 3.2.1. Here, we present the proof for the general selection of the smooth-
ing parameter, as discussed in Section 3.2.2. In the first step, by applying (3.10) and
Lemma 2.6 in [104] for two cases of z = y; and z = x* to arrive at

(1 — ) (i)
Fion W) = Fu ) = FEEEL L2 1) = Y = fig, D) = i)+ =
1
h(yr+1) = h(yi) — e —Yks1 — el _C—<J/k+l_xk»xk Vi) (3.12a)
Jgo We) = 5+ h(Yis) —h" < ——Ilyk+1 - xll - _<J’k+1 X X —Xx").  (3.12b)

20k Ck

Let us define 6y := fy, (yi) + h(yx) — f* — h*. Then, multiplying (3.12a) by (8¢ — 1) and
adding the two sides of the inequality to (3.12b) yields

(UE — H+1)

Brbr+1— (Br—1)0k — Li(Be-D =<

- 'B—Ilykﬂ —xill? - —(yk+1 X, Bie Xk — (B — Dy — x™).

20k Ck
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Multiplying the above inequality by { S« and considering 2 | := 2 — i and (¢ < {j_1,
we have

(M — Mr+1)
2

1
= 5 (1Bt =301 + 2By — 20 B = (B - Dye=x7)) - (8.13)

(ieBibrer — (k1 B 8k — Lfc(kﬁi_l =

The right-hand side of (3.13) can be equivalently written as
1Bk Vis1 = XN + 2Bk (Yksr = Xk, Bk — B — Dye —x") =
1Bk yisr = (B = Dy = x"I° = | Bk = (B = Dyx - x*I°. (3.14)
By substituting (3.14) into (3.13) and by rearranging the inequality, we have

(ke — Hk+1)
2

(Ilﬁkyk+1 = (B =Dy = x" 1 =1 Bxe = (B~ Dye — x™ ||2) (3.15)

{eBiber — k1 B Ok — L?Ckﬁi,l <

1
2
Using the update rule of x; on the right-hand side of (3.15) reduces to
Biyi1 = Br =D yx—x" = Brs1Xks1 — Brr1 — D Yis1 — x* (3.16)
which is equivalent to

(=1+Pr+ Pr+1) 1- Bk
xk+1=—§k 1'3 +1 Yk+1t ﬁkﬁl
+ +

By combining (3.15) and (3.16) with uy = Brxx — (Bx — 1) yx — x*, we obtain

Yk»

(M — Hi+1)

1
2 2 2 2
LG = 5 (e~ luea ), G.17)

(BB — (k1P Ok —
By defining wy := pg+1/ pk, we can rewrite (3.17) as

we(l-wg)

(kBibrar — (k1 B 0k — >

1
Ly = 5 (lu® = luen?), @19

where 0 < wy < 1. Now, we consider two cases. First, we assume that i strictly decreases
in each iteration. To enforce uy being strictly decreasing we impose the monotonicity
condition p < pg—1. Then,

Hi— Bk
= Ll iy + (a= DL <
Bk ;2 2 Hk ;2 2 Bk ;2 2
—aT LBy +(a= DLy = = LBy (3.19)

The inequality (3.19) inspire us to define yj as

ba-1)+a B b
Mk = 1 zk Mk —bpg-1|= pr= L 2 (3.20)
a-— -1 b(a-1+a Py _1
a—1 2

k-1
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Using the definition of u; and its decreasing rate (Lemma 3.2.2), it can be easily shown
that 1 —wg < 1—-wg_;. Then, by substituting uy in the left-hand side of (3.19) and using
(3.18), we arrive at a Lyapunov-like inequality

Ckﬁiék+1“(k—lﬁi_lék"(1—1Uk—ﬂ(ab“b*'a)E%flL?(k—lﬁi_l
Hk 1
+(1-wpab=b+ @ L, < S (Il ~ lwen 1?) B.21)

By summing up the inequalities in (3.21) from k=1 to k = T, one obtains

1 1 1
C1B707+1 =061~ (1~ wo)(ab—b+ a)%Licoﬁﬁ < Shul? = Zlural® < Sl
(3.22)

which implies

E

Or41 < )
2005

E =l + {0281 + (1 - wo)(ab—b+ a)%Li(oﬁg. (3.23)

Second, we assume that the smoothing parameter . strictly decreases by (3.20) until it
reaches to some a-priori value, and then we use the fixed p afterward. By summing up
the inequalities in (3.21) from k = 1 to k = K, (the iteration index that we fix u;), one
obtains

1 1
(k. B Ok.+1~CoPpd1 — (1~ wo)(ab—b+ a)%LicoﬁS < Slhml® =Sl l®, (6.2

Now, by fixing ui, we know that wy = 1 for all k = K, + 1 and then by summing up the
inequalities in (3.18) from k = K, + 1 to k = T, one can obtain

1 1
CrBToT =i B Ok = 5 i I = S lur a1, (3.25)

Summing (3.24) and (3.25) yields the same inequality as (3.23). Finally, by the definition
of 141, (i), and (3.23), we then have

L% E
F -F < — +—. 3.26
(yr+1) 5 Mr+1 21fe (3.26)
The result in Lemma 3.2.1 can be easily derived by considering a =2 and b = 1. O

Proof of Lemma 3.2.2. We present the proof for the general selection of the smooth-

ing parameter, as discussed in Section 3.2.2. Defining ay := [(%)2 + (b(a"_l))(%)2 -

%]71, the first part of the smoothing parameter ;. can be explicitly described as pi4+; =

[Ti<x @i. To show pj < % for some constant Cy, it suffices to show a; < e~2/! for all
i = ko where ky is a constant. This claim relies on the fact that this inequality implies the
following:

=2/ _ C
l,tk+1 — l_[ a; < Coezlsk 2/i < C()e Zlog(k) < ﬁ’
i<k
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where Cy = [];<x, @;. To complete the proof, we show a; < e~?/! for all sufficiently large
i by the following argument:

If ko = 2(log(1 + 527)) ™ 1

<i thene?i<1+ a=n» Which consequently implies:

Bi \2 1 Bi
ﬁi—1) i b(a—-1) (a(ﬁi—l

In the last argument, we use the increasing property of §; = ;-1 > 0 (i.e,, (ﬁﬁ—il)z > 1),

el <

) -a+1)=a;.

which is a property of the momentum update (line 2 in Algorithm 1). Finally, to show
the linear convergence, we show that aj stays uniformly away from 1 as k increases,

ensuring a linear rate for large k. To this end, note that by the definition, we have

ak:z[(ﬁk“)2+( a )(ﬁlm)z 1_1:[(,3k+1)2(1+ a ) 17-1

Br bla-1))" B b Br ba-1)) b
1,-1 1 -1 ba-1)
S[(Hb(aa—l))_E] =[l+b(a—1)] :b(af1)+1<l’

where the second line inequality follows from the monotonicity of the momentum se-
quence PB4+ = P and the fact that the coefficient 1+ a/b(a — 1) > 0 (the latter is also
ensured by the feasible range of a > 1 and b > 0). This concludes that ay is uniformly
smaller than 1 by the positive margin of (b(a—1) + L

For validation, Figure 3.1 depicts the sequence in the first part of smoothing parame-
ter ug, as defined in Lemma 3.2.2. As illustrated in the figure, the smoothing parameter
initially enjoys a convergence rate of @(1/k?) but in the second phase, adopts an asymp-
totically linearly convergence rate. O

10"

10
k

Figure 3.1: Convergence rate of .

3.4. NUMERICAL EXPERIMENTS

We demonstrate the performance of Algorithm 1 (with ¢ = 0) on four popular classes of
problems studied in the machine learning and control literature: (1) regression prob-
lems for both combination of the ¢; and ¢, norms borrowed from [92], [112], (2) the
MaxCut problem belonging to the class of semidefinite programming from [113], (3) the
Nuclear norm minimization problem and its application in model-free fault diagnosis
from [88], [114], and (4) ¢;-regularized model predictive control from [86]. To evalu-
ate our performance, we compare our proposed algorithm (Algorithm (1)) with the fol-
lowing methods from the literature: (i) Sub-gradient descent (SGD) [40], the standard
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optimization algorithm, (ii) Chambolle-Pock (CP) [90], the state-of-the-art method for
sparse regression, or the stochastic smoothing technique (stoch-smooth) [101], a rel-
atively recent method for semidefintie programming, (iii) Nesterov’s smoothing (Nes-
smooth) [96], and (iv) Tran-Dinh (TD) [105], that is the closest in spirit to our proposed
method. Note that in light of Remark 3.2.5, we use sharp convex functions in this study,
and the simulations include examples that satisfy the sharpness property. An example of
an oo-locally strongly convex function is || - [|;. Using the definition of co-locally strongly
convex functions and the sharpness properties of || - |1, there exists a neighborhood of x*
where, for any p > 0, the function is p-strongly convex [85], [110], [111]. Several impor-
tant prox-friendly functions fall into the category as well, including: ||x|lo, and the Nu-
clear norm of matrices (see the tables "Prox Calculus Rules" and "Prox Computations" on
pages 448 and 449 in [72]). Additional examples, formed as combinations of such func-
tions, are also discussed in the literature, for instance, [115] considers the total variation,
foo-norm, ¢; — ¢»-norm, and the Nuclear norm. Indeed, the widespread applicability of
these functions across various domains motivated us to include several numerical exam-
ples in this section. We would also like to highlight that the class of problems studied in
this work encompasses several key applications in image processing, image reconstruc-
tion, system identification, and control. Specifically, in [89], the authors employ ¢, — ¢,
and ¢, — ¢, optimization for image restoration. In [90], the TV-¢; model is used for image
denoising, while in [91], the ¢; — ¢; problem is applied to dictionary learning. Lastly, the
Z1-Nuclear norm problem is employed in data-driven fault diagnosis control in [88].

REGRESSION PROBLEMS
We consider the ¢;-¢; -regularized LASSO problem

F* :=minZ(x) +nllx|1, (3.27)
xXeR™?

where Z(x) = [|[Bx—bl;, i ={1,2}, is a regularized function. the parameters B and b are
given and 1 = 0 is a weighting coefficient. Functions f and # in (3.3) can be written as
f(x) = Z(x) and h(x) := nllxll;, respectively. For the function f, we use the smoothing
approximation (3.6).

The test data is generated as follows: Matrix B € R™*" is generated randomly us-
ing the standard Gaussian distribution .4°(0,1). For simulation, we consider two cases
as in [105]. In the first case, we use uncorrelated data, while in the second case (re-
ported in the extended version [7]), we generate B with 50% correlated columns as B(:
,j+1) =0.5B(, j) + randn(:). The observed measurement vector b is generated as b :=
Bx" +.#(0,0.05), where x” is generated randomly using .4 (0, 1). For the simulation, we
set n = 100 and the coefficient parameter 7 is chosen as suggested in [105], [116]. All
algorithms are initialized at the same point chosen randomly. In Nes-smooth method
the stepsize is 2-1073/ L;IIBII2 for achieving desired error £ = 1072 and the stepsizes in
primal and dual updates in CP are 1/||B||. In TD and the proposed method, the stepsize
is { = ur/|BlI?. The convergence speed is significantly affected by the initial condition
of 1 in TD, and following the suggestion by [105], we set g = u* = [|Bll - | xo — x* ||/ 3L§
for the TD algorithm.

e /,-¢;-regularized LASSO. Here, i = 1 for 2 (x) in (3.27). Then, f can be written
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as f(x):=Bx—Dbl = m;lx{(BTy, X)—=<b, Yy 1Ylloo < 1}. Hence, we can smooth f using

the quadratic prox-function to obtain f(x) := max, {(BT ¥x)—<(b,y)— gll y||2 1Y€ [ESOO}.

Using the analytical solution, one can observe that V f;,(x) = projg__ (t™'(Bx—b)) and
L?c =n.

e /,-¢;-regularized LASSO. We consider i = 2 for % (x) in (3.27). Functions f can
be written as f(x) := |[Bx— b, = m;lx{(BTy, x) = (b, y) : llyl2 < 1}. Hence, we similarly

have f;,(x) := max, {(BTy, x)—<(b,y)— gllyll2 1Y€ [Bz}. In this case, we can show that

V fu(x) = projg, ("1 (Bx-b)), and L? =1.
Figures 3.2a and 3.2d report the results for (3.27) with i = 1,2 where all algorithms
are initialized at the same point chosen randomly. As shown in Figures 3.2a and 3.2d,

the proposed algorithm outperforms other methods.

MaxCut (SEMIDEFINITE PROGRAMMING)

An important application of the first-order smoothing technique is to solve semidefinite
programming. This class can essentially be reduced to minimizing the maximum eigen-
value of a matrix as follows:

min Amax(X) (3.28)

It is worth noting that the primal form of all semidefinite programs with a fixed trace
can be rewritten as (3.28). As shown in [59], the smooth approximation of Amax(X) can
be written as f,,(X) = plog (Z;’zl exp(1; (X)/ ,u)), which is convex and twice differentiable
with a gradient

n -1,
Vi (X) = (Z exp(Ai(X)/u)) Y exp(i(X)/waiq],

i=1 i=1

where ¢; is the i’ column of the unitary matrix Q in the eigen-decomposition QZQ”
of X and A; = ... = A, are the eigenvalues of X. In addition, f,(X) fulfills the uniform
boundedness inequality (ii) with L? = 2logn and the smoothness parameter 1/u (cf. (iv)
in Lemma 3.1.1). The numerical performance of the smoothing technique is evaluated
for the MaxCut relaxation which is written in the primal form of the semidefinite pro-
gram as follows:

g{n%xTr(CX) s.t. diag(X)=1, X>=0 (3.29)
€ n

Matrix C is generated using the Wishart distribution with C = G'G/|Gl, where G is a
standard Gaussian matrix. Here, we consider a regularized dual form of (3.29) as sug-
gested in [71]

;reluier})Lmax(C+diag(y)) (1L, )y +nZ%(y), (3.30)

where 7 is a regularization parameter. Figure 3.2b and 3.2e show the simulation results
for minimizing problem (3.30) with n = 100, 2000 iterations, and two different choices
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of %(y). In the Nes-smooth method, the stepsize is 1072 for achieving a desired er-
ror £ = 1073, The parameters required in the stoch-smooth method are chosen accord-
ingto [101]. The initial condition for g in the TD method is yg = p* = ||l xo — x* ||/ \/6log n.
Additional simulations for different 1 are reported in the extended version of this paper
[71.

NUCLEAR NORM MINIMIZATION (MODEL-FREE FAULT DIAGNOSIS)

The Nuclear norm regularization is an important problem emerging in several appli-
cations including matrix completion [114], [117], compressed sensing [118], principal
component analysis [119], system identification and fault diagnosis [120]. In this work,
we consider model-free fault diagnosis as in [88], where the authors proposed a model-
free, data-driven fault diagnosis approach that aims to identify the system and diagnose
faults simultaneously, thereby eliminating the need for an extensive identification phase
prior to fault detection. The proposed method reformulates the problem as a convex
optimization problem involving the summation of nonsmooth terms. To enhance com-
putational efficiency, proximal and splitting-type algorithms (similar to Nes-smooth, CP,
and TD methods) are employed for online implementation. The problem formulation is
expressed as follows (see equation (5) in [88]):

F*:= min =ly-Hx|*+ 7 X. ]l + Al Xsl1. (3.31)

x,X7,Xs 2

Here, we consider the same buck converter example in [88] with same parameters and
solve the problem using different methods. Here, X; € R"™*™2 and Xg € R™*"2 are linear
maps of x that select and rearrange its elements into a low-rank matrix and a sparse vec-
tor, respectively. H is a Toeplitz matrix corresponding to the input, output, and fault sig-
nals, y denotes the output data, and 7 = 0 and A = 0 are regularization parameters. The
Nuclear norm of a matrix X, denoted || X| ., is the sum of its singular values, equivalently
the Z;-norm of the singular values. Both nonsmooth terms in (3.31) are prox-friendly.
Therefore, functions f and / in (3.3) can be expressed as f(x) = %Ily— Hx||? + A Xslhh
and h(x) = 7|| X |l and can be smoothed using (3.6).

Figures 3.2c depict the results of optimizing (3.31). All algorithms are initialized at the
same randomly chosen point and run for 20,000 iterations. For the Nes-smooth method,
the stepsize is set to 2- 1073/(J H||® + 1) to achieve a precision level of € = 1073, In the
primal and dual updates of CP, the stepsizes are set to 1/(| H I2 + A), while in TD and the
proposed method, the stepsize is determined based on /(| H||? + 7).

fl—REGUL/\RlZHI) MODEL PREDICTIVE CONTROL

The authors in [86] consider the ¢;-regularized MPC problem with horizon H to reduce
actuator activity in the quadruple tank system. They use a linearized state-space model
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Figure 3.2: Numerical results for four problem classes. The first column shows regression problems with uncor-
related data (Subsection 3.4); the second, the MaxCut problem with different choices of Z2(y) (Subsection 3.4);
and the third, model-free fault diagnosis with Nuclear norm minimization (Subsection 3.4) and ¢; -Regularized
MPC (Subsection 3.4).

and solve the following MPC problem [121, Eq. (1)]:

H-1

min  Jou):= Y (I = e 1% + Al Aw; 1)
’ i=0
1128 = Xret, 11 (3.32)
s.t. xj+1=Ax;+Bu;, Vie{0,...,H-1},
Umin = Uj =Umax, Vie{0,...,H-1},

Aui:ui—ui_l, VlE{O,,H—l}

We use the same parameters as in [86] for the system dynamics and solve problem (3.32)
using different methods. The objective function can be represented by f = J(x,u) and
h = i(y) in (3.3), where y is the feasible set of problem (3.32), and i(y) is its indica-
tor function. Therefore, the nonsmooth ¢; term in f, which is prox-friendly, can be
smoothed. Figure 3.2f shows the results; as can be seen and mentioned in Remark 3.2.6,
the proposed method exhibits two convergence phases, including an initial @ (1/k?) phase
followed by linear convergence. Note that CP method cannot be applied to this problem
because we have more than one nonsmooth terms in the objective function.

We provide additional numerical experiments using the real-world dataset LIBSVM
[122], as well as extensive simulations with increasing problem dimensions. These re-
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sults are presented in the extended version [7]. Furthermore, we note that the ADMM
method is suitable for some of the aforementioned problems, and additional simula-
tions for comparison are provided in [7]. However, ADMM may fail to converge, converge
very slowly, or be difficult to implement when multiple nonsmooth terms are present,
particularly when they appear in a summation that cannot be easily split [123].
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Those who cannot remember
the past are condemned to repeat it.

Winston Churchill

John Nash Paul Tseng Dimitri Bertsekas

This part is builds on the seminal contributions of esteemed researchers in mono-
tone inclusion and operator theory, notably Paul Tseng, Dimitri Bertsekas, and Jong-Shi
Pang. Their influential work provides essential theoretical foundations for the concepts
and methodologies developed herein.






A FRANK-WOLFE ALGORITHM
FOR STRONGLY MONOTONE
VARIATIONAL INEQUALITIES

Chapters 2 and 3 explore different classes of convex problems, the corresponding algo-
rithms, and their applications. This chapter extends the discussion to a more general
framework: Variational Inequalities (VI).

Inspired by the Frank-Wolfe method for minimizing minimax problems, in this chap-
ter we introduce a projection-free method for solving strongly monotone VIs. Unlike stan-
dard approaches, such as projected gradient descent (aka value iteration), which requires
a projection at every iteration, our method uses a linear minimization oracle, reducing
projection costs that can become significant in high-dimensional settings or for complex
constraint sets. We demonstrate its effectiveness on the traffic assignment problem, where
projection complexity increases exponentially with the number of links.

59
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In this chapter, we consider the variational inequality problem (VIP)
find x* €7 st (g(x*),x—x%y=0, Vxe7, 4.1)

where 7 is a compact convex set. We assume that the operator g is y-strongly monotone,
L-Lipschitz continuous, and that the solution set of (4.1) is nonempty. The VIP is a gen-
eral framework that includes several problems and applications in systems and control
theory, machine learning, and operations research. For instance, both composite convex
minimization and convex-concave minimax saddle point problems can be reformulated
asin (4.1) [6], [46], which can be used in robust controller design for systems under un-
certainty [124], Nash [125] and Stackelberg games [126], supply chain optimization [127],
and adversarial learning problems [128].
Fixed-point problems represent another important class in several domains, such as
game theory and machine learning. Although it is straightforward to reformulate the
VIP (4.1) as a fixed-point problem, the converse can be computationally beneficial as
discussed in [46, section 3]. For instance, variational Nash equilibrium problems can be
reformulated as VIPs enabling the use of efficient iterative algorithms [4], [129].
For further applications of VIPs in systems and control theory, operations research, game
theory, and machine learning, we refer interested readers to [4], [13], [14], [15], [130] and
references therein.
To solve the VIP (4.1), several iterative algorithms have been proposed. For the sake of
comparison, we review some recent and closely related methods for solving the general
VIP (4.1), where the operator g is (strongly) monotone.

(i) Projected Gradient Descent [40]: A classical approach inspired by gradient descent

in the optimization literature is

Xpy1 = projy(xk - “g(Xk)),

where the operator g(-) replaces the gradient operator and «a is the stepsize. In
the literature of fixed point computation (e.g., dynamic programming), this is also
known as Value Iteration. This method guarantees convergence for strongly mono-
tone and Lipschitz operator g for any stepsize a € (0,2u/L?) where p and L are the
strong monotonicity constant and the Lipschitz constant, respectively.

(ii) Extragradient Descent [131]: An improvement to the gradient descent approach is
to call the operator g twice in order to improve the convergence rate. This yields the
algorithm

Yk = projy (xk - ag(xk)),
Xi+1 = Projy(xk - Oég(yk)),

with «a as the stepsize. Unlike classic projected gradient descent, this method does
not require strong monotonicity of the operator g and ensures convergence for a
Lipschitz operator when the stepsize a € (0,1/L).

