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a b s t r a c t

Given a sequence of finite element spaces which form a de Rham sequence, we will
construct dual representations of these spaces with associated differential operators
which connect these spaces such that they also form a de Rham sequence. The dual
representations also need to satisfy the de Rham sequence on the domain boundary.
The matrix which converts primal representations to dual representations – the Hodge
matrix – is the mass or Gram matrix. It will be shown that a bilinear form of a primal and
a dual representation is equal to the vector inner product of the expansion coefficients
(degrees of freedom) of both representations. This leads to very sparse system matrices,
even for high order methods. The differential operators for dual representations will be
defined. Vector operations, grad, curl and div, for primal and dual representations are
both topological and do not depend on the metric, i.e. the size and shape of the mesh
or the order of the numerical method. Derivatives are evaluated by applying sparse
incidence and inclusion matrices to the expansion coefficients of the representations.
As illustration of the use of dual representations, the method will be applied to (i) a
mixed formulation for the Poisson problem in 3D, (ii) it will be shown that this approach
allows one to preserve the equivalence between Dirichlet and Neumann problems in the
finite dimensional setting and, (iii) the method will be applied to the approximation of
grad–div eigenvalue problem on affine and non-affine meshes.
© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The differential operators grad, curl and div play a fundamental role in the representation of physical field laws. In
erms of differential geometry these operators are either represented by a topological, metric-free operation called the
xterior derivative or by the metric-dependent operation called the codifferential or coderivative denoted by δ or d⋆,
ee [1]. The codifferential is the Hilbert adjoint of the exterior derivative and the metric dependence of the codifferential
s a direct consequence of the definition of inner product, which involves the metric. Although the distinction between
xterior derivative and codifferential is most clearly seen in terms of differential geometry, it can also be introduced in
erms of vector calculus as weak differential operators, see for instance [2, Appendix A].

The construction of the exterior derivative in a discrete setting is relatively straightforward since it follows from the
ontinuous definition. The challenge lies in the construction of the sequence of discrete function spaces such that, together
ith the exterior derivative, they constitute an exact sequence (a de Rham sequence), see for example [3].
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The subject of constructing discrete representations for the codifferential operator is a more challenging one. This op-
rator contains all metric and material properties and its discretization typically establishes the distinguishing properties
f each numerical method. Different aspects of the codifferential operator can be taken into account when constructing
ts discrete counterpart. Apart from its metric-dependence, the discrete codifferential is not just the restriction of the
ontinuous operator to an appropriate finite dimensional subspace. In weak formulations this generally corresponds to
sing integration by parts to convert the codifferential into an exterior derivative. This approach stems directly from the
act that finite element formulations typically use one de Rham sequence (a primal sequence of spaces). By employing
ntegration by parts, the discrete codifferential can be constructed using only one single sequence of spaces, see for
xample [3].
In the finite difference/finite volume community the definition of the codifferential operator follows a different route,

elying on the construction of a dual grid, see [4]. For the evaluation of the codifferential, the scalar or vector field
s converted to the dual grid, there the exterior derivative is computed after which the result is mapped back to the
rimal grid. The mappings which convert the variables on the primal grid to the variables on the dual grid are discrete
epresentations of the Hodge-⋆ operator and therefore are called Hodge matrices. This approach, instead of defining
he discrete codifferential as the dual of the exterior derivative, directly approximates the explicit representation of the
odifferential

d⋆ = (−1)d(k+1)+1 ⋆ d⋆ ,

where d is the exterir derivative, d⋆ the codifferential operator, d denotes the dimension of the ambient space, k refers
to the k-form for which the derivative is taken, and ⋆ denotes the Hodge-⋆ operator see [1,5,6].

In [7] both approaches are compared for a spectral element method. On a single grid, integration by parts is used to
convert the codifferential to an exterior derivative, while in the dual grid approach dual spectral element basis functions
are constructed on a dual grid.

As mentioned before, the construction of discrete codifferential operators is challenging, especially for high order
spectral element methods. The underlying reason has to do with the fact that the codifferential is non-local. The higher
the approximating degree of the method, the denser the matrix representation of the codifferential and the higher the
condition number of the resulting system of equations becomes. These two properties are particularly impactful to any
numerical method. This is the focus of this work: to propose a high order discrete codifferential operator with improved
sparsity and condition number.

In this paper we use integration by parts and interpret the mass or Gram matrices as Hodge matrices. These Hodge
matrices correspond to discrete Hodge-⋆ operators that convert the primal representation to a dual representation. By
doing so, the integration by parts formula becomes metric-free and the codifferential is interpreted as the derivative of
dual variables. This leads to much sparser system matrices—especially for higher order methods. We set up a de Rham
sequence for primal spaces and for each space in this complex we construct a dual space. The sequence of these dual
spaces also forms a de Rham complex. The construction of the dual de Rham sequence explicitly requires that the de
Rham sequence should also be satisfied on the boundary. The construction of a dual basis used in this work is similar to
the inverse Gram constructions described in [8,9].

Earlier dual bases have been used in isogeometric methods for projection of B-splines [10,11]. In finite elements they
have been used for mortar methods [8,12]. In [13] these ideas have been combined to form isogeometric mortar methods.
For other implementations in isogeometric methods see [14,15]. Different approaches for the construction of dual bases
have also been discussed in [9], and for construction of dual splines in [16].

As applications, we will demonstrate the use of a dual basis on a constrained minimization problem of the Poisson
equation in 3D. We also show the discrete well-posedness of this problem which is expressed in terms of degrees of
freedom only. It will be shown that the use of an algebraic dual basis results in a very sparse matrix where two of the
sub-matrices consist of 1, −1 and 0 only and do not change with the shape and size of the elements of the mesh as
long as the mesh topology remains the same. This observation is relevant for the incompressible flow equation where we
encounter a similar div–grad pair. These techniques may also be valuable in electromagnetism to represent the involution
constraint div B = 0 in a way that is very sparse and independent of the shape and size of the mesh.

In the second application we will solve for the pair of Dirichlet–Neumann problems discussed in [17] and prove their
equivalence in the discrete sense. This is in general not trivial. It is shown that the duality relation continues to hold
point-wise in these finite-dimensional approximations, on arbitrary grids, through the use of algebraic dual polynomials.

In the third application, we will solve for a grad–div eigenvalue problem on affine and non-affine meshes using dual
degrees of freedom and will show optimal convergence rates for the eigenvalues.

The remainder of this paper is structured as follows: The construction of dual polynomial spaces in the one dimensional
case is presented in Section 2. In this section it is also shown how nodal sampling and edge sampling from polynomial
spaces extend to Sobolev spaces. The treatment of the multiple elements case and the derivative of a dual representation
will be given in this section. In Sections 3 and 4 these constructions are extended to two dimensions and three dimensions,
respectively. In Section 5 a dual polynomial representation is used for the mixed formulation of the Poisson equation in
the three-dimensional case with multiple elements. In Section 6 equivalence of the Dirichlet–Neumann problems [17]
is proved and demonstrated by a particular example. In Section 7 we address a grad–div eigenvalue problem and show
optimal convergence rates on affine and non-affine grids. Finally, in Section 8 conclusions are drawn and future work is

discussed.
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2. Construction of 1D dual finite elements

We will use the definition of finite element spaces in terms of the triplet (K ,P,N ) by Ciarlet, [18], see also Ern and
Guermond, [19, §1.2] and Brenner and Scott, [20, §3.1].

Definition 1. A finite element consists of the triplet (K ,P,N ) where

i K is a compact, connected, Lipschitz subset of Rd with non-empty interior;
ii P is a (finite dimensional) linear vector space with domain K . Usually, P is a polynomial vector space of dimension

dP ;
iii N is a set of linear functionals {Ni}, i = 1, . . . , dP , acting on elements of P , such that the linear map,

ph ∈ P ↦→ (N1(ph), . . . ,NdP (ph)) ∈ RdP ,

is bijective.

The linear functionals {Ni} are called the local degrees of freedom. The following Proposition taken from [19] defines
the basis functions:

Proposition 1. There exists a basis {Ψ1, . . . ,ΨdP } in P such that

Ni(Ψj) = δij , 1 ≤ i, j ≤ dP .

Example 1. Consider the interval K = [−1, 1] ⊂ R. Let ξi ∈ K , i = 0, . . . ,N , be the roots of the polynomial (1− ξ 2)L′

N (ξ ),
here LN (ξ ) is the Legendre polynomial of degree N and L′

N (ξ ) its derivative. These nodes are referred to as the Gauss–
obatto–Legendre (GLL) points, [21]. Let P be the space of polynomials of degree N defined on the interval K . For any
h

∈ P define the degrees of freedom by

N 0
i (p

h) := ph(ξi) , i = 0, . . . ,N . (1)

Because polynomials are continuous, (1) is well-defined. The superscript 0 in N 0
i indicates that we sample the polynomial

ph in points. The basis which satisfies the Kronecker-delta property from Proposition 1 is given by the set of Lagrange
polynomials through the GLL-points

hi(ξ ) =
(ξ 2 − 1)L′

N (ξ )
N(N + 1)LN (ξi)(ξ − ξi)

, i = 0, 1, . . . ,N .

This example also corresponds to [19, Prop.1.34] for d = 1.

Remark 1. Note that the degrees of freedom are linear functionals on P . The nodal sampling of functions in P is
essentially the Dirac delta distribution which is well defined when the space P consists of continuous functions, see
[22, Example 2.10.2]. Extension of this functional to Sobolev spaces in this way is in general not possible. The extension
to Sobolev spaces will be given in Definition 4.

Example 2. Let K and ξi be defined as in Example 1. Let Q be the space of polynomials of degree (N−1). For this example
we choose to define the degrees of freedom as

N 1
i (p

h) :=

∫ ξi

ξi−1

ph(ξ ) dξ , i = 1, . . . ,N . (2)

For polynomials, the integral in (2) is well-defined. The superscript 1 in N 1
i expresses the fact that the degrees of freedom

are associated to line segments [ξi−1, ξi] (geometrical dimension d = 1). The basis functions, ej(ξ ), which must satisfy the
Kronecker-delta property from Proposition 1 need to satisfy

N 1
i (ej) =

∫ ξi

ξi−1

ej(ξ ) dξ = δij .

Lemma 1. The basis functions ej(ξ ) on the GLL-grid defined in Example 2 are given by

ej(ξ ) = −

j−1∑
k=0

dhk

dξ
(ξ ) , j = 1, . . . ,N , (3)

where hk(ξ ) are the Lagrange polynomials through GLL-points defined in Example 1.
103



V. Jain, Y. Zhang, A. Palha et al. Computers and Mathematics with Applications 95 (2021) 101–142

t

w

t

Proof.∫ ξi

ξi−1

ej(ξ ) dξ = −

j−1∑
k=0

∫ ξi

ξi−1

dhk

dξ
(ξ ) dξ = −

j−1∑
k=0

[hk(ξi) − hk(ξi−1)] = δij ,

where we repeatedly use the Kronecker-delta property of the Lagrange polynomials. If the Lagrange polynomials hk(ξ )
are polynomials of degree N , then dhk(ξ )/dξ is a polynomial of degree (N −1). It is easy to show that {ei}Ni=1 forms a basis
for Q. □

Corollary 1. From (3) it follows that

dhj

dξ
(ξ) = ej(ξ ) − ej+1(ξ ) .

So if ph ∈ P is expanded in terms of Lagrange polynomials as

ph(ξ ) =

N∑
i=0

N 0
i (p

h)hi(ξ ) ,

hen its derivative is given by

dph

dξ
(ξ ) =

N∑
i=0

N 0
i (p

h)
dhi

dξ
(ξ) =

N∑
i=0

N 0
i (p

h) [ei(ξ ) − ei+1(ξ )] =

N∑
i=1

(
N 0

i (p
h) − N 0

i−1(p
h)
)
ei(ξ ) , (4)

here we have used the fact that e0(ξ ) = eN+1(ξ ) = 0.
Let E1,0 be the N × (N + 1) matrix

E1,0
=

⎛⎜⎜⎜⎜⎝
−1 1

− 1 1
. . .

. . .

−1 1
−1 1

⎞⎟⎟⎟⎟⎠ , (5)

hen we can write (4) as

dph

dξ
(ξ ) =

N∑
i=1

N∑
j=0

E1,0
i,j N

0
j (p

h) ei(ξ ) .

Taking the derivative of a nodal expansion changes the nodal degrees of freedom discussed in Example 1 to the integral
degrees of freedom of the derivative, as discussed in Example 2. The matrix E1,0 is called the incidence matrix, which
converts the nodal degrees of freedom of a function p to the integral degrees of freedom of its derivative dp

dx .

2.1. Construction of dual basis

Consider the finite element constructed in Example 1. Any element ph ∈ P can be represented as

ph(ξ ) =

N∑
i=0

N 0
i (p

h)hi(ξ ) ,

where N 0
i (p

h) are the nodal degrees of freedom and hi(ξ ) are the associated basis functions. To simplify the notation, we
will write this as

ph(ξ ) = Ψ 0(ξ )N 0(ph) , (6)

where

Ψ 0(ξ ) =
(
h0(ξ ) h1(ξ ) . . . hN−1(ξ ) hN (ξ )

)
and N 0(ph) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

N 0
0 (p

h)

N 0
1 (p

h)

...

N 0
N−1(p

h)
0 h

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

NN (p )
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Here, and in the remainder of the paper, basis functions will always be expressed as a row vector and the degrees of
freedom as a column vector. Let ph, qh ∈ P be both represented as in (6), then the L2-inner product is given by(

ph, qh
)
L2(K ) =

∫
K
ph(ξ ) qh(ξ ) dK = N 0(ph)

⊺
M(0)N 0(qh) ,

here M(0) denotes the mass matrix (or Gram matrix) associated with the nodal basis functions

M(0)
=

∫
K
Ψ 0 (ξ)⊺ Ψ 0 (ξ) dK . (7)

efinition 2. Let N 0(ph) be the degrees of freedom for ph ∈ P , then the dual degrees of freedom, Ñ 1(ph) for ph ∈ P are
defined by

Ñ 1 (ph) := M(0)N 0 (ph) .
Remark 2. In Definition 2 the superscript 1 on Ñ 1 corresponds to lines (geometric dimension 1) that are geometric
duals of nodes (geometric dimension 0) for the one-dimensional domain K = [−1, 1]. In general, for Rd the dual degrees
of freedom of N 0 are denoted by Ñ d.

Corollary 2. The dual basis functions are given by

Ψ̃ 1(ξ ) := Ψ 0(ξ )
(
M(0))−1

. (8)

Proof. If the corollary is true, we have

Ñ 1 (Ψ̃ 1)
= M(0)N 0

(
Ψ 0 (M(0))−1

)
= M(0)N 0 (Ψ 0) (M(0))−1

= M(0)I
(
M(0))−1

= I ,

where we made use of the linearity of the operator N 0. This shows that Ψ̃ 1
= Ψ 0

(
M(0)

)−1 forms a basis for the dual
degrees of freedom. □

Corollary 3. For any element ph ∈ P we have

ph(ξ ) = Ψ 0(ξ )N 0(ph) = Ψ 0(ξ )M(0)−1
M(0)N 0(ph) = Ψ̃ 1(ξ )Ñ 1(ph) . □

Corollary 4. The mass matrix M̃(1) is the inverse of the mass matrix M(0).

Proof.

M̃(1)
:=

∫
K
Ψ̃ 1(ξ )

⊺
Ψ̃ 1(ξ ) dK

(8)
=
(
M(0))−1

∫
K
Ψ 0(ξ )

⊺
Ψ 0(ξ ) dK ·

(
M(0))−1 (7)

=
(
M(0))−1

,

where
(
M(0)⊺

)−1
=
(
M(0)

)−1 since M(0) is symmetric. □

In Fig. 1 the Lagrange polynomials through the GLL-points and the associated dual polynomials are presented for N = 4.
Analogous to the construction of the dual nodal polynomials, we can also construct the dual polynomials to the edge

functions. Let an element ph ∈ Q be represented as

ph(ξ ) =

N∑
i=1

N 1
i (p

h)ei(ξ ) .

In the simplified notation this can be written as

ph(ξ ) = Ψ 1(ξ )N 1(ph) ,

with

Ψ 1(ξ ) =
(
e1(ξ ) e2(ξ ) . . . eN−1(ξ ) eN (ξ )

)
and N 1(ph) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

N 1
1 (p

h)

N 1
2 (p

h)
...

