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A B S T R A C T

Piezoelectric nanopositioning systems exhibit low damping and resonance modes that are highly sensitive
to loading conditions, resulting in performance degradation under payload variations. Conventional damping
and robust control methods typically address these challenges separately, overlooking the coupling between
damping and tracking dynamics as well as the influence of higher-order resonant modes. This paper proposes
a dual-loop control framework that integrates active damping with mixed-sensitivity 𝐻∞ synthesis to achieve
robust reference tracking and disturbance rejection under large resonance frequency variations. A Non-
Minimum-Phase Resonant Controller (NRC) is implemented in the inner loop to suppress the dominant
resonance and reduce system uncertainty. Generalized plant formulation and systematic weighting design
guidelines of arbitrary order are developed to explicitly incorporate higher-order modes in the outer loop
𝐻∞ synthesis. The proposed approach is validated through simulations and experiments on an industrial
piezoelectric nanopositioning system, demonstrating improved robustness and precision across the full payload
range.

1. Introduction

Nanopositioning systems are widely used in high-precision applica-
tions such as microscopy, surface scanning, metrology, and microma-
nipulation [1]. These systems typically employ piezoelectric actuators
due to their high stiffness, large force generation, and sub-nanometre
resolution [2]. Flexure-guided mechanisms ensure frictionless motion
in micrometre ranges [3], but their low damping introduces multiple
high-frequency resonant modes that limit control bandwidth and ac-
curacy. Furthermore, payload variations and piezoelectric hysteresis
lead to dynamic changes, prompting the use of various hysteresis
compensation techniques [4].

Active damping control is widely adopted to suppress resonances,
enhance robustness, and enable higher bandwidths using low-order
fixed-structure controllers [5]. Common strategies such as Positive
Position Feedback (PPF) [6], Integral Resonance Control (IRC) [7],
and Resonant Control (RC) [8] perform well for nominal dynamics but
degrade under large resonance variations. Enhanced damping methods,
including Robust Resonant Control (RRC) and robust 𝐻∞ control [9,
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10], improve robustness by reducing plant uncertainty. However, the
altered damped dynamics must be considered in the outer loop tracking
control to ensure robust performance and disturbance rejection.

Robust control approaches such as 𝐻∞, 𝜇-synthesis, and Linear
Quadratic Gaussian (LQG) control have been applied to handle uncer-
tainties from payload variations and actuator nonlinearities [11,12].
A few studies have further integrated active damping with robust
tracking control to combine their complementary strengths: achiev-
ing high bandwidth, precise tracking, effective disturbance rejection,
and robustness to resonance variations [13,14]. For instance, [15]
demonstrated a resonant damping controller combined with a mixed-
sensitivity 𝐻∞ tracking controller in a MEMS force sensor, providing
low-frequency gain shaping and robustness against first-mode reso-
nance variations.

In practice, piezoelectric nanopositioning systems exhibit sharp res-
onance peaks, with higher-order modes often located near the dominant
first mode. These resonances typically fall within the desired control
bandwidth, where the first mode limits bandwidth and adjacent modes
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degrade precision by increasing sensitivity to high-frequency reference
and disturbance components. While damping controllers effectively
suppress the first mode and improve robustness to resonance variations,
they generally do not address higher-order modes, relying instead on
high-frequency gain roll-off to attenuate unmodelled dynamics. This
dependence complicates mixed-sensitivity weight design, as aggressive
shaping may lead to unnecessarily high-order or infeasible controllers.
To the best of the authors’ knowledge, no prior work has explicitly
considered the influence of dominant higher-order modes in weight
design and robust control synthesis for piezoelectric nanopositioning
systems.

This work proposes a mixed-sensitivity 𝐻∞ control synthesis in-
tegrated with active damping in a dual closed-loop architecture to
achieve robust reference tracking and disturbance rejection under large
payload-induced resonance frequency variations. Unlike conventional
single-loop architectures or the approach of [15], which allow shaping
of only three sensitivity functions, the proposed framework yields
five sensitivity functions and enables their simultaneous shaping. The
approach is demonstrated on a high-order, lightly damped industrial
piezoelectric nanopositioning system. A tamed Non-Minimum-Phase
Resonant Controller (NRC) [2] is employed in the inner loop to sup-
press the dominant resonance and reduce system uncertainty. Thus,
this easily tunable, unconventional non-minimum phase controller en-
ables robust damping of the first resonance under large resonance
frequency variations. Building on the damped plant model, a sys-
tematic framework that incorporates higher-order modes and gener-
alized weighting function design guidelines is developed to enable
straightforward mixed-sensitivity 𝐻∞ synthesis via loop shaping. The
weighting-function parameters are explicitly linked to system dynamics
and closed-loop performance requirements, facilitating an intuitive
design process, particularly for piezoelectric nanopositioning systems.
The proposed method is validated through comprehensive simulations
and experiments, confirming robust performance in both frequency and
time domains.

The key contributions of this paper are:

(1) Formulation of a generalized plant framework for dual closed-
loop architectures, enabling outer loop tracking controller syn-
thesis with a fixed inner loop damping controller.

(2) Development of systematic weighting design guidelines for arbi-
trary weight orders, explicitly accounting for higher-order modes
in mixed-sensitivity 𝐻∞ control synthesis.

