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Summary

In this research the focus is on developing a tool that can optimize multiple-phase trajectories for com-
mercial formation flights for minimum fuel consumption. In the past years, research has been conducted
into formation flight and trajectory optimization, but not as a combined entity. Researchers have in-
vestigated the aerodynamics behind formation flight and conducted flight tests to validate their results.
The results show that a significant reduction in induced drag of 10-50% can be obtained for the trailing
aircraft in a formation. Others, investigated the optimal routing for commercial aircraft and what the
savings of formation flight could be when applied to certain flights. The trajectories of aircraft that join
in formation, however, deviate from their optimal individual trajectories. What effect does formation
flight have on the trajectories and where should the aircraft that will join in formation meet and split-up?
These are questions that have not been answered yet.

The research conducted in this study focuses on answering these questions by developing a tool that
optimizes the trajectories of each aircraft in a formation such that the total fuel consumption is minimal.
This question leads to the following research objective:
”To minimize the overall fuel consumption or Direct Operating Cost (DOC) of commercial aircraft flying
in formation by developing a multiple-phase optimal control formulation.”

From this research objective, the following research question is derived:
”Is it possible to develop a tool that optimizes the multiple-phase trajectories for two or three commer-
cial aircraft flying in formation weighing the reduced fuel consumption, due to induced drag reduction,
versus economic factors using a dynamic optimization technique?”

When an aircraft flies through the sky it leaves an upwash behind it and when another aircraft
flies through this upwash it experiences a reduction in induced drag, which leads to a reduction in fuel
consumption. Different formation constellations and the relative positioning of the aircraft within the
formation influence the amount of induced drag reduction. However, this study does not focus on this
issue and during the experiments 25% reduction in induced drag is assumed for the trailing aircraft in a
two-aircraft formation. There are multiple phases that are considered in the assembly and disassembly
of a formation. For a two-aircraft formation, five phases are identified: the first two phases are from the
departure points of both aircraft to the rendezvous point, the third is a joint phase from the rendezvous
point to the split-up point and the fourth and fifth phases are from the split-up point to both destination
airports. As the aircraft only fly in formation in phase 3, the reduction in induced drag is only valid for
this phase.

The structure of the developed optimization tool can be divided into three parts, the optimization
framework, the input and the output. The optimization framework allows optimizing for both minimum
fuel burn and minimum DOC and uses a MatLab based optimization software called GPOPS that is able to
solve multiple-phase optimal control problems using pseudospectral methods. The framework contains
the differential-algebraic equations that define the aircraft model as well. The solo phases are repre-
sented by an intermediate point-mass dynamic model and the formation phases by a more simplified
energy-state dynamic model. These dynamic aircraft performance models are linked to each other at
the beginning and end of the phases. For the input, atmospheric data is required and three aircraft types
are considered: the Boeing 737-300 (B733), the Boeing 747-400 (B744) and the McDonnell Douglas
MD-11 (MD-11). When in formation, a formation flight induced drag fraction 𝜖 is implemented in the
aircraft models. Several constraints are implemented in the tool as well (e.g. constraints on altitude,
velocity, final weight, thrust level and duration of the formation segment). The output of the tool gives
the state and control variables of all aircraft for all points in time and with these variables, the trajec-
tories can be replicated and the fuel burn, distance flown and flight time per aircraft can be obtained.
Furthermore, the implementation of schedule disturbances and wind contributed to make the tool more
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realistic. The developed tool has been validated by comparing the results with the aircraft performance
manuals of the manufacturers and by replicating a case study of other research reported in the literature
and comparing the results.

Several experiments were conducted to investigate the benefits of formation flight. A common result
all experiments showed is that in a formation the leading aircraft, due to the detour it must fly, con-
sumes more than compared to its corresponding solo flight. Often, however, the reduction of the trailing
aircraft is high enough to render the total fuel consumption for all aircraft in the formation lower than
the total solo consumption. Also, the flight times and track distances increase when formation flight is
applied. This is due to the fact that aircraft must fly a detour to meet-up. Existing scheduled flights
have been replicated and the developed tool showed that combining two daily KLM flights, KLM can save
over 1.2 million kilograms of fuel per year and when two SkyTeam flights (one KLM and one Delta) join
in formation they can yearly save over 2.3 million kilograms of fuel. Furthermore, experiments demon-
strated that combining different aircraft types in a formation affect the formation, and the sequence of
the aircraft in a formation influences the results as well. The experiments showed that when combin-
ing a B744 with a MD-11, the aircraft will only join in formation when the B744 is the trailing aircraft.
When the B744 is designated to lead the formation, the results showed that flying in formation is not
beneficial. This is due to different performance characteristics of the aircraft. In another experiment,
the results of departure delay for one of the aircraft in the formation are investigated. This revealed
that not only the on-time aircraft slows down and the delayed aircraft speeds up, but the rendezvous
point location shifts as well. The location of the rendezvous point shifts towards the split-up point, while
it also shifts sideways towards the delayed flight. To investigate the effects of wind on the formation,
another experiment was conducted. A wind-field was modelled across the North-Atlantic Ocean and a
set of eastbound flights was compared with a set of westbound flights. The westbound flights, which
encounter headwinds, divert North to encounter less wind and feature a larger formation segment (and
a relatively larger reduction in fuel burn) compared to the eastbound flights. Finally, an experiment
containing three aircraft in formation was conducted. The results of this experiment were not further
discussed, but the experiment showed that the tool is able to optimize the trajectories for more than
two aircraft joining in formation.

All experiments are optimized for minimum fuel consumption because it is less straightforward to
determine the DOC, as it consists of costs that are different per airline and flight. A sensitivity analysis
was conducted to explore the effect of shifting the optimization focus (from optimal for fuel to optimal
for time) for a set of flights. This showed that, although the results are dependent of the flight prop-
erties (route, aircraft type, wind, etc.), compared to the corresponding solo flights, formation flight can
offer significant reductions in fuel consumption without increasing the flight time. Another sensitivity
analysis was conducted to investigate what the effect would be on the results, when the induced drag
reduction due to formation flight is altered. For this analysis, the assumed reduction in induced drag
on the trailing aircraft varied from 0-50% of the total induced drag. This resulted in a change in results
in terms of trajectories (shift in rendezvous point location), fuel burn and flight time. However, these
changes are as expected (a higher reduction in drag results in less fuel burn and vice versa), which
means the developed tool is robust for different values of induced drag reductions.

In this study an optimization tool was developed to optimize the trajectories of multiple aircraft that
join in formation for minimum fuel consumption or DOC. This tool can be developed further to enable, for
example, airlines to explore the benefits of formation flight; on a greater scale including an entire flight
schedule. Furthermore, the results of the performed experiments indicate that formation flight can lead
to significant fuel reduction compared to flying solo. These results could prompt further development
of aviation regulations to allow formation flight, as this can be a short-term fuel saving solution.
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1
Introduction

In this chapter first the concept of formation flight will be introduced. Second, the research question
and research goals will be elaborated upon and finally the structure of the report will be outlined.

1.1. Formation Flight
As the world becomes more connected and air travel becomes more accessible for everybody, every year
more commercial flights are conducted to accommodate this increasing demand [14]. With the amount
of flights increasing also more fuel is burned. For airlines, the fuel consumption of their aircraft is one of
the main expenses and can reach up to over 30% of their total operating costs [15]. Next to high costs, a
recent trend is that the environment should be kept in mind. The environmental footprint of the aviation
industry should be brought down, while the number of flights increase. Every kilogram of fuel burned by
aircraft contributes to the greenhouse gasses and therefore has a negative impact on the environment.
The Intergovernmental Panel on Climate Change (IPCC) indicates, that aviation contributes to around
2% of man-made carbon dioxide (CO2) emissions and also that other aircraft emissions at high altitudes
have additional climate impacts [16]. Modern aircraft already consume significant less fuel than older
aircraft and also have much lower emissions, but airlines can not buy new aircraft everyday. With an
average lifespan for aircraft of 25 years, this means that the aircraft will continue to fly for many years,
despite the excessive fuel consumption. So, for airlines to renew their fleet would be optimal, but this
is a long-term solution and therefore other solutions must be found.

This is where formation flight comes into play. The concept of formation flight is not very new.
Research on formation flight started over 50 years ago, when the formation of a group of birds was
observed [17]. Over the years a lot of research has been done in this field. The aerodynamics behind
formation flight have been investigated [7][18] and also flight tests have been performed to back-up the
results [1]. When flying in formation the trailing aircraft experience a reduction in induced drag, which
results in a lower total drag. Less drag also means means that less thrust is required. And when the
engines produce less thrust, less fuel is burned. Hence, formation flight leads to lower fuel consumption.
With this in mind, researchers also conducted studies on optimal routing for a number of flights and on
how this can be applied in civil aviation.

Another well investigated subject in the aviation industry, is the optimization of the trajectories of
aircraft [19][20]. Knowing the optimal trajectories prior to departure can also lead to fuel savings. Not
only is the most cost efficient path predefined (with regard to when and where to climb, cruise and
descent), but also the amount of fuel taken on-board can be optimized.

However, no research has been done on the combination of these two subjects. When two aircraft
are intended to join in formation, it would be interesting to know the optimal trajectories of both aircraft.
As both aircraft will probably deviate from their own optimal path to join in formation, it is necessary to
know where they should meet and where they should split up. From these trajectories it would then be
possible to determine the fuel consumption of the aircraft. Furthermore, it will be interesting to explore
what the effect of a reduction on induced drag on the trailing aircraft does for the trajectories of both
aircraft. Finally, it could also be useful to assess the influences of, for example, the types of aircraft,
size and sequence of the aircraft within the formation and the presence of wind on the trajectories and
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on the resulting fuel consumption. The research conducted in this study hopes to contribute to closing
this gap in the body of knowledge.

1.2. Research question
In this section the research objectives and questions are discussed. This research will investigate the
existing gap in the body of knowledge regarding ”trajectory optimization for commercial formation flight”.

Hence the Research Objective is as follows:
The objective of this research is to minimize the overall fuel consumption or Direct Operating Cost of
commercial aircraft flying in formation by developing a multiple-phase optimal control formulation.

To simplify the research, we can split the objective up into sub-objectives or goals, these sub-
objectives will play a major role in how the intended research will be set up. The sub-objectives are:
1. Determine from literature what factors influence the trajectory of formation flight.
2. Develop and validate a methodology to optimize the multiple-phase trajectory of a single aircraft
with regard to relevant parameters such as fuel cost and Direct Operating Cost.

3. Develop and validate a methodology to optimize the multiple-phase trajectory of a two- and three-
aircraft formation flight with regard to the same parameters.

4. Implement this methodology in the optimization framework and validate its correctness.
5. Perform a realistic case study optimizing the trajectories for aircraft flying in formation across the
North Atlantic Ocean.

6. Assess whether it is feasible to implement formation flight for transatlantic routes.
7. Gain understanding of cost and benefits with variations in fuel consumption, and formation size.

The research objectives result in the following Research Question:
Is it possible to develop a tool that optimizes the multiple-phase trajectories for two or three commer-
cial aircraft flying in formation weighing the reduced fuel consumption, due to induced drag reduction,
versus economic factors using a dynamic optimization technique?

This research question can be divided into smaller more manageable questions. when all sub-
questions are answered, it should also be possible to answer the main research question. The sub-
questions are:
1. What are important factors regarding formation flight?
2. How can a multiple-phase two- or three-aircraft formation trajectory optimization for a realistic
North Atlantic Route be formulated to minimize fuel or Direct Operating Cost and how can this be
implemented in an optimization framework?
(a) How does trajectory optimization work?
(b) What are appropriate dynamic aircraft performance models for studying long-haul formation

flight?
(c) What optimization technique will be used?
(d) What does this optimization framework look like?
(e) How to formulate a single aircraft trajectory optimization?
(f) What is the fuel consumption during flight for solo aircraft and for aircraft flying in formation?
(g) What factors contribute to the Direct Operating Cost?
(h) Which objectives and constraints are to be implemented?
(i) How to keep the computational time within limits?

3. How to validate the tool?
4. How can the obtained results be compared to the real-life situation?
5. What can we conclude from all this and what are recommendations for future research?

1.3. Report Structure
This report actually concerns two main issues. The first being the development of a tool that is able to
optimize multiple-phase trajectories for several aircraft that will join in formation to minimize the total
fuel consumption. And secondly, when this tool is developed and validated, a couple of experiments
will be conducted to investigate the benefits of formation flight and what influence several factors, like
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different aircraft types, delay and the presence of wind, may have on formation flight.
To start of, important background information on the concept of formation flight is presented in

Chapter 2. The current state-of-the-art research will be explored and the concept of formation flight
will be explained. Prior to the development of the tool, it is necessary to know how aircraft can benefit
from formation flight and what influences these benefits. In addition to a possible reduction in fuel
consumption, other advantages can be obtained from flying in formation, like increased airspace capacity
and less pollution. However, some drawbacks exist as well, beginning with the increased safety risks.
In Chapter 3 the benefits and drawbacks of formation flight are discussed. After discussing the concept
of formation flight, the methodology on developing the optimization tool follows in Chapter 4. Here,
the developed optimization tool is elaborated upon and the optimization framework containing the cost
function, the optimization technique and the dynamic aircraft performance models is discussed. The
required input and output of the tool are explained as well. In Chapter 5 the tool is validated and in
chapter 6 the general set-up of the experiments that will be conducted is reviewed. The results of the
experiments are presented in Chapter 7. These results are discussed more extensively in Chapter 8.
Finally, in Chapter 9 the conclusions of this study are summarized and also recommendations for future
research are given.
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2
Literature Review

In this chapter the current research relating to multiple-phase trajectory optimization for commercial
aircraft in formation will be reviewed. First the relevant research areas will be defined and subsequently
all important subjects for this research will be addressed.

2.1. Research Area
A general search was conducted in order to get familiar with the concept of formation flight. It was en-
couraging to see that over the last years much research in this area has been done. However, research
on formation flight started many years ago when in 1970 Lissaman et al. [17] studied the formations
of birds in flight. Lissaman et al. suggested that, while the formation is sensitive to ambient winds,
birds in formation could theoretically have an increase in range of about 70% compared to a lone bird.
From that moment on more research was conducted on formation flight and now also for aircraft. As
stated before, formation flight could possibly save energy without significant modifications of present
aircraft. This fact together with the increasing fuel cost over the last years and the growing environ-
mental awareness, has made formation flight a popular research area.

Research on formation flight for commercial flights emerged over the last two decades. Between
now and then, many different aspects on formation flight for aircraft have been investigated. Below
some studies that form the base for this research are reviewed in more detail.

In 1998 Blake et al. [21] analyzed the induced drag effects for close formation flight. During close
formation flights aircraft fly within a few of wingspans of each other. They conclude that large reductions
in induced drag are possible for close formation flights accompanied by changes in lift, side force and
moments about all three axes. They state also that the optimum cruise altitude of aircraft in formation
is higher than when an aircraft flies solo.

In the same year, but not related to the articles on formation flight, Sherzada Khan [22] published
an article on flight track optimization. In this work Khan discusses different optimization techniques
for different phases of flight and compares them with regard to each other to show their merits and
limitations.

In 2003 Ribichini et al. [23] investigate how to plan formation flight. They want to show under which
conditions two airplanes should join in formation. They present a ”greedy” decentralized approach in
which the aircraft (pilots) can decide if they will join in a formation or not during flight. If they will join
in a formation they will deviate from their path, but will have the benefit of flying in formation, thus the
aircraft will only join in formation if the benefits outweigh the cost of the detour. The drawback of such
a decentralized approach is that it will not lead to the optimal global energy consumption because all
aircraft only keep in mind their own benefits.

A couple of years later, in 2006 Bangash et al. [24] evaluated the aerodynamic characteristics
of aircraft in formation. They analyzed the results of wind tunnel tests to investigate the effects of
spatial offset between aircraft in formation and of different formation constellations on the aerodynamic
characteristics of aircraft in formation.
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Different formation geometries lead to different amounts of formation induced drag reduction. In
2009 Bower et al. [7] predicted the induced drag of aircraft flying in four different geometries. They
performed a case study for five FedEx flights joining in one two- and one three-aircraft formation.
According to Bower et al. FedEx could save up to 700.000 gallons of fuel per year by only having these
five daily flights fly in formation.

To investigate what the potential gains of formation flight could be for long-haul commercial flights,
in 2011 Herinckx et al. [3] addressed the operational feasibility from a market demand and economic,
as well as air traffic control perspective. They proved that there is sufficient demand for formation flight
and that flying in formation is a possible solution to the impending regulations regarding the reduction
in CO2 in aviation.

From 2011 to 2014 Ning et al. investigated the aerodynamics of extended formation flight for com-
mercial aircraft at transonic speeds, focusing on the compressibility effects in formation flight [4][25].
During extended formation flights, the streamwise distance between the aircraft in formation is 10 to
50 wingspans. They conclude that compressibility-related drag penalties can be avoided by flying at
slightly lower airspeeds at a fixed altitude or fixed lift coefficient and that larger streamwise separation
between the aircraft allow for slightly higher cruise speeds in exchange for higher induced drag. Ning
et al. also explored methods of determining where the ”sweet spot” is for the trailing aircraft [26]. The
sweet spot is the optimal location for the trailing aircraft in formation flight.

In 2012 Xue and Hornby published an article in which they investigated what the potential savings
would be from flying in formation in the National Airspace System (NAS) [8]. The NAS is the airspace,
navigation facilities and airports of the United States along with their associated information, services,
rules, regulations, policies, procedures, personnel and equipment [27]. As there are many different
aircraft types in the NAS, Xue and Hornby state that it is important to know the effect on the change
in induced drag for different aircraft types in a formation. They developed a model that calculates the
change in induced drag for heterogeneous formations. The results of their model will be used in this
research.

From 2012 to 2014 Xu et al. [6][28] investigated the fuel and cost benefits of applying extended
formation flight to commercial airline operations. The design of the framework is a combination of aircraft
performance and aerodynamics with aircraft scheduling. To increase the efficiency of their optimization
they used heuristic filters in order to eliminate unlikely formations after which they use gradient-based
optimization to reduce the computational cost. They used the Breguet range equation for the cruise
segment. In different case studies Xu et al. find large reductions in Direct Operating Cost (DOC). By
merely implementing formation flight, they find a reduction of 2% in DOC for a 31-flight case (South
African Airlines) and a reduction of 2.6% in DOC for a larger 150-flight case (Star Alliance). For future
work Xu et al. recommend an analysis of the influences of wind and delay on the optimal routing.

Parts of the research done by Kent et al. from 2012 to 2015 [29][18][30] form a solid base for
this research. Kent et al. investigated the optimal routing for commercial formation flight. They use
an extension of the Fermat-Torricelli problem [31][32] to find the optimal formations for a given list of
routes. They compare two methods (nominal and differential rates) of computing fuel burn and assess
the impact of wind on the optimal routes assuming a fixed flight altitude and a single ”layer” of predicted
wind.