(iii) Accelerated gradient descent [9]: An influential idea in optimization, first pro-
posed by Nesterov [39], is to accelerate algorithm convergence by incorporating a
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(iv)

)

(vi)

so-called momentum into the update dynamics. One can draw a parallel, in a simi-
lar fashion as in the Gradient Descent (i.e., replacing the gradient with the operator
g), and arrive at

k
- . N Y
xk_argglea%;alkg(yl),yl 0= Sha=yil?|,

Vi+1 = argmax{g(xg), Xp — ¥) — b Iy — xll,
yev 2

where to ensure the convergence, it suffices to choose the stepszie and momentum
coefficients as @y, = %Zfzo a;and f=L.

Projected Reflected Gradient Descent [132]: Evaluating the operator at a reflected
point, an extrapolation of the current and previous iterates, enhances stability and
convergence in monotone VIP, leading to the following algorithm

X1 = Projy (- ag(2xi - xe-1)),

where a € (0, WV2-1)/ L) is the stepsize. This method guarantees convergence for a
Lipschitz operator, and unlike the extragradient method, it requires only one pro-
jection per iteration.

Golden Ratio Algorithm [46]: To guarantee convergence when using the Gradient
Descent method for Lipschitz but non-strongly monotone operators, negative mo-
mentum parameters are required. Introducing a negative momentum ensures con-
vergence, leading to the algorithm

Ve =10 =Oxk +{yi-1,
Xk+1 = Projy (.Vk - ag(xk)),

with a € (0, 1/(2(L)) as the stepsize and momentum parameter { € (O, V5-1)/2|.

Additionally, overcomes the limitation of methods that rely on problem constants
(like Lipschitz continuity parameter); the stepsize can be chosen adaptively, leading
to the adaptive golden ratio algorithm [46]

ek = X1 112 }

— 1 2
Ay = m1n{((+( )ak-1, 4200 llg(xx) — g(xp_ 1112

Operator splitting methods [4]: The operator g can be split into a summation of
different operators. Solving VIP (4.1) in these cases is equivalent to solving the fixed-
point problem 0 € g; (x) + g2(x), where g(x) + A7 (x) = g1 (x) + g2(x) and A (x) is the
normal cone of the compact, convex set 7 at the point x. The iterative update of
each sub-operator leads to convergence towards the solution. A well-known class
of these algorithms is the Douglas-Rachford splitting method [133], which can be
written as

Vi1 =T +ag)™ (xk —ag (xk)),

Xir1 = Xk + (Vi1 — Xp)s
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where the stepsize can be chosen « € (0,1] and { € (0,2) is a relaxation parame-
ter. The convergence of this method is guaranteed for different cases of g; and go;
we refer interested readers to [134], [135] for further details. Additionally, we refer
them to [136] for further algorithms related to applications of monotone variational
inequalities and an open source Python toolbox.
In the methods mentioned above, the projection operator onto the feasible set ¥ (projy (-))
is a necessary operation of the algorithm which can be costly in some cases. Frank-Wolfe
(FW) is a classical approach to avoid this projection complexity by resorting to a linear
oracle minimization (as opposed to the quadratic optimization of the projection opera-
tor) over the same set. Table 4.1 summarizes the computational complexity of the linear
oracle minimization and the projection onto certain sets [137], [138].

Table 4.1: Complexity of linear minimization and projection. The parameter € denotes the precision of
linear minimization or projection operator.

Set Linear minimization Projection

(1) n-dimensional [,,—ball, p#1,2,00. O (n) O (nle®)
(2) Nuclear norm ball of 7 x m matrices. 8 and T denote
the number of non-zero entries and the top singular

value of the projected matrix, respectively. eOIn(m+nVtie) O (mnmin{m, n})
(3) Flow polytope on a graph with m vertices
and n edges with capacity bound on edges. O((nlogm)(n+ mlogm)) o n* logn)
(4) Birkhoff polytope (n x n doubly stochastic matrices). c(nd) G(n?l€e?)

For concave-convex minimax problems and inspired by the recent works [139], [140],
[141], the authors of [10] and [142] prove convergence of different types of FW algo-
rithms. They demonstrate the numerical efficiency of the FW algorithm via illustrative
saddle point problems, in which projecting onto the corresponding sets is computation-
ally demanding or even intractable; see the perfect matching problem as an example of
this class of problems [143]. Motivated by this, a natural question is whether the FW al-
gorithm can also be utilized for solving the VIP (4.1). To the best of our knowledge, this
question is still largely unexplored, which is the focus of this study.

Contribution. Following the footsteps of the accelerated Nesterov’s technique for
solving strongly monotone variational inequalities [9] and the FW algorithm for solving
saddle point problems [10], we propose a novel accelerated algorithm with FW method
as an oracle for solving the strongly monotone VIP (4.1) and provide a non-asymptotic
convergence rate. To validate the theoretical results, we implement the proposed method
in the traffic assignment problem, an important application in transportation and oper-
ation research [11], [12], [13], where the complexity of the problem (the corresponding
set) increases exponentially with the number of variables.

Roadmap. The paper is organized as follows: Section 4.1 reviews the Frank-Wolfe
technique and states lemmas for solving minmax saddle point problems. In Section 4.2,
we propose our algorithm and provide the technical proofs of the convergence theorems.
Section 4.3 benchmarks the proposed algorithm in a traffic assignment application. Fi-
nally, the conclusion and future research directions are given in Section 4.4.

Notation. Let 7 be a finite-dimensional real Hilbert space equipped with the stan-
dard inner product ¢:,-) and the associated norm ||- || (so that we may simply write || x|I2 =
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(x,x)). We define the normal cone of the set 7 at the point x € 7" as Ay (x) = {u: u'x=

u'y, Yy € ¥}. The operator proj,.; denotes the projection onto set 7 with respect to
the underlying inner product norm (i.e., proj,.y (x) := argminyey [|x—yl). We define the
diameter and boundary distance of a set Z as

Do = sup |x—x'[| and og (x):= min|x-s|.
x,x’e% SEOX

The function F(x, ) is (ug, ple) strongly convex-concave if F(x, y) — B [ x[|? + EX (| y (12 is
convex-concave. The constants Lxy and Lyx are the cross smooth constants of F(x, y)

(or equivalently the Lipschitz constants of VF) over the set Z x % if for all x,x € & and
NHyeEW

IVxF(x,y) =V F(x, )l < Lxy ly =y,
IVyF(x,y) -VyF(X, Ml < Lyxllx— XI|.

For brevity, we refer to F(x, y) as a smooth function with constant Ly = max(Lxy, Ly x) if
it is cross-smooth over & x % .

4.1. ASSUMPTIONS AND TECHNICAL PRELIMINARIES

Before proceeding with the solution to the VIP (4.1), we begin with some assumptions
and lemmas that will be used throughout the paper. We note that most of the results
build on the seminal work by Nesterov [9] and Jaggi [139]. The following assumptions
hold throughout this study.

Assumption 4.1.1 (Operator regularity). We assume that the solution set of VIP (4.1) is
nonempty, whereV' is a compact, convex set and the operator g satisfies the following:
(i) L-Lipschitzness: lgx)—gWMI<Llx-yl, VxyeV?,

(ii) p-strong monotonicity: (gx)-g),x—yy=ulx-yl? Vx,yeV.

Next, we start with a minimax problem, a core component of our convergence analy-
sis for VIP (4.1). Specifically, by leveraging the following minimax oracle at each iteration,
we aim to eliminate the need for costly projection steps:

minmaxF(x, y). (4.2)
XeX ye¥

An important concept relevant to the convergence of the minimax problem (4.2), which
helps us measure the convergence rate of (4.2), is the error function, defined as

hy = F(xk, i) — F Xk, Vi), 4.3)

where X = argma%xF (x, yx) and ji = argm%xF (X%, ¥). The following proposition sum-
X€E ye

marizes the convergence of (4.2) in terms of the error function hj, using the FW algo-
rithm.

Proposition 4.1.2 (FW-minimax oracle convergence [10, Theorem 1]). Let F(x, y) be Ly-
smooth continuous and (g, Uay) strongly convex-concave on a convex, compact set & x
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Algorithm 3 FW-minimax oracle for (4.2) [10]

1: Letzg = (X0, y0) X x¥
2: fork=0...Tdo

3: Compute the partial gradients of F: ry = (

VxF(xk; J/k) )
=VyF(x, yi))
4 Compute the desired direction: sy = arg min (z,r),
ZEX XY
5: Compute the stepsize:
ar =min (1, 75 (zx — Sk, 1)) or ag = 52 (based on Proposition 4.1.2)
6: Compute the next iteration: z; = (1 — a )z + Qg Sk

% and (x«,yx), the solution of (4.2), is in the interior of Z x % . Consider applying the
n Frank-Wolfe algorithm (Algorithms 3) for saddle point problem (4.2) with the stepsize

v
A :min(l,i(zk—sk,rk)), (4.4)

where the constants are

2 2 2
B ZU/J B L()D%+LOD@
p =V —, - ’
2C 2
V2 Do Lxy DayLyx
v=1- —max{ , },
Ou vV Hy VHx

o= \/min(,u%(fz% (x*),H@Uzg (¥+)).

Then, the convergence rate for the error hy (4.3) isO ((1 -p) 5)

: DaLxy DyLyx P _ 2
Moreover, if o, > 2max{ T } and the stepsize is set to oy = 7T then the error

hy (4.3) decreases at a sublinear rate of O(1/k).

Remark 4.1.3 (FW-variants). Other FW variants, including the away-step and pairwise
algorithms, achieve similar convergence guarantees under alternative assumptions to those
in Proposition 4.1.2, such as when the feasible set is a polytope. These variants often
yield better practical performance by allowing corrections to previously chosen directions,
which helps avoid flat regions and reduces zig-zagging behavior near the solution. More
recently, the authors in [1412] proposed a projection-free method under assumptions sim-
ilar to those in Proposition 2.2, but without requiring the solution to lie in the interior of
the feasible set and their method is based on a three-loop algorithm. The proposed FW
Algorithm 3 can be replaced by these alternatives. For further details, we refer interested
readers to [10], [142].

Proposition 4.1.2 lays the foundation for proving the convergence of the projection-
free algorithm for solving VIP (4.1). It avoids expensive projection steps by instead solv-
ing a strongly convex-concave minimax problem at each iteration, which is the central
motivation behind this study.

We move forward by introducing a gap function to measure the optimality gap of VIP
(4.1) and by proposing two lemmas that are central to the development of the algorithm
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in this paper.
It is not difficult to see that, in light of the strong monotonicity of the operator g, the
solution of VIP (4.1), x*, satisfies the following inequality

(g, x* =y +§||y—x*||2 <(gx"),x" —y) - glly—x*llz <0, Vye7. (4.5)

In order to measure the the approximated solution of (4.1), we introduce a gap function
f(x) and the following lemma.

fx):= sup{(g(y),x—y>+g||y—xllz}. (4.6)
yeV

Lemma 4.1.4 (Gap function properties, [9, Theorem 1]). The gap function f(x) is a non-
negative, well-defined, |1-strongly convex function on V' and vanishes at the unique solu-
tion of (4.1).

Using Lemma 4.1.4 and the definition (4.6), our goal is to minimize f(x), which is
equivalent to solving the VIP (4.1). To this end, let us define the following quantities

N 1
Sy = Z/li, JNi=—

N ul o 2
X S ;}Aiyi, Ay:= I}Cle%/x{;)/li[g(.)’i);_)/i_x>_E”x_.Vz'” ]} 4.7)

where {y;} ) = 7 and {1;}Y, are sequences of arbitrary points and positive weights,
respectively. Next lemma shows the upper bound for the gap function f(x).

Lemma 4.1.5 (Gap function upper bound, [9, Lemma 1]). Using the quantities defined
in (4.7), we have the inequality

1
fn) = —An. (4.8)
SN

The proof follows from the definition of the gap function (4.6) and the strong mono-
tonicity of the operator g(x). For brevity, we skip the proof and refer interested readers
to [9] for further details.

4.2. PROPOSED FRANK-WOLFE ALGORITHM AND CONVERGENCE

ANALYSIS

Building on the key proposition and lemmas from the previous section, this section per-
tains to the analysis of convergence for using the FW algorithm as an oracle in solving
VIP (4.1). The general form of our proposed method is provided in Algorithm 4, which
follows the accelerated gradient descent method [9], with the difference that the projec-
tion steps are replaced by a strongly convex-concave minimax problem solved by the FW
algorithm.

Lemmas 4.1.4 and 4.1.5 shed light on the behavior of the gap function (4.6) and high-
light the goal of minimizing and controlling the growth of Ay. For § > 0, consider the
functions

k
wh = (g, y—x) - gllx— Y% W)=Y iy, (x).
i=0
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We note that Ay = m%/x‘l’k(x), and the functions wﬁ (x) and W (x) are strongly concave
X€
with constants § and uSg, respectively. Consider the following iterations
Xp = argmlnmax{W(x Xp) — —Skllx Xl }

X €V xeV

(4.9)
Yk+1 = arg min maX{< g(xK) — ﬁ(yk+1—xk),x—yk+1>—Ellx—ykﬂllz},

Ykr1€V x€ 4
where

k
W, 1) = (VW o), x = ) = () i (=g () = i = yi)), x = %)
i=0

k
= —uSk (X, X — Xg) + <Z Ai(—gyi) +pyi), x— xk>.
i=0
We are now in a position to derive an upper bound for A using iterations (4.9), which
helps us establish the convergence of the iterates to the solution of the VIP (4.1).

Proposition 4.2.1 (Upper bound of Ag). If A4 < 28 Sk, then by using the iterates (4.9),
we have

Ags1 < A+ A lgVrs1) — g% — gnym — xel?|. (4.10)

1
+2p
Proof. We know that Wi, (x) = Pi(x) + )Lkﬂwﬁ,‘kﬂ (x). Then, we have
Mgt = max{ Ve (o) + Ak v, (0}
eV Yi+1
H 2 M
< Ay +r§1€ayx{<wk(xk),x—xk> =SSl = el + Aavhy, 0}

_H - _H 2 p
= A+ max{Wx, xo) - & Sellx - x| + max{ - £ Selx— il + Akav,, 0.

5 oA (wyi-gn)
USk
definition of the projection operator and the first-order optimality condition, we have
Wix, xhH) =(vy k(xT), x—x') = 0. Therefore, we can conclude that, as indicated in Propo-

Note that, if we consider x' = argma;c‘lfk(x) = PIOj ey ( ), then, from the
X€

sition 4.1.2, the iterates xj in (4.9) ensures mil;maﬁx{W(x, Xi) — %Skllx — Xk ||2} <0. We
XK€V X€E

further note that this strongly convex-concave minimax problem can be solved by FW
algorithm with (sub)-linear convergence guarantee. Therefore, by the definition of xj in
(4.9), we arrive at

<0

N

1% H 2 Iz
A < Ar+ minmaxs W(x, x ——S X—X +maxq——Sillx—xill“+ A X
o1 < A+ minmax{ Wx, i) = Sl = xil b max{ = Selle— el + A, 00}

< A+ max{ =Lyl — el + A
xeV 4

ket Y1 =0 = Slx=yen ]}, @11)
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Now, let us analyze the second term in the “max" part of the right-hand-side of (4.11).
Note that

(€(Vr+1)) Yier1 — x)—gllx— Vi1 12 = (g Vis1) — 8(X1), Vier1 — X) — gllx— Vi1 12+ (g (xx), Yier1 — %),

g(gk) ), we have

Similar to the previous part, if y" considered as y' = proj 5 (xk -
(—g(xK) — ﬁ(yT —Xg), X — yT> <0, Vxe7.

Therefore, yi.1 in (4.9) ensures mig/ I‘I‘lg%/x{(-g()ﬂc)—ﬁ()/k-{-l —XK), x_yk“)_% Il Xx=Vis1 ||2} <
Yi+1 X
0, and using the definition of yy,, we can write

(§Wis1)r Vis1 —x>—§||x—yk+1u2
< 1gWr+1) — XM Y+ — xll = %”J’kﬂ — X112+ BYkr1 — Xk X = Yir1)s

using above inequality and maximizing the right-hand-side based on |y — x||, one ob-
tains

1
(§Wk+1), Yier1 = X) = gnx— Vi l? < rop 8 W) gl l® + gnx— xil? = g I yiear = xicl”.
Putting the above inequality together with (4.11), and using the upper bound on A1,
we obtain the inequality (4.10). O

Now by setting Ags1 = 47 Sk = %Sk in (4.10), where L and y = ﬁ are the Lipschitz
constant and the condition number of the operator g, respectively, we have Ar,; < Ag.
We are now ready to show the convergence rate of Algorithm 4 for solving VIP (4.1).

Algorithm 4 Frank-Wolfe type algorithm for the VIP (FW-VIP)

1: Giveny = ‘%,)Loz 1, €.
2: fork=0,...,Tdo

X = argminmax{W(x, xi) — 5 Skllx— xkllz}
X €V xeV FW-minimax oracle 3
. with €-precision
Vet =arg min max{(-gCoe) = L(yes = %), %= Yier) = 1= yiear 12}
Vi+1€V x€V

1
4 M1 =350

5. output: jj = Slk ZZ.C:O Aiyi.

Theorem 4.2.2 (VIP-convergence via FW-minimax oracle). Consider the VIP (4.1) under
Assumptions 4.1.1, and the FW-minimax oracle 3. Lety = L/ i1 be the condition number of
the operator g, and f the gap function defined in (4.6). Algorithm 4 returns an € accurate
solution to (4.1) if the number of iterations is T = (y + 1)log (y? f (xo)/€).
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Before proceeding with the proof of the theorem, we summarize the overall conver-
gence complexity of using Algorithm 4 with the FW-minimax oracle 3 as follows.

Remark 4.2.3 (Overall complexity of VIP solution). The overall complexity of the solution
to the VI problem (4.1) is the product of the complexity of the FW-minimax oracle in Al-
gorithm 3 with the complexity of Algorithm 4, under the assumption that the solution of
each sub-minimax problem lies inside the feasible domain V. In particular, by using the
stepsize (4.4) in Algorithm 3, resulting in

0 (log(1/¢))- @ (log(1/¢)) =@ (log? (1/¢)).

\

~ ~-
Theorem 4.2.2  Proposition 4.1.2

Moreover, by leveraging the diminishing stepsize a; = ﬁ, ifthe extra assumption of Propo-
sition 4.1.2 is satisfied, the overall complexity of solving the problem becomes

0 (log(l/e))- ©(1le) =0(log/e)le).
N——
Theorem 4.2.2 Proposition 4.1.2
Proof of Theorem 4.2.2. Using the definition of S in (4.7) and the fact that So = 1 =1,
we can write

1
Sir1 =Sk + A1 = (1 + ;) Sk.

By using Lemma 4.1.5, the corollary of Proposition 4.2.1, and using the sequence Sj.; =

k
(1 + %) Sk with Sy = 1, we can conclude that Sy = (1 + 71/) . Therefore, we obtain

1 \k k.
1——) Ao <Age T4,

- 1 Ap Y )k
< —Ap< =|— Ap=
Fw = k= (1+y 0 1+y

()

Now, we just need to approximate Ag. Using the definition of A and ¥, we can write

- - Fo(y) = = B xoll?
8o = max ¥o (x) = maxy}, (v) = max{(g(xo), X0~ x) = = |x — 3o}

_ _ * _ * _ _E _ 2
—glg({(g(xo) g(x™),x0—x) +{(g(x7), xo — x) 2||x xoll}

<(glx ),xo—x>+r§1€a%><{<g(xo)—g(x ),xo—x>—§||x—xo||2}5<g(x ),xo—x>+ﬁllx - xoll?.

Then, by the definition and strong convexity of the gap function f in (4.6), the last in-
equality is less than f(xp). Thus, the theorem’s statement is concluded. O

We close this section by noting that the total computational time for solving the VIP
(4.1) is the product of the convergence complexity of the considered algorithm and the
complexity of the mathematical operations, e.g., projection(s) used at each iteration,
which can be computationally demanding in some problems. In the next section, we
see this behavior and observe the effectiveness of our proposed projection-free method
compared to commonly used state-of-the-art algorithms for strongly monotone VIP.
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4.3. NUMERICAL RESULTS

We demonstrate the performance of Algorithm 4 on the traffic assignment problem, an
important problem studied in the transportation and operations research literature. To
evaluate our performance, we compare our proposed algorithm (FW-VIP) with projected
gradient descent (PGD) [40] and Nesterov’s accelerated gradient method (NAG) [9], two
methods commonly used for solving strongly monotone VIP in the literature. Before
proceeding with the simulation results, let us first briefly explain the traffic assignment
problem.

Traffic Assignment Problem (TAP): Assume N be the set of nodes, & be set of di-
rected links, and W denotes the set of origin-destination (OD) pairs. We assume for all
w € W there is d,, > 0 representing traffic demand entering from origin and exiting from
destination. For each OD pair w € W, the demand d,, is to be distributed among a given
Py, of a paths joining w. Defining x, that shows the flow carried by path P, we intro-
duce the feasible path flow vector x = {xp|p € Py, we W}, and the set corresponding to
feasible path flow vector as

X:{xl Z Xp=dy, Xp20,Vp € Py, weW}.
pePy
Each collection of path flows x € X defines a collection of links flows y; ; with

vij= 2, ) 0pl,Dxp, (,))€S, (4.12)
weW pePy,

where 6, (i, j) = 1 if path p contains link (i, j) and zero otherwise. The vector of links
flows y = {y;; (i, j) € &} can be written as y = Ax where A is the arc-chain matrix de-
fined by (4.12). Similarly, we can define the set of feasible link flows as Y = AX = { yly=
Ax,x € X}. For each link (i, j) € &, there is a given function Tj; : Y — R, which is the
measure of the delay in link (i, j). The vector with components T;;(y) is T(y) and due
to the choice of Tj; it is mostly strongly monotone operator. For each x € X and cor-

responding y = Ax, the vector T(y) defines the following function for each w € W and
peEPy,

Tp(x)= Y. 6,0, DTij(y),
(i,j)e&

which shows the total travel time of path p. Then, TAP is to find x* € X such that for all
p e Py, and we W we have

Tp(x™) = ’I?IEI})I’ul} Tp(x™) and x,> 0. (4.13)
Asshown in [144], if T (x) denotes the vector with T}, (x) components, then T(x) = AT T(Ax)
and TAP (4.13) can be reformulated as the following VIP:
find x* such that (x—x*)"T(x*)=0, VxeX. (4.14)

Note that AT T(Ax) is not necessarily strongly monotone unless A" A is inevitable (as is
the case in our simulation).
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We consider TAP with the same structure in [13] which can be viewed as model of a
circular highway. Figure 4.1 illustrates the corresponding model, in which we consider
five OD points, numbered 1-5, and five OD pairs: (1,4), (2,5), (3,1), (4,2), and (5,3), asso-
ciated with the OD points. Each OD pair is linked with two possible paths (clockwise and
counterclockwise). The links, types of links, time delays on each link, and the demand
for each OD pair are given in Table 4.2, where h(x) = 1 + x + x? and we set x = 0.5. Note
that we assume flows cannot utilize the existing ramp that does not lead to its intended
destination. Figure 4.2 shows the optimality gap of the corresponding VIP with param-
eters reported in Table 4.2. We note that, for a fair comparison and to demonstrate the
effectiveness of the projection-free algorithm, we plot the optimality gap versus the to-
tal iterations multiplied by the total number of projections (in PGD or NAG) or LMO (in
Algorithm 4). We also note that both projection and LMO operators are evaluated using
the same solver, namely 0SQP [145].