(3) Extensive simulation and experimental validation demonstrating
robust reference tracking and disturbance rejection across the
full payload range of the nanopositioning system.

The paper is organized as follows: Section 2 outlines the experi-
mental system and identification. Section 3 details the mixed-sensitivity
𝐻∞ control design with active damping and weight design. Section 4
presents simulation results, Section 5 provides experimental validation,
and Section 6 concludes the paper.

2. System description and identification

The experimental setup, shown in Fig. 1(a), employs a commercial
P-628.1CD PIHera nanopositioner with a 950 μm travel range. The
single-axis stage integrates a ceramic-insulated multilayer piezo-stack
actuator, a flexure-guided mechanism for frictionless motion, and a
high-resolution capacitive displacement sensor for feedback. The stage
is driven via a voltage amplifier, and signal-conditioning modules
within the modular E-712 piezo-controller. For external control, the
hardware interfaces with an NI CompactRIO chassis featuring an em-
bedded FPGA for real-time actuation and 16-bit analog I/O modules for
signal transmission and acquisition. The FPGA utilizes a 64-bit double-
precision floating-point representation, corresponding to approximately
15 significant decimal digits, which mitigates coefficient quantiza-
tion and round-off effects. The control algorithm is implemented in

Fig. 1. System identification for the experimental setup.

LabVIEW, which enables execution of parallel arithmetic operations
and deterministic timing governed by the FPGA clock and pipeline
structure. The FPGA loop rate is synchronized with the sampling rate to
prevent data loss. The actuation range is 0–10 V, with a sampling time
𝑡𝑠 = 30 μs (𝑓𝑠 = 33.33 kHz, 𝑓𝑁 = 16.66 kHz), exceeding the frequency
range of interest (0–1000 Hz).

To identify the system dynamics, a 0.1 V uniform white noise
input with a 0.1 V offset and variance of 0.0033 V2 was generated
in LabVIEW and applied to the actuator. The capacitive sensor output
was recorded and analysed in MATLAB, where the frequency response
functions (FRFs) were estimated using Chebyshev windowing to reduce
spectral leakage. Payload effects were examined using a custom 3D-
printed mounting bracket, with masses added in 10 g increments
up to 120 g. High coherence and an SNR of approximately 15 dB
ensured reliable identification across 0–1000 Hz. The first resonance
shifted from 194 Hz to 127 Hz with increasing payload, with similar
downward trends in the next three modes (200–1000 Hz), as shown in
Fig. 1(b). The phase lag observed below the first resonance is attributed
to actuator–amplifier dynamics and inherent delay, while pole–zero
interlacing confirms the collocated actuator–sensor configuration.

3. Design methodology

This section outlines the design methodology for synthesizing the
mixed-sensitivity 𝐻∞ tracking controller. As introduced in Section 1,
the damping controller 𝐶𝑑 (𝑠) and the tracking controller 𝐶𝑡(𝑠), together
with a linear plant model 𝐺𝑚(𝑠) derived based on system identification
data, are integrated into a dual closed-loop architecture (Fig. 2). 𝐶𝑑 (𝑠)
suppresses the dominant resonant mode in the inner loop, thereby
reducing dynamic uncertainty, while the outer loop controller 𝐶𝑡(𝑠)
ensures accurate reference tracking. This dual-loop configuration pro-
vides robust closed-loop stability and improved noise and disturbance
rejection across the operating bandwidth.

Relative uncertainty at the plant level is quantified by comparing
the perturbed plant set 𝐺(𝑠), arising from payload variations, with the
nominal unloaded plant model 𝐺𝑛0 (𝑠). To emphasize the advantages
of incorporating the active damping controller within the generalized
plant structure, the relative uncertainty is also computed considering
the perturbed damped plant set 𝐺𝑑 (𝑠) relative to the nominal, unloaded
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Fig. 2. Block diagram for mixed-sensitivity synthesis in the dual-loop architec-
ture, showing damping and tracking with weighting functions on the regulated
outputs.

damped plant 𝐺𝑑0 (𝑠). The exogenous inputs 𝑟, 𝑑, and 𝑛 denote the
reference, input disturbance, and output disturbance (including sensor
noise), respectively. The signals 𝑦 and 𝑥 represent the measured and
actual positions, while 𝑒 and 𝑢 denote the tracking error and the control
input.

3.1. Sensitivity functions

For the dual closed-loop control architecture shown in Fig. 2, the
dual open-loop transfer function is given by:

𝐿𝐷(𝑠) = 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
)

. (1)

Dual closed-loop stability requires adequate phase margins 𝜙𝑚𝑖
at all

0 dB crossovers of 𝐿𝐷(𝑠) [16]:

(2𝑘 − 1)180◦ ≤ ∠𝐿𝐷(𝑠) ≤ (2𝑘 + 1)180◦ when |𝐿𝐷(𝑠)| = 0 dB, (2)

where 𝑘 ∈ Z and 𝜙𝑚𝑖
≥ 30◦ typically ensures robustness.