In the same period the earlier mentioned, Blake et al. [2][33] also investigated the optimal routing for
extended formation flight. They looked at routes with either a common origin or a common destination
where the lead aircraft does not deviate from its optimal path, use segments of great circle routes as
the nominal flight segments and present a closed-form solution for the optimal routing.

In 2014 Visser and Hartjes [20] published an article on flight trajectory optimization for economic
and environmental criteria. In this article they present a multiple-phase trajectory optimization for one
aircraft flying between a city pair. The flight trajectory is split up into the horizontal and vertical flight
path. For the horizontal flight path there are series of waypoint that are connected and for the vertical
flight path there are 11 different phases which are to be optimized. Visser and Hartjes demonstrated
the usefulness of the multiple-phase optimization tool in a case study of the Amsterdam-Munich city pair.

Besides theoretical research also some flight tests have been performed. In 2002 several flight tests
have been performed with two F/A 18 aircraft in close formation. Ray et al. [34] and Wagner et al.
[35] analyzed the results from these tests and both came to the conclusion that a significant fuel flow
reduction for the trailing aircraft can be achieved. Ray et al. found that for the trailing aircraft values of
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more than 20% in drag reduction and over 18% in fuel flow reduction at flight conditions of Mach 0.56
and an altitude of 25000 ft. Wagner et al. found comparable results of 8.8% +- 5% savings in fuel flow
flown at 300 KIAS and at an altitude of 10000 ft. Wagner et al. also had a second objective for these
tests, which was to determine if the savings would increase with larger formations. They added an
extra aircraft, however, the flight test data for this three-ship formation was inconclusive. More recent
flight tests regarding formation flight were carried out in 2012. Two C-17 military aircraft which are
equipped with an advanced formation flight system performed an extended formation flight. Pahle et
al. [1] summarize the flight data gathered during this test. More on these flight tests and their results
will follow later.

2.2. Research Fields
In this section, the aspects that are relevant to this research will be further addressed. First, the working
principle of formation flight is reviewed and the different possible formations and their configurations
are discussed. Then, the reasoning behind using multiple-phase optimization is explained and finally,
the current research into the effects of schedule disturbances and wind for formation flight is presented.

2.2.1. Aerodynamic Benefits
It is important to have a good understanding of the working principle of formation flight. Over the years
the mechanism behind drag reduction for formation flight has been investigated by many. When an
aircraft flies through the air there is a pressure difference between the upper and lower side of the wing
resulting in lift and at the wing tips vortices are formed. When the aircraft flies through the air it leaves
behind regions of downwash inboard and regions of upwash outboard as shown in Figure 2.1.

Figure 2.1: Outboard wake upwash and inboard wake downwash leading aircraft [1]

When another aircraft flies through the upwash wake of this leading aircraft, the local velocity vector
changes compared to the local velocity vector of an aircraft performing a straight and level flight [2]. As
shown in Figure 2.2, the upwash generated by the leading aircraft rotates the lift vector of the trailing
aircraft forward and the drag vector upward which results in a reduction of thrust required for level
flight.

When more aircraft are added to the formation the benefits increase (Figure 2.3). This looks promis-
ing for flying in large formations. However, up until now only two- and three-aircraft formations have
been tested and the test results are somewhat lower than the results shown in Figure 2.3. Blake et al.
[2] explain different items to which these disparities can be accounted. First of all, in theory an ideal
lift distribution is assumed, which is unattainable in practice. Furthermore, it could be that the tests are
not performed under optimal flight conditions or that the positioning of the trailing aircraft relative to
the leading aircraft is not optimal.
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Figure 2.2: Effect of upwash from leading aircraft on trailing aircraft [2]

Figure 2.3: Obtainable drag reduction in formation flight per aircraft [3]

2.2.2. Formations and Positioning
Now that the working principle is clarified, different formation constellations and aircraft positioning
within the formations are reviewed. Formation flight can be divided into two kinds of formations: close
formations and extended formations. Close formation flight means that the aircraft fly within a few
wingspans of each other. For birds this is no problem and even for small agile (e.g. military) aircraft this
could be realized, but for commercial aircraft this would present an unacceptable high risk of collision
and thus is not applicable. To reduce this risk of collision, further streamwise distances are introduced.
So called extended formation flights are formations with streamwise separations of 10 to 50 wingspans
between the leading and trailing aircraft. So even if aircraft in close formation gain more reduction in
induced drag, due to safety issues commercial aircraft will likely only fly in extended formations.

Depending on the number of aircraft in a formation, different configurations are possible. For a two-
aircraft formation the only beneficial configuration is an echelon formation. For three-aircraft formations
several possible configurations exist that result in drag reduction (see Figure 2.4). When the formation
size increases, the number of possible configurations increases too, but this study only two- and three-
ship formations are considered.

The different formation configurations have their own characteristics and are slightly different from
each other. There are a number of factors for which one formation configurations could be more bene-
ficial than the other, factors like: aircraft weight, specific fuel consumption and the stage length. In the
research done by Ning et al. up several advantages and disadvantages per configuration are outlined
[4]. The inverted V, for example, has the advantage that the trailing aircraft has more symmetric load-
ing conditions and thus need less aileron deflection to counteract the rolling moments of the upstream
wash. Because of this and because the inverted V formation is insensitive to high levels of positioning
uncertainty Bower et al. [7] conclude that this is the most attractive configuration for a three-aircraft
formation. For this study the actual configuration is not really relevant as long as a realistic value for
the drag reduction of two- and three-aircraft formations can be obtained.

Both the streamwise the streamwise distance between the aircraft and the configuration of the
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Figure 2.4: Several three-aircraft formation configurations [4]

formation, as well as the horizontal and vertical spacing between the trailing and the leading aircraft
play an important role in the amount of induced drag reduction. In Figure 2.5 contours of the induced
drag fraction for a two-aircraft echelon formation with a 20 wingspan separation are shown [4]. The
induced drag fraction equals the total induced drag of all aircraft in-formation relative to all aircraft
out-of-formation. For this formation, the optimum positioning for the highest reduction in induced drag
occurs when the wingtip of the trailing aircraft slightly overlaps the vortex center. However, when flying
more distant from the vortex center, the drag savings vary less, which results in a lower induced rolling
moment. Lower induced rolling moments require less aileron deflection to trim the aircraft, leading to
less induced drag. At the outboard positions the contours are close to circular and thus the sensitivity
for vertical and horizontal positioning is pretty much equal. Therefore, the best position for the trailing
aircraft is sensitive to many factors and is not fixed. The contours for other aircraft formations might
vary compared to Figure 2.5, but these conclusions generally remain true.

Figure 2.5: Contours of formation induced drag fractions for a two-aircraft echelon formation flight with a 20 wingspan
streamwise separation [4]

2.2.3. Fuel Burn
To model the aircraft fuel burn Kent et al. [30] use a rearrangement of the Breguet range equation.
When the aircraft fly in formation they implement a discount factor on the drag. This method is not
very accurate, but it offers a fast and effective framework to find optimal formations for large numbers
of flights. Furthermore, they assume an additional 10% reserve fuel for aircraft flying in formation
compared to aircraft flying solo. This is due to the fact that aircraft in formation must most likely fly a
detour in order to meet each other and for safety reasons the aircraft must carry enough fuel to be able
to fly this detour solo (in case something goes wrong and the other aircraft doesn’t show up).

Bower et al. calculate the fuel burn assuming linear variation in the range factor over all cruise
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segments [7]. Based on the weights of the aircraft at the beginning and end of the formation cruise
segment, the induced drag fraction of each aircraft is calculated. A few iterations are typically required to
converge to the correct weights and induced drag fractions at the end of the formation cruise segment.
For climb, an additional time to climb and an additional fuel burn increment based on the cruise altitude
and speed are calculated. An additional time is calculated to descend as well, but no fuel savings are
allocated. In the engine model, they are able to capture change in the specific fuel consumption for
different throttle settings. This is important for the rear aircraft in the three-aircraft formation where
there can be up to a 50% reduction in total drag.

Visser and Hartjes [20] use an intermediate point-mass model to estimate the fuel burn during
different flight segments. This method is more complex, but also more accurate as they investigate the
optimal flight trajectories for a single flight instead of for a large number of flights. In their model the
weight is a state variable, which is a function of the fuel flow, that changes with time. The total fuel
burn is determined by subtracting the final weight from the initial weight of the aircraft.

2.2.4. Flight Tests
As previously stated, besides the theoretical research that has been performed, in the course of the
years also several flight tests have been conducted. Tests have been performed in 1998 with small
jet aircraft in close formation and more recently, in 2012, with large C-17 military aircraft in extended
formation. The latter tests are very interesting for this research, because the C-17 aircraft is similar to
commercial aircraft. Apart from the reduction in drag, and thus thrust and fuel flow, some problems
emerged from the tests. First of all, it is hard to predict where the wake location will be, so it is difficult
for the pilots to know where to fly in order to gain the most beneficial upwash of the leading aircraft.
Secondly, the current flight systems are still not accurate enough to control the desired position behind
the leading aircraft. Even for the pilots, flying the United States Air Force C-17 Globemaster III which
features a very advanced formation flight system (far more advanced than normal commercial aircraft),
it was difficult to maintain position. Hence, although formation flight is regarded as a short-term solution
for fuel savings by some[6][30], current commercial aircraft are not capable to fly in formation yet and
thus need to be modified to safely and efficiently fly in formation. In Table 2.1 some of the found flight
test results are summarized.

Figure 2.6: Different aircraft types in close formation

Table 2.1: Summary of flight test results

Lead Aircraft Trail Aircraft Average fuel flow benefit on trail Reference
F/A-18B F/A-18A 18% Ray et al. [34]
T-38A T-38C 9% Wagner et al. [35]
C-17A C-17A 7% Pahle et al. [1]

It is interesting to see that the tested fuel flow reduction for the C-17 is only 7% for the trailing
aircraft, thus only 3.5% for the total fuel flow of the two aircraft. This is significantly lower than the
theoretically achievable reduction. Pahle et al. however, conclude in their research that although their
data is incomplete, it suggests that it is possible to gain a fuel flow reduction for the trailing aircraft of
over 10% [1].
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2.2.5. Multiple Phases
There are various reasons to split a flight up into different phases [20]. When, for example, the entire
flight envelope from take-off to landing, the aircraft goes through different flight modes (take-off, climb,
cruise, descend and landing). During these flight modes the aircraft will have different configurations
(landing gear in or out, flaps and slats, thrust settings, etc.), which leads to several aircraft dynamic
models. Secondly, there could be different constraints (for example constraints imposed by Air Traffic
Management (ATM), safety or operational constraints) for different airspaces. Another reason could be
that with different phases, different performance optimization criteria can be implemented. These are
all good reasons to implement multiple phases, but for this research the main reason to use multiple
phases is because there are multiple aircraft flying simultaneously and there is a flight segment in which
the aircraft fly in formation and thus have a different fuel flow compared to the aircraft flying solo.

2.2.6. Schedule Disturbances and Wind
As mentioned before, several significant investigations have been conducted in the field of formation
flight. However, the combination of formation flight with schedule disturbances and the effects of wind
on the formation flights and the corresponding optimal routes have not really been investigated yet.
Most research, which is based on optimal routing, indicates a reduction in fuel consumption. However,
as stated by Xue et al., these studies have one significant shortcoming, which is that the formations
investigated are scheduled ahead of time, which makes them vulnerable to uncertainty in flight departure
times [8]. They state that when an aircraft is delayed, the other aircraft in the pre-scheduled formation
has to wait at the rendezvous point, which wipes out the benefits of formation flight.

Kent et al. did some initial investigation to examine what the effects of wind would be on the fuel
savings of formation flight [18]. When accounting for wind on the route of the aircraft (which is nearly
always present), the aircraft will deviate from its original great circle path. It is beneficial for aircraft
to fly with tailwinds, but headwinds have a negative impact on the aircraft fuel consumption and flight
time. This is why aircraft will deviate from their optimal geometric route when it is possible to fly another
route with advantageous wind conditions. Kent et al. base their route optimization approach on the
optimal geometric formation paths. They investigate how well this approach performs in the presence
of wind by comparing the results with the results of wind optimal routes. They generate a random wind
field, add the contribution of the wind to the cost function (which in their research is a function of the
distance) and then evaluate all possible routes. They state that this is very time consuming, but in their
research they evaluate large numbers of flights. When just examining the combination of two or three
flights this is not an issue. However, they investigate the optimal routing problem and not the optimal
trajectories of the aircraft. In this research, the focus is on the optimal trajectories and therefore another
approach should be used.
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3
Formation Flight

During the literature review, background information concerning formation flight was presented and
some benefits of formation flight were reviewed. In this section the pros and cons of formation flight
will be described in more detail.

3.1. Benefits
Apart from reducing the fuel consumption for aircraft, formation flight also offers other benefits. Military
aircraft have been performing formation flights a long time before it became known that this might
save fuel. And also from an airspace capacity point of view formations can have a great impact. These
benefits are briefly described in this section.

3.1.1. Military Aviation
Formation flight for military aircraft started as early as World War 1 (WW1) and is still used by the
military today. There are several reasons why the military flies in formation, including: aerial refuelling,
coordinated drops, minimize interval between take-offs, communication, concentration of fire power and
defensive purposes. Also military transport aircraft regularly fly in formation, because formation flight is
used as an effective approach to move large numbers of aircraft safely [5]. A typical military transport
aircraft formation has a lateral spacing of 0ft to 500ft and a longitudinal spacing ranging from 3000ft to
8000ft and the leader controls the formation (Figure 3.1).

Figure 3.1: Typical military transport formation [5]

3.1.2. Airspace Capacity
With all the available airspace present and the relatively small amount of aircraft flying in this airspace,
airspace congestion is still an increasing problem for the aviation industry worldwide. In some parts
of the world the airspace is more crowded than other parts. The airspace above the North-Atlantic
Ocean, which is the airspace that will be investigated in this research, accommodates air traffic between
North America and Europe. Across the North-Atlantic Ocean there is no radar coverage and flights are
prescribed to follow predefined oceanic tracks. As a result, aircraft often follow routes that are not
optimal in view of their departure and destination points. This leads to an increase in aircraft cruising
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time and congestion level in continental airspace at input and output [36]. Also, as there is no radar
coverage, specific safety separation rules are in place. One of these separation rules is that the in-trail
aircraft spacing must be increased to compensate for delay and uncertainty in radio communication and
navigation system positioning reporting. Reducing the aircraft separation distances can decrease the
congestion and increase the airspace capacity as it increases the number of aircraft that can be on a
specific segment of a track. Typical commercial aircraft that fly through zones without radar coverage
should currently have a spacing of more than 25 nautical miles depending on the circumstances. When
applying formation flight to commercial aircraft the spacing can be reduced allowing aircraft to fly within
2nm of each other. This will result in a much higher airspace capacity for these congested airspaces.
For military formations the formation is pre-defined. This means that the pilots of all aircraft that join
in the formation know what their role is and the whole flight is planned before take-off. For commercial
aircraft this is not practical. For commercial aircraft procedures should be developed to form and dissolve
formations. This could be done centralized by Air Traffic Control or decentralized by the aircraft crews
themselves.

3.1.3. Fuel Reduction and Lower emissions
The most important reason for this research on commercial aircraft formation flight is the possible
savings in fuel consumption. As many previous researchers already stated, aircraft flying in formation
have less induced drag which results in a lower required thrust and thus a lower fuel consumption. The
case study performed by Bower et al. [7] shows that for a set of 5 FedEx evening flights from northwest
US to Memphis, which are flown 5 times per week and 52 weeks per year, formation flight can save 2.65
million litres of fuel per year. This study shows that a two-aircraft formation can save between 1.17%
and 7.86% of fuel and a three-aircraft formation can save between 4.90% and 12.46% of fuel. Applying
this to all air traffic could lead to major savings in fuel and thus cost.

Aircraft fuel burn also contributes to the amount of carbon dioxide CO2 (1 kilogram of jet translates
into 3.15 kilograms of CO2 [16]) and other emissions to the atmosphere. Savings in fuel burn auto-
matically leads to less emissions. As the aviation industry gets more and more regulated on noise and
emissions and goals are set to decrease the CO2 footprint of aviation significantly by 2050, this issue is
very important.

3.2. Drawbacks
As every advantage has its disadvantage, this is also the case for formation flight. It is not hard to
imagine that when allowing aircraft to fly in the vicinity of each other this could lead to dangerous
situations. Furthermore, as for every change in the aviation industry, there might be some issues
in implementing formation flight considering the fact that splitting the savings over the participating
aircraft is difficult. In this section these issues will be discussed.

3.2.1. Safety
As discussed above, military aircraft have already been flying in formation for many years, therefore
(in theory) this should also be possible for commercial flights. It must not be forgotten, however, that
military aircraft generally have much more advances equipment than commercial aircraft and military
pilots are better trained in this aspect than normal pilots. Apart from having more advanced systems,
military aircraft are more agile than typical commercial aircraft as well. When two or more commercial
aircraft fly close to each other this causes an increased safety risk. For this reason, commercial aircraft
should fly in extended formation with a separation of at least 10 wingspans. This significantly improves
the safety, while maintaining most of the fuel savings achieved in close formations.