Table 4.2: Parameters in TAP.

Types of links
(1) Highway links: 17,27,37,47,57, 18, 28, 38, 48, 58.
(2) Exit ramps: 14, 24, 34, 44, 54, 12, 22, 32, 42, 52.
(3) Entrance ramps: 11, 21, 31, 41, 51, 13, 23, 33, 43, 53.
(4) Bypass links: 15, 25, 35, 45, 55, 16, 26, 36, 46, 56.
Delay on links
(1) Delay on highway link k: 10-h [ﬂow on k] +2x-h [ﬂow on exit ramp from k] .
(2) Delay on exit ramp k: h [ﬂow on k] .
(3) Delay on entrance ramp k: h [ﬂow on k] +x-h [ﬂow on bypass link merging with k] .
(4) Delay on bypass link k: h [ﬂow on k] .
Demands on OD pairs d(1,4)=0.1,d(2,5)=0.2,d(3,1) =0.3,d(4,2) = 0.4, d(5,3) = 0.5.

DI

||& — proj(z — T'(x

3 4 5 6 7

0 1 2 ; S
#iter x #(proj/LMO) x10*

Figure 4.2: Optimality gap of the VIP in the TAP.

Figure 4.1: TAP model (Figure 2 in [13]).
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4.4. FURTHER DISCUSSION, LIMITATIONS, AND FUTURE DI-

RECTIONS
In this section, we provide additional insights concerning the proposed Frank-Wolfe
technique for solving strongly monotone variational inequalities (1), its limitations, and
potential future directions.

(i) Further insights into the Frank-Wolfe technique for solving VIP (4.1): The main
motivation behind the Frank-Wolfe technique is to avoid expensive projections in
each iteration and to select a more suitable descent direction compared to pro-
jected methods, which may exhibit zig-zagging behavior for certain constraint sets.
This can lead to lower computational complexity and potentially faster convergence.
Furthermore, as stated in Proposition 4.2.1, we only require the negativity of

N(x,y):= minmaX{W(x, x) — 5 Skllx— xkllz},
XK€V xeV

to guarantee the convergence of Algorithm 4. While this negativity is ensured by

the worst-case convergence bound in Proposition 4.1.2, in practice the inner Frank-

Wolfe problem can be terminated as soon as N(x, y) becomes negative, significantly

reducing computational complexity.

(ii) Extension to monotone variational inequalities: Solving the VIP using a projection-
free algorithm requires solving a minimax subproblem. Unfortunately, existing projection-
free methods for minimax problems rely on strong convexity-concavity of the un-
derlying function, which in our setting can be ensured by assuming strong mono-
tonicity of the operator in the VIP. Developing a Frank-Wolfe method for minimax
problems without this assumption is a key step toward extending these methods
to general monotone variational inequality problems and is an important direction
for future work.

(iii) Relation to prior works and alternative assumptions: Based on the structure of
the VIPB alternative assumptions can be applied for the Frank-Wolfe algorithm in
solving the inner minimax problems, replacing the requirement in Proposition 4.1.2
that the solution lies strictly within the domain:

* The sets & and % are polytopes (case (II) in Theorem 1 [10]): In this case,
the interior-point assumption is not required. Instead, we can use the away-
step Frank-Wolfe algorithm (Algorithm 3 in [10]) and the concept of pyramidal
width (Eq. 9 in [140]) instead of the border distance o 4, while still guarantee-
ing the same convergence as in Proposition 4.1.2.

* More recently, [142] proposed a projection-free algorithm (Algorithm 3) under
a similar assumption to Proposition 4.1.2, without requiring the solution to
lie in the interior of & x &. This algorithm requires o1/ V) first-order and
G (1/€%) linear optimization oracle calls to achieve e-precision for the saddle-
point problem (4.2). Its main limitation is implementation complexity, as it
involves three nested loops per iteration.

(iv) Limitations and future directions:
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* The primary limitation of the proposed method is the presence of a secondary

loop in each iteration for solving the minimax problem. In the context of the
Frank-Wolfe algorithm for minimizing a smooth convex function, two key in-
equalities, smoothness and convexity, are typically used. For the VIP, no ex-
plicit value function exists, making these inequalities difficult to apply. Al-
though we can define a convex gap function f(x) (4.6), whose minimization is
equivalent to solving the VIP, this function is parametric, complicating the use
of standard convex optimization inequalities. Restricting the domain to spe-
cific sets and leveraging duality may allow for a single-loop algorithm, which
is an important future research direction. Adaptive or decreasing accuracy re-
quirements for the inner loop may also help eliminate the secondary loop.

* Another limitation is the algorithm’s dependence on problem-specific con-

stants. Future extensions could involve adaptive stepsize methods [46], which
approximate Lipschitz or strong monotonicity constants to accelerate conver-
gence.

Recent works, such as [146], establish Newton-type methods combined with
Frank-Wolfe techniques for constrained self-concordant minimization, and
[147] propose high-order methods for solving the VIP. Developing high-order
methods for the VIP using Frank-Wolfe techniques represents another promis-
ing research direction.



VARIATIONAL INEQUALITIES
IN LINEAR-QUADRATIC
DYNAMIC GAMES

Following the analysis of variational inequalities, in this chapter we formulate linear
quadratic dynamic games as an affine variational inequality, propose a splitting method
for the underlying problem, and validate the proposed iterative approach through a nu-
merical example involving autonomous vehicles at an intersection.

73
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Dynamic games provide a formal framework for analyzing multi-agent decision-making
processes in dynamical systems, where the agents’ objectives and constraints are cou-
pled through both the system dynamics and their performance criteria [148], [149]. In
such settings, each agent aims to optimize its own cost function while anticipating the
actions of other agents, leading to strategic interactions that can be captured via vari-
ous equilibrium concepts. Dynamic games are a useful model in robust control [150],
as well as robotics [151], [152], electricity market control [153] and supply chain strate-
gic organization [154]. These frameworks enable decentralized decision-making and the
analysis of emergent behaviors in complex, multi-agent environments.

The desired solution concepts in dynamic games depend on the information structure
assumed for the agents. One common approach is the open-loop Nash equilibrium (OL-
NE), which defines a trajectory as a sequence of control inputs that is optimal for each
agent, given the initial state and the input sequences chosen by the other agents [155],
[156]. The OL-NE problem can be cast as Variational Inequality (VI) [157], which can
be solved by a plethora of algorithms [4]. This is especially relevant given the recent
emergence of game-theoretic receding-horizon controllers [158], [159], which define the
control action at every time-step according to the solution to an OL-NE problem, thus
requiring to complete its computation within the sampling time of the controller. This is
especially difficult, as the complexity of the derived VI increases rapidly with the number
of agents, the control horizon and the number of constraints.

In this work, we propose to leverage the affine structure of the VI resulting from a linear-
quadratic game in order to define a specifically tailored solution algorithm based on
the Douglas-Rachford iteration [160]. Let us justify our choice by illustrating the per-
formance of some state-of-the-art VI solution algorithms, along with a simulation that
highlights the contribution of this paper. Let us first define the VI problem as follows:

findu* €€ s.t inf(F(u*),u—u*)y=0, (5.1)
uee

where € < R” is a closed, convex set, and F : R” = R" is a (in general set-valued) op-
erator. We assume that F is monotone [4], Lipschitz, and the solution set of (5.1) is
nonempty. Note that via the first-order optimality condition, we can rewrite (5.1) as a
monotone inclusion, 0 € F(u) + A« (u), where A< is the normal cone of the set €. This
equivalence is beneficial and allows us to use operator splitting methods.

As shown in Section 5.1, under some technical assumptions, a solution to a constrained
linear-quadratic game can be found by solving a strongly monotone affine variational
inequality problem with linear constraints, i.e. F = Mu+q and %6 : Du < d (where M can
be a non-symmetric matrix). Therefore, efficient numerical methods for solving affine
VIs are essential in dynamic game equilibrium problems.

Illustrative example. Consider the VI in (5.1) with ¢ = R" and F = Mu, where M = I + S,

and S = (0 N
w

0 ) The classical Forward-Backward (FB) splitting method generates the
sequence
Uk = -y + 9)uk,

whose convergence depends on the spectral radius of Tgg = I-y([+S), given by ppg = 1—
Y(1+iw). In contrast, the spectral radius of the Douglas—Rachford (DR) splitting method,
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which we will discuss in greater detail in Section 5.2, is given by

l-yjo 1-vy

Tor) = |1+ .
p(Tor) = 3 1+yjo 1+vy

For non-small stepsizes (e.g., y = 0.5), the FB iteration exhibits non-decaying oscillations
with |ppg| = 1, whereas DR contracts steadily toward equilibrium with |ppgr| = 0.52. As
we will see in Section 5.2, the DR takes advantage of the affine structure of the problem
to split the operator that defines the VI in a symmetric and non-symmetric part. This
enables the DR to effectively damp rotational modes, resulting in faster and more stable
convergence for skew-dominated problems.

Motivated by exploiting the structure of linear VIs that arise from linear-quadratic
dynamic games and the DR splitting to achieve faster convergence, our technical contri-
butions are summarized as follows:

* First, we define a strongly monotone affine VI whose solution, under some techni-
cal assumptions, is an infinite-horizon open-loop Nash equilibrium for the linear-
quadratic dynamic game. We show that the solution to the problem is known in
closed form when the initial state lies in a neighborhood of the origin.

* We leverage the linearity of the VI to derive a tailored iterative solver based on the
DR splitting method. Furthermore, we show linear convergence for the derived
affine VI of OL-NE.

* We adopt the aforementioned splitting method in computing the control input of
a controller based on the receding-horizon solution to a VI derived from a linear-
quadratic dynamic game. The test scenario is that of a set of autonomous vehicles,
whose objective is to traverse a crossroad while maintaining a safe distance and
speed.

Notation.

a) Matrices: We denote as I, the identity matrix of size n and as 0, , the zero ma-
trix of size n x m. The subscripts are omitted when clear from context. For
a set of matrices of suitable dimensions indexed in .#, (M;);c.#, we denote as
col(M}) je.#, oW (M;) jc.#,blkdg(M;)c.¢ its column, row and diagonal stack, re-
spectively. For a set of matrices of suitable dimensions indexed in . x _¢, we
denote the block matrix with i, j-th element M;; as blkmat(M; ) je.#, jc s We de-
note M~ " = (MT)~! and the Kronecker product as ®.

b) Euclidean spaces and operators: Let € be the finite-dimensional real vector space
with the standard inner product (-,-) Euclidean norm. For x € R” and Q > 0,
we denote [ x]g = v/ xTQx. The subscript is omitted when Q = I. We denote
as m¢ the metric projection onto set € (m¢(u) = argminyes lu—yll). We de-
fine the normal cone of the set € at the point u € € as Ng(u) = {g: g u=
gy, Vy € €}. An operator F is L-Lipschitz, if there is L > 0 such that for all
u,y € € we have |F(u) - F(y)| < Lllu— y|. The operator F is (strongly) mono-
tone if (F(u) - F(y),u—y) =z ulu— y||2 forall u, y € ¢ and some = 0(> 0). Fora
closed set ¢, we denote its interior as int(%). We denote the VI problem 5.1 with
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the operator F and set € as VI(¥, F). For an affine operator F: x — Mx + u, we
denote the affine VI problem AVI(¥, M, q) := VI(€, F).

) Real sequences: We denote as ' a sequence in R" with length T e Nuoo. Let
w € &' We denote as w(t], with ¢ € {0,..., T — 1}, its ¢-th element. If w: R™ —
S}, that is, w(x) is a sequence for all x € R, then we denote as w[t|x] its ¢-th
element. We treat finite sequences as column vectors, that is, if w € 9’;’, then
w = col(w(]) reqo,..., T-13-

d) Game theory: We consider multi-agent systems, and we denote as N the number
of agents. We denote as.# :={1,..., N} and as .#_; := .# \{i}. We denote in boldface
the column stack over .#, e.g. w = col(w;)ec.s. We add the subscript —i to denote
the stack over .¥_;, e.g. w = col(w;)jes ;. If w; € 5@2’ forall i € .# then, with slight
abuse of notation, we denote w := (w;)jes, W—; := (Wj)ies_;.

5.1. OPEN-LOOP NASH EQUILIBRIA AS SOLUTIONS OF A VARI-

ATIONAL INEQUALITY

We consider a linear system with N inputs, each controlled by a self-interest agent. We
denote the sequence of control inputs of agent i as u; € #'. The system dynamics is
ruled by the difference equation

x[t+1]=Ax[e]+ ) u;[z]. (5.2)
ied

We denote as ¢(t, xo, u) the solution at time ¢ of (5.2) with initial state xy and input u. We
consider quadratic stage costs for all agents:

Ci(xlel, wile) = S XL, + w1, Ve (5.3)

such that, forall i € .#, Q; = Cl.TCi =0,R; = ler > 0 and the pairs (A, B;) and (A4, C;) are
stabilizable and detectable, respectively. Furthermore, we consider linear time-invariant
constraints: define the stage-feasible sets as

[U,-(u_i[t])::{ui[t]:ZjejD;.‘uj[tHd“sO} (5.4a)
X:={x[t] : D*x[t] + d* < 0}, (5.4b)
and the collective feasible input sequences with length T € N U {oo} as
QUT(x0) :={w: u;iltl eU;(u_;[t1DVie L, t< T; Pp(t, xo, ) € XV < T}. (5.5)
We assume that the origin is strictly feasible, that is,

Assumption 5.1.1. 0 €int(X); 0 € int(U;(0)), forallie .#.

Note that, if T is finite, %7 (xp) can be expressed as a system of affine inequalities by
substituting (5.2) in (5.5) to eliminate ¢:

ueuUr(xy) < Du+d=<0. (5.6)
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We define the (infinite-horizon) Open-Loop Nash equilibrium (OL-NE) #°" as an input
sequence such that the infinite-horizon objective

TR (i u—j, xo) := Y i (p(t, X0, w), u;i[1]) (5.7)
t=0

cannot be improved by unilateral modifications by any agent.

Definition 5.1.2 (OL-NE). u° € % (x,) isan OL-NE for the initial state xy iflim;— o ¢ (¢, xg, uOl) =

0 and J° (ud", u®k, xo) < J2°(u;, u®F, xo) for all u; such that (u;, u®k) € Uos (xo).

The infinite-horizon problem is in general intractable. In the remainder of this sec-
tion, we summarize the results of our previous work [157], where we identify an affine,
finite-dimensional variational inequality (VI), whose solution are a truncation of the OL-
NE under the following technical assumptions:

Assumption 5.1.3 ([155, Assumption 4.9]). A is invertible and the matrix

o [A+LjesSiATTQj  row(=S; A_T)feﬂ]

col(—A"TQ))jes INn® A7T

where S; := BiRl.‘lBiT, has exactly n eigenvalues with modulus strictly less than 1. An n-
dimensional invariant subspace of H is complementary to

tm| )

We define (P;, K;) je.# as the solution to the coupled algebraic Riccati equations (ARE)

OnXNn
INn

Pi=Qi+A"Pi(A+Y jes BjK}) (5.8)
Ki=—-R;'B] Pi(A+¥ jes BjK); (5.9)
such that the feedback gains (Kj);c.s stabilize the system in (5.2). Such solution exists

following [155, Theorem 4.10]. Furthermore, we define (P;, K;)ie.s as the solutions to the
(uncoupled) AREs

+ B K;) (5.10a)
;+B;Ky), (5.10b)
where, for each i

A XjriBjKj

0 A+ZjE]BjKj !
Q; = blkdg(Q;, ),

ﬁi :=col(B;,0,xm),

Ai =
(5.11)

such that the feedback gains K; stabilize the augmented system (A;, B;) for each i.
Finally, let us introduce Xy as a forward-invariant, constraint-admissible set for the dy-
namics

x[t+1] = (A+ X jes BjKj)x[t].
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Then, we can find a T-long truncation of an OL-NE sequence as the solution to the finite-
horizon equilibrium problem

find u* € % (xy) such that

Vi:u; Eargnaiin Ji(ui, u*, xo) (5.12)
st (ug, u’ ;) € Ur(xo),

where

2
(T, xo, uj, u* )

bl 5.13
¢(T,x0’ui)u_i) ( )

Jiwi, ' xo) = 0@ xo, wi,wt ), wile)} + 3

b;
as formalized next:

Lemma 5.1.4 ([157, Theorem 1]). Let u* solve (5.12). Let x1 := ¢(T, xo,u*) and let x1 €
Xy. Then, the sequence defined as

Vi.{”i [ Fi<T (5.14)

| Ki(A+ X BiKp)" xr ift=T
is an OL-NE for the initial state x.

We now develop a connection between the solutions to the problem in (5.12) and the
solutions to a VI. Via straightforward calculation, we can find matrices 0, (I';) je.# such
that the dynamics in (5.2) is rewritten as

x[1] u;[0]
—@x+ Y T; . (5.15)

ied

x[T] u;[T-1]

Then, the partial gradients of the functions in (5.13) with respect to the first argument
read as
ViJi(u, u, xo)
=Mu+gq, (5.16)
ViJi(un, u, xo)

where
M :=blkdg(R;)ie.s + blkmat(T] QiT j); je.s,
q:=col(T] Q;Ox0) ez,

_ (5.17)
R;:=IT®R;, Vi
Q_iIZ blkdg(IT_1®Qi,Pi)» Vi.
A sufficient condition for #* to solve (5.12) is that u* solves
AVI(% T (x0), M, q). (5.18)

Lemma 5.1.5 ([157, Proposition 2]). Ifu* is a solution to the VI in (5.18), then it is also a
solution to the finite-horizon equilibrium problem in (5.12).
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u*[0
4[]'x+=Ax+ZieyBiui ol

L—— u" thatsolves (5.18)

Figure 5.1: Block scheme of the closed-loop dynamics with receding-horizon open-loop Nash equilibrium
controller.

In Section 5.2, we leverage the problem reformulation provided by Lemma 5.1.5 to
propose a fast solution algorithm to (5.18). To further alleviate the computational bur-
den, we show that the solution to (5.18) can be computed in closed-form when the initial
state belongs to X¢.

Proposition 5.1.6. Let xy € X and M in (5.17) be such that M + MT >0. Let for all i
u:-‘ [1] = K;(A+Y ey BiKi) xq.
Then, the unique solution to the VI in (5.18) is the sequence u* [0],...,u* [T — 1].

Erom the definition of X7, u™ is strictly feasible. We proceed by contradiction, and
we assume there exists an input sequence v; such that

Jiwi, u*, xo) < J;(u;,u*, xo). (5.19)
Define the sequences
x[t] = ¢p(t, X0, Vi, u” ) (5.20)
x"[t] = (A+ Lecr BiKi)'xo (5.21)
yir = (Ai + Biky)" f}g” (5.22)

w;[t] = K; y[t]. (5.23)

From the definition of A;, B;, we deduce the structure

z[t]
y[f]= x*[t]
where z satisfies
z[t+ 1]:Az[t]+Bif<iy[t]+Z]-¢,-BjKjx*[t] (5.24)

Note that K;x*[t] = u*[1], I%iy[t] = w;[t] and z[0] = xV[T), thus we can write

z[t] = (6, x"[T], wi, u” ). (5.25)
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Following [161, Theorem 21.1] and the fact that 13,-, IA<,- solve the ARE in (5.10),

2
xV[T]
= x*m] R ‘;ioéuymng;%uwi[t]u;i
' (5.26)
=X 20 3 l2lal, + 3 lwilell,
=39204i(zlt], w;l1]),
where we used the definition of Q,-, R;. Denote for all i
[t ifr<T
T TP LU (5.27)
w;i[t-T] ifr=T.
After substituting (5.26) in (5.12),
Jii, u*, x0) = X [ £((t, Xo, vi, u* ), v;[1]) 5.28)
+ X2, (2], wil1)). '
We substitute (5.25) and (5.27)
Jiwi, u*, x0) =X 12 €(p(t, X0, vi, u* ), v;[1]) (5.29)
+ X2 0@, xV[T), wi, u” ), wilt]) (5.30)
=Y, 0(§(t, x0, V3, u* ), US°[1]) (5.31)
Similarly, one can show
Jitui, u*, x0) = J7°(u] , u” ;, xo). (5.33)

Thus, (5.19) implies
TR, u”, xo) < J°(uj, u’;, xo),

which contradicts the fact that «#* is an infinite-horizon OL-NE for the unconstrained
system [157, Prop. 1]. Therefore, u* solves (5.12). Because u* is a strictly feasible solu-
tion, the optimality conditions of (5.12) lead to

ViJi(ui,u*,x) =0, Vi (5.34)

From (5.16), we obtain
Mu* +q=0. (5.35)

From the definition of VI in (5.1), we conclude that #* is a solution to the problem in
(5.18). The statement follows then by the uniqueness of the solution [4, Prop. 2.3.2, Th.
2.3.3]. O

With the receding-horizon control application illustrated in Figure 5.1, in the remain-
der of this paper, we explore a Douglas-Rachford (DR) splitting algorithm that exploits
the linear structure of the VI.