N 1
N−1(p

h)
1 h

⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (9)
NN (p )
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Fig. 1. The nodal Lagrange polynomial basis functions and the associated dual polynomials for N = 4.

e can write the L2-inner product for two functions ph, qh ∈ Q expanded in this way as

(ph, qh)L2(K ) = N 1(ph)⊺
(∫

K
Ψ 1(ξ )

⊺
Ψ 1(ξ ) dK

)
N 1(qh) = N 1(ph)⊺M(1)N 1(qh) ,

ith M(1) the mass matrix (or Gram matrix) associated with the edge polynomials

M(1)
=

∫
K
Ψ 1(ξ )

⊺
Ψ 1(ξ ) dK .

efinition 3. Let N 1(ph) be the degrees of freedom for ph ∈ Q, then the associated dual degrees of freedom Ñ 0(ph) are
efined as

Ñ 0 (ph) := M(1)N 1 (ph) .
Here again we follow Remark 2 to denote the superscript 0 on Ñ 0 corresponding to nodes (geometric dimension 0)

hat are geometric dual of 1 for K = [−1, 1]. In general, for the d-dimensional case the dual degrees of freedom of N 1

ill be denoted by Ñ d−1, see also Section 3.
Following Corollary 2, the dual edge functions are then given by

Ψ̃ 0(ξ ) := Ψ 1(ξ )
(
M(1))−1

. (10)

n Fig. 2 the edge polynomials ei(ξ ) and their dual polynomials ẽi(ξ ) are shown for N = 4.

emma 2. Let Ψ k(ξ ) and Ψ̃ 1−k(ξ ) for k = 0, 1 be the primal and the dual basis as defined above, then these bases are
i-orthogonal with respect to each other∫

K
Ψ̃ 1−k(ξ )⊺Ψ k(ξ ) dK = I , k = 0, 1 ,

here I is the (N + 1) × (N + 1) identity matrix for k = 0 and the N × N identity matrix for k = 1.

roof. Using the definition of the dual basis, Ψ̃ 1−k(ξ ) = Ψ k(ξ )
(
M(k)

)−1, gives∫
K
Ψ̃ 1−k(ξ )⊺Ψ k(ξ ) dK =

(
M(k))−1

∫
K
Ψ k(ξ )⊺Ψ k(ξ ) dK =

(
M(k))−1

M(k)
= I ,

where in the second term we have used the fact that mass matrix M(k) is symmetric. □

In Remark 1 it was stated that nodal sampling of a function is only possible in the space P of continuous functions. In
a Sobolev space the elements consist of equivalence classes of functions that satisfy an integral equation and in this case
nodal sampling may not be defined.
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Fig. 2. The edge polynomial basis functions and the associated dual polynomials for N = 4.

emma 3. Let ph ∈ P , then the nodal degrees of freedom are given by

N 0(ph) =

∫
K
Ψ̃ 1(ξ )⊺ph(ξ ) dK .

roof. Every ph ∈ P can be written as ph(ξ ) = Ψ 0(ξ )N 0(ph), therefore∫
K
Ψ̃ 1(ξ )⊺ph(ξ ) dK =

∫
K
Ψ̃ 1(ξ )⊺Ψ 0(ξ )N 0(ph) dK = N 0(ph) ,

here in the last equality we used Lemma 2. □

Lemma 3 allows us to extend nodal sampling to square integrable functions.

efinition 4. For f ∈ L2(K ) we define the nodal degrees of freedom by

N 0(f ) :=

∫
K
Ψ̃ 1(ξ )⊺f (ξ ) dK .

sing now the fact that Ψ̃ 1(ξ ) = Ψ 0(ξ )
(
M(0)

)−1 this ‘nodal sampling’ can be written as

N 0(f ) =
(
M(0))−1

∫
K
Ψ 0(ξ )⊺f (ξ ) dK ,

which is just the L2-projection of f on the space P . Analogously we have

N 1(f ) :=

∫
K
Ψ̃ 0(ξ )⊺f (ξ ) dK =

(
M(1))−1

∫
K
Ψ 1 (ξ)⊺ f (ξ) dK ,

Ñ 0(f ) :=

∫
K
Ψ 1(ξ )⊺f (ξ ) dK and Ñ 1(f ) :=

∫
K
Ψ 0(ξ )⊺f (ξ ) dK .

These definitions are used, for e.g., in the calculation of degrees of freedom of the right hand side term and the boundary
conditions in Sections 5 and 6.

2.2. Transformation rules for 1D function spaces

So far we have discussed the construction of polynomial basis on a reference domain K = [−1, 1]. In case of a more
general interval I = [a, b] we have to introduce mappings. For any x ∈ I , in case of a linear mapping Φ , we have

x = Φ (ξ) =
a
(1 − ξ)+

b
(1 + ξ) , −1 ≤ ξ ≤ 1 ,
2 2
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Fig. 3. Global Lagrange basis function for Kel = 5 and N = 1 (left) and the corresponding dual basis function (right).

nd its Jacobian J =
dx
dξ =

(b−a)
2 . In this case we have that the nodal basis and the edge basis transform as

Ψ 0
i (x) = hi ◦Φ

−1(x) , for i = 0, . . . ,N and Ψ 1
j (x) =

1
J
ej ◦Φ−1(x) for j = 1, . . . ,N .

The associated mass matrices are then given by

M(0)
=

∫
I
Ψ 0 (x)⊺ Ψ 0 (x) dI =

(b − a)
2

∫
K
Ψ

0
(ξ)⊺ Ψ

0
(ξ) dK ,

and

M(1)
=

∫
I
Ψ 1 (x)⊺ Ψ 1 (x) dI =

2
(b − a)

∫
K
Ψ

1
(ξ)⊺ Ψ

1
(ξ) dK .

2.2.1. Transformation rules for dual function spaces
The construction of dual function spaces for I = [a, b] follows exactly the same procedure as in Section 2.1. Let Ψ k (x),

for k = 0, 1, be the transformed basis functions, and N k(ph) for k = 0, 1, be the associated degrees of freedom, then we
have that

Ñ 1−k (ph) = M(k)N k (ph) and Ψ̃ 1−k (x) = Ψ k (x)M(k)−1
for k = 0, 1 . (11)

2.3. Multi-element case

Let I = [a, b] with a, b ∈ R and a < b. Let the domain I be partitioned in Kel elements bounded by the points
a = x0 < x1 < · · · < xKel−1 < xKel = b and set Ik = [xk−1, xk]. In the multi-element case we require that polynomials qh,
expanded by the Lagrange polynomials in each element, are in the space G(I) ⊂ H1(I), with G(Ik) = P . The global basis
functions, Ψ 0

i (x) are related to the element basis functions by

Ψ 0
i (x) = hj ◦Φ

−1 (x) with i = j + (k − 1)N and x = Φ (ξ) =
1
2
(1 − ξ) xk−1 +

1
2
(1 + ξ) xk , −1 ≤ ξ ≤ 1 ,

(12)

here k = 1, . . . , Kel and j = 0, . . . ,N . Here we use a simple linear transformation between the canonical element and
he physical elements of the mesh, as presented in Section 2.2. On the standard domain [−1, 1] we will use the variable
ξ , while in the global, multi-element case we will denote the independent variable by x. Just as in the single element case,
the dual degrees of freedom are obtained by premultiplying the global degrees of freedom with the global (assembled)
mass matrix. The corresponding dual basis functions are constructed by post-multiplying the row vector of global basis
functions by the inverse of the global, assembled mass matrix. An example with I = [−1, 1], Kel = 5 and N = 1 is shown
in Fig. 3.
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The global mass matrix which converts the primal degrees of freedom to the dual degrees of freedom used in the
onstruction of Fig. 3 is given by

M(0)
=

h
6

⎛⎜⎜⎜⎜⎜⎝
2 1
1 4 1

1 4 1
1 4 1

1 4 1
1 2

⎞⎟⎟⎟⎟⎟⎠ , h =
2
Kel

,

and its (approximate) inverse is given by

(
M(0))−1

=

⎛⎜⎜⎜⎜⎜⎝
8.6603 −2.3206 0.6220 −0.1675 0.0478 −0.0239

−2.3206 4.6411 −1.2440 0.3349 −0.0957 0.0478
0.6220 −1.2440 4.3541 −1.1722 0.3349 −0.1675

−0.1675 0.3349 −1.1722 4.3541 −1.2440 0.6220
0.0478 −0.0957 0.3349 −1.2440 4.6411 −2.3206

−0.0239 0.0478 −0.1675 0.6220 −2.3206 8.6603

⎞⎟⎟⎟⎟⎟⎠ ,

here the underlined values are the nodal values plotted for the dual basis in Fig. 3.

emark 3. Explicit construction of dual basis functions requires the multiplication with the inverse of the global mass
atrix. For large, multi-dimensional problems this is unfeasible. But the explicit construction of dual polynomials is in
eneral not required to construct the system matrices of a given problem. It is sufficient to use the properties of the dual
epresentation, such as the fact that it forms a bi-orthogonal basis to the primal basis, see Lemma 2. It is in the post
rocessing step when we need to reconstruct dual representations that we solve a linear system of equations to convert
ual degrees of freedom to primal degrees of freedom and then use primal basis functions for reconstruction, whenever
ecessary.

We will refer to the space spanned by the dual polynomials as G̃(I), which explicitly shows that the functions are
xpanded in terms of dual polynomials, despite the fact that G(I) = G̃(I).
In the multi-element case the representation in terms of edge functions is discontinuous between elements. Its dual

epresentation, which is a linear combination of primal edge functions, will therefore also be discontinuous between
lements. The global representation in terms of edge functions, which consists of discontinuous piecewise polynomials of
egree N − 1 when a linear map is used, will therefore form elements of the subspace S (I) ⊂ L2(I) only, with S(Ik) = Q.
he global basis functions, Ψ 1

i (x), are related to the local basis functions through

Ψ 1
i (x) = ej ◦

Φ−1 (x)
J

, with i = j+ (k− 1)N and x = Φ (ξ) =
1
2
(1 − ξ) xk−1 +

1
2
(1 + ξ) xk , −1 ≤ ξ ≤ 1 ,

(13)

here i = 1, . . . ,N · Kel, k = 1, . . . , Kel and j = 1, . . . ,N . In Fig. 4 a global discontinuous representation in terms of edge
functions is shown together with its global dual representation for I = [−1, 1], Kel = 5 and N − 1 = 0.

2.4. Differentiation of dual variables

Since the functions in G(I) are continuous, we can consider the restriction of these functions to the boundary. We will
denote this space as G(∂ I). For the one-dimensional case this space consists of the function’s values in the points x = a
and x = b. The dual representation of a function in a point is in this case equal to the primal representation in a point.

Definition 5. Consider the multi-element case and let qh ∈ G (I) be expanded in Lagrange polynomials and φh in dual
edge polynomials in each element. Since φh /∈ H1(I), we define its weak derivative: For given φ̂h

∈ G̃ (∂ I) we define
d̃
dx : S̃(I) × G̃(∂ I) → G̃(I) by∫

I

(
d̃
dx

(φh, φ̂h)(x)
)
qh (x) dx =

∫
I
φh(x)

(
−

d
dx

qh(x)
)

dx + φ̂h(x)qh(x)
⏐⏐⏐b
a
, ∀qh ∈ G(I) , (14)

here, (φ̂h(a), φ̂h(b))
⊺
∈ G̃(∂ I).

To clarify the notation we will denote the degrees of freedom on the boundary by B0 instead of N 0. Therefore, we
ave

B0 (qh) = (qh(a), qh(b))⊺ ∈ G(∂ I) .
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Fig. 4. Global edge basis function for Kel = 5 and N = 1 (left) and the corresponding dual function (right).

Since d̃
dx (φ

h, φ̂h) ∈ G̃(I) we can expand it, using the global basis functions dual to (12) as

d̃
dx

(φh, φ̂h)(x) = Ψ̃ 1(x) Ñ 1
(

d̃
dx

(φh, φ̂h)
)
,

where just as in (9) Ψ̃ 1(x) is a row vector of global basis functions and Ñ 1
(

d̃
dx (φ

h, φ̂h)
)

is a column vector of global
degrees of freedom. The function qh is expanded in terms of the global basis functions as

qh(x) = Ψ 0(x) N 0(qh) .

With these global representations the integral on the left hand side in (14) can be written as∫
I

(
d̃
dx

(φh, φ̂h)
)
qh dx = N 0(qh)⊺Ñ 1

(
d̃
dx

(φh, φ̂h)
)
,

because the two dual bases Ψ 0(x) and Ψ̃ 1(x) are bi-orthogonal by construction, see Lemma 2. Note that we can use this
property without actually constructing the dual basis functions. So the integral on the left hand side of (14) reduces to
the vector product of the degrees of freedom of the two representations.

The first integral on the right hand side of (14) evaluates to∫
I
φh
(

−
d
dx

qh
)

dx =
(
−E1,0N 0(qh)

)⊺
Ñ 0(φh) ,

because the derivative of a piecewise Lagrange representation q is expressed in terms of piecewise edge polynomials,
Corollary 1, and φh is expanded in terms of dual edge polynomials. Both bases are bi-orthogonal therefore the explicit
dependence on the basis functions cancels from this integral and the integral can be expressed in terms of degrees of
freedom and a topological incidence matrix, only.

Finally, the boundary terms reduce to

φ̂h(x)qh(x)
⏐⏐⏐b
a

= B0
1(q

h) B̃0
1

(
φ̂h
)

− B0
0(q

h) B̃0
0

(
φ̂h
)
.

Since (14) needs to hold for all qh ∈ G(I) – and therefore for all expansion coefficients N 0(qh) – this reduces to

Ñ 1
(

d̃
dx

(φh, φ̂h)
)

= −
(
E1,0)⊺ Ñ 0(φh) + NB̃0

(
φ̂h
)
, (15)

here the inclusion matrix N maps the degrees of freedom on the boundary B0(q̂h) to the global degrees of freedom. For
el = 5 and N = 1, the incidence matrix is given by

E1,0
=

⎛⎜⎜⎜⎝
−1 1 0 0 0 0
0 −1 1 0 0 0
0 0 −1 1 0 0
0 0 0 −1 1 0

⎞⎟⎟⎟⎠ ,
0 0 0 0 −1 1
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Fig. 5. Application of the derivative applied to dual variables for Kel = 15 and N = 1.

0̃
(
φ̂h
)

= (φ̂(a), φ̂(b))⊺ and N is given by

N =

⎛⎜⎜⎜⎜⎜⎝
−1 0
0 0
0 0
0 0
0 0
0 1

⎞⎟⎟⎟⎟⎟⎠ . (16)

ote that the matrices E1,0 and N are independent of the mesh size, h, and the shape of the elements and only depend on
he topology of the mesh. The flux is considered positive from left to right. On the left side of the interval, the outward
nit normal points to the left and therefore the entry in N is −1, while on the right boundary the flux and the outward
ormal point in the same direction and therefore the entry in the N matrix is +1.
This makes the derivative of the dual representations also a topological operation in contrast to the codifferential

pplied to the primal variables which depends explicitly on the metric. Note also that the matrices E1,0 and N do not
epend on the polynomial degree N , so even for high order methods the derivative of the dual variables is expressed in
ery sparse matrices, which only contain the non-zero entries −1 and 1, and the dual degrees of freedom.
As an example of the derivative of dual representations, we take a piecewise constant function which approximates
cos(2πx) and take its derivative as described above for Kel = 15 in Fig. 5, and Kel = 100 in Fig. 6. In this case the
oundary values φ̂h are set to the value of the function − cos(2πx) at the boundary of domain, B̃0

(
φ̂h
)

= (− cos(−2π ),
cos(+2π ))⊺ = (−1,−1)⊺.

emark 4. Although the Hodge star operator in differential geometry is well-defined, there is some freedom numerically
s can be seen by the ever growing number of papers on discrete Hodge operators and Hodge matrices; primarily in the
inite difference/finite volume literature. In the finite element community this is less common, but we can interpret the
ual representation as a finite dimensional Hodge dual of the primal representation. In finite element formulations one
enerally employs inner-products for the weak formulation. An inner-product can also be written as a combination of a
topological) wedge product and a Hodge star operator using∫

Ω

(ω, η) dΩ =

∫
Ω

ω ∧ ⋆η dΩ ,

here ω and η are two differential k-forms, see, for instance, [3, §4, pg. 320] or [6, pg. 18]. The dual representation is the
inite element analogue of the Hodge star operator applied to the differential form η. That the mass matrix, which converts
rimal to dual representations, acts as Hodge operator in a finite element setting was already observed by Tarhasaari
t al. [23]. In this paper the mass matrices M(0) and M(1) (and later the mass matrices along the boundary, M0

b and M1
b)

lay the role of Hodge operator. By contracting the mass matrix into a new variable, called here the dual variable, the
nner-product is converted to a metric-free wedge product.
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Fig. 6. Application of the derivative applied to dual variables for Kel = 100 and N = 1.

2.5. Discrete de Rham sequence

Using the function spaces defined in Sections 2.3 and 2.4, we can write the primal de Rham sequence as

G (I) S (I)
d
dx

,

and the dual de Rham sequence as

S̃ (I)× G̃ (∂ I) G̃ (I)× 0
d̃
dx

.

