Boussinesq modelling of wave-induced
particle velocities

M.Sc. Thesis

July 1995

TUDelft Gig)

»ow

Delft University of Technology

H 2065



Boussinesq modelling of wave-induced
particle velocities

Judith Bosboom

M.Sc. Thesis Supervision

Delft University of Technology Prof.dr.ir. J.A. Battjes
Faculty of Civil Engineering Dr.ir. J.A. Roelvink
Hydraulic and Geotechnical Engineering Division Prof.dr.ir. M.J.F. Stive

Hydraulic Engineering Group




Boussinesq modelling of wave-induced particle velocities H 2065 July 1985

delft hydraulics

Abstract

In this thesis, the modelling of the horizontal velocity field under waves using Boussinesqg-
type models is studied. Special attention is paid to the prediction of bottom velocities in view
of sediment-transport formulations.

Boussinesq-type models describe the propagation of weakly non-linear shallow-water waves.
The depth-dependence of the velocity field has been removed in deriving the equations,
which are therefore stated in the surface elevation and one single horizontal velocity variable,
the so-called computational velocity. After integration of the Boussinesqg-type equations, the
horizontal velocity field must be reproduced in some kind of postprocessing. Many different
forms of Boussinesg-type equations exist. They differ in frequency-dispersion and shoaling
characteristics as well as in the used computational velocity variable.

Various different forms of Boussinesg-type equations are compared in view of their capability
in reproducing the horizontal velocity field. A set of equations with good frequency-disper-
sion and shoaling behaviour and stated in terms of the depth-averaged horizontal velocity
is selected for numerical treatment. The method to reconstruct the horizontal velocity field
from the depth-averaged velocity is described.

The selected equations are implemented in an existing time domain Boussinesq model (Beji
and Battjes, 1994) supplemented with a formulation to obtain the horizontal velocity field.
The model is validated against surface elevation data from three different wave flume experi-
ments (see Dingemans, 1994a and Luth et al., 1994).

The time domain model is used to predict the horizontal velocity field, especially bottom
velocities, obtained from wave flume experiments of non-breaking regular waves propagating
over a submerged bar (Luth et al., 1994). The results show encouraging agreement with the
measurements. The comparison is limited inshore by the wave breaking process.

In order to predict horizontal velocities in breaking waves, a spectral Boussinesq model in
which a spectral breaking term is incorporated (Eldeberky and Battjes, 1995), is used. This
model is based on the assumption of uni-directional wave propagation and therefore only
yields surface elevations. The spectral model is extended to compute the depth-averaged
horizontal velocity and, subsequently, the complete horizontal velocity field.

The extended spectral model is verified against wave flume experiments of irregular
(partially) breaking waves propagating over a nearly monotonic sandy beach (Arcilla et al.,
1994 and Roelvink and Reniers, 1995). In the comparison of computations with measure-
ments, the focus is on bottom velocity time series and resulting third odd velocity moments.
Good results are obtained for long waves. For shorter waves a significant underestimation
of the crest values and velocity moments is found.

It is concluded that the accuracy in predicting horizontal velocities with Boussinesq models

is comparable to the accuracy in predicting surface elevations. The latter is limited by the
inaccurate frequency dispersion of Boussinesq models in deeper water.

Abstract — 1
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1 Introduction

1.1 General

The prediction of sediment transport in the coastal zone is a main interest in morphological
problems. Sediment transport by waves may be due to net flow, long wave flow and short
wave orbital motion, and to interactions between these.

A net transport occurs in the case of net velocities such as the return flow under breaking
waves, net drift velocities associated with standing long waves and the net velocity effect
introduced through short wave asymmetry.

The short wave motion increases the time-averaged amount of suspended sediment and
therefore the amount of sediment transported by the net flow. The interaction between long
and short waves can also contribute to a net transport. Roelvink and Stive (1989) demonstrate
the importance of this interaction. The net transport effect was shown to be the result of a
strong correlation between the amount of suspended sediment and the long wave velocity;
the short wave amplitude varies on the time scale of the wave groups which causes the
amount of suspended sediment to vary on the same time scale. The strong correlation
between suspended load and the long wave velocity occurs since the long waves act on the
time scale of the wave groups as well.

Because of the complexity of the mechanisms contributing to sediment transport, no accurate
enough transport formulation is available at the moment. Reasonably good results are
obtained using the Bailard formulation (see Bailard, 1981) which is based on a concept first
introduced by Bagnold (1966). The sediment transport is assumed to be related to the energy
dissipation near the bed. The energy dissipation is described as a function of the
instantaneous velocity near the bed. In the formulation a distinction is made between bed
load and suspended load. For the time-averaged transport rate <i(f)> is found:

<) > = <> + <i()>

<iy( > = sy <|u@?u@ > - s, ang <|u@|>> (1.1)

)]

<> =5y <|u®]Pu@® > - s, tanf <|u@]®>

where <i,(f)> and <i(f)> are the bed load and suspended load transport rate, respective-
ly, averaged over the short wave and wave group scale, tan 3 is the bottom slope and u(¢)
is the instantaneous near-bed velocity which consists of a wave group averaged component
i and an oscillatory component #. The parameters sy, S, §;; and 5y, containing sediment
parameters, can be found in Bailard (1981). The terms containing the even velocity moments
<|u|®>> and <|u|>> are directed downslope and are usually an order of magnitude
smaller than the terms containing the odd velocity moments < |u|%u> and < |u|3u>.

It is obvious that the correct prediction of the instantaneous near-bed velocity and conse-
quently the velocity moments, is essential for the prediction of sediment transport. For this
purpose, wave propagation models are needed which are able to describe horizontal as well
as vertical wave asymmetry. Boussinesq models include both of these shallow-water effects.
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1.2 Scope and aim of the present study

As was mentioned in Section 1.1, there is a need of wave propagation models suited for the
prediction of near-bed velocities in shallow water. Wave propagation in shallow water
involves non-linear shallow-water effects such as the generation of bound sub- and super-
harmonics and near-resonant triad interactions. The process of triad interactions involves
energy exchange between three interacting wave modes and leads to substantial cross spectral
energy transfer in relatively short distances. The strength of the interactions is governed by
the phase mismatch between the free and bound wave numbers, which implies that the
process will be enhanced for decreasing water depths where eventually the waves become
non-dispersive. During shoaling more and more energy will be transferred into bound sub-
and super-harmonics which will travel phase-locked to the primary wave train. Simuita-
neously, part of the energy can be released as free harmonics, for example during the
passage over a submerged bar. These non-linear interaction processes lead to significant
changes in the spectral shape and the wave profile and can be satisfactorily modelled using
Boussinesq-type equations. The linear dispersion and shoaling properties of the used
equations are important for a correct representation of the non-linear energy transfer.

Boussinesg-type models, which describe the propagation of weakly non-linear shallow-water
waves, were found to yield good predictions for the free surface elevation (see e.g. Beji
and Battjes, 1994 and Eldeberky and Battjes, 1995). Further, since Boussinesg-type equations
are integrated over the water depth, they require relatively little computational effort and are
therefore attractive from an economical point of view. Many different forms of Boussinesg-
type equations exist, which differ in their frequency-dispersion and shoaling characteristics
and therefore in their range of practical applicability.

The vertical dependence has been removed in Boussinesq-type equations, which means
amongst others that the horizontal velocity field is represented by a single velocity variable,
the so-called computational velocity. Therefore, time domain Boussinesq-type models
provide, besides the free surface elevation, only the computational velocity variable. This
computational velocity can be chosen in different ways, e.g. the near-bed velocity, the depth-
integrated velocity and the surface velocity. The choice of the computational velocity
influences the frequency-dispersion and shoaling characteristics. Except for Boussinesg-type
equations stated in terms of the near-bed velocity, the determination of the near-bed velocity
requires the reconstruction of the horizontal velocity field in some kind of postprocessing.

Besides the direct time domain approach, a spectral approach can be used by rewriting the
time domain equations into the frequency domain (see Madsen and Serensen, 1993). In this
procedure uni-directional wave propagation is assumed, resulting in spectral Boussinesq equa-
tions stated in terms of the surface elevation only. When interested in the prediction of near-
bed velocities, an expression must be found to determine the horizontal velocity field after
solving the equations for the surface elevation.

In view of the above, the principal research questions are whether and under which restric-
tions near-bed velocities can be modelled using Boussinesg-type equations. Those questions
are addressed in this study. As a starting point both a time domain Boussinesq model and
a spectral Boussinesq model supplemented with a spectral breaking term, which were both
available at Delft University of Technology, were used.
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The objectives of the present study can now be specified as follows:

1 Determination and implementation of the time domain Boussinesq-type equations
which are most suitable for the prediction of near-bed velocities. The determination
of the near-bed velocities can be done either directly, using equations stated in the
near-bed velocity, or indirectly by reconstruction of the velocity field after integra-
tion of the equations. In the latter case, a method to reconstruct the velocity field
has to be found.

2 Extension of the spectral model with a formulation for the determination of the
horizontal velocity field, especially the near-bed velocities.

3 Verifying the computation of the near-bed velocity with both the time domain model
and the spectral model against laboratory measurements of non-breaking and both
non-breaking and breaking waves, respectively.

1.3 Outline of report

The general lay-out of the report is as follows. Chapter 2 gives an overview of equations
for water waves and the approximations behind them. In Chapter 3, different forms of the
time domain Boussinesq equations are compared in view of their capability in determining
the near-bed velocities, and the equations selected for numerical treatment are presented.

In Chapter 4, the numerical method used to determine the near-bed velocities on the basis
of the selected time domain equations is presented. Chapter 5 is about the validation of the
time domain model with respect to surface elavations. The verification of time-domain
velocity computations against laboratory measurements of both regular and irregular non-
breaking waves is presented in Chapter 6.

The extension of the spectral model to compute near-bed velocities is described in Chapter 7.
The extended model was tested against laboratory measurements of both non-breaking and
breaking irregular waves, results of which are presented in Chapter 8.

Finally, conclusions and recommendations are given in Chapter 9.

The figures and tables in the report are numbered in a systematic way. The first character
indicates the number of the chapter. The figure or table can be found in the text of this
chapter if the second character is a digit and in the Appendices if the second character is a
letter.
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2 Equations for water waves

2.1 Introduction

In principle, the motion of water for an incompressible Newtonian fluid is well described
by the continuity equation and the Navier-Stokes equations of motion. Problems arise
however in solving the equations. This is especially the case with water waves where the
difficulty is compounded by the unknown position of the free surface and the relatively
complicated (non-linear) boundary conditions to be applied there.

To simplify the problem the fluid motion is often assumed to be irrotational. As long as
breaking does not occur, this is a good approximation for waves invading still water of not
too small a depth. Then, there is no initial vorticity and the boundary layers at the bottom
and the free surface, from where vorticity can enter the fluid by the effects of viscosity, are
relatively thin. For an incompressible fluid with constant viscosity, the effects of viscosity
in the Navier-Stokes equations vanish under the assumption of irrotationality. In that case
the Navier-Stokes equations reduce to the Euler equations.

The equations describing the irrotational motion of an incompressible fluid with constant
density p and constant viscosity read

V.-u=0 (2.1)

U +(u- Nu+v(L+g2) =0 (2.2)
p

VXu=0 (2.3)

in which p denotes the pressure. The velocity in the directions (x,y,z) is denoted by

u = (u,v,w)

The direction Oz is chosen vertically upwards and the still-water level is taken at z = 0. The
free surface is z = ¢ (x,y,?), the bottom is z = A4 (x,y). Suffices are representing partial
differentiation. Equation (2.1) is the continuity equation, representing conservation of mass.
The Euler equations for conservation of momentum in two horizontal directions and in
vertical direction are given by Equation (2.2). Equation (2.3) is the irrotationality condition.

Those equations have to be completed with boundary conditions at the bottom and free
surface. From the fact that fluid particles move with the free surface, the kinematic boundary

condition at z = { (x,y,) is found to be

g‘,+u§‘x+v§‘y=w (2.4)

The dynamic boundary condition is that the pressure at the surface is zero:
p =0 (2.5)
4
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The velocity in a direction perpendicular to the bottom is assumed to be zero, which yields
onz = -h(xy

uhx+vhy+w=0 (2.6)

For an irrotational motion the velocity field is derivable from a scalar potential. A velocity
potential ¢ (x,y,z,7) may be introduced such that

U=V

Equation (2.1) then gives the Laplace equation:
vig =0

The water motion is now completely described by Equations (2.1-6). Unfortunately, analy-
tical solutions for these equations are for special cases, whereas numerical solutions can only
be obtained with a considerable amount of computation. In order to find wave propagation
formulations which can be solved either analytically or numerically, further approximations
are necessary. The appropriate model depends on the spatial and temporal scales involved,
such as: 1) the ratio of depth to wave length A/L or equivalently k4 where the wave number
k = 2x/L; 2) the ratio of amplitude to depth a/h; and 3) the ratio of amplitude to wave
length a/L or equivalently ak.

In Section 2.2 the Stokes expansion, which at first order gives the linear theory, is
considered. The Stokes expansion is valid if the Stokes parameter (a/c)/(kh)3 is a smail
quantity and is therefore not converging in shallow water (k2 < 1) . The Stokes solution
is formulated in both the horizontal space (the propagation space) and the vertical direction
(the cross space). Therefore the vertical structure of the waves has to be obtained as part
of the solution.

A different approach to find approximate models is based on separating the propagation space
and cross space; by making assumptions about the vertical structure the vertical coordinate
can be eliminated. This results in wave propagation equations which are formulated in the
propagation space only and therefore can be solved relatively fast. This is a very suitable
approach for long waves (kh < 1) because of the weak depth-dependence of the velocity
field. Within this shallow-water restriction the finite-amplitude theory and Boussinesg-type
approximations, which are described in Section 2.3 and 2.4 respectively, can be obtained.
The drawback of this type of wave propagation models is that they are only valid for (fairly)
long waves. In Section 2.3 it is shown that the fact that the wave length L should be very
much longer than a characteristic depth /4 also limits the possible bottom slope 4,.

There are various ways to derive the finite-amplitude theory and Boussinesq-type equations.
As stated before the main point in all derivations is the integration of the equations with
respect to the vertical coordinate z. At some point in the derivations assumptions about the
vertical structure have to be made. It is preferable that the implications of these assumptions
are made explicit by using non-dimensional and scaled variables in deriving the equations.
The two important scaling parameters are the shallowness parameter #/L and the amplitude
parameter a/h. It is convenient to represent these parameters by u and ¢ respectively:
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The assumptions made about the vertical structure depend on the relative magnitude of & with
respect to . The finite-amplitude theory is obtained for ¢ = O (1). If ¢ and u are of the
same order the Boussinesg-type equations are obtained. It will be demonstrated that the shal-
lowness parameter pu can be associated with the effects of frequency dispersion, while ¢ is
representing the terms which give rise to amplitude dispersion.

In Peregrine (1967, 1971) and Dingemans (1973, 1994b), who both used a perturbation
approach to derive the equations, the scaling of the variables and the implications for the
resulting equations is dealt with in great detail. In the sections on the finite-amplitude theory
and the Boussinesq approximation basically their approach is followed, although the
derivation is only broadly outlined.

The finite-amplitude and Boussinesq-type equations will be given in one horizontal dimension
denoted by x. The y-coordinate and components are easily included if it is necessary to

_generalise the 1D equations to the 2DH situation.

2.2 Linearized equations

If the wave slope parameter ak is small, a good way to find approximate solutions to Equa-
tions (2.1-6) is to linearize the free-surface boundary conditions and apply them to the undis-
turbed position of the free surface (z = 0). The linearized equations then become in terms
of the velocity potential

V24 =0 2.7
§,=¢, and ¢,+gi{=0 on z=0 (2.8)
behy+dh, +d, =0 on z=-hxy) 2.9)

Equation (2.7) is the Laplace equation. The boundary conditions at the surface are given by
Equation (2.8), whereas Equation (2.9) gives the boundary condition at the bottom. From
this set of equations ¢ (x,y,z,f) and { (x,y,f) can be solved.

Since the problem is now linear with fixed boundaries, many techniques are available for
its solution. In case of a horizontal bottom a simple solution of these linearized equations
is given by a wave consisting of a single Fourier component. The dispersion relation, the
relation between the cyclic frequency w and the wave number &, corresponding to this
solution is given by Equation (2.10). Note that the phase celerity ¢ = w/k.

2
.Z;_h. - _____‘an/:‘hkh (2.10)
6
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For kh - 0 the dispersion relation reduces to ¢ = gh. Hence, if the wave is long enough
(kh < 1), the phase celerity is independent of the wave number and the wave is non-disper-
sive. Short waves (kk > 1) on the other hand, are highly dispersive.

It is important to consider the approximations implied by the linearization. Ratios between
the neglected terms and terms which have been retained in the free-surface boundary condi-
tion can be worked out using the solution for a horizontal bottom. The condition that those
ratios be small is found to be satisfied by

ak <1 (2.11)
if kh is not small and by

a<h (2.12)

if kh is small.

Stokes extended this solution of the linearized equations to non-linear wave motion by
invoking some perturbation method. If the solution for the constant depth situation is
considered to be the first-order approximation in a perturbation expansion in terms of ak,
then further terms can be found as corrections to the first approximation. The ratio of the
second-order correction term to the linear solution is found to be small within the conditions
(2.11) and (2.12) unless kA < 1. In that case a further requirement is that the Stokes
parameter is a small quantity:

(arh)® _ (ak) _ (2.13)
(ak)?  (kh)?

This condition is very stringent since it implies that

ak < (kh) 3

where kh is already less than 1. Therefore it can be concluded that the Stokes expansion,
which at first order gives the linear theory, is not converging in shallow water unless the
wave slope parameter ak is extremely small. Hence, for fairly long waves a different
approach is needed.

2.3 Classical finite-amplitude shallow-water equations

The finite-amplitude equations are non-linear long-wave equations without frequency disper-
sion. The equations can be derived by assuming that ¢ = O (1) and 4 < 1. The latter means
that the wave properties vary little in a distance of the same order of the depth. Integration
of Equations (2.1-3) with respect to z using the boundary conditions at the bottom and free
surface (2.4-6), eliminates the vertical coordinate. In this integration procedure terms of O
(w) are neglected. The condition of irrotationality (2.3) gives on integration that the velocity
is independent of the depth to O (n). The vertical acceleration is O (1) and is neglected.
Hence, the integration of the vertical momentum equation yields that the pressure is hydro-
static to O (u).
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Omitting the dependence of the second horizontal coordinate, Equations (2.1-6) yield upon
integration the finite-amplitude equations for the 1DH case:

a;+ J . _

= _é}[(h Dul =0 (2.14a)
6u+ au+ a _

5 U tEy S0 (2.14b)

The terms in the left hand sides of the equations are O (1).
Note that the finite-amplitude equations give on linearization the linear theory for k4 — 0.

The above equations can also be derived by making one of the equivalent assumptions: that
the pressure is hydrostatic or that the horizontal velocity is uniform with the depth.

The non-dimensionalisation and scaling also shows that the bottom slope dA/dx is at most

dh | O (9) (2.15)

dx

in which

& =pu
This means that at least one primary wave length should fit in the inhomogeneity region.

The phase velocity, defined as the velocity of a point of constant elevation, for these finite-
amplitude waves is given as

6'2 =g (h+}) (2.16)

Two conclusions can be drawn from this expression. At first, since the phase velocity does
not depend on the wave number % there is no frequency dispersion. And secondly, the higher
part of the wave travels faster than the lower part which implies that the wave front
continually steepens. No permanent solutions are possible. This process is called amplitude
dispersion.

The steepening in fact means that a description in Fourier modes needs more harmonics.
To counteract the steepening of the wave front, frequency dispersion should be included;
the effect of frequency dispersion is that the higher harmonics i.e. shorter waves travel much
slower than the basic wave.

2.4 Boussinesq-type equations

The Boussinesg-type equations describe non-linear long waves with frequency dispersion and
amplitude dispersion of comparable magnitude. They are derived taking € and u to be of the
same order. Basically, the frequency dispersion is introduced in the equations by taking into
account the effect of the curvature of the streamlines (or the vertical acceleration) on the
pressure distribution. As was mentioned in Section 2.3, the assumption that p < 1 implies
that the bottom slope |dh/dx| is O (x*) at most.



Boussinesq modelling of wave-induced particle velocities H 2065 July 1995

delft hydraulics

While integrating the equations, terms of O (i) are now retained and terms of O (eu,uz) are
neglected. As opposed to the finite-amplitude shallow-water equations, in the Boussinesq-type
equations the vertical acceleration is retained to some extent; the local vertical acceleration
is accounted for. This results in a pressure distribution which is no longer hydrostatic and
a horizontal velocity field which is now parabolic instead of uniform over the depth. Integra-
tion of the irrotationality condition now yields integration constants of the horizontal velocity.
Those constants have to be recombined into a velocity variable at a certain level. So, there
is a choice of the velocity variable to be used in stating the equations. For example, the
velocity at the still-water line z = 0, the velocity at the bottom z = -A or the depth-averaged
velocity can be used.

With the vertically averaged velocity # as computational velocity, the equations read in one
horizontal dimension and for variable depth

%—i—+%[(h+§)ﬁ] -0 (2.17a)
g -om . dr 1,8, .- 1,- 2

ou zOu, 08 1,9 Ly 0 (en, 2.17b
T R zhat[(hu)Lr 3 Uyl + O (ep,pn”) ( )

The Boussinesq-type equations only differ from the finite-amplitude shallow-water equations
by the third-order derivative terms in the right-hand side of the equations. In the set of
equations (2.17) the third-order derivatives only appear in the momentum equation (2.17b);
the vertically averaged continuity equation (2.17a) is exact when written in terms of 4. If
the equations are written in non-dimensional variables the relative magnitude of the various
terms in the equations is clear directly from the appearance of the parameters ¢ and u (see
for example Peregrine, 1971 and Dingemans, 1994b). It is found that the third-order terms
contain the small parameter u. Because p is a measure for the wave length at a given still-
water depth those terms are a measure for the frequency dispersion. Further, it is obvious
that the non-linear terms in both the continuity equation and the momentum eqguation contain
the parameter ¢, which was introduced as an amplitude measure. As was demonstrated in
Section 2.3, the non-linear terms give rise to amplitude dispersion. Therefore it can be
concluded that the Boussinesq-type equations describe wave propagation for the case that
frequency dispersion and amplitude dispersion are balanced. The limiting cases, however,
are obtained for ¢ < u (linear long waves) and ¢ > p (finite-amplitude long waves). In
contrast with the finite-amplitude shallow-water equations, the Boussinesq-type equations
can have permanent solutions. An example of a permanent wave form is a cnoidal wave in
which all higher harmonics are phase-locked.

Solution of a specific set of Boussinesq-type equations yields values for the surface elevation
and the computational horizontal velocity. Since the vertical dependence has been removed,
expressions for the pressure and the horizontal and vertical velocity as a function of the depth
have to be determined in some kind of postprocessing. The pressure distribution and the velo-
city field can be reconstructed using the expansions which were used to obtain the specific
set of equations. The horizontal velocity field, for example, reads in terms of # (Dingemans,
1994b)
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u(x,z,f) = E—[_;.h +z](hi2)n+[%h7‘ —%zz]ﬁu+0(uez,uze) 2.18)

In this expression terms of O (uaz,uzs) are neglected. The parabolic correction terms are
O (r). Note that the latter terms are neglected in the finite-amplitude shallow-water theory
where the horizontal velocity is assumed to be uniform over the depth.