3.2.2. Operational Complications
In contrast to most fuel saving technologies, like improved engines or improved aerodynamics, formation
flight mainly is an operational improvement that in theory could be implemented on existing flights.
Hence, it could save fuel on the short term. Implementing new regulations in the aviation industry,
however, is not done overnight. Currently, the International Civil Aviation Organization (ICAO) develops
the principles and techniques of international air navigation [37]. Another operational complication is
how to implement formation flight and how to split the savings. There are several approaches to plan
formation flights. These approaches can be divided into centralized and decentralized approaches [38].
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With the centralized approach formation flight is applied globally to optimize the fuel consumption. This
means that every formation is planned before the flights take-off using the scheduled routes, departure
and arrival times as well as specific formation benefits as parameters to generate a set of formations that
optimizes the total fuel consumption. This is centrally coordinated process, hence the name centralized
approach. The main advantage of this approach is that it provides the most fuel efficient solution globally,
while its main disadvantages are that it requires very high computational efforts and does not provide
a flexible solution in case of schedule changes or delays (non-robust solution). In the decentralized
approaches, on the other hand, the formations are not planned before hand, but are considered as an
en-route option. Based on in-flight collectible data, like flight plans and speeds of aircraft nearby, local
optimizations are performed to determine if a formation should be formed or not. The main advantage
of this is that aircraft are not dependent from other aircraft and thus are not sensitive for delays or
schedule changes. On the other hand, however, with these decentralized approaches no total global
fuel consumption is reached, but every aircraft (or airline) looks for the best solution for itself. Both
approaches have their strengths and weaknesses. However, these approaches are not in the scope of
this research. For more information on these network-wide approaches the works of Xu et al. [6] and
Verhagen [38] can be consulted.
Yet another operational complication is how to split the benefits of formation flight. If only the trailing
aircraft benefits from flying in formation, then why should an aircraft want to be the leading one? A
solution can be to split the benefits of the formation between the two aircraft or to change position
during flight so that all aircraft in the formation have a segment in which they are the trailing aircraft.
Alternatively, the formations should only be performed with aircraft belonging to the same airline or
airline alliance in order to keep the savings within the organization. This topic is not within the scope of
this research, but it could be interesting to further investigate.
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4
Trajectory Optimization for

Formation Flight

The goal of this study is to develop a multiple-phase optimal control formulation to minimize overall fuel
consumption or Direct Operating Cost. In other words, an optimization process is needed to optimize
the trajectories of the aircraft that will join in formation. In Figure 4.1 a schematic overview of the
optimization structure is shown. The blue parts represent the inputs, the yellow part the optimization
framework and the green parts the outputs.
To start with, the optimal control problem that needs to be solved must be defined, this means that
the cost functional, the differential-algebraic equations (DAE) and the boundaries must be specified as
well as an initial guess for the solution. Then the initial trajectories and other inputs will be run through
the tool, which will give a certain solution. If this solution satisfies all the criteria (if the solution lies
within the constraints and is the optimal solution) the optimal trajectories are found, if not the tool will
do iterations until they are (if the problem is feasible).

Figure 4.1: Schematic overview of the optimization structure

In this chapter the optimization structure is reviewed. Firstly, the optimization framework is ex-
plained, secondly, the necessary modifications to this framework to implement formation flight are dealt
with. Subsequently, the input and resulting output of the tool are discussed and, finally, also the imple-
mentation of delay and wind is examined.

4.1. Optimization Framework
In this section the optimization framework (the yellow part in Figure 4.1) is outlined in detail. The
following items will be elaborated upon: optimization criteria, the optimization technique, the problem
formulation, the dynamic aircraft performance models and the linkages between the different phases.
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4.1.1. Optimization Criteria
From the previously explained research objective the cost function for this research can be derived.
The research objective states that the overall fuel consumption or Direct Operating Cost (DOC) must be
minimized. Xu et al. [6] and Visser and Hartjes [20] also used the optimization criteria to minimize the
overall fuel consumption. They implemented the following objective function to optimize the fuel burn
𝐽፟ for n aircraft:

𝐽፟ = 𝑚𝑖𝑛
፧ᑒ
∑
።ኻ
(𝑊ኻ። −𝑊ኾ። +𝑊 ።), (4.1)

where, 𝑛ፚ is the number of aircraft, 𝑊ኻ። is the weight of aircraft 𝑖 at the beginning of the cruise, 𝑊ኾ።
is the weight of aircraft 𝑖 and the end of the cruise and 𝑊 ። is the weight of aircraft 𝑖 for the rest of
the flight mission (taxi, take-off, climb, descent, landing and taxi). To determine the fuel burn for the
entire trajectory of one aircraft the weight of the aircraft at the end of the cruise 𝑊ኾ must be subtracted
from the weight of the aircraft at the beginning of the cruise 𝑊ኻ and an additional amount of fuel burn
must be added to account for the fuel needed for the remainder of the mission𝑊 . The function above
minimizes the sum of the fuel burn of all aircraft. In other words, when looking at multiple aircraft (e.g.
multiple aircraft that join in formation), the sum of the fuel burn for all aircraft that join in the formation
must be minimized. This could result in some aircraft burning more fuel than they would normally do,
but as other aircraft in the group have a larger reduction in fuel burn, the total fuel consumption is less.

The other optimization criterion, the DOC of an aircraft, is obtained differently. As the DOC of an
aircraft depends on more than just the fuel consumption, this is more difficult to comprise. Usually the
DOC is given by the following equation:

𝐷𝑂𝐶 = 𝑐ኺ + 𝑐፭።፦፞ ⋅ 𝑡፟፥።፠፡፭ + 𝑐፟፮፞፥ ⋅ 𝑊 ፮፞፥ , (4.2)

where 𝑐ኺ, 𝑐፭።፦፞ and 𝑐፟፮፞፥ are the cost components for fixed cost, time cost and fuel cost respectively,
𝑡፟፥።፠፡፭ is the flight time and 𝑊 ፮፞፥ is the amount of fuel burned. The fixed cost component 𝑐ኺ of the
DOC consists out of costs like: insurance, depreciation, maintenance per flight and landing fees. As
these costs don’t vary per flight hour or kg of fuel burned, the fixed cost component 𝑐ኺ will not influence
the optimization. The objective function for the DOC is modelled as:

𝐽 = 𝑚𝑖𝑛
፧ᑒ
∑
።ኻ
𝐷𝑂𝐶። , (4.3)

where, 𝑛ፚ is the number of flight and 𝐷𝑂𝐶። is the DOC for flight 𝑖. However, it is difficult to find a value
for the time cost component 𝑐፭።፦፞, because this includes costs like: cabin and cockpit crew salary, extra
aircraft maintenance cost and costs for passengers missing their connections. These costs can vary for
different airlines and flights.

The performance index in this research is formulated in Bolza-form and consists of a Mayer term Φ
and a Lagrange term 𝐿 and is mathematically formulated as follows:

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒 ∶ 𝐽 = Φ(𝑥ኺ, 𝑡ኺ, 𝑥፟ , 𝑡፟) + ∫
፭ᑗ

፭Ꮂ
𝐿(𝑥, 𝑢, 𝑡)𝑑𝑡, (4.4)

where, the Mayer term Φ is a function of the initial and final state variables 𝑥ኺ and 𝑥፟ and the initial
and final time 𝑡ኺ and 𝑡፟ and the Lagrange term L is a function of the state variables x, control variables
u and time t. This formulation can also be extended to multiple-phase problems. In that case there is
an initial cost term Φኺ and each phase may have a final cost and a Lagrange cost. In the optimization
framework in this research there are two options for optimization. The first one is to optimize only for
fuel consumption and the second one is to optimize for flight time. These two options can be combined
in order to optimize the DOC. This results in the following two cost functions:

Φ፟፮፞፥ =
፧

∑
።ኻ
(𝑊።(𝑡ኺ) −𝑊።(𝑡፟)) (4.5)
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and

Φፃፎፂ = 𝛼 ⋅
፧

∑
።ኻ
𝑡፟ᑚ + (1 − 𝛼) ⋅

፧

∑
።ኻ
(𝑊።(𝑡ኺ) −𝑊።(𝑡፟)) , (4.6)

Equation 4.5 sums up the changes in weight for all aircraft and is used to optimize for minimum fuel
consumption. Equation 4.6 optimizes the trajectories for a combination of minimum fuel and minimum
flight time. Here 𝛼 is a constant between 0 and 1 that allows shifting the cost function from optimizing
for minimum fuel consumption (𝛼 = 0) to optimizing for minimum flight time (𝛼 = 1). 𝛼 can be modified
for different compositions of DOC. As explained before the DOC varies per aircraft, route and airline and
should be seen as an additional option for the tool.

The two cost functions given in Equations 4.5 and 4.6 are the main focus of this research. Based on
which of these two cost functions need to be optimized, Equation 4.5 or 4.6 should be implemented in
the performance index (Equation 4.4). The Lagrange components are not required in this research, so
the Lagrange component in the performance index is set to zero.

4.1.2. GPOPS
For this study a tool is required that can optimize multiple-phase problems. For trajectory optimiza-
tion problems, the absence of discrete variables generally allows the use of optimal control theory
based optimization algorithms [39]. One of the benefits of optimal control algorithms is that they make
use of gradient information to determine both the search direction towards an optimal solution and a
termination criterion to confirm an optimal solution has been found, which results in a relatively low
computational time. Furthermore, optimal control theory also allows to implement complex constraints
and composite performance indices (which in this research allows to optimize for a combination of fuel
consumption and flight time). The optimization tool that will be used is ”GPOPS”. GPOPS stands for
”General Pseudospectral OPtimal Control Software” and is a MATLAB based general purpose software
for solving multiple-phase optimal control problems using pseudospectral methods [40]; it does so using
the Radau pseudospectral method [41]. It uses the technique of collocation at Legendre-Gauss points
relying on gradient based algorithms. GPOPS is used in combination with ”IntLab” (Interval Laboratory)
which is a third-party automatic differentiator, and with the non-linear programming solver ”SNOPT”
(Sparse Nonlinear OPTimizer).

To solve an aircraft trajectory optimization control problem three mathematical objects must be
combined: the control system differential equations, the state-control constraints and the cost function
integration [42]. For this optimization a pseudospectral method is suitable as it is efficient in the approx-
imation of all three mathematical objects. The optimisation routine enables the use of multiple-phase
problem solving. Different phases are used for several reasons. They can describe different segments
of the flight, different aircraft configurations or maybe different regulations during different altitudes
or airspaces. The different phases of this study are discussed in the next subsection. Several MatLab
functions are conceived in order to accurately specify the optimal control problem and should be defined
independently of each other. In order to solve an optimal control problem like this one in GPOPS, several
MATLAB functions should be defined. The MATLAB functions should define the following functions in
each phase:

1. The cost functional.

2. The right-hand side of the differential equations and path constraints

3. The boundary conditions

4. The linkage constraints (how the phases are linked with each other)

Furthermore there are lower and upper limits on all components. This means that the following
quantities cannot exceed specified limits:

1. Initial and terminal time per phase

2. The states at the following points in time:

• Start of the phase
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• During the phase

• End of the phase

3. The controls

4. The static parameters

5. The path constraints

6. The boundary conditions

7. The phase duration

8. The linkage constraints

Also the number of ”nodes” and ”intervals” per phase should be specified. The number of nodes
represents the number of collocation points.

The problem is solved using the direct trajectory optimisation technique of collocation with non-linear
programming (NLP). In this method, the trajectory dynamics are discretized in order to transform the
optimal control problem into a NLP problem. The trajectory is divided into a specified number of time
intervals, connected by node points (the number of nodes and intervals must be specified per phase).
The system differential equations are discretized and transformed using implicit integration.

4.1.3. Multiple phases
GPOPS enables the optimization of a problem consisting of multiple phases. As mentioned before, there
are several reasons to split the trajectories up into multiple phases. The question that rises now is: how
many and which phases should be distinguished? The main interest in this research is to assess whether
it is beneficial to fly in a formation or not. As the aircraft will not join in formation during the take-off and
landing segments of the flight, these segments will remain the same for aircraft that will or will not join
in formation. So the take-off and landing segments of the flights are of less importance than the cruise
segments and will therefore not be included in this research. The more phases we distinguish in our
optimization, the higher the computational time will be. This is why in this research a starting and final
point for all flights will be taken at a certain altitude and airspeed and between these two points there
is a climb, cruise and descent part in which the different aircraft can join in formation or not. When the
aircraft join in formation there will be cruise segments before and after the formation, this is because
the aircraft need to reach the rendezvous point from their starting point and they must reach their final
points from the split-up point.
In this research the trajectories are determined as in Figure 4.2, every flight segment is a different
phase. Thus for every flight we have an initial phase that is from the starting point (departure) to
the rendezvous point, a formation phase that is the cruise in formation segment from the rendezvous
point to the split-up point and a final phase that is from the split-up point (separation) to the end point
(arrival). The formation phase, however, is a joint phase, meaning that this phase is a common phase
of multiple aircraft. A two-aircraft (as seen in Figure 4.2) for example features five phases.

Figure 4.2: Schematic overview of the horizontal flight paths of two aircraft with a common cruise segment [6]
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4.1.4. Dynamic Aircraft Performance Models
From literature different dynamic aircraft performance models can be found. Because the most important
(most fuel consuming) segment of a flight is the cruise segment, the research will mainly focus on that
particular segment (including some climb and descent, but no take-off and landing). Two models are
combined in this research, the intermediate point-mass model and the energy-state model.

Intermediate Point-Mass Model
The first model that is investigated is the intermediate point-mass model. This model is a simplification
of the dynamic full point-mass model (which in its turn is a simplification of the rigid-body model). The
equations of motion commonly used for performance analysis are based on the assumption that the
aircraft behaves as a point in time with a variable mass. For the full point-mass model (excluding the
effect of wind) the equations of motion are:

�̇� = 𝑉𝑐𝑜𝑠(𝛾)𝑐𝑜𝑠(𝜒) (4.7)

�̇� = 𝑉𝑐𝑜𝑠(𝛾)𝑠𝑖𝑛(𝜒) (4.8)

ℎ̇ = 𝑉𝑠𝑖𝑛(𝛾) (4.9)

�̇� = 𝑔ኺ [
𝑇 − 𝐷
𝑊 − 𝑠𝑖𝑛(𝛾)] (4.10)

�̇� = 𝑔ኺ
𝑉 [( 𝐿𝑊)𝑐𝑜𝑠(𝜇) − 𝑐𝑜𝑠(𝛾)] (4.11)

�̇� = 𝑔ኺ
𝑉𝑐𝑜𝑠(𝛾)

𝐿𝑠𝑖𝑛(𝜇)
𝑊 (4.12)

�̇� = −𝐹 , (4.13)

where 𝑥, 𝑦 and ℎ are the position coordinates, 𝑉 is the airspeed, 𝛾 is the flight path angle, 𝜒 is the
heading, 𝑊 is the aircraft gross weight, 𝑔ኺ is the gravitational acceleration, 𝑇 is the thrust, 𝐷 is the
drag, 𝜇 is the bank angle and 𝐹 is the fuel flow, which is a function of altitude, velocity and thrust:
𝐹 = 𝐹(𝑧, 𝑉, 𝑇). Visser and Hartjes apply this model to a 2-dimensional space in their research. They
need to optimize the vertical flight path which follows a certain ground track[20]. This results in less state
and control variables. However, this method can also be applied to a more complicated 3-dimensional
problem. Visser elaborates on this further in other work as well [19]. The model described above is
the full point-mass model and in this case it comprises seven state variables (the left-hand side in the
equations above) and three control variables: the engine control setting 𝜂, the aerodynamic roll angle
𝜇 and the lift coefficient 𝐶ፋ. The engine control setting variable 𝜂 has the following effect on the thrust
of the aircraft:

𝑇 = (𝑇፦ፚ፱ − 𝑇፦።፧)𝜂 + 𝑇፦።፧ , (4.14)

where 𝑇፦ፚ፱ and 𝑇፦።፧ are the maximum and idle thrust of the engine respectively. The aerodynamic
forces are the usual. For the lift:

𝐿 = 𝐶ፋ𝑞𝑆 = 𝐶ፋ
1
2𝜌(𝑧)𝑉

ኼ𝑆, (4.15)

where 𝐶ፋ is the lift coefficient, 𝑞 is the dynamic pressure, 𝜌 is the air density and 𝑆 is the wing surface.
And for the drag:

𝐷 = 𝐶ፃ(𝐶ፋ)𝑞𝑆 ⇒ 𝐷 = 𝐷(𝑧, 𝑉, 𝐶ፋ), (4.16)

where 𝐶ፃ is the drag coefficient for which a parabolic drag polar will be assumed:

𝐶ፃ = 𝐶ፃᎲ + 𝐾(𝑀)𝐶ኼፋ , (4.17)

which consists of two parts: the zero-lift drag 𝐶ፃᎲ and the induced drag 𝐾(𝑀)𝐶ኼፋ . This shows that the
lift coefficient control variable affects the lift and drag. By excluding the path angle dynamics, this model
can be simplified to the intermediate point-mass model. In the intermediate point-mass model the flight
path angle 𝛾 replaces the lift coefficient 𝐶ፋ as control variable. The intermediate point-mass model
has six state variables x, y, h, V, 𝜒 and W and control variables 𝜂, 𝜇 and 𝛾. As this study focuses on
flights that cross the North-Atlantic Ocean the coordinate system will be changed to the ”World Geodetic
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System” (WGS). This system is widely used for navigation and comprises a standard coordinate system
for the Earth. The coordinate origin of this system is at the center of the Earth and the meridian of
zero longitude is near Greenwich. Instead of the x, y and h position coordinates, in this research the
position of the aircraft is given by latitude 𝜙, longitude 𝜆 and altitude z. The altitude z is the altitude
measured from the surface of the Earth and the distance from the center of the Earth to the surface 𝑅ፄ
is approximately 6378km. The dynamics can now be expressed as:

𝑥(𝑡) =
⎛
⎜
⎜

⎝

𝜙
𝜆
𝑧
𝑉
𝜒
𝑊

⎞
⎟
⎟

⎠

and 𝑢(𝑡) = (
𝜂
𝛾
𝜇
) (4.18)

�̇� = 𝑉𝑐𝑜𝑠(𝛾)𝑠𝑖𝑛(𝜒)
𝑅፞ + 𝑧

(4.19)

�̇� = 𝑉𝑐𝑜𝑠(𝛾)𝑐𝑜𝑠(𝜒)
𝑅፞ + 𝑧

(4.20)

�̇� = 𝑉𝑠𝑖𝑛(𝛾) (4.21)

�̇� = 𝑔ኺ [
𝑇 − 𝐷
𝑊 − 𝑠𝑖𝑛(𝛾)] (4.22)

�̇� = 𝑔ኺ
𝑉𝑐𝑜𝑠(𝛾)

𝐿𝑠𝑖𝑛(𝜇)
𝑊 (4.23)

�̇� = −𝐹 (4.24)

This order reduction simplifies the optimization of the trajectories and is therefore desirable. However,
the aerodynamic drag is slightly underestimated; it is now evaluated as if the aircraft flies a quasi-linear
path. Also, now the flight path angle 𝛾 is a control and no longer a state variable and this means that
there can no longer be an initial and terminal boundary imposed on it. Also the flight path angle, being
a control variable, is now allowed to vary discontinuously which also makes it less realistic.

