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Cylindrical continuous martingales and stochastic
integration in infinite dimensions *

Mark Veraar' Ivan Yaroslavtsev?

Abstract

In this paper we define a new type of quadratic variation for cylindrical continuous
local martingales on an infinite dimensional spaces. It is shown that a large class of
cylindrical continuous local martingales has such a quadratic variation. For this new
class of cylindrical continuous local martingales we develop a stochastic integration
theory for operator valued processes under the condition that the range space is a
UMD Banach space. We obtain two-sided estimates for the stochastic integral in terms
of the y-norm. In the scalar or Hilbert case this reduces to the Burkholder-Davis-
Gundy inequalities. An application to a class of stochastic evolution equations is given
at the end of the paper.
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1 Introduction

Cylindrical local martingales play an important role in the theory of stochastic PDEs.
For example the classical cylindrical Brownian motion Wy on a Hilbert space H = L?(D)
can be used to give a functional analytic framework to model a space-time white noise on
R+ x D. A cylindrical (local) martingale M on a Banach space X is such that for every
x* € X* (the dual space of X) one has that Mz* is a (local) martingale and the mapping
x* — Ma* is linear and satisfies appropriate continuity conditions (see Section 3.1).

Cylindrical (local) martingales have extensively studied in the literature (see [34, 60,
61, 49, 50, 73, 74]). In this paper we introduce a new type of quadratic variation [[M]]
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Cylindrical continuous martingales

for a cylindrical continuous local martingale M on a Banach space X (see Definition 3.4).
Moreover, we develop a stochastic calculus for those M which admit such a quadratic
variation. The process [[M]] is continuous and increasing and it is given by

N
[M]); == lim sup  ([M(ta)a"] = [M(ta-1)a"]), (1.1

mesh—0 e eX* ||la*|=1

where the a.s. limit is taken over partitions 0 =ty < ... < ty = t. The definition (1.1) can
be given for any Banach space X, but for technical reasons we will assume that X* is
separable. The definition (1.1) is new even in the Hilbert space setting. Our motivation
for introducing this class comes from stochastic integration theory and in this case M is
a cylindrical continuous local martingale on a Hilbert space. A more detailed discussion
on stochastic integration theory will be given in the second half of the introduction.

In many cases [[M]] is simple to calculate. For instance for a cylindrical Brownian
motion one has [[Wy]]; = t. More generally, if M = [; ®dWy where ® is an L(H, X)-
valued adapted process, then one has

(M), = / 12(5)®(5)* | £x-x) ds.

These examples illustrate that Definition (1.1) is a natural object. However, one has to be
careful, as there are cylindrical continuous martingales (even on Hilbert spaces) which
do not have a quadratic variation [[M]]. From now on let us write M3¢(X) for the class
of cylindrical continuous local martingales which admit a quadratic variation.

If M is a continuous local martingale with values in a Hilbert space, then it is well
known that it has a classical quadratic variation [M] in the sense that there exists an
a.s. unique increasing continuous process [M] starting at zero such that ||M||? — [M] is a
continuous local martingale again. It is simple to check that in this case [[M]] exists and
a.s. forallt > 0, [[M]]: < [M]¢. Clearly, [M] does not exist in the cylindrical case, but as
we will see, [[M]] gives a good alternative for it.

Previous attempts to define quadratic variation are usually given in the case M is
actually a martingale (instead of a cylindrical martingale) and in the case X is a Hilbert
space (see [14, 60, 49, 50]). We will give a detailed comparison with the earlier attempts
to define the quadratic variation in Section 3.

To study SPDEs with a space-time noise one often models the noise as a cylindrical
local martingale on an infinite dimensional space. We refer the reader to [13] for the case
of cylindrical Brownian motion. In order to study SPDEs one uses a theory of stochastic
integration for operator-valued processes ® : Ry x Q — L(H, X). Our aim is to develop a
stochastic integration theory where the integrator M is from M!°¢(H) and the integrand
takes values in £(H, X ), where X is a Banach space which has the UMD property.

The history of stochastic integration in Banach spaces has an interesting history
which goes back 40 years. Important contributions have been given in several papers and
monographs (see [4, 7, 9, 31, 57, 58, 59, 70] and references therein). We refer to [56]
for a detailed discussion on the history of the subject. Influenced by results from Garling
[24] and McConell [48], a stochastic integration theory for ® : [0, 7] x Q — L(H, X) with
integrator Wy was developed in [53] by van Neerven and Weis and the first author. The
theory is naturally restricted to the class of Banach spaces X with the UMD property
(e.g. L? with ¢ € (1,00)). The main result is that ® is stochastically integrable with
respect to an H-cylindrical Brownian motion if and only if & € v(0,7; H, X) a.s. Here
~(0,T; H, X) is a generalized space of square functions as introduced in the influential
paper [36] (see Subsection 4.1 for the definition). Furthermore, it was shown that for
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any p € (0,00) the following two-sided estimate holds

t
cll®llLr @0, m5m,x)) < H Sup H/O ‘I’dWHHXHLp(Q) < Cll| e @iy (0.158,))
which can be seen as an analogue of the classical Burkholder-Davis-Gundy inequalities.
This estimate is strong enough to obtain sharp regularity results for stochastic PDEs
(see [55]) which can be used for instance to extend some of the sharp estimates of Krylov
[40] to an LP(L?%)-setting.

The aim of our paper is to build a calculus for the newly introduced class of cylindrical
continuous local martingales which admit a quadratic variation. Moreover, if M is a
cylindrical continuous local martingale on a Hilbert space H, we show that there is
a natural analogue of the stochastic integration theory of [53] where the integrator
Wy is replaced by M. At first sight it is quite surprising that the y-norms again play
a fundamental role in this theory although the cylindrical martingales do not have
a Gaussian distribution. Our theory is even new in the Hilbert space setting. The
proof of the main result Theorem 4.1 is based on a sophisticated combination of time
change arguments and Brownian representation results for martingales with absolutely
continuous quadratic variations from [60, Theorem 2]. Theorem 4.1 gives that ® is
stochastically integrable with respect to M if and only if @Q}\f € ~(0,T,[[M]]; H, X)
a.s. Here Q) is a predictable operator with norm ||Qas|| = 1. Moreover, two-sided
Burkholder-Davis—-Gundy inequalities hold again. We will derive several consequence of
the integration theory among which a version It6’s formula.

We finish this introduction with some related contributions to the theory of stochastic
integration in an infinite dimensional setting. In [49] Métivier and Pellaumail developed
an integration theory for cylindrical martingales which are not necessarily continuous
and two-sided estimates are derived in a Hilbert space setting. A theory for SDEs and
SPDEs with semimartingales in Hilbert spaces is developed by Gyongy and Krylov in
[26, 27, 25]. The integration theory with respect to cylindrical Lévy processes in Hilbert
cases and its application to SPDESs is developed in the monograph by Peszat and Zabczyk
[64]. Some extensions in the Banach space setting have been considered and we refer to
[1, 2, 45, 69, 68] and references therein. In [16] Dirksen has found an analogue of the
two-sided Burkholder-Davis-Gundy inequalities in the case the integrator is a Poisson
process and X = L7 (also see [17, 46, 47]). By the results of our paper and the previously
mentioned results, it is a natural question what structure of a cylindrical noncontinuous
local martingales is required to build a theory which allows to have two-sided estimates
for stochastic integrals.

Outline:

* In Section 2 some preliminaries are discussed.

* In Section 3 the quadratic variation of a cylindrical continuous local martingale is
introduced.

* In Section 4 the stochastic integrable ® are characterized.

* In Section 5 the results are applied to study a class of stochastic evolution equa-
tions.

2 Preliminaries

Let I : R4 — R be a right-continuous function of bounded variation (e.g. nondecreas-
ing caddlag). Then we define ;1 r on subintervals of R as follows:

pr((a,b]) = F(b) = F(a), 0<a<b<oo,

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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pr({0}) = 0.

By the Carathéodory extension theorem, pr extends to a measure, which we will call
the Lebesgue-Stieltjes measure associated to F'. Conversely, if ;4 is a measure such that
w((a,b]) = F(b) — F(a) for a given function F, then F' has to be right-continuous.

Let (S,X) be separable measurable space and let (2, F, P) be a probability space. A
mapping v : ¥ x  — [0, co] will be called a random measure if forall A € ¥, w — v(4,w)
is measurable and for almost all w € , v(-,w) is a measure on (5,%) and (S, %, v(-,w)) is
separable (i.e. such that the corresponding L?-space is separable).

Example 2.1. Let ' : Ry x Q — R be a c4ddlag process which is of bounded variation a.s.
Then one can define a random measure pp : B(Ry) X Q — [0, 00] such that pup(A,w) =
[E(w) (A).

Random measures arise naturally when working with continuous local martingales M.
Indeed, for almost all w € €, the quadratic variation process [M](-,w) is continuous and
increasing (see [35, 49, 66]), so as in Example 2.1 we can associate a Lebesgue-Stieltjes
measure with it. Often we will denote this measure again by [M](-,w) for convenience.

Let (S, X, 1) be a measure space. Let X and Y be Banach spaces. An operator valued
function f : S — L(X,Y) is called X -strongly measurable if for all € X, the function
s — f(s)z is strongly measurable. It is called scalarly measurable if for all y* € Y™,
f(s)*y* is strongly measurable. If Y is separable both measurability notions coincide.

Often we will use the notation A <p B to indicate that there exists a constant C
which depends on the parameter(s) ) such that A < CB.

2.1 Positive operators and self-adjoint operators on Banach spaces

Let X, X be Banach spaces. We will denote the space of all bilinear operators from
X xY to R as B(X,Y). Notice, that for each continuous b € B(X,Y’) there exists an
operator B € L(X,Y™*) such that

b(z,y) = (Bx,y), r€X,yeY. (2.1)
We will call an operator B: X — X* self-adjoint, if for each z,y € X

(Bz,y) = (B, y).
A self-adjoint operator B is called positive, if (Bxz,z) > 0 forall z € X.

Remark 2.2. Notice, that if B : X — X* is a positive self-adjoint operator, then the
Cauchy-Schwartz inequality holds for the bilinear form (x,y) := (Bz,y) (see [72, 4.2]).
From the latter one deduces that

|B||= sup [(Bz,z)| (2.2)
zeX,|z||=1

Moreover, if X is a Hilbert space, then (2.2) holds for any self-adjoint operator.
Further we will need the following lemma proved in [60, Proposition 32]:

Lemma 2.3. Let (S,X) be a measurable space, H be a separable Hilbert space, f : S —
L(H) be a scalarly measurable self-adjoint operator-valued function. Let F': R — R be
locally bounded measurable. Then F(f) : S — L(H) is a scalarly measurable self-adjoint
operator-valued function.

The next lemma allows us to define a square root of a positive operator in case of
a reflexive separable Banach space:

Lemma 2.4. Let X be a reflexive separable Banach space, B: X — X* be a positive
operator. Then there exists a separable Hilbert space H and an operator BY/?: X — H
such that B = B'/?*B/2,

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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Proof. Since X is reflexive separable, X* is also separable. We will use the space
H, constructed in [42, p.154] (see also [9, p.15] and [61, Part 3.3]). Briefly speaking,
one can find such a separable Hilbert space H that there exists a continuous dense
embedding j: X* — H. Because of the reflexivity, j* : H — X** = X is a continuous
dense embedding and as an embedding it has a trivial kernel.

Consider the operator jBj* : H — H. Obviously this operator is positive, so one can
define a positive square root \/jBj* : H — H (see [22, Chapter 6.6]). Now define

BY? = \/jBj*j*': ran j* — H.
This operator is bounded, because for each x € ran j*

IViBj* 5 al|f = (ViBj*j* '@, \/jBj*j*'a) = (jBj*j* e, i )
= (Bz,j*j* ') = (Bz,z) < ||B| =],

therefore it can be extended to the whole X. Moreover, for all z,y € ran j*

(BY?BY2a,y) = (BY?x, BY?y) = (\VjBj*j* 'w,\/jBj*j* " 'y) = (Bz,y).
Thus B'/?*B'/2 = B on ran j*, and hence on X by density and continuity. O

Remark 2.5. The square root obtained in such a way is not determined uniquely, since
the operator j can be defined in different ways. The following measurability property
holds: if there exists a measurable space (5,%) and a scalarly measurable function
f:8 — L(X,X*) with values in positive operators, then defined in such a polysemantic
way f!/2 will be also scalarly measurable. Indeed, since f is scalarly measurable, then
jfj* and, consequently by Lemma 2.3 and the fact that j f;* is positive operator-valued,
the square root /j f;* is scalarly measurable. So, f'/2 = \/jfj*j* '« is measurable for
all 2 € ran j*, and because of the boundedness of an operator /5 f;j*j*~! and the density
of ran j* in X one has that f!/2z is measurable for all = € X.

2.2 Supremum of measures

In the main text we will often need explicit descriptions of the supremum of measures.
The results are elementary, but we could not find suitable references in the literature.
All positive measures are assumed to take values in [0, o0] (see [5, Definition 1.6.11). In
other words, a positive measure of a set could be infinite.

Lemma 2.6. Let (1o )aca be positive measures on a measurable space (S, X). Then there
exists the smallest measure i s.t. ji > p, Voo € A. Moreover,

N
ft(A) = sup Z sup o (4,), A€, (2.3)

n=1 ¢

where the first supremum is taken over all the partitions A = Ufj:l A, of A.

From now on we will write sup,c fta = fi, Where i is as in the above lemma. A
similarly formula as (2.3) can be found in [21, Exercise 213Y(d)] for finitely many
measures.

Proof. The existence of the measure i is well-known (see e.g. [35, Exercise 2.2] [21,
Exercise 213Y(e)]), but it also follows from the proof below. To prove (2.3) let v denote
the right-hand side of (2.3).

We first show that v is a measure. It suffices to show that v is additive and o-
subadditive. To prove the o-subadditivity, let (By)x>1 be sets in ¥ and let B = p>1 Dk-

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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N
n=1

Let A;,..., Ay € X be disjoint and such that B =
the o-subadditive of the p,, we find

N N N
> SUp fia(An) = > sup Y pa(Buk) < DY suppa(Bur) < Y v(B).

n=1 ¢ k>1 k>1n=1 ¢ k>1

A,. Let B, = A, N Bg. Then by

Taking the supremum over all 4,,, we find v(B) < >, -, v(By).

To prove the additivity let B,C € ¥ be disjoint. By the previous step it remains
to show that v(B) + v(C) < v(BUC). Fix ¢ > 0 and choose Aj,..., Ay € X disjoint,
ai,...,ay € Aand 1 < M < N such that | J) | 4, = B, UQ;MHA” = (C and

M N
V(B) <Y o, (An) +e and v(C) < Y pia, (Ay) +e.
n=1 n=M+1

Then we find that
N
v(B)+v(C) £ i, (An) + 26 S v(BUC) + 2,
n=1

and the additivity follows.
Finally, we check that v = [i. In order to check this let 7 be a measure such that
tto < v for all . Then for each A € 3 we find

N N
v(A) = sup Z sup o (Ay,) < sup Z v(Ay,) = v(A)
n=1 ¢ n=1
and hence v < . Thus we may conclude that v = . O

Remark 2.7. If the conditions of Lemma 2.6 are satisfied and there exists a measure p
such that p, < u, then i < p. In particular if y is finite, then i is finite as well.

Lemma 2.8. Let (S, X, v) be a measure space. Let F be a set of measurable functions
from S into [0,00]. Let {f;}32, be a sequence in I'. Let f = sup;>; f; and assume
Supsep f = f. For each f € F let j1; be the measure given by

ns) = [ gaw
A
Let fi = supycp pg. Then fi = sup,>q py; and
f(A) = / fdv, Aex. (2.4)
A

Proof. Since f is the supremum of countably many measurable functions, it is mea-
surable. Since A — [, fdv defines a measure which dominates all measures py, the
estimate “<” in (2.4) follows.

To prove the converse estimate, let A € 3, ¢ >0andn € N. Let A; = {s € A: fi(s) >

(1—¢)(f(s) An)} and let
B J
A ={s € A: fu1(s) > (1= )(F(s) AmI\ [ Aws G2 1.
k=1
Then the (A;);>1 are pairwise disjoint and J;-, 4; = A, and therefore,

HA) = ) = s a) =3 [ aw

Jj=1 Jj=1 Jj=1

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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2(1—5)2/}4.?(5)/\71&/:(176)/14?(5)/\nd1/.

j>1

Since ¢ > 0 and n € IN were arbitrary the required estimate follows. The identity
fi = sup,>q piy; follows if we replace F' by {f;j : 7 > 1} and apply (2.4) in this situation. O

Lemma 2.9. Let (u,),>1 be a sequence of measures on a measurable space (S,%). Let
fi = sup,,>; fin. Then for each A € ¥,

( sup pn)(A) — fi(A), as N — oo.
1<n<N

Proof. Let A € ¥. Without loss of generality suppose that ji(4) < oo. Fix ¢ > 0.
According to (2.3) there exists K > 0, a partition A = U,le Ay of A into pairwise disjoint
sets and an increasing sequence (ny)i1<k<x C IN such that Zszl tn, (Ak) > 1(A) —e.
Hence (Sup; <, <y, #n)(A) > fi(A) — ¢, which finishes the proof. O

Remark 2.10. Assume that in the situation above S = R, X is a Borel o-algebra. Define
it on segments as follows:

N
fia,b] = sup Y sup pia(Ay), (2.5)

n=1 ¢

where the first supremum is taken over all the partitions (a,b] = Uﬁ;l A, of the segments
(a,b] into pairwise disjoint segments. Then by Carathéodory’s extension theorem [
extends to a measure on the Borel o-algebra. Obviously i > u,, for each a € A (because
(i — po)((a,b]) > 0 for every segment (a,b], and so, by [5, Corollaries 1.5.8 and 1.5.9]
for every Borel set) and i < ji. Consequently, i = ji. Notice that the segments in the
partition (a, b] = UN A, can be chosen with rational endpoints (of course except a and

n=1

b). Then the supremum obtained in (2.5) will be the same.

3 Cylindrical continuous martingales and quadratic variation

In this section we assume that X is a Banach space with a separable dual space X*.
Let (2, T, P) be a complete probability space with filtration IF' := (F;);cr. that satisfies
the usual conditions, and let F := o(|J,~, ). We denote the predictable c-algebra by P.

In this section we introduce a class of cylindrical continuous local martingales on a
Banach space X which have a certain quadratic variation. We will show that it extends
several previous definitions from the literature even in the Hilbert space setting.

3.1 Definitions

A scalar-valued process M is called a continuous local martingale if there exists
a sequence of stopping times (7,),>1 such that 7,, 1 co almost surely as n — oo and
1, -oM™ is a continuous martingale.

Let M (resp. M!°°) be the class of continuous (local) martingales. On M!°¢ define
the translation invariant metric given by

|M ]| pgoe = > 27"E[LA sup |My]]. (3.1)

ne1 tel0,n]

Here and in the sequel we identify indistinguishable processes. One may check that this
coincides with the ucp topology (uniform convergence compact sets in probability). The
following characterization will be used frequently.

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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Remark 3.1. For a sequence of continuous local martingales one has M™ — 0 in M!°° if
and only if for every T' > 0, [M™]r — 0 in probability and M} — 0 in probability (see [35,
Proposition 17.6]).

The space M!°° is a complete metric space. This is folklore, but we include a proof
for convenience of the reader. Let (M"),,>; be a Cauchy sequence in M!° with respect
to the ucp topology. By completeness of the ucp topology we obtain an adapted limit
M with continuous paths. It remains to shows that M is a continuous local martingale.
By taking an appropriate subsequence without loss of generality we can suppose that
M™ — M a.s. uniformly on compacts sets. Define a sequence of stopping times (73)72 ,
as follows:

inf{t > 0 :sup, [[M" ()| >k}, if sup,cg, sup, [[M"(t)]| > k;
T =
" 0, otherwise.

Since each (M™)™ is a bounded local martingale with continuous paths, (M")™ is a
martingales as well by the dominated convergence theorem. Letting n — oo, it follows
again by dominated convergence theorem that M ™ is a martingale. Therefore, M is a
continuous local martingale with a localizing sequence (73)72 ;.

Let X be a Banach space. A continuous linear mapping M : X* — M!°° is called a
cylindrical continuous local martingale. (Details on cylindrical martingales can be found
in [3, 34]). For a cylindrical continuous local martingale M and a stopping time 7 we
can define M7 : X* — M!°¢ by M72*(t) = Mx*(t A 7). In this way M is a cylindrical
continuous (local) martingale again. Two cylindrical continuous local martingales M
and N are called indistinguishable if Vz* € X* the local martingales Mz* and Nx* are
indistinguishable.