Instead of a formulation in the vertically averaged velocity #, a formulation in terms of the
volume fluxes g is often used. The vertically averaged velocity # can be determined from
the flux as follows:

gy = 9% 2.19
R T ETeT) @19

Rewriting the equations in the averaged velocity (2.17) using Equation (2.19) yields the
corresponding equations written in terms of g:

§£+§_g -0 (2.20a)
ar  ox

1,39 (¢ 2
~h° 11 +0(en, 2.20b
. aﬁ{h” (ew,p?) (2.20b)

2 2
?_EI_+_§_ 9 +g(h+§‘)f2§=ii hz_(?_c_]_~
ot ox | h+{ ax 2 ot 9x2

The characteristics of the equations are not changed by rephrasing the equations in Z in terms
of the flux g.

10
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3 Comparison of various Boussinesqg-type
models

3.1 Introduction

As indicated in Chapter 2, Boussinesg-type equations provide a good and highly efficient
way to reproduce the effects of wave phenomena for (fairly) long waves. Besides the sets
of equations presented in Chapter 2, many other forms of Boussinesq-type equations have
been derived, some of which will be considered in this chapter. The purpose is to find the
most suitable model for the numerical modelling of the horizontal velocity field and
especially the near-bottom velocities. This model should meet the following requirements:

1 The equations should have excellent frequency-dispersion and shoaling behaviour
since it can be expected that accurate prediction of velocity variables is only possible
if the free surface elevation is described well.

2 The equations should be formulated in such a way that after solution of the set of
equations the velocity field can be reconstructed.

Different sets of Boussinesg-type equations, which differ only in the third-order frequency-
dispersion terms, can be obtained by choosing a different computational (horizontal) velocity
variable. A closer study of the derivation by for example Dingemans (1994b) shows that the
choice of the computational velocity slightly influences the way the vertical acceleration is
accounted for. However, within the order of approximation used in deriving the Boussinesq-
type equations the various formulations for the vertical acceleration are equivalent.

Although the different models are asymptotically equivalent, the (linearized) sets of equations
have different dispersion relations. Those dispersion relations follow for a Fourier component
for the constant depth situation. In Section 3.2.1, the most common forms are derived using
the equations written in # as a starting point. Their linear frequency-dispersion characteristics
are compared in Section 3.2.2.

The applicability of the models described in Section 3.2 is limited because of the inaccurate
representation of the frequency dispersion. Especially for shorter waves large discrepancies
exist between the phase velocity obtained by those models and measurements. The result of
inaccurate frequency dispersion therefore is that the computed wave form is wrong. Recently,
a lot of effort has been spent on improving the frequency-dispersion characteristics of
Boussinesg-type models. Improved frequency dispersion typically leads to another form of the
Boussinesg-type equations. An overview of the recent achievements is given in Section 3.3.
Only Boussinesq models are considered in which the frequency dispersion is improved
without introducing still higher derivatives than the third; higher-order frequency dispersion
leading to fifth-order derivatives might be a next step in improving the applicability of
Boussinesq-type models. It should be stressed that, although the frequency dispersion can
be improved, the incorrect representation of the phase velocity for shorter waves is a direct
result of the basic assumption made in deriving the Boussinesq equations that we are dealing
with (fairly) long waves with respect to the local depth.

11
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For horizontal bottom the differences of behaviour of the various Boussinesg-type models
are wholly attributable to different frequency-dispersion characteristics. The models described
in Section 3.3 all have the same optimum frequency-dispersion behaviour for the correspon-
ding cases of horizontal bottom. The depth-dependent terms, however, may differ between
the various models, which gives rise to different shoaling characteristics. It is important to
note that good frequency dispersion is more 1mportant than good shoaling behaviour since
inaccurate shoaling behaviour does not necessarily hesn that the computed wave form is -
totally wrong. The shoaling characteristics of the sets of equations with improved frequency
dispersion are discussed in Section 3.4. In Section 3.5 a final comparison is made between
the various models and a choice is made for the model to.bé'uséd:‘iﬁ‘?mis‘sgpdy.

3.2 Standard forms of the equations

3.2.1 The equations

In Section 2.4, a set of Boussinesg-type equations (2.17) was presented in which the verti-
cally averaged velocity & was used as computational velocity. An kexpre'ssion for the horizon-
tal velocity field (2.18) was given as well. It was mentioned that in the Boussinesg-type
equations terms of O (e,u,;uz) and in the expression for the horizgptal velocity terms of
O (u&?,1i%¢) are neglected. This will not be stated explicitly in the equations any more. For
the sake of convenience, the continuity and momentum equation in terms of & are repeated
here. Without stating the order of the neglected terms they read

Ko 2 1hetra - o .
ou -6E ar ) o |
ETRkr W’) ‘f”‘ ol (3.1b)

The corresponding expression for the velocity field in‘terms of 7 is =~ .~
= 1 — 1,2 12,2 -
u(x,z,t) = u—[§h+z](hu)xx+[gh —.2_2 lu,, , (3.2)

By choosing a different computational velocity in the derivation, equations stated in that
specific velocity can be obtained. Here a different approach is followed which demonstrates
that the various models are asymptotically equivalent. The set formulated in terms of 7 (3.1)
is chosen as a starting point. Using the parabolic relafion betweéen 4(x;z,f) and # (3.2) this
set can be rewritten within the same order of approximation to the sets of equations formu-
lated in the bottom velocity u, = wu(x,z=-h,f) and the MSL velocity «,, = u(x,z=0,1).

By using Eq. (3.2) the following expressions for the bottom velocity u;, and the MSL velocity
u,, can be derived:

Uy = u(x,z==h1) = U+ h (hi),, _3_h2 ' (3.3a)
u, = u(x,z=0,1) = E—%h (hit), ;%'hz 3 (3.3b)
12
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Within the order of approximation used in deriving Boussinesg-type equations the second-
order derivatives of the various computational velocity variables are equal: i, = (1), =

(Uppyy and (hiD),, = (M), = (hu,),... This can be used to solve Egs. (3.3) with respect
to 4:
B0 = -k (hu,) +1h?y (3.43)
’ b™ % b3 bx ‘
Gt =u +ih ) -1p?y (3.4b)
’ 2 " g M '

Substitution of Eq. (3.4a) in the Egs. (3.1) leads to a set of Boussinesqg-type equations written
in terms of the bottom velocity u,,:

X e tDuy) = LW (- 20 ] (3.59)
duy dup, ar B
5 Uy — ggi [h(h Up) x ._h Up, . ] (3.5b)

It can be seen that now also in the right-hand side of the COI’ltlIlUlty equation third-order
frequency-dispersion terms occur.

The expression for the velocity profile in terms of ,, is obtained by substitution of Eq. (3.4a)

in Eq. (3.2):

w(x,z,t) = ub—(z+h)(hub)xx+(%hz—%zz)ubxx (3.6)

Note that this expression can also be obtained by applying a Taylor expansion about the
bottom and truncating the series after the second derivative terms.

In the same way Eg. (3.4b) can be substituted in Egs. (3.1) to obtain the continuity and
momentum equations in terms of the MSL velocity #,,:

¢ 9 9.1 1,3
_5%+_5;[(h+§‘)um] - _a_x[_z_hz(hum)m—.é_h ty, | (3.72)
By Wm, 8 g (3.7b)

at ™ 9x ax

No third-order derivatives occur in the right-hand side of the momentum equation. The right-
hand side of this equation however, is O (E;L,p.z) and the momentum equation is therefore
not exact. It can be argued that a momentum equation of the form (3.7b) is exact if the
velocity at the free surface u, = u(x,z={,1) is chosen; since the dynamic boundary condition
at the free surface prescribes that the pressure is zero, the Boussinesq correction of the
pressure distribution is zero at the free surface.

13
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The expression for the velocity field written in terms of u,, follows from Eq. (3.4b) and
Eq. (3.2):

W@t) = =2 ty) = 22 0y (3.8)

Upon comparison it can be seen that the various models differ only in the third-order terms
in the right-hand members, which are O (u). Although the various models are asymptotically
equivalent they differ in practical applicability. For engineering applications large differences
in frequency-dispersion characteristics occur.

3.2.2 Frequency-dispersion behaviour

The model with the linear dispersion relation which, also for shorter waves, remains closest
to the exact one for linear waves can be expected to have the widest applicability. For the
sake of convenience, the dispersion relation corresponding to Stokes first-order theory (2.10)
is repeated here:

2
¢“ _ tanh kh (3.9)

gh kh
The linear dispersion relations corresponding to each of the forms of the Boussinesq-type

equations follow for a Fourier component for the constant depth situation. It turns out that
the different dispersion relations can be written in the following form (Madsen et al., 1991):

2 2.2
- . __1+bkh (3.10)

gh 1+(b+%)k2h2

where the value of b is different for the different models: » = O forset (3.1) ina; b = 1/6
for set (3.5) in uy; and b = -1/3 for set (3.7) in u,,.

A comparison of these phase velocities with the exact linear one is shown in Fig. 3.1. It is
seen that the dispersion relation with b = -1/3 deviates very much from the exact relation,
and for k4 > 1.7 solutions to the dispersion relation cannot be found. It is also seen that
the set written in # has the best frequency-dispersion properties of these three Boussinesg-
type models. However, also for the latter model the difference between the model phase
velocity and the exact linear one is considerable for shorter waves. Note that this not only
concerns the basic wave but also the higher harmonics generated by non-linearity. It is clear
that the representation of the frequency dispersion limits the applicability of Boussinesq-type
models in deeper water.

14
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1.0

.0 S 1.0 15 20 25 30 35 40 45 50
kh

Figure 3.1  Comparison of phase velocities ¢ for b = 0, b = 1/6 and b = -1/3 with the exact linear one,
normalised with (gh)”2

3.3 Equations with improved frequency dispersion
3.3.1 Overview of the methods to improve the frequency dispersion

Although the basic assumption in the derivation of Boussinesq models is that the waves are
(fairly) long with respect to the depth, it is desirable to be able to treat as short waves as
possible. Therefore, Boussinesq-type models with a dispersion relation as close as possible
to the exact linear dispersion relation have to be found. Reformulated, improving the
frequency-dispersion properties means finding the Boussinesg-type equations for which the
linear dispersion relation follows (3.10) in which b can be considered as a curve fitting
parameter in obtaining the best agreement with Stokes first-order theory.

The optimum value of & can be obtained by comparing Eq. (3.10) with the Padé approximant
of the exact linear phase velocity. This method has been suggested by Witting (1984) and
taken up by Madsen et al. (1991). A Padé expansion of order [1/1] gives the best possible
results without introducing higher derivatives than the third in the Boussinesg-type equations.
The [1/1] Padé expansion of ¢ in the expansion parameter ﬂch)z is given as

g & o Lk G.11)
gh 1+((]+%)k21’l2

The parameters p and g of the Padé approximant can be obtained by comparing the Taylor
expansions of Eq. (3.9) and Eq. (3.11). It is found that p = 1/15 and ¢ = 2/5. Comparing

15
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Eq. (3.10) with Eq. (3.11) after substitution of the values for p and g shows that for the Padé
approximant the b-value is b = 1/15.

The dispersion relation for b = 0 (corresponding to Egs. (3.1) in &) and b = 1/15 (the Padé
approximant) is shown in Fig. 3.2, which shows that b = 1/15 gives much better agreement
than b = 0. Madsen et al. (1991) showed that this conclusion holds for the group velocity
as well.

1.0

0 .0 S 1.0 15 20 25 30 35 40 45 50
kh

Figure 3.2 Comparison of phase velocities ¢ for b = 0 and b = 1/15 with the exact linear one, normalised
with (gh)!/2

Some different dispersion relations have been proposed by various researchers. Mooiman
(1991) for example suggested a Padé expansion of ¢, but this was found to yield a slightly
less good agreement than the approximation of A Nwogu (1993) minimised the sum of
deviations of the phase velocity according to Eq. (3.10) and the exact linear one in the range
0 < kh < =. In this way an optimum value of » = 1/17.5 is found. The difference in the
resulting frequency-dispersion behaviour with b = 1/15 is not large. The defect of the choice
of b = 1/17.5 is that for very long waves a less accurate velocity is found. The Padé expan-
sion resulting in » = 1/15 is usually better over the whole range. The latter value will
therefore be used in the computations performed in this study. Dingemans (1994b) worked
out higher-order improvement of the frequency dispersion resulting in higher-order deriva-
tives than the third. This is considered to be outside the scope of this study.

It should be noted that the procedure to obtain differential equations corresponding to the
linear dispersion relation is not unique. Moreover, the problem of finding the corresponding
equations can be dealt with in a couple of ways. Nwogu (1993) introduced a very elegant
way to solve this problem. Bearing in mind that the level at which the computational velocity
is evaluated determines the dispersion relation, it was assumed that with a horizontal velocity
evaluated at some distance z = - below the still water level a behaviour close to the exact

16
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linear one could be found. Nwogu worked this out for the choice of # = 1/17.5. Dingemans
(1994b) took up this matter and determined the parameter « in such a way that, for hori-
zonta] bottom, again the same linear dispersion relation is obtained as follows from a Padé
expansion of ¢2. The latter corresponds to the choice of » = 1/15 in the dispersion relation
(Eq. 3.10). Then as optimum value for « is found o = 0.553. This means that the horizontal
velocity is evaluated approximately at mid-depth, a level which is often taken as the level
for which the velocity closely approximates the averaged velocity. Unfortunately, this model
was found to have very bad shoaling behaviour (Dingemans, 1994b) and is therefore not very
promising for numerical evaluation.

Another method to find the corresponding Boussinesq-type equations was presented by
Madsen et al. (1991, 1992) and is based on adding higher-order terms consisting of third
derivatives in x en ¢ in the horizontal momentum equation by invoking the long-wave
equation. Dingemans (1994b) derived various possible sets of Boussinesg-type equations
obeying the optimum linear dispersion relation using operator correspondence. The problem
with this method to improve the frequency dispersion is that the original meaning of the
computational velocity is lost so that it is not possible to reconstruct the velocity field after
the computation. Within the framework of this study, it is important that the interpretation
of the velocity variable used in the improved equations is unambiguous. The fact that the
interpretation of the velocity variable is unknown holds for equations obtained by the
procedure of Madsen et al. as well since it makes use of order relations to rewrite and add
terms in the equations. Nevertheless, in special cases both the method of Madsen et al. and
the method used by Dingemans yield Boussinesg-type equations for which the interpretation
of the computational velocity is unambiguous. This is the case if no higher-order derivatives
are present in the continuity equation, which means that the vertically averaged velocity or
the flux is the computational velocity variable. The equations which meet this requirement
are explained in Section 3.3.2. This is done on the basis of the procedure by Madsen et al.
which is easier to illustrate than the method of operator correspondence.

3.3.2 Procedure by Madsen et al.

Madsen et al. (1991, 1992) gave a procedure to improve the frequency dispersion based on
adding higher-order terms to the right-hand members of the equations. They applied the
procedure to two-dimensional Boussinesq-type equations written in terms of the fluxes and
valid for small bottom slopes. In one horizontal dimension their starting equations thus were
a reduction for a mildly-sloping bottom of Egs. (2.20). The assumption of small bottom
slopes can be quantified by introducing the parameter 8 = 4,. From Eq. (2.15) follows that
the Boussinesg-type equations are valid for g* < u. Small bottom slopes are now characte-
rized by g < w. This implies that terms of order B, ie. bottom-slope squared and bottom-
curvature terms, can be neglected in the Boussinesq-type equations. Restricting the terms
in the right-hand side of the momentum equation (2.20b) to terms linear in 4 and h, and
dropping the contributions with (hx)z and A, yields

9¢ ,9q _ (3.12a)
at  ox

3 8 | ¢* or _ 1,2 8¢ _1,, ¥%4q

iR +g(h+0) = = _h* L +_hh L (3.12b)
ot x| h+¢ 3x 3 g2 3 ‘orx
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Since the non-linear and frequency-dispersion terms in the momentum equation are of higher
order than the remaining terms, the momentum equation (3.12b) provides the following order
relation:

9q at
h2 =0 3.13
En 8 3x ( )

By spatial differentiation this order relation leads to the approximation

3
99 sogn 9L agnd% < 0 (3.14)

Addition of bh? times the left-hand side of Eq. (3.14) to the right-hand side of Eq. (3.12b)
leads to the equations with improved frequency behaviour as derived by Madsen et al. for
the one-dimensional situation:

07,99 _ (3.152)
ar ox

g, | q° s“ 2 Pq o3 PF,
h+ +b)h +boh

T {}HJ +8( f) (3 ) Py 8 P

(3.15b)

2
shi | L o’q +2bgh?_§
3 B1ox ox?

The choice of b = 1/15 leads to equations which have optimum frequency-dispersion proper-
ties. The set of equations without improved frequency dispersion behaviour (3.12) is
recovered from the new set of equations for the choice of & = 0.

Dingemans (1994b) applied the above described procedure to Egs. (2.20), which are written
in terms of the flux ¢ and are valid for larger bottom slopes (62 = O (u)). In this way the
following equations valid for larger bottom slopes are found, of which Egs. (3.15) are a
reduction for small bottom slopes:

of 99 _ (3.162)
at ox
3,0 | 4° a; 2a ?q 1, 0 (¢
h =h %4 _p % |4
= ax[m?]w( +0 = (1 bt Lt b1l
(3.16b)

% [, dt
bgh? Z_
]
The corresponding set stated in the vertically averaged velocity # is given by:

‘? O th+0)a] = 0 (3.17a)
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_ 2/ 15 2
M 08, O 0 (1, 3 (hi) lhﬁ_ﬁ wbgh & [n% (3.17b)
ot ax ox a2 gx2 6 gx2 ox

For the choice of = 0 the set (3.1) in # without improved frequency behaviour is obtained.
The sets in #, and in u,, cannot be recovered by the choice of & = 1/6 and b = -1/3
respectively.

For later use the reduction of Egs. (3.17) for small bottom slopes is given here as well:

Lo liwom - (3.18a)
Jat  Ox

= o 2

O G OE 0T (L 2 B o2 BF Eonn |1+ 3b) +3bgh_‘?_§ (3.18b)
g dx “dx 3 ox2at x> dx?

For the choice of » = 1/15 the sets (3.15) and (3.18) valid for small bottom slopes and the
two sets valid for larger bottom slopes (3.16) and (3.17) all have the same optimum
frequency-dispersion properties. Since the sets only differ in the bottom-curvature terms,
also no differences with respect to the linear shoaling behaviour occur between the four sets;
linear shoaling behaviour is determined by the relation between a,/a and A,/h, in which a
is the wave amplitude and # is the undisturbed water depth.

Dingemans showed that equations which differ in the depth-dependent terms and therefore
in shoaling behaviour from the three above described sets can be derived by applying the
procedure to the equations written in terms of # (3.1) instead of g. Only the resulting
equations in terms of Z and without the restriction of small bottom slopes are given here:

%S ——{(h+s°)u1 (3.192)

Ju ou 08 _ 1y apyp 0 | 00 1,0,
at ox ox 2 at 2

(3.19b)

6x2 ax ax3

Although the dispersion relation of this aiternative set of equations also obeys Eq. (3.10),
it can be seen that the third-order terms in the momentum equation (3.19b) are clearly diffe-
rent from the terms in Eq. (3.17b). It is therefore expected that the linear shoaling charac-
teristics of Egs. (3.17) and Eqgs. (3.19) differ.

As was seen in Section 3.2, the use of a different computational velocity variable leads to
different third-order terms in the right-hand members of the equations and therefore to a
different dispersion relation. Conversely, the procedure of adding third-order terms to the
equations changes the interpretation of the velocity variable. Nevertheless, since no higher-
order terms were added to the continuity equation of Egs. (3.15-19), it is assumed that the
computational velocity variable in these equations has not been changed and is still the flux
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g or the vertically averaged velocity #. Note that this also means that the horizontal velocity
field can be reconstructed after computation of ¢ or 7 and { by means of the parabolic
expression for the horizontal velocity profile.

Since we are primarily interested in the prediction of near-bottom velocities, it would be
desirable to obtain Boussinesg-type equations with improved frequency dispersion which are
written in the bottom velocity u, instead of in the averaged velocity #. The procedure of
Madsen et al. then should be worked out starting with the equations (3.5) written in the
bottom velocity #,. In this case both in the momentum equation and the continuity equation
dispersive terms are present. Following the procedure by Madsen et al. therefore means
changing the third-order terms in the momentum equation as well as in the continuity equa-
tion (see Dingemans, 1994b) which means in fact changing the meaning of the computational
velocity. It can be concluded that for the prediction of velocity variables only the equations
in # or the corresponding equations in g are suitable.

Beji and Battjes (1994) used a set of equations which they derived from Madsen et al. (1991,
1992), but formulated in terms of # rather than in the flux g. The equations read

at ax

2_.
0 70T, _ (__+b)h2 OU_, pon? 2’ thr 9u (3.20D)
F TR PR ax20r ax3 dxat :

The momentum equation of this set however, differs from Eq. (3.18b), which is the equiva-
lent of the momentum equation as derived by Madsen and Serensen (1992), but formulated
in terms of the vertically averaged velocity # instead of in the flux g; the terms with bh, in
Eq. (3.18b) are omitted in Eq. (3.20b). This discrepancy between the bottom-slope terms
does not affect the frequency dispersion but may give rise to different linear shoaling
behaviour. This will be studied in the next section.

3.4 Linear shoaling behaviour

All models described in Section 3.3.2 have the same frequency-dispersion behaviour for the
corresponding cases of horizontal bottom, at least for the optimum value of the parameter b.
However, the differences are found in the depth-dependent terms. The differences in shoaling
behaviour can be studied for slowly-varying bottom which means that terms with (IzX)‘2 and
h,, are disregarded.

Madsen and Serensen (1992) investigated the shoaling behaviour of their equations (3.15).
Dingemans (1994b) studied the shoaling behaviour for both the alternative set (3.19)
described in Section 3.3.2 and the corresponding set in g. The fact that those two models
resulted in the same shoaling behaviour demonstrates that indeed the rephrasing of a specific
set of Boussinesq-type equations in # to equations in g and vice versa does not affect the
shoaling properties. Dingemans also studied the linear shoaling of Egs. (3.17) which
naturally gave the same results as found by Madsen et al. since the linear shoaling properties
of a specific set of Boussinesq-type equations for large bottom slopes is unaffected if the
equations are reduced to small bottom slopes.
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In the following, a linear shoaling analysis will be made of the equations (3.20) presented
by Beji and Battjes. Afterwards the shoaling behaviour of these equations will be compared
with the shoaling behaviour of the equations after Madsen et al. (3.15-18) and the alternative
to the latter equations (3.20) as derived by Dingemans.