Energy-State model
The intermediate point-mass model will be simplified further to the energy-state model, which is the
second dynamic aircraft performance model used in this research. The energy-state model can be
obtained by taking the order-reduction process one step further. Here the specific energy E is introduced.
The specific energy is a function of velocity V and altitude z given by:

𝐸 = 𝑧 + 𝑉ኼ
2𝑔ኺ

(4.25)

In the energy-state model the altitude dynamics are neglected, so:

�̇� = 𝑉𝑠𝑖𝑛(𝛾) = 0 ⇒ 𝛾 = 0 (4.26)

When neglecting the altitude dynamics, the flight path angle 𝛾 can be removed from the problem
(see Equation 4.26), while the altitude z is promoted from state variable to control variable. Hence, for
the energy-state model the following state and control variables are left:

𝑥(𝑡) = ⎛⎜

⎝

𝜙
𝜆
𝐸
𝜒
𝑊

⎞
⎟

⎠

and 𝑢(𝑡) = (
𝜂
𝑧
𝜇
) , (4.27)

with the following equations for the state variables:

�̇� = 𝑉𝑐𝑜𝑠(𝜒)
𝑅፞ + 𝑧

(4.28)
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�̇� = 𝑉𝑠𝑖𝑛(𝜒)
𝑅፞ + 𝑧

(4.29)

�̇� = (𝑇 − 𝐷)𝑉
𝑊 (4.30)

�̇� = 𝑔ኺ
𝑉 𝑡𝑎𝑛(𝜇) (4.31)

�̇� = −𝐹 (4.32)

Inspecting the equations above and the equations for the intermediate point-mass and full point-
mass model, it can be seen that the effect of merely neglecting the flight path angle dynamics results into
setting 𝑐𝑜𝑠(𝛾) = 1, which is a reasonable approximation when an aircraft is in steady flight (e.g. cruise).
In the energy-state model, the altitude 𝑧 is promoted from state to control variable and therefore, has
the same issue as the flight path angle 𝛾 had in the intermediate model, it can no longer be given an
initial or terminal boundary.

However, due to the simplifications the energy-state model does has some drawbacks. This model
does not allow to enforce the flight path angle 𝛾 to remain within specified boundaries, as it is ”vanished
from the equations. Furthermore, as the altitude 𝑧 is promoted to control variable, the rate of descent
�̇� no longer be constrained.

4.1.5. Phase Linkages
During the different phases the state variables are free, but at the moment when two phases meet, the
terminal state variables of one phase should be equal to the initial state variables of the other phase.
This is done by the linking terminal state variables of one phase with the initial state variables of the
successive phase. In Figure 4.3 a schematic representation of the vertical flight path over five phases
is shown. The red line represents aircraft A, the blue line aircraft B and the green line represents the
common formation phase. These five phases are linked to each other by four links. For a two-aircraft
formation the following four links are identified:

• Link 1: Connects phase 1 with phase 3

• Link 2: Connects phase 2 with phase 3

• Link 3: Connects phase 3 with phase 4

• Link 4: Connects phase 3 with phase 5

The first two links are:

𝐿𝑖𝑛𝑘ኻ ∶
⎛
⎜⎜⎜

⎝

𝜙፟,ኻ
𝜆፟,ኻ
𝑧፟,ኻ
𝑉 ,ኻ
𝜒፟,ኻ
𝑊ፀᑗ,Ꮃ

⎞
⎟⎟⎟

⎠

⇒
⎛
⎜

⎝

𝜙፟,ኻ
𝜆፟,ኻ
𝐸፟,ኻ
𝜒፟,ኻ
𝑊ፀᑗ,Ꮃ

⎞
⎟

⎠

= ⎛⎜

⎝

𝜙ኺ,ኽ
𝜆ኺ,ኽ
𝐸ኺ,ኽ
𝜒ኺ,ኽ
𝑊ፀᎲ,Ꮅ

⎞
⎟

⎠

and 𝐿𝑖𝑛𝑘ኼ ∶
⎛
⎜⎜⎜

⎝

𝜙፟,ኼ
𝜆፟,ኼ
𝑧፟,ኼ
𝑉 ,ኼ
𝜒፟,ኼ
𝑊ፁᑗ,Ꮄ

⎞
⎟⎟⎟

⎠

⇒
⎛
⎜

⎝

𝜙፟,ኼ
𝜆፟,ኼ
𝐸፟,ኼ
𝜒፟,ኼ
𝑊ፁᑗ,Ꮄ

⎞
⎟

⎠

= ⎛⎜

⎝

𝜙ኺ,ኽ
𝜆ኺ,ኽ
𝐸ኺ,ኽ
𝜒ኺ,ኽ
𝑊ፁᎲ,Ꮅ

⎞
⎟

⎠

, (4.33)

where 𝐸፟,ኻ = 𝑧፟,ኻ+
ፕᎴᑗ,Ꮃ
ኼ፠Ꮂ , 𝐸፟,ኼ = 𝑧፟,ኼ+

ፕᎴᑗ,Ꮄ
ኼ፠Ꮂ and the subscripts of the state variables indicate the number of

the phase and whether it is the initial state or the terminal state of that phase (e.g. 𝜙፟,ኻ is the terminal
latitude of phase 1 and 𝑊ፁᎲ,Ꮅ is the initial weight of aircraft B in phase 3). Links 3 and 4 are given by:

𝐿𝑖𝑛𝑘ኽ ∶
⎛
⎜

⎝

𝜙፟
𝜆፟,ኽ
𝐸፟,ኽ
𝜒፟,ኽ
𝑊ፀᑗ,Ꮅ

⎞
⎟

⎠

= ⎛⎜

⎝

𝜙ኺ,ኾ
𝜆ኺ,ኾ
𝐸ኺ,ኾ
𝜒ኺ,ኾ
𝑊ፀᎲ,Ꮆ

⎞
⎟

⎠

⇒
⎛
⎜⎜⎜

⎝

𝜙ኺ,ኾ
𝜆ኺ,ኾ
𝑧ኺ,ኾ
𝑉ኺ,ኾ
𝜒ኺ,ኾ
𝑊ፀᎲ,Ꮆ

⎞
⎟⎟⎟

⎠

and 𝐿𝑖𝑛𝑘ኾ ∶
⎛
⎜

⎝

𝜙፟,ኽ
𝜆፟,ኽ
𝐸፟,ኽ
𝜒፟,ኽ
𝑊ፁᑗ,Ꮅ

⎞
⎟

⎠

= ⎛⎜

⎝

𝜙ኺ,
𝜆ኺ,
𝐸ኺ,
𝜒ኺ,
𝑊ፁᎲ,Ꮇ

⎞
⎟

⎠

⇒
⎛
⎜⎜⎜

⎝

𝜙ኺ,
𝜆ኺ,
𝑧ኺ,
𝑉ኺ,
𝜒ኺ,
𝑊ፁᎲ,Ꮇ

⎞
⎟⎟⎟

⎠

, (4.34)
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Figure 4.3: A schematic representation of the vertical flight paths of a two-aircraft formation (five phases)

where 𝐸ኺ,ኾ = 𝑧ኺ,ኾ+ ፕᎴᎲ,Ꮆ
ኼ፠Ꮂ and 𝐸ኺ, = 𝑧ኺ,+

ፕᎴᎲ,Ꮇ
ኼ፠Ꮂ . To link phases with an intermediate point-mass model to

phases with an energy-state model the specific energy 𝐸 must be equal. As shown earlier, however, the
specific energy is a function of altitude 𝑧 and speed 𝑉. This means that at the link, where the initial
specific energy in phase 3 is equal to the terminal specific energy of phases 1 and 2, the altitude and
speed can still jump. For the final results in terms of fuel consumption and DOC this does not have a
significant effect, but when looking at the trajectories of the individual aircraft this is not realistic. In
order to keep this within limits some extra constraints might be needed. This problem will be discussed
at a later stage.

4.2. Formation Flight
The next step in the development of the tool is to account for the reduction in fuel consumption due to
formation flight. As it is clear from literature, the reduction in fuel consumption due to formation flight
is a result of a reduction in induced drag. There are different approaches to implement this formation
flight induced drag reduction. In this research the following two approaches are briefly investigated:
the aircraft equally split the benefits during the flights and the aircraft split the benefits post flight.

4.2.1. Split the benefits during flight
One way to approach the benefits of formation flight in the research is to split the reduction in induced
drag evenly over all aircraft flying in the formation. This means that the leading aircraft and the trailing
aircraft both profit from flying in formation. This is easy to implement because in this approach, it is
irrelevant which aircraft flies in front and which aircraft flies behind. To implement this for a two-aircraft
formation, the induced drag reduction of for example 10% that would count for the trailing aircraft will
be equally split over the two aircraft, resulting in 5% induced drag reduction for both aircraft. From an
operational point of view this would be good, because this means that all aircraft in formation benefit and
if aircraft from different operators (airlines) fly together they don’t need to discuss what the sequence
of the formation will be. However, this method is not realistic because, as mentioned before, the aircraft
leading the formation does not experience a reduction in induced drag.
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Another way to split the reduction is to have the aircraft switch position during the flight. This way all
aircraft in the formation get to benefit in turns. In general, the formation is most beneficial when the
trailing aircraft has the highest fuel consumption (which most likely is the heaviest aircraft). This means
that relative to the leading aircraft, the trailing aircraft of the formation will become heavier over time
and therefore the total savings are higher. If the sequence changes during formation, the lighter aircraft
will become the trailing aircraft and thus the resulting fuel consumption will not be optimal. Therefore,
even if this method seems fair, it is not the optimal solution.

4.2.2. Split the benefits post flight
In reality the leading aircraft does not gain anything from flying in formation. As a matter of fact, it has
to fly a detour in order to join in formation. This means that it must not only fly an extra distance, but
also has to take extra fuel on board, which results in a heavier aircraft during the flight and thus a higher
fuel consumption. The trailing aircraft also has to fly a detour, but when in formation this aircraft benefits
from a reduction in fuel flow. From an operational point of view, however, this method presents some
complications, which are described in Chapter 3. The approach, in which the trailing aircraft remains in
this position (with the related benefits), offers the highest reduction and will be applied in this research.
To implement this, the formation flight induced drag fraction 𝜖 is introduced. 𝜖 is the fraction of induced
drag due to formation over induced drag when not in formation. Different values for the reduction in
induced drag are found by researchers. For a two-aircraft formation the reduction in induced drag of the
trailing aircraft can be between 10% and 70% and for a three-aircraft formation the reduction ranges
from 20% to 90%.

The results in Figures 4.4a and 4.4b, which are obtained by Bower et al. [7], show the induced
drag fraction as a function of the spanwise position of the trailing aircraft relative to the leading aircraft,
for a streamwise distance of (𝑥/𝑏) = 5 (a streamwise distance of five times the wingspan) and for a
lift coefficient of 𝐶ፋ = 0.5. In Figure 4.4a the induced drag fraction for different spanwise distances
for a two-aircraft formation is presented. In the figures 𝑦 represents the spanwise distance and 𝑏 is
the wingspan of the leading aircraft. This figure shows that the aircraft, depending on their spanwise
position, can reach a formation induced drag fraction of 0.65 (a reduction in induced drag of 35%). This
is for the formation as a whole while, as mentioned before, the leading aircraft has no reduction, which
means that according to Bower et al. the trailing aircraft can reach a reduction of 70% in induced drag.
Figure 4.4b shows the same for three configurations of a three-aircraft formation. The formations V,
inverted-V and echelon are represented by the colors red, black and blue, respectively. The different
types of lines represent the left, middle and right aircraft. For echelon formation the aircraft in the
middle has the same formation induced drag fraction as the trailing aircraft in the two-aircraft formation
and the trailing aircraft of the three-aircraft formation can reach fraction of 0.3 (a reduction of 70%).
Flying in the inverted-V formation the middle aircraft can reach even higher induced drag reductions.
However, these values are for a streamwise distance of five wingspans. In civil aviation this would be
much more.

(a) Fraction of induced drag on the formation for a
two-aircraft formation

(b) Fraction of induced drag per aircraft for a
three-aircraft formation

Figure 4.4: Induced drag fractions for different spanwise over wingspan (፲/) distance between leading and trailing aircraft [7]

When different aircraft with different weights are joining together, this can influence the amount of
reduction. Logically, when a small Boeing 737-300 flies in front of a fully loaded Airbus A380, the effect
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on the trailing A380 is lower compared to what the effect would be on the B733 when an A380 flies in
front it. Xue et al. investigated this and developed a model that calculates the reduction in total drag
and induced drag for aircraft with various lead and trail weight ratios [8]. The results of this model are
shown in Figure 4.5.

Figure 4.5: Induced drag reduction for various lead and trail weight ratios [8]

Figure 4.5 indicates that the reduction in induced drag is larger when the trailing aircraft is lighter
than the leading aircraft. Hence, when two different aircraft join in formation it would make sense to
have the heavier aircraft fly in front. On the other hand, the heavier aircraft probably has a higher fuel
consumption compared to the lighter aircraft, which means that a reduction of a couple percent in fuel
flow for the heavy aircraft results in more fuel savings than when a couple of percent is gained on the
fuel flow reduction of the lighter aircraft. Therefore, the ideal formation sequence is not only based on
the weights of the aircraft, but also on the aircraft types.

In this study mainly identical aircraft are investigated. A conservative value in induced drag reduction
of 25% (𝜖 = 1 − 0.25 = 0.75) is assumed for the trailing aircraft of a two-aircraft formation and,
respectively, 25% (𝜖 = 0.75) and 50% (𝜖 = 0.5) for the second and third aircraft in a three-aircraft
formation. The formation flight induced drag fraction 𝜖 acts on the induced drag:

𝐶ፃ = 𝐶ፃᎲ(𝑀) + (𝐾(𝑀) ∗ 𝐶ኼፋ) ∗ 𝜖, (4.35)

where 𝐶ፃᎲ(𝑀) is the zero-lift drag of the aircraft and (𝐾(𝑀) ∗ 𝐶ኼፋ) is the aircraft induced drag. As
the leading aircraft does not experience a reduction in induced drag, the formation flight induced drag
fraction 𝜖 on this aircraft is equal to one.

4.3. Input
In order to obtain the desired output, inputs are required. In Figure 4.1 these are presented in blue. The
atmospheric data and aircraft data do not need to be changed per experiment once they are implemented
correctly. The constraints and initial guess, however, should be adjusted for different experiments.
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4.3.1. Atmospheric Data
As for all calculations in the aviation industry, the atmospheric data is of great importance. Aircraft fly
at different locations and altitudes and therefore the atmospheric conditions changes. The atmospheric
data necessary for the optimization tool to function properly are the following:

1. Temperature 𝑇

2. Temperature derivative over altitude ፝ፓ
፝፳

3. Ratio temperature over temperature at sea level 𝜃

4. Pressure 𝑝

5. Pressure derivative over altitude ፝፩
፝፳

6. Ratio pressure over pressure at sea level 𝛿

7. Air density 𝜌

8. Air density derivative over altitude ፝
፝፳

9. Speed of sound 𝑉፬፨፮፧፝
10. Speed of sound derivative over altitude ፝ፕᑤᑠᑦᑟᑕ

፝፳

These parameters vary only with altitude and can be derived for all altitudes. Commercial aircraft
usually have a cruise altitude of around 11000 meters and a service ceiling that is not much higher.
Therefore, for this study mainly the altitude in the troposphere is of importance.

4.3.2. Aircraft Data
During this study three types of aircraft are considered. The short- to medium-range Boeing 737-700
(narrow-body aircraft), the long-range Boeing 747-400 (wide-body aircraft) and the medium- to long-
range McDonnell Douglas MD-11 (wide-body aircraft). In the following sections they will be briefly
reviewed and in Table 4.1 some specifications, which are also implemented in the aircraft models, are
summarized.

Table 4.1: Specification of aircraft

Aircraft B733 MD-11 B744
Wing Surface [m^2] 105.4 338.87 541.16
MTOW [kg] 62820 274655 362874
OEW [kg] 32700 128808 178756
MLW [kg] 51700 195048 260362
MZFW [kg] 48410 181440 242672
Max fuel [kg] 18000 117356 163396
Max payload [kg] 15710 52632 63917

Boeing 737-300
The Boeing 737-300 is a twin engine short- to medium-range aircraft. It has two CFM563 engines and
is originally developed as a shorter low-cost version of the Boeing 707 and 727.

As mentioned above the 737-300 usually is not meant to fly long distances. It reaches its service
ceiling at around 11278m and with a standard configuration (150 passengers) it has a maximum range
of around 5000km. However, when the aircraft has a ”business” configuration (fewer passengers and
higher fuel capacity) its range can increase up to 10000km, enabling it perform transatlantic flights.

The high-speed drag polar for the aircraft is parameterized as follows:

𝐶ፃ(𝑀, 𝐶ፋ) = 𝐶ፃᎲ(𝑀) + 𝐾(𝑀)𝐶ኼፋ , (4.36)

and the drag coefficient of the B733 is given in Table 4.2.
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(a) Boeing 737-300 dimensions (b) Boeing 737-300 aircraft operated by KLM

Figure 4.6: Boeing 737-300

Table 4.2: Boeing 737-300 High Speed Drag Polar

𝑀 0.3 0.5 0.6 0.7 0.78 0.78 0.8 0.82
𝐶𝐷ኺ(𝑀) 0.0210 0.0210 0.0210 0.0215 0.0220 0.0332 0.0230 0.0270
𝐾(𝑀) 0.0425 0.0425 0.0425 0.0425 0.0450 0.0600 0.0700 0.0800

These values are interpolated and two second order polynomials are derived to represent the 𝐶ፃᎲ(𝑀)
and K(M):

𝐶ፃᎲ(𝑀) = 0.0375𝑀ኼ − 0.0362𝑀 + 0.0288 (4.37)

𝐾(𝑀) = 0.3167𝑀ኼ − 0.3066𝑀 + 0.1089 (4.38)

Boeing 747-400
The Boeing 747-400 is a four-engine wide-body aircraft designed to fly long distances. It has four
PW4056 engines and can fly 14200km carrying its maximum payload.

(a) Boeing 747-400 dimensions (b) Boeing 747-400 aircraft operated by KLM

Figure 4.7: Boeing 747-400

Also the table of drag coefficients for the B744 is available in Table 4.3.
As done for the B733 these values are interpolated and two second order polynomials are obtained

to represent the 𝐶ፃᎲ(𝑀) and K(M):

𝐶ፃᎲ(𝑀) = −0.0010𝑀ኼ + 0.0006𝑀 + 0.0125 (4.39)

𝐾(𝑀) = 0.0975𝑀ኼ − 0.0846𝑀 + 0.0705 (4.40)
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Table 4.3: Boeing 747-400 High Speed Drag Polar

𝑀 0.3 0.5 0.6 0.7 0.8 0.85
𝐶𝐷ኺ(𝑀) 0.012564 0.02100.012469 0.012423 0.012443 0.012367 0.012173
𝐾(𝑀) 0.053463 0.05373 0.05474 0.058231 0.064035 0.070273

McDonnell Douglas MD-11
The McDonnell Douglas MD-11 is a three-engine wide-body aircraft that is designed to fly medium to long
distances. It has three PW4460 engines and can fly around 12600km carrying its maximum payload.