Remark 3.2. On M it is also natural to consider the Emery topology, see [18] and also
[38, 3, 34]. Because of the continuity of the local martingales we consider, this turns out
to be equivalent. We find it therefore more convenient to use the ucp topology instead.

Remark 3.3. Since X* is separable, we can find linearly independent vectors (e},)n,>1 C
X* with linear span F which is dense in X*. For fixed ¢ > 0 and almost all w € Q
one can define B; : Q — B(F, F) such that B,(z*,y*) = [Mz*, My*], for all z*,y* € F.
Unfortunately, one can not guarantee, that ¢t — B, is continuous a.s. Moreover, as we
will see in Example 3.26 for X a Hilbert space, it may already happen that for a.a. w € €2,
for some t > 0, B; ¢ B(X™*, X*).

In the following definition we introduce a new set of cylindrical martingales for which
the above phenomenon does not occur.

Let (Q, F,P) be a probability space, (5,3) be a measure space and let M (S5, %) be
a set of all positive measures on (S,%). For f,g: Q@ — M, (S,X) we say that f > g if
f(w) > g(w) for P-a.a. w € Q.
Definition 3.4. Let M : X* — M!"° be a linear mapping. Then M is said to have a
quadratic variation if

(1) There exists a smallest f : Q — M (R, B(Ry)) such that f > pjp,+ for each
z* e X*, ||lz*]| = 1,
(2) f(w)[0,t] is finite for a.e. w € Q for all t > 0.

Let [[M]] : Ry x Q — R4 be such that

[[M]]t(w) = 1f(w)[0,t]<oof(w)[0’t]'

Then [[M]] is called the quadratic variation of M and we write M € M (X).

var

If additionally, for each z* € X*, Mx* is a martingale, we write M € M, (X).
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Notice that in the definition above f = pjz) a.s. In the next proposition we collect
some basic properties of [[M]].
Proposition 3.5. Assume M € M2¢(X). Then M is a cylindrical continuous local
martingale and the following properties hold:
M
M
M
M]] is increasing.
For allz* € X* a.s. forall s <t,

| has a continuous version.
| is predictable.
Jlo=0a.s.

- [[M]
- [[M]
- [[M]
- [[M]

Ol W N =

(M) = [Ma*]s < ([M]]e = [M])s) [l

In Example 3.26 we will see that not every cylindrical continuous local martingale is
in M9¢(X).

var

Proof. Properties (3), (4) and (5) are immediate from the definitions. Properties (1) and
(2) will be proved in Proposition 3.7 below.

To prove that M is a cylindrical continuous local martingale, fix ¢t > 0 and a sequence
(xf)n>1 such that =}, — 0. Then by (5), [Mz}]; — 0 a.s., so by Remark 3.1 M is a
continuous linear mapping. O

Remark 3.6. Let M € M!¢(X). Then M is a cylindrical continuous local martingale.

Proposition 3.7. Let M : X* — M!°¢ be a cylindrical continuous local martingale. Then
the following assertions are equivalent:

1. M € M(X);

2. For any dense subset (z},),,>1 of the unit ball in X* there exists a nondecreasing
right-continuous process F' : Ry x 2 — R, such that for a.a. w € () we have that
HE(w) = SUPp U[Max](w)/

3. For any dense subset (x}),>1 of the unit ball in X* there exists a nondecreasing
right-continuous process G : Ry x Q0 — R, such that for a.a. w € €2 we have that

Moreover, in this case F is a.s. continuous, predictable and F = [[M]] a.s.

Proof. (1) = (2): Since WM 2 H[Max) @S for each n > 1, it follows that a.s. there exists
fo:=sup,, fiipax] < pia) by the definition of a supremum of measures given in Lemma
2.6. By Remark 2.10 one can write i = ur where the process F' is given by

J
F(t) = suszgpl) ([fol]t] — [M:vmt]._l), (3.2)
j=1"=

where the outer supremum is taken overall 0 =ty < t; < ... <t; <twitht¢; € Q for
j €{0,...,J}. The fact that F is increasing is clear from (3.2). The right-continuity of F
follows from the fact that /i is a measure.

(2) = (3): This is trivial.

(3) = (2): Since each of the measures pys,+) is nonatomic a.s., by (2.3) ur is
nonatomic a.s. and finite by Remark 2.7 and hence F' is finite and a.s. continuous.

(2) = (1): We claim that for each z* € X* with ||z*|| = 1 a.s. up > P+ Fix
z* € X* of norm 1. Since M is a cylindrical continuous local martingale we can
find (nx)r>1 such that z; — 2* and a.s. [Mz}, | — [Mz*] uniformly on compact sets

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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as k — oo (see [35, Exercise 17.8]). Then a.s. for all 0 < s < t < oo one has that
Mz}, | — [Mz}, ], < F(t) — F(s) foreach k > 1, so a.s.

ng

[Mz*]; — [Mz*]s = lim [Ma}, |, — [Mx;, ], < lim F(t) — F(s) = F(t) — F(s),
k—o00 k—o0

and therefore pup > par,+) @.s. We claim that F is a.s. the least function with this property.
Let ¢ : Q@ — M (R4, B(R4)) be such that for all z* € X* with |z*|| =1, ¢ > par,-) as.
Then ¢ > sup,, pi[anrx] = pr a.s. and hence pp is the smallest measure with the required
property. By the definition of a quadratic variation we find that F' = [[M]] a.s.

Finally, note that by (3.2), F' is adapted and therefore F' is predictable by the a.s.
pathwise continuity of F'. O

Remark 3.8. Notice that by the above proposition the quadratic variation of M €
M!9¢ (X)) has the following form a.s.

var

[[M]]t = sup Z Sup([Mx:"L]ti+1 - [M‘r;]h)’ t> O’ (33)

n=1 m
where the limit is taken over all rational partitions 0 =ty < ... <ty =t and (z},)m>1 iS
a dense subset of the unit ball in X™*.

Next we give another characterization of M being in M9 (X).
Theorem 3.9. Let M : X* — M'°. Then M € M!(X) if and only if there exists a

mapping ap : Ry x @ — B(X*, X*) such that for every z*,y* € X*, a.s. forallt > 0,
ap(t)(x*,y*) = [Mz*, My*]; and a.s. for all t > 0, (z*,y*) — aa(t)(x*,y*) is bilinear and

continuous, and for allt > 0 the following limit exists

N
G(t) := lim Z sup (ap(tn)(z*,2%) — apr(tn—1)(z*, z)). (3.4)

mesh—0 =1 llzr]=1

Here the limit is taken over partitions 0 =ty < ... <ty = t.
If this is the case then G(t) = [[M]]; a.s. for all t > 0.

Proof. Let M € M!9¢(X). Fix a set (z},)m>1 C X* of linearly independent vectors such
that span(z},)m>1 is dense in X*. Let F = (y}) C X* be the Q-span of (z,),>1. Then
there exists ay : Ry x @ — B(F, F') such that for each n,k > 1 aa(y;;,y;) is a version
of [Myy,, My;] such that jia,, yx 4+) < gy |vs Iyl Since by the last inequality apy is
bounded on F x F, it can be extended to X* x X*, and by the continuity of M, ap;(x*,y*)
is a version of [Mz*, My*]. To prove (3.4) notice that because of the boundedness of
aps and a density argument one replace the supremum over the unit sphere by the
supremum over z* € {y* : ||y%|| < 1}. Then this formula coincides with (3.3), therefore
a.s. G(t) = [[M]]; for all ¢ > 0.

To prove the converse first note that for all z* € X*, par,-) < pcllz*||? a.s. and hence
M is a cylindrical continuous local martingale by Remark 3.1. Since a,; is continuous
one can replace the supremum by the supremum over a countable dense subset of the
unit ball again. Now one can apply Proposition 3.7 and use (2.5). O

Definition 3.10. Given M € M'%(X) we define its cylindrical Doléans measure ji;; on

var

the predictable o-algebra P as follows:

/LM(C) = E/Ooo lcd[[M]], CeP.
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Lemma 3.11. Let M € M!°¢(X) and let T be a stopping time and define a sequence of
stopping times by
Tn = inf{t > 0:[[M]]; > n}, forn >1.

Then the following assertions hold:

1. M7 € MZi(X), [[M7]] = [[M]]".

var

2. Foreachn >1, M™ € M, (X).

Proof. (1): It is obvious from the scalar theory that for every z* € X* with ||z*| < 1,
MT™x* is a continuous local martingale. Moreover,

dparra+) = Lo, dpara) < o7 dpgian)-

Since py) is the least measure which majorizes jijyr,+) for ||z*|| = 1, it follows that
1j0,7] dupan is the least measure which majorizes jijps-,-) for [|2*[| = 1.

(2): To check that M™ € M, (X) it remains to show that 1,, ~oM™z* is a martingale.
By the Burkholder-Davis-Gundy inequality [35, Theorem 26.12] and the continuity of
[[M]] we have for all z* € X*

Bsup [Lr, »oM;"a"| < CEM™ 2]} = CE[[M12, [la”|| < Cnt/?|ja”.
s<t

Therefore, the martingale property follows from the dominated convergence theorem
and the fact that 1, oM ™z* is a local martingale. O

We end this subsection with a simple but important example.

Example 3.12 (Cylindrical Brownian motion). Let X be a Banach space and Q € £L(X*, X)
be a positive self-adjoint operator. Let W® : Ry x X* — L?(Q) be a cylindrical Q-
Brownian motion (see [13, Chapter 4.1]), i.e.

» W®(-)z* is a Brownian motion for all 2* € X,
s EWQ(t)x* WQ(s)y* = (Qx*,y*) min{t, s} Vo*, y* € X*, t,5 > 0.

The operator Q is called the covariance operator of W?. Then W € M., (X). Indeed,
since aye (t)(z*, 2*) = t{Qzx*, z*) we have [[M]]; = t||Q]|.

In the case @ = I is the identity operator on a Hilbert space H, we will call Wy = W/
an H-cylindrical Brownian motion. In this case [[M]]; = t.

3.2 Quadratic variation operator

Let M € M!%¢(X). From Example 3.12 one sees that essential information about the
cylindrical martingale is lost when one only considers [[M]]. For this reason we introduce
the quadratic variation operator A, and its [[M]]-derivative Q.

Let Qp C Q2 be a set of a full measure such that G(¢) from (3.4) is finite for all ¢ > 0 in

Q. Note that pointwise in Qg for all ¢ > 0,
lan () (2", y")| < [M]Jell="[[lly"]] Vo™, y" € F.

It follows that for all w € Q for all t > 0 and all * € X*, the bilinear map (z*,y*) —
ap(t,w)(z*,y*) is bounded by [[M]]:(w) in norm, and therefore it defines a mapping
Ayp(t,w) € L(X*, X**). For w ¢ Qp we set Ayy = 0. Note that for each z*,y* € X*,
for almost all w € §, and for all t > 0, (Ap(t)z*,y*) is a version of [Mz*, My*];. The
function A, is called the quadratic variation operator of M. By construction, for every
z*,y* € X*, (t,w) — (Ap(t,w)x*,y*) is predictable. Moreover, one can check that for
eacht>0and w € ), and z*,y* € X¥,

(Ap(t,w)z*, 2"y >0, and (Ap(t,w)z™,y") = (Ap(t,w)y™, z*).

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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Proposition 3.13 (Polar decomposition). For each M € M!%¢(X) there exists a process

var

Qun Ry x Q — L(X*, X**) such that almost surely for allt > 0

ot

(Apr (D), y") = / (@ue(s)z*,y") d[M]e, 2*,y" € X, 3.5)

Moreover, the following properties hold:
1. Forall z*,y* € X*, (t,w) — (Qu(t,w)z*,y*) is predictable.
2. @ is self-adjoint and positive p-a.e.

3. |Qu(t)|]| = 1 for pyam-a.e. t on Ry. In particular,
]RJ,_ x ).

Qu(t,w)| =1, pu-a.s. on

In (3.5) the Lebesgue-Stieltjes integral is considered. In the proof we use the following
fact which is closely related to [5, Theorem 5.8.8] and [20, Theorem 3.21]. In the
statement and its proof we use the convention that % = 0.

Lemma 3.14. Let u be a positive non-atomic o-finite measure on R, and let f €
Li (R4, p). Define the measure v by dv = f du. Then for u-almost all t > 0,

lim v((t —e,t])
210 p((t—&,1))
Proof. It is enough to show this lemma given p > A. If it is shown for 4 > ), then in

general situation one can use p + A: due to the fact that ¢ < o + X one has that there
exists g : Ry — R4 such that du=g¢gd(p+ A) and dv = fgd(u+ A), so for p-a.a. t >0

g A2y Vet (=)
0 (=) B G V(= et)

= f(t).

T (N — e 1))
(fg)(t)
g(t)

Now let i > A, and define 7: Ry — Ry by 7(¢) = inf{s : u([0,s)) > t}. Then por =\
is the Lebesgue measure on R, d(vo7) = f o 7d\. By the Lebesgue differentiation
theorem (see [20, Theorem 3.21]) one has

= f(t).

vor((t—e,t])

o=y 1 °TW: (3.6)

for A-almost all t. Define F': Ry — R4 by F(s) = u([0,s)). Then F is strictly increasing
and continuous since p is nonatomic. Therefore 7o F(s) = s for all s € R, and it follows
from (3.6) that for y-a.a. t € Ry

lim v((t —e,t]) _ imI/OTOF((tfé‘,tD _ imVOT((F(tfs),F(t)])
o p((t—e,t]) eopoToF((t—e,t]) elopor((F(t—ce), F(t)])
= for(F(t) = f(1). m

Proof of Proposition 3.13. Let Qy C (2 be a set of a full measure such that G(¢) from
(3.4) is finite for all ¢t > 0 in Q. Then pointwise on Qg, for all z*,y* € X*, (Apax*, y*)
is absolutely continuous with respect to [[M]]. Let (e}),>1 € X* be a set of linearly
independent vectors, such that its linear span F' is dense in X*. Then there exists a
process Qpr: 2 x Ry — L(F, X**) such that (Qare), el,) is predictable for each n,m > 1
and f(f(QM(s)ejL, er)d[[M]]s = (Apm(t)el, e, ). To check the predictability, note that by
Lemma 3.14 a.s. for ujp-a.a.t >0,

(Ap(t)ens em) — (Am(t — 1/k)e, e)
[[M]]; — [[M]];_ 1

k

= (Qu(t)er, e,)
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as k — oco. Since the left-hand side is predictable, the right-hand side has a predictable
version.

Let (f)n>1 in F of length one be dense in {z* € X* : ||2*|| = 1}. Then by the
definition of [[M]], on Q it holds that |14, (.)(*,«*)| < ) for all m,n > 1. Therefore on
2o, we find that for all m,n > 1, (Qnr(s) frr, fr)| < 1for ppam-a.a.t > 0. Let S € Ry x Qo
be the set where [(Qas(s)f, f2)| <1 forall m,n > 1. Then S is predictable and for each
w € Qo, pyuy(R\ S,,) = 0, where S, denotes its section. Taking the supremum over all
n,m > 1, it follows that ||@x|| < 1 on S. On the complement of S we let @ = 0. Since
F is dense in X*, @, has a unique continuous extension to a mapping in £(X*, X**).

Fix t > 0. Let z*,y* € X*, (2})n>1, (¥} )n>1 € F be such that z* = lim, . 2},
y* = lim, 0 y;,. Since on )y forall ¢t > 0,

(Ap(B)2 ) = / (@ur(s)25, ) d[[M]].,

letting as m,n — oo, (3.5) follows by the dominated convergence theorem.

We claim that for all w € Qq, ||Qu| = 1, pyagp-a.e. on Ry Since pupp) is @ maximum
for the measures ji4,,(.)(s:,s:) (Where the f; are as before) it follows that [|Q| =
sup, (@nr frs fr) = 1, pyay-a.e. on R, Indeed, otherwise there exists an a € (0, 1) such
that C = {t € Ry : [|Q(t)|| < o} satisfies ) (C) > 0. Then it follows that for the
maximal measure and all measurable B C C

o) (e ) (B) = /B (@ur(s) 2, £2) M), < apary (B).

This contradicts the fact that the supremum measure on the left equals p as well.
Thus a7 (C) = 0 and hence the claim follows.
It follows from the construction that @, is self-adjoint and positive py)-a.s. O

Remark 3.15. Assume that X** is also separable (e.g. X is reflexive). In this case
it follows from the Pettis measurability theorem that the functions Ay;z* and Qz*
are strongly progressively measurable for each z* € X* (see e.g. [32]). Moreover, if
¢ : Ry x Q — X* is strongly progressively measurable, then Ap;¢ and Q¢ are strongly
progressively measurable as well.

Remark 3.16. Let H be a separable Hilbert space and X be a separable Banach space.
In [50, 60, 61] cylindrical continuous martingales are considered for which the quadratic
variation operator has the form

t
(An(t)a",y") = / (¢°a*,g"y")ar ds,
0

where g : Ry x Q — L£(H, X) is such that for all z* € X*, g*z* € L} (Ry; H). In this
case [M]], = [y |lgg*|| ds. Indeed,

CLM(b)(JT*,J?*) — aM(a)(x*’Jj*) — /

lg(s)*2* (I3 ds
(at]

and hence the identity follows from Lemma 2.8, Remark 2.10, Theorem 3.9 and the
separability of X*.

3.3 Quadratic variation for local martingales

In this section we will study the case where the cylindrical local martingale actually
comes from a local martingale on X. We discuss several examples and compare our defi-
nition quadratic variation from Definition 3.4 to other definitions. In order to distinguish
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between martingales and cylindrical martingales we use the notation M for an X-valued
martingale. .

For a continuous local martingale M : Ry x €2 — X we define the associated cylindri-
cal continuous martingale M : Ry x X* — L%(Q) by

Ma* = (M,z*), z* € X*.

It is a cylindrical continuous local martingale since if (x;;)nz 1 € X™* vanishes as n — oo,
then for all ¢ > 0 almost all w

sup [(Ma(w), )| < 5]l sup [IML(w)] =0 n— o,
0<s<t 0<s<t

so <J\N/[, x}) — 0 in the ucp topology.

Below we explain several situations where one can check that the associated cylindri-
cal continuous local martingale M is an element of M!¢(X). In general this is not true
(see Example 3.25).

First we recall some standard notation in the case H is a separable Hilbert space.
Let M : Ry x 2 — H be a continuous local martingale. Then the quadratic variation is
defined by

N
. 2
[M], =P — meliin_)(); My, — My, |7 (3.7)
where 0 =tg < t; < ... <ty =t. It is well known that this limit exists in the ucp sense
(see [49, 2.6 and 3.2]) and the limit coincides with the unique increasing and continuous
process starting at zero such that || M||2 — [M] is a continuous local martingale. Moreover,
one can always choose a sequence of partitions with mesh — 0 for which a.s. uniform
convergence on compact intervals holds.

Observe that for an orthonormal basis (hy,),>1, letting M = (J\A/ft’ hy) g we find that
almost surely for all t > 0 .

My =" Mhy,
n>1

with convergence in H. Moreover, the following identity for the quadratic variation holds
(see [49, Chapter 14.3]): a.s.

[M], = > [M"),, forallt>0. (3.8)

n>1

Next we first consider two finite dimensional examples before returning to the infinite
dimensional setting.

Example 3.17. Let M € M!%(R). Then M = M1 is a continuous real-valued local

— var

martingale, [[M]] = [M] and Qs = 1 (where @,/ is as in Proposition 3.13).
Example 3.18. Letd > 1 and H = RY. Again let M € M!9¢(H). Let hy,...,hq be an

orthonormal basis in /. Then M = Zizl Mhy, ® h, defines a continuous H-valued local

martingale. Moreover, its quadratic variation satisfies

d
[M]t - Z[Mhn]ta t Z 0.

n=1

and in particular the right-hand side does not depend on the choice of the orthonormal
basis. It follows that

ML= DM o oy (), — [01.) < ()~ (Tl t5 5 20,
llAll=1
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and hence from the definition of [[M]] we see that

M= < gy, - aa, < (1) - (311, 1> 52 0,

which means that the Lebesgue-Stieltjes measures 1 and p(pg) are equivalent a.s.

Example 3.19. Let H be a separable Hilbert space again and let M be an H-valued
continuous local martingale. The quadratic variation operator (see [49, Chapter 14.3])
(M) : Ry x Q — L(H) is defined by

((M)sh,g) = [(M,h), (M, g));, weQ,t>0.