5.2. ALGORITHM AND CONVERGENCE 81

5.2. ALGORITHM AND CONVERGENCE

In this section, we first present a Douglas-Rachford splitting-like method for solving an
affine variational inequality. Then, based on the results from the previous section, we
tailor the proposed algorithm to the affine VI that defines 22, (xy) in (5.18). To this end, let
us consider a general affine VI problem AVI(¥, M, q) and denote with M;, M», H matrices
such that M = M; + M5, and

My = M =0, M, >0,

T (5.36)
H=H">0.

Consider the following Douglas-Rachford splitting-like method [160, Eqq. 30, 31] to
solve AVI(€, M, q), ke N:

vk =s0l(€, H+ My, g+ (Mo — Hu"), (5.37a)
w1l = (H+ M) ™! (H(Z/lkyk +(1-22)u") + M uk) ) (5.37b)

where sol(€, M, q) denotes the solution to AVI(¥, M, q). At first glance, the iteration in
(5.37) is not effective, as the step in (5.37a) requires itself the solution of an affine VI.
However, note that H + M, is a symmetric operator, differently from M. Therefore, the
step in (5.37a) is equivalent to solving an optimization problem [4, §1.3.1], and specifi-
cally a quadratic program (QP) in the case when % is a polyhedron, which can be solved
very efficiently [145]. The iteration method in (5.37) is well-defined under the condition
in (5.36), as the AVI in (5.37a) admits a unique solution, and H + M, is invertible. Lin-
ear convergence of the iteration in (5.37) to the solution of VI(¢, M, q) is provided in the
following lemma.

Lemma 5.2.1 (Linear convergence [160]). The sequence (uy)xen generated by the iter-
ation in (5.37) converges linearly [133, Eq. 5.8] to the solution of AVI(€, M, q) where
A€(0,1], M = My + M, and My, M, and H are matrices chosen according to (5.36).

The result follows directly from Case 2 in [160, Proposition 6] and [160, Proposition
8]. O
We also refer interested readers to [134], [135], where the authors provide different
convergence guarantees for different kinds of splitting in inclusion problems, which can
be extended to solving VI.
We choose H, M;, M, as follows:

H=(1-y)(M+M")+¢l, (5.38a)
My =y(M+M"), (5.38b)
My=(M-MN+1-y)(M+M"), (5.38¢)

with y € (0,1), and we recall that M is defined in (5.17). This splitting choice satisfies
the conditions in (5.36) when M > 0 and it thus results in a linearly convergent Douglas-
Rachford iteration according to Lemma 5.2.1. It is designed so that, in the particular case

M = M and with the choice A = %, (5.37) becomes

uk*t = sol(, eI+ M, g — eub), (5.39)
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which is equivalent to

1
uk*! = argmin = |u+ (M +eD7 (g -eub)I%,, . (5.40)
uee€ 2

The latter, for € = 0, resembles a full-step towards the unconstrained solution of (5.1),
namely, - M~ q, projected onto the constraint set.

5.3. NUMERICAL EXPERIMENTS

We test the proposed Douglas-Rachford algorithm with H = I, A = 0.5 Vk, and M;, M,
chosen asin (5.38) on the receding-horizon control architecture in Figure 5.1, applied to
the control of autonomous vehicles driving through a crossroad. The vehicles traverse
the intersection in the sequence of their arrival. Each vehicle aims to maintain a safe
distance from the preceding vehicle intersecting their path, while matching its velocity.
If no preceding vehicle intersects their path, the agent is called a leading vehicle, and its
objective is to maintain a reference speed. We denote the set of leading vehicles as £
and the preceding vehicle intersecting the path of i as y(i). We simulate NV = 15 vehicles,
with directions

{NS,ES, WE,NW,WN, WN, WS, NE,

NE, EW, NS, ES, WS, SW, WE}
where NS denotes “from North to South” and so on. For example: Agent 1 is a leading
agent; Agent 2 must maintain a safe distance from Agent 1 because the paths NS and ES
intersect, thus y(2) = 1; Agent 4 (NW) must maintain a safe distance from Agent 1 (NS),

because the path of agent 4 does not intersect with the ones of agents 2,3, thus y(4) = 1.
We define x = col(x;) ;c.#, where the state of each vehicle x; is

pref — ifie#
Py = Pi—di
Uy(i) — Vi

Xi = (5.41)

ifig 2.

In the latter, p; denotes the progress (in meters) of vehicle i starting from the entrance
point to the intersection, d; is the desired distance from y (i), and v; denotes the speed.
Each vehicle is modelled as a double integrator, discretized with rate 75 = 0.1s. The ma-
trices defining (5.2) are

1 ifieZ,
A=blkdg(A;)jc.s, Wwhere A; =< |1
g( z)lEJ where A; Ts ifie P
-
w22 x| ifi=x0) (5.42)
T
2 . . .
B; = col(B;) je.s, Where B;j = —[rs/z TS] ifi=jandi¢ &L
—Tg ifi=jandie %

O1x2 else.
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+4++

(a) Agents 1-4 approach the (b) Agent 1 (Blue) crosses the (c) Agent 3 (yellow) crosses the

intersection. intersection first. Agents 2 intersection, followed by Agent 5
(orange), and 4 (violet) cross next, (green).
simultaneously.

<+

(d) Agent 6 (cyan) crosses the (e) Agents 7 (red) and 8 (blue) (f) Agent 10 (yellow) crosses the

intersection. Agents 7-9 approach. cross the intersection intersection, followed by Agent 11
simultaneously, followed by agent  (purple). Agents 12 (green), 13
9 (orange). (cyan), 14 (red) approach the
intersection.
(g) Agents 11 (purple) and 12 (h) Agent 15 (blue) crosses (i) The intersection is cleared.
(green) cross the intersection, the intersection last.

followed simultaneously by Agents
13 (cyan) and 14 (red).

Figure 5.2: Simulated scenario. The full animation is available at https://tinyurl.com/444xr94f.

In order to satisfy the stabilizability assumption, each agent applies the pre-stabilizing
local controller K; such that

Kix=-0.1- ]lTxi.
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The constraints include the safety distance and the speed constraints, as well as an input
box constraint:

Py(i) — Pi Z dmin,

vmin <y < Umax’

™ < ;< g™,
The state and input weight matrices are Q; = I;, R; = 1. We observe in Figure 5.3 that
all vehicles achieve the desired reference speed and distance, while satisfying the con-
straints. An animation of the simulated scenario is available at the provided link, where it
is observed that the vehicles safely complete the maneuver. We illustrate some extracted
frames of the animation in Figure 5.2. At each time-step, we apply the Douglas-Rachford
iteration in (5.37), warm-started at the “shifted” input sequence

i = (u; [1],..,u; [T-1],K;x7), Vie s,

where u* is the solution to (5.18), where the initial state x; is substituted with the cur-
rent state of the system, and x}. = ¢(T, x[¢], u* (¢)). Figures 5.4a and 5.4b illustrate that
the proposed method is significantly more computationally efficient than the Forward-
Backward splitting method [4] and the ADMM-inspired method proposed in [162], both
in terms of the number of convergence iterations and the computational time. We note
that the speed-up due to the warm-start is not available for the ADMM method. This is
because the ADMM algorithm disregards the warm-start and, as a first step, moves the
solution estimate to the one of a regularized unconstrained game. As shown, the number
of iterations required to converge to the solution decreases with the evolution of the sys-
tem, and we speculate that this is due to the system state converging towards the set X,
where the warm-start coincides with the solution to (5.18), in view of Proposition 5.1.6.
We consider that the algorithm has converged when r; < 103, where ry is the natural
residual at iteration k of the iterative method (5.37) [4, §6.2.1].

30

p;(t) — pi(t) (m)

v; (m/s)

time [sec]

Figure 5.3: (a): Distance between y (i) and i. (b): Velocity of each agent. The dotted lines denote the reference
values, and the red dashed lines denote the constraints.
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Figure 5.4: Number of iterations and computational time to achieve convergence of the VI solution.

5.4. CONCLUSION

For linear-quadratic dynamic games, an open-loop Nash equilibrium is the solution ﬂ
to an affine variational inequality, if the terminal state belongs to a forward-invariant,
constraint-admissible set for the infinite-horizon unconstrained Nash equilibrium. The
Douglas-Rachford splitting-like method is particularly suited for this affine variational
inequality application, as it shows a remarkable convergence speed. Fast convergence
to the solution enables the adoption of receding-horizon game-theoretic control archi-
tectures. Additionally, considering that the Nash equilibrium is known in closed-form
near the equilibrium attractor of the dynamic game, the computational effort required to
solve the associated VI is further reduced by employing an informed warm-start. Future
work will investigate other algorithms and applications of real-time control for multi-
agent robotic systems based on receding-horizon variational inequalities [163].






NASH EQUILIBRIUM SEEKING FOR
A CLASS OF QUADRATIC-BILINEAR
WASSERSTEIN DISTRIBUTIONALLY

ROBUST GAMES

In continuation of the variational inequality formulation introduced in the preceding
two chapters, we consider a class of Wasserstein distributionally robust Nash equilibrium
problems, where agents construct heterogeneous data-driven Wasserstein ambiguity sets
using private samples and radii, in line with their individual risk-averse preference. By
leveraging relevant properties of this class of games, we show that equilibria of the orig-
inal seemingly infinite-dimensional problem can be obtained as a solution to a finite-
dimensional Nash equilibrium problem. We then reformulate the associated variational
problem as a finite-dimensional variational inequality and establish the connection be-
tween the corresponding solution sets.
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A wide range of applications, from energy and communication networks to social
networks and economics [164], [165], [166], [167], [168], [169], [170] can be modeled as
a collection of self-interested interacting decision makers optimizing different objective
functions under operational constraints. Game theory [171] provides the fundamental
theoretical framework for analyzing such systems. Although investigating deterministic
games can be adequate in some case studies [164], [172], most real-world applications
involve decision making under uncertainty, which stresses the need for the inclusion of
stochasticity in the existing models [173], [174], [175]. Several studies have explored un-
certainty within a game theoretic context, based on particular technical assumptions on
the probability distribution [176], [177] and/or the properties of the uncertainty sam-
ple space [178], [179]. Other works have focused on the analysis of robust versions of
uncertain cooperative games [180], [181], [182].

When the probability distribution is unknown and distribution models are not an
accurate description of the stochastic aspect of the problem, sampling-based or data-
driven methods have shown strong potential for proposing robust solutions against un-
certainty. Works such as [183], [184], [185], [186], [187], [188], [189] design distribution-
free approaches for data-driven Nash equilibria based on statistical learning techniques.
More specifically, [186], [187], [188], [189] account for possible strategic perturbations
around the Nash equilibrium. Separately, works based on Sample Average Approxima-
tion (SAA) techniques, such as [190], [191], develop algorithms for finding Nash equi-
libria in stochastic settings by using expected values of cost functions. The works men-
tioned above constitute data-driven methods for stochastic equilibrium seeking. These
works, however, do not account for ambiguity in the probability distribution, where the
distribution itself may be uncertain within some known bounds. The challenge of ambi-
guity in the distributions becomes pronounced in multi-agent settings, where heteroge-
neous uncertainties affect the agents’ costs, often necessitating the consideration of dif-
ferent ambiguity sets, each representing the individual risk-averse nature of each agent.

To account for distributional uncertainty, distributionally robust optimization (DRO)
uses a so-called ambiguity set of possible probability distributions to make decisions
robust against probabilistic variations within this set. Unlike scenario-based methods,
which require many samples for robustness, DRO can perform well with limited data by
adjusting the ambiguity set. DRO includes special cases like sample average approxima-
tion (SAA) and robust optimization (RO). At the same time, DRO can be less conservative
than RO and offer better out-of-sample performance than SAA, making it especially use-
ful in data-driven applications with limited data. Recently, Wasserstein ambiguity sets
[192], which use empirical data and the Wasserstein metric to measure distributional
deviations, have gained attention. These sets are favored for penalizing horizontal shifts
and providing finite-sample guarantees. Research has focused on convergence of empir-
ical estimates in the Wasserstein distance [193], [194], [195], [196], [197], [198], as well as
obtaining tractable reformulations of Wasserstein distributionally robust optimization
problems [194], [199], [200], [201]. Extensions of those works include distributionally
robust chance-constrained programs [202], [203], [204].

Despite the considerable body of literature on DRO with Wasserstein ambiguity sets,
the exploration of data-driven Wasserstein distributionally robust Nash equilibrium prob-
lems with heterogeneous uncertainty in the cost functions represents a notably under-
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explored topic. Most works in the literature consider moment-based methods or other
measures of distance between distributions. For instance, [205] considers a non-cooperative
game with distributionally robust chance-constrained strategy sets applied to duopoly
Cournot competition. The work [206] develops distributionally robust equilibrium mod-
els based on the Kullback-Leibler (KL) divergence for hierarchical competition in supply
chains. Other works mainly consider ambiguity in the constraints, such as the recent
work [207], which studies a game with deterministic cost for each agent and distribution-
ally robust chance constraints with the centre of the Wasserstein ambiguity set being an
elliptical distribution; [208] reformulates an equilibrium problem with a deterministic
cost and distributionally robust chance-constraints as a mixed-integer generalized Nash
equilibrium problem leveraging the results in [209]. The contributions of this work with
respect to the related literature are the following:

1. We study a class of heterogeneous data-driven Wasserstein distributionally robust
games with a quadratic-bilinear structure for each agent objective function. Each
agent is considered to act as a selfish entity making individual decisions to opti-
mize their own cost function, which depends on a private uncertain parameter.
The game-theoretic formulation generalizes the optimization framework to allow
for interdependence of the agent cost functions. Furthermore, as we model possi-
bly heterogeneous probability distributions, we lift the assumption of a common
ambiguity set, allowing each agent to construct their own, based on their private
data and personalized Wasserstein radius. In this generalized setting, the solution
set can significantly differ from those associated with common ambiguity sets,
studied under an optimization framework in [194], [199], [210], [211].

2. We reformulate the original game as a robust Nash equilibrium problem and es-
tablish the connection between the distributionally robust and robust Nash equi-
libria of the corresponding problems. For this class of games, we demonstrate
that the inner maximization can be solved without the use of epigraphic variables
[199], [212], which, unlike distributionally robust optimization, in distributionally
robust games can lead to unshared coupling constraints. As such, our approach
decreases computational complexity significantly. To the best of our knowledge,
this is the first distributionally robust game-theoretic reformulation that leads to
data-scalable results by leveraging the structure of the problem at hand.

3. The robust Nash equilibrium problem is then reformulated as a variational in-
equality (VI). Unlike results of similar classes of problems in optimization [213],
where the reformulated variational inequality is monotone under certain assump-
tions, the mapping corresponding to the game can be nonmonotone in general
due to the heterogeneity of the agents’ ambiguity sets and costs. However, we show
that this problem can be efficiently solved empirically using two algorithms: the
adaptive golden ratio algorithm (aGRAAL) [46] and a hybrid version of this algo-
rithm (Hybrid-Alg in [214]). Notably, our numerical results show that in several
cases, the convergence speed is close to linear, and increasing the number of sam-
ples does not slow down the convergence. Our results are then applied to a port-
folio allocation game that takes into account market uncertainty and behavioural
coupling of market participants.
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6.1. PROBLEM FORMULATION

Notation: In this section, we introduce some basic notation and results required for the
subsequent developments. To this end, consider the index set A" = {1,..., N}. The de-
cision vector of each agent i € 4 is denoted by x; = col((xi.] ) );lzl) € X; < R", where
@

x;”",j =1,...,n, denotes an element of the decision vector; let x_; = col((x;)

i ) ')E

N
j=1,j#i
X =TIN Ligj Xj € RW-D7 he the decision vector of all other agents’ decisions except
for that of agent i and x = col((xi)ﬁ N be the collective decision vector. We denote || - || =
Il -Il2. The projection operator projy(x) of a point x to the set X is given by projy (x) =
argminy€X lx—yll. F is monotone on X if (x — y)T(F(x) —F(y))=0forall x,y € X. If the
condition is not satisfied, the mapping is called nonmonotone.

Let us denote P(R™) as the set of all probability measures on R and define
MER™ = {@ | Q is a distribution on R and Ep[||é||] = j; I€11Qdé) < oo}.

In other words, M(R™) considers the sets of all distributions defined on R with a
bounded first-order moment. We are now ready to define the Wasserstein metric to
quantify the distance between two probability distributions.

Definition 6.1.1. The Wasserstein metric dy : M(R™) x M(R™) — R>q between two dis-
tributions Q1, Q2 € M(R™) is defined as

1/p

dw(@Q1,Q2) := €1 = ENIPTI(déE, dE2)|

inf f
MeJ (§1~Q1,62~Q2) JRM xR™M
where J (&1 ~ Q1,&2 ~ Q) represent the set of joint probability distributions of the random
variables &1 and &, with marginals Qy and Q,, respectively. O

The Wasserstein metric can be viewed as the optimal transport plan to fit the proba-
bility distribution Q; to @, [192].

6.1.1. PROBLEM FORMULATION
Consider a population of agents with index set A = {1,..., N}. Based on that we define
the following game:
v A : i [ [ 1 —1 [E g~ i i .) —1 ’ [ )
ieN )glel)%&a%{ﬁ(x, X)) + ¢, -, [8i (xi, x—i,§ )1}
where f; :R"xR"™-D L R, g; : R? xR*N-D xR™ — Rforall i € .4 and 2?; is the ambigu-
ity set of the uncertain parameter ¢;. We call the collection of the coupled optimization
problems above for all agents i € .4 as game (G).
For game G, we define the notion of distributionally robust Nash equilibrium as fol-
lows:

Definition 6.1.2. A decision vector x* € Hﬁi X; is a distributionally robust Nash equilib-
rium (DRNE) of game G if; given the decisions of all other agents x* ; € X_; it holds that

x; € argmin maﬁ_{fi(xi,xfi) + B¢, (81 (xi, x2;,EN1), VieEN. (6.1)

xi€X; i€
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In other words, a decision vector x* is a DRNE of G if, for each agent i, given the
equilibrium strategies x*; of all other agents with their respective local sets, the follow-
ing holds: player i chooses their strategy x; in a way that minimizes their objective, con-
sidering both their deterministic cost f; and the worst-case expected effect of distribu-
tional uncertainty in ¢; of g;. This must hold for all agents simultaneously, ensuring that
no agent can improve their outcome by unilaterally changing their strategy, even in the
face of worst-case distribution.

In this work, we follow a data-driven approach and consider heterogeneous Wasser-
stein ambiguity sets constructed by each individual agent on the basis of their own indi-
vidual data. Thus, we define an appropriate notion of distance between probability dis-
tributions. Due to its ability to penalize horizontal dislocations of distributions and often
capturing realistic shifts in distributions, in this work we will use the Wasserstein dis-
tance. Specifically, for each i € A the empirical probability distribution is constructed
based on K; independent and identically distributed (i.i.d.) samples {k, = {{ i.l), o€ 5K1) }
drawn by agent i as follows:

R 1 KL
where d¢, is the Dirac delta measure that assigns the full probability mass at the point
¢;. We then consider a radius €;, based on the Wasserstein distance, and construct the
data-driven Wasserstein ambiguity ball of agent i as follows:

P ={Q; e PZR™) | dw (Q;,Pk,) < &}, (6.2)

where Z(R™) denotes the collection of all probability distributions defined on the sup-
port set R™.

6.1.2. EFFECT OF HETEROGENEOUS AMBIGUITY SETS ON THE EQUILIBRIUM
SET

We consider a simple example to illustrate how heterogeneity of each agents’ ambiguity

sets, which correspond to an uncertain parameter ¢ € R?, can affect the solution set of

DRNE even in the case of 1-Wasserstein distance (p = 1). In the following distributionally

robust game, two self-interested agents solve the following interdependent optimization

problems:

min  max  Eg,[c11x? + cr2x1%2 + €T X]
X1 @16981 ('PKl)

min max [Eg,[c1x1x2 + c22x§ +&Tx]
%2 QuePe, Br,)

(6.3)

The game in (6.3) can be equivalently written as follows [199]:

, 2 LN T
rrgncux1+clgx1x2+ﬁkzl(§1 ) x+erllxll.

k
N Tx+exllxlls,

Kz
; 2, 1
mincp1 X1 Xz + €22 X5 + 2= X (€
*2 2 k=1
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Figure 6.1: Equilibrium solution for homogeneous (blue lines) and heterogeneous (red lines) ambiguity sets
for a 2-player game with scalar decisions. The dashed lines correspond to the second equation in (5).

where || - ||« represents the dual norm of || - ||. At an equilibrium X = (X;, X2), considering
the 2-norm for the transport cost, the following stationarity conditions hold:

oo 2 _ H_ 1S
cniitepkht+a === 2 ¢
24x k=1
b e (6.4)
= - X __1 (k)
CnXi+2epte—== =1 X &)
%2 +i2 k=1

We now show how, even for simple discrete distributions concentrated at one point, a
difference between P; and [P, can lead to a significant change to the equilibrium solu-
tion. Consider a discrete probability distribution P; with full probability mass at x = p;
(i.e., with probability 1) and 0 elsewhere, and the probability distribution P, with full
probability mass at x = py, 0 elsewhere:

X1

2c11X1 + C2Xp €1 ———= =—p1
X+x3
] ] U 6.5)
C21X1 +2Co2X0 + €2 = —p2
X2+ 32

In Figure 6.1, we first consider ¢ = 1, ¢12 = 0.5, ¢21 = 0.5, ¢22 = 1 and homogeneous am-
biguity sets, i.e, €1 = 0.1, €2 = 0.1, p; =1, p» = 1. Considering heterogeneous ambiguity
sets (€1 =2, €2 =0.1, p; =1, p» = —4), we note that the equilibrium point changes. Thus,
our setting generalizes standard distributionally robust optimization to games of agents
with self-interested objectives that can be affected by different distributions, have their
own individual data and select their own preferred risk-aversion via their Wasserstein
radius. This example shows how different radii and different samples, can introduce
information asymmetry in the problem at hand, thus significantly changing the set of
equilibria.
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6.2. WASSERSTEIN DISTRIBUTIONALLY ROBUST QUADRATIC-BILINEAR

GAMES

In this work, we consider a class of quadratic-bilinear games under the 2-Wasserstein
distance (p = 2). We impose the following assumption:

Assumption 6.2.1. 1. Foreachie /N, f; is convex in x; for any given x_; € X_;;
2. Foreachie , g; has the form g;(x;,x_;,¢;) = EiTQl-fi +P;(x)¢;;
3. P;isaffineinx, i.e. P;(x) = A;x + b;, where A; e R™ "N and b; e R™ foralli € N ;

4. There exists an orthogonal matrix L; such that Q; = Ll.TD,'L,-, where D; is a diagonal

positive semidefinite matrix with sorted eigenvalues.