3. Two-dimensional dual spaces

In order to address more challenging problems, it is important to consider in detail the finite element spaces in 2D.
For d = dimΩ = 2, we have two sets of function spaces that obey the de Rham cohomology [3,24]

H (curl;Ω) H (div;Ω) L2 (Ω)curl div and H1 (Ω) H (rot;Ω) L2 (Ω)
grad rot

,

where curl of a scalar field ψ is the vector field (∂ψ/∂y,−∂ψ/∂x)⊺, the div applied to a vector field u = (u, v)⊺ is the scalar
ield ∂u/∂x+∂v/∂y, gradient of a scalar field φ is the vector field (∂φ/∂x, ∂φ/∂y)⊺ and the rot for a vector field u = (u, v)⊺
is the scalar field given by (∂v/∂x − ∂u/∂y). We will introduce the three finite element spaces, C(Ω) ⊂ H(curl;Ω),
(Ω) ⊂ H(div;Ω), S(Ω) ⊂ L2(Ω), and the corresponding dual spaces C̃ (Ω), D̃ (Ω), S̃ (Ω), respectively.
We will first present the construction of finite element spaces on the reference element K = [−1, 1]2, and then on an

arbitrary element Ωk ⊂ R2. This will be followed by construction of finite element spaces in case of multiple elements,
and then the derivation of differential operators on the dual representations.

3.1. The function space C(K ) ⊂ H (curl; K )

3.1.1. Primal finite element
Let ξi, ηi ∈ [−1, 1], i = 0, . . . ,N , be the GLL-points, and P denote the space of polynomials of degree N defined on

the interval [−1, 1], see Example 1. Consider now the polynomial tensor product space C(K ) := P ⊗ P . Given the set x
f 2D nodes xk defined as x := {xi(N+1)+j = (ξi, ηj) | i, j = 0, . . . ,N}, we can introduce for any ph ∈ C(K ) the degrees of
reedom as

N 0(ph) := ph(x ), k = 0, . . . , (N + 1)2 − 1 .
k k
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Fig. 7. Visualization of primal, ϵ(0)i(N+1)+j(ξ, η), and dual, ϵ̃(0)i(N+1)+j(ξ, η), nodal basis functions of the spaces C(K ) and C̃(K ) for polynomial degree N = 2.

The basis which satisfies the Kronecker-delta property from Proposition 1 is given by the Lagrange (or nodal)
polynomials, ϵ(0)k , k = 0, . . . , (N + 1)2 − 1, through the two-dimensional GLL-points xi(N+1)+j = (ξi, ηj), i, j = 0, . . . ,N ,
such that

ϵ
(0)
i(N+1)+j(ξ, η) := hi(ξ )hj(η), i, j = 0, . . . ,N,

where hi are the 1D nodal interpolants introduced in Example 1. A visual representation of these basis functions for N = 2
is presented in Fig. 7a.

3.1.2. The dual finite element
The construction of the dual basis functions follows the ideas presented in Section 2.1. Here we outline the direct

application to the 2D case of constructing the dual basis of the space C̃ (K ).

Definition 6. The degrees of freedom of the dual element are given by

Ñ 2(ph) := M(0)N 0(ph) ,

where

M(0)
=

∫
K
Ψ 0(ξ, η)⊺Ψ 0(ξ, η) dK with Ψ 0(ξ, η) =

(
ϵ
(0)
0 (ξ, η) . . . ϵ(0)

(N+1)2−1
(ξ, η)

)
.

Since the dual basis functions ϵ̃(2)j need to satisfy the Kronecker-delta property

Ñ 2
i (̃ϵ

(2)
j ) = δij ,

by Corollary 2 we have that the dual basis functions can be expressed in terms of the primal basis functions as

Ψ̃ 2(ξ, η) :=

(̃
ϵ
(2)
0 . . . ϵ̃

(2)
(N+1)2−1

)
=

(
ϵ
(0)
0 . . . ϵ

(0)
(N+1)2−1

) (
M(0))−1

= Ψ 0(ξ, η)
(
M(0))−1

.

A visualization of the dual basis functions in the reference domain for N = 2 is presented in Fig. 7b.

3.2. The function space D(K ) ⊂ H (div; K )

3.2.1. Primal finite element
Let ξi, ηi ∈ [−1, 1], i = 0, . . . ,N , be the GLL-points, and P and Q denote the space of polynomials of degree N and

N − 1, respectively, defined on the interval [−1, 1], as in Examples 1 and 2. Consider now the polynomial tensor product
spaces Dξ := P ⊗Q and Dη := Q⊗P . We introduce for any polynomial vector field ph

∈ D (K ) = Dξ × Dη the degrees of
freedom as⎧⎨⎩N 1

iN+j(p
h) :=

∫ ηj
ηj−1

ph(ξi, η) · eξ dη, i = 0, . . . ,N and j = 1, . . . ,N ,

N 1 (ph) :=
∫ ξi ph

(
ξ, η

)
· e dξ, i = 1, . . . ,N and j = 0, . . . ,N ,
(i−1)(N+1)+j+1+N(N+1) ξi−1 j η
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Fig. 8. Visualization of one component of the primal basis functions, ϵ
(1)
iN+j(ξ, η) (top left), ϵ

(1)
(i−1)(N+1)+j+1+N(N+1)(ξ, η) (bottom left), and dual basis

functions, ϵ̃
(1)
iN+j(ξ, η) (top right), and ϵ̃

(1)
(i−1)(N+1)+j+1+N(N+1)(ξ, η) (bottom right), for the spaces D(K ) and D̃(K ) with N = 2.

where eξ , and eη are the unit vectors in the ξ - and η-directions, respectively. In a polynomial vector space these integrals
are well-defined.

It is possible to show, see [7,25–27], that the basis functions which satisfy the Kronecker-delta property from
Proposition 1 are the 2D edge polynomials, ϵ(1)k , k = 1, . . . , 2N(N + 1), defined as

Ψ 1 (ξ , η) =

{
ϵ
(1)
iN+j(ξ, η) := hi(ξ ) ej(η) eξ , i = 0, . . . ,N and j = 1, . . . ,N ,

ϵ
(1)
(i−1)(N+1)+j+1+N(N+1)(ξ, η) := ei(ξ ) hj(η) eη , i = 1, . . . ,N and j = 0, . . . ,N ,

(17)

where hi are the 1D nodal interpolants introduced in Example 1, and ej are the 1D edge interpolants introduced in
Example 2. A visual representation of these basis functions for N = 2 is presented in Fig. 8a.

Let ωh
∈ C (K ) be represented as

ωh (ξ , η) =

N∑
i=0

N∑
j=0

ωij hi(ξ ) hj(η) ,

then

curl ωh
=

(
∂ω/∂η

)
,

−∂ω/∂ξ
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using Corollary 1, we have

curl ωh
=

( ∑N
i=0
∑N

j=1(ωi,j − ωi,j−1)hi(ξ )ej(η)

−
∑N

i=1
∑N

j=0(ωi,j − ωi−1,j)ei(ξ )hj(η)

)
= Ψ 1(ξ, η)E1,0N 0(ωh) , (18)

where E1,0 is the incidence matrix for the edge and nodal degrees of freedom of a 2D element.1
IfR(curl; C(K )) denotes the range of the curl operator applied to elements from C(K ), this implies thatR (curl; C (K )) ⊂

D(K ). This is a necessary requirement for C(K ) and D(K ) to form part a finite dimensional de Rham sequence.

3.2.2. Dual finite element
The construction of the dual basis functions of the space D̃(K ) is done in the same way as for the dual basis functions

of the space C̃(K ). In this case, the dual basis functions are expressed in terms of the primal basis functions as

Ψ̃ 1(ξ, η) :=

(
ϵ
(1)
1 (ξ , η) ϵ

(1)
2 (ξ , η) . . . ϵ

(1)
2N(N+1) (ξ , η)

) (
M(1))−1

= Ψ 1(ξ, η)
(
M(1))−1

,

with

M(1)
ij :=

∫
K

ϵ
(1)
i (ξ, η) · ϵ

(1)
j (ξ, η) dK , i, j = 1, . . . , 2N(N + 1).

A visual representation of these basis functions for N = 2 is presented in Fig. 8b.

Definition 7. The dual degrees of freedom for ph
∈ D̃ (K ) are given by

Ñ 1(ph) := M(1)N 1(ph) .

3.3. The function space S(K ) ⊂ L2 (K )

3.3.1. Primal finite element
Once again, let ξi, ηi ∈ [−1, 1], i = 0, . . . ,N , be the GLL-points, and Q represent the space of polynomials of degree

N − 1, as in Example 2. Consider now the polynomial tensor product space S (K ) := Q ⊗ Q. The degrees of freedom for
this finite element can be introduced for any polynomial ph ∈ S (K ) as

N 2(ph) :=

∫ ηj

ηj−1

∫ ξi

ξi−1

ph(ξ, η) dξdη , i, j = 1, . . . ,N .

These integrals are well-defined in a polynomial space. It is possible to demonstrate, see [7,25–27], that the basis functions
which satisfy the Kronecker-delta property from Proposition 1 are the surface polynomials, ϵ(2)k , k = 1, . . . ,N2, defined
as

ϵ
(2)
(i−1)N+j(ξ, η) := ei(ξ ) ej(η), i, j = 1, . . . ,N ,

where, as before, ej are the 1D edge interpolants introduced in Example 2. For ease of notation we will write these basis
functions as

Ψ 2 (ξ , η) :=

(
ϵ
(2)
1 (ξ , η) ϵ

(2)
2 (ξ , η) . . . ϵ

(2)
N2 (ξ , η)

)
.

A visual representation of these basis functions for N = 2 is presented in Fig. 9a.
An element qh

∈ D(K ) can be represented as a linear combination of the basis (17) as

qh(ξ, η) =

(∑N
i=0
∑N

j=1 q
ξ

i,jhi(ξ )ej(η)∑N
i=1
∑N

j=0 q
η

i,jei(ξ )hj(η)

)
. (19)

If we take the divergence of this vector field and use (4) repeatedly, we have

div qh(ξ, η) =

N∑
i=1

N∑
j=1

[
qξi,j − qξi−1,j + qηi,j − qηi,j−1

]
ei(ξ )ej(η) . (20)

So, we see that the divergence modifies the degrees of freedom (the expansion coefficients) and changes the basis
functions from basis functions in D(K ) to basis functions for S(K ). We can write this as

div qh(ξ, η) = Ψ 2(ξ, η)E2,1N 1(qh) , (21)

1 The incidence matrix E1,0 is not the same as used in (5) which is for degrees of freedom of a 1D element.
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I
s

Fig. 9. Visualization of primal basis functions (left), ϵ(2)(i−1)N+j(ξ, η), and dual basis functions (right), ϵ̃(0)(i−1)N+j(ξ, η), for the spaces S(K ) and S̃(K ) with
N = 2.

where the incidence matrix E2,1 is a sparse matrix which only contains the non-zero entries, −1 and 1, that can be
obtained from (20).

Application of (4) shows that R(div;D(K )) ⊆ S(K ), which is required for the spaces D(K ) and S(K ) to be part of the
finite dimensional de Rham sequence.

Since we have that div curl ωh
≡ 0 for all ωh

∈ C(K ), we have, by combining (18) and (21) that

div curl ωh
= Ψ 2(ξ, η)E2,1E1,0N 0(ωh) ≡ 0 .

Since Ψ 2(ξ, η) forms basis for S(K ) it implies that E2,1E1,0N 0(ωh) ≡ 0. This needs to hold for all ωh
∈ C(K ), therefore we

need to have E2,1E1,0
≡ 0, which is a well-known property of incidence matrices in mimetic methods.

3.3.2. Dual finite element
The construction of dual basis functions of the space S̃(K ) follows the same steps as performed for the spaces C̃(K )

and D̃(K ).

Definition 8. The dual degrees of freedom for ph ∈ S̃ (K ) are given by

Ñ 0(ph) := M(2)N 2(ph) ,

with

M(2)
ij :=

∫
K
ϵ
(2)
i (ξ, η) ϵ(2)j (ξ, η) dK , i, j = 1, . . . ,N2.

The associated dual basis functions are expressed in terms of the primal basis functions as

Ψ̃ 0(ξ, η) :=

(
ϵ̃
(0)
1 . . . ϵ̃

(0)
N2

)
=

(
ϵ
(2)
1 . . . ϵ

(2)
N2

) (
M(2))−1

=: Ψ 2(ξ, η)
(
M(2))−1

.

A visual representation of these basis functions for N = 2 is presented in Fig. 9b.

3.4. Transformation rules for 2D function spaces

In the previous sections we have introduced the construction of function spaces on a reference domain K = [−1, 1]2.
In this section we will extend this construction to an arbitrary Ωk ⊂ R2. Let Φk be the diffeomorphism between the
canonical domain K and the arbitrary domain Ωk, and J be its Jacobian tensor such that

Φk : (ξ , η) ∈ K ↦→ (x, y) ∈ Ωk and J :=

⎡⎣ ∂Φx
k

∂ξ

∂Φx
k

∂η

∂Φ
y
k

∂ξ

∂Φ
y
k

∂η

⎤⎦ .

n this work, we construct the diffeomorphism using transfinite mapping [28]. The mapping is performed element-wise
uch that the global map is continuous.
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3.4.1. Transformation rules for spaces C (Ωk)
Given a function f̄ ∈ C(K ) on K , we define f ∈ C(Ωk) on Ωk by

f :=
(
Φ∗

k

)−1 [f̄ ] = f̄ ◦Φ−1
k ,

where Φ∗

k is the pullback operator. We can then reverse the relation to obtain

f̄ := Φ∗

k [f ] = f ◦Φk.

Given two functions f , g ∈ C(Ωk) on Ωk their inner product can be computed by

(f , g)Ωk
:=

∫
Ωk

fg dΩ =

∫
Φk(K )

fg dΩ =

∫
K
Φ∗

k [f ]Φ∗

k [g] det (J) dK =

∫
K
f̄ ḡ det (J) dK .

3.4.2. Transformation rules for spaces D (Ωk)
Given a vector field ū ∈ D(K ), the transformed vector field u ∈ D(Ωk) on Ωk is given by

u :=
(
Φ∗

k

)−1 [ū] =
1

det
(
J ◦Φ−1

k

) (J ◦Φ−1
k

) (
ū ◦Φ−1

k

)
. (22)

It is possible to compute the inverse of this transformation, resulting in

ū := Φ∗

k [u] = det (J) J−1 (u ◦Φk) .

Given two vector fields u, v ∈ D(Ωk) on Ωk their inner product can be computed by

(u, v)Ωk
:=

∫
Ωk

u⊺v dΩ =

∫
K

(
Φ∗

k [u]
)⊺

J⊺JΦ∗

k [v]
1

det (J)
dK =

∫
K
ū⊺ J⊺J v̄

1
det (J)

dK .

3.4.3. Transformation rules for spaces S (Ωk)
Given a function ḡ ∈ S(K ) on K , we define g ∈ S(Ωk) on Ωk by

g :=
(
Φ∗

k

)−1 [ḡ] =
1

det
(
J ◦Φ−1

k

) (ḡ ◦Φ−1
k ).

The inverse relation can be computed in a similar fashion yielding

ḡ = Φ∗

k [g] = det (J) (g ◦Φk).

Given two functions f , g ∈ S(Ωk) on Ωk their inner product can be computed by

(f , g)Ωk
:=

∫
Ωk

fg dΩ =

∫
Φk(K )

fg dΩ =

∫
K
Φ∗

k [f ]Φ∗

k [g]
1

det (J)
dK =

∫
K
f̄ ḡ

1
det (J)

dK .

3.4.4. Transformation rules for dual function spaces
The construction of dual spaces for an arbitrary element Ω ⊂ R2 follows the same procedure as that for the canonical

domain K .
Let Ψ k (x) for k = 0, 1, 2 be the transformed basis functions in space C (Ω), D (Ω) and S (Ω), respectively, and let the

associated mass matrix be given by

M(k)
=

∫
Ω

Ψ k (x)⊺Ψ k (x) dΩ .

Then we have the transformed dual basis functions and the dual degrees of freedom given by

Ψ̃ 2−k (x) = Ψ k (x)
(
M(k))−1

and Ñ 2−k (ph) = M(k)N k (ph) for k = 0, 1, 2 .

3.5. Multi-element case

Let a two-dimensional, bounded domain Ω with Lipschitz continuous boundary be partitioned in Kel non-overlapping
conforming elements. In the multi-element case, the global dual representation is constructed similarly to the one-
dimensional case described in Section 2.3. Now we consider the global degrees of freedom, and the global dual degrees
of freedom are obtained by pre-multiplying the global primal degrees of freedom with the global mass matrix. The
corresponding global dual basis functions are constructed by post-multiplying the global primal basis functions by the
inverse of the global mass matrix. Once again, these operations are far too expensive to perform explicitly, but in practice
we do not need to construct these dual degrees of freedom and basis functions explicitly and merely use their properties.