To see that this is well-defined and bounded of norm at most [M];, choose partitions with
decreasing mesh sizes such that the convergence in (3.7) holds on a set of full measure
). Then a polarization argument shows that pointwise on (2,

N
[0, ), (M, g)i| = im | S (AM,,., i) (AM,, g)
N

<lim Y |AM,, [Pllgl IR] = [M]:llg|l 1Al

n=1

The operator (M), is positive and it follows from (3.8) that for any orthonormal basis
(hn)n>1 of H, pointwise on € for all ¢ > 0,

> UMY hy, b)) = > (M, b))y = [M],.

n>1 n>1

Hence a.s. for all ¢ > 0, (M), a trace class operator and Tr(M); = [M],.
As in Proposition 3.13 one sees that there is a q3; : Ry x Q@ — L(H) such that for all
g,h € H, {q3;9,h) is predictable and a.s.

<M>t:/0 gi;(s)d[M],, > 0.

Moreover, a.s. qy; is a trace class operator j;;-a.a., and Tr(qz;(t)) =1 as. forall t > 0.
Define M : Ry x H — L°(2) by the formula

Mh = (M,h), h€ H.

We claim that M € M¢(H). As before a.s. for Vt > s > 0, supyjp=1[Mhly — [Mh]s <

var

[M}t - [M]9 so [[M]]; — [[M]]s < [M]t - [M]9 which means that a.s. [[M]]; is continuous

in t. Such M is called the associated local H-cylindrical martingale.
Now we find that almost surely, for all h,g € H and ¢ > 0

/0 (Qni(5)g, h) d[[M]]s = [Mh, Mg), = [(M, h), (M, g)}; = /O (a57()g, h) d[M],.

Moreover, an approximation argument yields that for all elementary progressive
processes ¢, : Ry xQ — H

/ " (Qur(5)6(s), ¥(s) d[IM]], = / " (4 (5)6(s), () ()., (3.9)
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Remark 3.20. Example 3.19 illustrates some of the advantages using [[M]] instead of
[M]. Indeed, [M] is rather large and in order to compensate for this ga; has to be small
(of trace class). On the other hand [[M]] is so small that only the boundedness of Q,; is
needed. The above becomes even more clear in the cylindrical case, where [M] and ¢,
are not defined at all.

Let X be a Banach space, M: Rt x © — X be a continuous local martingale. Then
we say that M has a scalar quadratic variation (see [14, Definition 4.1]), if forany ¢ > 0

N t MS _ ]T/[“S 2
[M]; = 1My ve = M7 (3.10)
t 0 c

has a ucp limit as € — 0. In this case the limit will be denoted by [M]t =P - 1imgﬁo[ﬁ]§.
Since in the Hilbert space case the above limit coincides with the previously defined
quadratic variation, there is no risk of confusion here (see [14, Remark 4.3.3-4.3.4]).

Outside the Hilbert space setting it is not so simple to determine whether the scalar
quadratic variation exists. Also note that the definition can not be extended to cylindrical
(local) martingales. In the next example we show that the existence of [M] implies the
existence of [[M]].

Example 3.21. Let M be an X-valued continuous local martingale with a scalar quadrat-
ic variation. Then the associated cylindrical continuous local martingale Mx* := (M, z*)
for z* € X* is in M!°¢(X). Indeed, choose a sequence ¢, — 0 such that the limit in
(3.10) converges uniformly on compact intervals on a set of full measure 0y. Then for

everyw € Qp,t > s> 0, z* € X*,

t N:L,* _ Nx* - 2 __ __
[Ma™]y — [Ma]s = hm/ (O ren =0 g < (1), — (31, o).

n—00 En

Therefore, [[M]] exists and for all wy € ©, ¢t > s > 0, [[M]]; — [[M]]s < [M]; — [M],. With a
similar argument one sees that the existence of the tensor quadratic variations of [14]
implies the existence of [[M]].

It follows from Example 3.25 that there are martingales which do not admit a scalar
(or tensor) quadratic variation. We do not know if the existence of [[M]] implies that [M]
(or its tensor quadratic variation) exists in general.

3.4 Cylindrical martingales and stochastic integrals

Let X,Y be two Banach spaces, z* € X*,y € Y. We denote by 2* @ y € L(X,Y) the
following linear operator: z* ® y : x — (x*, z)y.

Let X be a Banach space. The process @ : Ry x Q — L(H, X) is called elementary
progressive with respect to the filtration I = (F;);er, if it is of the form

N M K
@(tﬂd) = Z Z 1(tn—17tn]><an (t’w) Z hk' & Lkmn,
n=1m=1 k=1
where 0 <ty <...<t, <oo, foreachn =1,...,N the sets By,,...,Byn € F¢, , and
vectors hi,...,hxg are orthogonal. For each elementary progressive ® we define the

stochastic integral with respect to M € M!¢(H) as an element of L°(Q; C;(Ry; X)) as

var

K

" N M
/ O(s)dM(s) = > Y g, > (M(tn At)hg — M(tn—1 At)hg)Tkmn. (3.11)
0

n=1m=1 k=1

Often we will write ® - M for the process [ ®(s)dM(s).
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Remark 3.22. For all progressively measurable processes ¢ : Ry x Q@ — L(H,R) with
6Q5;° € L*(Ry, [[M]); £(H,R)) one has

[ /OﬁdML: /0 51 (9)6° () 1M (3.12)

This can be proved analogously to [49, (14.7.4)].
One can also prove that in the situation above for each stopping time 7: Q — R, a.s.

forallt >0
. tAT t t
(/ ¢>dM> :/ gb(s)lsSTdMS:/ GdMT. (3.13)
0 0 0

If the domain of ¢ is in a fixed finite dimensional subspace Hy C H, then (3.13) is an ob-
vious multidimensional corollary of [35, Proposition 17.15]. For general ¢ it follows from
an approximation argument. Indeed, let ¢,, : Ry x Q@ — £L(H,,,R), where H,, C H is fixed
finite dimensional for each n > 0, be such that d)nQ}V/[Q — QSQMZ in L?(Ry, [[M]); L(H, R))
a.s. Then thanks to Lemma 3.11 ¢,Q}/> — ¢Q% in L2(Ry, [[M]}; £(H,R)) a.s. and
bnl.<; QY7 = ¢1.<, Q¥ in L2(Ry, [[M]]; £L(H,R)) a.s. So, using (3.13) for ¢,,, (3.12) and
Remark 3.1 one obtains (3.13) for general ¢.

Remark 3.23. It follows from Remark 3.1 that for each finite dimensional subspaces
Xop C X the definition of the stochastic integral can be extended to all strongly pro-
gressively measurable processes ®: Ry x Q@ — L(H, X) that take values in £(H, X),
and satisfy ® Q3> € L2(Ry, [M]); £(H, X)) a.s. (or equivalently ® Q}/* is scalarly in
L*(R4, [[M]]; H) a.s.). In order to deduce this result from the one-dimensional case one
can approximate ® by a process which is supported on a finite dimensional subspace of
H and use Remark 3.1 together with (3.12) and the fact that X is isomorphic to R< for
some d > 1 since it is finite dimensional. The space of stochastic integrable ¢ will be
characterized in Theorem 4.1.

Proposition 3.24. Let H be a Hilbert space. Let N € MY (H). Let ® : Ry x Q —
L(H, X) be such that for each x* € X*, ®*z* is progressively measurable and assume
that for all z* € X*, w € Qp, (®(w)Qn(w)P*(w)z*,2*) € LL _(R4,[[N]](w)). Define a

loc
cylindrical continuous local martingale M := [ ®dN by
t
Mz*(t) ::/ ®*z* dN, z*e X*. (3.14)
0

Then M € M!S (X) if and only if | ®Qn®*|| € LL (R4, [[N]]) a.s. In this case,

loc

(M), = / 12(5)Qn " (s)]| AN, ¢ >0, (3.15)

(Au (@)™, y") :/0 (@(s)@n @7 (s)z", y") d[[N]]s, ¢ =0,2",y" € X7,

P(5)Qn ()2 (s)
Qu(s) = ” , for pqny-almost all s € R
[9(5)Qn ()2 (s)]] i
In this section there are two definitions of a stochastic integral (see (3.11) and
(3.14)). One can check that both integrals coincide in the sense that (3.14) would be the
cylindrical continuous martingale associated to the one given in (3.11).

Proof. We first show that M is a cylindrical continuous local martingale. Clearly, each
Mx* is a continuous local martingale. It remains to prove the continuity of x* — Mxz*
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in the ucp topology. Fix T' > 0. Let )y be a set of full measure such that for w € €,
t = (D(t,w)Qn(t,w)* ®(t,w)*z*, 2*) € L'(0,T). By the closed graph theorem for each
w € Qo there is a constant Cr(w) such that

[{@(-, w)Qn (-, w)* @ (-, w) 2™, y") | L1 0,7, (M) (w)) < C(@)|lz™ | |ly™ |-

Also note that [Mz*]; = fg(@(s)QN@*(s)x*,x*> d[[N]] for all z* € X*. Now if z} — a*
as n — oo, it follows from the above estimate and identity that [Mz}]r — [Mz*]r on
Q, and hence by the remarks in Subsection 3.1 also Mz} — Mx* uniformly on [0, 7] in
probability. Since T" > 0 was arbitrary, we find that M is a cylindrical continuous local
martingale.

To prove the equivalence it suffices to observe that

J

M= tim sup (Nl = [Na*],,,)
mesh—0 = z*eX*,||z*||=1
J tj
= dm ST s [ @y e, (19
mesh—0 = rreX* ||lz*||=1Jt;_1

/0 18(5)Qn ()2 (s) | [V,

where the last equality holds true thanks to Lemma 2.8, Remark 2.10 and the separability
of X*. At the same time this proves the required formula for [[M]];. In order to find A,
it suffices to note that for all z*, y* € X*:

(Am(B)2" y" ) = [Mz", My™], =/O (@n(s)®"(s)z", @ (s)y") d[[N]]s

- / (@()Qn (5)* ()2, ) d[[V]]..

Since d[[M]]; = ||®(s)Qn(s)P*(s)||d[[N]]s the required identity for Qs follows from
Proposition 3.13. O

Next we present an example of a situation where M is a continuous martingale which

associated cylindrical continuous local martingale M is not in M2¢(X).

Example 3.25. Let X = ¢? with p € (2,00) and let W be a one-dimensional Brownian
I/nvotion. It follows from [70, Example 3.4] that there exists a continuous martingale
M : R4 x 2 — X such that

(M) = / (@(s),2%) AW (s),

where ¢ : R, — X is such that (¢,2*) € L?(R) for all z* € X*, but on the other hand
¢l 2 (0,1:x) = oo. Therefore, by Proposition 3.24 the associated cylindrical martingale
satisfies [[M]]; = oo a.s., and hence M ¢ M9 (X).

The same construction can be done for any Banach space X which does not have
cotype 2 (see [70, Proposition 6.2] and [51, Theorem 11.6]).

In the next example we construct a cylindrical continuous martingale in a Hilbert
space which is not in M!9¢(H).

Example 3.26. Let H be a separable Hilbert space with an orthonormal basis (A, ),>1
and W be an one-dimensional Brownian motion. Let [0,1] = U2, A, be a partition of
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[0, 1] into pairwise disjoint sets. Let ¢ : R x Q@ — H be a deterministic function such
that ¥(t) = 300 | |A,|~Y/214, (t)h,. For each h € H one has that

o0

/mw() s [ S A L, (0, 2 ds = S (s )7 = A%, (317)

+ n=1 n=1

therefore (i, h) is stochastically integrable with respect to W and one can define
M : H — M by Mh = (1,h) - W. Obviously M is linear. Moreover, Mh is an L>-
martingale for each i € H and thanks to (3.17) and the Ité isometry, |[(Mh)l/z2(Q) =

! U, h = ||h||]. So Mh — 0 as h — 0 in the ucp topology by Remark 3.1,
0 2(0)

hence M is a cylindrical continuous local martingale. On the other hand due to (3.15)
one concludes that

1
M]h:/o st)u?ds:/ Z\Anl 4, () ||2ds—Zth||2

Consequently, M ¢ M!9¢(H).

var

3.5 Quadratic Doléans measure

Recall from Definition 3.10 that u, is the cylindrical Doléans measure associated
with M. Since it only depends on [[M]] sometimes the information get lost. In the next
definition we define a bilinear-valued measure associated to M (see [49, Section 15.3]).

Definition 3.27. Let M be a cylindrical continuous martingale such that M (t)x* € L*(Q)
for all t > 0. Define the quadratic Doléans measure fiy : P — B(X*,X*) by

(P (F < (s,1]), 2" @y*) = B[1p([Ma", My*]; — [Mz*, My"],)]

for every predictable rectangle F x (s,t] and for every x*,y* € X*.

A disadvantage of the quadratic Doléans measure is that it can only be considered if
(M, z*); € L?*(Q2). Such a problem does not occur for pa), Av and Q) as in Proposition
3.13.

Note that i), defines a vector measure with variation (see [15, 76]) given by

|Anr|(A —supZHuM (3.18)

where the supremum is taken over all the partitions A = Uf:le Ay If || ([0,00) X Q) <
oo, then it is a standard fact that the variation |fiy/| defines a measure again and
|ins| < pas (see [15]). Under the assumption that fip, has bounded variation a stochastic
integration theory was developed in [49, Chapter 16]. The next result connects the
measure u); from Definition 3.10 the operator (), from Proposition 3.13 and the above
vector measure jiy. It provides a bridge between the theory in [49, Chapter 16] and our
setting.

Proposition 3.28. Assume M is a cylindrical continuous martingale such that (M, z*), €
L?(Q) for all t > 0. Then the following assertions are equivalent

1. M € M'9(X) and ppr([0,00) x ) < 0o

var
2. iy has bounded variation.

In that case djip; = Qprdpyy in @ weak sense, namely

()0 @) = [(Quatsy e, ' €XUAEP @19
A
Moreover, |fiy| = par-
EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
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The identity (3.19) coincides with [49, (16.1.1)]. To prove the above result we will

need a technical lemma. Let f : Ry x £ — [0,00] be an a.s. continuous increasing
predictable process. With slight abuse of terminology we say that the Doléans measure
of f existsif C' — fooo 1¢c df defines a finite measure on P.
Lemma 3.29. Let (f"),>1 be a sequence of continuous predictable increasing processes
on R, . Suppose that for all n > 1 the corresponding Doléans measure p,, of f™ exists.
Assume also that ji = sup,,~ i, is of bounded variation. Then F : Ry x © — R, defined
by

K
F = 1. Q n _ n _ .2

(0= i, D oo™ 0w) = I (1), (3.20)

where the limit is taken over all partitions 0 = to < ... < tx = t, is a predictable

continuous increasing process and its Doléans measure exists and equals ji.

Proof. For each N > 1 define F¥ : Ry x Q — R, as

K

FY(O) = lim S sup (f"(k) — f"(tier)) £20,

mesh—0 1 1<n<N

where the limit is taken over all partitions 0 =ty < ... < tx = t. Then FNisa predictable
process by Remark 2.10. Moreover, it is continuous since the corresponding Lebesgue-
Stieltjes measure is nonatomic by (2.3). Let us consider the corresponding Doléans
measure vy of FV. We claim that

UN = SUp [fin- (3.21)
1<n<N

Since vy > p, for each given n < N, we have vy > SUP1<p <N Hn- Also notice that

VN S ZlSnSN Mn -
It remains to show “<” in (3.21). First of all by Remark 2.10 a.s. ppnv(w) =
SUp;<,<n Hfn(w). By Lemma 2.8 a.s. the maximum of the Radon-Nikodym derivatives

satisfies maxj<,<n j’i‘if:;(t) =1for yp~-a.a.t € Ry. So by Lemma 3.14 a.s. for yp~-a.a.
- = F
t>0
1= —(t) = 1 . 3.22
B G T B I T — PG =2 n ) 522

Notice, that for each n < N the processes t — f"(t) — f*(t —e At) and t — FN(t) —
FN(t — ¢ A t) are predictable and continuous. Therefore, the sets

An = {{t,w) €Ry x 2 lim JNEE; - ﬁv(it_—g;@)

=1}, 1<n<N,

are in the predictable o-algebra P. Redefine these sets to make them disjoint: A,, :=
Ap \ (Ui<k<nAg). Then by (3.22) for each predictable rectangle B € P we have that
vn(An N B) = pp (A4, N B). Clearly this extends to all B € P. Now it follows that for all
BeP
vN(B) = Z vN(BNA,) = Z pn(BNA,) < ( sup pn)(B),
1<n<N 1<n<N P

and hence (3.21) holds. Letting N — oo in (3.21) by Lemma 2.9 we obtain

lim vy(A) = lim ( sup pn)(A) =u(4d), AeP. (3.23)

N—o0 N—o0 1<n<N
By Lemma 2.9, pointwise on R4 x €, FN — F, where F is as in (3.20). Notice
that EFY (t) = vV (Q x [0,¢]) / u(Q x [0,t]) < oo, and since F¥(t) ~ F(t) we have that

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 20/53


http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Cylindrical continuous martingales

w(2 x [0,t]) = EF(t), so F(t) finite a.s. Moreover, F' is predictable as it is the pointwise
limit of the predictable processes FV. By the monotone convergence theorem and (3.23)
we find that forall 0 < s < tand A € F,,

E14(F(t) = F(s) = lim_ E1a(FN(t) — FN(s)) = lim vn((s,t] x A) = p((s,t] x A),

N—o0

which completes the proof. O

Proof of Proposition 3.28. (1)=(2): Assume (1). Let z*,y* € X*. Then for A = (a,b] x F
with b > a > 0 and F' € F,, it follows from Proposition 3.13 that

(Bn(A), 2" @y") = BElp([Mx™, My*], — [Mz*, My*],)

//dAM z*,y") dP

-/ / (Quay") ML 4P = [ (Qura ) .

As in [49, Chapter 16.1] this extends to each A € P. This proves (3.19) and since
Q]| = 1 pas-a.e. it follows that

([0, 00) x ) < / Qyint = e ([0, 50) x ) < o0
[0,00) x2

(2)=(1): Assume (2). Let (z}),>1 be such that its Q-linear span F is dense in X*
and (z7,...,z}) are linear independent for any n > 1. By a standard argument one can
construct a Q-bilinear mapping axs : 2x[0,00) — Bg(E, E) such for all z*, y* € E and all
t>0,a.s. ay(t,w)(x*,y*) = [(M,z*), (M, y*)]s.

Let (y})n>1 € X* be equal to the intersection of E and the unit ball in X*. Then by
Definition 3.27 and (3.18) || = sup,, My, Where pipg,« is the Doléans measure of Mx*
for a given z* € X*. Now by Lemma 3.29 one derives that there exists a predictable
continuous increasing process F': R x 2 — R such that a.s.

K
F(t)= lim > sup(an(te) (W, v5) — anr(te—1) (W5, u3));
mesh—0 P
where the limit is taken over all partitions 0 = ¢35 < ... < tg = t. In particular,

M (&) (yr,yr) < F(t) a.s. and hence as in the first part of the proof of Theorem 3.9 one
sees that ays (t) extends to a bounded bilinear form on X* x X* a.s. and thanks to Remark
3.1 and the fact that M is a cylindrical continuous local martingale one obtains that for
each z*,y* € X*, ap(z*,y*) and [Mz*, My*| are indistinguishable. Then

K

F(t)= lim Z sup (aps(te)(z™, 2") — apr(t—1) (2™, 2™)),
mesh—0 1 zrEXH ||lz* =1

and thanks to Theorem 3.9 we conclude that the quadratic variation of M exists.
The final identity |zips| = pas follows from Lemma 2.8, (3.19) and the fact that

sup  (Qumr",y") = [[Quml = 1.

llz=lI=ly* =1

which was proved in Proposition 3.13. O
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3.6 Covariation operators

In this subsection we assume that both X and Y have a separable dual space. In
this section we introduce a covariation operator for M; € M (X), My € M9 (Y) and
develop some calculus results for them.

Proposition 3.30. Let M; € M9 (X), My € M!S (Y) be defined on the same probability

space. Then there exists a covariation operator Ay, ar, : Ry x Q — L(X*,Y**) such that
foreachx* € X*,y* € Y* a.s.

<AJ\417M2 (t).’II*,y*> = [Mlx*aM2y*]t7 t Z 0.