Note that A; can be written as A; = (Ag.l),AEZ),...,A;N)), where AE.]) € R™" corre-
sponds to the submatrix to be multiplied with the elements of x; for each j € A4". The
structure of function g; allows for each agent to determine individually how much they
wish to penalize large deviations of the uncertain parameter, represented by the quadratic
term ¢ l.TQié ;. Furthermore, the bilinear term P;(x)¢; models the interplay between un-
certainty and decisions and is important in models where the collective decision of the
agents amplifies the effects of uncertainty in the cost. Assumption (iv) allows Q; to
be represented as Q; = Ll.TDiLi, where L; is orthogonal and D; is a diagonal positive
semidefinite matrix with sorted eigenvalues. This form leverages the benefits of orthog-
onal transformations and simplifies the analysis of quadratic forms, while still being gen-
eral enough to cover a wide range of practical scenarios.

Considering an ambiguity set per agent as in (6.2), we then obtain the following re-
sult:

Lemma 6.2.2. Let Assumption 6.2.1 hold. Fix the Wasserstein radii €; and consider a
multi-sample g, € R™Ki for each agent i € N'. Then, each agent’si € N problem admits
the following dual reformulation:

J?lein]i(xi,li,x—i), (6.6)
/111-201
where
2, 1 ¢ T (ki) .2
Jilxi, Ay x2i) = fixi, x_) + Aigf + — 3 sup [§] Qi&i + Pi(0)&; = Aill&; =& I°]. (6.7)
Ki (Z1¢emm
Proof: The proof follows by application of the Kantorovich duality [215]. |

We call the collection of the coupled optimization problems above for all agents
i € & as game G. Note that this reformulation has an additional dual variable A; for
each i € 4 that corresponds to the Lagrange multiplier associated with each individ-
ual Wasserstein constraint. Through this reformulation, a distributionally robust Nash
equilibrium problem can be recast as an augmented robust Nash equilibrium problem.
To connect the solutions of G and G, we first provide the definition of the robust Nash
equilibrium (RNE) for game G as follows:
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Definition 6.2.3. A decision vector (x*,1*), where 1* = col((A;)iex) is a RNE of G if

Vie N:(x},A}) € argmin J;(x;, A, x7)),
x;€X;,A;=0

with J; asin (6.7). O

The following lemma establishes the connection between the set of DRNE of G and
the set of RNE of G defined as follows:

Lemma 6.2.4. Let (x*,A*) be an RNE of G in (6.6). Then, x* isa DRNE of G in (6.1). O

Proof: For a given x*; € X_, since (x*,1") is an RNE of G, we have

max {fi(x], <)) +Egi~q, (€] Qiéi+ Pi(x}, x7 )Ex)

. 1 K ,
=min f;(x;,x*,) + Lje? + — Y sup [fiTQifi+Pi(x?’xfi)fi_li”5i_égkl)llz]
1:20 Ki 2 ¢emm
, 1K . (ki) 2
= filx}, xX )+ ATef+ — Y sup [§] Q&+ Pi(x}, xX )& — A€ =&, V1%
Ki g21¢iemm
< . * 2 1 & T * (ki) 2
< min  filx,xI)+Aigf+— Y sup [€] Qi+ Pi(x;, xX )& — AillEi — & 1%
xi€X;,A;=0 K; ki=1¢ieR™

. % T *
= min &a%{ﬁ(xi,x_i) +Ee;~q,[8; QiSi + Pixi, x7;)¢il}, (6.8)

where the inequality holds from Definition 6.2.3. |

Note that the inverse direction does not necessarily hold, as one should determine an
appropriate value for 1*. From Lemma 6.2.4 we can instead solve game G and obtain the
solution (x*,1*) and, from this solution, select x* as the DRNE of our original problem
G. To achieve this, we impose the following standing assumption:

Assumption 6.2.5. The set of RNE of G in (6.6) is non-empty. d

The non-emptiness of the set of RNE of G then directly implies the non-emptiness of
the set of DRNE of game G. To solve the inner maximization over the uncertain param-
eter ¢;, we show that the class of games that satisfies Assumption 6.2.1 can be exploited
to provide a finite-dimensional formulation, without the use of an epigraphic reformu-
lation. The following theorem leverages the structure of the problem to obtain a more
computationally efficient reformulation thus circumventing those challenges.

Theorem 1. Under Assumption 6.2.1, G admits the reformulation

. . 1 Ki ki ki
Ggr:VieN: min {filxi,x-)+ A 5?__ Z (65' l))ng 7+
X €Xi,Ai>Amax(Q;) i ki=1

Ki
+— Y W (a2, A0 T QAN W (a1, x4, A1)},
4Ki 15
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where Qi(A:) = diag—r 5, Tor—py) and W& (xi, x_i, i) = By (xi, x_) +24; &,
Pl(xl’ X_j) = L Pi(x;, x_;) andfgkl —LLEE' l)' g

Proof': For each agent i € 4 it holds that:

1 K ,
— ) sup [f;rQisri+Pi(xi,x—i)fi—Ai”‘fi—fg-kl)nz]

Ki gZ1¢emm
1 & T Tetki) ek T £(kp)
e sup E QiSi+Pi(xi, x-1)Si —Ai(§; §i =28, & +(&;) ¢;)]
I kj=18;€R™
1 & (ki T (k) T (ki)\ T
=— —Ai(§;) ¢+ sup [&; (Qi = Ailm)&i + (Pi(xi, x—) +24i¢;) i
Ki = £ieRm

Since for each i € A&, Q; is diagonalizable, there exists matrix L; such that Q; =
L;—DiLi, where D; is a diagonal matrix, whose eigenvalues decrease along the diago-
nal. Denote the maximum eigenvalue of D; by A,,4x(D;) and the minimum eigenvalue
of D; by A (D;). As such, the following equalities hold:

= Z ( Ay )Tl + sup 67 (Qi = AiIm)Ei + (Pi(xi, x-7) +2/1if§~ki))-r§i])
K; ki=1 iER™

1 & . , .
=% Z ( A€ HTe® 4+ sup [é,T(Di—A,-Im)éi+[L,-Pi(xi,x_l-)+27t,-Ll-f§k”1Tf,-1)
& eR™

1 Kl , , .
= X ) ( Ai(fﬁk’))Tﬁﬁk’)+ sup [E,T(Di—ﬂifm)fi+W(kl)(xi,x—i,/1i)Tfi]) (6.9)
i=1 f[ERm
Consider now G (x;, x_;, A4, &) = ET (D; — A In)&; + (B (xi, x_1)&; +24:E%)Té;. Due
i irA—iy AirGi i i idmJGi i\Xi, X-7)Gi i5; i
to the presence of the supremum in (6.9), we wish to study for which value of the un-
certainty ¢; we achieve the maximum value for Giki ) (xi,x—i,Ai,€;). This maximum value

will be parametrized by the corresponding sample ¢ E.k"). We distinguish between two
different cases:

1. For A; > A,4x(Q;) we note that (D; — A;1,,,) ! is negative semidefinite. Thus, given
other agents’ decisions x_;, the resulting cost function is concave which yields the
solution

sup &7 (D = AiLm)&; + [Py (xi, x-p) + 2,85 ¢ = G (g, %21, 44,8), - (6.10)
SieR™

where ¢ :‘ is obtained by the first order optimality condition Vg; Giki ) (xi,x—,Ai,&) =

0. As such, the maximum is attained at & = §(A; I, — Dy) ™! (P; (x;, x-) + 2/1,-55.’“”)
with optimal value:

G (i, x-1, A1, €0 = €D T (Di = A In)E; + [Py (g, x-) + 24,85 T ¢

= i(ﬁi(xi,x_i) +20:E5 N T A L = D) 7V (Pr i, x) +22,E50)) (6.11)
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2. For A; € [0, 1142 (Q7)), we note that D; — A; I, is positive semidefinite, hence the
cost function of the inner maximization problem is convex in ¢;, which implies
that supfiE[Rm Ej— (Dl - /'llIm)fl + [pl (xi) x—i) + ZAifgki))]TEi =0o0.

As such, given the agents’ decisions x_; each agent i € .4 solves

1 & T otk
min (fi (x5, %)+ A; | €2 — — &) &+
B L L ] S kiz::1 Lo

1 &L Ak
+— Y W (a2, A0 T Qi AN W (i, x1, A},
4K; K=

where Q;(A;) = (A;I,, — D;)~!. Then, the connection between the games G and G as es-
tablished in Lemma 6.2.2 and their corresponding solutions in Lemma 6.2.4 concludes
the proof. |

6.2.1. REFORMULATION AS A DATA-DRIVEN VARIATIONAL INEQUALITY PROB-
LEM

In this section, we establish the connection of the Nash equilibria of G with the solu-

tions of a variational inequality (VI) problem [216]. For the ease of the reader, we define

the notion of a Nash equilibrium for a general game.

Definition 6.2.6. Consider the following game:

Vie N :min J;i(z;,z-), (6.12)

Zi€Z;

Apointz* = (z;,2" ) e Z = Hﬁ\il Z; is Nash equilibrium (NE) of (6.12) if, given z* , the
following condition holds:

Ji(z},2) < Ji(zi, 2%)),
forallz; € Z; and forallie N . d
The following statement then holds:
Proposition 6.2.7. Consider the following game:

Vie N :min Ji(z;,z-)), (6.13)

Zi€Zj

where J; is convex on Z; for any fixed z_; € Z_; and Z = Hﬁ.\i 1 Zi is convex and closed.
Furthermore, consider the following variational inequality problem:

Fl(z")(z2-2%) =0,V z€ Zn V(") forallie N.

where F(z) = col((F;(2)) je.x) with F;(z) =V, Ji(zi, z_;) is a (possibly nonmonotone) map-
ping and V(z*) is a small enough convex neighbourhood around z*. Then, any local so-
lution z* of the VI is a Nash equilibrium of (6.13).
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Proof: This result is a direct extension of the proofline of Proposition 1.4.2 in [4] for
a nonmonotone mapping defined over a small enough convex neighbourhood V(z*) of
the solution. ]

Returning to game Gg, note that, according to Definition 6.2.6, a point (x*,1%) €
X x Hf.\il(ﬂtmax(Qi)),oo) is a Nash equilibrium of Gy, if, given xfl. € X_;, the following
condition holds:

fl(x*)_’_A;k( Z(E(k)Tf(k)) 4;{ ZW(k)(x ﬂ,) Q(/l )W(k)(x A)<
U ki=1

Z W (g, x* A0 T Qi AN W (x;, x*

A7)
4K; i =1 l

i’

ﬁ(xi,xii)+/1i( < Z (f(k’) Tf(k’ )
12

ki=1

for all (x;,1;) € X; X (Amax(Q;),00) .

Finally, from the proofline of Theorem 1, it immediately follows that the set of NE of
Gpg coincides with the set of RNE of (6.6). Let us now denote by z; = (x;,A4;) € R+DN
the collection of the decision vector and the Lagrange multiplier for all i € A" and z =
col((z;)ex). Furthermore, denote the feasible set Z = {z e R DN x; € X;, A = A nax (Q) +
(i, Vi € &}, where (; is an arbitrarily small positive parameter, ensuring that the local
constraint set is closed and thus game Gg, where 1; > Aax(Q;), can be solved with any
a priori defined accuracy. An exact solution is obtained when {; — 0*. The following
lemma then holds:

Lemma 6.2.8. A solution z* of the VI problem with mapping F(z) = col(F;(2)) e, Where

Vi, fi(xi, x ,)+7 ZI(A(”)TQ AW (xj, x1, A7)

i
i Y IEEI e 4T G AN A — I (5 A I,
K; ki=1 ! 4Kl ki=1 Tg;

(6.14)

over ZNV (z*), with V(z*) being a convex local neighbourhood around z*, is a Nash equi-
librum of Gg over Z.

Proof: The proof follows by adaptation of Proposition 6.2.7 by taking the pseudogra-
dient of game Gp considering that Q; is a diagonal matrix, hence dQ’ (A ) is obtained by

differentiating the corresponding diagonal elements. |

6.2.2. CHALLENGES OF DISTRIBUTIONALLY ROBUST HETEROGENEOUS GAMES

COMPARED TO DRO
Let us illustrate the challenges that our game-theoretic problem entails compared to
the standard DRO. Let us first define the associated distributionally robust optimization
problem as follows:

min max E;qlx' Qx+¢&QE+P(x)"¢El, (6.15)
reX Qe (Px)
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First, note that the optimization problem in (6.15) is only a special case of the original
game considered in (6.1). In particular, the setting in (6.1) considers more than one play-
ers, who make self-interested decisions based on their own private samples and different
Wasserstein radii. The interdependence of each agent’s cost to the decisions of the other
agents significantly affects the resulting decision, unlike optimization where this deci-
sion is collective and only nature is viewed as an adversarial player. This implies that
the pseudogradient mapping might be non-monotone; On the contrary, in a standard
optimization problem, the gradient map is always monotone.

For example, consider the following distributionally robust game with 2 agents i €
{1,2} taking scalar decisions. Specifically, agent 1 aims at solving:

. 2 2
min max E¢ g, [q11x] + gi2x1X2 + Q1&7 + (a1 X1 + az x2)¢1]
X1 EX] @1 Eyl 51 Ql q 1 q Q 1 ’

while agent 2 aims at solving:

min max Eg,. X5 + 21 %1 X2 + Qo5 + (b1 X1 + baX2) &),
€ Xp Qo O Q2 [G22X5 + g21%1 X2 + Q285 + (b1 X1 + b2x2)E2]

By Theorem 1, the problem above can be written as:

VieN: min Ji(xi, x5, A1), (6.16)
(xi,A)EX; xR

where

1 K
J1(x1, %2, A1) = q11 X5+ Gr2X1 X2+ A1 (8%—F > (f(lkl))z

R
1 =1 4K1 Z

ki1=1 /ll _Amax,l

and

) 1 & (a1x1+a2x2+2/11£(1k1))2

1 &

2 2 k)2

J2(x1,%2,A2) = Go2 X5+ G21 X1 X2+ A2 (52 o > (f; 2))
2 k=1

+4—I<ZZ

ko=1 12 - /,tmax,z

To study the monotonicity of the VI mapping associated with (6.16), we can directly study
whether the game Jacobian is positive semidefinite. The following lemma shows that
for this class of games, even if K; = K, (note that only the number is the same, thus
still allowing for different samples per agent), the Jacobian is more complicated than the
calculated one for standard optimization.

Lemma 6.2.9. Consider the functions
GV (1, x2, A1) = 28 A1 max + @121 + @22,
Gy (x1, X2, A2) = 285 Aa max + b1x1 + ba.xa,
A1 =21 = A1,max
Az = A2 = A2,max, (6.17)

corresponding to each sample ky € {1,...,K1} and k, € {1,...,K>}. Furthermore, consider
for simplicity that Ky = K» = K and q11 = q12 = q22 = 21 = 0. The symmetrized Jacobian ]
is then given by

1 & o
J-Rk;]s ,

y

) 1 & (bix + byxs +20,887)
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where

2“% 2a; ng) (x,A1) ay as b1 by by Gék) (x,A2)
A AT A ta YA

2160 1) 26P A2 @GP (A 0

(k) _ Af A} a?
I = aa | bib aG® (x,A1) 2b% 26,6 (x,12) (6.18)

Ay A A% Ay A2
bGP (x,12) 0 2b,GP(x 1) 2GP (x,1)?

Ay IY; A3

Proof: The proof is obtained by performing standard algebraic operations on the
defined Jacobian of the corresponding VI, considering the functions G*1) and G*2). We
then use the assumption K; = K» = K to pull a common sum outside and group the
samples of the two agents in exhaustive pairs. |

Based on Lemma 6.2.9, an important observation can then be made: When we con-
sider only one agent, we derive as a special case of our original problem a distributionally
robust optimization program with Jacobian:

2a? Zungkl)(x,)Ll)
SR & 6.19
Js 2a1Gik1)(xv/11) ZGikU(Xy/h)z ' (6.19)
AZ A3

1

For any k, ]gk) can then be shown to be positive semi-definite. Thus J is positive

semi-definite as the summation of positive semi-definite matrices. In contrast, the Ja-
cobian (6.18) for the game in (6.15) might not be positive semi-definite which implies
non-monotonicity. For example, the game in (6.17) with fixed decisions x; = 2, x; =2,
M = Al max +2 and Az = Ay max + 2, and parameters Aj max = 0.5, A2 max = 0.5, a1 =1,
ap = 0.5, by =1, b, = 0.5, has Jacobian with at least one negative eigenvalue meaning
that the corresponding pseudogradient is not monotone.

Even though the mapping can in general be nonmonotone, we illustrate how equi-
libria can still be computed efficiently based both on the structure of our problem, as
provided by Theorem 1, and the equilibrium seeking algorithms we propose in the next
section. Specifically, leveraging the structure of our reformulation, we avoid introducing
epigraphic variables that render both the decision and the constraints dependent on the
size of the data [199], [194]. Thus, through Theorem 1, we can obtain reformulations
for the class of heterogeneous data-driven Wasserstein distributionally robust games in
(6.1) that scale better with data compared to the use of epigraph forms. In the next sec-
tion, we assess the computational performance of our theoretical results through an il-
lustrative example and a risk-aware portfolio allocation game, which takes into account
behavioural coupling of the investors’ decisions.

6.3. NUMERICAL SIMULATIONS

In the simulation results, we use three algorithms to solve the variational inequality
problems:

(i) Forward-backward splitting (FB):

= prox, , (x* - TF(x")),




100 6. NASH EQUILIBRIUM IN WASSERSTEIN DISTRIBUTIONALLY ROBUST GAMES

Algorithm 5 Hybrid DRNE seeking algorithm (Hybrid-Alg)[214]

Require: Choose 2 x19>0, 70 a=(, 1+2‘/§], 6o=1,p=

1 -

1+
+—=, ¢ >
a?’ 2

S

Q|

sum} =0, sum? =0, flg=1.
1: For k=0,1,2,...do
2: Find the stepsize:

b1 lxF-xF2
, T
47y [IF(xF) — F(xk-1)12

Tk =min{prk_1,

v (= Db+ xk1

k
4: Update the next iteration:

5: XK1 = prox,, o (8% — 7, F(x5)
at
6: Update: Oyl = 2k
Tk-1 _
7: compute the following summations with ¢y, = ¢:
1 1
sum,_ , =sum,; + (6.20)
9: sumiJrl = sumi + (6.21)
10: if (sumj,, <0 A flg=1) v (sumf,, <0 A flg=0) then
1: P =¢,flg=1
12: else
13:  ifflg=1 then
14: xk+1 — xk’ )_Ck — )_Ck_l
15: Prr1=a, 0 =0p_1, T = Tg1
16: sum) =0, sum;, =0,flg=0
17: else
18: Prr1=a
19: sumirl = sum?C +((6.21) with ¢p11 = )
20: sum}, =0

where 7 is the stepsize. This method is known as a projected gradient descent algo-
rithm as well which is the most used method in machine learning and control ap-
plications. The convergence of this method is guaranteed for strongly monotone
(with a strongly monotone constant p) and Lipschitz (with a Lipschitz constant L)
operator with 7 € (0,2u/L?) [4, Theorem 12.4.6].
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Figure 6.2: Residual of variational inequality problem with different radii €; per agent chosen according to the
distribution € - U[1, 5], where ¢ takes values in {10’6, 10’3, 1}.

(ii) Adaptive golden ration algorithm (aGRAAL) [46]:

1+v5 1 1
(PE(LT], P—$+E

T =min{ pt POy It - 7
k oy IF(ef) — k112

_ k, zk-1
J_Ck:((p Dx*+Xx
¢
Pri

X = prokag(J'ck—TkF(xk)), Ok+1 = m

The convergence of this method is guaranteed for Lipschitz and monotone opera-
tor (with a Lipschitz constant L) [46, Lemma 3].

(iii) Hybrid method (Hybrid-Alg): The full steps of this method can be found in Algo-
rithm 5. This algorithm is presented in the recent work [214]. However, we note
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that the convergence rate proof only holds for monotone mappings and is applied
on a significantly less complicated case study. The application of this algorithm
on our problem shows that the equilibria of even a generally nonmonotone map-
ping could be numerically obtained relatively fast, even faster than the golden ratio
method in practice. The Hybrid method, though similar to aGRAAL, differs signif-
icantly in the choice of the momentum parameter, as we explain later on.

10% ,
Hybrid-Alg Hybrid-Alg
“& aGRAAL || = aGRAAL
— 10 —FB b = —FB
= = \
B \ S
M2 Ry
| |
=4 [
A0 &~
| |
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(c) K; =randi((80,120),1, n).

Figure 6.3: Residual of variational inequality problem with different number of samples K; per agent and radii
£; chosen according to the distribution ¢ - U[1, 5] with fixed radius € = 0.01.