Global representations of piecewise polynomials in C(Ω) ⊂ H(curl;Ω) are in C0(Ω); the nodal degrees of freedom
along an element boundary are shared by neighbouring elements. Since the dual representation is a linear combination
of the primal basis functions C̃(Ω) also contains continuous functions.
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For the global piecewise polynomials in D(Ω) ⊂ H(div;Ω), the degrees of freedom at the boundary, which represent
ntegrated fluxes, are shared by adjacent elements. The normal component of these vector fields is continuous between
djacent elements, while the tangential component is discontinuous. The dual representation has different degrees of
reedom and different basis functions, but being a linear combination of basis functions in D(Ω), these functions also
ave continuous normal component and discontinuous tangential components between neighbouring elements.
Finally, the piecewise polynomials in S(Ω) ⊂ L2(Ω) are discontinuous between elements and therefore so are the

lements of S̃(Ω).

.6. Vector operations on dual variables

Just as in the one-dimensional case we will define weak derivatives for which we use the dual representation.

.6.1. The gradient acting on S̃(Ω) × D̃(∂Ω)

Definition 9. We define the operator g̃rad : S̃(Ω) × D̃(∂Ω) → D̃(Ω) such that, for (sh, ŝh) ∈ S̃(Ω) × D̃(∂Ω)∫
Ω

g̃rad (sh, ŝh) · qh dΩ =

∫
Ω

sh
(
−div qh) dΩ +

∫
∂Ω

ŝh
(
qh

· n
)
dΓ , ∀qh

∈ D(Ω) . (23)

Note that the standard gradient cannot be applied to elements of S̃(Ω) because these elements lack the required
smoothness. We see that in (23) the integral on the left hand side is a bilinear form on D̃(Ω) × D(Ω), the first integral
on the right hand side is a bilinear form on S̃(Ω) × S(Ω) and the boundary integral on the right is a bilinear form on
D(∂Ω) × D(∂Ω).

Just as in the one-dimensional case we use standard finite element assembly of local basis functions and degrees of
freedom to form global basis functions and degrees of freedom, which we will denote by Ψ 1(x) and N 1, respectively. An
element qh

∈ D(Ω) can be expanded as

qh(x) = Ψ 1(x)N 1(qh) . (24)

Since g̃rad maps into D̃(Ω) we can expand g̃rad (sh, ŝh) as

g̃rad(sh, ŝh) = Ψ̃ 1(x)Ñ 1(g̃rad(sh, ŝh)) . (25)

This shows that the integral on the left hand side of (23) evaluates to∫
Ω

g̃rad (sh, ŝh) · qh dΩ = N 1(qh)
⊺
Ñ 1(g̃rad (sh, ŝh)) .

If the expansion of qh is given by (24), div qh is expanded as

div qh(x) = Ψ 2(x)E2,1N 1(qh) , (26)

and sh ∈ S̃(Ω) as

sh(x) = Ψ̃ 0(x)Ñ 0(sh) , (27)

The first integral on the right hand side of (23) gives∫
Ω

sh
(
−div qh) dΩ = −N 1(qh)

⊺
E2,1⊺Ñ 0(sh) ,

where once again, due to the bi-orthogonality of the primal and dual bases, the integral can be expressed in terms of the
degrees of freedom only (no integration points or integration weights are required).

The restriction of qh to the boundary ∂Ω , is given by(
qh

· n
)
(x) = Ψ 1(x)N1N

⊺
1N

1(qh) , for x ∈ ∂Ω . (28)

In this case N1 is the 2D inclusion matrix which maps degrees of freedom on the boundary, D(∂Ω), to the global degrees of
freedom in D(Ω), where the subscript 1 on the matrix denotes that degrees of freedom are associated to edges (geometric
dimension 1). Just as its 1D analogue, see for instance (16), this sparse matrix only has −1 and 1 as non-zero entries. See
Example 3 on how to construct N1. The basis functions Ψ 1

b (x) = Ψ 1(x)N1 form a basis for the trace space D (∂Ω) and the
degrees of freedom N⊺

1N
1(qh) the associated degrees of freedom. The mass matrix of this trace space is given by

M(1)
b =

∫
∂Ω

Ψ 1
b (x)

⊺
Ψ 1

b (x) dΓ . (29)

Using this mass matrix, we can set up the dual basis functions in the trace space given by Ψ̃ 0
b (x) = Ψ 1

b (x)M
(1)
b

−1
. With

these dual basis functions, we can express ŝh ∈ D̃(∂Ω) as

ŝh(x) = Ψ̃ 0(x)B̃0(ŝh) , for x ∈ ∂Ω , (30)
b
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Fig. 10. Global edge degrees of freedom N 1
i for vector fields in D(Ω) and the boundary degrees of freedom B1

j for functions in D(∂Ω).

here, using Definition 4 we have

B̃0(ŝh) =

∫
∂Ω

Ψ 1
b (x)ŝ

h(x) dΓ . (31)

ith the expansions (28) and (30) we can write the boundary integral in (23) as∫
∂Ω

ŝ
(
qh

· n
)
dΓ = N 1(qh)

⊺
N1B̃0(ŝh) . (32)

Collecting all integrals in (23) we have

N 1(qh)
⊺
Ñ 1(g̃rad (sh, ŝh)) = −N 1(qh)

⊺
E2,1⊺Ñ 0(sh) + N 1(qh)

⊺
N1B̃0(ŝh) . (33)

his equation needs to be satisfied for all qh, i.e. N 1(qh), so we need to have

Ñ 1(g̃rad (sh, ŝh)) = −E2,1⊺Ñ 0(sh) + N1B̃0(ŝh) . (34)

xample 3. In Fig. 10 a small mesh is shown and the degrees of freedom N 1
i for elements in D(Ω) and the boundary

egrees of freedom B1
j for functions in D(∂Ω). The matrix N1, which plays a role in (34), in this case is given by

N1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

1 is a dim(D(Ω)) × dim(D(∂Ω)) matrix. On the eastern and northern boundary the outward unit normal points to
he positive x- and y-direction, respectively, and therefore the boundary degrees of freedom B1

j equal the corresponding
egrees of freedom along the boundary, N 1

i . While for the western and southern boundary the outward unit normal points
n the negative x- and y-direction, respectively, and therefore the boundary degree of freedom B1

j is minus the degree of
reedom N 1

i .
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Fig. 11. Global nodal degrees of freedom N 0
i for scalar fields in C(Ω) and the boundary degrees of freedom B0

j for functions in C(∂Ω).

3.6.2. The rot acting on D̃(Ω) × C̃(∂Ω)
The space of continuous functions C(Ω) can be restricted to the boundary ∂Ω , which we will refer to as C(∂Ω). Using

the mass matrix in this restricted function space, we can set up the dual representation for this one dimensional space
as discussed in Section 2.3. This dual representation will be denoted by C̃(∂Ω).

As we have seen in Section 3.5 the vector fields in D̃(Ω) only have continuity of the normal component over element
oundaries; the tangential component will be discontinuous. So D̃ (Ω) lacks the smoothness to apply the conventional

rot operator and therefore we will define the rot as, r̃ot : D̃(Ω) × C̃(∂Ω) → C̃(Ω).

efinition 10. For (dh, d̂h) ∈ D̃(Ω) × C̃(∂Ω) we have∫
Ω

r̃ot (dh, d̂h) · ch dΩ =

∫
Ω

dh
· curl ch dΩ +

∫
∂Ω

d̂h · ch dΓ ∀ch ∈ C (Ω) . (35)

Here we see that the integral on the left is a bilinear form on C̃(Ω)× C(Ω), the first integral on the right hand side is
bilinear form on D̃(Ω) × D(Ω), while the boundary integral is a bilinear form over C̃(∂Ω) × C(∂Ω).
Expanding all variables in their appropriate basis functions reveals that

Ñ 2(r̃ot (dh, d̂h)) = E1,0⊺Ñ 1(dh) + N0B̃1(d̂h) , (36)

here N0 is the sparse inclusion matrix containing only the values −1, 0 and 1 that maps the boundary nodal degrees of
reedom to the global nodes. The subscript 0 denotes the fact that this matrix is acting on the nodes (geometric dimension
).

xample 4. In Fig. 11 the small mesh is shown again but this time with the nodal degrees of freedom N 0
i for elements in

(Ω) and the boundary degrees of freedom B0
j for functions in C(∂Ω). The matrix N0, which plays a role in (36), in this

ase is given by

N0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

0 is a dim(C(Ω))× dim(C(∂Ω)) matrix. Just like the edges at the outer boundary in Example 3 had an orientation given
y the direction of the outward unit normal, all points in the domain have an orientation given by the sense of rotation
round the points which we have chosen to be anti-clockwise. Since we endow the boundary degrees of freedom with
he same orientation, the matrix N0 only contains the non-zero value 1.
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Lemma 4. For the inclusion matrices Nk−1, Nk and the incidence matrix Ek,k−1, 0 < k < d, we have the identity

Nk−1N
⊺
k−1E

k,k−1⊺Nk = Ek,k−1⊺Nk . (37)

Proof. The matrix Nk−1N
⊺
k−1 maps global (k − 1)-dimensional degrees of freedom in the primal representation to global

(k − 1)-dimensional degrees of freedom in the primal representation. It is an identity for the degrees of freedom on
the boundary and sets the internal degrees of freedom to zero. Consequently, the matrix I − Nk−1N

⊺
k−1 sets the degrees

of freedom along the boundary to zero and leaves the internal degrees of freedom unchanged. Then Ek,k−1 maps the
(k− 1)-dimensional degrees of freedom to the k-dimensional degrees of freedom. The k-dimensional degrees of freedom
Ek,k−1

(
I − Nk−1N

⊺
k−1

)
N k−1(φh) will be zero along the boundary, since these degrees of freedom are linear combination

of (k − 1)-dimensional degrees of freedom along the boundary which are zero. The internal k-dimensional degrees of
freedom will, in general, be non-zero. Pre-multiplication with N⊺

k restricts the k-dimensional degrees of freedom to the
boundary and therefore

N⊺
kE

k,k−1 (I − Nk−1N
⊺
k−1

)
N k−1(φh) ≡ 0 , ∀N k−1(φh) ,

which means that

N⊺
kE

k,k−1 (I − Nk−1N
⊺
k−1

)
≡ 0 .

Taking the transpose of these matrices on both sides of the equality sign gives the desired result. □

A more constructive proof of this result will be given in Appendix B.

3.7. Extended derivatives of dual variables—the dual de Rham sequence

Straightforward calculation reveals that while div curl gh
≡ 0 for gh

∈ C(Ω), r̃ot (g̃rad (sh, ŝh), d̂h) will in general not
be identically zero for sh ∈ S̃(Ω), ŝh ∈ D̃(∂Ω) and d̂h ∈ C̃(∂Ω). Because for all ch ∈ C(Ω) we have∫

Ω

r̃ot (g̃rad (sh, ŝh), d̂h) · ch dΩ
(35)
=

∫
Ω

g̃rad (sh, ŝh) · curl ch dΩ +

∫
∂Ω

d̂h · ch dΓ

(23)
= −

∫
Ω

sh div curl ch dΩ +

∫
∂Ω

ŝh(curl ch · n) dΓ +

∫
∂Ω

d̂h ch dΓ (38)

=

∫
∂Ω

[
ŝh(curl ch · n) + d̂h ch

]
dΓ ,

because the div curl ≡ 0.
Eq. (38) shows that the range of g̃rad does not necessarily map into the null space of r̃ot. As a consequence the dual

spaces and their vector operations do not form a de Rham sequence. We can remedy this by requiring that∫
∂Ω

[
ŝh(curl ch · n) + d̂h ch

]
dΓ = 0 , ∀ch ∈ C(Ω) . (39)

Note that the integral of ŝh and (curl ch · n) is a bilinear form over D̃(∂Ω) × D(∂Ω), while the integral of d̂h and ch is a
bilinear form over C̃(∂Ω) × C(∂Ω). Since the integrals involve only mutual dual representations, they can be evaluated
without reference to the basis functions and only in terms of the degrees of freedom. This gives∫

∂Ω

[
ŝh(curl ch · n) + d̂h ch

]
dΓ = N 0(ch)

⊺
E1,0⊺N1B̃0(ŝh) + N 0(ch)

⊺
N0B̃1(d̂h) = 0 , ∀ch ∈ C(Ω) . (40)

This implies that we need to have

N0B̃1(d̂h) = − E1,0⊺N1B̃0(ŝh) . (41)

Since N⊺
0N0 = I, we have

B̃1(d̂h) = − N⊺
0E

1,0⊺N1B̃0(ŝh) .

Remark 5. The above expression is synonymous to the operation of 1D dual gradient on the elements of ∂Ω which is a
1D manifold. This means that the trace spaces on ∂Ω also satisfy a 1D de Rham sequence.

Definition 11. We now extend the definition of g̃rad in (23) with the condition (41) to a map G̃RAD : S̃(Ω)× D̃(∂Ω) →

D(Ω) × C̃(∂Ω). Let
(
sh, ŝh

)
∈ S̃ (Ω)× D̃ (∂Ω) and

(
dh, d̂h

)
∈ D̃ (Ω)× C̃ (∂Ω), then

G̃RAD
(
sh, ŝh

)
:=

(
g̃rad

(
sh, ŝh

)
, g̃rad

(
ŝh
))
b
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D̃

H

T
s
n
v

D

a

=
(
Ψ̃ 1(x)

(
−E2,1⊺Ñ 0(sh) + N1B̃0(ŝh)

)
, − Ψ̃ 1

b (x) N
⊺
0E

1,0⊺N1B̃0(ŝh)
)

(42)

=

(
dh, d̂h

)
,

where Ψ̃ 1
b (x) = Ψ 0(x)N0

(
M0

b

)−1 are the dual basis functions defined over the boundary ∂Ω .

Definition 12. We extend the r̃ot operator in (35) to a map R̃OT : D̃ (Ω) × C̃ (∂Ω) → C̃ (Ω) × 0. Let
(
dh, d̂h

)
∈

(Ω)× C̃ (∂Ω) and
(
f h, 0

)
∈ C̃ (Ω)× 0, then

R̃OT
(
dh, d̂h

)
:=

(
r̃ot
(
dh, d̂h

)
, 0

)
=

(
Ψ̃ 2(x)

(
E1,0⊺Ñ 1(dh) + N0B̃1(d̂h)

)
, 0

)
(43)

=
(
f h, 0

)
.

Using Definitions 11 and 12 we have

Ñ 2(R̃OT(G̃RAD(sh, ŝh))) =
(
−E1,0⊺E2,1⊺Ñ 0(sh) + E1,0⊺N1B̃0(ŝh) − N0N

⊺
0E

1,0⊺N1B̃0(ŝh) , 0
)

= (0 , 0) . (44)

ere we used the fact that E2,1E1,0
≡ 0 and Lemma 4 that

N0N
⊺
0E

1,0⊺N1B̃0(ŝh) = E1,0⊺N1B̃0(ŝh) .

herefore the R(G̃RAD; S̃(Ω) × D̃(∂Ω)) ⊂ K(R̃OT; D̃(Ω) × C̃(∂Ω)), where K(R̃OT; D̃(Ω) × C̃(∂Ω)) denotes here the null
pace of the R̃OT operator applied to the space D̃(Ω)× C̃(∂Ω). So in order for dual operators to form a de Rham sequence,
ot only the derivative of the dual variables needs to be defined as was done in (34), but also the derivative of the trace
ariables, (41).

efinition 13. For s̃h =
(
sh , ŝh

)
∈ S̃ (Ω)× D̃ (∂Ω), we have

∥̃sh∥2
H
(
g̃rad;Ω

) := ∥sh∥2
L2(Ω) + ∥g̃rad

(
sh, ŝh

)
∥
2
L2(Ω) . (45)

For d̃h
∈ D̃ (Ω)× C̃ (∂Ω), we have

∥̃dh
∥
2
H(r̃ot;Ω)

:= ∥dh
∥
2
L2(Ω) + ∥r̃ot

(
dh, d̂h

)
∥
2
L2(Ω) . (46)

Corollary 5. Using the norms in Definition 13 and the degrees of freedom for g̃rad(sh, ŝh) in (34) we have

∥̃sh∥2
H(g̃rad;Ω)

= Ñ 0(sh)⊺M̃(0)Ñ 0(sh) +
(
Ñ 0(sh)⊺E2,1

− B̃0(ŝh)⊺N⊺
1

)
M̃(1) (E2,1⊺Ñ 0(sh) − N1B̃0(ŝh)

)
.

Using the norms in Definition 13 and the degrees of freedom for r̃ot(dh, d̂h) in (36) we have

∥̃dh
∥
2
H(r̃ot;Ω) = Ñ 1(dh)⊺M̃(1)Ñ 1(dh) +

(
Ñ 1(dh)⊺E1,0

+ B̃1(d̂h)⊺N⊺
0

)
M̃(2)

(
E1,0⊺Ñ 1(dh) + N0B̃1(d̂h)

)
.