Proof. Let apy, v, @ Ry X Q@ — B(X*,Y™*) be defined as a version of (t,w)(z*,y*) —
[My(w)z*, M2(w)y*]; such that a.s. for each t € Ry

lans, am (8) (@, %) < VVang, (8@, 2)an, () (y*, y*)
S VMMl [y || Vo™ € X*,y" e YT,

To construct such a version we can argue as in the first part of the proof of Theorem
3.9. O

(3.24)

Proposition 3.31. The space Ml,‘;cr(X) is a vector space and equipped with the (metric)
topology of ucp convergence of the quadratic variation [[-]] it becomes a complete metric

space with the translation invariant metric given by

(o)
IMllaags o 2= 32BN I+ sup E{LA (Mol
n=1 zr||<

Moreover, for My, My € M!°°

var

(X) a.s. for all t > 0 the triangle inequality holds:
1 1 1
[My + Mp)]7 < [[Mi]]7 + [Ma]]? . (3.25)

The above metric does not necessarily turn M'°¢(X) into a topological vector space

in the case X is infinite dimensional. However, if the martingales are assumed to start
at zero then it becomes a topological vector space.

Proof. Now for M, My € M!9¢(X) one can easily prove, that M; + My € M9 (X).
Indeed, by the definition of the quadratic (co)variation operator and linearity for all

¥, y* e X*,t >0, a.s.

[(My + Ma)x™, (My + M2)y*|e = (A, (8) + Aty aa, (B) + Anryor, (B) + An, (8) 27, 97,

and so by (3.24) and Definition 3.4 [[M; + M;]| exists and a.s.
[My + M|y < [[Mi]]e + [[M]]e + 2v/[[Mu]]e[[M]]s, >0,

which proves (3.25). Since it is clear that M!%¢(X) is closed under multiplication by
scalars, it follows that M (X) is a vector space.

To prove the completeness let (M"),>; C M (X) be a Cauchy sequence, then
(Mm™2*),>1 is a Cauchy sequence in M!°¢ for all * € X*, and so by Remark 3.1 and
completeness it converges to a continuous local martingale Mz* in the ucp topology.
Let (x},)2°_; C X* be a dense subset of X*. Then due to a diagonalization argument
there exists a subsequence (n),>1 such that [M"+z |, converges a.s. for any ¢t > 0 and
m > 1, and [[M™*]]; has an a.s. limit for all ¢ > 0 (recall that due to (3.25), [[]];/2 obeys a
triangle inequality for each t > 0). Then a.s. forallt > s > 0,m > 1,

[May,)e = [May,]s = lim ((M™a ] — [M"a7,]s) < lim ([M"]] = [M"]]) |2, 1%

m
k— o0 k—o00
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By Proposition 3.7 we find M € M'°¢(X) and [[M]] < lim,,_,».[[M"]], where the last limit

is taken in the ucp topology. Now fix ¢t > 0. To prove that a.s. limg_,oo[[M — M"™*]]; =0
one has firstly to consider a sequence (ckD)szl, such that for all £, D > 0

[N

L
ng * N ne «
Ck B (me};lrlgoli_;xsggp M M)md]tl [(M M)xd]tz_1> )

where the limit is taken over all partitions 0 =ty < ... < t;, = t. Then by Lemma 2.9

1
a.s. cf — [[M™ — M])? as D — oo, and consequently cp = ()5 , e (> forallk > 1,
where (*° is the space of bounded sequences. Then obviously by (3.25) a.s.

sup [cP — cP| < [[M* = MYJZ, k1> 1,
D>1

which yields that (cx);2, is a Cauchy sequence in /*°. Now one can easily show that
cf = 0ask— 00,80 ¢y — 0, and a.s. supp(cf)? = [[M — M"™+]], — 0. O

As a positive definite bilinear form the covariation operator has the following proper-
tiesa.s. Vt > s > 0,z" € X*:

AM1+M2 (tv LU) — AMl — M (t7 W)
4 ?

AJWth (t’ OJ) =

((Anry ns, (8) — Anry s, (8)) 2™, 27)
< V(A (1) = Anry ()2, %) ((Aas, (8) — Angy ()%, %), (3.26)

Remark 3.32. One can also define a covariation process [[M;, Ms]] by the formula

HMlvMQ = lim Z HAMI M (t — Ay, M (tn—1)-

mesh—0

The limit exists a.s. thanks to the Cauchy-Schwartz inequality and the fact that a.s. for
each0<s<t

AN 3 (8) = Anty oty ()| < VI Ann, (8) — Anr, () [V ][ Ans, (8) — Ansy ()],

where the last is an easy consequence of (3.26).

The process [[M;, Ms]] is continuous a.s. and has some properties of a covariation
process of real-valued martingales. For instance, one can prove by the formula (3.26)
that forallt >s>0

(M1, Ma)le = [[Ma, Mo])s| < /([M]]e = [Mi])([Me]]: — [Mo]]s) - a.s. (3.27)

Unfortunately, in general [[-]]; is not a quadratic form (except in the one-dimensional
case).

Thanks to the continuity of covariation process one can consider the Lebesgue-
Stieltjes measure pas,,ar,)) for a.a. w. By the same technique as it was mentioned before
one can also construct Qs ar, : Ry X Q@ — L(X*,Y*):

t
<AM1,1\/12 (t)l'*,y*> = / <QM1,]\/I2 (S)I*,y*> d[[erMQ]]v t > Oaw €.
0

Note, that [|Qar, 2, ()|l < 1 a.s. and for s, ar,)-a.@. t > 0 by the same argument,
as in Proposition 3.13. Also evidently Qar, v, = @}y, 2, - One can derive the following
result:
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Proposition 3.33 (Kunita-Watanabe inequality, cylindrical case). Let M; € M!%¢(X),
My € M2(Y) defined on the same probability space (0, F,P), f: Ry x Q — X*,
g: Ry x Q — Y™ be two strongly Br, ® F-measurable bounded functions. Then for all

t > 0 and for almost all w € ()

2

/O Qa1 (5)1(5,), 9(5,)) (M, Mol ()

t t
< [ Qun(6)(5.0). F ) AL ) [ (@uago0) 9000 AL )
The proof is analogous to the proof of [66, Theorem II.25], for which one has to apply
inequalities of the form (3.26).

Recall from (3.14) that for suitable ® and M € MX¢(H), (® - M) € M°¢(X) given by

(® - M)z* ::/ > z*dM, z*eX*
0

is well-defined.

Theorem 3.34. Let H be a separable Hilbert space, M; € M'%C(H), My € M'S(Y),
®: Ry xQ — L(H, X) be such that ®*z* is a strongly progressively measurable process
for each z* € X* and let |®Qy, ®*| € Ll (R4, [[Mi]]) a.s. Then for all t > 0 and for all
x* € X*, y* € Y* one has

¢
<A<I>-Ml,zv12(t)$*,y*>=/ (Qnn @ 2™, y") d[[My, Ma]] a.s.
0

Proof. Fixt > 0 and z* € X*, y € Y*. Put ¢ = ®*x*. Firstly suppose that there exists
n > 0 such that ¢ takes its values in a finite-dimensional subspace span(h,...,h,) C H.
Then by bilinearity of covariation process, the definition of @, as,, and thanks to [35,
Theorem 17.11]

n

(A, (B) ", y") = {/0 ¢dM1,M2y*L = Z{/O.@, hi) d(Mih;), May* ,

=1

n t
:Z/O (¢, hi) A[M1hy, May™];
=1

= Zk/ol<¢7hi><hi7Q]Mz,Mly*>d[[MhMQHt

t
0

_ / (6, Quipa, ") d[[My, M3]),

t
= [ @uandv)aling, )
0
In the general case one can approximate ¢ by P, ¢, where P, € £L(H) is an orthogonal
projection on span(h, ..., h,), and derive the desired by using (3.12) and inequalities of

the type (3.26)-(3.27). O

One can prove the full analogues of [35, Lemma 17.10] and [35, Theorem 17.11]
using the same methods as in the proof above:

Theorem 3.35 (Covariation of integrals). Let H be a separable Hilbert space, M1, Ms €
MOC(H), @) : Ry x Q — L(H,X), @ : Ry x Q — L(H,Y) be such that ®;z*, 5y* are

var
strongly progressively measurable processes for each x* € X*, y* € Y* and assume that
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for j € {1,2},
y* € Y* one has

P;Qn, ®f|| € Li, (R, [M;])) a.s. Then for all t > 0 and for all * € X*,

loc

t
m%Mmﬂ%wfww=/X@mMﬂmt@¢mme@na&
0

Remark 3.36. To construct the analogy one has to see due to the equation above that
in a weak sense

t

t t
Agy My @,-0, (1) =/ D2Q 1y 1, 5 d[[M, Mo =/ o dAnr, a1, (5) P35,
0 0
which extends the scalar case.

4 Stochastic integration with respect to cylindrical continuous
local martingales

Let H be a separable Hilbert space and let X be a separable Banach space with a
separable dual space. In the previous section we have introduced stochastic integrals as
cylindrical continuous local martingales. Often one wants the stochastic integral to be an
actual local martingale instead of a cylindrical one. In this section we will characterize
when this is the case we prove two-sided estimates for the stochastic integral

@20 = [ a5 aarce),

where ® is an £(H, X)-valued H-strongly progressively measurable processes. Here
M € M'°¢(H) (see Definition 3.4).

For this characterization we need the language of y-radonifying operators and the
geometric condition UMD on the Banach space X. Both will be introduced in the next

two subsection.

4.1 ~-radonifying operators

We refer to [33], [51] and [36] and references therein for further details. Let (’7;1)7121
be a sequence of independent standard Gaussian random variables on a probability
space (', F',P’) (we reserve the notation (2, F,P) for the probability space on which
our processes live) and let H be a separable real Hilbert space. A bounded operator
R € L(H, X) is said to be y-radonifying if for some (or equivalently for each) orthonormal
basis (hy),>1 of H the Gaussian series Y ., 7, Rh, converges in L?({)’; X). We then

1

define ,
> vk Rhy, ) ?)
n>1

This number does not depend on the sequence (v},),>1 and the basis (h,),>1, and defines
a norm on the space v(H, X) of all v-radonifying operators from H into X. Endowed
with this norm, v(H, X) is a Banach space, which is separable if X is separable. For later
reference we note that the convergence of ) -, v, Rh, in L?(€'; X') with p € (0, 00), in
probability and a.s. can all be shown to be equivalent.

If R € v(H,X), then [[R|| < ||R[y#,x). If X is a Hilbert space, then v(H,X) =
L?(H, X) isometrically. Let G be another Hilbert space, X be another Banach space.
Then by the so-called ideal property (see [33]) the following holds true: for all § €
L(G,H)and all T € £L(X,Y) we have TRS € v(G,Y) and

1Rl (m,x) = (E/

ITRS vy < TR0l (4.1)
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Let 1 be a measure on a Borel set J C R, with a o-field A such that L2(J, ) is
separable and p € [1,00). We say that a function ® : J — L(H, X) belongs to LP(J, u; H)
scalarly if for all z* € X*, ®*z* € LP(J,pu; H). A function ® : J — L(H, X) is said to
represent an operator R € v(L?(J,u; H), X) if ® belongs to L?(.J, u; H) scalarly and for
all z* € X* and f € L*(J,u; H) we have

(Rf,2") = /J F(5)B(s)* 2" dpu(s).

The above notion will be abbreviated by ® € ~(J, u; H, X). In the case X is a Hilbert
space, one has v(J, u; H, X) = L*(J, u; L2(H, X)) isometrically, where Lo(H, X) denotes
the Hilbert-Schmidt operators from H to X.

If 1 is the Lebesgue measure we will also write «(L?(J; H), X) and ~(J; H, X) for
Y(L?(J, p; H), X) and (J, u; H, X) respectively.

Let v : AxQ — [0,00] be a random measure. Typically, v will be the Lebesgue-
Stieltjes measure associated [[M]] for M € M°¢(H). In this case we will also identify
[[M]] and v. We say that ® : J x Q — L(H, X) is scalarly in L*(J,v; H) a.s. if for all
r* € X*, for almost all w € Q, ®(-,w)*z* € L*(J,v(-,w); H)).

For such a process ® and a family R = (R(w) : w € Q) with R(w) € v(L*(J,v(-,w); X)
for almost all w € 2, we say that ® represents R if for all 2* € X*, for almost all
w € Q, ¢(,w)*z* = R*(w)x* in L?(J,v(-,w); H). As before this will be abbreviated by
b evy(J,v; H,X) as.

In the case that v is the Lebesgue measure the above notion of representability
reduces to the one given in [53].

4.2 The UMD property

The results will be stated for the important class of UMD Banach spaces and we refer
to [11], [32], [71] for details. A Banach space X is called a UMD space if for some (or
equivalently, for all) p € (1, c0) there exists a constant § > 0 such that for every n > 1,
every martingale difference sequence (d;)j_; in LP(©; X), and every {—1,1}-valued
sequence (&;)}j_; we have

p) 5

(B[S ) = a(e X
j=1 j=1

The infimum over all admissible constants 3 is denoted by 3, x.

UMD spaces are always reflexive. Examples of UMD space include, the reflexive
range of L?-spaces, Besov spaces, Sobolev spaces. Example of spaces without the UMD
property include all nonreflexive spaces, e.g. L'(0,1) and C([0, 1]).

4.3 Characterization of stochastic integrability
The next result is the main result of this section.

Theorem 4.1. Let X be a UMD space, M € M'%¢(H). For a strongly progressively mea-
surable process ®: Ry x Q — L(H, X) such that & Q}V/f is scalarly in L*(R, [[M]]; H) a.s.
the following assertions are equivalent:

(1) There exists elementary progressive processes (®,,),>1 such that:
(i) for all z* € X*, lim Q)/*®*a* = Q}*®*z* in LO( LA(Ry, [M]]; H));
n— oo
(ii) there exists a process ¢ € L°(Q; Cy(R; X)) such that

¢ = lim .<I>n(t)dM(t) in L°(Q; Cy (R4 5 X)).

n—oo 0
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(2) There exists an a.s. bounded process (: Ry x ) — X such that for all z* € X* we
have

(') = [ @00 M) in L@ ChlR),

(3) ® Q¥ € v(L*(Ry, [[M]]; H), X) almost surely;

In this case ( in (1) and (2) coincide and for all p € (0,00) we have

\ _ 1/2
Etbelﬁ{P ICOIP ~p,x Bl Qy; ||2(L2(]R+,[[M]];H),X)~
+
A process @ : Ry x Q@ — L(H,X) which satisfies the above conditions and the
assertions (1)-(3) will be called stochastically integrable with respect to M.

Remark 4.2. The case of scalar-valued continuous local martingales of Theorem 4.1
was considered in [77], where the Dambis, Dubins-Schwarz result is applied to write
the continuous local martingale as a time changed Brownian motion. Unfortunately, in
the vector-valued setting, this technique breaks down as one cannot do a different time
change in infinitely many direction. The proof of Theorem 4.1 will be given in Subsection
4.6 after we have introduced some techniques we will use.

4.4 Time transformations

A nondecreasing, right-continuous family of stopping times 7, : Q@ — [0,00], s > 0,
will be called a random time-change. If additionally 7, : Q@ — [0,00) then 75, s > 0, will
be called a finite random time-change. If I is right-continuous, then according to [35,
Lemma 7.3] the same holds true for the induced filtration G = (Gs)s>0 = (Fr,)s>0 (see
[35, Chapter 7]). An M € M!9¢(X) is said to be T-continuous if for each z* € X*, Mz* is
an a.s. constant on every interval [75_, 75, s > 0, where we let 7o_ = 0. Notice that if M
is 7-continuous, then [[M]] is 7-continuous as well by [35, Exercise 17.3] and by using
Proposition 3.7. A vector-valued process F' is 7-continuous if F' is an a.s. constant on

every interval [r,_, 75], s > 0.

Proposition 4.3 (Kazamaki). Let 7 be a finite random time-change and let M € MX%¢(H)
with respect to F. Let X, be a finite dimensional Banach space. Assume also that M is
T-continuous. Let ® : Ry x Q — L(H, X) be F-progressively measurable and assume

/O ”(I)Q}\éQH%(H’XO) d[[M]] < 00 a.s.

Define the process ¥ : Ry x Q — L(H, Xy) by ¥(s) = ®(7,). Then following assertions
hold:

1. N=Mort:H — M given by
Nh:=(Mh)or, heH.

is in M!°¢(H) with respect to G;

2. [[N]=[[MorT]]=[M]]oT a.s.;

3. Qn=QumoT;
4. V¥ is G-progressively measurable and

o 1/2
| @I V) < o0 as. (4.2)
(Por) - (MoT)=(®-M)orT a.s. (4.3)
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Note that the stochastic integrals are well-defined by Remark 3.23.

Proof. (1): By [35, Theorem 17.24] for each h € H the process Nh = (Mh) o 7 is
a continuous G-local martingale and [Mh o 7] = [Mh] o 7. Thus by Proposition 3.7
Mot : H — M"Y given by

(Mot)h:=(Mh)or, heH.

is in M!¢(H), since for any h € H one has that pnjer < parer[|h]|* a.s. (notice that
thanks to 7-continuity both [Mh] o 7 and [[M]] o T are a.s. continuous).

(2): Let (z},)m>1 be a dense subset of the unit ball in X*. Since M is 7-continuous,
one has that a.s. [[M]] and [Mx},] are T-continuous for each m > 1. Now by Proposition

3.7 we find that a.s.
H[[N]] = Sup M[N:rjn] = sup M[Ma:jn]O'r = K[[M])oT>
m>1 m>1
and therefore, [[M]] o 7 is a version of [[V]].

(3): This follows from a substitution argument:

 d((Ap oThy he))  d{Aphihe)
<QNh17h2> - d([[M” ° 7_) - d[[M]] oT = <QMh1,h2> oT, h17h2 € H.

(4): The G-progressive measurability of ¥ can be proven in the same way as in the
proof of [39, Proposition 2]. Assertion (4.2) can be obtained by (2), (3) and the general
version of the substitution rule (4.5).

The existence of the left hand side of (4.3) can be proved via (4.2) and Remark 3.23.
The equation (4.3) is obvious for elementary progressively measurable ¢ and follows by
an approximation argument as in Remark 3.23. O

We now prove a version of Proposition 4.3 for a special class of random time changes
which are not necessarily finite.

Corollary 4.4. Let M € M!%S(H). Suppose that (75)s>0 has the following form:

var

inf{t >0:[[M]]; > s}, if0<s<S;
Te =
° 0, otherwise,

where S = sup,;~[[M]];. Then for each h € H, Moh = lim;_,o M;h a.s. exists if S < oo
and Proposition 4.3 holds true for N := M o 7 defined as follows

M, , if0<s<S,
NS:{ ., if0<s

M., otherwise,

Moreover, if U : Ry x Q — L(H, Xy) is stochastically integrable with respect to N,
® := W o [[M]], then also ® o T is stochastically integrable with respect to N and a.s.

([M]]: ([M]]: t
/ \IJdN:/ <I>OTdN:/ ®dM, t>0. (4.4)
0 0 0

Recall the substitution rule: for a strongly measurable f: Ry — X we have f €
LY(Ry, pypary; X) if and only if f o 7 € L*(0, S; X), and in that case

f@)d[[M]] = f(7(s))ds. (4.5)

Ry [O,S)
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Proof of Corollary 4.4. According to [67, Proposition IV.1.26] and the fact that for each
h € H, [[M]]||k|| > [Mh] a.s., one can define M h if S < oo, so N is well-defined. Now
we prove that N € M¢(H).

Define 7' := inf{t > 0 : [[M]]¢ > s} A n for each n > 1. Then 77 is a finite random
time change. Let N" := M o 7". Then by Proposition 4.3 (N"),>; C M!2¢(H) and
[[N"]]s = t AN[[M]],, for all n > 0 a.s. for all ¢ > 0. Also notice that [[N"]]; = ¢ A [[M]]eo
as n — oo. Therefore N” is a Cauchy sequence in the ucp topology, and thanks to
Proposition 3.31 there exists a limit N € M'(H). Obviously N, = N, a.s. for all
s < S. If s > S, then N.h = limy_,oo Myh = Moh = Nh a.s. for each h € H. So,
N =N e M99 (H).

By the same argument

[[N]]e = lim [[N"]]; = lim ¢ A [[M]}n =t A [[M]]oo = [[M]]7,,

n—roo n—oo

which proves Proposition 4.3(2). To prove Proposition 4.3(3) note that since the measure
d[[N]] vanishes on [S, ), one can put Qn(s) = 0 if 75 = oo, and for 7, < co one has that

QN(S) = lim QNn(S) = nh_}rrolo QM(T:) = QM(TS).

n— oo

The proof of Proposition 4.3(4) is analogous to one in the main proof.
Now let us prove the last statement of the corollary.
Since a.s. 7 o [[M]](s) = s for yy-a.a. s, we find that a.s.