The sensitivity function mapping the output disturbance 𝑛 to the
measured output 𝑦 is defined as:

𝑆𝑦𝑛(𝑠) = 1
1 + 𝐺(𝑠)

(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) = 1

1 + 𝐿𝐷(𝑠)
. (3)

Similarly, other relevant closed-loop transfer functions are:

𝑇𝑥𝑟(𝑠) =
𝐺(𝑠)𝐶𝑡(𝑠)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) , 𝑇𝑒𝑟(𝑠) =

1 + 𝐺(𝑠)𝐶𝑑 (𝑠)
1 + 𝐺(𝑠)

(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) ,

𝑆𝑥𝑛(𝑠) =
−𝐺(𝑠)

(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) , 𝑃 𝑆𝑦𝑑 (𝑠) =

𝐺(𝑠)
1 + 𝐺(𝑠)

(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) ,

𝐶 𝑆𝑢𝑟(𝑠) =
𝐶𝑡(𝑠)

(

1 + 𝐺(𝑠)𝐶𝑑 (𝑠)
)

1 + 𝐺(𝑠)
(

𝐶𝑡(𝑠) + 𝐶𝑑 (𝑠)
) .

(4)

Tamed NRC is employed as a fixed inner loop damping controller,
defined as:

𝐶𝑑 (𝑠) = 𝑘𝑑

(

𝑠 − 𝜔𝑎

𝑠 + 𝜔𝑎

) (
𝜔𝑙

𝑠 + 𝜔𝑙

)

, (5)

where 𝑘𝑑 and 𝜔𝑎 represent the controller gain and the resonant filter
corner frequency, respectively. The parameters are tuned as 𝑘𝑑 = 𝛾 ⋅
|𝐺𝑛0 (0)|

−1 and 𝜔𝑎 = 𝑛 ⋅ 𝜔𝑛0 , where 𝐺𝑛0 (0) and 𝜔𝑛0 denote the DC gain of
the nominal unloaded system model and its first resonant frequency.

Owing to its gain–phase decoupling property from the non-minimum-
phase characteristic, NRC effectively suppresses the targeted first res-
onance mode. Its damping performance remains robust to resonance
frequency variations when tuned for the nominal unloaded condi-
tion [2]. To further mitigate sensor noise feedback and reduce the effect
on untargeted higher-order modes, NRC is extended with a first-order
low-pass taming filter with a corner frequency 𝜔𝑙.

Fig. 3. Multiplicative uncertainty for undamped and damped systems due to
payload variations.

3.2. System modelling and uncertainty

Using the identified frequency response data, an 11th-order transfer
function model is derived for each measured system response. Given
that flexure-based nanopositioning systems are characterized by reso-
nant and anti-resonant modes, and that experimental measurements are
conducted at sufficiently low amplitudes within the travel range where
the linearity assumption is valid, the plant dynamics are modelled as a
linear system composed of a series of resonant and anti-resonant modes.

𝐺𝑚(𝑠) =
𝜔2
𝑛

𝑠2 + 2𝜁𝑛𝜔𝑛𝑠 + 𝜔2
𝑛

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Dominant

Resonant Dynamics

⋅
4

∏

𝑖=2

⎛

⎜

⎜

⎜

⎝

(

𝑠
𝑍𝑖

)2
+
( 2𝜁𝑍𝑖 𝑠

𝑍𝑖

)

+ 1
(

𝑠
𝑃𝑖

)2
+
( 2𝜁𝑃𝑖 𝑠

𝑃𝑖

)

+ 1

⎞

⎟

⎟

⎟

⎠

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Higher-Order Mode Dynamics

⋅
𝑔 ⋅ 𝜔𝐴

𝑠 + 𝜔𝐴
⏟⏟⏟

Actuator
Amplifier
Dynamics

⋅ 𝑒−𝜏 𝑠
⏟⏟⏟
Delay

,

(6)

The four dominant resonant modes are represented by second-order
transfer functions, the actuator–amplifier dynamics by a first-order low-
pass filter, and the inherent system delay by a second-order Padé
approximation. 𝐺𝑚(𝑠) denotes the modelled transfer function capturing
the essential dynamic characteristics of the measured system frequency
responses, as shown in Fig. 1(b). The parameters 𝜔𝑛 and 𝜁𝑛 represent
the natural frequency and damping ratio of the first dominant mode,
respectively. The terms 𝑃𝑖 and 𝑍𝑖 correspond to the frequencies of the 𝑖th
resonance and anti-resonance, with 𝜁𝑃𝑖

and 𝜁𝑍𝑖
denoting their respective

damping coefficients. The actuator capacitance and amplifier resistance
form a series network introducing a low-pass characteristic with corner
frequency 𝜔𝐴 and amplifier gain 𝑔, while 𝜏 represents the system time
delay.

As shown in Fig. 2, 𝐺(𝑠) ∈ 𝛱 represents the perturbed system models
arising from load variations, where 𝛱 is the set of all possible per-
turbed models. These variations are modelled as multiplicative dynamic
uncertainties:

𝐺(𝑠) = 𝐺𝑛0 (𝑠) (1 + 𝐸(𝑠)) , (7)

where 𝐺𝑛0 (𝑠) is the nominal unloaded system frequency response, and
𝐸(𝑠) is the complex-valued relative multiplicative uncertainty defined
as:

𝐸(𝑠) =
|

|

|

|

|

𝐺(𝑠) − 𝐺𝑛0 (𝑠)
𝐺𝑛0 (𝑠)

|

|

|

|

|

. (8)