Definition 14. We define the norm in the dual of the trace spaces following [29, eq. 1.16] as:
For ŝh ∈ D̃ (∂Ω), and s̃h =

(
sh , ŝh

)
∈ S̃ (Ω)× D̃ (∂Ω) we have

∥ŝh∥D̃(∂Ω) := inf
sh∈̃S(Ω)

∥̃sh∥
H
(
g̃rad;Ω

) . (47)

For d̂
h

∈ C̃ (∂Ω), and d̃h
=

(
dh , d̂h

)
∈ D̃ (Ω)× C̃ (∂Ω) we have

∥d̂
h
∥C̃(∂Ω) := inf

dh∈D̃(Ω)
∥̃dh

∥H(r̃ot;Ω) . (48)

3.8. Discrete de Rham sequence

Using the function spaces defined in Section 3.1–Section 3.6, the de Rham sequence for primal spaces is given as

C(Ω) D(Ω) S(Ω)curl div
, (49)

nd de Rham sequence for the dual spaces is given as

S̃(Ω) × D̃(∂Ω) D̃(Ω) × C̃(∂Ω) C̃(Ω) × 0G̃RAD R̃OT
. (50)
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4. Three-dimensional dual spaces

Similar to Section 3 we can define primal and dual spaces for three dimensional problems. For Ω ⊂ R3 the de Rham
sequence is given by

H1 (Ω) H (curl;Ω) H (div;Ω) L2 (Ω)
grad curl div

.

We will first define the four finite element spaces for K = [−1, 1]3, G(K ) ⊂ H1(K ), C(K ) ⊂ H(curl; K ), D(K ) ⊂ H(div; K ),
(K ) ⊂ L2(K ) and the corresponding dual spaces G̃(K ), C̃(K ), D̃(K ), S̃(K ). We will then extend this construction to an
rbitrary Ωk ⊂ R3. This will be followed by an explanation on the treatment of multiple element case and derivation of
ifferential operators on the dual spaces.
Let ξi, ηj, ζk, i, j, k = 0, . . . ,N , be the GLL-points. Let P be the space of polynomials of degree N as introduced in

xample 1 and Q be the space of polynomials of degree N − 1 as introduced in Example 2.

.1. The function space G(K ) ⊂ H1(K )

Let G(K ) := P ⊗ P ⊗ P be the tensor product space. Any element ph ∈ G(K ) can be represented by

ph(ξ, η, ζ ) = Ψ 0 (ξ , η, ζ )N 0(ph) ,

here N 0(ph) are the degrees of freedom defined at set of 3D nodes xi(N+1)2+j(N+1)+k =
(
ξi, ηj, ζk

)
, i, j, k = 0, . . . ,N given

y,

N 0 (ph) := ph (xk) , k = 0, . . . , (N + 1)3 − 1 ,

nd Ψ 0 (ξ , η, ζ ) are the Lagrange (or nodal) basis through xk given by

Ψ 0 (ξ , η, ζ ) =

(
ϵ
(0)
0 (ξ , η, ζ ) ϵ

(0)
1 (ξ , η, ζ ) . . . ϵ

(0)
(N+1)3−1 (ξ , η, ζ )

)
,

here

ϵ
(0)
i(N+1)2+j(N+1)+k (ξ , η, ζ ) := hi (ξ) hj (η) hk (ζ ) i, j, k = 0, . . . ,N .

efinition 15. The dual degrees of freedom for ph ∈ G̃(K ) are given by

Ñ 3(ph) := M(0)N 0(ph) where M(0)
=

∫
K
Ψ 0 (ξ , η, ζ )⊺ Ψ 0 (ξ , η, ζ ) dK ,

nd the associated dual basis, following Corollary 2, is given by

Ψ̃ 3 (ξ , η, ζ ) = Ψ 0 (ξ , η, ζ )
(
M(0))−1

.

.2. The function space C(K ) ⊂ H (curl; K )

Consider the polynomial tensor spaces given by, Cξ := Q ⊗ P ⊗ P , Cη := P ⊗ Q ⊗ P and Cζ := P ⊗ P ⊗ Q. We define
he finite element space in 3D as C(K ) := Cξ × Cη × Cζ . Any vector field ch ∈ C(K ) can be represented as

ch (ξ , η, ζ ) = Ψ 1 (ξ , η, ζ )N 1(ch) ,

here the degrees of freedom defined at edges are given by

N 1(ch) =

⎧⎪⎪⎨⎪⎪⎩
N 1

(i−1)(N+1)2+j(N+1)+k
(
ch
)

:=
∫ ξi
ξi−1

(
ch(ξ, ηj, ζk) · eξ

)
dξ, i = 1, . . . ,N; j, k = 0, . . . ,N

N 1
N(N+1)2+iN(N+1)+(j−1)(N+1)+k

(
ch
)

:=
∫ ηj
ηj−1

(
ch (ξi, η, ζk) · eη

)
dη, i, k = 0, . . . ,N; j = 1, . . . ,N

N 1
2N(N+1)2+iN(N+1)+jN+k−1

(
ch
)

:=
∫ ζk
ζk−1

(
ch
(
ξi, ηj, ζ

)
· eζ
)
dζ , i, j = 0, . . . ,N; k = 1, . . . ,N

,

nd the basis that satisfies the Kronecker delta property, in the sense of integrals over the edges, are given by

Ψ 1 (ξ , η, ζ ) =

(
ϵ
(1)
0 (ξ , η, ζ ) ϵ

(1)
1 (ξ , η, ζ ) . . . ϵ

(1)
6N(N+1)2−1 (ξ , η, ζ )

)
,

here,⎧⎪⎪⎨⎪⎪⎩
ϵ
(1)
(i−1)(N+1)2+j(N+1)+k (ξ , η, ζ ) := ei (ξ) hj (η) hk (ζ ) eξ i = 1, . . . ,N; j, k = 0, . . . ,N

ϵ
(1)
N(N+1)2+iN(N+1)+(j−1)(N+1)+k (ξ , η, ζ ) := hi (ξ) ej (η) hk (ζ ) eη i, k = 0, . . . ,N; j = 1, . . . ,N

ϵ
(1)

(ξ , η, ζ ) := h (ξ) h (η) e (ζ ) e i, j = 0, . . . ,N; k = 1, . . . ,N

.

2N(N+1)2+iN(N+1)+jN+k−1 i j k ζ
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Let ph be any element from G(K ), then following Corollary 1 grad ph ∈ C (K ) is given by

grad ph(ξ, η, ζ ) = Ψ 1(ξ, η, ζ )E1,0N 0(ph) ,

expanded in the basis functions of C(K ), where the incidence matrix E1,0 is for degrees of freedom of a 3D element.2 This
implies that R (grad;G(K )) ⊂ C(K ).

Definition 16. The dual degrees of freedom for ch ∈ C̃(K ) are given by

Ñ 2(ch) := M(1)N 1(ch) where M(1)
=

∫
K
Ψ 1 (ξ , η, ζ )⊺ Ψ 1 (ξ , η, ζ ) dK ,

and the dual basis are given by, Corollary 2,

Ψ̃ 2 (ξ , η, ζ ) :=Ψ 1 (ξ , η, ζ )
(
M(1))−1

.

4.3. The function space D(K ) ⊂ H (div; K )

We define the finite element space as D(K ) := Dξ × Dη × Dζ , where, Dξ := P ⊗ Q ⊗ Q, Dη := Q ⊗ P ⊗ Q and
Dζ := Q ⊗ Q ⊗ P . Any vector field qh

∈ D(K ) can be expressed as

qh (ξ , η, ζ ) = Ψ 2 (ξ , η, ζ )N 2 (qh) , (51)

where, the degrees of freedom defined at the surfaces are given by

N 2(qh) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
N 2

iN2+(j−1)N+k−1

(
qh
)

:=
∫ ηj
ηj−1

∫ ζk
ζk−1

(
qh (ξi, η, ζ ) · eξ

)
dη dζ i = 0, . . . ,N; j, k = 1, . . . ,N

N 2
N2(N+1)+(i−1)N(N+1)+jN+k−1

(
qh
)

:=
∫ ξi
ξi−1

∫ ζk
ζk−1

(
qh
(
ξ, ηj, ζ

)
· eη

)
dξ dζ i, k = 1, . . . ,N; j = 0, . . . ,N

N 2
2N2(N+1)+(i−1)N(N+1)+(j−1)(N+1)+k

(
qh
)

:=
∫ ξi
ξi−1

∫ ηj
ηj−1

(
qh (ξ , η, ζk) · eζ

)
dξ dη i, j = 1, . . . ,N; k = 0, . . . ,N

,

and the basis function that satisfy the Kronecker delta property are given by

Ψ 2 (ξ , η, ζ ) =

(
ϵ
(2)
0 (ξ , η, ζ ) ϵ

(2)
1 (ξ , η, ζ ) . . . ϵ

(2)
3N2(N+1)−1 (ξ , η, ζ )

)
,

where,⎧⎪⎪⎨⎪⎪⎩
ϵ
(2)
iN2+(j−1)N+k−1 (ξ , η, ζ ) := hi (ξ) ej (η) ek (ζ ) eξ i = 0, . . . ,N; j, k = 1, . . . ,N

ϵ
(2)
N2(N+1)+(i−1)N(N+1)+jN+k−1 (ξ , η, ζ ) := ei (ξ) hj (η) ek (ζ ) eη i, k = 1, . . . ,N; j = 0, . . . ,N

ϵ
(2)
2N2(N+1)+(i−1)N(N+1)+(j−1)(N+1)+k (ξ , η, ζ ) := ei (ξ) ej (η) hk (ζ ) eζ i, j = 1, . . . ,N; k = 0, . . . ,N

.

Let ch be any element from C(K ), then the curl operation on ch, following Corollary 1, gives

curl ch(ξ, η, ζ ) = Ψ 2(ξ, η, ζ )E2,1N 1(ch) ,

expanded in the basis functions of D(K ). Here the incidence matrix E2,1 is defined for degrees of freedom of a 3D element.3
This implies that R (curl; C(K )) ⊂ D(K ).

Definition 17. The dual degrees of freedom and dual basis functions for ph
∈ D̃ (K ) are given by

Ñ 1(ph) := M(2)N 2(ph) where M(2)
=

∫
K
Ψ 2 (ξ , η, ζ )⊺ Ψ 2 (ξ , η, ζ ) dK , (52)

Ψ̃ 1 (ξ , η, ζ ) :=Ψ 2 (ξ , η, ζ )
(
M(2))−1

.

4.4. The function space S(K )

In this case, we define the finite element space in 3D as S(K ) := Q × Q × Q. We can express any polynomial
f h (ξ , η, ζ ) ∈ S(K ) as

f h (ξ , η, ζ ) = Ψ 3 (ξ , η, ζ )N 3(f h) ,

2 The incidence matrix E1,0 is not the same as used earlier in (5) for degrees of freedom of a 1D element or in (18) for degrees of freedom of a
2D element.
3 The incidence matrix E2,1 is not the same as used earlier in (21) for degrees of freedom of a 2D element.
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where the degrees of freedom evaluated over a volume are given by

N 3
(i−1)N2+(j−1)N+k−1(f

h) :=

∫ ξi

ξi−1

∫ ηj

ηj−1

∫ ζk

ζk−1

f h(ξ , η, ζ ) dξ dη dζ for i, j, k = 1, . . . ,N , (53)

nd the basis functions that satisfy the Kronecker-delta property are given by

Ψ 3 (ξ , η, ζ ) =

(
ϵ
(3)
0 (ξ , η, ζ ) ϵ

(3)
1 (ξ , η, ζ ) . . . ϵ

(3)
N3−1 (ξ , η, ζ )

)
,

here,

ϵ
(3)
(i−1)N2+(j−1)N+k−1 (ξ , η, ζ ) := ei (ξ) ej (η) ek (ζ ) i, j, k = 1, . . . ,N .

et qh
∈ D(K ), then the div operation on qh gives

div qh(ξ, η, ζ ) = Ψ 3(ξ, η, ζ )E3,2N 2(qh) , (54)

xpressed in terms of the basis functions of S(K ). This implies that R (div;D(K )) = S(K ).

efinition 18. The dual degrees of freedom and the dual basis for f h ∈ S̃ (K ) are given by,

Ñ 0(f h) := M(3)N 3(f h) where M(3)
=

∫
K
Ψ 3 (ξ , η, ζ )⊺ Ψ 3 (ξ , η, ζ ) dK , (55)

Ψ̃ 0 (ξ , η, ζ ) :=Ψ 3 (ξ , η, ζ )
(
M(3))−1

.

So far we have introduced finite element spaces on the primal and the dual complex, and the differential operators on
the primal complex for a reference element K = [−1, 1]3. In the next sections we will present the transformation rules
for spaces for an arbitrary Ωk ⊂ R3.

4.5. Transformation rules for 3D function spaces

In this section we introduce the function spaces for an arbitraryΩk ⊂ R3. The transformations are performed element-
by-element provided that the global transformation is continuous. Let Φk be the diffeomorphism and J be the Jacobian
tensor such that,

Φk : (ξ , η, ζ ) ∈ K ↦→ (x, y, z) ∈ Ωk and J :=

⎡⎢⎢⎣
∂Φx

k
∂ξ

∂Φx
k

∂η

∂Φx
k

∂ζ

∂Φ
y
k

∂ξ

∂Φ
y
k

∂η

∂Φ
y
k

∂ζ
∂Φz

k
∂ξ

∂Φz
k

∂η

∂Φz
k

∂ζ

⎤⎥⎥⎦ .
.5.1. Transformation rules for spaces G (Ωk)
Given a function f̄ ∈ G(K ) on K , we define f ∈ G(Ωk) on Ωk by

f :=
(
Φ∗

k

)−1 [f̄ ] = f̄ ◦Φ−1
k ,

where Φ∗

k is the pullback operator. We can then reverse the relation to obtain

f̄ := Φ∗

k [f ] = f ◦Φk.

Given two functions f , g ∈ G(Ωk) on Ωk their inner product can be computed by

(f , g)Ωk
:=

∫
Ωk

fg dΩ =

∫
Φk(K )

fg dΩ =

∫
K
Φ∗

k [f ]Φ∗

k [g] det (J) dK =

∫
K
f̄ ḡ det (J) dK .

4.5.2. Transformation rules for spaces C (Ωk)
Given a vector field v̄ ∈ C(K ), the transformed vector field v ∈ C(Ωk) on Ωk is given by the following expression

v :=
(
Φ∗

k

)−1 [v̄] =
(
J⊺

◦Φ−1
k

)−1 (
v̄ ◦Φ−1

k

)
.

Following a similar approach as before, the inverse of this transformation is given by

v̄ := Φ∗

k [v] = J⊺ (v ◦Φk) .

Given two vector fields u, v ∈ C(Ωk) on Ωk their inner product can be computed by

(u, v)Ωk :=

∫
Ωk

u⊺v dΩ =

∫
K

(
Φ∗

k [u]
)⊺
(J⊺J)−1Φ∗

k [v] det (J) dK =

∫
K
ū⊺ (J⊺J)−1 v̄ det (J) dK .
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4.5.3. Transformation rules for spaces D (Ωk)
Given a vector field ū ∈ D(K ), the transformed vector field u ∈ D(Ωk) on Ωk is given by the following expression

u :=
(
Φ∗

k

)−1 [ū] =
1

det
(
J ◦Φ−1

k

) (J ◦Φ−1
k

) (
ū ◦Φ−1

k

)
.

It is possible to compute the inverse of this transformation, resulting in

ū := Φ∗

k [u] = det (J) J−1 (u ◦Φk) .

Given two vector fields u, v ∈ D(Ωk) on Ωk their inner product can be computed by

(u, v)Ωk
:=

∫
Ωk

u⊺v dΩ =

∫
K

(
Φ∗

k [u]
)⊺

J⊺JΦ∗

k [v]
1

det (J)
dK =

∫
K
ū⊺ J⊺J v̄

1
det (J)

dK .

4.5.4. Transformation rules for spaces S (Ωk)
Given a function ḡ ∈ S(K ) on K , we define g ∈ S(Ωk) on Ωk by

g :=
(
Φ∗

k

)−1 [ḡ] =
1

det
(
J ◦Φ−1

k

) (ḡ ◦Φ−1
k ).

The inverse relation can be computed in a similar fashion yielding

ḡ = Φ∗

k [g] = det (J) (g ◦Φk).

Given two functions f , g ∈ S(Ωk) on Ωk their inner product can be computed by

(f , g)Ωk
:=

∫
Ωk

fg dΩ =

∫
Φk(K )

fg dΩ =

∫
K
Φ∗

k [f ]Φ∗

k [g]
1

det (J)
dK =

∫
K
f̄ ḡ

1
det (J)

dK .

4.5.5. Transformation rules for dual function spaces
The construction of dual function spaces for an arbitrary Ωk ⊂ R3 follows the same steps as that for the reference

element.
Let Ψ k (x) for k = 0, 1, 2, 3 be the transformed basis functions for the spaces G (Ω), C (Ω), D (Ω) and S (Ω),

respectively. Let the associated mass matrices be given by

M(k)
=

∫
Ω

Ψ k (x)⊺Ψ k (x)dΩ for k = 0, 1, 2, 3 .