6.3.1. NUMERICAL EXAMPLE

In this section, we reformulate a case study of the distributionally robust game in (6.1),
under Assumption 6.2.1, as a variational inequality problem and solve it using FB (with
7 = 0.001), aGRAAL, and Hybrid-Alg. The key difference between aGRAAL and Hybrid-
Alg algorithms is that, unlike aGRAAL, which uses a fixed momentum parameter, Hybrid-
Alg employs a variable momentum parameter. We believe this is a testimony to the po-
tential of switching the momentum parameter between a small (used in aGRAAL) and a
large value, which has a significant impact on convergence speed. In particular, having
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larger, variable momentum parameter in Algorithm 5 makes X closer to the most recent
iterate, xj, rather than X;_;, which allows us to estimate the local Lipschitz constant of
the corresponding VI mapping F more precisely compared to aGRAAL.

Briefly speaking, the following two equations are evaluated in each iteration of Hybrid-
Alg (Algorithm 5) to assess sufficient decrease and to determine whether the large or the
small momentum parameter should be used.

k+1 _ -k;2
Y = x5

Ok-1 & k1,2 Tk Kk oky2, ( Tk
———lx" = X" = ==l X" = XN+ (e~ 1 -
2 Tk-1 Tk-1 k+1

Tk 0
— (= k= O L — xR )2 = =5 R xR 2, (6.20)
Tk-1 2

TPk _ TPk - TkPk
_TkPk ok _ g2 4 (—(P —1-—)IxF - xR 2 - (—") —0;)IxF = xF)2. (6.21)

Tk-1 Tk-1 Pi+1 Tk-1
140
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Figure 6.4: Cost function values of four agents at the equilibrium for 10 different scenarios represented by box
plots with (a) different radii (b) Both different samples and different number of samples per agent.

For the simulation, the parameters in the problem are generated as follows: Each
drawn sample ¢ E.k") is generated from the uniform distribution with support set [0,1],
while P; is given by P;(x) = }_;en a;X;. The values a;, and the eigenvalues of D; in the
reformulation (6.14) are randomized. Each agent’s Wasserstein radius ¢; is chosen ran-
domly according to the distribution &-U[1, 5], where ¢ takes fixed valuesin {1076,1073,1072, 1}
and U[1,5] is a uniform discrete distribution with support set {1,2, ..., 5}. Figure 6.2
shows the residual of the corresponding mapping F for the illustrative example for differ-
ent Wasserstein radii and a fixed number of samples. We note that the convergence rate
of both algorithms is almost linear, which illustrates that, even though the VI mapping
can be nonmonotone, fast solutions can be obtained using both algorithms. Figure 6.3
shows the residual for an increasing number of invividual data for each agent and indi-
vidual radii per agent. The number of each agent’s samples for each case study is drawn
from a discrete integer distribution in [10,20], [40,60] and [80,120], respectively. Note
that even if we increase the number of samples, the convergence rate does not change,
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thus leading to results that scale well with the sample size. Finally, Figure 6.4 illustrates
how the cost of each agent at the equilibrium is affected by the Wasserstein radii and the
number of samples of each agent for 10 different problem instances represented by box-
plots. In Figure 6.4 (a) we consider different radii £; per agent obtained from the distribu-
tion £-U[1,5], where € € {107%,1073,1072, 1} to investigate the effect of increasing Wasser-
stein radii on the cost of each agent; In Figure 6.4(b) the number of samples per agent
follows a uniform distribution with support sets {[10,20], [40, 50], [80, 120], [200, 300]} per
case study to investigate the effect an increasing number of samples has on the cost of
each agent.

We observe that as we increase the value of the radii, the cost functions of each agent
are higher representing a more conservative but robust behaviour against distrubutional
shifts. Finally, for fixed radii, as the number of samples increases, the empirical variance
of the costs decreases as well, as a result of a more accurate estimation of the probability
distribution, used as the center of each ambiguity set.

6.3.2. RISK-AWARE PORTFOLIO ALLOCATION UNDER MARKET UNCERTAIN-
TIES AND BEHAVIOURAL INFLUENCES

We consider a multi-investor robust portfolio allocation problem, where each investor
i € & allocates capital seeking to maximize their profits or minimize their costs taking
into account their exposure to market risks. The decision variable for each investor is
their portfolio allocation x; € X;, where X; represents the set of feasible portfolios for
investor i, normalized to a simplex representing the percentage of capital split among
investments. Furthermore, we wish to model behavioural impacts of other investors
onto each individual investor. Finally, we consider that agents are not only aware of the
possible high variance of market uncertainties, but also aware that, when multiple in-
vestors accumulate to a single asset, this could lead to market bubbles which affects the
returns from such investments. Thus, each investor’s objective, given the other investors’
strategies x_;, is defined according to the following optimization problem:

)glel)% Qr){lea% {xiTC,-ixi +x;rCinj - rl-Txi +Ee;~q; [f;rQlf, +Pi(x)f,‘]}.

The term riTxi represents the deterministic part of the returns based on the allocation
of capital to assets. The quadratic deterministic terms models (possible) behavioural
coupling due to competition of the investors according to performance metrics often
used to make such investments.

The ambiguity set 2%; models investor i’s ambiguity in the distribution of uncer-
tain market parameters affecting the returns. The term ¢ l.TQ,f ; represents i’s aversion
to volatility, indicating each agent’s individual sensitivity to uncertain fluctuations. The
term P; (x)&;, where P;(x) = ). jen Xj, models herding behavior, where multiple investors
investing heavily in the same assets increase asset-specific risks. This crowding effect
can drive prices up, raising the risk of market bubbles. In Figure 6.5, we set the Wasser-
stein radii at € € {1075,0.01,1} and consider 10 different instances of the problem with
different values of matrices Q;, C;;, C;j, r; and different multi-samples per agent i € A
obtained from different ¢-distributions. Note that even though the mapping is in general
nonmonotone, most case studies lead to satisfactory (mostly linear) convergence results
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Figure 6.5: Residual for different instances of the portofolio allocation problem with each agent’s €; chosen
according to & U[1,5) with £ € {1076,1072,1}.
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Figure 6.6: Cost function values of four agents at the equilibrium for 10 different scenarios represented
by box plots for different radii ¢; per agent obtained from the uniform distribution ¢ - U[1,5], where ¢ €
{1076,1073,1072, 1} to investigate the effect of increasing Wasserstein radii on the cost of each agent.

with both schemes, Hybrid-Alg (red lines) and aGRAAL (blue lines). In most of the case
studies, the superiority of the hybrid algorithm is evident. Figure 6.6 shows the values of
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the cost functions of the agents at the equilibrium point for those 10 different instances
represented by a box plot. Even though the problem is nonmonotone, increasing the
Wasserstein radius of the agents leads in general to a larger value of the cost function.

6.4. CONCLUSION

This work explores data-driven distributionally robust games using individual Wasser-
stein ambiguity sets and private data, thus allowing agents to develop their own per-
sonalized risk-averse decisions. We reformulate a seemingly-infinite dimensional game
into a data-driven finite-dimensional variational inequality problem, which enjoys data-
scalability properties. Future work will focus on introducing coupling constraints to our
model. Extending on that we wish to investigate this problem under the presence of dis-
tributionally robust chance constraints coupling the agents decisions and in particular,
whether certain assumptions such as linearity of the constraints can aid in obtaining a
satisfactory reformulation or approximation of the original game.
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APPLICATION TO MULTI-AGENT
OPTIMIZATION AND CONTROL
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AN EMBEDDED ACCELERATED
DECENTRALIZED OPTIMIZATION
ALGORITHM WITH APPLICATION

TO ENERGY COMMUNITIES

The previous chapters addressed various optimization problems, namely convex optimiza-
tion and variational inequalities, through mathematical analysis and illustrative numer-
ical experiments. This chapter focuses on modeling real-world applications using convex
and variational-inequality formulations, and then applying iterative methods to solve the
resulting problems.

In this chapter, we model energy communities using a bilevel optimization frame-
work, analyze the methodology and solution approach, and implement and test the re-
sulting algorithm on the real embedded system.

109
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Energy demand on power distribution networks is steadily increasing, due to elec-
trification trends and the widespread integration of renewable energy systems. This
growth introduces new technical challenges related to grid congestion, voltage regula-
tion, and particularly to energy losses along transmission and distribution lines, which
represent a significant fraction of total energy waste worldwide. It has been demon-
strated by a considerable number of studies that, if distributed generation is appropri-
ately coordinated, it can have a significant effect in mitigating losses and enhancing
overall grid efficiency. A key strategy for achieving these objectives involves the large-
scale adoption of Renewable Energy Sources (RESs) and the promotion of decentralized,
community-based models. Within this context, Renewable Energy Communities (RECs)
have emerged as a promising framework to foster local energy production and consump-
tion, reduce grid dependency, and support the energy transition. As defined by the Eu-
ropean directive RED II [217], RECs are legal entities composed exclusively of renewable
generation units, where partecipants (ECPs) jointly manage their energy flows to maxi-
mize local self-consumption and shared benefits. By reducing the distance between gen-
eration and demand, RECs can substantially lower transmission and distribution losses,
improve local energy resilience, and enable active participation of prosumers in energy
markets.

Although the structure of a REC may vary depending on the national legislative frame-
work, a key and recurring concept is that of shared energy. This is typically defined as the
minimum between the total production and total consumption of all ECPs within the
same time interval (commonly one hour). Such energy exchanges between each ECP
and the main grid are virtual as they rely on the existing grid infrastructure and do not
require physical connections among members. Furthermore, to promote energy shar-
ing, RECs are usually granted incentives proportional to the amount of shared energy.
Given this definition, it becomes evident that aligning energy consumption and pro-
duction is crucial for RECs to generate tangible benefits for the grid and to maximize
incentives. Achieving this alignment requires the presence of flexible systems (e.g. En-
ergy Storage Systems - ESS, Electric Vehicles - EVs, flexible loads, etc.) and an effective
Energy Community Manager (ECM), capable of ensuring a robust organizational and
operational framework. A representation of the REC architecture is depicted in Fig. 7.1.
Even if RECs consider existing technologies, they are not free from technical, economic,
regulatory and social challenges [218]. Among the most critical aspects on the manage-
ment point of view, ECPs must balance their economic interests with collective goals.
Current incentive schemes encourage the spread of RECs, however, maximizing shared
energy alone may negatively impact ECPs’ costs. For this reason, the ECM is usually sub-
ject to possibly conflicting objectives: maximizing shared energy and minimizing ECPs’
costs, balancing network-level benefits with individual economic objectives. The litera-
ture primarily focuses on aligning demand and generation profiles to maximize shared
energy and related incentives. For instance, [219] analyze how prioritizing economic
versus technical objectives influences REC operations: cost-oriented optimization max-
imizes financial benefits, whereas resilience-oriented optimization represents a worst-
case scenario for grid service provision. Several studies have proposed formal models
for optimal REC operation. In [220] a bilevel approach is introduced: the lower level
performs market clearing via MILP, and the upper level redistributes profits by maximiz-
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Figure 7.1: A generic representation of a REC with ECM and ECPs.

ing the minimum relative benefit among participants, while in [221], a MILP framework
maximizes a social welfare function. [222] present a hierarchical mechanism in which
users minimize their individual costs, followed by optimization at the ECM level of inter-
nal energy trades. Authors in [223] use a bilevel approach where the low-level problems
(ECPs cost minimization) are converted into Karush—-Kuhn-Tucker constraints for the
high-level problem (shared energy maximization). However, this latter approach results
in a centralized problem that cannot be decomposed and whose embedded implemen-
tation is significantly more challenging.

To overcome such computational and scalability limitations, recent works have ex-
plored embedded and distributed optimization methods for real-time energy manage-
ment. The Alternating Direction Method of Multipliers (ADMM) and its accelerated vari-
ants enable decentralized optimization while preserving privacy and scalability [224],
[225], [226], [227]. Recent studies have introduced Nesterov-accelerated ADMM and
fast Quadratic Programming (QP) solvers suitable for low-resource embedded platforms,
demonstrating real-time performance in microgrid and smart building applications [228],
[229], [230], [231], [232].

Building on this literature, this paper introduces a novel embedded-oriented ECM
framework for RECs. A multi-level architecture is proposed, where the high level focuses
on maximizing shared energy, while the lower levels represent the cost minimization of
individual ECPs. To enable distributed and efficient computation, the overall problem is
reformulated as a compact QP problem suitable for decentralized optimization. The re-
sulting problems are solved in parallel through an accelerated ADMM algorithm, which
ensures fast convergence, scalability, and privacy preservation. The proposed approach
is validated on resource-constrained embedded devices (ODROID-N2L and ODROID-
H3+), demonstrating the feasibility of real-time operation and highlighting the practical
relevance of lightweight optimization techniques for decentralized REC management.
The selected microcontrollers feature multi-core ARM (Advanced RISC Machine) archi-
tectures and hardware-level floating-point support, making them suitable for real-time
embedded control. Accordingly, the proposed optimization algorithm has been specif-
ically designed to ensure deterministic execution times and computational efficiency
under such embedded constraints, enabling its deployment in real REC management
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systems.
The main contributions of this work can be summarized as follows:

* Anovel decentralized ECM formulation that jointly maximizes shared energy among
participants and minimizes individual user costs, effectively balancing collective
welfare and economic efficiency within RECs.

* A fast, privacy-preserving accelerated ADMM algorithm for solving the QP refor-
mulated ECM problem, designed to ensure rapid convergence, scalability, and
data confidentiality, while being tailored for low-resource embedded platforms.

* An embedded implementation and experimental validation on low-power micro-
controllers (ODROID-N2L and H3+), demonstrating an algorithm-hardware co-
design that guarantees deterministic computation times, high numerical accu-
racy, and real-time feasibility in resource-constrained REC environments.

The remaining part of the paper is divided as follows. Section 7.1 describes the overall
optimization problem for the REC and its reformulation as a QP. Section 7.2 details the
solution approach using accelerated ADMM. In Section 7.3 the embedded implementa-
tion and case study results are presented. Finally, conclusions and future developments
are presented in Section 7.4.

7.1. ENERGY COMMUNITY MODELING

The proposed architecture presents two main levels. The high level represents the ECM
whose aim is to maximize the shared energy. Then for each ECP, there is a low-level
problem which addresses the cost minimization. The sets of the optimization problems
to be defined are:

9

=1,2,..., T is the set of the time intervals.
e N =1,2,...,Nis the set of the ECPs.
The proposed optimization problem can be written in a general form as
min % (u)
u

u=0

St u; cargmin9(u;) Vie N (7.1)
u;€U;

where & :R" — R and ¢ : R™ — R are the objective functions of the high-level and low-
level problems, respectively. Moreover, u = col(u;), with u € R”?, and u; € R™ which
are the decision variables of the problem and where %; c R™,i € A are the sets of the
constraints of the i-th low-level problem. In the following subsections, the two levels
considered in this work are described in detail.
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7.1.1. THE ECM PROBLEM

As it mentioned, shared energy represent a key aspect of RECs. This quantity is impor-
tant from a technical point of view because the greater the shared energy, the greater
local consumption and therefore the less stress on the grid. In line with the European
legislation, we assume that shared energy is defined as the “minimum between the elec-
tricity globally injected and the electricity globally withdrawn” [221], [223]. Therefore,
we have

Sh—mln > me Z pG"”t A, Yted (7.2)
ieN

where e$" [kWh] is the shared energy, p G n kW1 and pG UL kW] are the power flows
absorbed from/injected into the grid by each user i in each time interval, which length
is defined by A [h]. A graphical representation of its calculation is provided by Fig. 7.2.
However, this definition implies that to maximize the total shared energy, the overall

Gout N .G, n
“:E; 1 I:lzlzlpz,tm e
:

(kW]
\

o CHmr— | Lt B

0 1 2 3 4 5 6
Time [h]

Figure 7.2: Example of shared energy evaluation.

production and consumption (considering all the users) must be the highest possible,
at the same time. It follows that we want to minimize the overall exchange with the grid
at all times, i.e. while maximizing each user absorption/injection. Combining the two
terms, and normalizing them, we obtain the overall objective function to be minimized:

pGout
Lt ) A (7.3)

-

teg

-2

ieN

—G
P,

1

2
,Dthl n pIGtout
Z T

ieN

i

=G . . . : .
where P; [kW] is the maximum power that member i can exchange with the grid. Note
that the only constraint that must be satisfied is

plit it =0 VieN VieT (7.4)
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7.1.2. THE ECPS’ PROBLEMS
The low-level problem, to be written for each of the N ECPs, is presented next. To achieve
the operating costs minimization, the objective function to be minimized is

b .
]fp - tzg (Cl ';J’pf?tm Csellpthout) A VieN (7.5)
€

where C Y and Cse” [€/kWh] are the energy buying and selling prices of each user at
each tlme, respectlvely The power balance for each user is defined as

G,in G,out + PPV S,dch S,ch —

Pii ~Pit Py TP
Lfix Lflex EV
PP AP VieN VteT (7.6)
where PP V' [kW] is power from photovoltaic plant, pS < [KW] and pS dch kW] are the

PP kW is the fixed

[kW] is the ﬂex1b1e power load portion,

power flows relevant to charging and discharging the storage, P

power load which cannot be controlled, pL Jlex

i.e. the load that can be shifted along the day, and p V' kW] is the charging power of the
electric vehicle. The constraints relevant to the energy storage system are

X =N+ CAPS P - rsldch P
VYieN VieT (7.7)
0<pih <P} VieN VieT (7.8)
0<pSdh<P; VieN ViedT (7.9)
Xissx”le- Vie N ViedT (7.10)
where x denotes the ESS state of charge, CAPS [kWh] its nominal capacity, and Ff'Ch

S, dch

and I';"""" its charging and discharging efficiencies. Constraints (7.8)-(7.10) define the

upper and lower bounds on power flows and the states of charge, namely ﬁ?, Y? and
X f According to current legislation, all power production must come exclusively from
renewable sources, which also applies to energy stored in the ESS. Consequently, the
charging power must originate solely from the photovoltaic (PV) system, and the ESS
cannot be charged from the grid, as the exact energy mix cannot be guaranteed. In prac-
tice, this condition is automatically satisfied when the grid purchasing cost exceeds the
combined benefits from energy sales and the REC incentive. Under these circumstances,
it is never economically convenient to charge the ESS from the grid. On the other hand,
charging from surplus PV generation (after serving local loads) is advantageous, as the
stored energy can later be used to maximize shared energy and the corresponding in-
centive. The power exchange with the main grid is operated by

—G
Gout_P

0<plt ; VieAN VieT (7.11)
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0<pt <P Vie N, VteT (7.12)

which upper bound the two terms defining pl.G[. The constraints relevant to the de-
ferrable loads are as follows

Y /A EM view (7.13)
teg
0spl <P view vieT (7.14)

where (7.13) imposes that the overall deferrable loads of the i-th ECP is satisfied over
the entire optimization horizon. Note that using an inequality in (7.13) is preferred over
the equal to simplify the problem; this choice is further justified if one considers that the
buying price from the network is always greater than the overall benefit (selling price+EC
incentive) thus the solver tends to satisfy EL J1e% 35 much as enough without exceeding.
Then, the power devoted to satisfying the ﬂexible load is subjected to bound constraints

in (7.14). The constraints relevant to the electric vehicle (EV) are

f = o TRl
Vie N, VteT (7.15)
0<pEV<P VieN VteT (7.16)
XEV<xEV<X] VieN ViedT (7.17)
xf =XV Yie N, r=TF (7.18)

where x V'is the EV state of charge, CAPEV [(kWh] its capacity, I'; EVits charging effi-
ciency. Please note that in constraint (7. lo) only the charging mode is considered (V2G
mode is discarded) as in ECs the only energy resource allowed is from RES; therefore, EVs
cannot work in V2G mode because in this case there would be no guarantee that such
charging energy is fully renewable. Constraints (7.16) and (7.17) represent the upper and
lower bounds of power flows and states of charge. Finally, constraint (7.18) ensures that
the desired value for the EV state of charge is reached (and possibly exceeded) at the
desired time instant TFV*.

7.1.3. PROBLEM REFORMULATION

Now, the problem can be reformulated in canonical form. Note that the bold characters
in the following denote vectors and matrices. Moreover, all the I matrices in the problem
formulation have size T x T. The considered control variables for each user are

ui:[piG,out pf,ch pf,dch piL,flex va VieN (7.19)

The power balance in (7.6) and the ESS and EV state equations in (7.7) and (7.15) can be
written as .
I 1 -1 1 Iu=P P ptin view (7.20)

=0 KM KA 0 0w +1X5 ieN (7.21)
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V=0 KMOKAN 0 0]ui+1X[) View (7.22)

where Kl.* is T x T matrices defined as:

kp,j =0, ifh<j,
KiCh _ r\iS,ch A Vie N (7.23)
ki ;= , ifh=j,
M= caps g
kh‘j:(), ifh<j,
dch j
K — A VieN 7.24
i khj:_—' ifh=j, l ( :
7 pSdehcppS
1 1
kp,j =0, ifh<j,
KEY = rEVa VieN (7.25)
ky i=———, ifh=],
"= capEV !

Note that the formulation in (7.21)-(7.25) represents the conversion of the dynamic
problem to a static one. Then, making appropriate substitutions and some algebraic
manipulations, inequality constraints (7.4), (7.8)-(7.14), (7.16)-(7.18) can be written in
matrix form as

0
[0 -1 0 0 0 55
0 I 0 0 0 0
0 0 -1 0 0 55
0 0 I 0 0 s o us
0 -k _gdch g 0 A%
0 K¢h  gdech 0 X' -1X5
-1 0 0 0 0 o
I 0 0 0 0 P .
-1 I I -1 -1 —pPV y pLfix )
Q=1 g T I I » Yisls6, v prpic|  VIEN
0 0 0 -1 0 0
0 0 0 I 0 ﬁL,flex
A
0 0 0 0 I _gv
0 0 0 0 —KEV P
0 0 0 0 KEV -xBV y1xEV
—=EV

o0 0 0 -], -1x57 + X

_XEV*

(7.26)
Then, by substituting the equality constraints and rewriting in matrix form (7.3) and
(7.5), the overall multi-level architecture can be written as in (7.1) with

_Llo T
P}(u)—iu Qu+qopu

Gu) =4, u; YieN (7.27)
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where Q = diag(Q;), qop = COl{qu_i}

00 0 0 0
, o1 -1 1o
Q=———|0 —1 I -I -I (7.28)
1[ ; ) o I -I I I
0 I -I I I

: T 1
(PP =PPY) [0 1 =1 1 I]-=5[1 0 0 0 0] (729

2z
G 7

gi= [A (Cib”J’_Cisell) AC?W—AC?WAC?WAC?W

qQri =

(7.30)

with %; = {u; : Qju; —¥; <0} VieN.