As illustrated in Fig. 3, the uncertainties are most pronounced near
the resonance modes. When the perturbed plant set 𝐺(𝑠) is damped using
the active damping controller 𝐶𝑑 (𝑠), the corresponding uncertainty for
the set of damped plants 𝐺𝑑 (𝑠) = 𝐺(𝑠)

1+𝐺(𝑠)𝐶𝑑 (𝑠)
is given by:

𝐸𝑑 (𝑠) =
|

|

|

|

|

𝐺𝑑 (𝑠) − 𝐺𝑑0 (𝑠)
𝐺𝑑0 (𝑠)

|

|

|

|

|

, (9)

where 𝐺𝑑0 (𝑠) =
𝐺𝑛0

(𝑠)

1+𝐺𝑛0
(𝑠)𝐶𝑑 (𝑠)

is the nominal damped plant.
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As shown in Fig. 3, applying damping control markedly reduces the
uncertainty around the first resonance frequency for the set of damped
plants. This demonstrates the effectiveness of NRC in fully suppressing
the dominant resonance despite frequency variations. The resulting
flatness of the uncertainty in this region highlights the robustness of the
damping performance. Compared to the undamped case, the reduction
in uncertainty is substantial, confirming the dual benefit of improved
disturbance rejection and enhanced robustness to dynamic variations.

However, the damping controller has limited influence on uncer-
tainties in untargeted higher-order modes, underscoring the need for a
robust outer loop tracking controller to maintain performance across the
bandwidth.

3.3. Mixed-sensitivity 𝐻∞ control synthesis

Mixed-sensitivity 𝐻∞ synthesis enables simultaneous shaping of mul-
tiple sensitivity functions to achieve the desired tracking performance,
disturbance rejection, and noise attenuation. Given the exogenous inputs
𝑟, 𝑑, and 𝑛, three outputs can be regulated: the tracking error 𝑒, the
measured position 𝑦, and the actual position 𝑥:

𝑦 = 𝑇𝑥𝑟(𝑠) ⋅ 𝑟 + 𝑃 𝑆𝑦𝑑 (𝑠) ⋅ 𝑑 + 𝑆𝑦𝑛(𝑠) ⋅ 𝑛,

𝑥 = 𝑇𝑥𝑟(𝑠) ⋅ 𝑟 + 𝑃 𝑆𝑦𝑑 (𝑠) ⋅ 𝑑 + 𝑆𝑥𝑛(𝑠) ⋅ 𝑛,

𝑒 = 𝑇𝑒𝑟(𝑠) ⋅ 𝑟 − 𝑃 𝑆𝑦𝑑 (𝑠) ⋅ 𝑑 − 𝑆𝑦𝑛(𝑠) ⋅ 𝑛.

(10)

As evident from (4), 𝑆𝑦𝑛(𝑠) and 𝑇𝑒𝑟(𝑠) are inversely related to the tracking
controller 𝐶𝑡(𝑠). Thus, at low frequencies, where 𝐶𝑡(𝑠) exhibits high gain,
𝑆𝑦𝑛(𝑠) and 𝑇𝑒𝑟(𝑠) remain small. In contrast, 𝑆𝑥𝑛(𝑠) and 𝑇𝑥𝑟(𝑠) include 𝐶𝑡(𝑠)
in both numerator and denominator terms, leading to 𝑆𝑥𝑛(𝑠) ≈ 1 and
𝑇𝑥𝑟(𝑠) ≈ 1 when the controller gain is high. Consequently, the pairs
(𝑆𝑦𝑛(𝑠), 𝑇𝑒𝑟(𝑠)) and (𝑆𝑥𝑛(𝑠), 𝑇𝑥𝑟(𝑠)) exhibit similar frequency responses,
allowing each pair to be shaped effectively through a single weighting
function. Therefore, 𝑒 and 𝑥 are shaped using the weighting functions
𝑊𝑒(𝑠) and 𝑊𝑥(𝑠), to shape (𝑆𝑦𝑛(𝑠), 𝑇𝑒𝑟(𝑠)) and (𝑆𝑥𝑛(𝑠), 𝑇𝑥𝑟(𝑠)) respectively.
Furthermore, to prevent actuator saturation, 𝑢 is shaped using 𝑊𝑢(𝑠).

𝑢 = 𝐶 𝑆𝑢𝑟(𝑠) ⋅ 𝑟 − 𝐶𝑡(𝑠) ⋅ 𝑃 𝑆𝑦𝑑 (𝑠) ⋅ 𝑑 − 𝐶𝑡(𝑠) ⋅ 𝑆𝑦𝑛(𝑠) ⋅ 𝑛 (11)

The generalized plant, with (𝑠) = 1
1+𝐺(𝑠)𝐶𝑑 (𝑠)

, w.r.t. the control
structure depicted in Fig. 2 is:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑧1
𝑧2
𝑧3
𝑒

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎣

𝑊𝑒(𝑠) −𝑊𝑒(𝑠)𝐺(𝑠)(𝑠) −𝑊𝑒(𝑠)(𝑠) −𝑊𝑒(𝑠)𝐺(𝑠)(𝑠)
0 𝑊𝑥(𝑠)𝐺(𝑠)(𝑠) −𝑊𝑥(𝑠)𝐶𝑑 (𝑠)𝐺(𝑠)(𝑠) 𝑊𝑥(𝑠)𝐺(𝑠)(𝑠)
0 0 0 𝑊𝑢(𝑠)
1 −𝐺(𝑠)(𝑠) −(𝑠) −𝐺(𝑠)(𝑠)