(a) The McDonnell Douglas MD-11 dimensions (b) The McDonnell Douglas MD-11 operated by KLM

Figure 4.8: McDonnell Douglas MD-11

The table of drag coefficients for the MD-11 is shown in Table 4.4. Two second order polynomials
are derived to represent the 𝐶ፃᎲ(𝑀) and K(M):

𝐶ፃᎲ(𝑀) = 0.0186𝑀ኼ − 0.0236𝑀 + 0.0235 (4.41)

𝐾(𝑀) = 0.3608𝑀ኼ − 0.4686𝑀 + 0.1902 (4.42)

Table 4.4: The McDonnell Douglas MD-11 High Speed Drag Polar

𝑀 0.5 0.6 0.7 0.75 0.80 0.82 0.84 0.86 0.88
𝐶𝐷ኺ(𝑀) 0.0163 0.0163 0.0163 0.0164 0.0165 0.0166 0.0167 0.0170 0.0176
𝐾(𝑀) 0.0431 0.0432 0.0433 0.0430 0.0428 0.0429 0.0456 0.0511 0.0690

4.3.3. Constraints
To make the developed tool more realistic, constraints are added. For this study there are two kinds
of constraints: ”path” constraints and ”event” constraints. Path constraints are valid during a phase,
excluding the final point of the phase (e.g. the climb rate during a climb phase may not be below 0
m/s), while event constraints are valid only for the initial or final point of the phase (e.g. the altitude at
the final phase of a descend phase should be 3000 meters). In this section the active constraints will
be briefly discussed.

Thrust Level
One of the three control variables in both dynamic aircraft performance models is the thrust level 𝜂. The
thrust of the aircraft is determined by the following equation:

𝑇 = (𝑇፦ፚ፱ − 𝑇፦።፧)𝜂 + 𝑇፦።፧ , (4.43)

where 𝑇፦ፚ፱ is the maximum thrust and 𝑇፦።፧ is the idle thrust. When the engine is idle the thrust level
𝜂 is zero and when the engine is at maximum thrust the thrust level 𝜂 is 1. So the thrust level 𝜂 must
be:

0 < 𝜂 < 1 (4.44)
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This constraint applies to all aircraft that join in the formation during all phases, but during formation
the control variable 𝜂 is only valid for one aircraft (aircraft A). The control variable 𝜂ፀ is an input for the
aircraft model and from this aircraft model the thrust and fuel flow of aircraft A are determined. As the
weight and maybe other aircraft characteristics of the second aircraft in the formation (aircraft B) are
not the same as for aircraft A, the thrust level is different as well. But as it flies next to aircraft A, it has
the same state variables except for the weight. As input for the aircraft model it uses the �̇� to get the
required thrust level 𝜂ፁ needed to keep up with aircraft A.

𝑇ፁ =
�̇� ⋅ 𝑊ፁ
𝑉 + 𝐷ፁ (4.45)

and

𝜂ፁ =
𝑇ፁ − 𝑇፦።፧
𝑇፦ፚ፱ − 𝑇፦።፧

(4.46)

For this thrust level (and when more aircraft join the formation this applies also for them) the con-
straint remains the same; 𝜂ፁ must be between 0 and 1.

Altitude
The earlier mentioned service ceiling of the aircraft considered, constrains the maximum altitude of
the trajectories. Furthermore, the initial and final states of the aircraft are determined beforehand.
The altitude at which the experiments will start and end is set at 10000ft (3048m). This will also be
the minimum altitude constraint during the experiments. This leads to the following constraint for the
altitude:

𝑧፦።፧ ≤ 𝑧 ≤ 𝑧፦ፚ፱ , (4.47)

where the minimum altitude 𝑧፦።፧, which is equal for all aircraft, is set to 3048m and the maximum
altitude 𝑧፦ፚ፱ depends per aircraft type. The maximum altitudes are given in Table 4.5.

Table 4.5: Maximum altitudes for the different aircraft types

Operating speeds B733 B744 MD-11
𝑧፦ፚ፱ [m] 11278 13747 13000

Speed
The minimum and maximum operating speeds of the aircraft must also be constraint. The maximum
speed of the aircraft is given by two terms: 𝑉ፌፎ and 𝑀ፌፎ. 𝑉ፌፎ is in knots Calibrated Airspeed (CAS).
The CAS is strictly a measure of dynamic air pressure, hence the relationship between CAS and TAS
(True Airspeed) varies with the altitude (air density). As the altitude increases, the air density decreases
and if the TAS remains constant, the CAS decreases. On the other hand there is the maximum operating
Mach number 𝑀ፌፎ for the aircraft, which has the following relation with the TAS.

𝑇𝐴𝑆፦ፚ፱ = 𝑀ፌፎ ∗ 𝑉፬፨፮፧፝ , (4.48)

where the speed of sound 𝑉፬፨፮፧፝ is dependent of the temperature 𝑇 (𝑉፬፨፮፧፝ = √𝑅𝑇𝛾). As the altitude
increases, the speed of sound also increases and the TAS decreases for a constant Mach.

This leads to the following speed constraints:

𝑇𝐴𝑆፦።፧ ≤ 𝑇𝐴𝑆 ≤ 𝑇𝐴𝑆፦ፚ፱ , (4.49)

for which the minimum and maximum operating speeds for all three aircraft can be found in Table 4.6.
The maximum operating speed of the MD-11 actually changes with the fuel quantity in the wing tip
tanks, but this will be left out of consideration. The maximum operating speed is determined by the
slower of the two (at altitude above 10000m the 𝑀ፌፎ is always limiting).

In Figures 4.9a, 4.9b and 4.9c the design speeds of the three aircraft are displayed. The velocity of
the aircraft must be on the right side of the red line and on the left side of the blue and green lines.
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Table 4.6: Operating speeds of the Boeing 737-300, the Boeing 747-400 and the McDonnell Douglas MD-11

Operating speeds B733 B744 MD-11
𝑉፦።፧ [kts] 195 195 195
𝑉ፌፎ [kts] 340 365 360
𝑀ፌፎ 0.82 0.9 0.88

Specific energy
The specific energy E is a function of the altitude z and speed V (see Equation 4.25). Therefore, the
specific energy must always be larger than the altitude.

𝐸 − 𝑧 > 0 (4.50)

Final weight
To optimize the flights for fuel consumption it is important not to take too much fuel on board for the
flight if it is not necessary. Therefore, to minimize the fuel consumption the flight should ideally end
with zero fuel. However, in normal circumstances, aircraft take enough fuel on board for the flight plus
a reserve. This reserve usually consists of contingency fuel and a final reserve fuel. The final reserve
fuel is the minimum fuel required to fly for 30 to 45 minutes at 1500ft at holding speed above the
destination or alternate aerodrome (Figure 4.10). Contingency fuel is carried to account for additional
fuel consumption during the scheduled flight caused by for example wind, ATM restrictions or changes
in route. In general this is around 5% of the normal trip fuel. Aircraft that join in formation will have
to deviate from their optimal solo route, resulting in an increase of the distance covered. In addition,
the aircraft must also take into account that the other aircraft with which it will join, might not show-up
(due to technical problems, delay, etc.). This means that the aircraft should carry enough fuel to fly the
detour distance solo (see Figure 4.11).

In order to apply this into the tool, a constraint is introduced that fixes the final weight of the aircraft.
For aircraft flying solo (i.e. aircraft that won’t join in formation) and therefore flying their optimal route,
the final weight of the aircraft (𝑊፬፨፥፨(𝑡፟)) is the sum of the Operational Empty Weight (OEW) the payload
(𝑊፩ፚ፲፥፨ፚ፝) and a fuel reserve of 5% of the total fuel capacity (𝑊ፅፂ):

𝑊፬፨፥፨(𝑡፟) = 𝑂𝐸𝑊 +𝑊፩ፚ፲፥፨ፚ፝ + 0.05 ⋅ 𝑊ፅፂ (4.51)

These weights differ per aircraft and can be found in Table 4.1. With the final weight of the flight
fixed, the tool will optimize the initial weight to give the optimal results for one of the cost functions.
The required fuel, for the same aircraft that will perform a flight from the same origin to the same
destination but as the trailing aircraft in a formation, will be less than the fuel required for the individual
flight. However, as it will fly a detour and must carry enough fuel to safely fly this increased distance
solo, the initial fuel of the aircraft should be more than for the individual flight. For the formation flight,
the initial weight of the aircraft is fixed instead of the final weight. The initial weight of the aircraft
joining in formation will be the initial weight of the corresponding solo flight plus an extra reserve to
overcome the extra distance that it must be able to fly also on its own:

𝑊 ፨፫፦ፚ፭።፨፧(𝑡ኺ) = 𝑊፬፨፥፨(𝑡ኺ) + 𝑡፝፞፭፨፮፫ ⋅ �̇�, (4.52)

where 𝑡፝፞፭፨፮፫ is the extra flight time (due to the detour) that the aircraft will have compared to the
corresponding solo flight and �̇� is the fuel burn per second for the aircraft. However, the extra flight
time is not known beforehand because the trajectories depend on the carried amount of fuel. To derive
this extra distance an extra iteration is necessary. In the tool this is implemented as follows. First,
aircraft A is labelled as the aircraft that will receive the reduction in induced drag. This means that for
aircraft B, which will fly a detour without a reduced induced drag, the final weight is still fixed just as
it is for the solo case above. Aircraft B therefore optimizes the initial weight for a fixed final weight.
The initial weight for aircraft B will be higher than it was for the solo case because it flies over a longer
distance.

For aircraft A this is not so simple, because when optimizing this for a final weight it will automatically
optimize for the flight with a lower drag and thus lower fuel flow. In the aircraft dynamic performance
models an extra state variable is added, called 𝑊፧, which represents the pseudo weight of aircraft A. It
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(a) Velocity boundaries for the Boeing 737-300 (b) Velocity boundaries for the Boeing 747-400

(c) Velocity boundaries for the McDonnell Douglas
MD-11

Figure 4.9: Speed constraints in knots Calibrated Airspeed (CAS)

is the weight of aircraft A, but on the evolution of this variable there will be no influence of formation
flight. As𝑊፧ is only necessary for aircraft A, it is only implemented in phases 1, 3 and 4 for a two-aircraft
formation. This means that the number of state variables for these phases increase by one. This state
is linked between these phases, just for like the real weight of aircraft A, 𝑊ፀ. What happens next, is
that the tool still optimizes for the real weight of the aircraft, but in the meanwhile also records a fixed
final weight for𝑊፧, which is the same as it was for the solo flight. Now another constraint is introduced
which equals the real initial weight of aircraft A with the initial pseudo weight:

𝑊ፀᎲ = 𝑊፧Ꮂ (4.53)

This constraint enforces that the final weight of aircraft A is optimized for a fixed initial weight, with
which it can also fly the (longer) formation route on its own in case the other aircraft does not show up.

Maximum fuel consumption
Besides fixing the final weight to get the optimal initial weight for a flight as described above (in Equation
4.51), there must also be a constraint on the total fuel consumption. The total fuel consumed by an
aircraft during a flight cannot exceed the available fuel. Therefore the following constraint is added that
limits the maximum fuel consumption for the flight per aircraft:

0 ≤ 𝛿𝑊 ≤ 0.95 ⋅ 𝑊ፅፂ , (4.54)
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Figure 4.10: Mission profile for the standard mission of an individual aircraft with reserve option

Figure 4.11: Mission profile for an individual aircraft that will join a formation with reserve option

where 𝛿𝑊 is the change weight over the entire flight and 𝑊ፅፂ is the total fuel capacity. As the final
weight of the aircraft includes 5% of the total fuel capacity, the maximum available fuel is 95% of the
total fuel capacity. The total fuel capacity depends on the type of aircraft and is given in Table 4.1.

Forced Formation
When the tool is set to optimize the trajectories for aircraft that will join in formation, the tool forces the
aircraft to fly together (at least for 5 seconds) even if it is not beneficial.

𝑡፟፨፫፦ፚ፭።፨፧ ≥ 5, (4.55)

where 𝑡፟፨፫፦ፚ፭።፨፧ is the flight time of the formation phase. When the results show that the total fuel
consumption of the flights in formation is higher than the sum of the consumption of the corresponding
solo flights or when the formation flight time 𝑡፟፨፫፦ፚ፭።፨፧ is only five seconds, it means that the formation
in that case is not favourable.

Altitude and Velocity
During the different phases, different dynamic aircraft performance models are used. As mentioned
before, these models have different state and control variables which must be linked to each other.
However, linking the final points of the two initial solo phases to the initial point of the formation phase
may lead to complications. The linkages (as described in Section 4.1.5) state that the specific energy
at the end of phases 1 and 2 are equal to the specific energy at the start of phase 3:

𝐸፟,ኻ = 𝐸፟,ኼ = 𝐸ኺ,ኽ (4.56)

This indicates that the specific energies are equal, but as the specific energy is a function of altitude
𝑧 and velocity 𝑉, and these are not state variables in the energy-state model (phase 3), these can still
vary. In the intermediate point-mass model, however, the altitude and velocity are state variables and
can be constrained to be equal:

𝑧፟,ኻ = 𝑧፟,ኼ (4.57)
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Figure 4.12: Example on how the initial or final time is fixed

and

𝑉 ,ኻ = 𝑉 ,ኼ (4.58)

The same is done for phases 4 and 5 (as the intermediate point-mass model is implemented also on
these phases):

𝑧ኺ,ኾ = 𝑧ኺ, (4.59)

and

𝑉ኺ,ኾ = 𝑉ኺ, (4.60)

Initial or Final Time
The developed tool optimizes a certain cost function and consequently computes the departure and
arrival times that result in the lowest cost. However, when neither the arrival nor the departure times
are fixed, there is no point of reference for the optimization tool and the tool will have difficulties solving
the problem. Therefore, during all experiments at least one of the departure or arrival times of the flights
must be fixed. To fix one of these times, without negatively affecting the optimization, the origin and
destination locations of the flights should be examined. When two or more aircraft will join in formation,
all aircraft have a solo phase before and after the formation. Based on these origins and destinations,
it can be estimated which of those solo phases covers the largest distance. Depending on whether this
phase is before or after the formation phase, the initial or final time for this phase will be fixed. If this
phase is before the formation, the initial time of the phase will be fixed at 𝑡 = 0 and if this phase is after
the formation the final time of this phase will be fixed at 𝑡 = 100000.

In Figure 4.12, an example is shown on how a departure or arrival time will be chosen to fix as a
reference point for the optimization. In this figure, the time duration of phase 1 (𝑡ኻ = 𝑡፟Ꮃ −𝑡ኺ,ኻ) is larger
than that of the other solo phases. So, for this example 𝑡ኺ,ኻ should be fixed at 𝑡ኺ,ኻ = 0

4.3.4. Initial Guess
The final input for the optimization tool is an initial guess. The initial guess must contain the same
amount of phases as the experiment. And also the number of variables for all phases of the initial
guess must be equal in the experiment. For this study the initial guess is of great importance, because
the convergence behaviour and computational time of the optimization are heavily depending on it. An
initial guess that is far off may result in a non-converging solution or in a very large computational time.
During this study, the output of an earlier performed optimization is often used as initial guess. When
a very different experiment is performed the initial guess may be entered manually to steer the tool in
the correct direction. Sometimes this is a process of trial-and-error.

4.4. Output
When all of the above is implemented correctly the developed tool can be ran. The results from the
optimization, will be in the form of a set of optimal trajectories for all phases and the minimum cost,
which depends on the cost function to be optimized: minimum total fuel consumption or minimum total
Direct Operating Cost.
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4.4.1. Optimal Trajectories
As the problem is optimized, the state and control variables for all nodes (points in time) in the problem
are known. From these variables all desired data can be obtained. The flight trajectory of the aircraft
during all phases is relevant for this study. With the latitude 𝜙, longitude 𝜆 and altitude 𝑧 known at all
time instances a 4 dimensional trajectory can be constructed. The 4 dimensional trajectories show the
optimal routes per aircraft when flying solo and when flying in formation.

4.4.2. Results
The other relevant output for this study is the resulting cost. For this study two cost functions were
established. One cost function concerns the total fuel consumption, while the other concerns the Direct
Operating Cost, which is a combination of the fuel consumption and flight time. When an optimal
solution is found for one of these cost functions, a variety of data on the flight development can be
obtained. The results of interest are the following:

1. Fuel consumption per aircraft

2. Total fuel consumption

3. Flight time per aircraft

4. Total flight time

5. Distance flown per aircraft

6. Total distance flown

The total fuel consumption can be determined by the difference in weight of the aircraft (which is
a state variable) from the initial point to the final point. These results then allow comparison with the
flight time, fuel consumption and distance flown for the corresponding solo flights and give insight to
the benefits of formation flight.

4.5. Delay
Every day many flights are delayed. According to EUROCONTROL many flights are delayed even before
taking off [9]. A flight is officially delayed when it has a delay on departure of 5 minutes or higher.
According to EUROCONTROL during the last quarter of 2015 approximately 37% of all flights had a
delay on departure. Figure 4.13 shows the average delay per flight (for all causes) for departures over
the last years. As can be seen the average delay does not change significantly over the years.

Figure 4.13: Average delay per flight (all-causes) for departures [9]

This delay could be due to several reasons. EUROCONTROL states that reactionary delays contributed
the most to these delays, followed by airline-related delays. Reactionary delay is delay caused by late
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arrival of aircraft or crew from a previous journey. Of the 37% of delayed flights, it might also be
interesting to know the distribution of the departure punctuality.

Figure 4.14: Departure punctuality in January 2014 and 2015 [10]

In Figure 4.14 the departure delay is split up into several groups. The percentage of delays in
January 2016 is slightly more than the percentage in January 2015 (38.4% vs. 36.8%), but still around
the earlier mentioned 37%. From the figure it can be seen that only a few flights (around 8.5%) have
a delay on departure of more than 30 minutes. This means that the majority of the flights (91.5%) will
depart within 30 minutes of the scheduled departure time.
For this research it might be interesting to see what happens with the formation if one aircraft in the
formation has a delay. Not much research has been done to investigate what the effects of delay could
be on the formation. Currently the state-of-the-art research on trajectory optimization is not focused on
what happens when one of the aircraft joining the formation is delayed. Most research into formation
flight is focused on how to solve the optimal routing problem. For example, when Kent et al. [18]
implement delay in their model, the rendezvous point location changes, but it is assumed that this
location shifts along the optimal predefined route. In this study, the effects of delay on formation flight
will be investigated further.

So, when two aircraft are supposed to meet at a certain rendezvous point, but one of the two aircraft
is delayed, what does this mean for the rendezvous point and the achievable benefits? In the developed
model, the initial time for all aircraft can be altered to simulate a delay. First, the departure times of the
optimal trajectories are found and then one of the aircraft will be given a departure delay. These results
can be compared making the effects of delay visible.

4.6. Wind
In reality, aircraft almost never follow the great circle path from their origin to their destination, although
it is geometrically the optimal route. This is because aircraft always have to take into account the
weather conditions and especially the wind conditions. In the presence of wind, aircraft will deviate
from the optimal path in order to avoid areas with large headwinds and even to search for areas with
favourable tailwinds. Flying with tailwinds can reduce the flight time and fuel consumption significantly.
Due to the presence of wind, North-Atlantic Tracks (NAT) are published daily. The NAT represent a
structure of routes between Europe and North-America and they make sure that aircraft are separated
above the ocean where radar coverage is limited. Every day, six eastbound and six westbound tracks
are published, they are optimized to provide the Minimum Time Route (MTR) for the aircraft based on
minimizing headwinds and maximizing tailwinds.