We consider the linearized version of Egs. (3.20):

at

i .;(}z 7 =0 (3.21a)
G, 08 (L 2 BB 2 8%, O (3.21b)
ot ox 3 axzat ax * 3xot '

The corresponding wave equation is derived by eliminating { or # from these equations.
Neither { nor # can exactly be eliminated from the linearized model. Therefore an approach
is followed as used by Dingemans (1994b). After differentiation of the linearized continuity
equation with respect to ¢, and multiplication with 2 and subsequent differentiation of the
linearized momentumn equation with respect to x, i can be eliminated from the left-hand side
of the momentum equation. This yields

2 2 2= 3 2
9 _(gh ay) Cags (- by 0 |38 g | 30781 L O fp2p P (309
Py %ot | a2 | Cdx| 23| oxar o

The terms with 7 in the right-hand side of this equation are to be rewritten in terms of {.
If we neglect higher-order derivatives of A, from the linearized continuity equation can be
found

pou _ |98, 50k (3.23a)
ox ot ax

42 Fu _ _, 9, 5 3¢ 8h (3.23b)
o 59 23t o '

Using these approximations and again restricting the analysis to terms linear in 4, Eq. (3.22)
becomes

AT U SR WA X i ot . 383
g(gh&) o ‘a?a?{(? byh? FoT (3 2b)hh, l bg_a...{h P (3.24)

We now consider a progressive-wave solution of the form
f(x,0) = a(x) e!@rme0) (3.25)

where w is the cyclic frequency, a is the local wave amplitude and ¢ is the phase function,
which is related to the local wave number by ¢, = k(x). Besides the water depth also the
wave number and the wave amplitude are considered to be slowly varying functions of x,
and consequently products of derivatives and higher derivatives of these quantities will be
neglected in the following. The next step is to substitute Eq. (3.25) in Eq. (3.24). To the
lowest order all x-derivatives of A, a and k are neglected and, as expected, with ¢ = w/k the
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linear dispersion relation (3.10) is obtained. Collecting the terms to the next order (the terms
with h,, a, and k) yields

a,(2ghk+4bgh3k? -2(b+%)h2w2k) .
kx(gha+6bgk3k2a-—(b+%)h2wza) . (3.26)

h.(gka +3bgh2k3a)

After elimination of the frequency w from this expression by using the linear dispersion
relation we get

a k h
al_.af + ozz.kf + a37lf =0 3.27)

where

il

2(1 +2bk2h2+b(b+%_)k4h4)

oy

fi

o 1+6bk2h2+5b(b+%)k4h4 (3.28)
o = 1+(4b—_§_)k2h2+3b2k4h4

By differentiation of the linear dispersion relation (3.10) a relation between k,/k and £, /h
can be found. After elimination of w the following solution is obtained:

k h

_;_ = —a4_h:‘. (3.29)
where
1+2b- 26202 +b(p+ Lyrtn?
_ 1 3 3 330
=3 1 3-30)
1+2bk?h? +b(b+§)k4h4
Substitution of Eq. (3.29) in Eq. (3.27) gives the resulting linear shoaling equation:
ax hx
2=~ 3.31
p Qs 7 ( )
where the shoaling coefficient o5 is given by
ug = 3~ 22 (3.32)
|
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As could be expected, the only difference with the shoaling behaviour derived by Madsen
et al. for their equations (3.15) is the expression for «; since this coefficient is an indication
for the effect of the bottom-slope terms. The coefficient «; for Eq. (3.15) is denoted by o3,
and given by:

o, = 1+(4b—_§.)k2h2+b(3b+§_)k4h4 (3.33)
Thus, the shoaling coefficient corresponding to Egs. (3.15) is given by Eq. (3.32) with o

replaced by a3,

The coefficients o, @y, and a3, for Egs. (3.19) derived by Dingemans (1994b) are given
by:

oy = 2+4bk2h2+2b(b+%)k4h4
oy = 1+6bk2h2+5b(b+_;.)k4h4 (3.34)
oy = 1+2(2b—%)k2h2+3b(b+%)k4h4

The shoaling coefficient for Eqs. (3.19) follows from Eq. (3.32) if oy, oy, and oy, are
used instead of o7, o, and o3.

To be able to compare the shoaling behaviour of the three considered sets of equations to
the exact linear shoaling behaviour, we need the shoaling coefficient o, for Stokes first-order
theory. By the use of the concept of energy flux conservation, «, can be found to be (see
for example Dingemans, 1994b):

2
o, = khT (A-khT)(1-T7) (3.35)
[T+kh(1-TH]

where T = tanh kh

The shoaling coefficients of the three sets of equations are compared with this exact linear
one in Figure 3.3.

From Fig. 3.3 it can be concluded that both the equations by Beji and Battjes (3.20) and the
Eqgs. (3.19) have bad shoaling behaviour for k2 > 1. For the equations after Madsen et al.
(3.15-18) we see a good correspondence for the whole considered range 0 < k4 < 5. It is
remarkable that the small discrepancy between the bottom-siope terms between the equations
of Madsen et al. and the equations of Beji and Battjes gives rise to large differences in linear
shoaling characteristics.
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Figure 3.3  Graph of linear shoaling coefficients of the sets after Madsen et al. (3.15-18), the set by
Dingemans (3.19) and by Beji and Battjes (3.20) and the exact linear one

3.5 Choice of equations for numerical treatment

In Section 3.3 it was demonstrated that Boussinesq-type equations with improved frequency
dispersion have to be stated in # or in g in order to retain the unambiguous interpretation
of the velocity variable. The equations meeting this requirement were given in Section 3.3.2.
The comparison of those equations with respect to shoaling behaviour indicates preference
for the sets (3.15-18) after Madsen et al.

The time domain model developed at Delft University of Technology (Beji and Battjes, 1994)
is presently based on Eqgs. (3.20) which are stated in #. Those equations are to be replaced
by Egs. (3.17). In this way a model is obtained which is valid for larger bottom slopes than
the present model and in which good frequency behaviour is combined with good shoaling
behaviour. The fact that both the new equations (3.17) and the old equations (3.20) are
written in terms of # limits the necessary changes to the numerical scheme and the program
code. Further, the time domain model is extended to reconstruct the horizontal velocity field
after solving { and # from the Boussinesq equations. The time domain model is dealt with
in Chapters 4 through 6.

In the DUT spectral model (Eldeberky and Battjes, 1995) spectral Boussinesq-equations which

were based on Eqgs. (3.15) are used. This model is extended to obtain the horizontal velocity
field. Chapters 7 and 8 are about the spectral Boussinesq model.
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4  Numerical solution using time
domain equations

4.1 Introduction

As was mentioned in Chapter 3, a time domain Boussinesq model based on Egs. (3.20) was
developed at Delft University of Technology. In the following this model will be referred
to as the DUT1 model. This model was extended to reconstruct the horizontal velocity field
after integration of the Boussinesq equations. Also the governing equations were changed;
Egs. (3.20) were replaced by Eqgs. (3.17). The new equations have better shoaling behaviour
and are valid for larger bottom slopes than the old equations. The new model will be denoted
by the DUT2 model.

In discretizing the new equations, which contain different third-order derivatives in the right-
hand side of the momentum equation compared to the old equations, the numerical method
as used in the DUT1 model is followed. The resulting finite difference approximations and
the treatment of the boundaries are given in Section 4.2.1 and 4.2.2 respectively. The
numerical scheme used in the DUT1 model is essentially based on the technique used by
Peregrine (1966, 1967) but it differs in the conservative formulation of the continuity
equation and the treatment of the advective term.

In the method of Peregrine a time-centered implicit scheme is used to dicretize the differen-
tial equations. Those equations are easily solved by using a predictor-corrector method as
follows. An explicit formulation of the continuity equation is used to obtain an estimation
of the surface elevation at the new unknown time level, which is used in determining the
non-linear gravity term and the Boussinesq correction terms in { in the implicit discretization
of the momentum equation. By doing so, the discretized momentum equation is reduced to a
three-diagonal system, which is efficiently solved by the Double Sweep or Thomas algorithm.
This gives the velocity at the new time level, which is used in the implicit formulation of
the continuity equation to obtain a better approximation of the surface elevation at the new
time level. Peregrine argued that this technique gives a better convergence compared to
straightforward approximations.

The explicit determination of the terms in { in the momentum equation however, requires
a relatively small time step, especially in deep water where the total Boussinesq effect
becomes a balance between relatively large terms (Madsen et al., 1991, 1992). Too large
a time step will result in artificial damping of the wave energy. The time step restriction
however, is preferable above the five grid points wide momentum operator resulting from
an implicit discretization of the terms in {. Madsen et al. also considered the possibility of
iteration, which allows for a larger time step to be used but turned out to make the computa-
tional effort comparable to or larger than the explicit determination of the terms in {, because
of the number of iterations necessary to obtain an accurate solution.

Section 4.2.3 deals with the numerical method used to reconstruct the horizontal velo-

city field. The numerical solution as described in Section 4.2 was implemented using the
programme code of the DUT! model which is written in Fortran 77. The structure and the
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documentation of the programme code was improved as well. The Fortran programme is
briefly discussed in Section 4.3.

4.2 Discretization procedure

4.2.1 Finite difference approximations

For the sake of convenience, the Boussinesq-type equations as used in the DUT1 en DUT2

model, Egs. (3.20) and (3.17) respectively, are repeated here. In the DUT! model the
following equations are used:

é_i: _.._[(h+§‘)u] =0 (4.12)
ot

O 30,008 (L 2 0 280, O (4.1b)
ot ax ox 3 ox20t ax3 * 3xot

The DUT2 model on the other hand is based on

XeZia+om =0 .23
W - 0u . 3t _ L P 1, %, 0t [, 8¢ 4
T e [(7 D——==- gh;;'z} ”ghgp[ ‘532} 25

The equations are formulated in terms of the vertically averaged velocity & since the
momentum equation written in g as applied by Madsen et al. is more difficult to discretize
and solve. For completeness, it should be mentioned that the equations and the resulting
finite difference approximations can easily be extended to two horizontal dimensions.

The finite difference equations as used in the DUT1 model (Beji and Battjes, 1994) read, with
the terms in the right-hand side of the momentum equation denoted by RHSI,

AR/ . [(h+ Y -[(h+ O RY +[(h+ Y, - [(h+ DAY,

4.3a

- = (4.3a)
AR A A I A S A S C AR S ALY SRR A

i, ﬁ{ i g ! : =RHS1

(4.3b)

where the indices i and j stand respectively for the integers multiplying the increments in
space and time, and &/ *1and /%1 are the unknown variables. Note that central differences
formulations are used both for time and space derivatives which are computed at (i, j+12).

The * used in the approximation of the momentum equation indicate values of the unknown
surface elevation at time level j+1 estimated by an explicit use of the continuity equation:
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Y R L R T 4.4
Af 2Ax

So far exactly the same discretization is used in the DUT2 model. Comparison of Egs. (4.1)
and (4.2) however shows that different third-order derivatives occur in the right-hand side
of the momentum equations. The right-hand side of Eq. (4.2b), denoted by RHS2, was discre-
tized as follows:

7y A —j+1 —_ o .
(huy);) -2(hE),] 1“(}”‘){—1“m“){d*z(hu)f-(hu){_l
Ax? At
—j+1 el —iel —j L
—_1_(}1.)2 uf-”-zué +u]i-1'”§+1+2”{'“”§—1

o Ax?Ar

RHS2 = (%»rb)hi

j+1 ' sl % j . (4.5)
(g *hi ) (70 "+ Chp) =g+ 2R+ 2R) (S0 T+ ) .

8Ax>

+bgh;

j+1 * j j+1 * f
=y T D 2Ry #2hp) (T T

8Ax3

e
_(hi-rhi-z)(fji—z +£h)
8 Ax3

Note that also in the determination of the Boussinesq terms use is made of the explicit
determination of the surface elevation at the new time level. The procedure is summarized
as follows: with the provisional surface elevation values at the new time level solved from
Eq. (4.4), the new time level velocity field can be obtained from Eq. (4.3b) with RHS2
instead of RHS1. Subsequently, the surface elevations at the new time level are improved by
applying Eq. (4.3a). Iteration between the momentum equation and continuity equation could
have been carried out but was found to be unnecessary to obtain accurate estimates for the
surface elevation (Beji and Battjes, 1994). To find out whether this conclusion also holds
for the accuracy of the velocity values, tests with monochromatic incoming waves were run
in which extra iteration was carried out; the updated surface elevation was used to obtain
new estimates for the velocities using Eq. (4.3b) again. In this way not only the surface
elevation values, but also the velocity values were corrected. It was found that in case of
small enough spatial and time steps to reproduce accurate surface elevations, the accuracy
of the velocities was satisfactory as well without this extra iteration.

Since all terms in the finite difference equations are evaluated at the time level j+ 2, the
averaged velocity #; ;, 1, arises in the advective term. In the original formulation Peregrine
(1966, 1967) uses the old time level value #; jasan approximation. Beji and Battjes (1994)
however showed that, especially for steep waves, this causes a gradual but consistent decay
in wave height as time progresses. In order to estimate ; J+ they used a Taylor series

expansion. Truncation at the first order yields

A A [92} . (4.6)
2 0t {jn
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Not all terms in this expansion are known and the unknown term 4, has to be replaced. The
time derivative #, can be approximated by employing the momentum equation for the shallow
water approximation, #, = -, - g{,, in which %, can be replaced by using the linearized
continuity equation #, = -{;/h. This results in

AR [lﬁﬁ-g?ﬁ} @7

The factor #; j+1 at the right can be handled in different ways. Beji and Battjes used a
Taylor series expansion as in Eq. (4.6), in which now i, is approximated as #, = -g¢,.

In computations, however, they also used expansions at higher order. In this work in the
first instance the expansion at first order was used. However, since the effect of this first-
order expansion compared with the old time level formulation by Peregrine was found to
be insignificant, the latter formulation was used. In situations in which a more accurate
estimation of #; J+ is needed, an explicit formulation of the momentum equation in which

14
half a time step is used could be applied. This however was not considered.

If we disregard the effects of the Boussinesq terms in the right-hand side of the momentum
equation and the effects of the explicit determination of the terms in { in the momentum
equation, the numerical method reduces to the §-method with § = 0.5. An idea of the charac-
teristics of the numerical method can therefore be obtained by considering the §-method.
Petit (1994) considered the dissipation and dispersion for a hyperbolic equation of the form
u, + cu, = 0 for a number of integration schemes, including the #-method, as a function
of the number of points per wave length L/Ax. Figure 4.1 shows the errors in the numerical
phase celerity ¢, for 6 = 0.5. Those errors depend on L/Ax and the CFL number p =
cAt/Ax. Note that the CFL number should be less than 2 for stability. Further, no dissipation
is present in the scheme.

- i 8 -method i —— e u=0.2
- 8-0.5 . —_—— pu-0.4
1.0 |
¢/ el L n=0.6
- LY -
2
8 | s i -0.8
57 M
L 4 _
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s | 1 Y S — u=1.0
- 4 . e =12
4 L .
L i — . =1.4
2L
T . u=1.6
0 1 1 [ TR W I 1 1 FUNE U B TS S 1 ;u.-l.8
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! 50 100 4=2.0
A/Ax (= 2n/a)

Figure 4.1  Ratio of numerical phase celerity ¢, to ¢ versus L/Ax for the §-method with 6=0.5, from Petit
(1994)
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4.2.2 Initial and boundary conditions

The most straightforward initial condition is the unperturbed state. Arbitrary surface
elevations and velocities at time ¢ = 0 can be dealt with however. Further, both at the
ingoing boundary and the outgoing boundary, surface elevation as well as velocity values
are prescribed. Note that for the limiting case of ¢ > u the Boussinesq equations reduce to
the shallow-water equations. The mathematical nature of the equations then requires at most
one boundary condition since only one characteristic is entering the computational domain.
The higher-order Boussinesq terms in the right-hand side however change the nature of the
equations and it becomes possible to prescribe two boundary conditions at each boundary
as long as ¢ = O (u). The boundary conditions at the first node { = 1 are handled as
follows. The surface elevation {; (¢) is specified either as input from measurements or as
some other appropriate function specified at each time step:

O =f0® (4.8)

Beji and Battjes used two different formulations for the depth-averaged velocity #, (¢) at the
ingoing boundary, i.e. computed from the linear theory and computed from the continuity
equation for a progressive wave.

In all ¢~ 1putations with the DUT2 model, the latter formulation was chosen because it is
ma: -conserving:

u @) = ﬂ)_ 4.9
hi+§ @
The computation of the second-order derivatives of # and A with respect to x, which are
needed for the reconstruction of the horizontal velocity field, is very sensitive to small
disturbances. It was found that this problem could partially be solved by applying a slow
start of the following form:

BN

1 4
gl(t)=f(t)-§[1-cos[_;ln <
(4.10)

INJS

GO =f® t =

Equation (4.10) was therefore used in the computations as described in Chapter 6. At the
outgoing boundary, i = n, the radiation condition was used both for the surface displace-
ment, when solving the continuity, and for the velocity, when solving the momentum equa-
tion. This condition was not completely satisfactory (Beji and Battjes, 1994); waves with
phase velocities different from ¢ = (gh)'/5 gave rise to large reflection. Because no appreci-
able improvement was found when using a sponge layer condition, they performed a series
of cold start computations. In the computations with the DUT2 model a different approach
is followed; the computational domain is chosen long enough, so that reflected waves cannot
manifest themselves in the domain of interest before the end of the computation.
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The third-order term in { which is the third term in Eq. (4.5) requires some additional effort
at the boundary nodes. Since this term is a third-order spatial derivative, it is necessary to
know ¢, the surface displacement just outside the upwave boundary node i = 1, for the node
i = 2 at which the computation starts, and ¢, ; for the node i/ = n-1 at which the computa-
tion ends. These values are obtained by parabolic extrapolation as suggested by Beji and
Battjes:

S0 = 351-31+0%
; . ; , 4.11)
St = 38073801+

Likewise, values for s en i, | are needed. These are estimated by means of linear extrapo-
lation, which is consistent with the linear interpolation carried out between the input values
of the water depth 4 to determine the values of /. Linear extrapolation yields for fg en 2, ,

J o J_J
hO - 2h1~h2 4.12)
;o J_3d o
h = 2hn_hn—l

n+l
4.2.3 Reconstruction of the horizontal velocity field

Solving the equations as indicated in Section 4.2.2 provides the surface elevation and the
vertically averaged velocity . To obtain velocity values at various levels, for example the
bottom velocity i, the horizontal velocity field has to be reconstructed by means of the
parabolic expression for the velocity field as a function of the depth as assumed in deriving
the Boussinesq equations. This expression stated in terms of 4 was given as Eq. 3.2 in
Chapter 3 and is repeated here:

w2 = H—[%h+z](hﬁ)xx+[_é.h2—%zz]ﬁm (4.13)

Equation (4.13) shows that the second-order derivatives (hi),, and &, have to be determined
after computation of the vertically averaged velocity & at each position at the new time level
j+1. This was at first dealt with as follows:

s
-I:Zxx{+1 = i+1 l2 i-1 (4143.)
Ax

and

b -2nE T en W
[(hﬁ)xx]jl 1 _ Miel%is % i-1%i-1 (4.14b)
sz

It appeared however that these second-order derivative estimates were very sensitive. Small
disturbances in the computed velocity values i gave rise to vastly erroneous results for the
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second-order derivatives. Those disturbances in # with a wave length of the order of the
spatial mesh size, are due to numerical errors. A similar problem was encountered by Quinn
et al. (1994) in calculating second-order derivatives from PIV velocity data. They pointed
out that the standard deviation in calculating the mean velocity # can be greater than the
difference between means at adjacent positions, giving large errors in Z, and consequently
i,,. In order to smooth out this statistical variation they applied a least squares polynomial
fit to the #-values for the calculation of #,,.

Various techniques were considered to improve the calculation of (h#d),, and 4. At first a
higher-order discretization was used. Instead of the three grid points wide central differences
formulation (4.14), formulations based on five and seven points respectively were used.
Calculation of (hi),, and # in this way did not yield better results. Hereafter another
approach was used in which the discretization (4.14) was applied with a spatial mesh size
2Ax instead of the spatial step Ax as used in solving { and 4. This method was unsuccessful
as well.

The use of a procedure to smooth out the calculated mean velocity & and applying Equation
(4.14) to the smoothed values was found to give good results. Several low-pass digital
smoothing filters which eliminate the high frequencies and cause the low frequencies to pass
through, were considered. Designing a filter in fact means finding the transfer function H(w)
which is 1 for the frequencies which should pass through and O for the frequencies which
should be eliminated. We require that the smoothing procedure eliminates all harmonics
higher than the fifth. A Fourier transformation of the transfer function gives the impulse
response function g(x). Multiplying the original mean velocity #(x) signal at each time step
with this impulse response function gives the smoothed signal 7 (x).

The used filters are given by

n
P =80 Ui+ Y, 8l *Tiy)
i1

U =
o )
LY (wihy)
wi = 1 + cos [ﬂ] li| < n (4.15)
n
h; = _1__,sm 2_7_1_
™1 mp

in which i is again the integer multiplying the increments in space. After trying various filters
it was found that the computed signal was best filtered with n = 12, m, = 8, leading to g,
as given in Table 4.1.
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The corresponding transfer function H as a function of 2/ax where 7x is the number of points
per wave length L/Ax, is shown in Figure 4.2. In the computations performed with the DUT2
model the spatial mesh size was such that 80 < nx < 400. For the fifth harmonic then
follows 16 < nx < 80 and thus 0.03 < 2/nx < 0.13. Figure 4.2 shows that waves for
which 2/nx > 0.4 and thus nx < 5 are filtered from the signal.

o Q.1 Q.2 .3 S.4 .5 Q.6 Q.7 o.8 C.9 1
2/nx

Figure 4.2  Transfer function H as a function of 2/nx

k 0 1 2 3 4 5 6

1% 0.2509 0.2221 0.1490 0.0643 0 -0.0284 -0.0266
k 7 8 g 10 i1 12 ‘l

- -0.0120 o 0.0037 0.0021 0.0003 0

Table 4.1 Coefficients g,

After computation of the computational velocity 7 at the new time level j+ 1 and subsequent
calculation of the values of (h#),, and 4,, in the above described way the velocity profiles
at the new time level j+1 can be obtained from Eq. (4.13) as follows:

W (zgol) = B = [Shpe (Y« =22 @16)

The values of z for which the velocity values as a function of ¢ have to be calculated can be
defined in the model input. In the computations with the DUT2 model the bottom velocities
corresponding with z = -h and the velocities at approximately mid-depth were calculated
at various locations as a function of z. Since the values of (##),, and 4, are part of the model
output, it is possible to reconstruct the complete horizontal velocity field if necessary.
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4.3 Programme impiementation

The DUT1 programme which is written in Fortran 77 was used as a basis for the DUT2 model.
Before implementation of the new equations and the reconstruction of the velocity field, far-
reaching changes were made to the programme code to enhance its readability and generality.
The code was subdivided in various subroutines and the input data and computational para-
meters which were first part of the code were placed in an input file. In this way only this
input file needs to be changed to perform computations with different wave conditions,
geometry or computational parameters such as the spatial and time steps. Further, comment
lines were inserted in the code.