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑃 (𝑠)

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑟
𝑑
𝑛
𝑢1

⎫

⎪

⎪

⎬

⎪

⎪

⎭

(12)

A lower Linear Fractional Transformation (LFT) between the general-
ized plant 𝑃 (𝑠) and the tracking controller 𝐶𝑡(𝑠) is performed to derive
the closed-loop relationship between the regulated outputs and the
exogenous inputs:

𝑁 = 𝐹𝑙
(

𝑃 (𝑠), 𝐶𝑡(𝑠)
)

=
⎡

⎢

⎢

⎣

𝑇𝑒𝑟(𝑠) −𝑃 𝑆𝑦𝑑 (𝑠) −𝑆𝑦𝑛(𝑠)
𝑇𝑥𝑟(𝑠) 𝑃 𝑆𝑦𝑑 (𝑠) 𝑆𝑥𝑛(𝑠)
𝐶 𝑆𝑢𝑟(𝑠) −𝐶𝑡(𝑠) ⋅ 𝑃 𝑆𝑦𝑑 (𝑠) −𝐶𝑡(𝑠) ⋅ 𝑆𝑦𝑛(𝑠)

⎤

⎥

⎥

⎦

.

(13)

Thus, the objective of the mixed-sensitivity 𝐻∞ control synthesis is:

𝑚𝑖𝑛
𝐶𝑡(𝑠)

‖

‖

𝑁(𝐶𝑡(𝑠))‖‖∞ , (14)

with the specification for the synthesis given by:

‖𝑁‖∞ = 𝑚𝑎𝑥
𝜔

𝜎 (𝑁(𝑗 𝜔)) = 𝛾 ≤ 1. (15)

Remark 1. Simultaneous shaping of the sensitivity pairs (𝑆𝑦𝑛(𝑠), 𝑇𝑒𝑟(𝑠))
and (𝑆𝑥𝑛(𝑠), 𝑇𝑥𝑟(𝑠)) is enabled by the strategic selection of 𝑒 and 𝑥 as
regulated outputs. Alternative choices can force a single weighting
function to govern mismatched sensitivity pairs. For example, select-
ing 𝑦 as a regulated output would require shaping (𝑆𝑦𝑛(𝑠), 𝑇𝑥𝑟(𝑠)),
which have distinct frequency responses and thus conflicting shaping
requirements.

Remark 2. The dual-loop architecture in Fig. 2 can be simplified to a
single-loop by using a single, composite controller 𝐶𝑑 (𝑠) + 𝐶𝑡(𝑠). This
reduces the scale of the problem, as only three sensitivities must be
shaped. However, this necessitates a non-intuitive weighting-function
design to synthesize the composite controller. This challenge is ex-
acerbated by the fact that a tamed NRC exploits its non-minimum-
phase characteristics for robust inner loop damping. Implementing a
dual-loop architecture that synthesizes 𝐶𝑑 (𝑠) with similar properties as
tamed NRC would require an unorthodox weighting function design
approach, especially since standard 𝐻∞ synthesis algorithms typically
avoid non-minimum phase solutions. The proposed methodology in
Section 3.3 overcomes this challenge by incorporating the tamed NRC
within the generalized plant as the active damping controller, enabling
the adoption of the conventional weighting function design approach
for the design of outer loop tracking controller.

3.4. Weighting function design guidelines

The weighting function 𝑊𝑒(𝑠) that shapes the tracking error 𝑒 has
the form:

𝑊𝑒(𝑠) = 1
∏𝑛𝑒

𝑖𝑒=1
𝑀𝑒𝑖𝑒

𝑛𝑒
∏

𝑖𝑒=1

( 𝑠 +𝑀𝑒𝑖𝑒
𝜔𝑒𝑖𝑒

𝑠 + 𝐴𝑒𝑖𝑒
𝜔𝑒𝑖𝑒

)

, (16)

where 𝑛𝑒 denotes the order of the weighting function 𝑊𝑒(𝑠), corre-
sponding to the number of integrators required for tracking control.
∏𝑛𝑒

𝑖𝑒=1
𝑀𝑒𝑖𝑒

defines the high-frequency bound or the sensitivity function
maxima. The characteristic equation of the dual closed-loop system is
1 +𝐿𝐷(𝑠), analogous to that of a single-loop system. Hence, the Nyquist
stability criterion for a dual-loop configuration can be evaluated using
the dual open-loop transfer function 𝐿𝐷(𝑠). Therefore, ∏𝑛𝑒

𝑖𝑒=1
𝑀𝑒𝑖𝑒

serves
as a measure of the minimum distance from the critical point (−1, 0) or
the modulus margin for stability. ∏𝑛𝑒

𝑖𝑒=1
𝐴𝑒𝑖𝑒

specifies the low-frequency
bound and should be chosen below the steady-state error requirement.
When this criterion is unknown a priori, setting ∏𝑛𝑒

𝑖𝑒=1
𝐴𝑒𝑖𝑒

≤ 0.01 ⋅ ,
where  is the system resolution, typically yields satisfactory results.
𝜔𝑒𝑖𝑒

imposes that the first 0 dB crossover of 𝐿𝐷(𝑠) must occur at
or beyond 𝜔𝑒𝑖𝑒

. 𝜔𝑒𝑖𝑒
can also be associated with the integrator cut-

off frequency for the tracking controller and must be selected such
that the phase lag from the integrator(s) does not adversely affect the
phase margin of 𝐿𝐷. Choosing excessively high 𝜔𝑒𝑖𝑒

may require a
high integrator cut-off, reducing stability margins, particularly in the
presence of system delays. Typically, selecting 𝜔𝑒𝑖𝑒

∈ [0.05, 0.1]𝜔𝑛,
where 𝜔𝑛 is the first resonance, yields satisfactory performance.