In this research, the developed tool does not take into account the NAT, but the effects of wind
on the aircraft trajectories are taken into account by adding the wind to the atmospheric data input.
On Canadian Government website [43], the Meteorological Service of Canada makes a GRIB2 format
database available containing data from analysis systems along with output from Canadian Meteorologi-
cal Centre’s Numerical Weather Prediction (NWP) models, which is free to use. Here, atmospheric data is
made available for a lat - lon grid at a 0.6 x 0.6 degrees resolution, which corresponds to approximately
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a 66km resolution. The Global Deterministic Forecast System (GDPS) data is vertically covered by 28
isobaric levels distributed over an altitude from approximately 100m to 19300m. In this research, as
take-off and landing are not considered, the aircraft will fly at an altitude between 3000m and 13500m,
therefore the atmospheric data for this range is required. However, to keep the computational time
within limits, it is assumed that the wind will not vary with altitude. The average wind over the altitude
range between 5000m to 15000m will be used for this study. Besides, the evolution of the wind over
time has been disregarded to keep computational time within limits. Furthermore, the vertical wind
vector has been neglected because it is expected that vertical wind will not impact the rendezvous and
split-up point locations and therefore, is not truly relevant for this research. From this data, the wind is
extracted and used as input for the tool. The wind is split-up in two components:

1. The 𝑈Wind Component 𝑉ፖ።፧፝ᑌ , which represents the east-west windvector, where wind in eastern
direction is positive.

2. The 𝑉 Wind Component 𝑉ፖ።፧፝ᑍ , which represents the north-south windvector, where wind in
northern direction is positive.

For each of these two components, a 301 x 601 x 28 grid (latitude x longitude x altitude) is obtained,
which covers the entire surface of the Earth. As indicated, first, the wind will be averaged over all
altitudes. The pressure levels and corresponding altitudes that are included in this averaging process
are between 4900m and 15800m. Now that the wind is constant over altitude, a 301 x 601 lat x lon grid
remains. This grid covers the entire Earth and can thus be reduced to a smaller grid that contains only
the area of interest. In this study, the area of interest is the North-Atlantic area, which in this research
covers the North-Atlantic Ocean, the east-coast of North-America and the west-coast of Europe.

To obtain continuous functions for describing the wind components over this North-Atlantic area,
the data points from this grid have to be fitted. This is done by polynomial interpolation. Piecewise
or linear interpolation would be too heavy a burden for the tool and in the end, for this research, it is
not crucial that the interpolation gives a perfect reproduction of the real wind-field. The main interest
is to explore the effect of the wind on formation routing. Although the polynomials can be expanded
to any desired degree, in this study the wind speed was fitted to second and fourth order polynomials
which should be able to capture the wind speed variations over the North-Atlantic. With the MatLab
”Curve Fitting Toolbox” the unknown coefficients of the polynomial functions are found. Once these
coefficients are estimated, the polynomial functions can be evaluated at any point within the area of
interest. For this polynomial interpolation two options were examined: a polynomial with a degree of
two and a polynomial with a degree of four. In Figures 4.15a and 4.16a the real wind-field components
𝑈 and 𝑉 are plotted. These plots represent the wind on May 24፭፡ 2016. The second- and fourth degree
polynomials for the wind components were also plotted in order to see how they resemble the real
wind components. The second-degree polynomials gave oversimplified results, but the fourth-degree
polynomials show some resemblance with the real wind components. The resulting 𝑈 and 𝑉 wind
components of the fourth-degree polynomials are presented in Figures 4.15b and 4.16b, respectively.

So visually, the higher degree polynomial seems like the better option. Also, according to the coeffi-
cients of determination of the polynomials (Table 4.7), the fourth-degree polynomial gives better results.
A further increase of the degree of the polynomial, increases the R-squared even more, but it also leads
to more inaccurate values, especially near the edges of the area. The polynomials get very sensitive
near the edges resulting in lowest and highest values of the polynomials which are, respectively, much
lower and much greater than the original data.

Table 4.7: Values of R-squared for second- and fourth degree polynomials of the wind components

Approach Value 𝑅ኼ
Second-degree polynomial wind component 𝑈 0.2533
Second-degree polynomial wind component 𝑉 0.04178
Fourth-degree polynomial wind component 𝑈 0.6278
Fourth-degree polynomial wind component 𝑉 0.4255

Based on the reasons mentioned above, the fourth-order polynomials have been chosen for this
research. The polynomials for the wind components in east-west and south-north directions can be
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found in Appendix A. If the 𝑈 and 𝑉 wind components are combined, a wind-field is created. This
wind-field is from May 24፭፡ 2016 and is presented in Appendix A.

It should be noted, that the atmospheric data originally was a function of the altitude only. However,
the magnitudes of the 𝑈 and 𝑉 wind components don’t vary per altitude, but per location. Hence, with
the inclusion of the influence of wind, the atmospheric data is not merely a function of the altitude
anymore, but also of latitude and longitude.

The wind components are incorporated in the dynamic aircraft performance models. The modified
equations of motion for the intermediate point-mass model become:

�̇� =
𝑉𝑐𝑜𝑠(𝛾)𝑠𝑖𝑛(𝜒) + 𝑉ፖ።፧፝ᑍ

𝑅፞ + 𝑧
(4.61)

�̇� =
𝑉𝑐𝑜𝑠(𝛾)𝑐𝑜𝑠(𝜒) + 𝑉ፖ።፧፝ᑌ

𝑅፞ + 𝑧
(4.62)

and the modified equations of motion for the energy-state model become:

�̇� =
𝑉𝑠𝑖𝑛(𝜒) + 𝑉ፖ።፧፝ᑍ

𝑅፞ + 𝑧
(4.63)

�̇� =
𝑉𝑠𝑖𝑛(𝜒) + 𝑉ፖ።፧፝ᑌ

𝑅፞ + 𝑧
(4.64)

Note that when the wind is not taken into account (for most experiments) the wind components
𝑉ፖ።፧፝ᑍ and 𝑉ፖ።፧፝ᑌ are set to zero in Equations 4.61 - 4.64.
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(a) The real ፔ wind component [፦/፬]

(b) The fourth-order polynomial representing the ፔ wind component [፦/፬]

Figure 4.15: ፔ component of the wind on May 24ᑥᑙ 2016 (east-west windvector, which is positive in eastern direction)

39



(a) The real ፕ wind component [፦/፬]

(b) The fourth-order polynomial representation of the ፕ wind component [፦/፬]

Figure 4.16: ፕ component of the wind on May 24ᑥᑙ 2016 (north-south windvector, which is positive in northern direction)
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5
Validation

Before continuing with the experimental set-up, it is important to validate the accuracy of the developed
multiple-phase optimization tool. The intermediate point-mass model and energy-state model will be
validated in combination with the three aircraft types. In order to do this, a solo flight without wind
will be optimized for a standard route for the Boeing 737-300, the Boeing 747-400 and the McDonnell
Douglas MD-11. The resulting fuel consumptions of these optimizations will be compared to the fuel
consumption given by the manufacturer’s aircraft performance manuals and an online fuel planner [44],
while the resulting horizontal flight paths will be compared with the great circle routes between the
origins and destinations. When these models are validated, the tool will be validated against a set of
aircraft that join in formation as well.

5.1. Boeing 737-300
The Boeing 737-300 is designed for short- to medium-range flights. A typical flight for this aircraft would
be from Amsterdam to Madrid. Without the effects of wind, the optimal trajectory of the aircraft is the
great circle path between Amsterdam and Madrid. In Figure 5.1 the original great circle path and the
resulting optimal horizontal flight paths from the intermediate point-mass and energy-state models are
shown. As can be seen, the optimal horizontal flight paths coincide with the great circle route.

Figure 5.1: Horizontal flight paths for the validation of the Boeing 737-300 in combination with the intermediate point-mass and
energy-state models.

To compare the fuel consumptions from the point-mass and energy-state models with the fuel con-
sumption from the aircraft performance manual, the latter must be converted into the fuel consumption
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for this flight. From Boeing’s performance manual for the 737-300 [13] the block fuel per passenger is
given (Table 5.1), which is valid when carrying 126 passengers on-board.

Table 5.1: Block fuel per passenger for the Boeing 737-300[13]

Range [nmi] Range [km] Block fuel [kg/pax] Total fuel [kg]
500 926 25.7 3238
1000 1852 46.3 5834
790 1460 37.8 4763

The distance from Amsterdam to Madrid is approximately 1460km. Assuming the block fuel per
passenger increase linearly from 926km to 1852km, the block fuel per passenger from Amsterdam to
Madrid is approximately 37.8kg per passenger. To obtain the total fuel consumption for this flight,
this block fuel must be multiplied by 126 (number of passengers). The results from the performance
manual, online fuel planner and the point-mass and energy-state models for this flight are summarized
in Table 5.2. The difference between the minimum and maximum block fuel per passenger is caused by
a different amount of fuel carried by the aircraft for the flight.

Table 5.2: Results for a flight from Amsterdam to Madrid for a Boeing 737-300

Method Block fuel [kg/pax] Total fuel [kg]
Performance manual 37.8 4763
Online flight planner 43.4 5468
Intermediate point-mass 32.9 - 38.3 4147 - 4820
Energy-state 32.9 - 38.3 4146 - 4832

The results in Table 5.2 that the block fuel per passenger from the aircraft manual is within the
range of the results of the tool for the different models. The online flight planner, however, gives a
higher fuel consumption, but still in the same order of magnitude. This higher fuel consumption can
be assigned to the fact that the developed tool does not incorporate the taxiing, take-off and landing
of the flight and the fuel planner does. In general, the amount of fuel that is burned during take-off is
significant, especially for short flights. On short flights, as much as 25% of the total fuel consumed is
used during take-off [45], while for medium- to long-distance flights this is in the order of 8% to 15%
[46]. Assuming 15% of the total fuel consumption for this flight is consumed during taxi, take-off and
landing, the resulting total fuel of the online flight planner is 4650kg, which is in line with the results
from the tool for the different the models.

5.2. Boeing 747-400
The Boeing 747-400 is designed for long distances. A typical flight for this aircraft would be from Paris
to Buenos Aires. The great circle route for this flight and the optimal horizontal flight paths resulting
from the point-mass and energy-state models are presented in Figure 5.2. As can be seen, these routes
coincide.

The block fuel per passenger for a flight of 11000km is found in Boeing’s aircraft performance manual
[47]. The distance from Paris to Buenos Aires is around 11100km, this means that the results from
the tool can be compared with the data from the manual for validation. In Table 5.3 the results are
summarized. The block fuel per passenger is valid for 416 passengers on-board.

Table 5.3: Results for a flight from Paris to Buenos Aires for a Boeing 747-400

Method Block fuel [kg/pax] Total fuel [kg]
Performance manual 296.7 123427
Online flight planner 339.9 141412
Intermediate point-mass 307.1 127760
Energy-state 307.0 127720

Compared with the aircraft performance manual, both the intermediate point-mass model and the
energy-state model for the Boeing 747-400 are off by a few percent, which this is acceptable. The online
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Figure 5.2: Horizontal flight paths for the validation of the Boeing 747-400 in combination with the intermediate point-mass and
energy-state models.

fuel planner has a higher fuel consumption than the results from the tool, this can be due to the same
reasons that were mentioned for the B733 validation. Assuming 10% of the total fuel consumption given
by the flight planner is burned during take-off and landing, this results in a total fuel consumption of
127271kg for the cruise segment. This result is in line with the results of the intermediate point-mass
and the energy state models for the Boeing 747-400.

5.3. McDonnell Douglas MD-11
The McDonnell Douglas MD-11 is designed for medium- to long-distances. A typical flight for this aircraft
would be from London to Atlanta. The great circle route for this flight and the resulting horizontal flight
paths from the intermediate point-mass model and energy-state model coincide and are presented in
Figure 5.3.

Figure 5.3: Horizontal flight paths for the validation of the McDonnell Douglas MD-11 in combination with the intermediate
point-mass and energy-state models.

For the MD-11 no performance manual is found and this aircraft will therefore be validated by com-
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paring the results of the intermediate point-mass model and energy-state model with the online flight
planner only. In Table 5.4 the results are summarized. Again, the online fuel planner shows a higher
fuel consumption than the results from the tool. As the flight performed by this aircraft lies between the
previous two cases in terms of range, 11% of the total fuel consumption is assumed to be needed for
the taxi, take-off and landing segments. This results in a total amount of fuel burn of 56020 kg for the
flight planner, which is in line with the results from the tool.

Table 5.4: Results for a flight from London to Atlanta for a McDonnell Douglas MD-11

Method Total fuel [kg]
Online flight planner 62945
Intermediate point-mass 55973
Energy-state 55908

5.4. Formation Flight
As no other research on the optimal trajectories for aircraft joining in formation has been performed
yet, it is difficult to validate the developed multiple-phase optimization tool. However, Bower et al.,
who studied formation geometries and route optimization for commercial aircraft, have performed a
case study in which they selected a set of five FedEx flights from the Northwest US to Memphis for a
route optimization study [7]. They considered five flights and made these flights join in one two-aircraft
formation and one three-aircraft formation. The two-aircraft formation is flown with two identical aircraft
(Boeing 727-200). The results of this case study are shown in Figures 5.4a and 5.4b, where the green
lines in the Figures represent the two-aircraft formation of the case study. Figure 5.4a shows the results
for a pessimistic scenario and Figure 5.4b the results for an optimistic scenario. These results are
coherent with the positioning of the aircraft relative to each other, which has an effect on the reduction
in induced drag and therefore on the fuel burn as well.

Bower et al. find that for this FedEx case the two-aircraft formation can save between 1.17% and
7.85% of fuel, depending on the positioning of the aircraft. To validate the outcome of the developed
tool for a two-aircraft formation, this FedEx experiment will be replicated. As in this study the Boeing
727-200 is not considered, the aircraft type that is most similar it will be considered:

1. Flight A: A B733 from Great Falls International Airport (GTF) to Memphis International Airport
(MEM)

2. Flight B: A B733 from Casper-Natrona County International Airport (CPR) to Memphis International
Airport (MEM)

As Bower et al. have different spanwise positioning resulting in a pessimistic and an optimistic
scenario, the set of flights will be optimized for different formation flight induced drag fractions 𝜖. The
fraction chosen to replicate the pessimistic scenario is 0.9, while the fraction chosen to replicate the
optimistic scenario is 0.5. For comparison, the two flights are optimized to fly solo as well. The results
are summarized in Table 5.5.

Table 5.5: Optimization for a scenario based on a case study performed by Bower et al. [7]

Results Solo 𝜖 = 50% 𝜖 = 90%
Total fuel consumption [kg] 11046 10198 (-7.68%) 10926 (-1.09%)

A comparison of the results of the FedEx case study performed by Bower et al., with the results
generated by the developed tool, shows that both are quite similar. Bower et al. demonstrate fuel
savings between 1.17% and 7.85% and the tool shows fuel savings between 1.09% and 7.68%.
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(a) Pessimistic aircraft spacing, no time buffer

(b) Optimistic aircraft spacing, no time buffer

Figure 5.4: Maps showing the results of a case study performed on the optimal routing for formation flights [7]
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6
Experimental Set-up

Several different experiments are set-up, which have much in common. In this chapter the experimental
set-up will be reviewed briefly. First of all, the cost function that will be optimized minimizes the total fuel
burn for all aircraft participating in the experiment. When a different cost function will be optimized, this
will be mentioned explicitly. Secondly, the selected geographic area in which the experiments will take
place is the North-Atlantic airspace. In this research, mainly flights between Europe and North-America
are of interest. In Europe the cities London (LHR), Amsterdam (AMS), Paris (CDG) and Madrid (MAD)
and in North-America the cities Atlanta (ATL), New York City (JFK), Washington (IAD) and Toronto (YYZ)
are considered. The airspace for this research is shown in Figure 6.1. All experiments will be conducted
in westbound direction, unless stated otherwise.

Figure 6.1: Airspace of interest

This study focuses on the optimal trajectories of aircraft in formation during the cruise phase. The
starting and end points of the flights will be at an altitude of 3048 meters (10000 feet) and an airspeed
of 250 knots true airspeed (TAS). The rendezvous and split-up points are not fixed, which means that
the model optimizes these for every experiment. The take-off and landing segments of the flights will
not be considered in the experiments as the aircraft will only fly in formation during cruise. Also, as
the cruise segment of aircraft usually is steady, the number of nodes and intervals per phase can be
low. For all phases, two intervals are specified and there are ten nodes per interval. As the phases
are not of the same length, but contain the same amount of nodes, the time step per phase can be
different per phase. As mentioned before, three aircraft types are selected: the short-haul Boeing 737-
300, the long-haul Boeing 747-400 and the medium- to long-haul McDonnell Douglas MD-11. For all
experiments the solo segments of the flights will be modelled with the intermediate point-mass model
and the formation segments will be modelled with the energy-state model. During all experiments, the
aircraft are constrained to join in formation for at least five seconds even when this is not beneficial.
Furthermore, it is essential to mention that, unless stated otherwise, the departure and arrival times,
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as well as the rendezvous and split-up point times are not fixed during the experiments (aside from the
constraint covered in Section 4.3.3).

Finally, a standard formation flight induced drag fraction of 𝜖 = 0.75 will be implemented (on the
trailing aircraft) when two identical aircraft types join in formation. When different aircraft types or
aircraft with significant different weights join in formation, the formation flight induced drag fraction
deviates from this standard and will be extracted from the graph shown earlier in Figure 4.5.
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7
Results

In this chapter several experiments will be performed. First, several standard two-aircraft formation
trajectories will be optimized and some real-life scenarios will be investigated. Next, the effects of
different aircraft types, delay and wind on formation flight will be examined. Finally, a three-aircraft
formation will be optimized to demonstrate that the tool is able to optimize larger formations. The
results of the experiments will be discussed in more detail in the next chapter.

7.1. Two-Aircraft Formation Flight
In this section, experiments with two aircraft joining in formation are conducted. During these ex-
periments five phases are distinguished. Both aircraft have an initial phase from their origins to the
rendezvous point (RV), followed by a phase of both aircraft flying in formation from the rendezvous
point to the splitting point (SU) and finally, are there are two more phases from the splitting point to
both destinations. This is schematically shown in Figure 7.1.

Figure 7.1: Schematic overview of a two-aircraft formation (5 phases)

7.1.1. Experiments 1 & 2: Standard Two-Aircraft Formation Flight
The first experiments involve two aircraft flying from Europe to North-America. To benchmark the results
of formation flight, solo flights are optimized with which they can be compared to.