(®or—W)o[M]]=®orolM]-¥olM]=0
pya-a.e. Therefore according to (4.5), Proposition 4.3(2) a.s.
(PorT—T)o[[M]Jor=PoT—-T =0

{1(n))-a.e., which means that a.s. [~ [|(®oT — V) }V/QHQd[[N]] = 0, which yields stochastic
integrability of ® o 7 and the first equality of (4.4) thanks to [35, Exercise 17.3]. The last
equality of (4.4) is nothing more than formula (4.3). O

The next lemma is a y-version of this substitution result and can be proved as in [77,
Lemma 3.5] where the case H = R was considered.

Lemma 4.5. Let X be a Banach space, H be a separable Hilbert space. Let F : R — Ry
be increasing and continuous with F'(0) = 0 and let u be the Lebesgue-Stieltjes measure
corresponding to F'. Let S := lim;_,, F(t) < co and define 7 : Ry — [0, 0] as

{Mﬁszw>§,mmgs<&
7(s) =

0, fors > S.

Let ®: Ry — L(H, X) be strongly measurable and define V: R, — L(H, X) by

¥(s) = ®(75), for0<s<S;
0, fors > S.

Then ® € v(L?(Ry,u; H), X) ifand only if ¥ € v(L*(R.; H), X). In that case
1@l z2 ), x) = Il 2@y m),x)- (4.6)
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4.5 Representation and cylindrical Brownian motion

The next theorem is an infinite time interval version of [53, Theorem 3.6], while
the second part is modified thanks to [62, Theorem 5.1] and the last part modified by
[53, Theorem 4.4] and [12, Theorem 5.4]. It will play an important role in the proof of
Theorem 4.1. It might be instructive for the reader to check that it is exactly Theorem
4.1 in the special case that M is a cylindrical Brownian motion.

Theorem 4.6. Let X be a UMD space. For a strongly measurable and adapted process
®: R, x Q — L(H,X) which is scalarly in L?>(R,; H) a.s. the following assertions are
equivalent:

(1) There exists a sequence (®,,),,>1 of elementary progressive processes such that:

(i) for all z* € X* we have lim ®}z* = &*z* in LY(Q; L*(Ry, H)),
n—oo
(i) there exists a process ¢ € L°(Q; C,(R4; X)) such that

= lim [ @) AWy (t) in L°Q; Cy(Ry; X)).

n— o0 0
(2) There exists an a.s. bounded process (: R, x 2 — X such that for all z* € X* we
have

(') = [ @027 aWale) in L@ CLR)).

(3) ® € v(L*(R; H), X) almost surely;

In this case ¢ in (1) and (2) coincide and is in M'%¢(X). Furthermore, for all p € (0, c0)
we have

EtselllRp <P ~p,X E||(I)||?Y(L2(R+;H),X)' (4.7)
+

For the proof of Theorem 4.1 we will also need the following result which is a simple
consequence of [60, Theorem 2].

Proposition 4.7. Let X be a reflexive separable Banach space and let M € M%¢(X). If
[[M]] is absolutely continuous with respect to the Lebesgue measure, then there exists
a separable Hilbert space H, an H-cylindrical Brownian motion Wy on an enlarged
probability space (Q, T, P), a progressively measurable process z: R, x Q — R, and
a scalarly progressively measurable process Q}V/[Q : Ry x Q — L(X*, H) which satisfies

V22 = Qy a.s. and 21/2QN* € LO(Q; L2 (Ry; L(X*, H))) such that a.s.

loc
¢
M;x* :/ 21/2(s)( MQ(s)x*)*dWH(s), teRy,z* e X™.
0

Moreover, if X is a Hilbert space, then for each progressively strongly measurable
®: Ry x Q — X* such that [;(Qn®, ®)d[[M]] < oo a.s. one has

t t
/ D(s)dM(s) = / 21/2(3)62}\42(3)(1)(5) dWg(s), teR;. (4.8)
0 0
Remark 4.8. The integral in the left hand side of (4.8) exists for the special M with
absolutely continuous quadratic variation thanks to the isometry given in [60, Remark 30]
and the construction given in [60, p.1022].

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 30/53


http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Cylindrical continuous martingales

Proof. Since [[M]] is absolutely continuous with respect to the Lebesgue measure, one
can find z: Ry x Q@ — Ry such that [[M]]; = fot z(s)ds for each t € R, a.s. Define H and
}\//[2 Ry x Q — L(X*, H) as in Lemma 2.4. By Remark 2.5 the process Q}V/f is scalarly

progressively measurable. Then for all z*, y* € X*
vt oty = [ aiee vyl = [ (@uat ) aliaal
= [ )
= /Ot<(z(5)1/2QM(3)1/2)$*a (2()"2Qur(5)/?)y") ds,

and the rest follows from [60, Theorem 2].
The last equation is evident for elementary functions, and the general case follows
from a density argument, Remark 4.8 and the isometry, mentioned in [60, Remark 30]. O

4.6 Proof of the main characterization Theorem 4.1
To prove the result we will reduce to Theorem 4.6 by using the time transformation
from Corollary 4.4 and the representation of Proposition 4.7.

Proof of Theorem 4.1. Define 7: Q x Ry — [0, o0] as follows:

o inf{t > 0:[[M]]: > s}, for0 <s < [[M]]oo; (4.9)
N for s > [[M]]sc. '
Put
W(e) = {@(TS), for 0 < s < [[M]]oo; 4.10)
0, for s > [[M]]so-

For each s > 0 it holds true that [[M]],. — [[M]]._. = 0 a.s. So, since for fixed h € H,
pia = man), then also [Mh]. — [Mh].,_ = 0 a.s. Therefore thanks to the fact that
Ts— is a stopping time, so (Mh)™ — (Mh)™- is a continuous local martingale with zero
quadratic variation (see [66, Theorem 1.18]), and by Remark 3.1 and [37, Problem 1.5.12]
one concludes that Mh is 7-continuous.

It also follows that ([[M]] o 7)s = s for s < [[M]]s. Let G be as in Corollary 4.4. By
Corollary 4.4 one can define a local H-cylindrical continuous G-martingale N : Ry x H —
L°(Q) such that N = M o7, [[N]]s = s for s < [[M]]eo, and Qn = Qar o 7.

Let Wy and (Q,TF,P) be as in Proposition 4.7. We will prove the result by showing
that (1), (2) and (3) for ® are equivalent with (1), (2) and (3) in Theorem 4.6 for ¥ Q%z.
(Notation (k, ®) < (k,¥) for k = 1,2,3).

(1, ®) = (1, ¥): Assume (1) holds for a sequence of elementary progressive processes
(®),)n>1. Foralln > 1 define ¥,, : Ry x Q@ — L(H,X) as

To(s) = {cbn(fs), for 0 < s < [[M]]o,

0, for s > [[M]]co-
Then it follows from the Pettis measurability theorem and Corollary 4.4 that each ¥,
is strongly progressively measurable with respect to the time transformed filtration, and
the same holds true for each V,, Q}\{Q, because ®,, takes their values in finite dimensional

subspace of X. So since ®,, is elementary progressive it follows from (4.3), Corollary
4.4, Proposition 4.7, Remark 3.23 that for all n > 1 for all s € R; we have a.s.

o 2@ = [ ) QL W) = [ waman () = [T aumare)

(recall that z(s) = [[N]];, = 1 for s < [[M]]o0)-
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Therefore, it follows that (, Ql/z)n>1 is a Cauchy sequence in L°(Q; C,(R4; X)), and
n &N -

hence it converges to some ¢, € L°(Q; C,(R4; X)). By (4.5), Theorem 4.1 (1) (i), by the
special choice of 2 and by Fubini’s theorem it follows that for every z* € X* we have
lim, e QN W2 = QN?U*2* in LO(Q; L2(R; H)). Since ¥,, QX *h take values in finite
dimensional subspace of X for each h € H, one can approximate (¥,, Q]lf)nzl to obtain
a sequence of elementary progressive processes (X )n>1 that satisfies Theorem 4.6 (1)
(i) and (ii).

(1, ¥) = (1, ®): Let Theorem 4.6 (1) be satisfied for ¥ Q}\{Q on the enlarged probability
space (©2, F,P). Then it follows from Theorem 4.6 that ¥ QY?> € ~(L*(Ry; H), X) P-
a.s. By special choice of © and by Fubini’s theorem we may conclude that ¥ Ql/ 2

v(L2(R; H), X) P-a.s. By [53, Remark 2.8] ¥ QY € LO(9;y(L2(Ry; H), X)). Then by
[77, Lemma 3.2], [53, Proposition 2.10] and [53, Proposition 2.12] there exist elementary
progressive processes (Xn)n>1 in L°(Q;v(L*(R4; H), X)) such that ¥ Q%Q = limy, 500 Xn
in L°(9;7(L*(R+; H), X)).
Let n be fixed. Without loss of generality one can suppose that y,, has the following

form:
Xn = ZZ 1(t1 1,t:] X By th @ Tijk-

=1 j=1

Fix w € Q. Let Py : Ry x Q — L(H) be the projection onto ran Q}f(t,w). It is easy to
check that P, is scalarly progressively measurable and || Fy|| < 1. By the ideal property
(4.1) one has P-a.e.

1/2 1/2
19QN? = XnPollyr2 @ m).x) = 1WQNPo — XnPoll (12 (ssm) )

< QN = Xl i s )

thanks to Ple/2 1/2P Ql/g.

Now for each k > 1 define P, € £(H) in the same way as Py, but by taking projections
onto Q}Vﬂ(span (h1,...,ht)). Note that P is a scalarly measurable operator. By [53,
Proposition 2.4], pointwise on Q we have |\xnPr — XnPolly(L2(r, ), x) — 0 @as k — oc.

Fix £ > 1. By Lemma A.1 (applied with F' = Q}\{Q) we can find H-strongly progressive
Py, Ly : Ry x Q — L(H) such that

P.QN? = Q\?P, and LiQY? = P (4.11)

For each n,k > 1 one let \I/nk = xnlr € L°(Q;v(L*(Ry; H),X)). Then by (4.11)
nle/Q = xnPir. Since \IlnkQN — xnPo as k — 0o, we can choose a subsequence
(kp)n>o and define W, := W, such that UQN?> = lim, o ¥,QY° in
Lo (L*(Ry; H), X)).
Without loss of generality assume that ¥, Ql/ %(s) =0 for s > [[M]]so. For each n > 1
define ®,: Ry x Q — L(H,X) as ®,, = ¥,, o [[M]]. It is easy to see that ¥, Q1/2
(v, Q1/2) o [[M]] for each n > 0. Then @, Q}Vf is a sequence of strongly progressively

measurable processes, and (9, Ql/Q) or=Y, Ql/Q.
By the substitution rule (4.5) for all z* € X* one has

HQ}\f@*x* — QY a

L2(Roy,[[M];H L2(Ry;H)

and we derive (1) (i) because the last expression converges to 0 in probablhty By
the It6 homeomorphism [53, Theorem 5.5] and the fact that \I/nQ}\,2 — \IJQ1/2 i
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L°(Q;y(L*(R; H), X)) one obtains

/ WOQYA (W) AW () = lim [ W, (0QYA (1) dWr (1) in LO(Q: Cy(R: X)),
0 n=eJo

Since ¥, Q%Q are progressively strongly measurable processes one concludes from
Proposition 4.7 and the fact that [[N]]s = s for s < [[M]] (and so z(s) = [[N]];, = 1) that,
almost surely for all¢ € R4 and foralln > 1

[[M]]: [[M]]: t
/ U (5)QY2(s) AW () = / U, (5) AN (s) = / By (s)dM(s).  (4.12)
0 0 0

Here the second identity follows from Corollary 4.4.

It follows that (fot ®,,(s)dM (s)),>1 is a Cauchy sequence in L°(Q; C,(R;; X)). Now
as in the proof of the previous step one may conclude (1) (ii) via an approximation
argument.

(2, ®) = (2, ¥): Let ( : Ry x Q — X be the given stochastic integral process. Let
(g : Ry x 2 — X be defined as

Cals) = C(Ts), for 0 < s < [[M]]oo,
YT weak — limy oo C(1), for s > [[M]]uc.

The weak limit exists a.e. and it is strongly measurable by [77, Lemma 3.8].
Moreover, by Corollary 4.4 and Proposition 4.7

(Cora™) = /0\If<t>*x*dzv<t>= /0'< VAU ()2 AWy (1) in L2 Cy(R4)).

On the other hand since ( is a.s. bounded, the same holds for (y. Therefore, Theorem
4.6 (2) holds for ¥ Q}V/Q and (y.

(2, ¥) = (2, ?): Let (¢ be the stochastic integral process of ¥ Q}Vﬂ with respect to
Wg. Let ¢ : Ry x Q — X be defined as ¢ = (g o [[M]]. Then ¢ € L%(Q; Cy(R4; X)) and it
follows from Proposition 4.7 that for all 2* € X*, for all t € R, a.s. we have

M]|

[[M])e
(€(®), %) = (Cu([[M]]s), 2") = ((Cw, z*))([[M]]:) =/0 N AW (r)

[[M]]: t
= / U*x* dN(r) = / O z* dM(r).
0 0

Here the last identity follows from Corollary 4.4.
(3, ) & (3, ¥): This statement is obvious by Lemma 4.5. Furthermore, from (4.6) it
follows that IP-a.s. we have

1/2 1/2
12 Q) lvcL2me )y, x) = |19 QN (L2 (RsE), X) - (4.13)

Therefore ||® Q}\f||7(L2(1R+.,[[M]];H)_,X) is a measurable function on Q. Since ((t) =
Cw ([[M]]+) and by using Proposition 4.7, (4.7) and (4.13) one derives for p € (0, o)

t P t 2
E sup ||[C(®)||” = E sup / ddM|| =E sup / UdN
teRy teRy ||Jo teRy |1 Jo
¢ P
= sup / ‘IIQ]lf dWg
tE]R+ 0

_ 1/2 o 1/2
~p X BIYQNIE 2wy, x) = BI® Qur 152y vy x)»

which proves the last part of Theorem 4.1. O
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By the above proof and a limiting argument in Ly(2; C,(R4; X)) one obtains the
following theorem, which can be seen as a vector-valued generalization of the famous
Dambis-Dubins-Schwarz theorem (see [35, Theorem 18.4] for the isotropic case in finite
dimensions).

Theorem 4.9. Let H be a Hilbert space, X be a UMD Banach space, M € M!°¢ (H),

(1s)s>0 be the time change defined as in (4.9). Then we have that there exists an

H-cylindrical Brownian motion Wy that does not depend on X such that for any ® :
R x Q — L(H, X) which is stochastically integrable with respect to M, one has a.s.

t ([M]]
/ O(s)dM = / (P(s)Qni(s)) oTdWx, t>0.
0 0

4.7 Further consequences

During the proof of Theorem 4.1 we have obtained the following corollary, which is
absolutely analogous to [77, Corollary 3.9]:

Corollary 4.10 (Kazamaki, infinite dimensional case). Assume the conditions of Theorem
4.1 hold and formula (4.9). If ® : Ry x Q — L(H,X) is scalarly F-measurable and
satisfies @Q}V/IQ € y(L*(R4, [[M]}; H), X) a.s., then the process ¥ : Ry x Q — L(H,X)
defined as in (4.10) is G-adapted and satisfies \IIQ%2 € y(L*(Ry; H), X) a.s., and the
X -valued version of (4.3) holds.

Using this corollary one can prove the following analogue of [77, Corollary 3.10]:
Corollary 4.11. Let X be a UMD space. For eachn > let ®,, : Ry x Q — L(H, X) be
stochastically integrable and let ¢, € L°(Q,Cy(R,, X)) denote its stochastic integral.
Then we have ,Q° — 0 in LO(Q;~y(L2(R., [[M]); H), X)) if and only if ¢, — 0 in
LO(Q; Cy(Ry5 X)).

Corollary 4.12 (Local property). Let X be a UMD space, ® : Ry x Q — L(H,X) be

stochastically integrable. Suppose that there exists A € F such that for all z* € X* a.s.
for allt > 0, ®*(t)z* = 0. Then a.s. in A for allt > 0

t
/ ®dM = 0.
0

Proof. By Hahn-Banach and strong measurability, it is enough to show that for each
r*e€ X*as.in Aforallt >0

t
N, ::/ d*z*dM = 0.
0
But we know that by Remark 3.22 a.s. on A

o0
N = [ @) Qu(@a") dllar)] =0,
0
what yields the desired by [35, Exercise 17.3]. O

Remark 4.13. Due to [53, Proposition 3.2] the implication (1) = (2) can be proven for
any Banach space X, because in the proofs of (1, ) = (1, V) = (2,¥) = (2, D) one does
need the UMD property. The same holds true for (3, ®) < (3, ¥) because there is no
restriction on X in Lemma 4.5.

The next corollary is a generalization of both [77, Corollary 4.1] and [52, Proposition
6.1]. Let P denote the progressive measurable o-algebra in the result below.
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Corollary 4.14. Let X be a UMD Banach function space over a o-finite measure space
(S,%, ) andletp € (0,00). Let ® : Ry xQ — L(H, X) be scalarly progressive and assume
that there exists a P x Y.-measurable process ¢ : Ry x Q2 x S — H such that forallh € H
andt >0

(q)(t)h)() = <¢(t7 ')7 h>,

where the equality holds in X. Then ® is stochastically integrable with respect to M if
and only if almost surely

2

|Q”2<> <t,->||HduMnt> < 0.

X
In this case

3P

Bawp| [ 20 )] =pox B ([ 103 Oote Mwatin))’

t>0 X

Proof. To prove this statement note that as in [52, Proposition 6.1]

H(/ |3 (®) (t,~>||Hannt)%X;

and hence the results follows from Theorem 4.1. O

1/2
| Qzé (L2 Ry [[M]: ), X)

Due to the canonical embedding L?(R., u;v(H, X)) < v(L*(R, u; H), X ) for a mea-
sure p for type 2 spaces, and the reversed embedding for cotype 2 spaces, stated in [51,
Theorem 11.6], one obtains the full analogue of [77, Corollary 4.2]:

Corollary 4.15. Let X be a UMD space, p € (0,00) and M € M9 (H).

var

(1) If X has type 2, then every scalarly progressively measurable process ® : Ry x ) —
L(H,X) such that <I>Q1/2 € L?(R4, [[M]);v(H, X)) almost surely is stochastically
integrable with respect to M and we have

p
ESHPH/ ‘I’(t)dM(t)H Sox B|2Qy ||L2(]R+[ MI]iy(H,X))"
t>0llJRr,

(2) If X has cotype 2, then every scalarly progressively measurable process ® which is
integrable with respect to M satisfies ¢Q1/2 € L2(R4, [[M]];v(H, X)) almost surely
and we have

1/2)p
E||®Q,, ||L2 (R, [[M]]sv(H, X)) Np,x ]EsupH/]R t)dM(t ‘
+

t>0

(3) If X is a Hilbert space, then ® is integrable with respect to M if and only if
@Q}V/IQ € L?(R4, [[M]]; £L2(H, X)) almost surely, and we have

ESHPH/ () dM(t)H p IR e, e x))
t>0 R4

4.8 It6’s formula
We will say that ® € yioo(L*(Ry, [M]]; H), X) a.s. if for every T > 0, ®1p 1] €
Y(L*(R4, [[M]]; H), X) a.s. It is an easy consequence of Theorem 4.1 that ® is locally
stochastically integrable if and only if QM € YMoc(L* (R4, [[M]]; H), X).
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A function f : R, x X — Y is said to be of class C!*? if it is differentiable in the first
variable and twice Fréchet differentiable in the second variable and the functions f, D, f,
D, f and D3f are continuous on Ry x X

ForRe yv(H,X)and T € L(X,X") =B(X, X),

Trp(T) = Y T(Rhy, Rhy),

n>1

where (h,,),>1 is any orthonormal basis for H (see [10, Lemma 2.3] for details). The
following version of It6’s formula holds

Theorem 4.16. Let H be a Hilbert space, X and Y be UMD Banach spaces, M &
M2 (H) and let A : Ry x Q — R be adapted, a.s. continuous and locally of finite
variation. Assume that f : Ry x X — Y is of class C12. Let ® : Ry x Q — L(H, X) be an
H-strongly progressively measurable which is stochastically integrable with respect to
M and assume that <I>QM2 belongs to L? (R, [[M]];v(H, X)). Letv : Ry x Q — X be

loc

strongly progressively measurable with paths in L}, (R.,A;X) a.s. Let ¢ : Q — X be

loc

strongly Fo-measurable. Define ( : Ry x Q2 — X as

C=§+/ P(s) dA(s) +/ ®(s)dM (s).