Then the transformed dual basis and the corresponding dual degrees of freedom are given by

Ψ̃ d−k (x) = Ψ k (x)M(k)−1
and Ñ d−k (ph) = M(k)N k (ph) for k = 0, 1, 2, 3 .

As mentioned earlier, we do not explicitly need to construct these basis functions. In practice we simply use the
property that the dual basis are bi-orthogonal to the primal basis. To post-process the dual degrees of freedom, they
are first converted to primal degrees of freedom by solving a linear system of equations and then reconstructed using
primal basis functions.

4.6. Finite element spaces for multiple elements in 3D

In this section we introduce the finite element spaces for multiple elements in the 3D case. We follow the same
procedure as for the multiple elements in 1D and 2D cases.

The global basis functions in G (Ω) ⊂ H1 (Ω) are in C0 (Ω). The nodal degrees of freedom at the boundaries are shared
between the elements. Since the dual representation is a linear combination of primal basis functions, G̃ (Ω) also contains
continuous functions.

The global basis functions in C (Ω) ⊂ H (curl;Ω) have continuous tangential components and discontinuous normal
component between the neighbouring elements. As the dual representations in C̃ (Ω) are linear combinations of basis
functions in C (Ω), these functions also have continuous tangential component and discontinuous normal component
between the neighbouring elements.

Global representation of vector fields in D (Ω) ⊂ H (div;Ω) have a continuous normal component and discontinuous
tangential components between the neighbouring elements. As the dual polynomials in D̃ (Ω) are linear combinations of
basis functions in D (Ω) they also have continuous normal component and discontinuous tangential components between
the neighbouring elements.

Lastly, piecewise polynomials in S (Ω) ⊂ L2 (Ω) are discontinuous between elements and therefore the dual
representations in S̃ Ω are also discontinuous between the elements.
( )
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4.7. Vector operations on dual variables

In this section we will define the differential operators for the dual representations. We will follow the procedure of
D and 2D cases and present direct application of the ideas in 3D case.

.7.1. The gradient acting on S̃ (Ω)× D̃ (∂Ω)
Let the restriction of vector fields in D (Ω) to the domain boundary ∂Ω be denoted by D (∂Ω). Using Section 3.3 we

can define the dual representation of this space. We will denote this space as D̃ (∂Ω).

Definition 19. We define gradient operation on dual space as g̃rad : S̃ (Ω) × D̃ (∂Ω) ↦→ D̃ (Ω), such that, for
sh, ŝh

)
∈ S̃ (Ω)× D̃ (∂Ω)∫
Ω

g̃rad
(
sh, ŝh

)
qhdΩ = −

∫
Ω

sh
(
divqh) dΩ +

∫
∂Ω

ŝh
(
qh

· n
)
dΓ ∀ qh

∈ D (Ω) . (56)

Since the gradient maps into D̃ (Ω), we have that the left hand side is a bilinear form in D̃ (Ω) × D (Ω). The first
erm on the right hand side is a bilinear form in S̃ (Ω) × S (Ω), and the boundary integral term is the bilinear form
(∂Ω)× D (∂Ω).
Therefore, we can write (56) as

N 2 (qh)⊺ Ñ 1
(
g̃rad

(
sh, ŝh

))
= −N 2 (qh)⊺ E3,2⊺Ñ 0 (sh)+ N 2 (qh)⊺ N2B̃0 (ŝh) ,

here N2 is a sparse inclusion matrix which only contains the non-zero values −1 and 1. The subscript 2 indicates that it
aps boundary degrees of freedom associated to the surfaces (geometric dimension 2) to the global degrees of freedom.
sing the fact that the above equation needs to hold for all qh

∈ D (Ω), we have

Ñ 1
(
g̃rad

(
sh, ŝh

))
= −E3,2⊺Ñ 0 (sh)+ N2B̃0 (ŝh) . (57)

efinition 20. In order to construct a de Rham sequence for the dual representations, we are going to extend g̃rad in
57) as G̃RAD : S̃(Ω) × D̃(∂Ω) → D̃(Ω) × C̃(∂Ω)

G̃RAD
(
sh, ŝh

)
:=

(
g̃rad

(
sh, ŝh

)
, g̃radb

(
ŝh
))

, (58)

=
(
Ψ̃ 1(x)

(
−E3,2⊺Ñ 0(sh) + N2B̃0(ŝh)

)
, −Ψ̃ 1

b (x)
(
N⊺

1E
2,1⊺N2B̃0(ŝh)

))
, (59)

here N1 is the inclusion matrix from the boundary degrees of freedom C(∂Ω) to the degrees of freedom of C(Ω) and
2 is the inclusion matrix for the degrees of freedom of D(∂Ω) to the degrees of freedom of D(Ω), respectively and Ψ̃ 1

b
re the dual basis on the boundary.

.7.2. The curl acting on D̃ (Ω)× C̃ (∂Ω)
Let the restriction of vector fields in C (Ω) to the domain boundary be denoted as C (∂Ω), and the corresponding dual

epresentation be given by C̃ (∂Ω).

efinition 21. We define the curl operator on the dual space as c̃url : D̃ (Ω) × C̃ (∂Ω) ↦→ C̃ (Ω), such that for
qh, q̂h

)
∈ D̃ (Ω)× C̃ (∂Ω) we have∫
Ω

c̃url
(
qh, q̂h

)
·chdΩ =

∫
Ω

qh
·
(
curl ch

)
dΩ +

∫
∂Ω

q̂h
·
(
ch × n

)
dΓ ∀ ch ∈ C (Ω) . (60)

The c̃url maps into C̃ (Ω), therefore the left hand side term is a bilinear form in C̃ (Ω)× C (Ω). The first term on the
ight hand side is a bilinear form in D̃ (Ω)×D (Ω), and the boundary integral term is a bilinear form in C̃ (∂Ω)×C (∂Ω).
sing assembled degrees of freedom, and appropriate expansions, we can write (60) as

c̃url
(
qh, q̂h

)
= Ψ̃ 2(x)

(
E2,1⊺Ñ 1 (qh)

+ N1B̃1
(
q̂h
))

,

where N1 is the inclusion matrix from C(∂Ω) to C(Ω) with dimensions dim (C(Ω))× dim (C(∂Ω)).

efinition 22. We extend the curl applied to the dual representation in (60) to include the boundary as: C̃URL :

(Ω) × C̃(∂Ω) → C̃(Ω) × G̃(∂Ω)

C̃URL
(
qh, q̂h

)
:=

(
c̃url

(
qh, q̂h

)
, c̃urlb

(
q̂h
))

(61)

=
(
Ψ̃ 2(x)

(
E2,1⊺Ñ 1(qh) + N1B̃1(q̂h)

)
, Ψ̃ 2

b (x)
(
N⊺

0E
1,0⊺N1B̃1(q̂h)

))
, (62)
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W

i

Using Definitions 20 and 22, we have

Ñ 2
(
C̃URL(G̃RAD(sh, ŝh))

)
= Ñ 2

(
C̃URL

(
−E3,2⊺Ñ 0(sh) + N2B̃0(ŝh) , −N⊺

1E
2,1⊺N2B̃0(ŝh)

))
= Ñ 2 (

−E2,1⊺E3,2⊺Ñ 0(sh) + E2,1⊺N2B̃0(ŝh) − N1N
⊺
1E

2,1⊺N2B̃0(ŝh) , −N⊺
0E

1,0⊺N1N
⊺
1E

2,1⊺N2B̃0(ŝh)
)

=
(
0, 0

)
.

here we used that E3,2E2,1
≡ 0 and Lemma 4 that

N1N
⊺
1E

2,1⊺N2B̃0(ŝh) = E2,1⊺N2B̃0(ŝh) ,

n which case

N⊺
0E

1,0⊺N1N
⊺
1E

2,1⊺N2B̃0(ŝh) = N⊺
0E

1,0⊺E2,1⊺N2B̃0(ŝh) = 0 ,

since E2,1E1,0
≡ 0. This proves that the dual curl of the dual gradient of scalar field is zero.

4.7.3. The divergence acting on C̃ (Ω)× G̃ (∂Ω)
Let the restriction of the space G (Ω) to the domain boundary, ∂Ω , be denoted as G (∂Ω), and the corresponding dual

space as G̃ (∂Ω).

Definition 23. We define the divergence operator on dual space as d̃iv : C̃ (Ω) × G̃ (∂Ω) ↦→ G̃ (Ω), such that for(
ch, ĉh

)
∈ C̃ (Ω)× G̃ (∂Ω) we have∫
Ω

d̃iv
(
ch, ĉh

)
phdΩ = −

∫
Ω

ch
(
gradph

)
dΩ +

∫
∂Ω

(
ĉh · n

)
phdΓ ∀ ph ∈ G (Ω) . (63)

Since d̃iv maps into G̃ (Ω), the left hand side term is a bilinear form in G̃ (Ω)×G (Ω). The first term on the right hand
side is a bilinear form on C̃ (Ω)× C (Ω), and the boundary integral term is a bilinear form on G̃ (∂Ω)× G (∂Ω).

Using assembled degrees of freedom, we can write (63) as

d̃iv
(
ch, ĉh

)
= Ψ̃ 3

(
−E1,0⊺Ñ 2 (ch)+ N0B̃2

(
ĉh
))

,

where, N0 is a sparse inclusion matrix only containing the non-zero values −1 and 1, which maps the degrees of freedom
of C(∂Ω) to degrees of freedom of C(Ω).

Definition 24. We extend the divergence applied to the dual representation as D̃IV : C̃(Ω) × G̃(∂Ω) → G̃(Ω) × 0 as

D̃IV
(
ch , ĉh

)
:=

(
d̃iv

(
ch , ĉh

)
, 0

)
(64)

=

(
Ψ̃ 3(x)

(
−E1,0⊺Ñ 2(ch) + N0B̃2(ĉh)

)
, 0

)
(65)

Using Definitions 22 and 24 we have

Ñ 3
(
D̃IV

(
C̃URL(qh, q̂h)

))
= Ñ 3 (D̃IV (E2,1⊺Ñ 1(qh) + N1B̃1(q̂h) , N⊺

0E
1,0⊺N1B̃1(q̂h)

))
= Ñ 3 (

−E1,0⊺E2,1⊺Ñ 1(qh)−E1,0⊺N1B̃1(q̂h) + N0N
⊺
0E

1,0⊺N1B̃1(q̂h) , 0
)

=
(
0 , 0

)
,

since E2,1E1,0
≡ 0, and using Lemma 4 we have that

N0N
⊺
0E

1,0⊺N1B̃1(q̂h) = E1,0⊺N1B̃1(q̂h) .

This proves that the dual divergence of the dual curl of a vector field is zero.

Definition 25. For s̃h =
(
sh , ŝh

)
∈ S̃ (Ω)× D̃ (∂Ω), we have

∥̃sh∥2
H
(
g̃rad;Ω

) := ∥sh∥2
L2(Ω) + ∥g̃rad

(
sh, ŝh

)
∥
2
L2(Ω) . (66)

For d̃h
=

(
dh , d̂

h)
∈ D̃ (Ω)× C̃ (∂Ω), we have

∥̃dh
∥
2
H(c̃url;Ω)

:= ∥dh
∥
2
L2(Ω) + ∥c̃url

(
dh, d̂

h)
∥
2
L2(Ω) . (67)

For c̃h =
(
ch , ĉh

)
∈ C̃ (Ω)× G̃ (∂Ω), we have

∥̃ch∥2
H(d̃iv;Ω)

:= ∥ch∥2
L2(Ω) + ∥d̃iv

(
ch, ĉh

)
∥
2
L2(Ω) . (68)
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Definition 26. We can define the norms in the dual of the trace spaces using [29, eq. 1.16] as:
For ŝh ∈ D̃ (∂Ω), and s̃h =

(
sh , ŝh

)
∈ S̃ (Ω)× D̃ (∂Ω) we have

∥ŝh∥D̃(∂Ω) := inf
sh∈̃S(Ω)

∥̃sh∥
H
(
g̃rad;Ω

) . (69)

or d̂
h

∈ C̃ (∂Ω), and d̃h
∈

(
dh , d̂h

)
∈ D̃ (Ω)× C̃ (∂Ω) we have

∥d̂
h
∥C̃(∂Ω) := inf

dh∈D̃(Ω)
∥̃dh

∥H(c̃url;Ω) . (70)

or ĉh ∈ G̃ (∂Ω), and c̃h =
(
ch , ĉh

)
∈ C̃ (Ω)× G̃ (∂Ω) we have

∥ĉh∥G̃(∂Ω) := inf
ch∈C̃(Ω)

∥̃ch∥H(d̃iv;Ω) . (71)

.8. Discrete de Rham sequence

Using the function spaces and differential operators defined in Section 4.1–Section 4.7, we can define the primal de
ham’s sequence as

G (Ω) C (Ω) D (Ω) S (Ω)
grad curl div

,

and the dual de Rham sequence as

S̃ (Ω)× D̃ (∂Ω) D̃ (Ω)× C̃ (∂Ω) C̃ (Ω)× G̃ (∂Ω) G̃ (Ω)× 0G̃RAD C̃URL D̃IV
.

. Mixed formulation of the Poisson equation

In this section we want to assess the use of dual spaces for the mixed formulation of the Poisson problem. We present
n application of 3D finite element spaces to a constrained minimization problem of the Poisson equation. We will
ompare the results from the two formulations: (1) with primal spaces only, and (2) with primal and dual spaces. In this
pplication it will be shown that the use of dual spaces can give much sparser systems with a lower condition number
ithout compromising on the accuracy of the solution. Let Ω ⊂ R3, then for φ ∈ L2(Ω) and q ∈ H(div;Ω) we define the

unctional

L(φ, q; f , φ̂) :=

∫
Ω

1
2
|q|2 dΩ +

∫
Ω

φ (div q − f ) dΩ −

∫
∂Ω

φ̂ (q · n) dΓ ,

or prescribed functions f ∈ L2(Ω) and φ̂ ∈ H1/2 (∂Ω). The optimality conditions for this functional are given by{
(p, q)Ω + (div p, φ)Ω =

∫
∂Ω

(p · n) φ̂ dΓ ∀ p ∈ H(div;Ω)
(ϕ, div q)Ω = (ϕ, f )Ω ∀ ϕ ∈ L2(Ω)

. (72)

his corresponds to a Poisson equation for φ with Dirichlet boundary condition φ = φ̂ along the boundary. We will
onsider two different discretizations for this problem. For the first approximation we choose (qh, φh) ∈ D(Ω)× S(Ω), we
ill call this primal–primal formulation, while in the second case we approximate the solution as (qh, φh) ∈ D(Ω)× S̃(Ω),
e will call this primal–dual formulation.

.1. Primal–primal formulation

Let qh
∈ D (Ω) be represented as

qh(x, y, z) = Ψ 2(x, y, z)N 2(qh) ,

nd φh
∈ S̃ (Ω) be represented as

φh (x, y, z) = Ψ 3 (x, y, z)N 3 (φh) .
sing (54), the divergence of qh is given by

div qh(x, y, z) = Ψ 3(x, y, z)E3,2N 2(qh) .

If we use this in the variational formulation (72), we get(
M(2) E3,2⊺M(3)

M(3)E3,2 0

)(
N 2(qh)
N 3(φh)

)
=

(
N2B̃0

(
φ̂

)
(3) 3

)
, (73)
M N (f )
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where the degrees of freedom of f and the boundary term is evaluated using Definition 4.
In (73) the incidence matrix E3,2 is a sparse topological matrix. All metric properties are contained in the mass matrices

(2) and M(3). For high order methods, these matrices are dense matrices with large full blocks that destroy the sparsity
f the incidence matrix with which they are multiplied. We refer to this formulation as the primal–primal formulation,

because both qh and φh are expanded in primal basis functions. If the mesh is deformed, all sub-matrices in (73) will
change because the mass matrices M(k) will change and need to be recomputed.

5.2. Primal–dual formulation

Alternatively, we may approximate φh
∈ S̃(Ω) as

φh (x, y, z) = Ψ̃ 0 (x, y, z) Ñ 0 (φh) .
In this case the discrete system will be(

M(2) E3,2⊺

E3,2 0

)(
N 2(qh)
Ñ 0(φh)

)
=

(
N2B̃0

(
φ̂

)
N 3(f )

)
, (74)

where the degrees of freedom of f and the prescribed boundary conditions φ̂ are the same as evaluated earlier in (73).
We see that if we expand φh in terms of dual polynomials, the discrete divergence and gradient blocks in (74) are sparse
and no longer depend on the metric of the mesh geometry. It is only the mass matrix M(2) that needs to be constructed
for each element separately, unless all elements have the same size, shape and polynomial degree.