After these improvements the right-hand side of the momentum equation RHS1 was replaced
by RHS2 (4.5) with the use of Egs. (4.11) and (4.12) at the boundaries. Further, the seaward
boundary condition was replaced by (4.10) and the computation of the horizontal velocity
field was included as described in Section 4.2.3. The implementation of the new equations
and the velocity field computation were verified by performing computations with mono-
chromatic waves with & < pu. Since those waves behave to close to linear wave theory, i.e.
small non-linear contributions, the computations could be compared with the linear wave
theory. Computations with a horizontal as well as a slowly-varying bottom were performed.
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5 Validation of the time domain model
with respect to surface elevations

5.1 Introduction

The generation of higher harmonics by non-linearity produces both free and locked
harmonics. Freely moving wave components, as opposed to phase-locked components, are
components moving according to their dispersion characteristics. Phase-locked components
are moving with the velocity of the basic wave. The inaccurate frequency dispersion for
freely moving short wave components is the most important reason that often a discrepancy
between measurements and computations with Boussinesg-type models is found.

As part of the MAST G8M Coastal Morphodynamics research programme a comparison was
made between flume measurements based on a bar-type geometry and computations with
Boussinesg-type models of various institutes, including the DHI model (Dingemans, 1994a).
As argued by Dingemans such a bar-type geometry provides a discriminating test between
the various models; on the upward slope the effects of non-linearity generate higher
harmonics and on the downward slope the difference between the phase velocities of the
locked and free harmonics increases rapidly because of the rapidly increasing water depth.
On the downward slope the wave form therefore changes very fast. The shallow horizontal
part of the bar is so short that there the phase difference between the free and locked
harmonics is still small. Especially on the downward slope, a good representation of the
phase velocity by the computational models is needed. In the intercomparison study it was
found that the differences between the various models indeed are most prominent on the
downward slope.

The measurements used in the MAST comparison were performed by Klopman of DELFT
HYDRAULICS in 1993. Three different measurement conditions with regular waves were
considered. The surface elevations as measured in those tests were used for comparison with
computed free surface elevations with various models. Beji performed a similar flume
experiment at the Delft University of Technology and compared those measurements with
computations with the DUT1 model (Beji and Battjes, 1994).

In order to determine its usability the computations as described in the above mentioned
intercomparison study were also performed with the new DUT2 model, which is an extension
of the model of Beji (see Chapter 4). Computations with the DUT! model were performed
to serve as a reference. In this way the influence of the extension to larger bottom slopes
and the improved shoaling behaviour of the DUT2 model can be determined. Further the
performance of the DUT2 model can be compared with the performance of the DHI model
(Madsen and Serensen, 1992). The equations used in the DHI model are a reduction for small
bottom slopes of the equations used in the DUT2 model.

The DELFT HYDRAULICS measurements are described in Section 5.2. The computations
performed with both the DUT2 model and the DUT! model are dealt with in Section 5.3.
Section 5.4 is about the comparison of the computations with the measurements. Finally,
Section 5.5 summarizes the conclusions.
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5.2 Flume experiments

The experiments to be used are three regular wave tests performed by Klopman in January
1993 as part of the EU-sponsored Large Installations Programme (LiP). Those tests have a
linear scale of 2 compared to the Beji measurements. In accordance with the computations
in the MAST study, the computations performed in this study are based on the geometry of
Beji and Battjes. Therefore the measurements of Klopman have to be rescaled to this
geometry to compare the computations and measurements; the surface elevations have to be
divided by 2 and the time by | 2.

In the flume experiments by Klopman a trapezoidal bar is used (see Luth et al., 1994). The
offshore slope is 1:20 and the shoreward slope is 1:10. The (unscaled) depth is 80 cm
seaward and shoreward of the bar and 20 cm on the horizontal part of the bar. The lay-out
of the experiments is given in Figure 5.1. The experiments have very accurate active wave
absorption so that the reflection from the wave absorber can be neglected.

wave wave
generator absorber

1 r

b
B e - -

0,80
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g pressure 2
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Figure 5.1  Experimental set-up of the Scheldt flume experiments (all dimensions in m), from Luth et al.
(1994)

For the computations this geometry is rescaled to the geometry of Beji which yields an undis-
turbed water depth of 40 cm and 10 cm depth above the bar. The geometry as used in the
computations is shown in Figure 5.2. This rescaled geometry is not completely equivalent
to the geometry in the measurements but the differences are assumed to be insignificant.

Table 5.1 gives the locations of the stations at which the surface elevations were followed
in the measurements and computations. More wave gauges were used behind and in front
of the bar than in the experiments performed by Beji. The location of the wave gauges and
the measurements are always given in rescaled quantities. When unscaled quantities are used
this is mentioned explicitly.
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Figure 5.2 The rescaled bottom geometry and the location of the wave gauges as used in the computations
Station x (m) Series Remarks
1 2,00 01 in front of bar
2 4,00 02 in front of bar
3 5.70 both in front of bar, no computations
4 10.50 01 on upward slope
5 12.50 02 on the bar
6 13.50 01 on the bar
7 14,50 02 on downward slope
8 15.70 01 on downward slope
g 17.30 02 just behind the bar
10 19.00 01 further behind the bar
11 21.00 02 far behind the bar
Table 5.1 Distances of the wave gauges from the wave maker

delft hydraulics

For each measurement condition the measurements were carried out in two different series;
the experiment had to be repeated with another position of the free surface elevation
measuring probes. One wave gauge was kept fixed at 5.70 m and therefore measurements
at that location are provided in both sets. Figure 5a shows time-windows of 60 s unscaled
time of the measurements for the three tests A, B and C. Notice that "be" comes from Beji,
"a","b" and "c¢" denote the measurement condition, and "01" and "02" denote the fact that
the measurements were performed twice with different locations of the wave probes.

The three measuring conditions which are considered are:

A T=202 s and H=20cm
B T =2.525s and H=29cm
C T=101 s and H=41cm

In test A and C the waves are non-breaking. In test B spilling breakers occur between
13.3 and 15.3 m. The shallowness parameter T(g/h)” yields for the three conditions, with
h = 0.4 m in the deep part:
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A Tm” = 10.0
B T(g/h)” = 12.5
C Tm” = 50

I

The long wave region can be defined as T(g/h) % > 7 which is equivalent with k2 < 1. So
in test A en B we are dealing with a long basic wave, while test C is characterised by a
rather short basic wave.

5.3 Numerical experiments

All computations were performed with both the DUT! and the DUT2 model. For the b-value
in the models both » = (§ and b = 1/15 were chosen, the latter corresponding with improved
frequency dispersion.

The duration of the tests should be enough to obtain permanent wave profiles at the farthest
station at 21 m. Over 21 m we have an average depth of 31 cm and thus with ¢ = (gh)l/2
a mean celerity of ¢ = 2 m/s. So it takes about 10 s for the main wave to travel the distance
of 21 m. The measurements have a duration of about 60 s unscaled time which is rescaled
a good 40 s. Therefore the duration of the numerical experiments was chosen to be 40 s as
well. This provides enough reserve for the higher harmonics to reach the farthest station
before the end of the computation.

The outgoing boundary, where the radiation condition is used with ¢ = (gh)l/z, appeared to
cause reflection. Waves with phase velocities different from ¢ = (gh)% cannot leave the
domain without reflection. For this reason, the position of the outgoing boundary was chosen
such that the reflected waves cannot manifest themselves in the domain of interest before
the computation ends at ¢ = 40 s. The horizontal part behind the bar witha depth 2 = 0.4 m
was taken so long that the basic wave with a celerity of 2.0 m/s reaches the outgoing boun-
dary at the end of the computation. This yields for the position of the outgoing boundary
x=75m.

The surface elevation boundary condition at x = 0 m was a sinusoidal wave for all runs.
In test A the signal { () = a cos 2xt/T was taken as a boundary condition. In test B and C
this same signal was found to give rise to disturbances close to the boundary, which grew
progressively in time. This might be the result of the larger amplitude of the signal in
test B and C compared to test A. The instabilities could be avoided by using the signal
{ t) = a sin 27¢/T which provides a slower start.

The discretization of the advective acceleration term as suggested by Beji was simplified.
The factor i; ;. ,, was approximated by the old time level value u; ;- The differences between
the results with both formulations were found to be insignificant, at least in this situation.
Further, all cases were calculated without extra iteration between the momentum and conti-

nuity equation.

Beji and Battjes (1994) performed their computations with Ax equal to 1/70 of the initial
wave length and At equal to 1/50 of the initial wave period. For the fourth free harmonic
these resolutions are then approximately 1/8 of the wavelength and 1/12 of the wave period,
respectively. In the computations performed with the DUT1 model for the MAST comparison
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study Af equal to 0.02525 s was used for all three measurement conditions. The spatial
resolution then is restricted by the fact that the CFL number has to be less than 2. The latter
resolutions are more stringent than the resolutions used by Beji. In this work it was found
that the time step of 0.02525 s was sufficient for obtaining good results before the downslope
region. Behind the downslope region, where the higher harmonics become particularly
manifest, even smaller resolutions are needed for convergence of the solution. The time and
spatial steps necessary for convergence are very small, which is a result of the numerical
method used. As can be seen in Figure 4.1, the numerical error in the phase velocity is
increasing rapidly for a smaller number of spatial steps per wave length. Therefore, a spatial
step which is small enough to have an insignificant error in the numerical phase celerity for
the basic wave can cause large errors for higher harmonics. Figure 4.1 also shows that the
influence of the CFL number on the numerical celerity is of less importance. Further, the
explicit determination of the terms in { in the momentum equation requires a relatively small
time step.

Note that besides numerical inaccuracy, incorrect representation of the frequency dispersion
by Boussinesq models can also cause errors in the phase celerity. For b = 1/15 the
Boussinesq equations overestimate the phase celerities (see Figure 3.2), while numerical
inaccuracy can lead to underestimation of the phase celerity. Therefore it is possible that
those two errors cancel and that the best numerical solution does not give the best corres-
pondence with measurements. For b = 0 the Boussinesq model leads to an underestimation
of the phase celerity.

In test A we have a wave period of 7 = 2.02 s and with ¢ = (gh)% a length of the basic
wave of L = 4 m. Using the spatial and time resolutions as suggested by Beji gives
Ax = 1/70 L = 5 cm and At = 1/50 T = 0.0404 s. Then we have the CFL number

CFL = Jgh 2L < 16
Ax

Comparison of computations with these Ax and Ar and with halved Ax and A, which
approximately correspond with the steps used in the MAST study, showed significant
differences in the results for most of the stations. A further halving of the steps learned
that for convergence of the solution the halved steps are sufficient for the stations seaward
of the downward slope, but that the farthest stations require still smaller spatial and time
steps. It appeared that for test A Ar had to be chosen equal to 0.0101 s which corresponds
to 1/200 of the initial wave period. For the spatial step, Ax = 1.25 cm was sufficient which
corresponds to approximately 1/320 of the initial wave length. For the CFL number we
still have CFL = 1.6 at the seaward boundary. Reduction of either the time and spatial steps
or the CFL number did not change the solution any more. For the fourth free harmonic for
which the wave length is 0.4 m, the spatial resolution is then approximately 1/30 of the
wave length. This can be seen to give only small numerical errors in the phase celerity
(Figure 4.1). The same spatial and time steps as used in test A appeared to be satisfactory
for test B. In test C, At was chosen as 1/200 of the initial wave period which yields
At = 0.00505 s. Since we have a rather short basic wave in test C, the requirement that the
resolution of the third or fourth harmonic is about 1/30 of the wave length is very stringent.
Therefore Ax is determined so that the CFL number is about 1. This leads to Ax = 1 cm.
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5.4 Comparison of computations and measurements

5.4.1 Introduction

A comparison between computations and measurements can be carried out in a number of
ways. Dingemans compared the computed and measured wave profiles at the various loca-
tions without matching the time elapsed since the start of the computations and measure-
ments. In this way information on the correspondence of the wave shape is provided but time
information is lost. In this study a different approach is followed. The time shifting between
computations and measurements is determined at the first wave probe at x = 2 m. Compari-
sons between measurements and computations at the various locations are given with the time
origin of the measurements shifted with respect to the time origin of the computations over
this time difference at the first wave probe. It is obvious that this provides a more severe
test than the comparison in the MAST study. Note that this procedure was carried out after
rescaling of the measurements by dividing the surface elevations by 2 and the time by J2.

Since we have two measurement series for each wave condition, first the time shifting
between these series 1 and series 2, denoted by 7;,, had to be determined. This was per-
formed at the station at x = 5.7 m, since that is the only station which was kept fixed while
repeating the experiment. Afterwards the time shifting 7, between the first measurement
series at x = 2 m and the computations at x = 2 m was determined. The necessary time shif-
ting for all stations provided by the first measurement series, is then given by 7;. The
measurements for the stations provided by the second measurement series, have to be shifted
over 7; + 7;,. For condition B and C it was found that the same results were found when
matching computations and measurements at4 m: 7, = 7; + 7j;and 7, + 75, = 7;. This
knowledge was used for condition A for which at the start of the measurements the waves
had already reached the station at x = 2 m. The various time shiftings were computed as
the time shifting for which the covariance between the series was maximal by using a DELFT
HYDRAULICS covariance programme. For all four computations (i.e. with the DUT1 and DUT2
model for both » = 0 and b = 1/15) the same results were found. The necessary shiftings
with respect to the time origin of the computations were found to be:

bea(01 T ~5.13 s
bea02 T = =590 s
beb01 T = -1471s
beb(2 T = =555 s
bec01 T = -5098 s
bec(02 T -5.66 s

The comparison between measurements and computations at the various stations is presented
graphically using both a time window of 0 to 40 s so that the evolution of the wave field
can be followed from the beginning, and a time-window of four times the wave period to
provide more detail. This latter time-window was chosen at the end of the computations so
that most of the higher-harmonic components have reached the farthest stations and the waves
are approximately stable.

The computations with & = 0 with both the DUT! and the DUT2 model were used to verify
the new model. For & = 0 the two models have the same linear frequency and linear
shoaling behaviour. The difference between the models then is compounded by the order
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of approximation of the bottom-curvature terms; in DUT1 model the bottom-curvature terms
in the right-hand side of the momentum equation are neglected while the terms linear in 4,
are contained. The DUT1 model is therefore only valid for small bottom slopes. In the DUT2
model on the other hand, the momentum equation contains contributions with A, and is valid
for larger bottom slopes. For all three conditions the results of the DUT1 and the DUT2 model
with b = 0 were practically equal. This indicates that apparently the experiments are such
that the reduction to small bottom slopes is justified in this situation and that the adjustments
made to the existing programme code were done correctly.

5.4.2 Measurement condition A

A comparison between measurements and computations with the DUT2 model is shown for 0
to 40 s in Figure 5b. It can be seen that the model simulates the observed behaviour fairly
well. The results at the stations behind the bar, from 17.3 m onwards, show increasing
differences between the computations and measurements. More detail is provided in
Figure 5c, where the results of the DUT2 model are plotted together with the measurements
using a time-window of four times the wave period at the end of the computation. The
correspondence between the measurements and computations is good up to 17.3 m. On the
downward slope, the difference in celerity between the higher harmonic bound and free
waves increases fast and a good representation of the phase celerity of the higher-harmonic
components becomes more important. Behind the bar the errors in the phase celerity of these
shorter wave components manifest themselves clearly and cause the correspondence to be
less good. For this experiment computations with » = 1/17.5, the b-value introduced by
Nwogu, might give better results for the stations from 17.3 m onwards. As mentioned in
Chapter 3, for shorter waves b = 1/17.5 gives a better agreement between the computed
and the (exact) linear phase velocities, but » = 1/15 is usually better for the whole range
of kh. The importance of good frequency behaviour is stressed in Figure 5d, where the
results with the DUT2 model for » = 1/15 and 4 = 0 are plotted together. The results of both
computations are very much the same for all stations before the downslope region. From
comparing Figures 5c and 54 it can be seen that from 14.5 m onwards the performance of
the model is less good when » = 0 is chosen instead of » = 1/15. Figure 3.2 indicates an
underestimation of the computational velocities for & = 0 and a small overestimation for
b = 1/15. This can be seen clearly in Figures Sc and 5d. It is remarkable that for the stations
up to and including 13.5 m the results with » = 0 are slightly closer to the measurements
than the results with » = 1/15.

The computations with the DUT1 model are given in Figure Se. Comparison with Figure 5c
and 5d shows that from 17.3 m onwards differences between the two models occur. Com-
pared to the DUT2 model the DUTI model gives too high higher-harmonic peaks. This could
possibly be attributed to the less good linear shoaling behaviour of the latter model for
increasing values of k4 (see Figure 3.3). The two models have the same linear frequency-
dispersion behaviour. This frequency-dispersion behaviour can be seen to be more important
than the shoaling behaviour; for larger values of kk, for which the DUT2 model behaves
better than the DUT1 model, the frequency dispersion is not accurate enough to obtain a good
correspondence between measurements and computations.
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Because of the other way of representation of the results in the MAST study (Dingemans,
1994a) and this study it is hard to directly compare the DHI results with the results obtained
by both the DUT1 model and the DUT2 model. However, by inspection of the DHI results in
the MAST study it can be concluded that the DHI results are similar to those obtained by both
the DUT! and the DUT2 model but not exactly the same.

5.4.3 Measurement condition B

The results for measurement condition B are presented in the same way as the results for
condition A in Figures 5f, 5g and 5h. However, no comparison of the results for » = 0 and
b = 1/15 is given for test B and C. Test B is characterised by a longer basic wave than test
A, which means that the generation of higher harmonics in test B is stronger and that still
higher harmonics are generated. This causes discrepancies between the measurements and
computations to occur at an earlier stage than in test A; already for the stations on top of
the bar significant differences between measurements and computations can be seen. The
overall behaviour of the model however is fairly good in spite of the fact that some wave
breaking occurs in the measurements.

The results with the DUT1 and the DUT2 model are similar for the stations up to and including
15.7 m. However, at the horizontal part behind the bar the latter model performs signifi-
cantly better than the DUT1 model. The phase velocities can be seen to be represented in the
same way, but the amplitudes predicted by the DUT! model are consequently too high.

The overall behaviour is comparable with the DHI results for condition B.
5.4.4 Measurement condition C

The results for condition C are plotted in Figures 5i, 5j and 5k. Although we have a rather
short basic wave for condition C, the correspondence of the measurements and computations
is good. Only for the stations at 17.3 m and 19 m large discrepancies between measurements
and computations occur. The correspondence at 21 m is again very good, which might be
the result of a different phase relation between the various harmonic components. Especially
at 15.7 m, 19 m and 21 m the DUT2 model performs better than the DUT1 model.

The agreement of the DHI results with the measurements seems to be less good than the
results obtained with the DUT2 model. Also the results of the DUT! model as presented in
the MAST study seem to be less good than the results of the same model presented here. The
latter could be the result of numerical errors caused by too large time and spatial steps
applied in the computations for the MAST comparison.

5.5 Conclusions

The performance of the DUT2 model is quite satisfactory. Discrepancies between measure-
ments and computations arise for shorter wave components. These discrepancies are ascribed
to inaccurate frequency dispersion. Better results with Boussinesg-type models could possibly
be obtained by further improving the frequency dispersion by taking into account higher-
order frequency dispersion. Although correct shoaling behaviour was found to be less import-
ant than correct frequency dispersion, the improved linear shoaling of the DUT2 model as

a1



Boussinesq modelling of wave-induced particle velocities H 2065 July 1995

delft hydraulics

compared to the DUT! model resulted in a better correspondence with the measurements.
Besides improved shoaling, another difference between the two models is the assumption
about the bottom slope; the DUT! model is only valid for small bottom slope, while the DUT2
model is valid for larger bottom slopes. In these experiments the assumption of small bottom
slopes was found to be justified, but in other situations this can possibly give more
pronounced differences between the two models.
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6 Verification of time-domain
velocity computations

6.1 Introduction

The research on Boussinesq-type models has been primarily focussed on the prediction of
surface elevations. The knowledge about the capability in reproducing the velocity field,
which is of particular interest to sand-transport predictions is limited. Recently, efforts have
been spent on testing Boussinesg-type models against velocity data. Both Brocchini et al.
(1992) and Quinn et al. (1994) considered velocity data for waves breaking on a gently
sloping beach. The velocity data were acquired with the technique of Particle Image Veloci-
metry (PIV) and compared with results obtained with amongst others a Boussinesq model.
The description of the breaking process was based on the concept of the surface roller
developed by Deigaard (Schiffer et al., 1993).

The experiments were carried out on a 1:30 slope with regular waves with a period of 1 s
and an offshore wave height of 0.032 m. With a water depth of about 15 cm, the shallowness
parameter yields for this condition T (g/h)% = 8, which means that a rather long wave is
dealt with. For the basic wave ¢ = a/h = 0.2 and 4 = (W/L)*> = 0.02. Brocchini et al.
(1992) worked out comparisons on velocity data both on mean velocity spatial series and
on vertical profiles. It was found that the Boussinesq model gave an overestimation of the
velocity of about 10% . A more extensive comparison was carried out by Quinn et al. (1994).
Quinn et al. discerned three stages in the comparison. First the computed depth-averaged
velocity components were compared with the experimental data. It appeared that the com-
puted depth-averaged velocities slightly exceeded the measured values. Secondly, the validity
of the reconstruction of the velocity field by imposing a parabolic profile was considered.
The horizontal velocity field was calculated based on the measured depth-averaged velocities
and compared with the measured profile. It was found that the agreement in general was
quite good, especially in the near-bed zone. The parabolic profile however, was seen to
exceed the measured values near the surface, particularly in the crest locations. Finally, the
calculated depth-averaged horizontal velocity values were used to calculate the velocity
profiles and a comparison with the measured values was made. It was concluded that the
approach to obtain a velocity profile from mean velocities predicted by a Boussinesq model
is quite valid.

In this study a further comparison of velocity data and computations was made using the
DUT2 model. Both regular and irregular wave tests were considered. Since wave breaking
is not incorporated in the model equations, the comparison of measurements and computa-
tions is mainly made for locations outside the surfzone. The regular wave tests were obtained
in a test programme performed with waves breaking partially over a bar in a wave-current
flume at DELFT HYDRAULICS. These flume experiments and simulations are dealt with in
Section 6.2. In Section 6.3, a comparison is made between computations and measurements
performed at DELFT HYDRAULICS for irregular waves on a monotonic beach. Section 6.4
summarizes the conclusions.
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6.2 Regular waves
6.2.1 Flume experiments

The experiments were performed by DELFT HYDRAULICS using regular waves breaking on
a bar, as part of the EU-sponsored Large Installations Plan (LIP). The set-up of the
experiments is reported in Luth et al. (1994) and is the same as in the experiments used
in Chapter 5. In contrast with Chapter 5 however, the unscaled geometry is used here
(Figure 5.1). The flume was 45 m long, | m wide and had a still water depth of 80 cm on
each side of the bar.