0 0

Then s — Dsf(s,((s))®(s) is locally stochastically integrable with respect to M and
almost sure we have for allt > 0

F(E,C(8) — £(0,(0)) = / Dy (s,¢(s)) ds + / Daf(s,C(5)) dA(s)

t
+ [ Daf(s,((s)P(s)dM(s) (4.14)
0

I )

45 [ Tragay (D35 ML,

A typical application of this formula are the case where f : X — R is given by
f(x) = ||z||P whenever this two time Fréchet differentiable and satisfies appropriate
estimates (e.g. X = LP with p > 2). Another application is f : X x X* — R given by
f(z,z*) = (z,2%).

To prove this result we can reduce to the case Y = R in a similar way as in [10,
Theorem 2.4] step 1. Indeed, if the formula holds true for F' = R, then we can apply the
result to (f,y*) for each y* € Y. After that we can apply Theorem 4.1 (2) to derive the
stochastic integrability of s — Daf(s,{(s))®(s). The identity (4.14) then follows from the
Hahn-Banach theorem.

The next step is to reduce the proof to the case where ¢ is simple and both ¢ and
® have finite dimensional range (see [10, Theorem 2.4] step 2). As soon as we have
this reduction, then there exists a fixed finite dimensional subspace Hy C H such that
H = Hy ® ker ®. Then one can restrict M onto this subspace, and thanks to Example
3.18 one can use the usual finite-dimensional It6 formula to derive the required result
(see e.g. [49, Section 3.3]).

Lemma 4.17. Let X be a UMD Banach space, H be a Hilbert space, M € M!¢(H). Let
®: Ry x Q — L(H,X) be stochastically integrable with respect to M. Assume that
its paths are in L*>(R., [[M]];(H, X)) almost surely. Then there exists a sequence of
progressive processes (9,),>1 such that each ®,, takes values in a finite dimensional

subspace of X and is supported on a finite dimensional subspace of H and

0,Q3, — QY in L*(Ry, [[M]};7(H, X)) Nv(L*(Ry, [M]]; H), X) in probability.
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Proof. Let (‘i’n)n21 be constructed as in (4.11). Then (@RQMQ)nZl is an approximation of
®QY? in L*(R, [M]]; v(H, X))) N v(L*(R, [M]]; H), X) in probability. By [53, Proposi-
tion 2.4] ((inka}\f)kzl approximates @nQ}f for each n > 1, where P is an orthogonal
projection onto span(hq, ..., ;). So, choosing a subsequence ®,, := ®, P one derives
the desired. O

The next lemmas is taken from [10, Lemma 2.8]:

Lemma 4.18. Let X be a Banach space, A : Ry — R, be an increasing continuous
function, and ) € L°(Q; L*(R,, A; X)) be a progressively measurable process. Then there
exists a sequence of elementary progressive processes ({,,)n>1 such that ¢ = lim,_,o ¢,
in L°(; LY (R, A; X)).

5 Stochastic evolution equations and cylindrical noise

In this section we study existence and uniqueness of solutions to the stochastic
evolution equation on a UMD space X:

du = (Au(t) + F(t,w))dt + G(t,u)dM, t € [0,T],

where u(0) = ug. Here A is the generator of an analytic semigroup on X, F' and G are
nonlinearities and M is a cylindrical continuous local martingale on a Hilbert space H
which admits a quadratic variations as introduced in Definition 3.4. We will treat the
above problem by semigroup methods. The case M = W has been extensively studied
in the literature (see [8, 13, 54]). Before we start we need some preliminaries from
analysis.

5.1 Analytic preliminaries

Let X and Y be two Banach spaces, (r,),>1 be a Rademacher sequence, i.e. a

sequence of independent random variables satisfying P(r,, = 1) = P(r, = —1) = 3. A
family 7 C £(X,Y) is called R-bounded if there exists a constant C such that for each

N >0, (z,)N_, € X and (T},))_, C T one has

N o 1 N
(IEHZrnTnxn )2 < C(IEHZrnxn
n=1 n=1

The least such C is called R-bound of 7, notation R(7).

If one replaces the Rademacher sequence by a sequence of independent Gaussian
variables in the definition above, then one obtains the notion of 4-bounded family of
operators, whose y-bound is denoted by (7). A simple randomization argument shows
that R-boundedness implies y-boundedness, and in this case v(7) < R(7) and the
converse fails in general (see [43]).

A set (A, <) with an order < is called a set with a total order if for any z,y € A it
holds true that x < y or y < x. The next result is due to [6] (for a proof see [32]):

1
2)§

Lemma 5.1 (Vector-valued Stein's inequality). Let (S, A, u) be a probability space, X
be a UMD space. Let A be a set with a total order. Then for all 1 < p < oo and every
increasing set { Ay }aen Of sub-c-algebras of A one has that the family of conditional
expectations

& ={E(|Aa),a € A} € L(LP(; X))

is R-bounded as a set of operators with an R-bound depending only on p and X.

We will need the following technical lemma about y-spaces:
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Lemma 5.2. Let X be a Banach space, T > 0. Let ¢ : (0,7) — X be strongly measurable
and let ;1 be a finite positive Borel measure on [0,T]. Suppose that (i, x*) € L?(0,T; X)
for each z* € X*. Then [ dt € (0, T, u1; X) and

. T 1
dtH < su 2| 2 / tdu(t))”
[ I [T e AR ZC)

The integral fo 1dt is defined as a Pettis integral (see [32]). Note that the above
supremum is finite by the closed graph theorem.

Proof. Let U(t fo s)ds for t € [0,7]. Let (v,)n>1 be a sequence of standard
independent Gaussmn random variables on a probability space (', F',P’). Let (¢n)n>1
be an orthonormal basis for L?(0,T’; ). Then for a fixed ¢ € L?(0,7T; 1) and n > 1 we can
write

T T T
/ W()p(t) du(t) = / (s) / e (00 du(t)ds = | w< ) (Lot B 12 ds,

0 0 0

where the latter is defined as a Pettis integral. By Parseval’s identity we have
> e dwizsinl = [ Lo
n>1

Therefore, defining ¢ : Q — L2(0,7T) by

Z% (s,T) Pn) L2 ()5

n>1

by the previous estimate, the orthogonality of the +;, and the three series theorem (see
[76, p. 289]) we find

T T T
E€]l72 0,7 :/0 /0 1,1 dﬂdsi/o tdp =: Cr.

and the series defining ¢ converges a.s. in L2(0,T). It follows that
T

St [ W ann = [ viseeas

n>1 0

converges a.s. in X and

| > /OT‘W) . = / () ds|| < Culellzao m,
n>1

where Cy, = sup, <1 [ (¢, 2%)||L2(0,1)- Taking L*(’) norms it follows from the definition
of the y-norm (note that a.s. convergence and convergence in LP(Q2'; X) are equivalent
in this setting) that

11y 0,7,0:x) < Cplléllz2rn200,m)) < CyCr. O

Let X be a Banach space, (S, A, 1) be a o-finite measurable space, 1 < p < co and H
be Hilbert space. Then one can prove that

LP(S;y(H, X)) ~ y(H, L?(S; X)). (5.1)
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This relation is called «-Fubini isomorphism (for more information see [33]).
A Banach space X has property (o) if for all N € IN and all sequences (2,,,) cX

mn=1 =
it holds true that
N N
2 : 2 : roon
EH T"mnTmn T"mTnTmn
m,n=1 m,n=1

where (Tymn)mn>1, (T, )m>1 and (r),>1 are independent Rademacher sequences. This
property was introduced in a slightly different manner in [65] (see [33] for the proof of
the equivalence).

2

9

2
= E/]E//

Sectorial operators and H-calculus For each ¢ € (0,7) let

Sy :={X e C\ {0} : arg()\) < ¢}

be an open sector of angle ¢ in the complex plane. A closed and densely defined
operator A on X is sectorial of type ¢ € [0, ) (see [29]) if A is bijective with dense range,
o(A) C S, and for allw € (¢, )

sup [[AR(A, A)|| < 0.
AES.,

For details on H°-calculus for sectorial operators we refer the reader to [29, 41].

5.2 Hypotheses and problem formulation
Consider the following hypothesis.
(A0) H is a separable Hilbert space. X is a separable Banach space which has UMD and

satisfies property (o). M € M!9¢(H). The operator A has a bounded H-calculus
of angle < 7/2.

Consider the following stochastic evolution equation:

{ du = (Au(t) + F(t,u)) dt + G(t,u) dM,

5.2
u(0) = uy, (5-2)

where A is the generator of an analytic Cy-semigroup (S(t)):>0 on X (see [19, 63] for
details).
We make the following assumption on F' and G:

(A1) The function F': Ry x 2 x X — X is Lipschitz of linear growth uniformly in R x €,
i.e., there are constants Ly and Cr such that forallt e Ry, w e Qand z,y € X
HF(t7w7I) - F(taway)HX < LF”IE - y”Xa
[F(tw,2)|x < Cr(l+ [z]x).
Moreover, for all z € X, (t,w) — F(t,w, ) is strongly measurable and adapted in
X.
(A2) The function G : Ry x Q x X — £(H, X) is Lipschitz of linear growth in a y-sense
uniformly in  and T, i.e., there are constants L/, and C/, s.t. forall b > a > 0 and
for all ¢y, ¢2 : Ry — X which are in L?(R; X) Ny(R4, [M]]; X), a.s.
1/2
(G (-, $1) =G (-, 62)) Qs (22 (asb 0] ). X)
< LE(lo1 = d2ll2(apsx) + 161 — D2lly (e, [a):x))s
1/2
1G(w, 8RN (22 a b f1a:10) )
< CL( + |61]l L2 (abix) + D1l (apar)sx))-

Moreover, for all z € X, (t,w) — G(t,w,x) is H-strongly progressively measurable.
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(A3) The initial value ug : 2 — X is strongly Fy-measurable.

In the case M = Wy, the above Lipschitz assumptions reduce to the assumptions in
[54]. A key difference with [54] is that the nonlinearities can be defined on interpolation
space between X and D(A), but this cannot be done for general martingales except
under additional assumptions on [[M]].

5.3 Existence and uniqueness result

For deterministic and stochastic convolutions we will use the following notations (see
[54, 78]):

S F(t) ::/O S(t—s)F(s)ds,

SoG(t):= | S(t—s)G(s)dM;.

We call a process (u(t));er, a mild solution of (5.2) if

(i) u: R4 x Q — X is strongly measurable and adapted,
(i) forallt € Ry, s+ S(t — s)F(s,u(s)) isin L}(0,# X) a.s.,
(iii) forallt € Ry, s — S(t — s)G(s,u(s)) is H-strongly progressively measurable and
GQY? is in y(L2(0,t, [[M]); H), X) a.s.,
(iv) for all t € R4, almost surely
u(t) = S({t)ug + S * F(-,u)(t) + S o G(-,u)(t). (5.3)

Definition 5.3. Fixb > a >0 and p € (1,0).

1. We define V?(a,b, M; X) as the space of all strongly progressively measurable
processes ¢ : Ry x 2 — X for which

1 1
Dllve(anrrx) = (E”QbHiZ((a’b);X))p + (EHQS”:(G,M[M]];X))" <00

2. We define V(a,b, M; X) as the space of all progressively measurable processes
¢ : Ry x Q — X for which almost surely

1l L2 ((a,b);) + 1Dl (22(a,b, 1000, %) < 00

Remark 5.4. Due to the ideal property (4.1) one can show, that if 7 is a stopping time and
qf) S V”(a, b, M, X), then (,25 c Vp(a, b7 MT; X) as well and ||¢HVP(a,b,]\/IT;X) < H¢||Vp(a,b,l\4';X)~
The following result is the main existence and uniqueness result:

Theorem 5.5 (Existence and uniqueness). Suppose that (A0)-(A3) are satisfied. Then
there exists a unique solution U in V (0,T, M; X) of (5.2).

Moreover, if the unbounded operator A is omitted, then property («) is not needed in
the above result.

Proposition 5.6. Let H be a Hilbert space, M € M'%¢(H), X be a UMD space. Consider
the equation:

{ du = F(t,u)dt + G(t,u) dM, (5.4)

u(0) = uyg,
Suppose that (A1)-(A3) are satisfied. Then there exists a unique solution U in
V(0,T,M; X) of (5.2).

Unlike in the Brownian case one cannot ensure LP({))-integrability of the solution
even if the initial value is constant in (2.
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5.4 The fix point argument
Consider the fixed point operator

Lr(¢) = [t = Stug + S * F(-,¢)(t) + S o G(-, ¢)(1)].

Proposition 5.7. Suppose that (A0)-(A3) are satisfied. If ug € L?(Q, Fo; X), [[M]]r €
L*>(Q), then the operator Ly is bounded and well-defined on V?(0,T, M; X) and there

exists a constant Cr s, with imCr = 0 as T — 0 and Ty 1 = [[[[M]]7||L~@) — 0,
such that for all ¢1,¢2 € VP(0,T,M; X),
I1L1(¢1) — Lr(d2)llve(o,rar,x) < Cromlldr — dallveo,rmx)- (5.5)

Moreover, for T € (0,1], there exists a constant C independent of T and M such that
- 1
Cr < Cmax{T?, T 1 }. (5.6)

Furthermore, there is a constant C > 0, independent of uy, such that for all ¢ €
VP(0,T, M; X)

I L1 (D) lveo,r,ax) < C(L+ lluollLeoix)) + Crarl|@llveo,r,0:x), (5.7)

and Lr(¢) has a continuous version and

I L1 (D)l e ;0 (j0,77:x)) < C(1+ |luoll e :x)) + Call@llveo,7,005x) - (5.8)

Proof. Actually the assumptions even yields that {S(¢) : ¢ > 0} is R-bounded and hence ~-
bounded by some constant NV (see [41, Theorem 2.20 and 12.8]). In particular ||S(t)|| < N
forall¢t > 0.
Let Y = 7(R; X). For the proof we use the following dilation result for the semigroup
S from [23]. By the boundedness of the H*°-calculus with angle < 7 yields that there
exist J € L(X,Y), P e L(Y) and (S(t))ier C £(Y) such that
(i) There are c¢;,Cy > 0 such that for all € X, one has c;||z| < ||Jz|| < Cyllz|.

(ii) P is a projection onto ran J.

(iii) (S(t))ser is a strongly continuous group on Y with [|S(t)y| = |jy|| forally € Y.

(iv) For all t > 0 it holds true that JS(t) = PS(t).J.

This dilation will be used to derive continuity of the stochastic convolution in a similar
way as in [30]. Moreover, we use it to obtain estimates in the y-norm.

Notice that by [78, Lemma 2.3] Y is a UMD space. Also notice that since X has
property («) then according to [28, Theorem 3.18] family (S(t));cr is y-bounded by some
constant ax. Now we will proceed prove in 4 steps. Fix ' > 0. Let Cp = || P|.

Step 1: Estimating the initial value part. By the strong continuity and uniform

boundedness of S we derive:
s = S(s)uollL2(0.r3) < T |5 = S(s)uollcqoryx) < NT? uo| (5.9)

By the v-boundedness of (S(t))+cr and [36, Proposition 4.11]:

1/2
lls = S()uoll~o., (w1 x) < N8 = wollyco,ragix) = (M luoll-

Step 2. Estimating the deterministic part. We proceed in two steps.
(a): For fixed w € Q and ¢ € L?*(0,7;X) we estimate the LP(0,7;X)- and
~(0, T, [[M]]; X)-norms of S *¢. One has

1S % llL20,1:x) = T3 1S * Yl eqorx) < TN L20,7:x), (5.10)

where the continuity of S * ¢ is simple to check (see [44, Corollary 4.2.4]).
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By the representation of S as a group, the ideal property (4.1) and [36, Proposi-
tion 4.11] we find that

1
1S % |y 0,7, x) < ;H(JS) ||y 0,7, [ M]1:X)
1 - .
- —HPS(-)/ S(—8)J0(s) dsH

_CPOéxH/S §)Ju(s

S CJCPO[XN
Cj

7(0,T,[[M]];X)

v(07T7[[M1];X)

TH[M n%uwny OT:%)s

where in the last step we used Lemma 5.2 and fOT td[[M]]: < T[[M]]r.
Now let ¥ € VP(0,7, M; X). Then by applying the inequalities above to the paths
U(-,w) one easily obtains that S« ¥ € V?(0,7T, M; X) and

1S * ¥lveo,rar.x) < CTIY[veo,7,00:5)

where C.C
axN __1, 1
Ch=TN + =T252T3 T 1 and T = [|[M]) 2= o).
J

(b): Let ¢1, 2 € VP(0,T, M; X). Since F is of linear growth, F(-, ¢1) and F(-, ¢2) have
a continuous version and belong to V?(0,T, M; X). Since F' is Lipschitz in its X-variable,
we deduce that S« F'(-,¢1) and S x F'(s, ¢2) are in VP(0,T, M; X) and

S * F(s,¢1) — S * F(s, ¢2)||VP(0,T,M;X) < Cil“HF('v ¢1) — F(, ¢1)||VP(O,T,M;X)
< CrLpll¢1 — d2llveo,rmx)-

Step 3. Estimating the stochastic part.

(a): Let U :[0,7] x Q — L(H, X) be scalarly strongly progressively measurable and
suppose that \IIQ1/2 isin LP(;~v(L%(0,T,[[M]]; H), X)). Then by [36, Proposition 4.11]
and Theorem 4.1 for each ¢ € [0, 77,

Car(t / S(t —s) M(s)
is well-defined. Now we 9stimate (nm pathwise in the space of continuous functions. As
before one sees that fo S~1JU dM is well-defined and is a.s. continuous (here we use

the fact that Y is a UMD space and S is v-bounded). Therefore, by the representation of
S as a group it follows that we can write

Jeu(t) = P8(1) /0 (s W (s)dM (5.11)

Since PS’(t) is strongly continuous, the continuity follows since J is an isomorphic
embedding. Moreover, by Theorem 4.1 and [36, Proposition 4.11],

1l 2o osz20mx)) < T2 ¢ | o ese o, 0)

%Ht o PS(t) / " 61 (5)70(s) dM(s)]
<Pt TZCPN / - M(s)
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- T3CpNC, x

~ 1
S 1S TYQE || Lo (0,7, (M5 H, YY)

1
Q3 e (v (0,7, (M) H, X)) -

- T3CpN2C, xC,
¢y

To estimate the +(L?(0, T, [[M]]), X )-norm of (5; we can again use the representation
(5.11) and use [36, Proposition 4.11] and the ideal property to estimate

IN

1 N L
Gl oramony < ot = PSE) [ 5760790 b ()
0

Lr (2;7(0,T,[[M]};Y))
< CpN
CJ

Hto—>/0t5‘_1(s)J\I!(s)dM(s)‘

LP (Q2;7(0,T,[[M]};Y))

To estimate the last term recall from Theorem 4.9

. b ([M]]e . 1 .
Cur(t) i= / S~LywdM = / (Lo, S™HITQ3,) o 7AWy =: Cwy, ([M]]e).
0 0
Using this representation, we find
<0l 2o @eyo vy = 1w © (N Lo @i 0. (107w

()~
= [1Cwu Il Lo @ (0,127

< B (G (T 2160 Lo @00
(2) ~
< GolB(Gwis (T 0)IG0) .4, ety

(44) _ ~
< Cpv(Epr)ISws (Ti,r) H'y(O,TI\/IVT;LP(ﬁ;Y))

= Cpy(Ep )T 11w (Tor ) Lo iy

(i14) _ 1 ~ 1

< Coy(Ep )T 7Co x (L0 ST IVQ3)) o Tl Loy (B sv))
(*) _ 1 L 1

< Cpy(Ep )Ty 7 Cp x 1S TVQR, || Lo (0.1 (1117

In (%) we used Lemma 4.5 and [[M]],. = s. In (i) we used (5.1). In (i) we used Lemma
5.1 for conditional expectations on L?(Q;Y’) and [36, Proposition 4.11]. In (iii) we used
(4.7). Therefore, combining both estimates it follows that

pN | -
”CMHLP(QW(O,T,[[M]];X)) < T||CM||LP(Q;7(0,T,[[M]];Y))

CPN2C] — 1 1
< Tcp’y(gp,T)TA?Tcp,X Q31 L (20,7, %))

where in the last step we argue as below (5.11).
Combining these estimates we conclude that

1< llveo,maryy < C3 ||‘I/Q11V/[2 | L (s (L2 0,7, (M1 H), X)) » (5.12)

where .
TzCpN?C, xC CpN2C. — 1
Ct = £ - pAd 28 ]CPV(‘SP,T)TJ@[,TCHX
J ¢y
(b): Let ¢1,¢2 € VP(0,T,M;X). It follows from the assumption on G that S ¢
G(-,¢1),S o G(+, ¢2) have a continuous version and are V?(0,T, M; X) and

|s0G(01) = 50 G(-,00)