Solo Flights
Two solo flights from Europe to North-America are optimized for the Boeing 737-300 and for the Boeing
747-400:

1. Solo 1 (S1): A B733 from London to Atlanta

2. Solo 2 (S2): A B733 from Madrid to New York City

3. Solo 3 (S3): A B744 from London to Atlanta

4. Solo 4 (S4): A B744 from Madrid to New York City
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These routes are chosen because they are both high frequency routes that have a similar direction,
which makes them good candidates for joining in formation. In Figure 7.2 the horizontal flight paths of
the solo flights are presented. The resulting horizontal flight paths of the solo flights for both aircraft
are the same and they also coincide with the optimal great circle routes (GCR) between the cities.

Figure 7.2: Horizontal flight paths of both solo flights for the Boeing 737-300 and Boeing 747-400 (as these are the same)

As mentioned before, the B733 is not a long-haul aircraft, but occasionally it is used for long-distance
flights in a business configuration, which in this scenario is assumed to be the case. The assumed payload
is 3142kg, which is 20% of the total maximum payload. The Boeing 747-400 flies the same routes with
a full payload, which is 63916kg. In Tables 7.1 and 7.2 the results for the solo flights are summarized.

Table 7.1: Solo flights from London to Atlanta and from Madrid to New York City for the Boeing 737-300

Results S1: London - Atlanta S2 Madrid - New York Total
Payload [kg] 3142 3142 6284
Fuel consumption [kg] 16588 13798 30386
Flight time [s] 37489 31889 36378
Flight time [hr] 10.41 8.86 19.27
Distance [km] 6778 5776 12554

Table 7.2: Solo flight from London to Atlanta and from Madrid to New York City for the Boeing 747-400

Results S3: London - Atlanta S4: Madrid - New York Total
Payload [kg] 63916 63916 127832
Fuel consumption [kg] 79181 66331 145512
Flight time [s] 28458 24400 52858
Flight time [hr] 7.91 6.78 14.69
Distance [km] 6778 5776 12554

The results in Tables 7.1 and 7.2 are obtained by running the model twice per solo flight. Once with
the intermediate point-mass model and once with the energy-state model. The results presented in
Tables 7.1 and 7.2 are the average of the two per flight. The results for the solo flights are presented in
more detail in Appendix B.
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Experiment 1: Boeing 737-300 from London to Atlanta and from Madrid to New York City
For the first experiment, the trajectories of two Boeing 737-300 that join in formation will be optimized:

1. Aircraft A: A B733 from London to Atlanta

2. Aircraft B: A B733 from Madrid to New York City

The formation flight induced drag fraction (𝜖 = 0.75) applies to the trailing aircraft, therefore is
most beneficial to have the heavier aircraft as the trailing aircraft. The initial and final fuel weights of
the earlier optimized solo flights are listed in Table 7.3. This table shows that the initial fuel of S1 is
approximately 3000kg more than S3. Therefore, for this experiment, the formation flight induced drag
fraction is applied on aircraft A.

Table 7.3: Initial and final fuel weights of the solo flights

Route London - Atlanta Madrid - New York City
Aircraft type S1: B733 S3: B744 S2: B733 S4: B744
Initial fuel [kg] 17475 87373 14696 74215
Final fuel [kg] 900 8170 900 8170

In Figure 7.3 the horizontal flight paths of both aircraft are presented. The dotted lines represent
the great circle routes from London to Atlanta (red) and from Madrid to New York City (blue). To join
in formation both aircraft deviate from their corresponding individual optimal path. In Figures 7.4a
and 7.4b, the vertical flight path and velocity of the flights are displayed. Although these figures show
reasonably smooth trajectories, there are some ”jumps” in the altitude and velocity. These jumps, which
also recur in some of the other experiments, are elaborated upon in Chapter 8. Figure 7.4c gives the
weights of the aircraft over time. The red line represents the weight of aircraft A, the blue line represents
the weight of aircraft B and the dotted green line represents the earlier mentioned pseudo weight 𝑊፧
of aircraft A. Table 7.4 summarizes the results of the optimization.

Table 7.4: Results for two B733 aircraft from London to Atlanta and Madrid to New York city that join formation (Experiment 1)

Results Aircraft A Aircraft B Total
Fuel consumption [kg] 15961 13975 29937 (-1.48%)
Flight time [hr] 10.46 8.95 19.4 (+0.67%)
Distance flown [km] 6839 5847 12685 (+1.04%)

The individual fuel consumption for the leading aircraft B increases compared to the solo flights,
but the total fuel consumption of both flights is less than the sum of the fuel consumption of the solo
flights. Together the two solo flights consumed 30386kg of fuel, while in formation the combined fuel
consumption is 29937kg. This is a reduction of approximately 1.5% on the total fuel burn.

Experiment 2: Boeing 747-400 from London to Atlanta and from Madrid to New York City
In this experiment two Boeing 747-400 fly the same routes as the Boeing 737-300 in Experiment 1:

1. Aircraft A: A B744 from London to Atlanta

2. Aircraft B: A B744 from Madrid to New York City

Aircraft A is the aircraft on which the induced drag reduction is applied. The resulting horizontal flight
paths are similar to those of the Experiment 1 (Figure 7.3). The vertical flight path and velocity profiles,
however, are different as the B744 has different performance characteristics compared to the B733.
The B744 has a higher speed and altitude, is heavier and consumes more fuel. The vertical flight paths,
velocity profiles and variation in aircraft weight are shown in Figures 7.5a, 7.5b and 7.5c, respectively.

The results for this experiment are given in Table 7.5. As was the case for Experiment 1, the individual
fuel consumption of aircraft B increases compared to the solo flight, but the total fuel consumption of both
flights decreases. The two solo flights consume 145512kg and in formation they consume 142785kg,
which is a reduction in fuel burn of approximately 1.9%.
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Figure 7.3: Horizontal Flight Paths of Aircraft A (London - Atlanta) and Aircraft B (Madrid - New York) when joining in formation
and their corresponding optimal great circle paths

Table 7.5: Results for two B744 aircraft from London to Atlanta and Madrid to New York city that join formation (Experiment 2)

Results Aircraft A Aircraft B Total
Fuel consumption [kg] 75515 67270 142785 (-1.87%)
Flight time [hr] 8.09 6.90 15 (+2.11%)
Distance flown [km] 6845 5853 12698 (+1.15%)

7.1.2. Experiments 3 & 4: Real-Life Scenarios
Two experiments are conducted to show what the benefits in real-life could be, one for KLM and one
for SkyTeam.

Experiment 3: Real-Life Scenario: KLM
The Dutch airline KLM is a legacy carrier that operates mainly from its hub Schiphol Amsterdam. KLM
operates with a so called ”seven wave system” [11]. This wave system concentrates the pattern of
arriving and departing KLM aircraft into seven daily peaks (Figure 7.6).

These waves are linked with the arrival and departure patterns of feeder flights in Western Europe,
meaning that many KLM flights depart around the same time. This provides a good starting point for
formation flight. The flights presented in Figure 7.7, for example, could be suited to join in formation.

These are existing flights that operate on a daily basis. These flights are often carried out with
long-haul aircraft like the Boeing 747-400. Hence, the next experiment is to have one B744 fly from
Amsterdam to Washington and one B744 from Amsterdam to New York City, departing 30 minutes later:

1. Aircraft A: A B744 from Amsterdam to Washington at 13:00 (KLM)

2. Aircraft B: A B744 from Amsterdam to New York City at 13:30 (KLM)
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(a) Vertical Flight Paths (b) True airspeeds of both Aircraft (c) Aircraft Weights

Figure 7.4: Results of the Boeing 737-300 two-aircraft formation from London to Atlanta and Madrid to New York City

(a) Vertical Flight Paths (b) True airspeeds of both Aircraft (c) Aircraft Weights

Figure 7.5: Results for the Boeing 747-400 two-aircraft formation from London to Atlanta and Madrid to New York City

The experiment will be performed twice, once with aircraft A as trailing aircraft and once with aircraft
B as trailing aircraft, to see if this matters for the results. In order to fly in formation aircraft B (which
departs 30 minutes later) will have to speed up, aircraft A will have to slow down or a combination
of these two most occur. Besides the variation in speed it could also be possible that aircraft A must
perform a detour in order for aircraft B to catch up. The results for this experiment are summarized
in Table 7.6 and for comparison, also the corresponding solo flights are added. Formation 1 (F1) has
aircraft A as trailing aircraft and Formation 2 (F2) has aircraft B as trailing aircraft.

Table 7.6: Results for two KLM flights, one from Amsterdam to Washington (aircraft A) and one from Amsterdam to New York City
(aircraft B) flying solo and in formation (Experiment 3)

Results 2 Solo Flights Formation 1 Formation 2
Total fuel consumption [kg] 139394 136020 - 2.42% 136100 - 2.36%
Total flight time [hr] 14.15 14.60 + 4.95% 14.60 + 3.18%
Total distance flown [km] 12086 12090 + 2.44% 12090 + 0.03%

The rendezvous times for Formation 1 and 2 are at 𝑡ፑፕ = 8231𝑠 and 𝑡ፑፕ = 8277𝑠, respectively.
It is interesting to see that for formation 1 the rendezvous point is much earlier than for formation 2.
In Appendix C the results for this experiment are presented in more detail. The optimization shows,
that when formation flight is applied for these two flights, which fly on a daily basis, KLM can save
a significant amount of fuel without causing too much delay for the passengers. If KLM changes its
operations slightly and implements Formation 2, they can save approximately 3300kg (more than 2%
for these two flights) daily. If this amount is saved on a daily basis, it sums up to over 1.2 million kg of
fuel per year. With the current fuel prices of 2.77 dollar per gallon [48], KLM can save over €970,000,-
per year just by combining these two flights.

Experiment 4: Real-Life Scenario: SkyTeam
As for KLM, the concept of formation flight can also be beneficial for alliances such as SkyTeam. Currently
airlines that are part of an alliance benefit from cost reductions by sharing of, for example, sales offices,
maintenance facilities and operational facilities. A next step could be to have aircraft of the same

53



Figure 7.6: KLM seven wave system [11]

Figure 7.7: Real KLM flights [12]

alliances join in formation to reduce their fuel cost.
A good candidate for such a real-life alliance scenario could be a set of flights performed by SkyTeam.

SkyTeam members KLM and Delta have many daily flights between Europe and North-America and often
these daily flights depart within minutes of each other. The next experiment is to have two aircraft fly
from Amsterdam to New York City departing a couple of minutes after one another. None of the aircraft
has to perform a detour in order to join this formation, which means that almost zero extra fuel has to
be taken on-board.

For this experiment, two fully loaded Boeing 747-400 aircraft will fly from Amsterdam to New York city,
but one of them will start at 𝑡ኺ = 0𝑠 and the other will start at 𝑡ኺ = 300𝑠 (5 minutes). The experiment
will be performed twice, once with an aircraft A as trailing aircraft (F1) and once with aircraft B as trailing
aircraft (F2):

1. Aircraft A: A B744 from Amsterdam to New York City at 13:25 (Delta)

2. Aircraft B: A B744 from Amsterdam to New York City at 13:30 (KLM)

In Table 7.7 the results are summarized and in Appendix D the results are presented in more detail.

Table 7.7: Results for two SkyTeam flights from Amsterdam to New York City flying solo and in formation (Experiment 4)

Results 2 Solo Flights Formation 1 Formation 2
Total fuel consumption [kg] 134810 128300 - 4.84% 128320 - 4.82%
Total flight time [hr] 13.75 14.03 + 1.96% 14.04 + 2.11%
Total distance flown [km] 11727 11727 + 0.00% 11752 + 0.21%

For Formation 1 (aircraft A trailing) and Formation 2 (aircraft B trailing) the rendezvous times are
at 𝑡ፑፕ = 1669𝑠 and 𝑡ፑፕ = 1097𝑠, respectively and for both formations the rest of their missions is in
formation. The most beneficial formation in this case is Formation 1.

When a fully loaded Boeing 747-400 flies from Amsterdam to New York City it consumes approxi-
mately 67400kg of fuel and when two of these aircraft fly the same route independent of each other
this sums up to 134810kg. When the aircraft join in formation, this sum can be reduced to 128300kg.
This is a reduction of more than 6500kg or a little over 4.8% of the total fuel consumption of the two
aircraft. In Figure 7.8a the airspeed of both aircraft are plotted. Here it can be seen that aircraft B has
a higher speed in order to catch up with aircraft A. The weight of both aircraft is shown in Figure 7.8b.
The aircraft start with the same weight at the beginning of the flights and from the moment they join
in formation the weight of the aircraft A (the trailing aircraft) decreases less than that of aircraft B. For
Formation 2, where aircraft B is the trailing aircraft, the distance covered increases a little. In Figure
7.9 the horizontal flight path is shown, zoomed in at the starting point (Amsterdam). Note, that the
increased distance covered by aircraft A, is due to the small detour it makes after taking-off. It does so
in order to have aircraft B join as soon as possible.

The savings for these flights can accumulate to over €1,900,000,- per year. These savings are for
KLM and Delta combined. Normally, two different airlines will have to find a way to fairly split these
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(a) Airspeed of aircraft A and B in Formation 1 (b) Weights of aircraft A and B in Formation 1

Figure 7.8: Results for the SkyTeam experiment

Figure 7.9: Small detour of aircraft A in Formation 2 for the SkyTeam experiment

savings. This can be done by, for example, daily alternating which of the two airlines has to provide the
aircraft that leads the formation. For this case however, as Delta and KLM have a joint-venture over the
Atlantic and split all their costs and revenues for transatlantic flights, these complications are not valid.

7.1.3. Experiments 5 & 6: Different Aircraft Types and Weights
Usually, aircraft that might join in a formation are not all of the same type, so it would be interesting to
see what kind of effect different aircraft types have on formation flight. As mentioned in Chapter 4, the
sequence of the aircraft is of importance when different aircraft join in formation. In this section, first,
two flights with different aircraft types will be optimized and then, two flights with similar aircraft types,
but with different weights will be optimized.

Experiment 5: Different Aircraft Types
The following two flights will be investigated:

1. Aircraft A: A MD-11 from London to New York City

2. Aircraft B: A B744 from Paris to Washington
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Of these two aircraft, the Boeing 747-400 is the heavier aircraft. In Formation 1, aircraft A is the
trailing aircraft and in Formation 2, aircraft B is the trailing aircraft. For Formation 1 the weight ratio
between lead and trailing aircraft is approximately 0.72 and for Formation 2 this is approximately 1.39.
According to Xue et al. [8], when in formation, these lead-trail weight ratios lead to a 35% and 20%
induced drag reduction for the trailing aircraft of Formation 1 and Formation 2, respectively. In Table
7.8 the results for these two formations are summarized.

Table 7.8: Fuel consumption of the formations with different aircraft types (Experiment 5)

Results Solo Formation 1 Formation 2
Total fuel consumption [kg] 116800 120760 (+3.39%) 117150 (+0.30%)

The results in Table 7.8 show, that not only the different types of aircraft that join in formation
have a large impact on the formation, but the sequence in which they fly also plays a major role. The
optimization shows, that for both formations it is not beneficial to join in formation compared to the
corresponding solo flights (Figure 7.10). Also, the formation time of Formation 1 is only five seconds
(caused by a constraint), which indicates that flying in this formation is disadvantageous for the total
fuel consumption. This is caused by the different performance characteristics of the aircraft (e.g. cruise
speed and cruise altitude).

Figure 7.10: Different aircraft types in different lead-trail order (Experiment 5)

As seen before, when in formation, the optimal airspeed for the aircraft is lower than when flying solo.
When the B744 is the trailing aircraft and thus has a lower induced drag, the aircraft wants to decrease
its speed. The standard cruise speed of the B744 is higher than that of the MD-11 and therefore the
decreased B744 speed is not a problem for the MD-11. The other way around, however, seems to be
more tedious. When the MD-11 will be the trailing aircraft, the B744 has to slow down significantly to
reach the decreased optimal speed of the MD-11. This seems to lead to more fuel consumption than
the MD-11 saves and therefore, is not optimal.

Experiment 6: Different Aircraft Weights
The experiment with different aircraft types (Experiment 5) did not give the desired results. Although the
results for the different aircraft types are interesting, because they showed that combining certain aircraft
types will not give beneficial formations, this was not the desired outcome. The aim of this experiment
was to explore what effect the sequence of the formation would be on the total fuel consumption. In
this research, only three aircraft types are considered and none of these three are eligible to combine.
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The question: ”is it more profitable to have the heavier aircraft fly as trailing or as leading aircraft?”
remains. To answer this question, an extra experiment consisting of two B744s is set-up:

1. Aircraft A: A B744 from London to Washington with no payload

2. Aircraft B: A B744 from Madrid to New York with full payload

In Formation 1 aircraft A is the trailing aircraft, which gives a lead-trail ratio of 1.5 and in Formation
2 when aircraft B is the trailing aircraft this ratio is 0.67. These ratios correspond with a reduction of
induced drag on the trailing aircraft of 32% and 18% for Formations 1 and 2, respectively. The results
for both formations are summarized in Table 7.9.

Table 7.9: Results for formation flight for similar aircraft with different weights (Experiment 6)

Results Solo Formation 1 Formation 2
Fuel [kg] 128317 128120 (-0.15%) 126950 (-1.07%)

In this experiment, both formations are beneficial with regard to the total fuel consumption. Forma-
tion 2, however, where the heavier aircraft is the trailing aircraft, is the most profitable formation. It
consumes approximately 1% less fuel than Formation 1. More results for this experiment are presented
in Appendix E.

7.1.4. Experiment 7: Delay
Delay is a common phenomenon in the aviation industry and it would be interesting to see the effect
of delay on formation flights. The tool is built to minimize the fuel consumption for the aircraft and
therefore it automatically finds the optimal initial, rendezvous, split-up and final times of all aircraft
that join the formation. In this experiment, the earlier conducted Experiment 2 will be compared with
the same set of flights, but now with fixed initial times. Experiment 2 shows that the lowest total fuel
consumption is obtained when aircraft A starts 1008 seconds later than aircraft B. So, for this set of
flights the optimal initial times are 𝑡ፀᎲ = 1008𝑠 and 𝑡ፁᎲ = 0𝑠. For this experiment, a delay of 30 minutes
is assigned to aircraft B, resulting in the following set of flights:

1. Aircraft A: A B744 from London to Atlanta with fixed initial time 𝑡ፀᎲ = 1008𝑠

2. Aircraft B: A B744 from Madrid to New York with fixed initial time 𝑡ፁᎲ = 1800𝑠
The results for this experiment are summarized in Table 7.10. In this table also the results for the

corresponding solo flights and the optimal formation are presented for comparison.