From these experiments two regular wave conditions S and R were selected for comparison
with computations. In the first series of tests, a small wave height was used to produce waves
which behave close to linear wave theory. Those series of tests are denoted with SO1, in
which "0" indicates that that no current is used and "1" denotes the position of the measure-
ment equipment along the flume. The wave conditions used in the SO1 seriesare T = 1.50 s
and H = 0.06 m. The shallowness parameter yields for this condition, with 2 = 0.8 m in
the deep part, T(g/h)” = 5 which implies that we are dealing with a rather short basic wave.
The waves are non-breaking. Horizontal and vertical velocity measurements were carried
outatx = 15.5 m and 21.72 m from the wave maker using two 3-beam, 2-component Laser
Doppler Anemometers. Both locations are on the 1:20 upward slope of the bar. Wave eleva-
tion records were made at 6 locations along the flume using 6 wave height gauges, the last
of which was located on the top of the bar at x = 25.0 m. The last wave gauge is not consi-
dered in the comparison with computations. The tests were carried out 11 times, allowing
for velocity measurements at 11 different points along a vertical line near the middle of the
flume at each location. The horizontal distances of the wave height meters and the LDV
equipment measured from the wave maker are given in Tables 6a and 6b respectively. The
vertical distances of the LDV equipment to the bottom for each of the 11 runs are given in
Table 6¢, in which the last two characters of the name of each run indicate the run number.
Note that the waterdepth # = 57.6 cm at x = 15.5 m, and 26.6 cm at x = 21.72 m.

In the second series of tests a higher wave height is used such that the waves are breaking
over the bar. The conditions are 7 = 1.80 s and H = 0.3 m and therefore T (g/h)'/2 = 6 for
the basic wave at the deepest part. Since no breaking is incorporated in the time domain
equations only those tests should be used for which the measurement equipment is located
outside the wave breaking region. The selected tests are named RO1 and R0O2 with "1" and
"2" again indicating the cross-section number of the measurement equipment along the flume.
Tables 6d and 6e show the locations of the wave gauges and LDV equipment which could
be used in the comparison with computations. Note that the two locations at x = 15.5 m and
19.5 m at which the horizontal velocity measurements took place are on the upward slope
of the bar. At the location at 15.5 m the waves are shoaling but not yet breaking. The
location at 19.5 m occurs in the transition zone after wave breaking but before the increase
in set-up and therefore outside the inner surf zone. Despite the wave breaking the latter
location was also used in the comparison with measurements. The tests were repeated several
times to obtain velocity measurements at various heights. In the comparison with computa-
tions only the runs as indicated in Table 6f were used. Note that the waterdepth 7 = 57.6 cm
atx = 155 m, and 37.6 cmat x = 19.5 m.
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There are two small errors in the LDV signals (see Luth et al., 1994) with a maximum of
5% in the horizontal velocity components. Because of the rather complicated procedure
which should be followed to remove the errors, the LDV signals are used without correction.

The wave conditions can be compared with those used by Quinn et al. (1994) in terms of
the parameters ¢ = a/h and p = (W/L)Y*. WithL = ¢T = (gh)%T TR h/(gTz). For wave
condition S this yields ¢ = 0.04 and ¢ = 0.04 at the deepest part and ¢ = 0.15 and
p# = 0.01 at the shallowest part. For wave condition R, ¢ = 0.2 and p = 0.03 at the
deepest part and ¢ = 0.8 and ¢ = 0.006 at the shallowest part. It can be concluded that
in series R we are dealing with a longer and more non-linear wave than in series S and that
the wave conditions used by Quinn et al. with ¢ = 0.2 and ¢ = 0.03 can be classified
between the series S and R.

6.2.2 Numerical experiments

Since the considered wave gauges and LDV equipment were located before the horizontal part
of the bar, the minimum duration of the tests was determined in such a way that permanent
wave profiles could be obtained at x = 20 m. With an average depth of 70 cm over 20 m
we have with ¢ = (gh)l’é a mean celerity of ¢ = 3 m/s. So it takes less than 10 s for the
main wave to travel the distance of 20 m. The celerity of the third harmonic is ¢ = gT72w
which yields, with T = 0.5 s (a third of the smallest wave period T = 1.50 s in the tests),
¢ = 0.8 m/s. A duration of 25 s should therefore provide enough reserve for the higher
harmonics to reach the farthest stations. The duration of the tests was chosen to be 70 s.

The position of the outgoing boundary was chosen to be x = 100 m to ensure that reflection
does not affect the computational results. A wave with a celerity of ¢ = 2.6 m/s can then
travel the distance from ingoing to outgoing boundary and back to x = 20 m in 70 s.

In contrast with the computations in Chapter 5, the surface elevation boundary at x = 0 had
to be bolstered with the slow start (4.10) to decrease the disturbances in the computed
velocity signal at the various vertical locations. In the experiments, waves are generated by
sending a control signal according to a second-order Stokes wave theory to the wave board
(Klopman and Van Leeuwen, 1990). This second-order wave board control includes correc-
tions for the suppression of spurious free sub-harmonic and super-harmonic components.
In test S, the non-linear contributions are small and the waves generated by the wave board
are approximately sinusoidal. Therefore, in test S a sinusoidal wave { (¢t) = a sin 2#t/T was
taken as a boundary condition and the depth-averaged velocity was calculated from Eq. (4.9).
In test R however, a different boundary condition had to be chosen because of the highly
non-linear conditions; a harmonic analysis of the wave paddle signal showed that second and
third harmonics were significantly present in the signal. At first the wave paddle drive signal
was used as the velocity boundary condition. The surface elevation boundary was calculated
using Eq. (4.9). This however resulted in a signal for ¢ (¢) for which the time-averaged value
did not equal zero resulting in a net flux over the boundary. In order to avoid the generation
of a net flux, a surface elevation instead of a velocity had to be imposed. The surface elev-
ation signal corresponding to the wave paddle signal was determined by using a DELFT
HYDRAULICS programme based on higher-order Stokes theory. This gave the cosine Fourier
components corresponding to the wave conditions used in test R. To provide a slower start
the boundary condition was formulated in sine components as follows:
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(@ = 0.1418 sin(wt) + 0.0298 sin(2wt—12r.) + 0.0074 sin(3wt~7) (6.1)

where ¢ (t) is expressed in meters.

This expression (6.1) in combination with Egs. (4.9) and (4.10) was found to provide an
adequate boundary treatment for test series R.

In Chapter 5, it was already shown that small time and spatial steps were necessary for
convergence of the solution for { and 4. To find the necessary resolutions, Ar and Ax were
varied choosing A and determining Ax such that the CFL number for the basic wave in the
deepest part was equal to 1. For test S it turned out that Af = 0.01 s and Ax = 2.5 cm were
sufficient. In test R, it was necessary to halve these steps to obtain an accurate solution.
For this test the smoothing procedure proved to be good enough with Az = 0.01 s and
Ax = 2.5 cm, but unfortunately could not filter the disturbances from the signal of (h)
and #,, if the halved steps were used. Therefore, computations were made with '2Ar and
% Ax but with determination of (k). and &, from Eq. (4.14) using Ax. This could not solve
the problem, which indicated that the wave length of the numerical disturbances depends on
the step size. Also no appreciable improvement was obtained using a different filter which
smoothed out still longer waves. Eventually the computation for test R was performed with
15 Ar and Ax and therefore a small CFL number. In this way an accurate enough solution was
found with moderately smooth results for (hi),, and i,,. Apparently, Ax is the more impor-
tant parameter where the generation of the disturbances in (2) , and #Z,, is concerned and
At where the accuracy of the solution for { and # is concerned.

The computations from 0 - 70 s show an increase of the mean water level as time progresses
and a long-wave disturbance in the mean velocity. These effects are mainly noticeable in
test R. For this condition, Figure 6e shows the computed surface elevations and depth-
averaged velocity at some locations along the flume using a time-window from 0-70 s. It
can be seen that the phenomenon occurs from 30 s onwards for the station at x = 8.00 m
and still later on for stations further from the wave maker. Since 1) the scheme is internally
mass-conserving; 2) the prescribed time-averaged surface elevation at the seaward boundary
is zero; and 3) reflected waves cannot manifest itself at + = 30 s, it is likely that the
treatment of the seaward boundary where both the velocity and the surface elevation are pres-
cribed generates sub-harmonic components. This problem could not be solved. Finally, it
should be remarked that all computations were performed with b = 1/15.

6.2.3 Comparison of computations and measurements

From Tables 6a and 6b it can be seen that for each run wave elevation records at x = 8.00 m
are available. Those wave elevation records were used to determine the time origin of each
run with respect to the computations. In this way the measurements and computations could
be compared in such a way that the phase difference between them was zero for the station
at x = 8.00 m. Since the start of the experiments was not provided in the measurements,
the necessary time shifting 7 of the computations with respect to the measurements was deter-
mined omitting the start of the computations and requiring that the maximum value of
is 4T. The results are summarized in Table 6g for all used runs for both condition S and R.
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Wave condition S

A comparison between measured and computed surface elevations is shown in Figure 6a for
a time-window of four times the initial wave period. The time-window is chosen in such a
way that permanent wave profiles are obtained in the computations. It can be seen that the
overall agreement between measurements and computations is good for all stations. At the
crest locations the computed values systematically overestimate the amplitude; the agreement
is good at the trough locations.

The comparison with velocity data is carried out as follows. At two vertical positions time
records for the computed and measured horizontal velocities are given: 1) at the bottom just
outside the boundary layer; and 2) at the level where the computational (depth-averaged)
velocity may be found. From the measurements it could be seen that run number s0106
provides velocity values just outside the boundary layer. The depth-averaged value of a
parabolic profile is found at z = -0.4 4. This depth is best approximated in run number
s0112 for x = 15.5 m and in run sO115 for x = 21.72 m. At the corresponding vertical
distances from the still water level, z = -22.6 cm and -11.6 cm respectively, the horizontal
velocity records were computed from the computational velocity by imposing the parabolic
profile as explained in Chapter 4. Note that at these depths the deviation from the computa-
tional velocity is still small. In Figures 6b and 6¢ the comparison of measured and computed
horizontal velocities is given at both x = 15.5 m and 21.72 m; Figure 6b shows the velocity
at a depth close to the depth where the computational velocity is expected while Figure 6¢
shows the bottom velocity. Figure 6b shows an overestimation of the crest amplitude, as was
already seen for the surface elevations in Figure 6a. Apparently, the computational velocity
values exhibit the same behaviour as the surface elevation. The trough amplitude of the
bottom velocities on the contrary is slightly underestimated by the Boussinesq model.

Figure 6d shows the measured and computed velocity profiles at x = 15.5 m and 21.72 m
for both a crest location and a trough location. This comparison was obtained as follows.
In the time records for the computational velocity a crest and a trough location were selected.
Using the values for (7)., and 7, at these moments, the parabolic velocity profiles were
obtained. Taking into account the time shiftings as given in Table 6g, the corresponding
measurements were provided by run numbers s0105 to s0115. Tables 6h and 61 sum up the
PETCent eIror (Uypys = Ueomp)/ Uyneqs between the measured and computed velocity profile for
both the crest and trough situation for the locations at x = 15.5 m and 21.72 m respectively.
Note that for x = 21.72 m no measurements are available in the upper part of the profile
and that the measured velocities at the second location from the bottom were used in the
comparison with the computed bottom velocities in Figure 6¢. The first data point from the

bottom is shown in Figure 6d but is not listed in Tables 6h and 6i.

Figure 6d shows a quite good agreement between the flume and numerical experiment at
the trough locations. At the crest locations the agreement is good in the near-bed zone. The
Boussinesq model can be seen to perform better at x = 21.72 m than at x = 15.50 m.
Further it can be seen that, except for the lower part of the crest profile at 21.72 m, the
model gives a systematic overestimation of the velocity. Brocchini et al. reported an almost
constant overestimation of the velocity of about 10%. Here it is found however, that the
overestimation of the velocity values at the through locations decreases if the vertical
distance from the bottom increases. In the crest locations on the contrary, the deviations

between measurements and computations increase with increasing distance from the bottom.
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The bottom velocity is quite well predicted by the Boussinesq model; in the crest locations
errors of 6% for both locations and in the trough locations errors of 17% and 8% are found.

Because of the small non-linear contributions for condition S, a relatively symmetrical
velocity profile is found. The more non-linear wave in test series R is more interesting from
the point of view of sand transport predictions.

Wave condition R

As was mentioned in Section 6.2.3, no permanent wave profiles are obtained in the computa-
tions due to a sub-harmonic variation in the computational results (see Figure 6e). Compa-
rison with measurements shows that this phenomenon does not occur in the flume experiment
and that the agreement between measurements and computations is optimal when considering
a time-window as soon as possible after the start of the computations. Therefore the compa-
rison with measurements is made after 25 s, which was estimated to be the time necessary
for the higher harmonics to reach the farthest stations.

The comparison of surface elevations is presented in Figure 6f. For the stations up to
x = 15.70 m the agreement is slightly less good than obtained with the lower wave height
in test series S. The wave breaking is clearly visible for the last two stations. It can be seen
that although the peaks in the computed signal are too high the overall agreement is still quite
good. This is in accordance with the observation that the primary effect of wave breaking
is the reduction of the total wave energy without affecting the evolution of the spectral shape
significantly (Beji and Battjes, 1993).

In Figure 6g the measured and computed velocities are shown at an elevation close to that
where the computational velocity can be found. Therefore the influence of the parabolic
terms as superimposed on the computational velocity is still small there. At x = 15.50 m,
a systematic overestimation of the velocity values by the Boussinesq model is seen, as was
the case for condition S. Atx = 19.50 m the peaks are far too high. This however is a result
of the absence of a dissipation term in the time domain model. The spectral model might
solve this problem. The bottom velocities are presented in Figure 6h. The computed signals
at x = 15.50 m and 19.50 m show a higher harmonic disturbance which is introduced by
the fact that the smoothing procedure used in computing (/1),, and 4, was not completely
effective for condition R. Despite this disturbance it can be concluded that at x = 15.50 m
the trough amplitude of the bottom velocity is overestimated. To a smaller extent this was
already found for condition S.

6.3 Irregular waves
6.3.1 Flume experiments

Within the framework of the Large Installations Programme (LIP), measurements of hydro-
dynamics and sediment transport for irregular waves breaking on a beach were carried out
in DELFT HYDRAULICS’ Delta flume (Roelvink and Reniers, 1995). Two different geometries
were considered in the measurement programme; in this study only the first geometry consis-
ting of a Dean-type beach was used. For this geometry three different incident wave condi-
tions were considered; narrow-banded, random waves were chosen such that the wave condi-
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tions resulted in a stable (sub-test 1a), erosive (sub-test 1b) and accretive beach (sub-test 1c),
respectively. Each sub-test was subdivided in a number of wave hours. EMF current meters
attached to a movable carriage and three movable wave gauges remained in a fixed position
during each wave hour. The EMF current meters were attached to the carriage at various
distances from the bed allowing for velocity measurements at various heights. The sampling
interval for all instruments was 0.1 s. The bed profile was measured in between the wave
hours.

The DUT2 model was tested against sub-test la. For this test, the incident significant wave
height H 4 = 0.9 m and the incident peak period T, = 4.9 s. The bed profile for test la
is shown in Figure 6.1. Here x = 0 corresponds to the position of the wave board andz = 0
to the flume bottom. The water depth above the flume bottom 2 = 4.1 m. From 65 m up
to about 140 m, some wave breaking can be observed. The intense wave breaking takes place
from 140 m onwards. Since no breaking formulation is incorporated in the DUT2 model,
comparison of measurements and computations was only performed at x = 100 m, the
measurement location closest to the wave board. The movable carriage was positioned at

= 100 m during the second wave hour. The water depth # = 1.8 m at x = 100 m. During
the second wave hour surface elevations were measured at x = 20 m and 90 m.
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Figure 6.1  Bed profile for sub-test 1a of the LIP Delta Flume experiments

At the deepest part the shallowness parameter is T, b (g/h)”é = 8. We are therefore dealing
with rather long waves. This can also be observed when comparing the measured horizontal
velocity records at x = 100 m; the differences between the bottom velocities and the
velocities at approximately mid-depth are small. Therefore, only bottom velocities were
considered in the comparison with computations. The wave conditions can be quantified in
terms of the parameters ¢ = H, ,/2h and p = (hILY? withL = ¢T = (gh)%T‘ At the seaward
boundary we find ¢ = 0.1 and ¢ = 0.02.
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6.3.2 Numerical experiments

The DUT2 model was used to compute time series of the surface elevation and the bottom
velocity at x = 90 m and 100 m, respectively. The surface elevation boundary condition was
provided by the measured surface elevation time records at x = 20 m during the second wave
hour. The boundary condition was bolstered with the slow start (4.10).

The requirement that permanent wave profiles be obtained at x = 100 m, determines again
the minimum test duration. The celerity of the third super-harmonic is ¢ = g7/27 which
yields, with T = 1/3 T, = 1.6 s, ¢ = 2.5 m/s. So it takes 32 s for the third super-harmonic
to travel from the ingoing boundary at x = 20 m to x = 100 m. The comparison of measure-
ments and computations was performed from 50 s onwards to ensure that enough reserve
was provided for the higher harmonics to reach the farthest stations.

Unfortunately, the computations demonstrated unstable behaviour, comparable with the
phenomenon observed in the regular wave test with the higher wave height (condition R).
In Section 6.2.2 it was already noted that this might be the result of the treatment of the
seaward boundary condition. This erroneous behaviour seems to be enhanced for higher
values of the non-linearity parameter €. Attempts made at solving the instability problem,
among which the use of an upwind discretization at the boundaries, were unsuccesful. Since
the unstable behaviour became noticeable after more than 100 s, it was decided to compare
the model output and the experimental data from 50 s up to 100 s only.

The bed profile used in the computations was the profile measured after the first wave hour.
From x = 150 m onwards the depth was kept constant at # = 0.8 m. The outgoing boundary
was positioned at x = 255 m to ensure that the reflected waves could not reach the output
stations before the end of the computation.

The spatial and time steps were determined in such a way that the CFL number at the seaward
boundary was 1. A convergent solution was found for At == 0.025 s and Ax = 0.13 m. Since
At was smaller than the sampling interval in the measurements, interpolation had to be
carried out between the values of the ingoing surface elevation signal.

At first, the bottom velocity was computed from the computational velocity by means of the
parabolic distribution of the horizontal velocity, Eq. (2.18). The procedure (4.15) was
succesfully applied to smooth the signal of #. Small irregularities in the bed profile however,
gave rise to vastly erroneous results for (A1), and consequently the bottom velocity. This
problem could have been solved by smoothing the bed profile before the computation or
the signal of hiz. However, in view of the small contributions of the parabolic correction
terms because of the almost uniform velocity profile, it was decided to compute the bottom
velocity for the approximation of horizontal bottom. Neglecting the bottom-slope and bottom-
curvature terms in Eq. (2.18) yields:

u(x,z,t) = ﬁ—[%hz +zh+%z2]ﬁu 6.1)

The bottom velocity then follows from Eq. (6.1) for z = -A.
Finally, it should be remarked that the computation was performed with » = 1/15.
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6.3.3 Comparison of computations and measurements

Figure 6i shows the comparison of measurements and computations for the surface elevation
at x = 90 m and the bottom velocity at x = 100 m, respectively. The discrepancies between
the predictions and the computations are larger for the bottom velocity than for the surface
elevation, which is ascribed to the fact that the comparison for the bottom velocity was made
further from the wave board.

It can be seen that the model overestimates the amplitudes, especially the bottom velocity
amplitudes. This is possibly the result of the absence of a dissipation formulation in the
model to describe wave breaking; the LIP experiments for test 1a show a small decrease of
the significant wave height from 65 m up to 140 m, after which the wave breaking becomes
stronger. Besides the overestimation of the amplitudes, phase errors can be observed in the
predicted time series, due to the inaccuracy of the linearized dispersion relation of the model.
This inacurracy becomes significant for the higher harmonics.

6.4 Conclusions

The numerical method used in the DUT! and DUT2 models for the integration of the
Boussinesq equations, gives rise to instabilities which become more significant for increasing
values of the non-linearity parameter ¢. Development of a model based on a different
numerical scheme is recommended.

The calculation of the velocity profile from the computational velocities is very sensitive
since second-order derivatives (h%),, and #,, must be determined. The used smoothing proce-
dure was able to filter high-frequency disturbances from the computational velocity signal
in most situations. Irregularities in the bed profile can give rise to erroneous results for the
parabolic correction terms as well.

The regular wave tests S and R show that the discrepancies between predictions and measure-
ments for the computational (mean) velocities are comparable with the discrepancies obser-
vable in the surface elevation; both for the surface elevation and for the mean velocity, the
model slightly overestimates the crest amplitudes and underestimates the trough amplitudes.
The velocity profile obtained from the computational velocity is in good agreement with the
measured profile for the lower half of the profile. The trough amplitude of the bottom
velocity is slightly overestimated. It can be concluded that the accuracy in predicting the
computational velocity is directly related to the accuracy of the prediction of the free-surface
elevation. Further, the determination of the bottom velocity from the computational velocity
by the parabolic extrapolation yields good results.

Computations for the irregular wave test 1a show an overestimation of the bottom velocities
which can be (partly) ascribed to the absence of a dissipation formulation in the model.
Therefore, and because of the rather short predicted time series, this simulation was not
suited for the comparison of predicted and measured velocity moments. The DUT spectral
amplitude Boussinesq model, which includes a spectral breaking term, will be used to simu-
late amongst others this Delta flume test la (see Chapter 7 and 8).
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7 Determination of the velocity field using
a frequency domain formulation

7.1 Introduction

Besides the direct time domain approach as used in the preceding chapters, a frequency
domain approach based on evolution equations and Fourier series approximations can be
used. Madsen and Serensen (1993) developed a set of coupled evolution equations for
complex Fourier amplitudes based on Boussinesq equations with improved dispersion charac-
teristics and valid for a mildly sloping bottom. They found that the agreement between the
time domain equations and the evolution equations is most satisfactory. The only discrepancy
is found in the highest waves where the evolution equations underestimate the peak values.

Boussinesg-type models are basically conservative (non-dissipative). In order to extend the
applicability of Boussinesq models to the surf zone, the influence of wave breaking should
be modelled and incorporated in either the time domain or spectral equations. The effect of
wave breaking is the dissipation of energy on the main frequencies, while low-frequency
energy might be released. Additional low-frequency energy can be generated due to the hori-
zontal oscillation of the breaker line, which occurs during the breaking of waves in a group
or of irregular waves. The low-frequency waves will reach the shoreline and be almost totally
reflected, forming a standing wave pattern. Schiffer et al. (1993) modelled the process of
wave breaking using the concept of surface rollers and incorporated this in a time domain
Boussinesq model. The wave breaking can also be modelled in a spectral form by using a
spectral dissipation function. Such a dissipation function was incorporated in a spectral
amplitude model based on the above mentioned evolution equations by Eldeberky and Battjes
(1995). The resulting DUT spectral model was used to predict surface elevations and surface
elevation spectra. The results showed encouraging agreement with observed surface eleva-
tions as well as spectra (Eldeberky and Battjes, 1995).

In this study the DUT spectral model was used in order to predict horizontal velocities,
velocity spectra and the third odd velocity moment, which is an important parameter in
describing the time-averaged sediment transport rate. Section 7.2 globally describes the
equations on which the DUT model is based. In Section 7.3, the extension of the model in
order to compute horizontal velocity values is discussed. The testing of the model against
flume measurements is described in Chapter 8.