Due to the structure of the above defined matrix Q which is block diagonal, the prob-
lem (7.27) is fully separable among each ECP, by creating a fully decentralised architec-
ture. This is one of the main contributions of this work and represents a valuable feature
also from a practical perspective since the overall optmization is based only on local
measurements and without any need for communication among ECPs. This also allows
for keeping privacy among the participants by maintaining the optimality of the solution

In the next section, we will present an optimisation algorithm suitable for embedded
applications that allows us to solve problems like (7.27) with performance levels appro-
priate for the proposed applications.

7.2. SOLUTION APPROACH

To assess a suitable ADMM-based optimisation algorithm for embedded devices, we first
start from the optimisation problem of the single ECP

minluTQ-u-+ DU
an o Qi AopiUi

u; =0
-\ u; € argmin 4] u; (7.31)
Q;u;i—¥;<0

That, thanks to the properties of the KKT conditions of a LP, is equivalent to the following
QP

Zrl}’ar:%uiTQiui + qgmui (7.32)
u; =0
Ai=0

S.L. Qiu,- —\I’i <0 (7.33)
f]lT +Q;1;i=0

c?l.Tui +W¥;1;=0

whose standard form is given by
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1
; TD.v. 4 a7 x.
m)gnaxi Pixi+q; x;

Gix; <d;
s.t. (7.34)
Fixi=r;
where x; = [u;,A;] and
_|Qi 0 _ |aqei _lo «a
Pl_[o 0 ’ Lh— 0 ’ Fl_ qlT \Pi (735)
7 -1 0 0
ri= gi C Gi=l o, di=|w¥; (7.36)
0o -I 0

ADMM algorithm considers the problem of minimising composite objective func-
tions subject to an equality constraint:

i, S0 +50

s.t. Ax+Bz=c (7.37)

where f and g are convex functions, A € R™*"™, Be R"™ " ceR™, x€ X, z € Z, where
X c R™ and Z c R™ are non-empty closed convex sets. The partial augmented La-
grangian of the problem is:
Lo(x,z,1) = f(x) + g(2)+
,uT(Ax+Bz—c)+glle+Bz—c||§ (7.38)

where p € R™ is the dual variable, and p > 0 is the penalty parameter. ADMM consists of
the following updates:

Xp+1 = argmin Ly (X, zy, (i) (7.39)
xeX

Zp1 = argmin Ly (Xr41, 2, 1) (7.40)
zeZ

o1 = e+ p(AXp1 + Bz — €) (7.41)

Problem (7.34) can be recastin ADMM form by means of positive slack variables z = 0
and posing

1
fx) = ExiTP,-xi + qiTx,- (7.42)
8(z) =1z (2) (7.43)
|G e _ d;
A_[Fi]’ B_[O]’ c= r (7.44)
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where Iz (z) denotes the indicator function for the set Z = {z:z=0}.

The classical ADMM formulation for QP, as proposed in [224], may be inefficient for
embedded implementations like the one presented in our paper, since it employs non-
sparse large-scale matrices. Inspired by the work in [233], which provides the formal
steps, we propose the following Nesterov-accelerated ADMM algorithm for QP prob-
lems, suitable for embedded implementation.

- —(|2
xk+1:q+M([Ok

/ 2
1+4/1+4a;

+ ﬂk) (7.45)

X1 = —— (7.46)
R ap—1
Xi+1 = Xjes1 + (Xk+1 — Xk) (7.47)
(297
Zke1 =max{0, —Gigr — A +d;) (7.48)
21 = 21 + —— (21 — 26) (7.49)
k+1
_ A 5 Zry1
Mi+1 = Mk +Axk+1 + 0 ] —-C (7.50)
. ap—1
Hi+1 = Hg+1+ (ktks1 = g (7.51)
A+

where M = pMA”T,G=Mqg—Mc,and M = —(P;+p AT A)~! are quantities that can be pre-
computed. It is important to note that, unlike classical accelerated ADMM algorithms
such as [234], Nesterov acceleration is also applied in the x-update; this simple change
allows faster convergence, as shown in the case study section. Another important issue
is that the proposed algorithm employs sparse matrices, which allow faster computation
at the price of storing also "accelerated" primal and dual variables, namely %, Z, fi.

7.3. CASE STUDY IMPLEMENTATION AND TEST ON EMBEDDED

SYSTEMS

The proposed optimization framework is implemented and tested on two embedded
microcontrollers, namely the ODROID-N2L and the ODROID-H3+ (Fig. 7.3), both char-
acterized by limited computational resources and memory capacity. The experiments
aimed to evaluate the feasibility of running real-time optimization routines on low-power
embedded platforms. The scheduling problem was formulated with a 5-minute dis-
cretization over a daily time horizon, employing a receding horizon approach with a
one-day moving window to enhance adaptability to time-varying inputs. Data acquisi-
tion and control commands were managed through the Modbus [235], which ensured
standardized communication with external sensors and actuators but introduced la-
tency and synchronization challenges requiring robust handling strategies.
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7.3.1. COMPARISON WITH STATE-OF-THE-ART ALGORITHMS
The proposed algorithm has been compared with two standard ADMM based algorithms
for QPs, that is:

¢ Classical ADMM: the standard ADMM for QPs under the formulation proposed by
[233]

* Fast ADMM: the previous algorithm but accelerated in the same way as proposed
by [234]

Both algorithm formulations are provided in the appendix. The convergence plot in Fig.
7.4 shows that the proposed algorithm converges in fewer iterations than the state-of-
the-art counterparts, particularly compared to classical ADMM (blue line). Specifically,
40% fewer iterations are required, and 25% fewer than with Fast ADMM are needed.
To obtain a fair comparison, each algorithm has been implemented with the best the-
oretical p parameter according to [236]. Instead, regarding the convergence rate for this
specific problem, since indicator functions are involved, both classical ADMM and fast
ADMM exhibit an @’(%) rate. The implementation achieved numerical precision of 1076
on both devices within less than 1 minute, including all data read and write operations
via Modbus. These results demonstrate that, despite hardware constraints, embedded
systems such as the ODROID-N2L and H3+ can effectively execute advanced optimi-
sation routines when appropriately tailored. The study highlights the importance of
lightweight algorithmic structures, efficient memory management, and optimised com-
munication layers to ensure stable and accurate real-time performance on resource-
constrained platforms.

0D301D coron-nz

Figure 7.3: ODROID-N2L (left); ODROID-H3+ (right).

7.3.2. OPTIMAL EC SCHEDULING

A medium-size case study is tested, where an EC with 10 ECPs (/N = 10) is considered.
Table 7.1 reports the general data relevant to the ECPs. Moreover, the esteemed PV power
production and the fixed power consumpion of each ECP are reported in Fig. 7.5. By
analyzing data in Table 7.1 and Fig. 7.5, one can notice how generation and consumption
are allocated: as an example, only ECP 4-6-9 need to charge their EVs, while ECP 2-3-6
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Figure 7.4: Convergence of the proposed algorithm with respect to state-of-the-art algorithms: Classical
ADMM and Fast ADMM.

Table 7.1: Data of the EC Participants.
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are the only ones to have PV production plants and ESSs. Therefore, they are the ones
that could potentially inject some power into the grid.

Further parameters considered as equal for all the users are: ﬁ?:ZO kW, the bounds on
the storages/EVs always equal to 0.2 and 1, and the charging/discharging efficiencies
equal to 0.95.

In addition to the presented data, it is necessary to specify the selling and buying
price for exchanging power with the main grid: C?el lis set to 0.08 [€/kWh], while the val-
ues of Cfuy range between 0.53 and 0.56 [€/kWh]. Specifically, the price is 0.56 [€/kWh]
from hour 1 to 8, 0.53 [€/kWh] from hour 9 to 16, and 0.54 [€/unit] from hour 17 to 24.

Fig. 7.6 illustrates the overall power exchange among all users, together with the re-
sulting shared energy. The pink line corresponds to the definition in (7.2), representing
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the minimum between the two aggregated powers at each time slot. It can be observed
that, since PV systems are the sole source of generation, flexible loads have been concen-
trated during the central hours of the day to maximize shared energy. Further insights
on the energy storage system are provided in Fig. 7.7. The figure shows that the ESS
primarily acts as an additional load during daytime and is discharged during periods of
higher energy prices. While this strategy would not be economically justified by price
variations alone, due to charging and discharging inefficiencies, it becomes viable un-
der the incentive mechanism for shared energy. The total shared energy amounts to
183.21 kWh. Considering an incentive value similar to the Italian one (0.108 [€/kWh]),
this corresponds to a revenue of approximately 19 €. Given that the net cost of energy
purchasing, after accounting for revenues from energy sales, is 120.96 €, the incentive
on shared energy leads to a significant overall cost reduction of 16.36%.

7.4. CONCLUSIONS AND FUTURE DEVELOPMENTS

This work has presented a novel framework for the management and optimization of
RECs, specifically tailored for embedded platforms with limited computational resources.
The proposed approach addresses the dual objectives of maximizing shared energy among
community participants and minimizing individual operating costs, while respecting
operational constraints of energy storage systems, electric vehicles, and flexible loads.
The proposed architecture allows for completely separating the optimisation problem
among the ECPs without any need for variable exchange.

A compact QP formulation of the problem has been derived, enabling the deployment
of an accelerated ADMM algorithm that ensures fast convergence and scalability. The
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Figure 7.5: ECP profiles on PV production and consumption.
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Figure 7.7: Power balance of each EC Participant.

embedded-oriented design has been validated on two low-power microcontrollers (ODROID-
N2L and ODROID-H3+), demonstrating that real-time optimization of complex REC schedul-
ing problems is feasible even on resource-constrained platforms. Numerical tests indi-
cate that high-precision solutions can be obtained within practical time horizons, in-
cluding all communication overheads, confirming the effectiveness of the proposed ap-
proach in real-world scenarios.

The case study analysis, based on a medium-sized EC with 10 participants, highlights
several key outcomes. The algorithm successfully schedules energy flows to maximise
shared energy while efficiently exploiting available storage and PV generation. The re-
sulting incentive mechanism provides a tangible reduction of the overall electricity bill,
demonstrating the economic benefits of coordinated operation within RECs.

Future work will focus on extending the framework to grid connected communities and
integrating additional sources of flexibility as well as further remunerative policies such

as demand response programs.
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ALGORITHMS USED AS COMPARISON
We provide additional type algorithms for solving (34) supporting the technical as well
as the numerical investigation of the paper.

CLASSICAL ADMM
— — |z
xk+1=q+M( Ok +.Uk)
Zi41 = Max{0, —Gxp41 — p + d;}
N 2k
i1 = g+ ARpgy + | T —c
FAST ADMM
_ —([z .
xk+1=q+M( Ok +Hk)
1+ 1+4a§c
Ap+1 = 5

Zi+1 = max{0, —GXp41 — [:Lg +d;}

R ap—1

Zk+1 = Zk+1 T (Zk+1— 2k)
k+1

~ PN 2k+1

Hi+1 = e+ AXjqr + o | 7€
. ap—1

Hi+1 = Hi+1 t+ (Nk+1 —,Uk)
Xf+1



monviso: A PYTHON PACKAGE FOR
SOLVING MONOTONE VI

In this chapter, we present monviso (monotone variational inequalities solver), a novel
open-source Python package for solving monotone variational inequalities. We detail
the package’s structure and baseline functionality, discussing a simple example that illus-
trates the essential methods and parameters. Moreover, we characterize how the proximal
operator, which is the foundation of many iterative schemes, is handled through cvzpy,
an open-source Python library for convex optimization. We list the available algorithms
and describe the basic implementation of any general iterative method to enable users to
build additional and (possibly new) algorithms. Finally, we illustrate several examples
of possible use cases for monviso, showcasing the different applications the package can
support across various fields, including control, optimization, dynamic game theory, and
machine learning.

125
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The proliferation of open-source projects that allow to easily implement control and
decision-making problems is positively impacting both the academic and industrial com-
munities. On the one hand, it allows researchers to accelerate the pace of research by
providing unified frameworks for testing and benchmarking new ideas and approaches.
On the other hand, it enables practitioners to solve real-world problems, often by means
of quick prototyping before devising ad-hoc tailored implementations. Such projects
serve as essential resources to democratize access to often advanced computational tools,
removing the financial burden associated with proprietary software and allowing for cus-
tomization and extensions aimed at satisfying specific needs. Moreover, they allow users
even from outside the control and optimization community to tackle their own problems
without the need of delving into technical details. Among the available mathematical
tools, variational inequalities (VIs) unify many of the problems that appear in control
and decision science at large, encompassing, e.g., optimal control [14], [157], optimiza-
tion [237], [238], machine learning [239], game theory [240], [241], [242], and finance
[15], making it a deeply studied topic of research [4]. Although the majority of existing
projects strongly focus on optimization [243], and, to a lesser extent, control and dynam-
ical systems [244], VIs have received limited attention from the perspective of systematic
numerical implementations. Nevertheless, the research literature on iterative methods
for solving monotone VIs keeps growing consistently. To the best of the authors’ knowl-
edge, only one package for solving VI targets Python (imgemp/VI-Solver), while two
packages for Julia are dedicated to finite-dimensional VIs (VariationalInequality. j1)
and complementarity problems (Complementarity.jl). A dedicated suite is provided
by GAMS; albeit being closed source, this encompasses tools for modelling and solv-
ing VIs, quasi-VIs, and equilibrium problems. Note that we are here focusing on mod-
elling protocols, i.e., the package/language that allows for declaring the problem at hand,
and not solvers, i.e., the software that computes its solution. Except for GAMS, the sur-
veyed pieces of software have not yet reached a mature development stage. Moreover,
the number of methods and algorithms they implement for VI resolution is limited.

In this paper, we provide an overview of monviso (monotone variational inequalities
solver), a novel Python package for solving monotone VIs. Although programming lan-
guages such as MATLAB and Julia are specifically tailored to numerical programming,
Python has been chosen as the base language for monviso due to its ever-increasing
popularity and ease of use. Essentially, monviso acts as a wrapper around cvxpy [245],
one of the most used pieces of software for convex optimization, in order to simplify the
process of implementing montone VIs. Differently from the aforementioned projects,
monviso has been designed to be modular and simple to extend: the algorithms imple-
mented in the current version, in fact, do not include all the ones existing in literature.
Therefore, allowing for simply adding (possibly new) iterative methods is crucial for the
package’s fruibility. monviso, together with all the code snippets discussed in the follow-
ing, is publicly available at

github.com/nicomignoni/monviso

Moreover, all details here reported refer to the current package version, i.e., 0. 1.


https://github.com/imgemp/VI-Solver
https://github.com/chkwon/VariationalInequality.jl
https://github.com/chkwon/Complementarity.jl
https://github.com/nicomignoni/monviso
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8.1. NOTATION AND PRELIMINARIES

In the sequel, set R and N represent the real and natural numbers, respectively. We de-
note [xlT,...,xL]T =: col(xl-)f.\’zl1 and [xg,...,Xy] =: row(xi)?il. The all-zeros and all-ones
vectors are denoted with 1 and 0, respectively; the identity matrix of size N x N is I,
while vector e;  denotes the i-th row of Iy. Given a square matrix A € R"*", its posi-
tive (negative) semidefiniteness is denoted with A = 0 (A < 0). The diagonal block matrix
made by matrices Ay, ...,A, is denoted as blkdg(A;,...,A,). Symbols ® and ® denote the

Kronecker and Hadamard (i.e., element-wise) product, respectively. The golden ratio

constant is denoted as ¢ := %ﬁ The uniform distribution bounded between a, b € R is
denoted as % (a, b). Given a set . < R", the associated indicator function is denoted as
Ly : R — {0, +00}, so that 1 (x) = 0 if x € ¥ and 1 (xX) = +o0 otherwise. The normal cone
associated with set # isN & : ¥ = R”, defined as N (x) := {y e R" : y ' (x~2) = 0, Yz € #}.
A mapping F: R" — R" is L-Lipschitz iff |F(x) — F(y) || < L|x—yl|, for an arbitrary L < +oo.
Moreover, a mapping F(:) is monotone if (F(x) — F(y))T(x —y) = 0 holds for all x,y € R”,
and strongly monotone if (F(x) — F(y))T(x— y) = pllx— y||2 holds for all x,y € R” and some
1 > 0. The constrained proximal operator for a given point x € R” and a scalar function
g :R" — R, with respect to set ., is defined as

1
proxg,y(x) = argmin{g(y) + —||y—x||2}. (8.1)
ye& 2

The projection operator for point x € R” with respect to set . can be defined as (8.1)
when g(y) =0, i.e.,
. 1
proj o (X) = prox, o (x) = argmin - |ly — x|12. (8.2)
ye& 2

Given a vector mapping F: R"” — R and a scalar convex (possibly non-smooth) function
g :R" — R, solving a VI consists of finding a point x* € R" such that the following holds:

ir[gz(x—x*)TF(x*)—g(x)—g(x*) >0. (8.3)

The standing assumptions for (8.3) are (i) the monotonicity of F(:) always holds; (ii) g(-)
being proper convex lower-semicontinuous; the iii) the non-emptiness of the solution
set of (8.3). When a VI is constrained to a set ¥ c R", by letting g(x) = (& (X), the problem
in (8.3) becomes

inf (x—x*) "F(x*) > 0. (8.4)
XeS

8.2. THE PACKAGE OVERVIEW

monviso is a novel open-source Python package for solving monotone VIs. The pro-
posed package is a wrapper around cvxpy [245], which allows to conveniently define the
proximal and projection operators. These operators, in fact, usually represent the most
computationally intense steps of iterative schemes, being themselves fully-fledged opti-
mization problems. Albeit some proximal operators can be explicitly expressed in ana-
lytical form, the majority requires a (usually convex) solver for retrieving the solution. A
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list of proximal-friendly operators is reported in [246], specifically cataloging g(-) func-
tions in (8.3), which yields an exact formulation for the proximity operator. Nonethe-
less, evaluating its analytic form, even when possible, is usually tedious and error-prone,
binding the resulting iterative approach to the specific application at hand. Therefore,
monviso follows the same philosophy of several existing optimization modelling lan-
guage, which allow for a degree of expressiveness close to mathematical statements. This
enables the user to input a generic form for g and ., which will be used to automatically
construct (8.1).

8.2.1. THE BASIC FUNCTIONALITY
In order to illustrate the inner working of monviso, let us provide a simple example as a
starting point.

Example 8.2.1. Let F(x) = Hx for someH > 0, g(x) = |Ix|I;, and & = {x€ R" : Ax < b}, for
some A € R™" gnd b € R". It is straightforward to verify that F(-) is strongly monotone
with u = Amin(H) and Lipschitz with L = ||H||,. Therefore, the resulting VI in (8.3) could be
solved using the well-known proximal gradient descent method [NEMS83], where conver-

gence is guaranteed for a step size A € (O, i—’;) The following Python code illustrates how to
solve the VI in (8.3) using monviso.

import numpy as np
import cvxpy as cp

from monviso import VI

# Create the problem data
n, m = 30, 40

H = np.random.uniform(2, 10, size=(n, n))
A = np.random.uniform(45, 50, size=(m, n))

10 b = np.random.uniform(3, 7, size=(m,))

11

12 # Make H positive definite

13 H=HOGH.T

14

15 # Lipschitz and strong monotonicity constants

16 mu = np.linalg.eigvals(H).min()

17 L = np.linalg.norm(H, 2)

18

19 # Define F, g, and S

20 F = lambda x: H @ x

21 g = lambda x: cp.norm(x)

22 S = [lambda x: A @ x <= D]

23

24 # Define and solve the VI

25 vi = VI(n, F, g, S)

26

27 x0 = np.random.uniform(4, 5, n)

28 algorithm_params = {

29 "x": x0,

30 "step_size": 2 * mu / L*%2

31 }

32 sol = vi.solution(


https://epubs.siam.org/doi/10.1137/1027074
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33 "pg", algorithm_params, max_iters=25,
34 eval_tol=-np.inf, log_path="result.log"
35 )

Except for lines 1-25, which simply define the problem parameters and needed con-
stants, the core implementation of the VI problem is expressed by lines 27-37. Inmonviso,
a VI is an instance of the class VI (), which takes the following objects as attributes:

* n: the size of the vector space n. This is necessary since monviso cannot infer the
size of the vector space solely from F or g.

* F:any Python function' taking a numpy array as input, and returning another numpy
array of the same size. It corresponds to the operator F(-).

* g: afunction having a single cvxpy Variable as argument and returning a scalar.
Moreover, such a variable must be a 1-dimension array; i.e., a vector. This charac-
terization corresponds to the mathematical definition of g(-) in (8.3). As default, g
= 0.

* S: a Python 1list of callables returning a cvxpy’s Constraints. Each of them
has a single cvxpy’s Variable as variable. As for g, such a variable must be a
1-dimension array, i.e., a vector. As default, S = [].