Remark 6. We can immediately convert (73) to (74). The mass matrix M(3) in the second row of (73) can be cancelled
on both sides of the equation, while the mass matrix M(3) in the first row can be contracted with the degrees of freedom
N 3(φh) to give M(3)N 3(φh), but these new unknowns are just the dual degrees of freedom Ñ 0(φh) according to (55).

5.3. The discrete inf–sup condition

At the continuous level one establishes well-posedness by showing that the divergence operator, div, from H (div;Ω)
into L2(Ω) is surjective in which case the Closed Range Theorem states that the Hilbert adjoint of the divergence operator
is bounding and therefore injective, [30]. At the continuous level surjectivity of the divergence operator is proven through
the auxiliary problem: For an arbitrary p ∈ L2(Ω) find ψ ∈ H1

0 (Ω) such that∫
Ω

grad ψ · grad φ dΩ = −

∫
Ω

pφ dΩ , ∀φ ∈ H1
0 (Ω) .

The Lax–Milgram lemma ensures uniqueness of ψ . If we set up = grad ψ then we have div up = p and since p ∈ L2(Ω)
as arbitrary, this shows surjectivity of the divergence operator.
At the finite dimensional level the discrete inf–sup condition is derived in exactly the same way. Let ph be any element

rom S̃(Ω), then we need to prove that there is a uh
∈ D(Ω) which is mapped by the divergence operator onto ph. Just as

n the continuous setting, we use an auxiliary problem: Find ψh
∈ S̃(Ω) such that∫

Ω

g̃rad
(
ψh, 0

)
· g̃rad

(
φh, 0

)
dΩ = −

∫
Ω

phφh dΩ , ∀φh
∈ S̃(Ω) .

sing the dual basis functions this translates into

Ñ 0(φh)⊺E3,2M(2)−1
E3,2⊺Ñ 0(ψh) = −Ñ 0(φh)⊺M(3)−1

Ñ 0(ph) ,

which has to hold for all vectors Ñ 0(φh) and therefore we have

E3,2M(2)−1
E3,2⊺Ñ 0(ψh) = −M(3)−1

Ñ 0(ph) . (75)

Using (52) and (57) we define N 2(uh) = −M(2)−1E3,2⊺Ñ 0(ψh) ∈ D(Ω) in which case (75) can be written as

E3,2N 2(uh) = M(3)−1
Ñ 0(ph) ,

or

M(3)E3,2N 2(uh) = Ñ 0(ph) .

This equation states that for all vectors Ñ 0(ph) there exists a vector N 2(uh) which is mapped by the discrete divergence,
3,2 (3) ˜
to degrees of freedom in S(Ω) and then mapped by the mass matrix M onto S(Ω).
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Fig. 12. Test domain for number of elements Kel = 3 × 3 × 3 and polynomial order N = 5. The bold lines show the element domains and the thin
ines show the mesh generated by GLL quadrature points.

Table 1
Condition number for the primal–primal formulation and the primal–dual formulation for
Kel = 1 × 1 × 1 polynomial degree N = 2, 4, 8.
N Primal–primal Primal–dual

2 362.2070 33.7474
4 7.5959e+3 218.9917
8 3.1730e+5 6.0411e+3

5.4. Test case

In the following test case we compare the primal–primal formulation with the primal–dual formulation. Using the
rimal–dual formulation we obtain a sparser algebraic formulation and lower condition number without compromising on
uantitative results. Consider the domain (taken from [31]) shown in Fig. 12. The deformed mesh coordinates (x, y, z) ∈ Ω

are obtained by transforming the reference coordinates (ξ, η, ζ ) ∈ [−1, 1]3 with the mapping⎧⎨⎩x = x̂ + 0.03 cos
(
3π x̂

)
cos

(
3π ŷ

)
cos

(
3π ẑ

)
y = ŷ−0.04 cos

(
3π x̂

)
cos

(
3π ŷ

)
cos

(
3π ẑ

)
z = ẑ+0.05 cos

(
3π x̂

)
cos

(
3π ŷ

)
cos

(
3π ẑ

) ,where

{x̂ = 0.5 (1 + ξ)
ŷ = 0.5 (1 + η)
ẑ = 0.5 (1 + ζ )

.

We compare both the formulations with a manufactured solution φex = sin(2πx) sin(2πy) sin(2πz) which gives

fex = −div(gradφex) ,

and we use Dirichlet boundary conditions over the entire domain given by φ̂ = φex|∂Ω .
In Fig. 13 we compare the sparsity pattern of primal–primal and primal–dual formulation for the algebraic formulations

(73) and (74) for the given test case. In the top-left and the top-right figure we show the sparsity plot for a single element
with N = 3. The 8586 non-zero entries of the primal–dual formulation are much less than the 14094 non-zero entries
of the primal–primal formulation. In the bottom-left and bottom-right we show similar comparison but now for the
multiple element case with total number of elements Kel = 2×2×2 and N = 3. The non-zero entries in the primal–dual
formulation 70632 are much less than those in the primal–primal formulation 114696.

In Table 1 we list the condition number of the algebraic system of the two formulations for Kel = 1 × 1 × 1 with
polynomial degree N = 2, 4, 8. We observe that the condition number for the primal–primal formulation is significantly
higher than that of the primal–dual formulation. Also the rate of growth of condition number for increasing N is higher
for the primal–primal formulation. In this sense the use of dual polynomials can also be interpreted as a form of inverse
type mixed preconditioning [32](

M(2) E3,2TM(3)

M(3)E3,2 0

)
=

(
I 0
0 M(3)

)(
M(2) E3,2T

E3,2 0

)(
I 0
0 M(3)

)
.

In the top-left plot of Fig. 14 we show the L2-error in the constraint (div qh
− f ) and the interpolation error in the

right hand side term
(
f h − f

)
, for primal–dual formulation. On the x-axis we have the element length (assuming no
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Fig. 13. Sparsity plots for N = 3, (i) Top-left: Kel = 1 × 1 × 1, primal–primal formulation, (ii) Top-right: Kel = 1 × 1 × 1, primal–dual formulation,
iii) Bottom-left: Kel = 2 × 2 × 2, primal–primal formulation, (iv) Bottom-right: Kel = 2 × 2 × 2, primal–dual formulation.

eformation, i.e. c = 0) h = 1/ 3√Kel and on the y-axis we have the L2-error. We see that the error in the constraint
s equal to the interpolation error of the right hand side term. The error converges optimally with O (N) because φh is a
piecewise polynomial of degree N − 1.

In the top-right plot of Fig. 14 we see the error convergence of the fluxes in H (div)-norm. The results from the primal–
primal formulation and the primal–dual formulation coincide with each other and the error converges optimally with
O(N).

In the plot at the bottom of Fig. 14 we see the convergence in L2-error of φh. The results from the primal–primal
formulation and the primal–dual formulation overlap. We see optimal rate of convergence of errors, of O(N).

In terms of accuracy Fig. 14 shows that the results from primal–primal formulation and primal–dual formulation are
equal up to machine precision, and the rate of convergence are optimal for both the formulations.

For the next test problem we choose a pair of div–grad problems that are dual to each other in a continuous setting.
We will show that this duality continues to hold true at the discrete level by using the primal–dual representations for
these problems.

6. The Dirichlet–Neumann problems

The mathematical theory of finite elements often makes use of the equivalence of dual problems. In general this
equivalence no longer holds at the discrete level. In this section we want to show that this equivalence continues to hold
at the finite dimensional level when dual representations are employed. In the proof of Lemma 2.2 in [17], for instance,
use is made of an equivalence between a Dirichlet and a Neumann problem. We start with the two problems: Given
φ̂ ∈ H1/2(∂Ω)
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Fig. 14. Top left: L2-error in constraint (div qh
− f ), and the interpolation error in the right hand side term

(
f h − f

)
. Top right: H (div)-error in flux

qh . Bottom: L2-error in φh .

1. The Dirichlet problem: Find φ ∈ H1(Ω) such that{
φ = φ̂ on ∂Ω
−div (gradφ) + φ = 0 in Ω

. (76)

2. The Neumann problem: Find q ∈ H(div;Ω) such that{
div q = φ̂ on ∂Ω
−grad (div q) + q = 0 in Ω

. (77)

If φ solves the Dirichlet problem (76), then q solves the Neumann problem (77), if and only if φ = div q. Furthermore, it
follows that [17]

∥φ̂∥H1/2(∂Ω) = ∥φ∥H1(Ω) = ∥q∥H(div;Ω) .

The finite dimensional problem is to find suitable finite dimensional function spaces, D(Ω) ⊂ H(div;Ω) and S̃ (Ω) ⊂

L2 (Ω) for φ̂h
∈ D̃ (∂Ω)

1. The Dirichlet problem: Find φh
∈ S̃ (Ω) such that{

φh
= φ̂h on ∂Ω

−div (gradφh) + φh
= 0 in Ω

. (78)

2. The Neumann problem: Find qh
∈ D (Ω) such that{

div qh
= φ̂h on ∂Ω

−grad (div qh) + qh
= 0 in Ω

, (79)
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such that the solutions φh and qh will satisfy φh
= div qh identically in the domain Ω . Furthermore, we wish to prove

hat in this case

∥φ̂h
∥D̃(∂Ω) = ∥φ̃h

∥
H
(
g̃rad;Ω

) = ∥qh
∥H(div;Ω) , (80)

here φ̃h
=

(
φh , φ̂h

)
.

.1. The Neumann problem

Consider Ω ⊂ Rd, with d = 2. Then the variational formulation of the Neumann problem, (79), is given by: For
ˆ h

∈ D̃(∂Ω) find qh
∈ D (Ω) such that(

div ph, div qh)
Ω

+
(
ph, qh)

Ω
=

∫
∂Ω

(ph
· n)φ̂h dΓ , ∀ph

∈ D (Ω) . (81)

e expand qh as in (19) with transformation rules from (22) as

qh(x, y) = Ψ 1(x, y)N 1(qh) .

hen using (21) for divergence in the variational formulation (81) we obtain(
div ph, div qh)

Ω
+
(
ph, qh)

Ω
= N 1(ph)⊺E2,1⊺M(2)E2,1N 1(qh) + N 1(ph)⊺M(1)N 1(qh) , ∀ph

∈ D (Ω) . (82)

he boundary terms on the right hand side of (81) are evaluated using Definition 4 as

B̃0
(
φ̂h
)

=

∫
∂Ω

Ψ 1
b (x)

⊺
φ̂ (x) dx .

Using the fact that (81) should hold for all N 1
(
ph
)
gives

E2,1TM(2)E2,1N 1(qh) + M(1)N 1(qh) = N1B̃0
(
φ̂h
)
, (83)

here N1 is the inclusion matrix as described in Example 3.

.2. The Dirichlet problem

Consider now the Dirichlet problem given by (78) on the domain Ω ⊂ Rd, with d = 2. The variational formulation for
his problem is given by: For φ̂h

∈ D̃(∂Ω) find φh
∈ S̃ (Ω), such that(

g̃rad
(
ϕh, 0

)
, g̃rad

(
φh, φ̂h

))
Ω

+
(
ϕh, φh)

Ω
= 0 ∀ ϕh

∈ S̃ (Ω) , (84)

here variations on the boundary of the test function are zero.
We know that the gradient of φh is given by

g̃rad
(
φh, φ̂h

)
(x, y) = Ψ̃ 1(x, y)

(
−E2,1⊺Ñ 0(φh) + N1B̃0

(
φ̂h
))

. (85)

he gradient of the test functions ϕh is discretized similarly, therefore

g̃rad
(
ϕh, 0

)
(x, y) = Ψ̃ 1(x, y)

(
−E2,1⊺Ñ 0(ϕh)

)
.

f we use this in the variational formulation (84) we have(
g̃rad

(
ϕh, 0

)
, g̃rad

(
φh, φ̂h

))
Ω

+
(
ϕh, φh)

Ω
= Ñ 0(ϕh)⊺E2,1M̃(1)

[
E2,1⊺Ñ 0(φh) − N1B̃0

(
φ̂h
)]

+ Ñ 0(ϕh)⊺M̃(0)Ñ 0(φh) = 0 .

nce again using the fact that equality should hold for all Ñ 0(ϕh) the discrete formulation is given by

E2,1M̃(1)E2,1⊺Ñ 0(φh) + M̃(0)Ñ 0(φh) = E2,1M̃(1)N1B̃0
(
φ̂h
)
. (86)

.3. Relation between Dirichlet and Neumann problem

What we need to check now is that the solutions of (83) and (86) are related by φh
= div qh. This discrete relation

ranslates into

Ñ 0(φh) = M(2)E2,1N 1(qh) . (87)
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In order to establish this relation, we fill (87) in (86) to obtain

E2,1M̃(1)E2,1⊺M(2)E2,1N 1(qh) + M̃(0)M(2)E2,1N 1(qh) = E2,1M̃(1)N1B̃0
(
φ̂h
)
. (88)

We substitute (83) in (88) to get

−E2,1M̃(1)M(1)N 1(qh) + E2,1M̃(1)N1B̃0
(
φ̂h
)

+ M̃(0)M(2)E2,1N 1(qh) = E2,1M̃(1)N1B̃0
(
φ̂h
)
.

Then we use the fact that M̃(1)M(1)
= I and M̃(0)M(2)

= I to get

−E2,1N 1(qh) + E2,1M̃(1)N1B̃0
(
φ̂h
)

+ E2,1N 1(qh) = E2,1M̃(1)N1B̃0
(
φ̂h
)

,

which proves the relation between the Dirichlet and the Neumann problem.
It remains to show that ∥φ̃h

∥
H
(
g̃rad;Ω

) = ∥qh
∥H(div;Ω). Using Corollary 5 we have that

∥φ̃h
∥
2
H
(
g̃rad;Ω

) = Ñ 0(φh)⊺M̃(0)Ñ 0(φh) +

[
B̃0
(
φ̂h
)⊺

N⊺
1 − Ñ 0(φh)TE2,1

]
M̃(1)

[
N1B̃0

(
φ̂h
)

− E2,1T Ñ 0(φh)
]
. (89)

ince we have just established that, Ñ 0(φh) = M(2)E2,1N 1(qh), we can insert this in (89)

∥φ̃h
∥
2
H
(
g̃rad;Ω

) = N 1(qh)TE2,1⊺M(2)M̃(0)M(2)E2,1N 1(qh)

+

[
B̃0
(
φ̂h
)⊺

N⊺
1 − N 1(qh)⊺E2,1⊺M(2)E2,1

]
M̃(1)

[
N1B̃0

(
φ̂h
)

− E2,1⊺M(2)E2,1N 1(qh)
]

(83)
= N 1(qh)⊺E2,1⊺M(2)E2,1N 1(qh) + N 1(qh)⊺M(1)M̃(1)M(1)N 1(qh)
= N 1(qh)⊺M(1)N 1(qh) + N 1(qh)⊺E2,1⊺M(2)E2,1N 1(qh)
= ∥qh

∥
2
H(div;Ω) , (90)

here we used again that M̃(0)M(2)
= I and M̃(1)M(1)

= I and the fact that the degrees of freedom of qh satisfy (83).
Finally, using (47), for φ̃h

=

(
φh , φ̂h

)
∈ S̃ (Ω)× D̃ (∂Ω) we have that

∥φ̂h
∥D̃(∂Ω) = inf

φh∈̃S(Ω)
∥φ̃h

∥
H
(
g̃rad;Ω

) . (91)

y taking variations, for fixed φ̂h, we see that the infimum is attained for the function φh which satisfies(
g̃rad(φh, φ̂h), g̃rad(ϕh, 0)

)
Ω

+
(
φh, ϕh)

Ω
= 0 ∀ϕh

∈ S̃(Ω) , (92)

hich is just the Dirichlet problem (86). Therefore, for the Dirichlet problem we have by definition that

∥φ̂h
∥D̃(∂Ω) = ∥φ̃h

∥
H
(
g̃rad;Ω

) . (93)

herefore, If we combine (90) and (93), we obtain the desired result (80).

.4. Test case

In this section we solve the Dirichlet (84) and the Neumann (81) problems on Ω ∈ [0, 1]2 with one spectral element
or a non-trivial boundary condition φ̂ given by

φ̂ =

{0 for x = 0 and y = 0
− sin(πy) for x = 1
− ln (1 − 3x(1 − x)) for y = 1

.

For this test case we use an orthogonal spectral element shown on the left, and a deformed spectral element shown
n the right, of Fig. 15.
The deformed mesh coordinates (x, y) are obtained by transforming the reference coordinates (ξ, η)∈ [−1, 1]2 with

he mapping{
x =

1
2 +

1
2 (ξ + c sin(πξ ) sin(πη))

y =
1
2 +

1
2 (η + c sin(πξ ) sin(πη))

, (94)

here c is the deformation coefficient.
In Fig. 16a the numerical solution div qh is shown on the orthogonal mesh, c = 0 for N = 8. The solution φh on the

same mesh is visually indistinguishable from divqh, therefore in Fig. 16b the difference between div qh and φh is shown.
The difference between both solutions is of order 10−14.
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Fig. 15. Meshes generated by the transformation of quadrature points according to (94) for, N = 7, Kel = 1, c = 0.0 and c = 0.3.