7.2 The DUT spectral model
7.2.1 The governing equations

As mentioned in the introduction, the spectral model consists of a set of coupled evolution
equations for complex Fourier amplitudes based on Boussinesqg-type equations supplemented
with a quasi-linear dissipation term to account for wave breaking. The evolution equations
for the complex amplitudes were derived by Madsen and Serensen assuming uni-directional
wave propagation. Starting point of the derivation were the Boussinesg-type equations (3.12)
in terms of the flux with improved frequency dispersion and valid for small bottom slopes.
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Solutions for the surface elevation are formulated in terms of Fourier series with spatially
varying coefficients:

0 = Y 4,00 explita,t-v, ()] (7.1)

p=-o

where p indicates the rank of the harmonic, AP is the complex Fourier amplitude, @, is the
cyclic frequency and dl// /dx = k (x) 1s the wave number in the linear approximation. Note
that w = z,b_p ¢ , A = Ap with **’ denoting the complex conjugate. The cyclic
frequencies are determined by w, = pAw where Aw is the lowest frequency of interest. The
wave number kp can be determined from Eq. (3.10), the linear dispersion relation of Egs.
(3.12). Although all wave numbers in this formulation (7.1) correspond to free waves, the
spatial variation of the Fourier amplitudes actually allows for combinations of bound and

free waves for all frequencies.

A lowest-order estimate of the flux g is obtained by combining the expansion for {(7.1) with
the continuity equation (3.12a) while neglecting the first derivatives of Ap and kp:

100 = % L Ay(3) expli(w, -4, ()] (7.2)
Z. %

Inserting Eq. (7.1) and Eq. (7.2) in the Boussinesq equations (3.12) yields after some
algebraic manipulations first-order evolution equations for the complex Fourier amplitudes.
In this procedure, first derivatives of Ap , kp and /& are assumed to be small and products
of derivatives and higher derivatives of these quantities are neglected in the formulation.

The evolution equations were supplemented with a semi-empirical dissipation formulation
for the total energy loss due to breaking which reduces the spectral amplitudes in the same
proportion without affecting the spectral shape (Eldeberky and Battjes, 1995). With p
covering the interval from p = 1 to oo, the evolution equations then read

dA h
P _ . X — i * -
o 657Z_AP i2g (Fp + Fp) + dbp (7.3)

where the dissipation term dbp represents the contribution to the spatial rate of change of
the complex amplitude due to wave breaking. The dissipation term is proportional to the
complex amplitude Ap with a frequency-independent factor equal to the ratio of the total local
rate of random-wave energy dissipation per unit area due to breaking over the total local rate
of energy flux per unit width. The complete expression for the dissipation term can be found
in Eldeberky and Battjes (1995). The first term in the right-hand side of Egs. (7.3) represents
linear shoaling. The second and the third term represent the triad sum and difference interac-
tions respectively. The terms F,™ and F,” are defined by

p_l +
Fp i m§=:1 2a61AmAp§m exp[—i(¢'n+¢P“m—¢P)]
(7.4)
) °‘1 m Ay e EXDL~1(Ypyp =V =¥)]
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Expressions for the shoaling coefficient 85 and the interaction coefficients 8;, «™ and o

can be found in Eldeberky and Battjes (1995).
7.2.2 Numerical solution

A solution to the evolution equations (7.3) is found by numericaily integrating these first-
order ordinary differential equations using the fourth-order Runge-Kutta method. The model
input comprises:

the bottom geometry and output locations

the b-value to control the frequency-dispersion behaviour

the breaking coefficient y = H, /h in which H,, is the maximum wave height
the bandwidth Af used in the simulations

the number of frequency components P

the spatial step Ax

an upwave boundary condition for the integration

~N N B W N e

The upwave boundary condition is a set of complex amplitudes A p+ (p = 1,2,3...P). Those
amplitudes can be obtained from measured time records of the surface elevation by the use
of a standard fast Fourier transformation algorithm.

The result of the numerical integration is a set of complex amplitudes 4 , (= 1,2,3...P) at
each location. The phases of the complex amplitudes Ap predicted by the evolution equations

only contain the non-linear contribution. The complex amplitudes A p+ are found by adding
the linear part of the phase function as follows:

Ap = Ap exp[—ix//p] (7.5)
The linear phases v,bp in Eq. (7.5) are obtained by integrating kp spatially.

The output of the model consists of the complex amplitudes Ap+. The surface elevations at
each location are then defined by

P
Sxp) =2 Y A, (0 expliw,n)] (7.6)
p=1

and are obtained by transformation of the complex amplitudes Ap+ into surface elevations
by using inverse fast Fourier transformation.

7.3 Computation of the horizontal velocity field
Since we are interested in horizontal velocity values at different heights an expression has
to be found for the horizontal velocity as a function of the depth in terms of the complex

Fourier amplitudes.

The lowest-order approximation of the flux ¢ is given by Eq. (7.2). In principle the depth-
averaged velocity # can be obtained from

54



Boussinesq modeiling of wave-induced particle velocities H 2065 July 1995

delft hydraulics

- _ q
A 1.7)

in which { is determined by Eq. (7.1). In order to simplify the expression for # and its
second-order derivatives Eq. (7.7) is linearized:

H(xt) = % ~ p;m %’E A,(0) expli(w,t~v, ()] (7.8)

The depth-averaged velocity amplitude is thus obtained from the surface elevation amplitude
by multiplication of each Fourier component by wp/(kph). Note that in this way only the
purely oscillating part of the horizontal velocity is predicted by the model; the time-averaged
component of the velocity is eliminated upon linearization.

In order to compute the horizontal velocity profile as a function of the depth a parabolic
profile is imposed. As a first approximation we use the reduction of Eq. (2.18) for the
constant depth situation:

u(x,z,t) = ﬁ-[%h2+zh+%22]iiu (7.9)

The depth-averaged velocity # in this expression is given by Eq. (7.8). If we neglect all
derivatives of A, kp and h, the second derivative #,, can be computed by multiplying each
Fourier component of # by —kp2 or equivalently by multiplying each component of { by -
(kpwp)/h. The complete expression for the velocity field in terms of Fourier series then
becomes

w(xzt) = 3 Up(x2) explilwyt-¢,(x)] (7109
p:—-m
with
U, (x.2) s [_Ihz v zh + -1-22] (7.10b)
4,0 Kk 73 2

The numerical model was extended to compute the complex amplitudes U, t = Upe""ﬁ which
contain both the non-linear and linear contribution to the phase function. This is done at each
location and at various vertical positions by multiplication of Ap+ by the expression in the
right-hand side of (7.10b). The values for z can be specified in the input for the model. Note
that the bottom velocity is obtained for z = -h. Besides the complex amplitudes U, * raw
spectral density values 2Up2/Af were computed. After the simulations the velocity time
records can be obtained from the complex amplitudes by means of an inverse fast Fourier
transformation.

The testing of the model against velocity measurements is discussed in Chapter 8.
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8 Verification of frequency-domain
velocity computations

8.1 Introduction

The DUT spectral model was used to predict surface elevations from given complex Fourier
amplitudes obtained from measured time records in laboratory experiments at the upwave
boundary (Eldeberky and Battjes, 1995). The model was also used together with the assump-
tion of random, independent initial phases to calculate the evolution of the energy spectrum
of random waves. The model yielded realistic predictions of the spectral evolution as well
as the surface elevation. It was found however, that the model tends to underestimate the
crest elevation of the highest waves. This might be due to the transformation of the time
domain equations into the frequency domain; Madsen and Serensen (1993) already noted
that the evolution equations underestimate the peak values of the highest waves compared
to the corresponding time domain equations.

In this study, the extension of the DUT spectral model to predict horizontal velocities (see
Chapter 7) was verified against test 1a and 1c of the Lip Delta flume experiments (Roelvink
and Reniers, 1995). The extended model was used to predict bottom velocity time series,
bottom velocity spectra and bottom velocity moments. Eldeberky and Battjes (1995) used
the same tests, which they refer to as tests C and D respectively, for the comparison of
measured and computed surface elevation time series and spectra. In this work, all computa-
tions were performed with an upwave boundary condition consisting of a set of complex
amplitudes obtained from measured time records. Note that Eldeberky and Battjes (1995)
computed energy spectra with the assumption of random, independent initial phases.

In Chapter 1, it was already mentioned that the odd velocity moments are important in
describing sediment transport, while the contribution of the even velocity moments is usually
an order of magnitude smaller. The focus of this study is on the third odd velocity moment,
which determines the bed load transport rate. Roelvink and Stive (1989) showed that the most
important contributions to the third odd velocity moment are given by:

<lulPu> = 3<1uhilzﬁ> + <|uhi[2uhi> + 3<iuhi[2ulo> + . (8.1)

where the instantaneous near-bed velocity u is assumed to consist of a wave group averaged
component #, a short wave averaged oscillatory component «;, and a short wave component
uy;. The < > indicate time-averaging over the short wave and wave group scale. The first
term in Eq. (8.1) is related to the return flow under breaking waves. The second and the
third term represent the contribution to the velocity moment of the oscillatory part of the
instantaneous velocity; the second term is related to the short wave asymmetry, whereas the
third term is associated with the interaction between the long wave velocity and the slowly
varying short wave velocity variance. The return flow effect was disregarded in the compa-
rison with measurements since the DUT spectral model only predicts the oscillatory velocity
component (see Chapter 7).

In Section 8.2. the Delta flume experiments are dealt with. The numerical experiments are

described in Section 8.3. Section 8.4 is about the comparison of the computations with the
measurements. Finally, Section 8.5 summarizes the results.
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8.2 Flume experiments

The LIP Delta flume experiments (Roelvink and Reniers, 1995) have already been described
in Section 6.3.1. It was mentioned that both in sub-test 1a and 1c a Dean-type beach was
used. The combination of wave conditions and water level resulted in a stable beach in the
case of sub-test 1a and in an accretive beach for sub-test lc. In test la, the incident
wave conditions are such that wave breaking is strong. The monotonic sandy beach profile
(Figure 8.1) allows for wave breaking to take place over a large distance; the experiments
showed a gradual decrease of the significant wave height from 100 m onwards up to about
140 m, beyond which the wave breaking gets strong. In test 1c on the contrary, a barred
beach profile is used (see Figure 8.2). The wave breaking is mild and is concentrated behind
the bar, the crest of which is located around 138 m.

Each sub-test was subdivided in a number of wave hours, during each of which the water
level and wave conditions were kept constant. EMF current meters attached to a movable
carriage and three movable wave gauges remained in a fixed position during each wave hour.
Therefore, each wave hour provided measurements at different locations. An overview of
the locations of the EMF current meters during each of the wave hours for sub-test la and
sub-test 1c is given in Table 8.1. Only those locations are given for which a comparison
between measurements and computations was made. The sampling interval for all instruments
was 0.1 s. The bed profile was measured in between the wave hours.

In the computations the sequence of wave hours was simulated in one single run, using a
typical bed profile. Because of the small changes in the bed profile in sub-test 1a during the
sequence of stages, the typical bed profile was arbitrarily chosen as the profile measured after
the 4th wave hour (see Figure 8.1).
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Figure 8.1  Bed profile for sub-test 1a of the LIP Delta Flume experiments
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The profile development in sub-test 1c is strongest just beyond the bar. In order to properly
simulate the wave propagation for the stations beyond the bar, which are provided by the
7th to 9th wave hours, the typical bed profile for sub-test 1c was chosen as the bed profile
measured after the 6th wave hour (see Figure 8.2). The model assumption of slowly varying
bottom (8 = h, < p,%) can be seen to be in contrast with the relatively steep slope beyond
the bar crest in sub-test l¢ (see Eldeberky and Battjes, 1995).

bed profile for test lc
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w S
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T T
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0. 20. 40. 60. 80. 100. 120. 140, 160. 180. 200.
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Figure 8.2  Typical bed profile for sub-test 1¢c of the LIP Delta Flume experiments

Sub-taest la Sub—-test 1lc
wave hour EMF location (m) wave hour EMF location (m)
2 100 1 65
3 115 3 102
4 130 2 115
5 138 7 138
6 145 8 145
7 152 9 152
Table 8.1 Selected wave hours and corresponding positions of the EMF current meters measured from the

wave board, for sub-test 1a and sub-test Ic

During each wave hour free surface elevations were measured at x = 20 m. The measured
time record during the 5th (sub-test 1a) and the 7th wave hour (sub-test 1c) were used as
the upwave boundary condition in the simulations. The other records at 20 m were used to
determine the time difference between the measurements of the various wave hours; the time
at which sampling was started was slightly different for each wave hour. This was done using
a DELFT HYDRAULICS covariance programme. For sub-test 1a besides bottom velocities time
records also surface elevation records at x = 109 m, 132 m and 154 m were considered to
validate the computations against the computations by Eldeberky and Battjes (1995). Those
surface elevation records were measured during the 3rd, 5th and 8th wave hour.
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The EMF current meters were attached to the carriage at various distances from the bed
allowing for velocity measurements at various heights in the lower half of the profile. In both
sub-tests however, the differences between the bottom velocities, measured at 10 cm above
the bed, and the velocities at approximately mid-depth were small. Therefore, only bottom
velocities are considered in the following.

In both tests narrow-banded random waves were generated at the wave board. In sub-test Ic,
a second-order wave board control signal was applied so that the generation of spurious free
sub- and super-harmonics is suppressed. In sub-test 1a on the contrary, spurious free waves
were excited at the wave board as a result of the use of first-order wave board control. For
both tests, the wave board control signal included compensation for waves reflected from
the beach to prevent re-reflection at the wave board.

For both tests, the incident wave conditions are listed in Table 8.2, in which T, P is the peak
period and H,, the significant wave height. The non-linearity parameter ¢ = a/h = H, ;/2h
and the dispersion parameter p = (#/L)? withL = ¢T = (gh)%T are calculated at the upwave
boundary. The shallowness parameter 7, »(8/h) % at the upwave boundary is computed as well.
The water depth at this boundary is # = 4.1 m for both tests.

Test T, (s) H,, (m) T,(8/h)* e | B
la 4.9 0.9 7.8 0.11 0.017
lc 8.0 0.6 12.4 0.07 0.007
Table 8.2 Wave parameters for sub-test {a and sub-test [c

Dingemans (1994b) mentioned that in practical computations good results are obtained for
¢ as large as 0.25 while p should be typically smaller than 0.02 for the shortest wave
component. It can be seen that for both tests, the primary wave meets the requirement that
¢ be small. This does not hold however, for the higher harmonics in sub-test la. This is
further considered in Section 8.4.3. The shallowness parameter for sub-test lc is large
compared to sub-test 1a and the experiments used in Chapters 5 and 6.

Because of the larger shallowness parameter for sub-test 1c, the Boussinesq model can be
expected to yield more accurate phase celerities for sub-test 1c than for sub-test 1a. It should
be remarked however that, since the strength of the triad interactions is governed by the
phase mismatch between the bound and free wave numbers, the generation of higher harmo-
nics is stronger in sub-test lc than in sub-test 1a. Further, Table 8.2 shows that the non-
linearity is higher in sub-test la than in sub-test lc, which also implies that the wave
breaking is stronger.

8.3 Numerical experiments

As was mentioned in Section 8.2 one single run was made to obtain output at each station
indicated in Table 8.1. The upwave boundary condition at x = 20 m was obtained from the
selected measured time records of the surface elevation (see Section 8.2) by the use of a
standard fast Fourier transformation (FFT) algorithm. Besides the boundary condition, the
bottom geometry and the output locations, the model input comprises:
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1 the b-value to control the frequency-dispersion behaviour, which was chosen as
b =1/15

2 the breaking coefficient v for which y = 0.85 was chosen in accordance with the
v-value used by Eldeberky and Battjes (1995)

3 the bandwidth Af

the number of frequency components P

5 the spatial step Ax

N

The bandwidth Af and the number of frequency components P are determined so that all
harmonics are represented adequately. The sampling interval of the measurements which is
Ar = 0.1 s, determines the maximum cut-off frequency fNyq:

1
fNyq iy 5 Hz (8.2)
This frequency was chosen as the maximum frequency in the computations by Eldeberky
and Battjes (1995). Choosing a maximum frequency of 5 Hz in the simulations however,
resulted in an extremely noisy signal for the bottom velocities. This appeared to be due to
the amplification of the higher harmonics in the computation of the second-order derivative
of the depth-averaged velocity with respect to x. Inspection of surface elevation spectra
obtained from measurements showed that no appreciable energy was present above a fre-
quency of about 1 Hz for both sub-test 1a and 1c. Choosing a maximum frequency of 1 Hz
gave smooth results for the bottom velocity time series. Besides, an enormous reduction of
the computational effort was achieved; the computational time appeared to be proportional
to the square of the number of frequency components P. A maximum frequency of 1 Hz
implies a time interval Az of 0.5 s. Therefore, the time series of the surface elevation with
a sampling rate of 1 Hz were thinned out before using a FFT programme to obtain the
upwave boundary condition.

The number of frequency components P is directly related to the choice of the bandwidth
Af or equivalently, the choice of the length of the simulated time period T = 1/Af. The value
for T = 2PAt was chosen such that P was an integer power of 2, since FFT procedures are
most efficient in that case. It is obvious that the choice of the simulated time T implies a
compromise between the resolution and the computational effort. For sub-test 1a, at first a
sequence of 4 runs of 512 s was made, with upwave boundary conditions obtained from
successive parts of the measured time series. The raw bottom velocity spectra which appeared
to vary between the realizations were averaged over the realizations as well as over a number
of frequency bands in order to decrease the statistical error. It appeared however, that a more
accurate representation of the longest waves was obtained when using longer time records.
Despite the appreciable increase of the computational effort, the comparison of measurements
and computations was eventually performed using one simulation with a length 7' = 2048 s
for both tests. In that way, the accurate representation of the sub-harmonic components was
ensured and the postprocessing of the output facilitated; the averaging of the bottom velocity
spectra and moments over various realizations was unnecessary.

Thus, for the length of the upwave boundary time series 7 = 2048 s was chosen, with a time
interval At = 0.5 s; the record contained 4096 data points. The first part of the measure-
ments which was sampled just after the wave paddle was started was disregarded. Applying
the FFT yielded a set of complex amplitudes 4,™ (p = 1,2,3...P) with P = 2048. The band-
width was Af = U/T = 4.883*102 Hz.
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For the spatial step at first Ax = 0.25 m was chosen for both tests, in accordance with the
spatial step used by Eldeberky and Battjes (1995). It appeared however, that without loss
of accuracy Ax = 0.5 m could be used, which reduced the computational time. A further
reduction of the computational effort might be obtained by using a still larger spatial step.

An overview of the computational parameters used in the numerical simulations is given in

Table 8.3.
Test b v P Af (Hz) Ax (m)
la and lc 1/15 0.85 2048 4.883%1072 0.5
Table 8.3 Computational parameters for sub-test la and sub-test 1c

8.4 Comparison of computations and measurements
8.4.1 Introduction

The output of the model contained at the specified locations sets of complex amplitudes
Ap+ and U, ™ (p = 1,2,3...P) as well as raw spectral density values 2Ap2/Af and 2Up2/Af
(p = 1,2,3...P). Note that the complex amplitudes Up+ only represent the oscillating part
of the bottom velocity. Therefore, the measured bottom velocity time records were demeaned
before comparison with computations. Further, in the comparison the time shifting of the
various wave hours with respect to the typical wave hour (see Section 8.2) was taken into
account. The computed complex amplitudes were transformed into time series using inverse
FFT. Further, the comparison was carried out on bottom velocity spectra, covariance func-
tions between the short wave velocity variance and the long wave velocity and bottom
velocity moments.

Spectra

In order to obtain raw spectral density values 2Up2/Af from the measurements, FFT was used.
Subsequently, both for the measurements and the computations a suitable averaging in the
frequency domain was applied. The number of neighbouring frequency bands k over which
the raw spectral data were averaged was chosen so that the statistical error was sufficiently
reduced without resulting in too large a loss of spectral resolution. The averaging was done
by merging k = 32 consecutive spectral density estimates, yielding a number of degrees of
freedom in the spectral estimates of 64. The spectral resolution thus was kAf = 0.0156 Hz.

The statistical error amounted to

L 189 (8.3)

k

b =
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Covariance functions

The bottom velocity spectra computed from the model output appeared to largely under-
estimate the sub-harmonic spectral peak. This could be due to the assumption of uni-
directional wave propagation in the model so that waves reflected from the beach are not
represented in the simulations. To verify this, for both measurements and computations the
covariance between the slowly varying short wave velocity variance and the long wave
velocity was determined for different time lags 7. The covariance function C(7) at each
station is defined as

C(r) = Cov (w2 (1), uy, (t-7)) (8.4)

where u,; is the short wave component and u,, is the short wave averaged oscillatory
component or long wave component. The covariance functions so determined represent the
phase coupling between long waves and the short wave groups at a certain station. Waves
reflected on the beach are indicated by a correlation at a negative time lag corresponding
to the time it takes for a short wave group to travel from the station to the beach and for
a long wave to travel back. A negative correlation at zero time lag can be explained by the
presence of bound long waves, long waves which are forced by the short wave groups and
travel at the same speed as these wave groups. In the covariance functions free long waves
coming in before the wave groups are represented by a positive peak at positive time lag,
next to the negative peak at zero time lag due to the bound long waves.

To determine the covariance functions the bottom velocity time series were divided in a high-

frequency part uy; and a low-frequency part «;,. The bottom velocity time series u(x,?) are
represented by the following truncated Fourier series (compare Eq. (7.6)):

P
u(xg) =2 Y U, () expli@w pAf 1)] (8.5)
p=1

The short wave bottom velocity u,,;(¢) and the long wave bottom velocity u,,(¢) are then given
by

P
uplt) =2 % Up*(x) exp[i2® pAf 1)]
p"}" (8.6)
upxs) =2y Up*(x) expli@m pAf D]
p=1

For the lowest short wave frequency mAf, half the peak frequency was used yielding
mAf = 0.102 Hz and m = 209 for sub-test la, and mAf = 0.0625 Hz and m = 128 for sub-
test 1c.

Filtering according to Eq. (8.6) was applied to the sets of complex amplitudes UPJr
(p = 1,2,3...P) for both measurements and computations. The low-pass and high-pass fil-
tered sets of complex amplitudes were transformed into time series of u, (1) and w,(2),
respectively. The latter time series were then squared. The covariance functions (8.4) at each
location were obtained by the use of a covariance package.
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Third odd velocity moments
Since we only consider the oscillatory velocity components, Eq. (8.1) is reduced to
<l|ulPu> = <|uy|*u >+ 3< uyl?
hil " Hpi Up| gy > 8.7)

All three terms in Eq. (8.7) were determined for both measurements and computations. It
appeared that indeed the sum of the short wave and long wave contribution to the third odd
velocity moment approximately equalled the moment computed on the basis of the time series
for . The moments were determined as the covariance at zero time lag:

<|ul?u> = Cov (2@ ,u@®) (8.8)

Note that the long wave contribution to the third odd velocity moment is equal to three times
the covariance between the long wave velocity and the slowly varying short wave velocity
variance at zero time lag.