Ve (0,T,M;X)
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< CRI(G( 1) = G 62) Q1 Lo (z2 (0.1 1), %))
< LELCHbr — d2llve(o,rarx)-

Step 4: Collecting the estimates. It follows from the previous steps that Lp is
well-defined on V?(0,T, M; X) and

| Le(d1) — Li(D2)|lve(o,r,05x) < Crmlld1 — d2llveo,1,mx), (5.13)

where Cr ys = LpCh + LgC?% and one can check that (5.6) holds.
To prove (5.7) one has to apply (5.13) and the fact that for some positive constant C'
it holds true that

1
L7 (0)[[vro,1,0:x) < C(1 4 (Elluo|%) 7).
The final continuity statement and (5.8) follows from the previous steps. O

5.5 Existence and uniqueness when the variation is small

Theorem 5.8 (Existence and uniqueness). Suppose that (A0)-(A3) are satisfied and
IIM]) 7] Loe () < (2C)~2, where C is as in (5.6). Ifuy € L?(Q, Fo; X), then there exists
a unique solution U in VP(0,T, M; X) of (5.2). Moreover, there exists a nonnegative
constant C, independent of uy but depending on T V 1 and C such that

U llvooar:x) < C(1+ (Efluo|%) 7). (5.14)

Furthermore, U has a continuous version and there exists a constant D independent of
ug but depending on TV 1 and C such that

U1l Le(:cq0,m:x)) < C(1 4+ (E | uolf%)7) (5.15)

Proof. By Proposition 5.7 one can find ¢ € [0,7 A 1], independent of ug, such that
t < IM))rllpe(), so Cem < 3. It follows from (5.5) and the Banach fixed point
argument that L, has a unique fixed point U € V?(0,¢, M; X). This gives us a continuous
progressively measurable process U : [0,t] x 2 — X such that a.s. for all s € [0, ],

U(s) =S(s)ug+ S*x F(-,U)(s) + SoG(-,U)(s).
Note that (5.7) implies that

1O v 0,e.0:5) < C(L+ (Elluol%)¥) + ConrlUlvoo,s,ar,5)
and since Cy pr < 1/2
U l[voo.0amx) < 2C(1+ (Elluoll%) 7). (5.16)
and by U = L(U), (5.8) and (5.16) we find

Ul e :c(o,:x)) < C2(1 4+ |luol|r(o:x))- (5.17)

Thanks to a standard induction argument one easily constructs a solution on each of
intervals [t,2t],...,[nt,T], where n = [1]. This solution U on [0, 7] is the solution of (5.2).
Moreover, according to (5.16), (5.17) and the induction one deduces (5.14) and (5.15).
For small ¢ € [0, 7] uniqueness on [0, t| follows from the uniqueness of the fixed point
of L, in V?(0,t¢, M; X), and uniqueness on [0, 7| follows from the induction argument. O

Lemma 5.9. Suppose that (A0)-(A3) are satisfied both for M and N and
I[M]]7 | 2o s N7l Lo () < Tk
LetU, €e VP(0,T,M; X), Uy € VP(0,T, N; X) be the solutions of (5.2) with initial values

uy,us € LP(Q, Fo; X) and cylindrical martingales M, N respectively. Finally suppose that
M = N a.s. on the set {u; = us}. Then a.s. Uy = Us on {u; = us}.
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Proof. Let I = {u; = ug}. Since U € VP(0,T,N;X), then Uy1r € VP(0,T,M; X),
because M and N coincides on I'. Consider small ¢ as in the beginning of the proof of
Theorem 5.8. Since I' is Fy-measurable

|Ui1r — Ualr|lve(o,e,m:x) = [1Le(Un)1r — Li(U2)1rllve (0,6, 0:x)
= || L¢(U11r)1r — Li(Ua1r)1r|lve (0.6, x)
< Co,m||Urlr = Ualr|lye(o,,m:x)
therefore almost surely U (o gxr = Uz[0,4xr-

To extend this result to the whole interval [0, 7] one has to apply the same induction
argument as in the end of the proof of Theorem 5.8. O

Let b > a > 0. We say that ¢ is Iocally in V(a,b, M; X) (or simply ¢ € V{¥ (a,b, M; X))

if there exists a sequence of increasing stopping times (7,,),,>1 such that 7,, ,/* oo a.s. and
¢ € VP(a,b,M™; X) for each n > 0. It is evident by Remark 5.4 that ¢ € V?(a,b, M; X)
implies ¢ € Vi (a,b, M; X). Obviously V¥ (a,b, M; X) C V(a,b, M; X).
Lemma 5.10. Suppose that (A0)-(A3) are satisfied. Let 7 be a stopping time such
that ||[[[M7]]7 () < 35, w0 € LP(Q, Fo; X), vo € LO(Q, Fo; X), Uy € VE(0,T, M; X),
Up- € VP(0,T,M7; X) be solutions of (5.2) with cylindrical martingales M, M™ and
initial values ug, vy respectively. Then on the set {ug = vy} and on the interval [0,7 AT},
one hasUy; = Uy- a.s.

Proof. LetI' = {up = vo}. Consider the localizing sequence {7, },>1 of stopping times
for Uy, so Uy € VP(0,7,M™; X) for each n > 1. Then by (4.1) both Upr1g +pr,1r
and Ups-1p,ra7,)1r are in V?(0,T, M™"™; X) for each fixed n > 1. Let ¢ be such that

P < H[[MT]]TH%OO(Q). Then for each fixed n > 1

Um0, Ar)Ir — Unie Lo, rnr Irllve 0,6, 07 a0 x)
= |L+(Unr) (0,7 a7 11 = Le(Unir )10 rnr ) I 1y 0,6, 7770 )
= |Le(Unt Lo rar1r) Lo, rar)dr — Le(Uni 10,700 10) 10,0 Am0 ) 10 Ve (0,0, 007270 )
< Cypmnmn |UniLjo,7 07,010 = Uni 1jo 2 ar 10 [ve 0,6, 007770 X 5
hence Up 1 rpront)lr = Unir 10,7 a7, aq 11 @.S. Letting n to infinity yields Uy, = Uy~ on

[0,t A 7] for a.a. w € T'. Now by induction and the same technique as in Lemma 5.9 one
obtains the required result. O

5.6 Proof of the main existence and uniqueness result

We first proof Theorem 5.5 under additional integrability assumptions on the initial
value.

Theorem 5.11 (Existence and uniqueness for integrable initial values). Suppose that
(A0)-(A3) are satisfied. If uy € LP(2, Fo; X), then there exists a unique solution U in
ViP(0,T,M; X) of (5.2).

Proof. By Proposition 5.7 one can find n € IN large enough so that 2% < 4é2 and 7" < 2™,
Let p = T, where 7 is a stopping time introduced in (4.9). Consider equation (5.2)
4C

with the cylindrical martingale M* instead of M. It follows from (5.13) that C Z M < %
Using the Banach fixed point argument one derives that Lzln has a unique fixed point

U, € V?(0, %,M”;X). This gives us a continuous progressive measurable process

U, : [0, %] x © = X such that for almost all w € Q for all s € [0, 2],

Un,(t) =S(s)ug + S« F(-,Uy,) + /Ot S(t—8)G(s,Uy)dM?.
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Note that (5.7) implies that

1
HUTLHVP(O,zln,]WP;X) <O+ (Elluol%)?) +Cx MP”UTLHVP(O,%JMP;X)?

27y

and since Cz /0 < 3

1
HUTL”VP(O,%,MP;X) <20(1+ (E||u0||§()p) (5.18)
To go on with a standard induction argument on each of intervals [(k;#, ’;—Z] for
k €{2,...,2"} we introduce the following stopping times for k € {1,...,2"}
(k=1)T 1) T .
o = +inf{t >0:[[M ]]t+(k571L)T — [[M]] G-nr > 57}, onthe set A; (5.19)
00, on the set 2\ A.

Here A = {0 < L < [M]]« — [M]]a_pr}. As one can notice, pn1 = p. By [66,
Theorem 1.18] and since the minimum of stopping times is a stopping time, M#rn1/\+-APnk ¢
M. (H). Fix k > 1. Then one can construct solution of equation (5.2) on the interval
[(k;,ll )t , ;‘f] with the cylindrical martingale M1/ Pnk instead of M and with the initial
value, obtained on the previous interval [(’CQ#, U“Q%)T]

Thanks to (5.18), (5.8) and a standard induction argument one may construct a
solution on each of intervals [, 2-1],.. . [(2" — 1)s%, T. This solution U,, on [0, 7] is the
solution of (5.2) with M replaced by Mp".

Define p,, := pp1 A ... A ppon for each n € IN. Then by the fixed point argument,
the induction argument and Lemma 5.10, U,, = U,,, on [0, p, A pry AT for all m,n € IN.
Consequently, since p, * oo a.s. there exists U : [0,7] x 2 — X such that U = U,, on
[0, pn, AT for each n > 1.

Now one has to show that U is a solution of (5.2). First of all notice that for each
fixed ¢t > 0 we know that (U — U,)1:<,, = 0. Consequently (S(t — s)G(s,U,) — S(t —
s)G(s,U))1i<p, = 0. Then for each fixed ¢ > 0 according to Corollary 4.12 one has that
a.s.on {t <p,}

U(t) =U,(t) = S(t)uo + /Ot S(t—s)F(s,U,)ds + /Ot St —s)G(s,U,)dM
— S(tuo + /Ot S(t— 8)F(s,U)ds + /Ot S(t— )G(s, U) dM
So, letting n to infinity one can show that for each fixed t > 0 a.s.
U(t) = S(t)uo + /0 "S(t— $)P(s,0) ds + /0 "S(t — $)G(s,0) AM

Now assume that V' € Vlf)’C(O T, M; X) is another solution of (5.2). Then by Lem-
ma 5.10, V = U, on [0, p,1 A 2] for all n > 1. According to (5.15) U, (2) € LP(Q, Fr; X),

so again by Lemma 5.10 on the set {pnl > o L1V =U, on [2n s Pn2 /\ 2L for all n > 1 (here

we start our solutions from the point 5 ) Continuing this procedure fork=3,...,2" we
have that V = U, on [0, p, A T for all positive n. But since U = U,, on [0, p, A T] for all
n>1,V =U on [0, p, AT}, therefore on whole [0, T]. O

Finally we can prove Theorem 5.5 for general initial values.

Proof of Theorem 5.5. The structure of the proof is the same as in [54, Theorem 7.1]. To
prove existence define a sequence (uy,,),>1 in L?(Q, Fy; X) in the following way:

Un = 1jjug ) <nlo-
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Then by Theorem 5.11 for each n > 1 there exists a unique solution U,, € V}¥ (0,7, M; X)
of (5.2) with initial value w,. By Lemma 5.10 one can define U : [0,7] x @ — X as
U(t) = limy, 00 Uy (t) if this limit exists and 0 otherwise. Then U is strongly progressive
measurable, and almost surely on {|lug|| < n} for all ¢t € [0, T] we have that U(t) = U, (t).
Consequently, U € V(0,T, M; X) and one can check it is a solution of (5.2).

For uniqueness of the solution we will need the stopping times constructed in the
proof of Theorem 5.11. Let U,V € V(0,T, M; X) be two solutions of (5.2). First of all
fix n > 1 and prove that U]'HuoHSn = Vl\luol\Sn‘ Let U, = U]'HuoHSn' V, = VlHuoHSn'
Obviously Uy, and V,, are solutions of (5.2) with initial value ug1y,|<n-

Let k£ be large enough such that Qlk < -L. For each | € N define a stopping time o,

2C
as follows:

on = inf{s € [0,T] :(|Unll £2((0,5):x) + 1Unlly(L20,5,[10])), %)
HVallrz2(0,5):) + [Vallyz2(0,s,1am1),x) = 13

Then Un1(,0.,], Valjo,on € VP(0, Z5, M; X). Define (prm)i<m<or in the same way as
in (5.19). For fixed k£ one has the following

||Un1[0,<7nz/\pk1] - an[O,onzApkl] ||VP(0,2%,M;X)

= HUnl[OaanlApkl] - an[oaanl/\pkl] ||VP(O’2%’MK']¢,1;X)

= HLt(Un)l[O,anll\pkl] - Lt(VTL)l[O,O'n],/\Pk,l]||VP(O7£,]\/[P}¢,1;X)

= HLt(Unl[Oyanl/\pkl])1[0;0'nl/\pk1] - Lt(an[OxanlApkl])1[07Unl/\Pk1]||Vp(0,2lk,Mpk1;X)

< C%,Mﬂkl HUnl[O,Unz/\pkl] - an[oﬂnz/\ﬁkl] ”V"(O,fk,M"kl%X)

1
< §||Un1[0,anmpm] - an[O,G'nl/\Pm]HVP(O,%,M;XV

0 a.5. Unl(0,0,npe1) () = Val(o,0,inp(s) for all s € (0, &7 ). Define again

Pk = Pr1 N\ ... Appar, k&N,

By the standard induction argument one derives that a.s. Un10,5,,,np.] = Val(o,0,np] OB
[0,T]. Now taking k and [ to infinity gives us the desired.

Since U = lim, ., U, and V = lim, ., V,, then U = V a.s. and uniqueness is
proved. O

Proof of Proposition 5.6. This result follows with the same method as for Theorem 5.5.

Note that property («) can be avoided since A = 0 and hence we can take S(t) = S(t) =1
and the y-boundedness is clear in this case. O

Remark 5.12. Using the time change result of Theorem 4.9 one can turn the noise
part of the problem (5.2) into a cylindrical Brownian motion. Unfortunately, by using
this technique the term Au(t) dt becomes more involved. In particular, one has to use
evolution families instead of semigroups, which complicates matters.

A A technical lemma on measurable selections

In the next lemma we show that a certain projection valued function can be chosen
in a measurable way. Moreover, we give a representation formula for its inverse which is
used in the proof of Theorem 4.1. In [64, Lemma 8.9] a similar measurability result was
proved by applying a selector theorem by Kuratowski and Ryll-Nardzewski.

Recall from before that a function F : S — £L(H) is called H-strongly measurable if
forall h € H, s — F(s)h is strongly measurable.
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Lemma A.1. Let (S,Y) be a measurable space and let H be a separable Hilbert space.
Let Hy C H be a finite dimensional subspace. Let F' : S — L(H) be a function such that:

1. F' is H-strongly measurable;
2. foralls € Sandh € H, F(s)* = F(s) and (F(s)h,h) > 0.

For each s € S, let P(s) € L(H) be the orthogonal projection onto F(s)Ho. Then there
exist H-strongly measurable functions P,L : S — L(H) such that

PF =FP and LF = P, (A1)
pointwise in S. Moreover, Pisa projection.
The operator P will not be an orthogonal projection in general.

Proof. Let Py be the orthogonal projection onto Hy. For each s € S define ]5(3) € L(H)
as follows: )
P(s)PyF(s)*Poh = F(s)?*Pyh, forh € H,

and set 13(3) = 0 on ker P F(s)?P,. Notice, that there is no contradiction, since if
PyF(s)2Pyh = 0 for some h € H and s € S, then

0 = (PyF(s)*Poh, h) = |[F(s) Pohl|?

and hence h € ker F(s)Py C ker F(s)?P,. Since PyF(s)?P, is a finite-rank self-adjoint
operator for each s € S, we have H = ker PyF(s)? Py@®ran PyF(s)? P, and thus Py F(s)?P,
is a bounded linear operator (see [75, Theorem 6.2-G]).

In the sequel we suppress the s € S from the formulas. We claim that

(i) Ph =0 for each h € Hg;
(i) PF2h = F2hfor h € Hy.
(iiiy PF = FP

Property (i) is clear from HOL C ker PyF?P,. For (ii) note that for every h € Hy, we can
write F?h = PyF%h + (1 — Py)F?h. Since for all g € Hy,

(1= Po)F?h,g) = (1 = Po)F?h, Pog) = (Po(1 — Po)F?h,g) = 0,
we find that (1 — Py)F?h € Hg-. Thus by (i) and the definition of P,
PF%h = PPyF?h + P(1 — P))F?h = F?h
and (ii) follows. To prove (iii) let g € ran P. Choosing h € Hj s.t. ¢ = F'h we find
FPg=Fg=F>h"Y PF?) — PFg.
On the other hand, F'P vanishes on the space
ker PyF = (ran F'Py)* = (ran P)* = ker P.

The same holds true for PF. Indeed, since (1 — Py)Fh € ker PyF?P,, it follows that for
h € ker Py F
PFh=P(1—-Py)Fh=0
and this gives (iii).
Next we claim that P2 = P. Indeed, for each h € H, Ph € ran F2P, by the definition
of P. Thus by (ii) PF2Py = F2P, and therefore P2h = Ph.
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To prove H-strong measurability fix an orthonormal basis (h;)%_; for Hy. For each
subset @ C {1,...,k} there exists a measurable S, C S such that (Fh;);c. is a basis of
span(F'h;)i1<i<k (because of the strong measurability of F'h for each h € H and using the
Gramian matrix technique). Notice that if (F'h;)ico is a basis of span(Fh;)i1<i<k, then
(F?hi)ica is a basis of span(F?h;)1<i<x. Indeed, let g = Y, ¢;Fh; be a combination
of (Fh;)ice With some scalars (c;)icq. If Fg = 0, then g € ker F = (ran F)*, so g = 0.
Let o, 3 C {1,...,k}. We will say that a < Bif 3, 2" < >_,c52". If @ < f3, one has to
redefine S, := S, \ S3. After the iterations of this procedure for all pairs o, § C {1,...,k}
the sets (Su)acqi,....xy Will be pairwise disjoint.

Now fixa C {1,...,k}. Let (¢;)icq be obtained from (PyF2h;);c, by the Gram-Schmidt
process. These vectors are orthonormal and measurable because ((PyF2h;, PoF?h;))i jea
are measurable. Moreover, the transformation matrix C' = (¢;;); jeq such that

gi = ZcijPOF2hjv 1€ a,
JEQ

has measurable elements. So, Pg; = P}, cijPoF?h; =Y, ¢ijF?h;. This means that
for each h € H the following hold true:

I:)h = Z<h’gi>ﬁ)gi = Z<h’gl> ZcijF2hj7
[A<TeY i€a jEa

which is obviously measurable.
Now define L as an operator with values in F(H,) = P(H)) as follows:

L(F?h) = PFh, he€H,
Lh =0, he&kerF.

Then L is well-defined since ker F' = ker F2. Also foreach 1 <i<kand he H

[(L(F2h), Fhi)| = [(PFh, Fhi)| = [(Fh, PFh;)| = [(F?h, hi)| < | F?h]).

Since the range of L is finite dimensional and equal to F'H,, the operator L is bounded.
Since H =ran F @ ker F' and ker F' = ker P we find LF = P.