Remark 3. Although setting ∏𝑛𝑒
𝑖𝑒=1

𝐴𝑒𝑖𝑒
≈  theoretically provides

the lowest achievable steady-state error, it was observed that this
choice causes the synthesis process to be dominated by the associated
constraint, resulting in suboptimal performance with respect to other
design objectives. A more balanced design is achieved by selecting
∏𝑛𝑒

𝑖𝑒=1
𝐴𝑒𝑖𝑒

≤ 0.01 ⋅.

The weighting function 𝑊𝑥(𝑠), shaping the actual position 𝑥 is given
by:

𝑊𝑥(𝑠) = 1
∏𝑛𝑥

𝑖𝑥=1
𝐴𝑥𝑖𝑥

𝑛𝑥
∏

𝑖𝑥=1

⎛

⎜

⎜

⎜

⎝

𝑠 + 𝜔𝑥𝑖𝑥

𝑠 +
(

𝑀𝑥𝑖𝑥
∕𝐴𝑥𝑖𝑥

)

⋅ 𝜔𝑥𝑖𝑥

⎞

⎟

⎟

⎟

⎠

. (17)
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Fig. 4. Frequency response for 𝑆𝑦𝑛(𝑠), 𝑇𝑥𝑟(𝑠), and 𝐶 𝑆𝑢𝑟(𝑠) with first-order weights (a–c) and higher-order weights (d–f).

𝑛𝑥 denotes the order of the 𝑊𝑥(𝑠), determining the high-frequency roll-
off rate. ∏𝑛𝑥

𝑖𝑥=1
𝑀𝑥𝑖𝑥

denotes the low-frequency bound and is associated
with reference-tracking performance. Since a response of 𝑥∕𝑟 ≈ 1 is
desired for motion tracking applications, it should be selected as close
to 0 dB as possible. ∏𝑛𝑥

𝑖𝑥=1
𝐴𝑥𝑖𝑥

defines the high-frequency bound or
the minima of the sensitivity function.∏𝑛𝑥

𝑖𝑥=1
𝐴𝑥𝑖𝑥

∈ [0.5, 1] ⋅  may be
used, as outputs near the measurement resolution are not physically
meaningful. 𝜔𝑥𝑖𝑥

represent the corner frequency of high-frequency roll-
off and should be chosen near the higher-order modes. This minimizes
amplification at higher-order resonances and mitigates the influence of
model uncertainties, which usually increase with frequency.

The structure in (17) can also be applied to shape 𝑢, with the
low-frequency bound chosen as ∏𝑛𝑢

𝑖𝑢=1
𝑀𝑢𝑖𝑢

≤ 𝑢𝑠
𝑟𝑚𝑎𝑥

to ensure that the
control effort is within actuator limits. Here, 𝑟𝑚𝑎𝑥 denotes the maximum
expected reference amplitude, and 𝑢𝑠 represents the actuator saturation
limit.

Sensitivity analyses were conducted to examine the relationship be-
tween weighting function parameters and synthesis results (see Fig. 5).
Since three outputs are regulated simultaneously, resulting in the con-
current shaping of multiple sensitivities, variations in a single weight-
ing parameter influence the overall synthesis rather than only the
associated sensitivity. Nevertheless, a strong correlation was observed
between the corner frequency 𝜔𝑒𝑖𝑒

of the weighting function 𝑊𝑒(𝑠) and
the integrator cut-off for the synthesized tracking controller, with de-
creasing 𝜔𝑒𝑖𝑒

leading to a lower cut-off. A limited degree of correlation
was also identified between the corner frequency 𝜔𝑥𝑖𝑥

of 𝑊𝑥(𝑠) and the
high-frequency roll-off, whereby decreasing 𝜔𝑥𝑖𝑥

results in increased
roll-off. Finally, it should be noted that imposing more stringent low-
and high-frequency weighting bounds (𝐴𝑒𝑖𝑒

, 𝑀𝑥𝑖𝑥
and 𝑀𝑒𝑖𝑒

, 𝐴𝑥𝑖𝑥
respec-

tively) reduces the feasible solution space for controller synthesis and
may lead to suboptimal designs.