Fig. 16. Comparison between φh obtained from (78) and div qh calculated using (79) for N = 8, Kel = 1, on an orthogonal mesh with c = 0.

In Fig. 17a div qh is plotted for the deformed grid with c = 0.3, for N = 8. On the deformed mesh we expect the
olution to be less accurate than on the orthogonal mesh, but φh computed on the same mesh is graphically still identical
to Fig. 17a. The difference between div qh and φh is shown in Fig. 17b. This confirms that for this test case the discrete
equivalence (87) holds.

In order to corroborate that the norms ∥φ̃h
∥
H
(
g̃rad;Ω

) and ∥qh
∥H(div;Ω) are identical for this problem, Table 2 lists

hese norms on three different meshes, the orthogonal mesh, c = 0.0, the slightly deformed mesh, c = 0.15 and the
highly deformed mesh, c = 0.3. This table shows that on all mesh configurations and for all polynomial degrees we have
∥φ̃h

∥
H
(
g̃rad;Ω

) = ∥qh
∥H(div;Ω). All the three mesh configurations show convergence to a limiting value of 2.35561.

7. Eigenvalue problems for the vector Laplace operator

In this section we consider the eigenvalue problem of the vector Laplace operator given by: LetΩ ⊂ R2 and find λ ∈ R
and a non-vanishing u such that

−grad div u = λu in Ω
. (95)
div u = 0 on ∂Ω
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Fig. 17. Comparison between φh obtained from (78) and div qh calculated using (79) for N = 8, Kel = 1, on curvilinear mesh with c = 0.3.

Table 2
Norms ∥φ̃h

∥
H
(
g̃rad;Ω

) and ∥qh
∥H(div;Ω) on three different meshes as a function of the polynomial degree

N .
N c = 0 c = 0.15 c = 0.3

∥φ̃h
∥
H
(
g̃rad;Ω

) qh

H(div;Ω) ∥φ̃h

∥
H
(
g̃rad;Ω

) qh

H(div;Ω) ∥φ̃h

∥
H
(
g̃rad;Ω

) qh

H(div;Ω)

2 2.45180494 2.45180494 2.45180494 2.45180494 2.45180494 2.45180494
4 2.37137238 2.37137238 2.35503380 2.35503380 2.13797018 2.13797018
6 2.35794814 2.35794814 2.35666554 2.35666554 2.34310363 2.34310363
8 2.35588158 2.35588158 2.35547353 2.35547353 2.35133906 2.35133906
10 2.35564418 2.35564418 2.35556015 2.35556015 2.35443148 2.35443148
12 2.35561580 2.35561580 2.35560124 2.35560124 2.35534845 2.35534845
14 2.35561268 2.35561268 2.35561045 2.35561045 2.35555229 2.35555229
16 2.35561231 2.35561231 2.35561199 2.35561199 2.35559831 2.35559831
18 2.35561227 2.35561227 2.35561223 2.35561223 2.35560913 2.35560913

This eigenvalue problem is essentially the same as the eigenvalue problem discussed in [33] apart from the fact that here
Neumann boundary conditions are applied. For a more thorough treatment of eigenvalue problems, we refer to [34].

The corresponding weak formulation reads: Find λ ∈ R and u ∈ H(div;Ω) such that

(div v, div u) = λ(v, u) , ∀v ∈ H(div;Ω) . (96)

or the finite dimensional approximation of this problem, we choose uh
∈ D(Ω) which then leads to the generalized

atrix eigenvalue problem

E2,1TM(2)E2,1N 1(uh) = λM(1)N 1(uh) . (97)

Alternatively, we could rephrase this problem in mixed formulation as: Find λ ∈ R and (u, p) ∈ H(div;Ω) × L2(Ω)
uch that{

(v, u) + (div v, p) = 0 ∀v ∈ H(div;Ω)

(q, div u) = λ(q, p) ∀q ∈ L2(Ω)
. (98)

he main difference between (96) and (98) is that (96) gives a large number of eigenvalues λ = 0, because for any
∈ H(curl;Ω), u = curl ψ is an eigensolution associated to λ = 0. The mixed formulation (98) has no eigenvalue λ = 0.
Note that the mixed formulation is essentially an eigenvalue problem for div u and not u. In the finite dimensional

etting (98) we take uh
∈ D(Ω) and ph ∈ S(Ω) and this translates into the eigenvalue problem for the degrees of freedom

(
M(1) E2,1TM(2)

M(2)E2,1 0

)(
N 1(uh)
N 2(ph)

)
= λ

(
0 0
0 M(2)

)(
N 1(uh)
N 2(ph)

)
. (99)

he eigenvalues and eigenmodes for this problem are obtained directly as an output of the standard MATLAB function.
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Fig. 18. The three meshes on domain [0, π]
2 with 8 × 8 elements. Left: orthogonal mesh; Middle: curved mesh; Right: non-affine mesh.

able 3
ate of convergence for the first five eigenvalues on (i) orthogonal mesh; (ii) curved mesh; and (iii) non-affine mesh, see Fig. 18, for N = 1, 3, 5.

Orthogonal Curved Non-affine

N = 1 N = 3 N = 5 N = 1 N = 3 N = 5 N = 1 N = 3 N = 5

Optimal rate 2 6 10 2 6 10 2 6 10

Eigenvalue 1 1.9999 6.0072 7.4718 1.9577 6.0060 9.4727 1.9996 6.0019 10.8722
Eigenvalue 2 1.9997 6.0046 9.9669 1.9571 5.9851 9.6523 1.9983 6.0052 10.4249
Eigenvalue 3 1.9997 6.0070 9.9692 1.9503 5.9807 9.4252 1.9994 6.0102 9.8826
Eigenvalue 4 1.9997 6.0021 9.9717 1.9117 5.9741 10.1329 1.9982 5.9998 9.3962
Eigenvalue 5 1.9992 6.0002 9.9458 1.9582 5.9777 9.7031 1.9961 5.9978 9.8859

If we eliminate the degrees of freedom N 1(uh) (using Schur complement method) from (99) and rephrase the resulting
eigenvalue problem in terms of the dual degrees of freedom for ph by using Ñ 0(ph) = M(2)N 2(ph), we obtain the dual
ormulation: Find λ ∈ R and ph ∈ S̃h(Ω) such that

E2,1M̃1E2,1T Ñ 0(ph) = λM̃(0)Ñ 0(ph) . (100)

The eigenvalues calculated for (97) and (100) are identical up to 4 decimal places, therefore we only present results for
100). We use three different mesh configurations (1) orthogonal mesh; (2) curved mesh; (3) non-affine mesh, as shown
n Fig. 18.

In Fig. 19 we show the convergence plots for the first five eigenvalues of (100) for Ω = [0 , π]
2 given by λ =

2, 5, 5, 8, 10. On the x-axis we have the element length h = π/Ke, where Ke is the number of elements in one direction.
n the y-axis we have the absolute error of the eigenvalues. In Fig. 19 along the horizontal rows we have the convergence
lots with varying mesh: orthogonal, curved and non-affine, and in that order. Along the vertical columns we have the
onvergence plots with varying N = 1, 3, 5, and in that order. The numerical eigenvalues are given in Appendix A. The
ate of convergence for the eigenvalues with varying meshes and polynomial degrees N are given in Table 3.

For an order N element the optimal convergence rate is given by 2N , [34]. For all the three mesh configurations we
bserve optimal order convergence rates as can be seen in Table 3.

. Conclusions

In this paper a dual polynomial space is constructed. The duality pairing between variables from a primal and a dual
epresentation reduces to the vector product between the primal and dual degrees of freedom. The grad, curl and div
perators applied to the dual (and primal) representation are topological relations between the dual degrees (and primal
egrees) of freedom. These topological relations do not depend on the metric. Furthermore, the addition of differential
perations in the boundary ensures that the dual function spaces form a de Rham sequence. The first example where we
how the advantage of using dual representation concerns the mixed formulation of the Poisson problem. We derive the
nf–sup stability condition in terms of degrees of freedom only. We show optimal convergence for multi-element test case
n a curved 3D domain. When a primal–dual formulation is used, two sub-matrices in the mixed formulation become
ery sparse and the condition number for system matrix is reduced, even though very high order methods are used and
hese two sub-matrices do not change when the mesh is deformed. The second example shows the equivalence of a
irichlet–Neumann pair of equations at the discrete level that is not so trivial using primal spaces only. This equivalence
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Fig. 19. Convergence results for the first five eigenvalues. In the first column we have the results for the orthogonal mesh, in the second column
for the curved mesh, and in the third column for the non-affine mesh. In the first row we have the results for N = 1, in the second row for N = 3,
nd in the third row for N = 5.

s proven and illustrated with a test case. And in the last example, we solve the grad–div eigenvalue problem in terms of
rimal and dual representations, and show optimal convergence on both affine and non-affine meshes.
We have also seen that the use of dual representations allows us to work directly with the degrees of freedom, without

xplicitly referring to the basis functions. It suffices to make use of its properties. This allows for a direct comparison with
taggered finite volume methods. For example, in (74), E3,2 acts directly on the degrees of freedom of qh and E3,2⊺ acts
on the dual degrees of freedom for φh.

To deal with computationally demanding problems, in future, this work will be extended to the framework of domain
decomposition methods. The compatible construction of the discrete trace space presented in this work allows one to
set up a fully compatible hybrid finite element formulation. The advantage of a hybrid formulation is that the dual basis
functions and degrees of freedom can be defined using element mass matrices only, instead of the global mass matrices
presented in this paper. For preliminary work in this direction, see [35].

Furthermore, in this paper the construction of dual polynomial spaces is based on multiplication with mass matrices (or
the inverse of mass matrices). These matrices change with change in shape and size of the element. As an improvement,
we will present a construction of dual spaces where the mass matrix is also independent of the shape and the size of the
element by using wedge product instead of the inner product, see [7, §6.1].
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Table A.4
Eigenvalue 1.

h π/4 π/8 π/16 π/32 π/64 π/128

Orthogonal N = 1 1.8993 1.9744 1.9936 1.9984 1.9996 1.9999
N = 3 2.0000 2.0000 2.0000 2.0000 2.0000
N = 5 2.0000 2.0000 2.0000 2.0000

Curved N = 1 1.4808 1.7905 1.9278 1.9782 1.9941 1.9985
N = 3 1.9973 1.9999 2.0000 2.0000 2.0000
N = 5 2.0000 2.0000 2.0000 2.0000

Non-affine N = 1 1.7901 1.9435 1.9856 1.9964 1.9991 1.9998
N = 3 2.0000 2.0000 2.0000 2.0000 2.0000
N = 5 2.0000 2.0000 2.0000 2.0000

Table A.5
Eigenvalue2.

h π/4 π/8 π/16 π/32 π/64 π/128

Orthogonal N = 1 4.1919 4.7858 4.9457 4.9864 4.9966 4.9991
N = 3 4.9998 5.0000 5.0000 5.0000 5.0000
N = 5 5.0000 5.0000 5.0000 5.0000

Curved N = 1 2.4366 4.0535 4.6764 4.9020 4.9733 4.9931
N = 3 4.9374 4.9991 5.0000 5.0000 5.0000
N = 5 4.9999 5.0000 5.0000 5.0000

Non-affine N = 1 3.4977 4.5154 4.8696 4.9668 4.9917 4.9979
N = 3 4.9985 5.0000 5.0000 5.0000 5.0000
N = 5 5.0000 5.0000 5.0000

Table A.6
Eigenvalue3.

h π/4 π/8 π/16 π/32 π/64 π/128

Orthogonal N = 1 4.1919 4.7858 4.9457 4.9864 4.9966 4.9991
N = 3 4.9998 5.0000 5.0000 5.0000 5.0000
N = 5 5.0000 5.0000 5.0000 5.0000

Curved N = 1 2.9601 4.2569 4.7085 4.9078 4.9745 4.9934
N = 3 4.9558 4.9994 5.0000 5.0000 5.0000
N = 5 5.0000 5.0000 5.0000 5.0000

Non-affine N = 1 4.1387 4.7093 4.9255 4.9812 4.9953 4.9988
N = 3 4.9993 5.0000 5.0000 5.0000 5.0000
N = 5 5.0000 5.0000 5.0000 5.0000
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ppendix A. Eigenvalues

See Tables A.4–A.8.

ppendix B. Identity at domain boundary

For a d-dimensional domain we wish to prove the following identity

N N⊺
(
Ek,k−1)⊺ N =

(
Ek,k−1)⊺ N , with 0 < k < d . (B.1)
k−1 k−1 k k
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Table A.7
Eigenvalue4.

h π/4 π/8 π/16 π/32 π/64 π/128

Orthogonal N = 1 6.4846 7.5971 7.8977 7.9743 7.9936 7.9984
N = 3 7.9996 8.0000 8.0000 8.0000 8.0000
N = 5 8.0000 8.0000 8.0000 8.0000

Curved N = 1 3.8951 6.6238 7.4993 7.8256 7.9482 7.9862
N = 3 7.9074 7.9958 8.0000 8.0000 8.0000
N = 5 8.0012 8.0000 8.0000 8.0000

Non-affine N = 1 4.8904 7.1603 7.7740 7.9424 7.9855 7.9964
N = 3 7.9983 8.0000 8.0000 8.0000 8.0000
N = 5 8.0000 8.0000 8.0000

Table A.8
Eigenvalue5.

h π/4 π/8 π/16 π/32 π/64 π/128

Orthogonal N = 1 6.4846 8.9933 9.7395 9.9343 9.9835 9.9959
N = 3 9.9947 9.9999 10.0000 10.0000 10.0000
N = 5 10.0000 10.0000 10.0000 10.0000

Curved N = 1 4.5854 7.4787 9.1173 9.7381 9.9294 9.9818
N = 3 9.8156 9.9932 9.9999 10.0000 10.0000
N = 5 9.9977 10.0000 10.0000 10.0000

Non-affine N = 1 5.4005 7.9946 9.4163 9.8479 9.9616 9.9904
N = 3 9.9857 9.9998 10.0000 10.0000 10.0000
N = 5 10.0000 10.0000 10.0000

To prove the identity we first need to identify some properties of the different matrices. The first point to note is that by
changing the numbering of the degrees of freedom we simply permute the rows and columns of the matrices. Naturally,
this change in the numbering of the degrees of freedom does not impact the identity. For this reason we are free to choose
any numbering that best suites the proof, and the result will hold for any other numbering. Therefore, in this proof we
choose the following numbering. For each set of degrees of freedom (associated to geometrical objects of dimension k, with

≤ k ≤ d) we first number the degrees of freedom on the boundary and then the ones on the interior of the domain.
herefore, for each set of degrees of freedom associated to a k-dimensional geometric object, the boundary degrees of
reedom are numbered from 1 to dbk and the ones in the interior from dbk + 1 to dk, where dbk is the number of degrees of
reedom on the boundary and dk is the total number of degrees of freedom.

If we make this choice of numbering, then Nk is a dk × dbk matrix with the following form

Nk =

[
Dk
0

]
, (B.2)

here Dk is a dbk ×dbk diagonal matrix filled with only -1 and 1. In the same way the incidence matrix Ek,k−1 is a dk ×dk−1
matrix given as

Ek,k−1
=

[
Ek,k−1
bb 0

Ek,k−1
bi Ek,k−1

ii

]
, (B.3)

here Ek,k−1
bb contains the terms of the incidence matrix that only relate boundary degrees of freedom, Ek,k−1

bi contains the
contribution of the boundary degrees of freedom to the interior, and finally Ek,k−1

ii contains the contributions that only
relate to the interior degrees of freedom. What is important to note here is the zero block that states that the interior
degrees of freedom do not contribute to the boundary degrees of freedom, this is essential for the proof.

If we now use (B.2) we can easily see that

NkN
⊺
k =

[
Dk
0

] [
Dk 0

]
=

[
Ibk 0
0 0

]
. (B.4)

here Ibk is the dbk × dbk identity matrix.
Combining (B.2) and (B.3) we get

(
Ek,k−1)⊺ Nk =

⎡⎣ (
Ek,k−1
bb

)⊺ (
Ek,k−1
bi

)⊺

0
(
Ek,k−1

)⊺

⎤⎦[Dk
0

]
=

[(
Ek,k−1
bb

)⊺

Dk

0

]
. (B.5)
ii
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Using (B.4) together with (B.5), it is straight forward to see that

Nk−1N
⊺
k−1

(
Ek,k−1)⊺ Nk =

[
Ibk−1 0
0 0

][(
Ek,k−1
bb

)⊺

Dk

0

]
=

[(
Ek,k−1
bb

)⊺

Dk

0

]
(B.5)
=
(
Ek,k−1)⊺ Nk . (B.6)
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