As before one can show that L is H-strongly measurable, This time fixing a C
{1,...,k} one considering the orthogonal basis (g;);cq for span(Fh;)cq- O

References

[1] D. Applebaum, Lévy processes and stochastic integrals in Banach spaces, Probab. Math.
Statist. 27 (2007), no. 1, 75-88. MR-2353272

[2] D. Applebaum and M. Riedle, Cylindrical Lévy processes in Banach spaces, Proc. Lond. Math.
Soc. (3) 101 (2010), no. 3, 697-726. MR-2734958

[3] A. Badrikian and A. S. Ustiinel, Radonification of cylindrical semimartingales on Hilbert
spaces, Ann. Math. Blaise Pascal 3 (1996), no. 1, 13-21. MR-1397320

[4] Y.I. Belopol'skaya and Y.L. Dalecky, Stochastic equations and differential geometry, Math-
ematics and its Applications (Soviet Series), vol. 30, Kluwer Academic Publishers Group,
Dordrecht, 1990. MR-MR1050097

[5] V.I. Bogachev, Measure theory. Vol. I, 1I, Springer-Verlag, Berlin, 2007. MR-2267655

[6] J. Bourgain, Vector-valued singular integrals and the H'-BMO duality, Probability theory and
harmonic analysis (Cleveland, Ohio, 1983), Monogr. Textbooks Pure Appl. Math., vol. 98,
Dekker, New York, 1986, pp. 1-19. MR-830227

[7]1 Z. Brzezniak, Stochastic partial differential equations in M-type 2 Banach spaces, Potential
Anal. 4 (1995), no. 1, 1-45. MR-MR1313905

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 49/53


http://www.ams.org/mathscinet-getitem?mr=2353272
http://www.ams.org/mathscinet-getitem?mr=2734958
http://www.ams.org/mathscinet-getitem?mr=1397320
http://www.ams.org/mathscinet-getitem?mr=MR1050097
http://www.ams.org/mathscinet-getitem?mr=2267655
http://www.ams.org/mathscinet-getitem?mr=830227
http://www.ams.org/mathscinet-getitem?mr=MR1313905
http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Cylindrical continuous martingales

[8] Z. Brzezniak, On stochastic convolution in Banach spaces and applications, Stochastics
Stochastics Rep. 61 (1997), no. 3-4, 245-295. MR-MR1488138
[9] Z. Brzezniak and J.M.A.M. van Neerven, Stochastic convolution in separable Banach spaces

and the stochastic linear Cauchy problem, Studia Math. 143 (2000), no. 1, 43-74. MR-
1814480

[10] Z. Brzezniak, J.M.A.M. van Neerven, M.C. Veraar, and L. Weis, It6’s formula in UMD Banach
spaces and regularity of solutions of the Zakai equation, J. Differential Equations 245 (2008),
no. 1, 30-58. MR-2422709

[11] D.L. Burkholder, Martingales and singular integrals in Banach spaces, Handbook of the
geometry of Banach spaces, Vol. I, North-Holland, Amsterdam, 2001, pp. 233-269. MR-
MR1863694

[12] S. Cox and M. Veraar, Vector-valued decoupling and the Burkholder-Davis-Gundy inequality,
Ilinois J. Math. 55 (2011), no. 1, 343-375 (2012). MR-3006692

[13] G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions, second ed., Encyclo-
pedia of Mathematics and its Applications, vol. 152, Cambridge University Press, Cambridge,
2014. MR-3236753

[14] C. Di Girolami, G. Fabbri, and F. Russo, The covariation for Banach space valued processes
and applications, Metrika 77 (2014), no. 1, 51-104. MR-3152020

[15] J. Diestel and J.J. Uhl, Jr., Vector measures, American Mathematical Society, Providence, R.1.,
1977. MR-0453964

[16] S. Dirksen, It6 isomorphisms for LP-valued Poisson stochastic integrals, Ann. Probab. 42
(2014), no. 6, 2595-2643. MR-3265175

[17] S. Dirksen, J. Maas, and J.M.A.M. van Neerven, Poisson stochastic integration in Banach
spaces, Electron. J. Probab. 18 (2013), No. 100, 28. MR-3141801

[18] M. Emery, Une topologie sur I’espace des semimartingales, Séminaire de Probabilités, XIII
(Univ. Strasbourg, Strasbourg, 1977/78), Lecture Notes in Math., vol. 721, Springer, Berlin,
1979, pp. 260-280. MR-544800

[19] K.-]. Engel and R. Nagel, One-parameter semigroups for linear evolution equations, Graduate
Texts in Mathematics, vol. 194, Springer-Verlag, New York, 2000, With contributions by S.
Brendle, M. Campiti, T. Hahn, G. Metafune, G. Nickel, D. Pallara, C. Perazzoli, A. Rhandi, S.
Romanelli and R. Schnaubelt. MR-1721989

[20] G.B. Folland, Real analysis, second ed., Pure and Applied Mathematics (New York), John Wiley
& Sons, Inc., New York, 1999, Modern techniques and their applications, A Wiley-Interscience
Publication. MR-1681462

[21] D.H. Fremlin, Measure theory. Vol. 2, Torres Fremlin, Colchester, 2003, Broad foundations,
Corrected second printing of the 2001 original. MR-2462280

[22] A. Friedman, Foundations of modern analysis, Dover Publications, Inc., New York, 1982,
Reprint of the 1970 original. MR-663003

[23] A.M. Frohlich and L.W. Weis, H calculus and dilations, Bull. Soc. Math. France 134 (2006),
no. 4, 487-508. MR-2364942

[24] D.J.H. Garling, Brownian motion and UMD-spaces, Probability and Banach spaces (Zaragoza,
1985), Lecture Notes in Math., vol. 1221, Springer, Berlin, 1986, pp. 36-49. MR-MR875006

[25] 1. GyOngy, On stochastic equations with respect to semimartingales. III, Stochastics 7 (1982),
no. 4, 231-254. MR-674448

[26] I. Gyongy and N.V. Krylov, On stochastic equations with respect to semimartingales. I,
Stochastics 4 (1980/81), no. 1, 1-21. MR-587426

[27] 1. Gyongy and N.V. Krylov, On stochastics equations with respect to semimartingales. II. Ito
formula in Banach spaces, Stochastics 6 (1981/82), no. 3-4, 153-173. MR-665398

[28] B.H. Haak and P.C. Kunstmann, Admissibility of unbounded operators and wellposedness
of linear systems in Banach spaces, Integral Equations Operator Theory 55 (2006), no. 4,
497-533. MR-2250161

[29] M. Haase, A functional calculus description of real interpolation spaces for sectorial operators,
Studia Math. 171 (2005), no. 2, 177-195. MR-2183483

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 50/53


http://www.ams.org/mathscinet-getitem?mr=MR1488138
http://www.ams.org/mathscinet-getitem?mr=1814480
http://www.ams.org/mathscinet-getitem?mr=1814480
http://www.ams.org/mathscinet-getitem?mr=2422709
http://www.ams.org/mathscinet-getitem?mr=MR1863694
http://www.ams.org/mathscinet-getitem?mr=MR1863694
http://www.ams.org/mathscinet-getitem?mr=3006692
http://www.ams.org/mathscinet-getitem?mr=3236753
http://www.ams.org/mathscinet-getitem?mr=3152020
http://www.ams.org/mathscinet-getitem?mr=0453964
http://www.ams.org/mathscinet-getitem?mr=3265175
http://www.ams.org/mathscinet-getitem?mr=3141801
http://www.ams.org/mathscinet-getitem?mr=544800
http://www.ams.org/mathscinet-getitem?mr=1721989
http://www.ams.org/mathscinet-getitem?mr=1681462
http://www.ams.org/mathscinet-getitem?mr=2462280
http://www.ams.org/mathscinet-getitem?mr=663003
http://www.ams.org/mathscinet-getitem?mr=2364942
http://www.ams.org/mathscinet-getitem?mr=MR875006
http://www.ams.org/mathscinet-getitem?mr=674448
http://www.ams.org/mathscinet-getitem?mr=587426
http://www.ams.org/mathscinet-getitem?mr=665398
http://www.ams.org/mathscinet-getitem?mr=2250161
http://www.ams.org/mathscinet-getitem?mr=2183483
http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Cylindrical continuous martingales

[30] E. Hausenblas and J. Seidler, A note on maximal inequality for stochastic convolutions,
Czechoslovak Math. J. 51(126) (2001), no. 4, 785-790. MR-1864042

[31] J. Hoffmann-Jergensen and G. Pisier, The law of large numbers and the central limit theorem
in Banach spaces, Ann. Probability 4 (1976), no. 4, 587-599. MR-0423451

[32] T. Hytonen, J.M.A.M. van Neerven, M.C. Veraar, and L. Weis, Analysis in Banach Spaces.
Part I: Martingales and Littlewood-Paley Theory, To appear.

[33] T. Hytonen, J.M.A.M. van Neerven, M.C. Veraar, and L. Weis, Analysis in Banach Spaces.
Part II: Probabilistic Methods and Operator Theory, Submitted book.

[34] A. Jakubowski, S. Kwapien, PR. de Fitte, and J. Rosinski, Radonification of cylindrical
semimartingales by a single Hilbert-Schmidt operator, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 5 (2002), no. 3, 429-440. MR-1930962

[35] O. Kallenberg, Foundations of modern probability, second ed., Probability and its Applications
(New York), Springer-Verlag, New York, 2002. MR-1876169

[36] N.J. Kalton and L.W. Weis, The H°°-calculus and square function estimates, Nigel J. Kalton
Selecta, Volume 1, Springer, 2016, pp. 715-764.

[37] 1. Karatzas and S.E. Shreve, Brownian motion and stochastic calculus, second ed., Graduate
Texts in Mathematics, vol. 113, Springer-Verlag, New York, 1991. MR-1121940

[38] C. Kardaras, On the closure in the Emery topology of semimartingale wealth-process sets,
Ann. Appl. Probab. 23 (2013), no. 4, 1355-1376. MR-3098435

[39] N. Kazamaki, Changes of time, stochastic integrals, and weak martingales, Z. Wahrschein-
lichkeitstheorie und Verw. Gebiete 22 (1972), 25-32. MR-0310966

[40] N.V. Krylov, An analytic approach to SPDEs, Stochastic partial differential equations: six
perspectives, Math. Surveys Monogr., vol. 64, Amer. Math. Soc., Providence, RI, 1999,
pp. 185-242. MR-MR1661766

[41] PC. Kunstmann and L.W. Weis, Maximal L,-regularity for parabolic equations, Fourier
multiplier theorems and H°°-functional calculus, Functional analytic methods for evolution
equations, Lecture Notes in Math., vol. 1855, Springer, Berlin, 2004, pp. 65-311. MR-
MR2108959

[42] H.H. Kuo, Gaussian measures in Banach spaces, Lecture Notes in Mathematics, Vol. 463,
Springer-Verlag, Berlin-New York, 1975. MR-0461643

[43] S. Kwapien, M.C. Veraar, and L.W. Weis, R-boundedness versus y-boundedness, Ark. Mat. 54
(2016), no. 1, 125-145. MR-3475820

[44] A. Lunardi, Analytic semigroups and optimal regularity in parabolic problems, Progress in
Nonlinear Differential Equations and their Applications, 16, Birkhauser Verlag, Basel, 1995.
MR-MR1329547

[45] V. Mandrekar and B. Riidiger, Stochastic integration in Banach spaces, Probability Theory and
Stochastic Modelling, vol. 73, Springer, Cham, 2015, Theory and applications. MR-3243582

[46] C. Marinelli, On maximal inequalities for purely discontinuous L,-valued martingales,
arXiv:1311.7120.

[47] C. Marinelli and M. Rockner, On maximal inequalities for purely discontinuous martingales
in infinite dimensions, Séminaire de Probabilités XLVI, Lecture Notes in Math., vol. 2123,
Springer, Cham, 2014, pp. 293-315. MR-3330821

[48] T.R. McConnell, Decoupling and stochastic integration in UMD Banach spaces, Probab. Math.
Statist. 10 (1989), no. 2, 283-295. MR-MR1057936

[49] M. Métivier and ]J. Pellaumail, Stochastic integration, Academic Press [Harcourt Brace
Jovanovich, Publishers], New York-London-Toronto, Ont., 1980, Probability and Mathematical
Statistics. MR-578177

[50] R. Mikulevicius and B.L. Rozovskii, Normalized stochastic integrals in topological vector
spaces, Séminaire de Probabilités, XXXII, Lecture Notes in Math., vol. 1686, Springer, Berlin,
1998, pp. 137-165. MR-1655149

[51] J.M.A.M. van Neerven, v-radonifying operators—a survey, The AMSI-ANU Workshop on
Spectral Theory and Harmonic Analysis, Proc. Centre Math. Appl. Austral. Nat. Univ., vol. 44,
Austral. Nat. Univ,, Canberra, 2010, pp. 1-61. MR-2655391

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 51/53


http://www.ams.org/mathscinet-getitem?mr=1864042
http://www.ams.org/mathscinet-getitem?mr=0423451
http://www.ams.org/mathscinet-getitem?mr=1930962
http://www.ams.org/mathscinet-getitem?mr=1876169
http://www.ams.org/mathscinet-getitem?mr=1121940
http://www.ams.org/mathscinet-getitem?mr=3098435
http://www.ams.org/mathscinet-getitem?mr=0310966
http://www.ams.org/mathscinet-getitem?mr=MR1661766
http://www.ams.org/mathscinet-getitem?mr=MR2108959
http://www.ams.org/mathscinet-getitem?mr=MR2108959
http://www.ams.org/mathscinet-getitem?mr=0461643
http://www.ams.org/mathscinet-getitem?mr=3475820
http://www.ams.org/mathscinet-getitem?mr=MR1329547
http://www.ams.org/mathscinet-getitem?mr=3243582
http://arXiv.org/abs/1311.7120
http://www.ams.org/mathscinet-getitem?mr=3330821
http://www.ams.org/mathscinet-getitem?mr=MR1057936
http://www.ams.org/mathscinet-getitem?mr=578177
http://www.ams.org/mathscinet-getitem?mr=1655149
http://www.ams.org/mathscinet-getitem?mr=2655391
http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Cylindrical continuous martingales

[52] J.M.A.M. van Neerven, M.C. Veraar, and L.W. Weis, Conditions for stochastic integrability in
UMD Banach spaces, Banach spaces and their applications in analysis, Walter de Gruyter,
Berlin, 2007, pp. 125-146. MR-2374704

[53] J.M.A.M. van Neerven, M.C. Veraar, and L.W. Weis, Stochastic integration in UMD Banach
spaces, Ann. Probab. 35 (2007), no. 4, 1438-1478. MR-2330977

[54] J.M.A.M. van Neerven, M.C. Veraar, and L.W. Weis, Stochastic evolution equations in UMD
Banach spaces, J. Funct. Anal. 255 (2008), no. 4, 940-993. MR-2433958

[55] J.JM.A.M. van Neerven, M.C. Veraar, and L.W. Weis, Stochastic maximal L?-regularity, Ann.
Probab. 40 (2012), no. 2, 788-812. MR-2952092

[56] J.M.A.M. van Neerven, M.C. Veraar, and L.W. Weis, Stochastic integration in Banach spaces - a
survey, Stochastic Analysis: A Series of Lectures, Progress in Probability, vol. 68, Birkhauser
Verlag, 2015.

[57]1 J.M.A.M. van Neerven and L.W. Weis, Stochastic integration of functions with values in a
Banach space, Studia Math. 166 (2005), no. 2, 131-170. MR-2109586

[58] A.L. Neidhardt, Stochastic Integrals in 2-Uniformly Smooth Banach Spaces, Ph.D. thesis,
University of Wisconsin, 1978.

[59] M. Ondrejat, Uniqueness for stochastic evolution equations in Banach spaces, Dissertationes
Math. (Rozprawy Mat.) 426 (2004), 63. MR-2067962

[60] M. Ondrejat, Brownian representations of cylindrical local martingales, martingale problem
and strong Markov property of weak solutions of SPDEs in Banach spaces, Czechoslovak
Math. J. 55(130) (2005), no. 4, 1003-1039. MR-2184381

[61] M. Ondrejat, Integral representations of cylindrical local martingales in every separable
Banach space, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 10 (2007), no. 3, 365-379.
MR-2354366

[62] M. Ondrejat and M.C. Veraar, Weak characterizations of stochastic integrability and Dudley’s
theorem in infinite dimensions, J. Theoret. Probab. 27 (2014), no. 4, 1350-1374. MR-3278944

[63] J.R. Partington, Linear operators and linear systems, London Mathematical Society Student
Texts, vol. 60, Cambridge University Press, Cambridge, 2004, An analytical approach to
control theory. MR-2158502

[64] S. Peszat and ]J. Zabczyk, Stochastic partial differential equations with Lévy noise. an evolution
equation approach, Encyclopedia of Mathematics and its Applications, vol. 113, Cambridge
University Press, Cambridge, 2007. MR-2356959

[65] G. Pisier, Some results on Banach spaces without local unconditional structure, Compositio
Math. 37 (1978), no. 1, 3-19. MR-501916

[66] PE. Protter, Stochastic integration and differential equations, Stochastic Modelling and
Applied Probability, vol. 21, Springer-Verlag, Berlin, 2005, Second edition. Version 2.1,
Corrected third printing. MR-2273672

[67] D. Revuz and M. Yor, Continuous martingales and Brownian motion, third ed., Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 293, Springer-Verlag, Berlin, 1999. MR-1725357

[68] M. Riedle and O. van Gaans, Stochastic integration for Lévy processes with values in Banach
spaces, Stochastic Process. Appl. 119 (2009), no. 6, 1952-1974. MR-2519352

[69] J. Rosinski, Bilinear random integrals, Dissertationes Math. (Rozprawy Mat.) 259 (1987), 71.
MR-MR888463

[70] J. Rosinski and Z. Suchanecki, On the space of vector-valued functions integrable with respect
to the white noise, Colloq. Math. 43 (1980), no. 1, 183-201 (1981). MR-615985

[71] J.L. Rubio de Francia, Martingale and integral transforms of Banach space valued functions,
Probability and Banach spaces (Zaragoza, 1985), Lecture Notes in Math., vol. 1221, Springer,
Berlin, 1986, pp. 195-222. MR-MR875011

[72] W. Rudin, Real and complex analysis, third ed., McGraw-Hill Book Co., New York, 1987.
MR-924157

[73] L. Schwartz, Le théoréme des trois opérateurs, Ann. Math. Blaise Pascal 3 (1996), no. 1,
143-164. MR-1397330

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 52/53


http://www.ams.org/mathscinet-getitem?mr=2374704
http://www.ams.org/mathscinet-getitem?mr=2330977
http://www.ams.org/mathscinet-getitem?mr=2433958
http://www.ams.org/mathscinet-getitem?mr=2952092
http://www.ams.org/mathscinet-getitem?mr=2109586
http://www.ams.org/mathscinet-getitem?mr=2067962
http://www.ams.org/mathscinet-getitem?mr=2184381
http://www.ams.org/mathscinet-getitem?mr=2354366
http://www.ams.org/mathscinet-getitem?mr=3278944
http://www.ams.org/mathscinet-getitem?mr=2158502
http://www.ams.org/mathscinet-getitem?mr=2356959
http://www.ams.org/mathscinet-getitem?mr=501916
http://www.ams.org/mathscinet-getitem?mr=2273672
http://www.ams.org/mathscinet-getitem?mr=1725357
http://www.ams.org/mathscinet-getitem?mr=2519352
http://www.ams.org/mathscinet-getitem?mr=MR888463
http://www.ams.org/mathscinet-getitem?mr=615985
http://www.ams.org/mathscinet-getitem?mr=MR875011
http://www.ams.org/mathscinet-getitem?mr=924157
http://www.ams.org/mathscinet-getitem?mr=1397330
http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Cylindrical continuous martingales

[74] Z. Suchanecki and A. Weron, Decomposability of cylindrical martingales and absolutely
summing operators, Math. Z. 185 (1984), no. 2, 271-280. MR-731348

[75] A.E. Taylor, Introduction to functional analysis, John Wiley & Sons, Inc., New York; Chapman
& Hall, Ltd., London, 1958. MR-0098966

[76] N.N. Vakhania, V.I. Tarieladze, and S.A. Chobanyan, Probability distributions on Banach
spaces, Mathematics and its Applications (Soviet Series), vol. 14, D. Reidel Publishing Co.,
Dordrecht, 1987, Translated from the Russian and with a preface by Wojbor A. Woyczynski.
MR-1435288

[77]1 M.C. Veraar, Continuous local martingales and stochastic integration in UMD Banach spaces,
Stochastics 79 (2007), no. 6, 601-618. MR-2368370

[78] M.C. Veraar and L.W. Weis, A note on maximal estimates for stochastic convolutions,
Czechoslovak Math. J. 61(136) (2011), no. 3, 743-758. MR-2853088

Acknowledgments. The authors would like to thank Jan van Neerven for helpful
comments. We are indebted to the anonymous referee for his/her valuable comments to

improve the paper.

EJP 21 (2016), paper 59. http://www.imstat.org/ejp/
Page 53/53


http://www.ams.org/mathscinet-getitem?mr=731348
http://www.ams.org/mathscinet-getitem?mr=0098966
http://www.ams.org/mathscinet-getitem?mr=1435288
http://www.ams.org/mathscinet-getitem?mr=2368370
http://www.ams.org/mathscinet-getitem?mr=2853088
http://dx.doi.org/10.1214/16-EJP7
http://www.imstat.org/ejp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Preliminaries
	Positive operators and self-adjoint operators on Banach spaces
	Supremum of measures

	Cylindrical continuous martingales and quadratic variation
	Definitions
	Quadratic variation operator
	Quadratic variation for local martingales
	Cylindrical martingales and stochastic integrals
	Quadratic Doléans measure
	Covariation operators

	Stochastic integration with respect to cylindrical continuous local martingales
	-radonifying operators
	The UMD property
	Characterization of stochastic integrability
	Time transformations
	Representation and cylindrical Brownian motion
	Proof of the main characterization Theorem 4.1
	Further consequences
	Itô's formula

	Stochastic evolution equations and cylindrical noise
	Analytic preliminaries
	Hypotheses and problem formulation
	Existence and uniqueness result
	The fix point argument
	Existence and uniqueness when the variation is small
	Proof of the main existence and uniqueness result

	A technical lemma on measurable selections
	References