8.4.2 Resuits
Sub-test 1a

In Figure 8a, the computed surface elevation time series are compared with measurements
using a time-window of about 10 times the wave period. The results correspond with the
results presented in Eldeberky and Battjes (1995). Inspection of the results shows that the
peak values of the highest waves are largely underestimated by the model and that the form
of the predicted wave profile somewhat differs from the measured one with the differences
coming more significant closer to the beach. These discrepancies can be partly attributed
to phase errors resulting from the inaccuracy of the dispersion relation of the Boussinesq
equations, which become significant for larger propagation distances. The underestimation
of the crest values was already noted by Madsen and Serensen (1993) in a comparison of
the results of their time domain Boussinesq model and the corresponding spectral Boussinesq
model. They could not give an explanation for this discrepancy which seems to be the result
of the transformation of the equations from the time domain into the frequency domain.

The computed and measured bottom velocity time series are shown in Figures 8b.1 and 8b.2.
It can be seen that the accuracy in predicting the bottom velocity is comparable to the
accuracy in predicting the surface elevation. The major discrepancy between computations
and measurements is again found in the crest values, resulting in a too symmetric computed
signal. In Figure 8c the horizontal velocities at approximately mid-depth are presented,
showing that the horizontal velocity field is indeed approximately uniform.

Spectral density functions of the measured and computed bottom velocities are depicted in
Figure 8d. For the stations up to 130 m the agreement in the spectral evolution is good. For
the stations from 138 m onwards, where the wave breaking is strong, a discrepancy in the
magnitude of the sub-harmonic spectral peak occurs. This effect was not noticeable in the
surface elevation spectra (see Eldeberky and Battjes (1995)) which can be attributed to the
fact that the ratio of velocity amplitude and surface elevation amplitude increases for
decreasing frequencies. The underestimation of the magnitude of the sub-harmonic peak
might be partly due to a too strong reduction of the long wave amplitudes as a result of the
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wave breaking formulation in the model. Another plausible explanation could be the assump-
tion of uni-directional wave propagation in the model. As a result the computations do not
describe the long waves which are reflected from the beach forming a standing wave pattern.
Note that since most short wave energy is dissipated on the beach, the reflection of short
waves is negligible in the flume experiments.

To verify the latter explanation, the covariance functions of the short wave bottom velocity
variance and the long wave bottom velocity were determined. These covariance functions
are presented in Figure 8e. For the stations at x = 100 m and 115 m the predictions are quite
reasonable. The model reproduces the minimum at zero time lag due to the bound waves
and the maximum at positive time lag due to the (spurious) incoming free waves. This
maximum is rather large due to the first-order wave generation at the paddle. The measure-
ments for these two stations show a small covariance at negative time lag which is not repro-
duced by the model. This could not only be due to reflected waves but also to statistical
variability in the covariance functions. For the stations from 130 m onwards however, for
which the model underestimated the sub-harmonic spectral peak, the discrepancies are not
only found at negative time lag but also at the time lags corresponding to the bound waves
and free waves coming in before the wave groups. It can be seen that the effect found in
the flume experiments that the correlation at zero time lag becomes positive close to the
shore is not fully reproduced by the model. Therefore, no definite conclusions about the
discrepancies in the spectra for the low frequencies can be drawn on the basis of the
covariance functions.

The measured and computed third odd velocity moments are shown in Figure 8f, A distinc-
tion is made between the total velocity moment and the long wave and short wave contribu-
tion to the velocity moment. It can be seen that the long wave contribution to the total
velocity moment is small compared to the short wave contribution. Therefore, the discrepan-
cies found in the covariance functions at zero time lag hardly influence the total velocity
moment. The short wave contribution and consequently the total velocity moment are largely
underestimated by the model, except for the last two stations where strong wave breaking
takes place. The underestimation of the short wave contribution is a direct result of the
underestimation of the crest values of the highest waves as noted in the bottom velocity time
series.

Sub-test 1c¢

In Figures 8g.1 and 8g.2 the computed bottom velocity time series are compared with
measurements using a time-window of about 10 times the wave period. The agreement is
quite reasonable. The phenomenon that the crest elevations are underestimated is not found
for this sub-test. The form of the computed signals is in better agreement with the
measurements than was found for sub-test 1a. The phase errors are smaller, which is a direct
result of the more accurate frequency dispersion for smaller values of the dispersion
parameter u (see Table 8.2). The phase errors become noticeable for larger propagation
distances.

The velocity spectra, depicted in Figure 8h, show a good agreement between measurements
and computations for the first three stations. The predicted spectrum at x = 138 m, corres-
ponding with the top of the bar, not only shows an underestimation of sub-harmonic spectral
peak but of the primary peak as well. The latter could be due to the fact that the model
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responds instantaneously to the rapidly decreasing water depth whereas the breaking in the
flume experiments does not start until behind the bar. The spectra at the last two stations
show that in the computations the waves decompose without a distinct primary peak, which
is in contrast with the flume experiments. Eldeberky and Battjes (1995) noted this pheno-
menon in the surface elevation spectra as well and ascribed this to the relatively steep bottom
beyond the bar crest which is in contrast with the assumption of slowly varying bottom.

The covariance functions are shown in Figure 8i. The feature in the measurements at decrea-
sing negative time lag due to reflected long waves is not reproduced by the model. A very
large covariance at negative time lag is found at the bar crest at x = 138 m. This might
indicate that a standing wave pattern be found in the flume experiments with a node in the
surface elevation and hence large velocity amplitudes at the bar crest. This would also
explain the large sub-harmonic primary peak in the measured velocity spectra at x = 138 m
which is not reproduced by the model.

From Figure 8j we see an encouraging agreement between the third odd velocity moments
in the flume and numerical experiments, especially up to the bar crest. The contribution of
the interaction between the long and short waves to the total velocity moment is small, which
was also seen in sub-test 1a. The short wave contribution is predicted extremely well indica-
ting that the short wave asymmetry is predicted accurately. This was already seen in the time
series which, in contrast with sub-test 1a, do not demonstrate the underestimation of the peak
values.

8.4.3 Discussion of the results

Both sub-test 1a and Ic show that the third odd velocity moments are dominated by the con-
tribution of the short wave asymmetry. This contribution is very well predicted in sub-
test 1c. In sub-test 1a however, the model largely underestimates the short wave asymmetry,
which is a direct result of the underestimation of the crest values of the highest waves.

The underestimation of the crest values might be partly due to the inaccurate frequency
dispersion of the Boussinesq equations for shorter wave components. As can be seen in
Figure 3.2 the percent error in the phase celerity increases for increasing values of k4. Both
for sub-test 1a and for sub-test lc, the error in phase celerity of the primary wave, which
is rather long, is negligible. Discrepancies however, can be found in the phase celerity of
the freely moving higher harmonics. These errors can be computed as

c -c
_Bous " 4« 100% (8.9)
c

where c is the exact linear phase velocity which can be obtained from Eq. (3.9) and ¢p,,,
is the phase velocity corresponding to the Boussinesq equations. The latter can be computed
from Eq. (3.10) using b = 1/15. For both tests this was done for the second and third super-
harmonic for values of ki corresponding to a water depth of 4.1 m (at the upwave boundary)
as well as a water depth of 1.8 m (at x = 100 m). The results are listed in Table 8.4.
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h=41m h=1.8m
=127, T=1/3 T, T=1/271, T=1/3 T,
test la 2.0 16 0.1 1.7
test lc 0.04 1.1 0.01 0.1
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Percent errors in the phase velocity for sub-test 1a and 1c for the second and third harmonic at
x=20andx = 100 m

Table 8.4

From Table 8.4, it can be seen that as a resuit of the smaller peak period T e the errors in
sub-test 1a are considerably larger than in sub-test 1c, especially for the third harmonic. Note
however, that the third harmonic is stronger represented in sub-test 1c than in sub-test la.
The larger part of the phase errors in the computations originate in the deepest part close
to the wave board and become more noticeable for larger propagation distances. These phase
errors could result in the underestimation of the crest values in sub-test 1a.

It is also likely that the underestimation of the crest values originates from the transformation
of the time domain equations into the frequency domain. Madsen and Serensen (1993)
remarked that the spectral model yielded lower crest values than the time domain counterpart
of the spectral equations but could not give an explanation for this phenomenon.

In the procedure to obtain the spectral equations it is assumed that the complex amplitudes
Ap(x) vary slowly. To verify this assumption the recurrence length can be computed. Due
to the interplay between the free and bound second harmonic, the second harmonic amplitude
is periodic with the recurrence length L,. Dingemans (1994b) demonstrated that the recur-
rence length L, can be expressed as

27

L, = m (8.10)
where k; and k, are the wave numbers pertaining to the free first and second harmonics
respectively. The ratio of recurrence length L, to the wave length of the first harmonic L,
is a measure for the rate at which the complex amplitudes 4,(x) vary. This ratio L, /L; is
computed at both the upwave boundary and at x = 100 m. The wave length of the second
harmonic L, is computed from linear theory. The wave length of the first harmonic is com-
puted using &= g(h+¢). Atbothx = 20 and 100 m, { was chosenas { = H,,/2 = 0.45 m
for sub-test 1a and { = H,,;/2 = 0.3 m for sub-test 1c (see Roelvink and Reniers, 1995).
The results are listed in Table 8.5.

h=4.1m h =

test la 0.7 1.2

test lc 2.0 2.8

Ratio L, /L, of recurrence length to first harmonic wave length for sub-test 1a and fc at x = 20
and x = 100 m

Table 8.5
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The amplitudes A,(x) can be said to be slowly varying if the ratio L, /L, is at least 1 or 2.
Table 8.5 shows that in sub-test 1a the assumption of slowly varying complex amplitudes
underlying the transformation of the equations into the frequency domain, is violated. Sub-
test 1¢ on the contrary, meets the requirement having a considerably larger peak period Tp.
This difference between sub-test 1a and lc might explain the underestimation of the crest
values only found in sub-test la.

8.5 Conclusions

The computation of the bottom velocities from the surface elevation yields results with an
accuracy comparable to the accuracy of the predicted surface elevations. The accuracy in
predicting the velocity moments is governed by the accuracy in predicting the bottom velocity
time series. The third odd velocity moments are very well predicted in sub-test 1¢, whereas
sub-test 1a shows a large underestimation of the velocity moments due to an underestimation
of the crest values of the highest waves. The latter might be explained by the smaller peak
period in sub-test 1a compared to sub-test lc resulting in: 1) phase errors due to inaccurate
frequency dispersion of the Boussinesq equations; and 2) the violation of the assumption of
slowly varying complex amplitudes Ap(x) underlying the derivation of the spectral equations.
To provide definite conclusions about this, additional simulations should be performed.
Recommendations about this and other matters, can be found in Chapter 9.
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9 Conclusions and recommendations

9.1 Introduction

In this thesis, the modelling of the horizontal velocity field under waves using Boussinesg-
type equations was studied. In view of sediment transport predictions the focus was on the
prediction of near-bed velocity time series and resulting velocity moments. The conclusions
of this study are formulated in Section 9.2. A distinction is made between the form of the
Boussinesg-type equations, the time domain modelling and the spectral modelling. The
recommendations are presented in Section 9.3.

9.2 Conclusions
Form of the Boussinesq-type equations

Many different forms of Boussinesq-type equations exist, which differ in linear frequency-
dispersion and shoaling characteristics. The equations with optimum linear frequency disper-
sion can be found by matching the expansion of the exact linear dispersion relation in the
expansion parameter (kh)? with the dispersion relation corresponding to the Boussinesg-type
equations. In this study only those equations were considered in which the frequency disper-
sion is optimized using a first-order expansion of the exact linear dispersion relation. This
leads to equations in which at most third-order (mixed) derivatives to x and ¢ appear.

Improving the frequency dispersion basically means changing the third-order derivatives in
the equations, which also changes the interpretation of the velocity variable in which the
equations are stated. Since we are interested in the prediction of the horizontal velocity field,
an unambiguous interpretation of the computational velocity variable is required. Only the
sets of equations stated in terms of the depth-averaged velocity & or equivalently the flux
q were found to meet this requirement. Those sets of equations with improved frequency
dispersion and stated in terms of # or ¢, differ in the slope-dependent terms which give rise
to large differences in shoaling behaviour. The equations with the best shoaling behaviour
(Egs. 3.17) were selected for numerical treatment and implemented in an existing time
domain numerical model. Also a spectral model based on the reduction of Egs. (3.17) for
mildly sloping bottom and supplemented with a wave breaking formulation was used. After
the integration of the Boussinesq equations the horizontal velocity field has to be recon-
structed by using a parabolic velocity profile (Eq. 3.2) in which second-order derivatives
in 4 and & appear.

Time domain modelling

The new time domain model was successfully validated against measured surface elevation
time series of regular waves propagating over a submerged bar. The validation demonstrated
the importance of good frequency dispersion. Discrepancies between measurements and
computations arose for shorter wave components due to the still not accurate enough
frequency dispersion. Note that, although further improvement of the frequency-dispersion
characteristics is possible, the inaccuracy of the frequency dispersion is a direct result of the
assumption of (fairly) long waves underlying the Boussinesq-type equations. The better linear
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shoaling behaviour and the applicability for larger bottom slopes of the new time domain
model as compared to the old model resulted in slightly better predictions. The accuracy of
the frequency dispersion behaviour however, which is the same for both the old and the new
model, was found to be more important than good shoaling behaviour.

The new time domain model was tested against velocity measurements. Note that the applica-
tion was limited inshore by the wave breaking process. The numerical computation of the
horizontal velocity profile from the computational velocity i appeared to be very sensitive
since the second-order derivatives (h#),, and 7., must be determined. Small disturbances
in the computational velocity signal gave rise to vastly erroneous results for the second-order
derivatives and consequently for the horizontal velocity field. A low-pass filter was applied
to the computational velocity signal before calculation of the second-order derivatives. This
could adequately smooth out the high-frequency disturbances in most situations. Further, in
applying the time domain model it was found that the numerical method gave rise to instabili-
ties which become more significant for increasing values of the non-linearity parameter €.

Simulations of regular waves propagating over a submerged bar showed that the accuracy
in predicting the computational (mean) velocity is comparable to the accuracy in predicting
the surface elevation; both for the surface elevation and for the mean velocity the model
slightly overestimated the crest amplitudes and underestimated the trough amplitudes. The
velocity profile obtained from the computational velocity variable by using the parabolic
extrapolation was found to yield good results, especially for the lower half of the profile.
The bottom velocity was very well predicted, with a slight overestimation of the trough
amplitude.

Spectral modelling

The spectral model, which yields complex amplitudes for the surface elevation, was extended
to compute the depth-averaged velocity # and subsequently the complete horizontal velocity
field using a parabolic expression in terms of #. The depth-averaged velocity is obtained from
the surface elevation by linearization of the continuity equation. Therefore only the purely
oscillating part of the horizontal velocity is predicted by the model.

Two irregular wave tests, in which wave breaking occurs on a mainly monotonic beach, were
used to verify the computation of the bottom velocity. In both tests the horizontal velocity
was approximately uniform. The tests mainly differ in the peak period. The tests showed
that the discrepancies between the predicted and measured velocity time series are compa-
rable to the discrepancies found in predicting the surface elevation. This was already found
in the simulations with the time domain model. The longer wave test yielded very good
results for the bottom velocity time series and consequently the third odd velocity moment.
For the shorter wave test however, a significant underestimation of the crest values of the
higher waves was found, resulting in too symmetric signals. This yielded a large underesti-
mation of the third odd velocity moments. Two possible explanations were given for the
underestimation of the crest values in the shorter wave test:

1 the inaccuracy of the linearized dispersion relation corresponding to the Boussinesq
equations, which becomes significant for shorter wave components

2 the assumption of slowly varying complex amplitudes in horizontal direction, which
underlies the transformation of the time domain equations into the frequency domain
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The latter assumption was shown to be violated in the shorter wave test.

9.3 Recommendations

The applicability of the Boussinesq models is limited by the inaccurate frequency dispersion
for shorter wave components. The range of applicability may be extended by higher-order
improvement of the frequency dispersion, leading to fifth-order derivatives (see Dingemans,
1973, 1994b).

For further applications, it is important to improve the numerical scheme of the time domain
model. Besides, attention should be paid to the determination of the second-order derivatives
necessary for the reconstruction of the horizontal velocity field.

An important extension to the spectral model could be the description of the time-averaged
velocity component, in addition to the oscillatory part of the velocity. This must be investi-
gated further.

The spectral model is very time-consuming in the case of irregular wave trains. It should
be investigated whether a reduction of the computational time by increasing the spatial step
can be established without loss of accuracy.

The underestimation of the crest values of the highest waves by the spectral model in compa-
rison with the time domain counterpart (see Madsen and Serensen, 1993) should be investi-
gated. Therefore, the transformation of the time domain equations into the frequency domain
must be studied. This might yield an explanation for the underestimation of the crest values
as compared to measurements in the shorter irregular wave test.

Additional verification of velocity predictions obtained from both the spectral model and an
improved version of the time domain model should be carried out. Comparison on velocity
time series and moments for non-breaking irregular wave tests with both models may yield
insight in the accuracy of the prediction of velocity moments with the time domain model
and the origin of the underestimation of the crest values by the spectral model.

Further, the regular wave tests, against which the time domain model was verified, could
be simulated using the spectral model. In those regular wave tests, a less uniform velocity
field was found than in the irregular wave tests simulated with the spectral model in this
study. It would also provide a comparison between the performance of both models.
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Figures to Chapter 5
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Tables to Chapter 6




wave height meter 1 2 3 4 5

x location (m) 8.00 14.95 15.70 21.52 22.02
Table 6a Horizontal distances of the wave height meters fo the wave maker in fests
S01
LDV system 1 2
x location (m) 15.50 21.72
Table 6b Horizontal distances of the LDV equipment to the wave maker in tests SOI

vertical position (cm)

run number LDV 1 LDV 2
s0105 1.0 0.8
s0106 2.0 1.2
s0107 5.0 1.6
s0108 10.0 2.0
s0109 15.0 3.0
s0110 20.0 4.5
s0111 27.5 6.0
s0112 35.0 8.0
s0113 42.5 10.0
s0114 50.0 12.0
s0115 57.0 15.0

Table 6c Vertical distances of the LDV equipment to the bottom in tests SOI



wave height meter 1 2 3

x location (m) in tests R01 8.00 14.95 15.70
x location (m) in tests R02 8.00 18.95 19.70
Table 6d Horizontal distances of the wave height meters to the wave maker in tests
ROI and RO2
LDV system 1

Xx location (m) in tests R01 15.50

x location (m) in tests R02 19.50

Table 6e Horizontal distances of the LDV equipment to the wave maker in ftests ROI
and RO2

run number | vertical position of LDV 1 (cm)
0106 2.0
r0112 35.0
r0203 2.5
r0208 ’ 20.0
Table 6f Vertical distances of the LDV equipment to the bottom in tests ROl and

RO2



run number 7(8)
s0105 0.41
s0106 -0.03
s0107 0.51
s0108 0.10
s0109 0.28
s0110 -0.04
s0111 -0.27
s0112 -0.44
s0113 0.32
s0114 -0.48
s0115 -0.65
r0106 -0.07
10112 0.30
r0203 -0.02
10208 -0.81

Table 6g Time shiftings with respect to the fime origin of the computations for tests

501, ROI and RO2.



through at x = 15.50 m crest at x = 15.50 m
z(m) | U, U.mp | Percent error Uneas Uomp | Percent error
(cm/s) | (cm/s) (%) (cm/s) | (cm/s) (%)
556 | -7.1 -8.3 -17 7.2 7.6 -6
526 | -7.3 -8.4 -15 7.0 7.7 -10
-47.6 | -7.7 -8.5 -10 6.9 7.9 -15
426 | -7.7 -8.8 -14 7.7 8.3 -8
-37.6 | -8.2 9.2 -12 7.8 8.8 -14
-30.1 -8.8 -9.8 -11 8.3 9.7 -17
-22.6 | -10.1 | -10.8 -6 8.4 11.1 -32
-15.1 | -11.6 | -11.9 -3 9.6 12.8 -33
-7.6 | -13.5 | -133 1 10.4 14.7 -41
Table 6h Percent error on velocity profiles at x = 15.50 m in tests SO!
through at x = 21.72 m crest at x = 21.72 m
z(m) | U, Uomp | percent error | u,. Uomp | Percent error
{(cm/s) | (cm/s) (%) (cm/s) | (cm/s) (%)
-25.4 | -13.1 | -14.1 -8 16.2 15.3 6
-25.0 | -13.5 | -14.1 -4 16.2 15.3 6
246 | -134 | -14.1 -5 16.2 15.4 5
236 | -13.1 | -14.1 -8 15.5 15.4 1
22,6 | -14.1 | -14.1 0 15.6 15.6 0
206 | -135 | -14.2 -5 15.3 15.8 -3
-18.6 | -142 | -14.2 0 15.6 16.3 -5
-16.6 | -143 | -14.4 -1 16.3 16.8 -3
-146 | -142 | -145 -2 17.0 17.5 -3
-11.6 | -14.2 | -14.7 -3 17.1 18.7 -9
Table 6i Percent error on velocity profiles at x = 21.72 m in tests SO1




Appendix C

Figures to Chapter 6




computations

"""" measurements 8.00 m
8.0 ™ — - T T —
- J
2
I3 N ~\
3 \ J
3
5
3 J
k]
L
-
o - B
&
S -2.0 , 1
a p » » s
4.0 34.5 35.0 35.5 36.0 36.5 37.0 37.5 38.0 38.5 39.0 39.5 40.0
time (8]
....... compytations
measurements 14.85 m
6.0 T + 7 T T ™ T ———1 - T
540t 4
s
3 2.0 b
[4 7
5oy ;
° 0
2 7
o
2
5 -2.0
@ N \\, \\
L h -

34.0 34’.5 35‘.0 35.5 36.0 36.5 37.0 37’.5 38\.0 38’.5 39.0 39.5 40.0

time (s)
....... computations
measurements 15.70 m
8.0 — r e -~

-

o
¥

"

surface slevation (cm)
n
o o
T
-

|
N
=}

" ) R . U L
34.0 34.5 35.0 35.5 36.0 36.5 37.0 37.5 38.0 38.5 39.0 38.5 40.0

time {8]
_______ computations
measurements 21.52 m
5.0 T T T T T T T + T T

L
_5, 4.0 b
- L j
3
3 20t j
o
> I 4
3
3
2 .0
3 \
3 L
=]
i
T 2.0 b
E

34.0 34‘.5 35.0 35.5 36.0 36.5 37‘.0 37‘.‘5 38.0 38.5 39.0 39.5 40.0

time (a)
_______ computations
measurements 22.02 m
8.0 2 T T — —T T
é 4.0
§
3 2.0
5
>
]
=
° .0
@
o
2]
a
g -2.0
3

34.0 31‘.5 35‘.0 35“5 35‘3 35‘.5 37’.0 37..5 38‘.0 38.5 39.0 38.5 40.0
time (&)

Figure 6a Comparison of measured and computed surface elevations, condition §



_______ computations

medasurements 1 S . 50 m
20 nO T T | 1 T
15.0 J
:(;’\ - -
g 10.0 r i
L i
5 s.0F .
© - 4
o
N .0
' -
N 5.0 F -
)
o / -
° -10.0 | :
-15.0 F i
34.0 35.0 36.0 37.0 38.0 38.0 40.0
time (s]
_______ computations
—. Mmeasurements 21 .72 m
30 ‘O T ¥ 1 1 T
. 20.0 ¢ ~
)
~N
S L
2
e 10.0
]
© B
= .0
! 13
1 Ly
N \\
» ~-10.0 F©
o
oo -
-20.0 r "
34.0 35.0 36.0 37.0 38.0 39.0 40.0
time [s)
Figure 6b Comparison of measured and computed horizontal velocity at x = 15.50 m and

21.72 m respectively, with z such that a velocity close to the depth-averaged
velocity is found, condition S



bottom velocity (cm/s)

bottom velocity (cm/s)

20

15.