The rationale for requiring the vector space size and the variable characterizing g and
S is detailed in the following. In case g and S are provided, monviso will check whether
they are characterized by a single and identical variable vector, in order to ensure consis-
tency with the VI definition in (8.3). An initial solution is randomly generated in line 30,
while the parameters characterizing the employed algorithm are declared in line 31. The
parameters to be declared depend on the chosen iterative method, although they gener-
ally comprise (at least) one starting solution and the (possibly initial) value of A, referred
to as step_size. The VI solution is evaluated in line 34 through the vi.solution()
function, which takes as mandatory arguments: i) the name of the algorithm to use,
ii) its parameters (i.e., the key-value map previously discussed), and iii) the maximum
number of iterations. Additional optional parameters are also available:

e eval_func: unless the maximum number of allowed iterations is reached, iter-
ative algorithm stop when a certain (arbitrarily small) small tolerance is reached.
monviso allows for defining custom evaluation functions, which take the k-th iter-
ation solution, X, as single argument. As default, the residual magnitude J: R" —
Rs is set, defined as J(xi) := [|xx — proxg,y(xk —Fx)ll

e eval_tol: the tolerance value for the evaluation function, under which the cho-
sen iterative algorithm stops. As tolerance value of 179 is set as the default.

* log_path: the path where the algorithm log is saved. Such a log is a comma sepa-
rated value file, comprising the following fields: i) iter, i.e., the iteration number,
ii) eval_func_value, i.e., the value of the evaluation function, and iii) time, i.e.,
the time (in seconds) elapsed from the first to the k-th iteration.

1In Example 8.2.1, an anonymous function.
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8.2.2. STATEFUL CONSTRAINED PROXIMAL OPERATOR

As per its definition in (8.1), the evaluation of the proximal operator corresponds to
finding its minimizer. In monviso, this is accomplished by defining (8.1) as a cvxpy
.Problem. Usually, optimization modelling languages that allow the user to define the
problem declaratively need to parse it in order to provide the solver at hand with the ac-
cepted canonical form. This is often done through an epigraphic reformulation, which
casts the constraint to a suitable conic representation. In our use case, the challenge
arises because this parsing process would occur at each iteration, possibly multiple times
when the proximal operator needs to be evaluated more than once (e.g., extragradient
method [KOR76]). Such a repeated parsing process would dramatically worsen the over-
all computation time.

In order to mitigate this potential overhead, we exploited the disciplined parametrized
programming (DPP) that cvxpy implements. DPP defines a ruleset for parsing an opti-
mization problem in canonical form while keeping track of constant terms that might be
changed from one solution instance to another. A detailed discussion of the DPP princi-
ples can be found in [247]. For our case, the term x is a parameter for (8.1) and (8.2): on
such a basis, monviso implements the proximal and projection” operators as invariant
objects upon instantiating the VI (). Their statefulness resides in the fact that the same
instance is used in all the iterations for any given algorithm, with only x (i.e., the state)
being updated.

Moreover, the definition of proximal operator in (8.1) includes a constraint set, dif-
fering from the usual definition where the minimization problem is defined over R”". The
reason lies in the difficulties behind the computational instabilities that arise from im-
plementing the indicator function. In fact, since g(-) might be non-smooth, one can set
g(x) = t»(x) when the VI at hand is constrained by .. However, gradient-based meth-
ods are known to be dramatically susceptible to the behavior of strongly discontinuous
functions [248]. Characterizing the proximal operator as constrained counteracts such
issues, with S = [] corresponding to ¥ = R".

8.2.3. THE IMPLEMENTED ALGORITHMS
Table 8.1 lists the algorithms implemented in the current version of monviso, along with
each method’s name and the required parameters. For the sake of brevity, we will not
delve into the details and properties of each algorithm: the package documentation re-
ports a brief description of each method, together with the description of the basic iter-
ations and its convergence conditions.
Each implemented algorithm shares the same function signature, which can be sum-

marized as follows:

1 def algorithm_name (

2 X: np.ndarray,

3 step_size: float,

4 **other_params: dict, optiomnal,

5 **xcvXpy_solve_params: dict, optional

6 ) -> np.ndarray:

2Albeit (8.2) is a special case of (8.1), it is convenient to instantiate it as standalone operator, since it is of-
ten used for evaluations not (always) strictly related to algorithms iterates, e.g., the residual metric used for
stopping the convergence.


https://cir.nii.ac.jp/crid/1571698600143951616
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Table 8.1: The list of implemented algorithms

Ref. Method Algorithm Parameters
) . . Xp € R",
[NEM83] Ps Proximal Gradient 1o, %)
. . Xp € R",
[KOR76] eg Extragradient 1e ( 0, % )
, X0,Yo € R,
[POP80] popov Popov’s Method Le (0, 21L)
. Forward-Backward- Xp € R",
[TSE0O] fbt Forward 1€(0,1)
Forward-Reflected- Xp,X] € R",
[MAL20a] frb Backward Ae o, ZIL)
. Projected Reflected ~ Xo,x1 €R",
[MALIS] Pré Gradient A€|0 ( V2 1)
eR",
[YOO21] eag Eth/:ng:ﬁred Ax"
! € ( V3. L)
n
(CAI20] arg Accelerateq Reflected Xp,X] € [I}? ,
Gradient A€ (0, 557)
Xg,X1,y € R
.. 1
[YOO21] fogda (Explicit) Fast OGDA 1€ (0, 77),
a>2
X0,¥Y0 € Rn;
. X] € S
ISED23]  cfogda Constrained Fast '\ o )
OGDA . ;
€(0,3z),
a>2
. Xp,X; € R",
IMAL20b]  graal Golden Ratio re(0,2),
Algorithm
pe gl
. . Xo,x1 €R”,
[MAL20Db] agraal Adap UXle Sroiiﬁilll Ratio Ao >0,
8 pe,gl
. . X0,X] € R",
[BAG26]  hgraal 1 Hybi? Sﬁiﬁiﬁ‘ Fano Ao >0,
8 pe,gl
: . Xo,X] € R",
Hybrid Golden Ratio
[BAG26] hgraal_2 Algorithm 2 Ao >0,

$el, ¢l



https://epubs.siam.org/doi/10.1137/1027074
https://cir.nii.ac.jp/crid/1571698600143951616
https://link.springer.com/article/10.1007/BF01141092
https://epubs.siam.org/doi/10.1137/S0363012998338806
https://epubs.siam.org/doi/abs/10.1137/18M1207260
https://epubs.siam.org/doi/abs/10.1137/14097238X
https://proceedings.mlr.press/v139/yoon21d.html
https://arxiv.org/abs/2210.03096
https://proceedings.mlr.press/v139/yoon21d.html
https://proceedings.mlr.press/v202/sedlmayer23a
https://link.springer.com/article/10.1007/s10107-019-01416-w
https://link.springer.com/article/10.1007/s10107-019-01416-w
https://arxiv.org/pdf/2604.03658
https://arxiv.org/pdf/2604.03658
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7 # (Eventual) preparatory steps

8 while True:

9 # Iteration steps, out of which at
10 # least one gemnerates Xx

11 yield x

Each iterative algorithm is, thus, implemented as a generator, indefinitely yielding the
new value of x at each function call. As mentioned in Example 8.2.1, each algorithm
takes as a mandatory argument at least one starting point x, as well as the (possibly
initial) value for the step_size. More arguments can be declared: for instance, both
the Explicit and Constrained Fast Optimistic Gradient Descent-Ascent (OGDA) require
a further parameter « to be set. Wherever possible, we set additional arguments with a
suitable default in order to simplify the usage. The additional set of optional parame-
ters defined by cvxpy_solve_params contains the arguments that can be passed to the
cxvpy.Problem.solve() function. Specifically, since (8.1) is implemented as cvxpy
optimization problem, as mentioned in Section 8.2.2, the user might need to pass fur-
ther arguments to explicitly set cvxpy options on how to solve such a problem (e.g.,
which solver to use or parsing options). The algorithms’ function signature strives to al-
low users to possibly implement their own iterative methods quickly and easily. In fact,
one of the core concepts behind monviso is keeping modularity and ease of use as the
package might grow in the future, anticipating future growth with the addition of more
algorithms for monotone VIs.

8.3. APPLICATION EXAMPLES

In this section, we illustrate some examples related to control, optimization, game the-
ory, and machine learning problems, which can be reduced to a VI and solved through
monviso. For the sake of brevity, we provide a short description of the proposed exam-
ples here; further details can be found in the available repository”.

LINEAR COMPLEMENTARITY PROBLEM [238, SECTION 3]
A common problem that can be cast to a VI is the linear complementarity problem: given
b e R"” and 0 <A € R"™*", one want to solve the following

findxeRY; s.t. y=Ax+b=0,y x=0. (8.5)

By setting F(x) = -y = —Ax—b and .¥ = R it can be readily verified that each solution
for (8.4) is also a solution for (8.5). Figure 8.1a illustrates the convergence results.

TwO PLAYERS ZERO-SUM GAME [249]

Many examples of non-cooperative behavior between two adversarial agents can be
modelled through zero-sum games. Let us consider vectors x; € A; as the decision vari-
able of the i-th player, with i € {1,2}, where A; c R is the simplex constraints set defined
asA;:={xeR":1Tx=1},forall i € {1,2}. Letx:= col(xi)?zl. Players try to solve the fol-
lowing problem:

min max ®(x;,X2) (8.6)
X1 €A1 Xp€A,

3github.com/nicomignoni/monviso/tree/master/examples
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whose (Nash) equilibrium solution is achieved for x* satisfying the following
DX, X2) <PKX],X;) =DP(X,X5), VXEA; XA 8.7

For the sake of simplicity, we consider ®(x;,x,) := xIsz, for some H € R™*"2_ In doing
so, the equilibrium condition in the previous equation can be written as a VI, where
& = A1 x Ay and the mapping F: R™*"2 — R+ jg defined:

HX1
—HTXZ

H

Fx) = X (8.8)

.

The convergence results are reported in Fig. 8.1b.

FEASIBILITY PROBLEM: FINDING A POINT IN THE INTERSECTION OF M BALLS
[237]

Let us consider M balls in R", where the i-th ball of radius r; > 0 centered in c; € R" is
given by %;(c;, r;) < R". We are interested in finding a point belonging to their intersec-
tion, i.e., we want to solve the following:

M
find x subject tox € [ %;(c;, i) (8.9)
i=1
It is straightforward to verify that the projection of a point onto %; (c;, r;) is evaluated as:
ri if Ix—c;ll >r;

Pr0jg, (¢, ry X = Ix—c;ll (8.10)
X otherwise

Due to the non-expansiveness of the projection in (2), one can find a solution for (1) as
the fixed point of the following iterate:

1 M
Xpr1 = T(XK) = — Y Projgg ¢, rpy (Xk) 8.11)
Mz
which result from the well-known Krasnosel’skii-Mann iterate. By letting F = |- T, where

| denotes the identity operator, the fixed point for (3) can be treated as the canonical VI.
Figure 8.1c illustrates the convergence results.

SKEW SYMMETRIC OPERATOR [133, EXAMPLE 20.35]

A simple example of a monotone operator that is not (even locally) strongly monotone
is the skewed-symmetric operator, which is described as F(x) = blkdg(A,,...,App)x for
some arbitrary M € N, where A; = triu(B;) — tril(B;), for some B; = 0, forall i =1,..., M.
The convergence results are reported in Fig. 8.1e.

SPARSE LOGISTIC REGRESSION [239, SECTION 3]

Consider a dataset of M rows and N columns, so that A = col(a;)™, € RM*V js the
dataset matrix, and a; € R is the i-th features’ vector for the i-th dataset row. More-
over, let b € RM be the target vector, so that b; € {—1,1} is the (binary) ground truth for
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the i-th data entry. The sparse logistic regression consists of finding the weight vector
x € RN that minimizes the loss function V : R” — Rx, defined as follows

M 1
VX):=) log[l+ ——— | +7lx
x) ; g( exp(bia?m) ylIxl

(8.12)

=1,,log(1 +exp(-b o Ax)) + ¥
— ——r
=:5(x) =:g(x)
where y € R is the ¢;-regulation strength. The gradient for s(-), Vsx(x), is calculated as

_— ATo(1N®bT)oexp(—boAx)l ©8.13)
X)=— .
x 1+exp(-boAx) M

The problem of finding the minimizer for (8.12) can be cast as (8.3), with F(x) := Vsx(x).
The convergence trajectory is reported in Fig. 8.1d.

MARKOV DECISION PROCESS (MDP) [250, CHAPTER 3]

A stationary discrete MDP is characterized by the tuple (¥, </, B r,7), i) where & is the
(finite countable) set of states; ii) «f is the (finite countable) set of actions; iii) P : & x «f x
% — 10,1] is the transition probability function, such that P(x, a, x*) is the probability of
ending up in state x* € & from state x € & when taking action a € of/;iv) r: & x & — R
is the reward function, so that r(x, x™) returns the reward for transitioning from state
x € & to state x* € &; y € Ry is a discount factor. The aim is to find a policy, i.e., a
function 7 : ¥ — &f, returning the best action for any given state. A solution concept for
MDP is the value function, v" : ¥ — R, defined as

=T@"

V()= Y Pm(x),x") (r(x, x) +yu(x™h)) (8.14)
xteX

returning the “goodness" of policy 7. The expression in (8.14) is known as Bellman equa-
tion, and can be expressed as an operator of v”, i.e., T[v”(s)] =: T(v"). It can be shown
that the value function yielded by the optimal policy, v*, results from the fixed-point
problem v* = T(v*). Therefore, the latter can be formulated as a canonical VI, with
F =1-T. The convergence results are reported in Fig. 8.1f.

LINEAR-QUADRATIC (LQ) DYNAMIC GAMES [157]

As shown in [157, Proposition 2], the receding horizon open-loop Nash equilibria (NE)
can be reformulated as a non-symmetric VI. Specifically, consider a set of agents A" =
{1,..., N} characterizing a state vector x[#] € R”, whose (linear) dynamics is described as

x[t+1] =Ax[t] + ) B;u;[1] (8.15)
ieN

for t =1,..., T. Each agent i selfishly tries to choose u;[¢] € R™ in order to minimize the
following cost function

1 T-1 ) )
Jituilxo,u—) = = 3, Ix[tlxo, ulllg, + i [l (8.16)
=0
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forsome0 =< Q; e R™"and 0 <R; e R™*™, withu_; = col(u;) je.4\(;y and u; = col(u; [t])tT:I.
Moreover, u = col(u;) ;e 4. The set of feasible inputs, for each agent i € A, is %; (Xg,u_;) :=
fu; € rR™T . u;(tl€ei(u_;[t]), Vt=0,...,T - 1; xX[t|xg,ul € X, YVt =1,...,T}, where X €
R" is the set of feasible system states. Finally, % (x) = {fu € R™N . w; € % (xg,u_;), Vi €
A}, Following [157, Definition 1], the sequence of input u;.* € U;(xg,u_;), forall i € N,
characterizes an open-loop NE iff

5

Jilxpu*)<  inf  {J(u]lxo,u_y)} (8.17)
w; €% (xp,u’” ;)

which is satisfied by the fixed-point of the best response mapping of each agent, defined
as
u; = argmin J;(u;|xo,u’;), VieN (8.18)
uie%(xo,uil.)
Proposition 2 in [157] states that any solution of (8.3) is a solution for (8.18) when ¥ =
U (x9) and F: R™TN . R™TN defined as

F(u) =col(G; Q))je. (toW(G;) je v u + Hxo) +

(8.19)
blkdg(It ® R;)je4u

where, for all i € 4, Q; = blkdg(I7_1 ® Q;,P;), G; = e] ; ® col(A!B))! ' +Ir ®B; and

H = col(A?) thl. Matrix P; results from the open-loop NE feedback synthesis as discussed

in [157, Equation 6].

8.4. CONCLUSIONS

In this paper, we have presented monviso, a novel open-source Python package for solv-
ing monotone variational inequalities (VIs). We have detailed the basic functionalities of
the packages through a simple introductory example and discussed how monviso inte-
grates cvxpy to implement the proximal operator in a stateful fashion. Several examples
presented the implemented algorithms, ranging from control and optimization to ma-
chine learning, showcasing monviso utility across different applications.

Future work will focus on improving the overall performance, possibly resorting to
just-in-time compilation, as well as extending monviso to other commonly used pro-
gramming languages, such as MATLAB and Julia.
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Figure 8.1: Convergence results for each example, using the currently available algorithms in monviso.



CONCLUDING REMARKS

In this thesis, we have studied convex optimization in smooth and nonsmooth settings
and proposed fast solution algorithms. We further extended the analysis to variational
inequalities, including algorithmic methods and applications to dynamic games and en-
ergy network systems. In this chapter, we summarize the main contributions and outlines
directions for future research.
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This thesis investigated the design, analysis, and application of fast first-order meth-
ods for convex optimization and equilibrium problems, with particular emphasis on
adaptivity, scalability, and applicability to multi-agent and control systems. Across a
broad spectrum of problem classes, ranging from smooth and nonsmooth convex opti-
mization to variational inequalities and game-theoretic models, the common objective
has been to develop algorithms that achieve strong theoretical guarantees while remain-
ing practical for large-scale and real-world implementations. A detailed summary of the
contributions is as follows.

9.1. SUMMARY

The first part of the thesis focused on adaptive algorithms for convex optimization. Chap-
ter 2 addressed smooth and composite optimization problems and introduced a novel
linesearch-based stepsize selection rule for (accelerated) first-order methods, enabling
optimal convergence rates without requiring knowledge of global smoothness constants.
Chapter 3 extended this line of research to fully nonsmooth convex optimization by
proposing an adaptive accelerated smoothing framework, which achieves global opti-
mal sublinear convergence and, under additional regularity, locally linear convergence.
Together, these chapters demonstrate how adaptivity in stepsize selection, smoothing,
and momentum can be rigorously combined to enhance both theoretical guarantees
and empirical performance.

The second part of the thesis studied equilibrium computation through the lens of
variational inequalities. Chapter 4 developed a projection-free algorithm for strongly
monotone variational inequalities based on Frank-Wolfe oracles, targeting settings where
projection operations are computationally costly. Chapter 5 considered constrained lin-
ear quadratic dynamic games, formulated them as affine variational inequalities, and
proposed a tailored Douglas—Rachford splitting method with linear convergence, illus-
trated in an automated-driving scenario. Chapter 6 further extended the variational in-
equality framework to heterogeneous Wasserstein distributionally robust Nash games,
showing that infinite-dimensional game formulations admit equivalent finite dimen-
sional variational inequalities that can be solved efficiently using first-order methods,
even in the presence of nonmonotonicity.

The third part of the thesis emphasized applications and implementation aspects.
Chapter 7 introduced a bilevel optimization framework for decentralized energy com-
munity management and proposed an accelerated, privacy-preserving ADMM algorithm
suitable for embedded platforms, with experimental validation on low-power hardware.
Chapter 8 presented monviso, an open-source Python package for solving monotone
variational inequalities, designed to support reproducible research and facilitate the de-
ployment of equilibrium-seeking algorithms in control, optimization, and machine learn-
ing applications.



9.2. REFLECTIONS AND FUTURE RESEARCH DIRECTIONS 139

9.2. REFLECTIONS AND FUTURE RESEARCH DIRECTIONS

The work presented in this thesis opens several avenues for future research. Brief discus-
sions of future directions are provided at the end of each chapter. Here, we highlight the
main directions more comprehensively, emphasizing the potential opportunities and
challenges associated with each through an illustrative example.

Illustrative example. Consider the energy network shown in Fig. 9.1, where generators
are connected to multiple energy markets, and each market supplies energy to end con-
sumers. Two classes of games can be formulated on this network.

-——=
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ii) Stackelberg game in energy network. &/ / / Lﬂﬂ-
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Figure 9.1: Games in energy networked systems.

i) Cournot game [251]. Assume there are N generators and m markets. Generator
i participates in n; markets and chooses a production vector x; € Q; < R™. The
matrix A; € R™ "™ specifies the markets in which generator i operates. Each gen-
erator solves the following forward problem

min - f;(x,X-) = 6 () — PAX) T Apx; 9.1)
s.t. Ax<r,

where A=[A;,...,An], x=col(xy,...,xn), and r = col(ry,..., ;) denotes the mar-
ket capacity limits. The function c; represents the generation cost of generator i.
The market price vector P(Ax) depends on the aggregate supply and is defined
componentwise as

Pj(Ax)=P;—d;[Ax]j, j=1,...,m, 9.2)

where D = diag(dy, ..., dy,) is a linear inverse demand matrix.
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ii)

Stackelberg game [252]. We also consider a hierarchical interaction between each
market and the consumers connected to it. Each market acts as a leader by setting
the energy price, while the consumers act as followers by adjusting their demand.
Let p; € R>p denote the price set by market j, and let y; € R’ denote the demand
vector of consumers connected to market j. Given p;, the consumers solve

min yip)=pil T yi—ui(y), (9.3)
ey, i\ Pj)=pjl yj—uijly;j

where u; is a utility function and %/ is the feasible demand set. Let y; (pj) denote
the consumers’ optimal response. Anticipating the followers’ behavior, market j
solves the leader problem

min j(pj):= -pi1"y} (p; (9.4)
iz

st. 1Tyi(pp=<rj
where r; denotes the available energy supply of market j. A Stackelberg equilib-

rium is defined as a price-demand pair (p;, y;) such that y]’.‘ = y]’.‘(p;) and p;‘
solves the leader problem.

Based on these two problems, we are now in a position to identify the potential re-
search directions that can be undertaken in system and control, game theory, schedul-
ing, and management science.

N

m)

Inverse Cournot game: While the Cournot game seeks the equilibrium in (9.1), the
model inputs are often difficult to estimate, even though equilibrium outcomes
are typically observable. This motivates the use of inverse optimization in equi-
librium settings [17], [18], [20], where observed equilibria can be exploited to infer
underlying model parameters. In particular, collected equilibria in (9.1) can be
used to:

(@) learn the topology/graph of the energy network (red lines in Fig. 9.1 or A;),

(b) estimate the market demand parameters d; in (9.2).

Online Stackelberg game [253]: In the Stackelberg game, the goal is to find the
price demand pair (p}*, y}.*) in (9.3)-(9.4). However, iterative algorithms are of-
ten slow because the leader does not know the followers’ parameters or utility
functions (u;) and only observes their responses (y;). A promising approach to
improve efficiency and convergence is to estimate the followers’ parameters and
utility functions from collected data, enabling the leader to solve an approximate
problem centrally within a local region.
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