4. Simulations

Two sets of weighting functions were designed using the proposed
guidelines. The first set, comprising first-order weights, offers greater
design flexibility and accommodates variations in plant dynamics due
to payload changes. The second set employs higher-order weights to
maximize nominal performance with limited consideration for robust-
ness. The results for both designs are compared under nominal and

Fig. 5. Sensitivity of 𝑆𝑦𝑛(𝑠) and 𝑇𝑥𝑟(𝑠) to variations in 𝜔𝑒 and 𝜔𝑥, respectively.
( ) represents original parameters, while ( ) and ( ) correspond to a 20%
increase and 20% decrease, respectively.

off-nominal payloads (see Fig. 4). The synthesis yields 𝛾first-order = 1.15
and 𝛾higher-order = 1.44. These values do not satisfy (15). However,
in mixed-sensitivity 𝐻∞ synthesis with multiple regulated outputs,
satisfactory performance is achieved if the maximum singular value,
of each individual row of the closed-loop transfer function 𝑁(𝑠) =
𝚕𝚏𝚝(𝑃 (𝑠), 𝐶𝑡(𝑠)) does not exceed unity:

max
𝜔

𝜎(𝑁𝑖(𝑗 𝜔)) ≤ 1 for all rows 𝑁𝑖 of 𝑁 . (18)

Both weighting strategies meet this condition, with minor localized vio-
lations at higher-order resonant modes, indicating acceptable syntheses
(see Fig. 6).

For the nominal unloaded system, higher-order weights yield su-
perior performance compared to the first-order weights, achieving
improved tracking and disturbance rejection through increased low-
frequency gain (0.1–100 Hz), faster high-frequency roll-off to mitigate
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Fig. 6. max
𝜔

𝜎(𝑁𝑖(𝑗 𝜔)). Solid and dotted lines denote first-order higher-order
weighting functions respectively; 𝑖 = 1 using ( ), 𝑖 = 2 using ( ), 𝑖 = 3 using
( ).

Fig. 7. 37th-order controller obtained via 𝐻∞ synthesis ( ); ROM obtained
via NCF method ( ), balanced truncation method ( ) and ssest ( ).

higher-order resonances and model uncertainties, and a wider ±3 dB
bandwidth.

However, under off-nominal conditions, the stringent higher-order
weighting restricts sensitivity compliance and limits robustness to nar-
row variations in the plant. In contrast, first-order weights provide
greater flexibility, ensuring robust performance across a wider range
of uncertainty. Given the significant plant variations in this application,
experiments employ the controller synthesized with first-order weights.
Under high mass loading, 𝐶 𝑆𝑢𝑟(𝑠) slightly exceeds its specified bound,
but since these deviations are localized beyond the control bandwidth,
remain below the actuator limits, and all other sensitivity criteria are
satisfied, the design is deemed robust and acceptable.

Remark 4. Higher-order weighting functions are recommended for
systems with a smaller relative uncertainty in their dominant reso-
nant modes, especially under stringent requirements for bandwidth
achieved, low-frequency reference tracking, and disturbance rejection.

5. Experimental results

This section presents experimental validation of the design and
simulations from Sections 3 and 4, using the controller designed using
first-order weighting functions. Closed-loop performance is evaluated
in the frequency and time domains under nominal and non-nominal
payloads.

5.1. Controller implementation

Using first-order weighting functions, a 37th-order controller was
synthesized. For practical implementation, reduced-order models
(ROMs) were investigated using Hankel-norm-based techniques, such
as balanced truncation and normalized coprime factor (NCF) methods,
as well as the predictive error minimization approach via MATLAB’s
ssest function (see Fig. 7). For a 9th-order ROM, the NCF method
failed to adequately capture the low-frequency dynamics. A comparison
was made between balanced truncation and predictive error mini-
mization by evaluating the error 𝐸𝑅𝑂 𝑀 = 𝐶ROM

𝑡 (𝑠) − 𝐶𝑡(𝑠). It was
observed that in the frequency range with the dominant plant dynamics
(50–1000 Hz), the ROM obtained using ssest exhibited a smaller

error. This 9th-order ssest-based ROM achieved a NRMSE fitness of
99.98%. Furthermore, the reduction in controller order was found to
have a negligible impact on the level of 𝐻∞ synthesis performance
𝛾. This ROM was discretized using the bilinear (Tustin) transform and
implemented on the FPGA.

5.2. Frequency response and robustness analysis

The 9th-order ROM of the synthesized tracking controller was im-
plemented in the dual closed-loop configuration and experimentally
evaluated under varying payloads (see Fig. 8). For payloads up to 60 g,
the ±3 dB bandwidth remained above the first resonance (Table 1), con-
sistent with the simulation results. At higher payloads, slight deviations
from predictions were observed, primarily due to system nonlinearities
and payload-induced variations in mode shape. While achieving a
±3 dB bandwidth close to or exceeding the first resonant frequency
is not a strict design requirement, prior work has demonstrated that
such performance is attainable using the dual-loop architecture with
NRC for active damping [2,16]. Consequently, ±3 dB bandwidth ⪆
1st resonance was considered an implicit performance metric during
controller synthesis.

Robust stability of the dual-loop system requires a phase mar-
gin 𝜙𝑚𝑖

≥ 30◦ at each 0 dB crossing of 𝐿𝐷(𝑠), as defined in Sec-
tion 3.1. The phase margins and crossover frequencies, summarized in
Table 1, show 𝜙𝑚𝑖

≥ 40◦ for all cases, confirming that the synthesized
mixed-sensitivity 𝐻∞ controller maintains robust stability and com-
pliance with the designed weighting specifications across all payload
conditions.