10.

-10.

-15.

30.

20.

ot
[en]

I
[a
(ow]

1
[\
(an]

Figure 6¢

computations
measurements

15.50 m

-O 1 T 1

computat Lons
measurements

38.0

39.0

40.

7.0

time (s)

Comparison of measured and computed bottom velocity at x = 15.50 m and 21.72

m respectively, condition §

38.0

40.



15.50 m trough

15.50 m crest

---- computations ---- computations
0 + measurements + measurements
» ® T H .0 T T T
| '#'\ I + ,/ ]
-10.0 | -10.0 r / -
}- \\.\§. fm <+ ,’ -
-20.0 -20.0 f , .
o +
e ! =
L -30.0 F L -30.0 + .
N i ' N i / -
|’+ + ¢
-40.0 | . -40.0 / .
s +
\'+ +t‘
-50.0 : -50.0 r : ]
¢ 4 +i
i i i :++ i i i -’-j‘: i L ]
-20.0 -15.0 -10.0 -5.0 .0 5.0 10.0 15.0 =20.
u (em/s) u (cm/s)
21.72 m trough 21.72 m crest
----. computations ---- computations
0 + measurements + measurements
. T Al T aO T T T
-5.0 | 5.0 | , -
-10.0 ! ~10.0 k I,' _
~ + g
=] u V ,—E_\ - ,' N
2 ! S ,
L -15.0 T L -15.0 i :
t ¥
+ .
-20.0 ' -20.0 " 4
_ } : + :
+ t
-25.0 1 % . -25.0 + 1 '.% | 4
-30.0 -20.0 -10.0 .0 10.0 20.0 30.
u [em/s) u [em/s)
Figure 6d Comparison of measured and computed horizontal velocity profile at x = 15.50

mand 21.72 m respectively, for two different wave phases (corresponding to a
crest and a trough in the computations at the both locations), condition S



,
_______ computations
N
= 40.0 L Y T T T T
O - -
L — o -
o i -
.
A ' [
o \ e ' \ -
< 0.0 L N oA b bodoeoaahhn “; bt by ,", 4 f, ,‘t Py b :: 4 ,l: .
3 Lo f g ot ) 1 ! 1 ! "
v i top o non i 1 ' t i \ i
FERE PO FUE O PR Y N b Py n ! "
[ LI T Voo byt g t [ I 1 Vi [
L ~ L P L I S O O PO A A i 1 ' ' ' ' § -
(*_' 0 N ':_'r‘ ,"T"f'"ﬁlyl'. ety ),llll'y‘llJl’I'tll‘"Jl'::"iJ “rirln'u"‘
. L YR O g v T T T T T T
[ i YA Y N A i I \ 1] 1 vy \
L YL A N T LY v, AN, g ARV Y v vEey v
3 - LV R A Y Y A A A U A -
o L N
-20.0 1 1 1 ! ) N
.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0
time (s)
_______ computations 15.70 m
™
=3 40.0 T T T T T T
© C 7
N et -y
b [} —
. . P R , yoeov o) ' PO I S
[ ' Py 8 1 vt i
S 0.0 NN R RN R R R RN R AR N
o ¢ hon v it ' [T PR ) Ao h o
o ' L T Y T M Y v Bt ot non [T M T L v
AU T | oo h ' AR L BT I PRI it LL T L T vy
» f [T y " [ [ i noq ' v i +
o« 0 N LR PR A T S S L S AN WA ST U7 T L N L L LT A N A AN AT
. N T T TT TY L A R A T R S I I SN A I Ty
- (R L] [ ' ' ' [N ! ' \ [
(5 Y Y \’\'\/\'\I\" ‘1, \"‘\";’\/ VY R NS
~ ~ d
’ : ]
-20.0 L 1 I 1 f 1
.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0
time (s)
_______ computations 15.5 m
1 T H L 1 1
A A RN B ‘
| I h [ P 1 [ A A W T S PR
- 1 & P
50.0 R A N I I I': Lo S ooy b A
~ Lo ot g g ,'l L S I: O L A ERITI !
%) - P L O L T L L A L B R ML Y R O L U L N NI 4
~ " '\ ') [T }‘ LRT ‘l o eod g 4 'l o N ,‘ 1t N 'l [ TR R ;I 7 ,', to ,‘I
8 0 z L,"J;LT\ "_5|H.“..l 8} xl;L'"‘;LH'Li‘l‘”' Pyt g gt gt !‘1‘1‘” 't,.n"
- : T T N Y T N N N N T L L L I
‘,‘H,"lc"u”ll"‘!’,",‘c”l411‘",'.Hlll'i'll'l"l.l'
3 r ‘\H,"‘l"n“u"‘I“H"‘:l'!"lll':"l'l‘\lu‘v'r'c':\l"i,\n"“
T L Y AU AU AR ARV VIR TR TR I .
-50.0 | x AR -
. i 1 1 1 1 i
.0 10.0 20.0 30.0 40.0 50.0 60.0 70.0
time (s)

Figure 6e

Computed surface elevations at x

8.00 m and 15.70 m and computational

velocities at x = 15.50 m, time-window from 0 to 70 s, condition R



_______ computations

measurements 8.00 m
40.0 T ¥
= I 4
5 b p
c 20.0 | . ]
el
° - v o
2 S
) L
= 3 \
0 3
] X y
o 3 1
o L . P . . e - 4
C <= .y - .-
a 1
a L
-20.0 k
26.0 27.0 28.0 29.0 30.0 31.0 32.0 33.0
time (a]
_______ computations .
meosurements 14,95 m
40.0 T T v g v T —
2 o 4
K o 4
c 20.0 | o e o~ 4
AN AN |
prs 4 4
© L 4
3 E
i, \
@ y p \ v A4
“ L.~ et - N -
T
5
H L
-20.0 b
26‘.0 27.0 28.0 ZQ‘AD 30.0 31.0 32.0 33.0
time (s)
_______ computations
measursments 15.70 m
40.0 T T
2 - 4
5 L 4
c 20.0 P E
5 N\
3 o | E
Py
] (- E
>
3 F ]
> 0
L3 P ., \ N
o - P P , S 4
g y < 5 N P X p
Bt s — . - -
5
a E p
-20.0
26’.0 27'.0 28[.0 29‘.0 30.0 31.0 32.0 33.0
time (&)
_______ computotions
measurements 18.35 m
0.0 T ¥ T T T

surface slevotion (cm)
~
o
(=]
T
bt

-20.0 b
28’.0 27.0 28.0 28.0 30.0 31.0 32.0 33.0
tine (s}
....... computations
measurements 19.70 m
40.0 T v v Y T

I )

=1
=3
T

surface elevotion (cm)
o
-
=

-20.0
26.0 27.0 28‘.0 29‘.0 30.0 31‘.0 32.0 33.0

time (8]

Figure 6f Comparison of measured and computed surface elevations, condition R




_______ computations
measuremsents 1 5 . 50 m

80.0 -

60.0 \ ]

uat z = -22.6 cm (cm/s)

29‘.0 30.0 31.0 32.0 33.0

time (s)
_______ computations
megsurements 19 . 50 m
80.0 'y . ]

> 60.0 '
~ i
£ s
o i
— 40.0 ;
= 4
&)
©  20.0
N~
N
' .0
N
B -20.0
oo

-40.0

-B60. :

0.0 28.0 28.0
time (s]
Figure 6g Comparison of measured and computed horizontal velocity at x = 15.50 m and

21.72 m respectively, with z such that a velocity close to the depth-averaged
velocity is found, condition R



_______ computations
measurements 1 5 . 50 m

1 T i H T

80.0

60.0

40.0

20.0

~-20.0

bottom velocity {em/s)

-40.0

~60.0 26.0 27.0 28.0 29.0 30.0 31.0 32.0 33.0

time (s)

computations
measurements 19.50 m

I T 1 LI T T

80.0 r

)
o
o

S
o
(o

e
O
o

-20.0

bottom velocity (em/s)

-40.0

-60.0 . 29.0 30.0

time (s)

Figure 6h Comparison of measured and computed bottom velocity at x = 15.50 m and 21.72
m respectively, condition R



£

-

)]
0 0
cC
o C
-t @
w2 E
o0
2
>3
Q o
£ 0O
(s3]
o €

100.

100.

o o o >
® @® & °©° g
i

msou Uo13IpABT® 80D juns

time {s]

computations

100 m

megasurements

(s/w2) Ay100qen wojq0q

-100.

60. B5. 70. 75. 80. 85. a0. as5. 100.
time (s)

55.

50.

Comparison of measured and computed time series of surface elevation and bottom

velocity respectively, for test la, computations with DUT2 model

Figure 6i



Appendix D

Figures to Chapter 8




computat Lons

------- measurements 109 m
100. T T T T T T Y T T

_. 80. r k

£

0

~  80. H

c

0

)

§ 40. '

3 15

o 20. k ::

S \ 2k

S 0. B—t

% “’\.ll '

@ .
=20, r AN
-40. E

i 1 1 H 1 1. 1 L Y
125. 130. 135. 140. 145. 150. 155. 160, 185. 170. 175.
time [s]
_______ computations
measurements 132 m
100. T T T T 1 1 T T T

. 80. r E

&

5

=~ 60. r h

c

<}

-

5  40. ¥ 3 R

> ! +

3 (RN ,’| g A N 1

° 20. |" I‘\" I| "\ Il\' ! : \\ 7

4 ‘s ! \.' : " :' ! v {1 1

E 0 1’ N ; \‘ |‘ A 3 , ' 'I J i “

BN ATRTAN VY IV RV &

@ ' v N " f AV ' \\ ! ‘,
—-20 r v \, ', A N ‘\, l‘ i
-40. B

i 1 H I 1 I L H i
125, 130. 135. 140. 145. 150. 1SS. 160. 165. 170. 175,
time (s)
_______ computations
meas urements 154 m
100. T 1 T T T ' T T T

. 80. r B

£

o

~ 60. r b

c

3

.

e 40. r E

> i

3 i A - A

° 20. r :’\ "l\ : 1 T

)] t ) A f 1 ,l\

8 0 L Ve ,l ‘\ 4 * ,\\ M

« Py T v NEAPRS " T =

R A~ AVARETV I AN RN o
-20. ’ - 4
-40. E

1 L i i 1 1 1 1 L
125. 130. 135. 140. 145. 150. 155. 160. 1BS. 170. 17S.
time [s)

Figure 8a Comparison of time series of measured and computed surface elevations for test la




Figure 8b.1

computations

------- measurements 100 m
150, 4
EE [ 4
¥§ 100. 1
> B ]
- 50. + " k
Q ‘o It ¢
_3 o ! ! u N -4
° F L ,
- 0. " v — . .
8 ',‘\‘ : : ‘\ '\ "
- e h U '
_8 -SO. ! \ I
-100. 4
1. H 1 1 I L
{25, 130, 135. 140 145. 150. 155, 175.
time (s]
_______ computations
measurements 1 IS m
150. L b
’i)\ b -4
¥§ 100. -’ b
> . |
= 50. N ¥ & 1
o i + \ A \ .
3 ] ' : t M 1
g) A'\/ 1 ,' 3 1
D- T - 1] L ‘V ‘l
=3 1 4 1] A i \
3 V v Y : \
- " ' \\ ' Y ! ' I’
.8 -50. v ' \‘ /\‘ |‘ ) B
-100. 4
140. 145. 150, 155. 180 i85. {70. 175,
time (s)
....... computations
measurements 130 m
150, L —J
zg s i
g 100. | 4
> t
2 S0.
3
o
> 0. .
I3
<) R
- .
- t
2 -so. /! L
-100. r
125. 130 135. 140, 145. 150. 1S5. 180, 185.
time [s]

Comparison of time series
la; see also Figure 8b.2

of the measured and computed bottom velocity for test




computations
measurements

150. - 4
f\; L ~
\é 100. + p
> Y ‘
-(—; S0. '\| a,\ " :
o] ‘ t
3 i AT
> RN '
0 T T - ,‘
§ iR ,'V U . '
- 1 1 f
pes . f
8 -50. L
-100. +
L { 1 i1 L i3
125, 130. 135. 140. 145, 150.
tima {g)
....... computations
megsuremants
150.
@
¥§ 100.
= "\ 4
) ' ' '
3 S0 A
[e) " [ oy,
- ;Y [ \
? 0 N: ; .
g ' ~ N § \
15} [ \ ! ! v
- . . \
- w7 i
2 -s0. W
-100. J
L i H 1 i i 1 L L.
125. 130, 135. 140. 145, 150. 1s5. 18Q. 165. 170. 175.
time [g]
....... computations
————. Wmedsyrements 152 m
150, |+ j
EE A
k§ 10G. b
- J
-2 80, b
Q
°
- N 3
O )
> 0. %
3 \
O ~
- ~
)
& -so. 4
-180. b
125, 130. 135, 140. 145, 150. 155, 180 165, 170. 75,
time [s)

Comparison of time series of the measured and computed bottom velocity for test

la; see also Figure 8b. ]

Figure 8b.2



h=1.8 m

x=100 m

0w »
C <2
5T
S 1)
-~ B
oo
oL
j s |
Qo
g 0O
0O 0
O E

135. 140. 145. 150. 155. 180. 165. 170. 175.
time [s]

130.

150.

-50.

Hm\EOu peq syy 8Aoqo w 11 13D

(o,

o

—
b
n

125.

computations

h=1.3 m

x=130 m

mecsurements

135. 140. 145. 150. 155. 180. 165. 170. 17S.
time (s]

130.

150
100.
50

-50
> -100.

M@\EUu peq &yl sAogo w /(0 o

125.

computations

h=0.9 m

x=152 m

meas urements

..... v
T
S
T
\ﬂNMM\\\

ﬁw\EOu peq syy sAogo w p(Q 1o

-50.

oy

(]
b
n

130. 135. 140. 145. 150. 1S5, 160. 165. 170. 175.
time [s]

125.

Comparison of time series of the measured and computed velocity at some distance

from the bed for test la

Figure 8c



computations
measurements

100 m

0,000 120 30 40 o0 a5 5 a0

f (Hz)

computations
megsurements

130 m

|

F (Hz)

computations

10 .20 .30 .40 .50 80 75 3o

‘‘‘‘‘‘ measurements 145 m
T ]

1.5}
N
I
BN L
o
L7
1.0 F
=
-
— 5
u:

0,00 10 20 30 40 w0 o 70 .80

Figure 8d

£ (Hz)

1.5

[[mz/sz]/Hz]

f~::uu [f\]

computations
megsurements

115 m

®.00 10 20 30 40 .20 s o a0

f (Hz)

computations
measurements

138 m

]

0,00 1020 30 40 20 e0 o

£ (Hz)

computations
megsurements

152 m

f {Hz)

Spectral density functions of the bottom velocity for test la

40 .50 .60 70 80



Figure 8e

computations

measuresments
.8 , —_—
0 AN S \/\M/ NP
-.8 — e
~90.  -60.  -30. 0. 0. 60. 90.
.8 — .
O ~\_M - a ‘r/—\ \.N “a 2, ZN
-\/ 7 \\\ / _W
“l90 -60 -30. 0 30 60 90.
8 —_—
O -\/\ > I-\ yaN I[I\‘\A “ - e ey
oy = 7 T ” \_\\,f \‘l\_._/\f- p——— >
-.8 - e
-390 -60 -30. 0 30 60 a0.
.8 — —_— —

0 KNS i A /\-/l\ R I/\\ N ’-.LI
PN ‘_§_/\/~, N ) 7 \\/“\/ AN P}
JRECT; -60 30, 0 30 60 90.

8 - —_—

0 N Y '\T’/\\ oy A\ PN

[ N7 e \/‘-— \_\~, PRI g A4

TS _60 -30. 0 30 60 90.

8 — .

U e e r'/\‘ﬂ—;?- s
-.8 e e e

~90.  -60.  -30. 0. 0. 60. a0.

time Lag (s)

Covariance function (10°*m’/s’) of the squared short wave bottom velocity and the

long wave bottom velocity component for test la

100

115

130

138

145

152



& computations

“n w measurements LONG WAVE CONTRIBUTION
= 5.0 - : ; , . —
2 2.5¢ 1
2 ] X
C e X
] 0 % > v 3
o L & 4
153 ? &
3 -2.5 ¢
5] ! §
-‘g _S.O I 1 ) 1 1 Il
c 100. 120. 140. 160.
. distance from wave board [(m)
o tatt
0 ® measurements SHORT WAVE CONTRIBUTION
ne 5.0 —_— . . T < ;
o r X 4
é 2.5+ x X -
f—y & N (ol &
- r o > X 4
§ .0
£
o f 4
€
T -2.5¢F :
o
o | )
-g _5.0 L 1 1 - L L
i 100. 120. 140. 160.
2 distance from wave board (m]
o & computations
o % measurements TOTAL VELOCITY MOMENT
ne 5.0 . T . . a -
o L X % E
o
= 2.5F |
N X o> Lol 9
2 - o "
5] 0 >
3 &
(s} b o
£
3 2.5t
o | 4
2’ _5 .D 1 i i i i 1
I 100. 120. 140. 160.
- distance from wave board (m]
bed profile for test lo
IO T T T T T T
=
£ -1.0
a.
D
0
_2.0 — L 4 - L L
100. 120. 140. 160.
distance from wave board (m]
Figure 8f Comparison of measured and computed third order odd bottom velocity moments:

long wave contribution, short wave contribution and total moment respectively,
test la



computotions

------- measurements 65 m
200. T T T T T - T
150. : J
100. : :
s0. | ‘

N |
IN A\
«
) h ~
) noo- :
N

>
>
D

bottom velocity [cm/s}

1
[4)]
o
T
P
i i

-100. r
500. 510, 520. S30. 540. 550, 560. 570.
time (s]
_______ computations
—-— — meagsursments 102 m
200. T T T T T T T
~ 150. t 7
)
~ L 4
§
- 100. F b
n
- [~ 4 7
—ud o
§ SG. - /\ : -1
1] 4 1]
; g e, /\ ," /\ f.\ /\ ) _;\
g {f |54 4 A% ﬁ% §Zf ! \V
ey = \ \r [
Q
4 .50, F 1
-100. b
500. 510 520. 530. 540. 550, 560. 570.
time [s)
_______ computations
measuremants l 25 m
200- T T T T T T T
— XSD- r . 7
0 d
= r N 7
G !
— 100. t+ vy 9
b : 1 :
‘_), . P ' 1 il
3 S0.r . ' Y :
- . ' l‘l l“ i
: ATAW N AWAVE I | YA
;s O u YA VAR V/RY AR N N B WA VAR
£ .50. F \\\ i -
-100. r 4
500. 510. 520. 530. 540. 550. S60. S70.
time (s]

Comparison of time series of the measured and computed bottom velocity for test
Ic; see also Figure 8g.2

Figure 8g.1



Figure 8g.2

computations
maasursments

200. T

150. r

100. F

T T T T T T

bottom velocity [em/s)
Ul
]

-100. |
s00. S0, 520, 530, 540, 550. 560 570
time (s]
_______ computaotions
measurements 145 m
200. : ‘ : . : : :

150.

100.

=

(o]

bottom velocity [em/s}
o0
=)

|
5]
Q

Z]

-100. F
S00. S0, 520, 530,  S40.  550.  960.  570.
time [s]
_______ computations
measuremants 152 m
200. T T T T T T T
150, ~ J

100. pu

bottom velocity [cm/s]
a0l
o
e

i
(2]
o

T

-100. r

500. 510.

Comparison of time series of the measured and computed bottom velocity for test

Ic; see also Figure 8g.1




....... computations --w---. computotlons
—— Measurements 65 m measurements

102 m

2.5 T y y T T ~[ 2.5 T T T T 1
N2.0 ) |
r
~ L |
215} ;

1.0 + . 4
[ | -

u:: ‘5 - J
‘.00 30 .40 .50 80 . . 50 .60
f (Hz) f (Hz)
....... totl tati
—— gggggrgmgg?§ 125 m ﬁgggﬂngmeﬁzi 138 m
2.5 = T r . ] 2.5 . s . . .

Y00 o I 50 .60 Y00 0 20 30 e 5% .60
f (Hz) f (Hz)
_______ tatt em e tatt
I medburomenpS 145 m mochuranent 152 m
2.5 : . ‘ . . 2.5 . : :

Figure 8h

Spectral density functions of the bottom velocity for test Ic




....... computations
measurements

0 TN 2 x= 65m

-120. -90. -60. -30. g. 30. 60. 90. 120.

8 . . -
Ry — ;‘/’_\_\ . EPZN Sty Jp— x = 102 m
) . "N

-.8 .

-120 -90 -60 -30. 0 30 60 90 120

8 - — —

0 k= ‘*fﬂ‘;‘__:_\_ —_— . IS S x = 125 m
“l120.  -%0. -80. -30. 0 30 60 90. 120

8 — —

0 ‘/;“\ /\ SA e e - /)\_A'A\ x = 138 m

- N \\’,‘_f N \ ’/ \/\/ 7

e M PR

-120. -90. -60. -30. a. 30. 60. 90. 120,

‘8 T T ' r

0 e e T e T \”/H$vy’n—~ PP = x = 145 m
——120 -390 -60 -30. 0 30 60 S0 120

8 -

Olmmmrere e Laiets o o T x =~ 152 m
_‘8 A i H it Il ‘] L d L J. L 1. i i,

-120. -30. -60. -30. g. 30. 680. 90. 120,

time Lag (s]
Figure 8i Covariance function (107°*m’/s’) of the squared short wave bottom velocity and the

long wave bottom velocity component for test 1c¢



third odd moment [10’2 m3/83] third odd moment [10_2 m3/s3] third odd moment (1072 m3/33]

depth {m)

Figure §j

10.0

i i
a0 TSI RN
o oo » oo WU

10.0
7.5
5.0
2.5

.0

-2.5

~-5.0

10.0
7.5
5.0
2.5

-2.5
-5.0

& computations

% measurements LONG WAVE CONTRIBUTION
% W % ; &
60. 80. 100. 120. 140. 160.
distance from wave board (m)
& computations
x Mmeasurements SHORT WAVE CONTRIBUTION
I ¥ ]
L % & 1
% X ]
60. 80. 100. 120. 140. 160.
distaonce from wave board [m)
o computations
wx measurements TOTAL VELOCITY MOMENT
. , , e .
L X
I 2 ]
I ¥ ]
L% -
60. 80. 100. 120. 140. 160.
distance from wave board (m)
bed profile for test lc

i

80.

160.

120.

140.

distance from wave board [m]

160.

Comparison of measured and computed third order odd bottom velocity moments:
long wave and short wave contribution and total moment respectively, test Ic