5.3. Reference tracking and disturbance rejection performance

Piezoelectric systems are widely used in raster-scanning applica-
tions. Therefore, reference tracking performance was evaluated using a
triangular input. Owing to the periodic nature of triangular waveforms,
they can be decomposed into sinusoids of the fundamental frequency
and its odd harmonics, providing a direct and intuitive link to the
effective closed-loop tracking bandwidth. The tracking responses for
varying payloads (Fig. 9) and RMS errors (Table 2) confirm consistent
performance across all loading conditions. RMS errors remain low at
low frequencies but increase beyond 50 Hz, despite the ±3 dB band-
width extending well beyond this range. This degradation corresponds
to deviations in 𝑇𝑥𝑟(𝑠), attributed to unmodelled actuator hysteresis
and higher-order harmonics of the triangular reference. Incorporating
hysteresis compensation could further improve tracking accuracy.

Disturbance rejection was evaluated through step-tracking experi-
ments with external disturbances. A step input of 8 μ m was applied
while introducing a chirp disturbance, with a frequency sweep of 50 Hz
to 250 Hz (amplitude = 0.8 μm, variance = 0.2 μm2). As shown in
Fig. 10, the controller maintains effective disturbance rejection across
all payloads across the frequency sweep of the chirp disturbance. The
effect of the disturbance is attenuated and can be seen as a low
magnitude sinusoidal variations in the steady-state sensor output. This
behaviour is consistent with the process sensitivity (Fig. 8(e)), which
remains of low (well below 0 dB) and nearly constant magnitude
within this frequency range. Additionally, transients associated with
the onset of the chirp disturbance are not clearly observable due to
the limited resolution of the analog modules. Comparable performance
was observed under a uniform white noise (maximum amplitude =
0.8 μm, variance = 0.2 μm2). The robustness of disturbance rejection
performance under varying payload conditions was further quantified
by computing the variance of the position output. Similar variance val-
ues (≈ 0.008 μm2) were obtained during step tracking with disturbance
inputs, irrespective of the disturbance type or mass loading.
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Fig. 8. Experimental frequency responses of 𝑆𝑦𝑛(𝑠), 𝑇𝑥𝑟(𝑠), 𝑇𝑒𝑟(𝑠), 𝐶 𝑆𝑢𝑟(𝑠) and 𝑃 𝑆𝑦𝑑 (𝑠) under varying payloads.

Table 1
Frequency domain performance under varying payloads.

Load case 1st Res. ±3 dB BW Phase Margin, 𝜙𝑚𝑖
Crossover frequency

(Hz) (Hz) (deg) (Hz)

0 g 194 197 51 108 114 8.5 176 207
10 g 179 184 49 100 118 8.4 164 195
20 g 179 188 47 97.7 116 8.4 161 196
30 g 173 181 40 98.1 120 8.4 156 190
40 g 169 184 50 99.1 121 8.4 161 197
50 g 163 176 53 129 171 8.4 175 191
60 g 157 145 52 – – 8.4 – –
70 g 151 103 52 109 137 8.4 167 195
80 g 144 97 50 116 128 8.4 167 192
90 g 138 86 49 111 129 8.4 164 191
100 g 132 85 42 106 127 8.3 162 190
110 g 128 102 52 – – 8.3 – –

Fig. 9. Triangular reference tracking with different frequencies for varying
payloads.

6. Conclusion

This work presented a dual closed-loop control strategy integrating
active damping with mixed-sensitivity 𝐻∞ synthesis for robust control
of high-order, lightly damped piezoelectric nanopositioning systems.
A Non-Minimum-Phase Resonant Controller suppresses the dominant

Fig. 10. Step tracking under chirp disturbance for varying payloads.

resonance and enables systematic robust control synthesis by reducing
uncertainty. The proposed generalized plant framework and weighting
design guidelines incorporate higher-order modes, ensuring robustness
and performance without excessive controller complexity. Experiments
demonstrate consistent reference tracking and disturbance rejection
across varying payloads, establishing a practical and scalable approach
for robust nanopositioning control. Future work will focus on incorpo-
rating modelling structured uncertainties for 𝜇-synthesis-based control
to establish formal robustness margins, albeit with potential increases
in design complexity and controller order.
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Table 2
RMS tracking error 𝑒𝑅𝑀 𝑆 (in μm) for different frequencies and loading condi-
tions.

Load case 1 Hz 5 Hz 10 Hz 20 Hz 50 Hz 75 Hz 100 Hz 150 Hz

0 g 0.02 0.05 0.08 0.12 0.17 0.20 0.23 0.31
10 g 0.02 0.05 0.08 0.12 0.17 0.20 0.24 0.33
20 g 0.02 0.04 0.08 0.11 0.17 0.20 0.25 0.36
30 g 0.02 0.05 0.08 0.12 0.17 0.20 0.25 0.38
40 g 0.02 0.05 0.08 0.12 0.18 0.20 0.25 0.36
50 g 0.06 0.08 0.10 0.13 0.18 0.22 0.27 0.42
60 g 0.03 0.05 0.08 0.12 0.19 0.20 0.25 0.36
70 g 0.03 0.05 0.09 0.12 0.19 0.20 0.25 0.35
80 g 0.06 0.08 0.10 0.13 0.18 0.22 0.27 0.34
90 g 0.04 0.06 0.08 0.12 0.18 0.22 0.25 0.36
100 g 0.07 0.09 0.11 0.14 0.19 0.24 0.24 0.39
110 g 0.07 0.09 0.11 0.14 0.18 0.26 0.26 0.33
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