Table 7.10: Results for formation flight when one aircraft has a delayed departure (Experiment 7)

Results Solo flights No delay AC B: 30min delay
AC A AC B Total AC A AC B Total AC A AC B Total

Fuel [kg] 79181 66331 145512 75515 67270 142785 76391 66835 143770
Time [hr] 7.91 6.78 14.69 8.09 6.90 15.00 8.39 6.71 15.10

According to the results, the fuel consumption for the delayed set of flights is higher than for the
optimal case, but still lower than the corresponding solo flights and the total flight time increased slightly
compared to the optimal case. However, the flight time of aircraft B decreased compared to the flight
time of the corresponding solo flight. This shorter flight time is partly due to the increase in velocity
(Figures 7.11a and 7.11b) and partly due to the change in horizontal flight path (Figure 7.12). The
change in the horizontal flight paths of the flights is discussed in Chapter 8.

7.1.5. Experiment 8: Wind - Eastbound vs. Westbound
As mentioned in Chapter 4, over the North-Atlantic Ocean there are jet-streams present. The amount of
fuel saved by flying in formation depends on the length of the formation segment and the length of the
formation segment depends on the origins and destinations of the aircraft. However, in the presence
of wind the routes of the aircraft will most likely deviate from their optimal path, even when not in
formation. During this experiment, the effects of wind on formation flight will be investigated.
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(a) No delay (b) 30 minutes departure delay for Aircraft

Figure 7.11: Velocity profiles for the delay experiment (Experiment 7)

In the previous experiments all flights were from Europe towards North-America (westbound). To
compare the effects of wind, two sets of flights will be compared: a set of Westbound flights:

1. Aircraft A: A B744 from London to Atlanta

2. Aircraft B: A B744 from Madrid to New York City

and a set of Eastbound flights (which are the same as above but in opposite direction):

1. Aircraft A: A B744 from Atlanta to London

2. Aircraft B: A B744 from New York City to Madrid

Data for the wind is taken for the 24፭፡ of May 2016. For both cases, Formation 1 has aircraft A as
trailing aircraft and Formation 2 has aircraft B as trailing aircraft. The results for the east and westbound
flights are summarized in Table 7.11.

Table 7.11: Results for the Eastbound and Westbound flights (Experiment 8)

Results Eastbound Westbound
Formation 1 Formation 2 Formation 1 Formation 2

Total fuel consumption [kg] 136380 136380 148040 148300
Total flight time [hr] 14.65 14.65 15.32 15.32
Total distance flown [km] 12761 12758 12800 12795

For the eastbound flight the results for Formation 1 and 2 are more or less the same, but for the
westbound flight Formation 1 has a lower fuel consumption. In Figure 7.13 both eastbound Formation
1 and westbound Formation 1 are shown. More results of this experiment are presented in Appendix F.

From the results in Table 7.11, it can be seen that the eastbound flights burn less fuel than the
westbound flights. This is because the wind over the North-Atlantic Ocean is mainly eastbound. Because
of this wind, the horizontal flight paths and flight times of the aircraft are also different. The eastbound
formation has a shorter flight time, because these aircraft fly with a tailwind. Looking at the horizontal
flight paths of the aircraft it can be noted that the westbound flights (blue dotted lines) fly further
north than the optimal flight paths for no wind and the eastbound flights (green lines) fly further south.
Also noteworthy is the difference in duration of the formation segments. The eastbound flights fly in
formation for 13178 seconds and the westbound flights for 17057 seconds.

7.2. Experiment 9: Three-Aircraft Formation Flight
Up until now only two-aircraft formations have been explored. When more aircraft join a formation it
will likely result in higher savings, because more aircraft benefit from a reduced induced drag. In a
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Figure 7.12: The rendezvous point of the formation shifts when one of the aircraft is delayed (Experiment 7)

two-aircraft formation there is one leading aircraft and one trailing aircraft and only the trailing aircraft
benefits. When more aircraft join in formation, the number of trailing aircraft increases while the number
of leading aircraft remains one. Next to this, as described in Chapter 4, the induced drag reduction also
increases when the formation becomes larger. The intention of this experiment is to show that the tool
is able to optimize formations larger than two. To show this, a three-aircraft formation will be examined.
For this three-aircraft formation experiment, the formation factor on the second aircraft will remain 25%,
but for the third aircraft it will increase to 50%. When adding a third flight to the model, the number of
phases increases from 5 to 9. This is schematically shown in Figure 7.14. When the number of phases
increase, the computational time also increases significantly.

The order in which the aircraft meet is implemented manually. In this example, three flights from
Europe to North-America will join in formation:

1. Aircraft A: A B733 from London to Atlanta

2. Aircraft B: A B733 from Amsterdam to New York City

3. Aircraft C: A B733 from Madrid to Toronto

Aircraft A will first join with aircraft B and subsequently aircraft C will join the formation. Then, after
completing the formation segment, first aircraft C leaves the formation and then aircraft A and aircraft B
separate. In Figure 7.15 the resulting horizontal flight paths are presented. In this experiment, aircraft
A is the trailing aircraft during the two-aircraft formation phases, aircraft B is the leading aircraft during
all formation phases and aircraft C is the trailing aircraft in the three-aircraft formation phase (there are
three formation phases). In other words, during the formation phases, aircraft A has a 25% reduction,
aircraft B has no reduction and aircraft C (which only joins in the three-aircraft formation) has a 50%
reduction in induced drag.

The joining sequence during this experiment is also convenient from an operational point of view,
because this way only aircraft C has to manoeuvre itself behind aircraft A and B, while they can continue
their current flight. The results for this experiment are summarized in Table 7.12 and are presented in
more detail in Appendix G.

Compared to their optimal great circle routes, aircraft A, aircraft B and aircraft C fly an additional
distance of 43, 94 and 222 kilometres, respectively. The largest detour is flown by aircraft C. The
benefits of formation flight are the highest when all three aircraft fly together and because aircraft A
and B join quite fast, aircraft C should try to join them as fast as possible as well. For a three-aircraft
formation it would also be possible to have the aircraft join in 3 other sequences (first aircraft B and
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Figure 7.13: Horizontal flight paths of an Eastbound and a Westbound formation (Experiment 8)

Table 7.12: Results for the three-aircraft formation (Experiment 9)

Results Solo Three-Aircraft Formation
Fuel [kg] 45203 42445 (-6.08%)
Flight time [hr] 28.73 28.99 (+0.90%)
Distance [km] 18709 19061 (+1.88%)

C and then aircraft A, first aircraft A and C and then B or have them all join at the same time) and it
can also split-up in three different sequences. Therefore, there are 8 potential options to join and split-
up. The assembling and disassembling sequence of this experiment is chosen random, but for future
investigations it would be interesting to see what the effects of different sequences are. The results of
this experiment will not be discussed further.

7.3. Experiment 10: Direct Operating Cost
Up until now, all experiments were optimized to minimize the total fuel consumption of the aircraft that
join in formation. This is done because the fuel cost is a significant contributor to the Direct Operating
Cost and the cost for fuel can be calculated. But as mentioned in Chapter 4, another contributor to the
DOC is the flight time, which means that an increase in flight time also leads to an increase in cost. The
next experiment is set-up in order to show what the effect on the performance of the aircraft in the
formation would be when the optimization is shifted from optimize for fuel consumption to optimize for
flight time.

𝑀𝑎𝑦𝑒𝑟ፃፎፂ = 𝛼 ⋅
፧

∑
።ኻ
𝑡፟ᑚ + (1 − 𝛼) ⋅

፧

∑
።ኻ
(𝑊።(𝑡ኺ) −𝑊።(𝑡፟)) (7.1)
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Figure 7.14: Schematic overview of how the number of phases increases from a two-aircraft formation to a three-aircraft
formation

Figure 7.15: The horizontal flight path of a three-aircraft formation from Europe to North-America (Experiment 9)

For this experiment the cost function from Equation 7.1 is minimized, where the 𝛼 is shifted from 0
to 0.9 in steps of 0.1. As 𝛼 = 1 results in a cost function that optimizes purely for flight time, and this is
not relevant as it is not the purpose of formation flight, 𝛼 = 1 is not considered in this experiment. The
set-up of Experiment 2 is considered, where one B744 flies from London to Atlanta and another B744
flies from Madrid to New York City. In Figure 7.16 the results for this shifting cost function are shown.

From Figure 7.16, it can be derived that when shifting the optimization from fuel to time, this affects
the results. The blue dots represent the results for formation flight, where the dot in the upper left
corner represents 𝛼 = 0 (optimized for minimum total fuel consumption). When 𝛼 increases (and
thus the cost function shifts to optimize for minimum total flight time), the figure shows that the total
flight time indeed decreases and the total fuel burn increases. In the figure, also the results for the
corresponding solo flights are shown (represented by the red dot). As can be seen, the corresponding
solo flights consume significantly more compared to when flying in formation, while the flight time is not
much lower (note that the solo flights are optimized for minimum fuel consumption and not for minimum
flight time). When 𝛼 is set to 𝛼 ≈ 0.78 in the cost function, the total flight time of the formation equals
the total flight time of the corresponding solo flight, while the total fuel consumption decreases with
2300kg (1.58%). This shows that, compared to flying solo, formation flight can lead to a significant
reduction in fuel burn, without losing time.

Only when 𝛼 is near 1 (the dot would be in the bottom right corner of the figure), the total fuel
consumption would exceed the total fuel consumption for the corresponding solo flights. However, this
means that the flights are optimized purely for time and it is obvious that aircraft are not appointed to
join in formation to achieve lower flight times. It should be kept in mind, though, that this analysis is
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Figure 7.16: Direct Operating Cost: shift cost function from optimize for minimum total fuel consumption to optimize for
minimum total flight time

purely for this particular set of flights and aircraft type combination. For other origin and destination
pairs or aircraft type combinations, the results can deviate from the results obtained for this scenario.
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8
Discussion

In this chapter, the performed research will be discussed. First, a sensitivity analysis is performed to
explore what the influence of different values for the induced drag reduction is on the results of the
optimization tool. Second, the results obtained in the previous chapter are evaluated. Finally, the
employed methodology is discussed.

8.1. Sensitivity Analysis
From other research it is not immediately clear what the precise benefit of formation flight is in terms
of drag. Some sources indicate much higher reductions in fuel flow and drag than others. In this study,
a standard of 25% induced drag reduction on the trailing aircraft of a two-aircraft formation has been
adopted, but it would be interesting to see how the results of the developed optimization tool react,
when the formation flight induced drag fraction 𝜖 changes. In other words, how robust is the model
and how beneficial is formation flight when the induced drag reduction caused by formation flight is
modified? To answer this question a sensitivity analysis is performed.

Experiment 2, where the two Boeing 747-400 aircraft fly from London and Madrid to Atlanta and New
York City, will be used to investigate the sensitivity of the model. The induced drag reduction on the
trailing aircraft will be varied from 0% to 50%, in steps of 5% (this corresponds to the formation flight
induced drag fraction 𝜖 that will be varied from 0.5 to 1, in steps of 0.05). In Figure 8.1 the trajectories
of the different outputs of the model (green lines) and the corresponding optimal solo flights are shown
(white lines). The flights are westbound and depart from London and Madrid. From this figure it can
be seen that, when varying the formation flight induced drag reduction, the rendezvous point location
for this set of flights changes significantly. The highest reduction in induced drag (50%) results in the
easternmost rendezvous point location and this location shifts in western direction when the induced
drag reduction decreases.

Figure 8.1: Shifting rendezvous point for two flights from Europe to North-America for different values of induced drag reduction

The resulting fuel consumptions and flight times are plotted in Figures 8.2a, 8.2b, 8.3a and 8.3b. In
Figure 8.2a the fuel burn is plotted against the percentage of induced drag for the aircraft individually,
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while in Figure 8.2b the total fuel burn is plotted. From the fuel burn of the individual aircraft one
can see that fuel consumption of the leading aircraft (aircraft B) increases almost linearly while the
fuel consumption of the trailing aircraft seems to be decreasing exponentially. This linear increase in
consumption is caused by the increasing distance this aircraft most overcome. The exponential decrease
of the trailing aircraft can be attributed to the fact that not only the formation segment increases, but
also the reduction in induced drag. The sum of the fuel consumptions of the two aircraft shows that, for
this particular set of flights, it would be beneficial to join in formation (with regard to fuel consumption)
if the reduction in induced drag is higher than 5% (𝜖 < 0.95).

(a) The fuel consumption for different percentages of
induced drag reduction per aircraft

(b) The total fuel consumption for different percentages
of induced drag reduction

Figure 8.2: Sensitivity analysis: fuel consumption

In Figures 8.3a and 8.3b the flight times are plotted. In Figure 8.3a the time per aircraft is plotted
for the different values of induced drag reduction, while in Figure 8.3b the total flight time is plotted for
the different induced drag reductions. For comparison, the corresponding flight times of the solo flights
are shown as well in these graphs. As expected, the flight time for joining aircraft is larger than for
the solo flights and increases even further when the formation flight induced drag fraction decreases.
This is because, as the aircraft need to meet at some point, they both deviate from their optimal solo
path, resulting in a detour. This detour increases when the aircraft fly together for longer periods, which
results in a linearly increasing total flight time (as shown in the results).

(a) The flight time for different percentages of induced
drag reduction for per aircraft

(b) The total flight time for different percentages of
induced drag reduction

Figure 8.3: Sensitivity analysis: flight time

In Figures 8.2a - 8.3b, the vertical red dotted lines highlight the results for a reduction in induced
drag of 25% which is used as standard during the experiments. Decreasing or increasing this reduction
will give slightly different results, but the difference will not be significant. Changing the reduction will
change the results with just a few percent. Increasing the reduction to 50% will give a decrease in
total fuel consumption and an increase in flight time of 3.61% and 2.11%, respectively, and when a
5% reduction is taken the increase in total fuel consumption and decrease in total flight time will be,
respectively, 1.41% and 1.57%. These small changes show that the model is robust when it comes to
different percentages of reduction. This sensitivity analysis is performed for this specific set of flights,
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which makes it only valid for this set of flights. For origin and destination pairs that have a favourable
position with regard to formation flight the results might deviate, but the trends will be similar.

8.2. Results
A tool has been developed that optimizes mainly the minimal fuel consumption for the trajectories of
multiple aircraft that will join in formation. To determine the benefits of formation flight, in this section
the results of the experiments are analyzed further. During the experiments, a couple of issues were
noted. First of all, it seems that, apart from the technical challenges, formation flight can lead to
substantial lower fuel consumption for the aviation industry. Secondly, when aircraft plan to join in
formation the travelled distance increases. Next, also the flight time of the aircraft seems to increase
when in formation. And finally, there are many factors that influence the shaping of the trajectories.

8.2.1. Fuel Consumption
All experiments have shown that applying formation flight (assuming the reduction in induced drag for
the trailing aircraft is not too small) to a set of suitable flights offers potential benefits in terms of fuel
burn. The results indicate that the leading aircraft will have a slightly higher fuel consumption, but the
savings of the trailing aircraft more than make up for this when looking at the total fuel consumption
of the two aircraft combined. The longer the formation flight segment is, the higher the savings in fuel
are.

8.2.2. Distance Flown
The distances the aircraft fly increase when the aircraft join in formation. In other research, investigators
sometimes let one aircraft fly its optimal path and a second aircraft join it, resulting in a detour only
for the second aircraft. The tool in this study changes both trajectories to get an optimal total result.
This means that both aircraft will deviate from their original optimal path, with the effect that additional
distance must be covered.

8.2.3. Flight Time
From the results it can be seen, that the total flight time of the aircraft generally increases when imple-
menting formation flight. In contrast to the total fuel consumption, where one aircraft uses more fuel
and the other less, the flight time increases for both aircraft when flying in formation. This can be partly
traced back to the additional distance flown by the aircraft. Obviously, an increase in distance, with no
increase in velocity, also leads to an increase in flight time. Another part of the increase in flight time
can be assigned to the change in velocity. When looking closer at the velocity profiles of the aircraft it
can be seen that (in most cases) the velocity of the aircraft when in formation is lower than when flying
solo. This can be explained by looking at Figure 8.4. When the induced drag is reduced, not only the
total drag reduces accordingly, but its minimum also shifts to the left. So, the minimum total drag with
a reduced induced drag is at a lower airspeed than it would be without the reduction. Ning et al. also
state another positive effect of slowing down in their research. They state that when slightly reducing
the speed, also the formation-induced compressibility penalties are eliminated [26] (these penalties are
not considered for this study though).

8.2.4. Formation Trajectory
Apart from a change in total fuel consumption and total flight time, the change of the flight trajectories
should be noted as well. The horizontal flight paths of all aircraft joining in formation changes, because
in order to fly in formation, the aircraft need to rendezvous and the rendezvous point is generally not on
their optimal original flight path. The detour caused by this change in route is already discussed in the
sections above, but the optimal velocities and altitudes of aircraft flying in formation also differs from the
corresponding optimal solo flights. From observing the results of the experiments, it can be often noted
that there is a small jump in altitude and velocity at the moment the formation is formed. As mentioned
in the previous section, the minimum total drag is achieved at a lower velocity (Figure 8.4), which results
in the aircraft flying at a slightly lower airspeed. Also, the altitude of aircraft flying in formation is slightly
higher compared to when flying solo. Looking at, for example, the SkyTeam case (Experiment 4), these
changes in altitude and airspeed in formation with regard to the solo flights are easily visible. In Figures
8.5a and 8.5b, respectively, the altitude and airspeed of aircraft A of the formation is compared with its
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Figure 8.4: Change in induced and total drag due to formation flight, minimum total drag point shifts to bottom left

corresponding original solo flight. The green lines in the figures represent the segment of the aircraft
in formation, while the blue dotted lines represent the corresponding original solo flight.

(a) Comparison of the vertical flight path of an aircraft
in formation against an aircraft flying solo

(b) Comparison of the airspeed of an aircraft in
formation against an aircraft flying solo

Figure 8.5: Trajectory comparison of a flight from the SkyTeam formation experiment (Experiment 4) to its corresponding solo
flight

The increase in altitude is actually in contradiction with the research of Ning et al., who state that
when aircraft join in formation the reduction in speed requires an altitude drop [26]. The results of this
research, however, imply that the optimal altitude increases when aircraft fly in formation.

8.2.5. Factors influencing the Formation
With some experiments the influences of several factors were tested.
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Aircraft Types
The idea of testing different aircraft types in a formation is interesting because there are many aircraft
types in the transatlantic market. Two topics were of interest during this experiment: is it beneficial for
different aircraft types to join in formation and if so, what is the effect of the sequence in which they
fly. Experiment 5, with the different aircraft types (a MD-11 from London to New York City and a B744
from Paris to Washington), showed that it is not beneficial to join in formation as both formations gave
a higher fuel consumption than the corresponding solo flights. What also is interesting to see is that
when the larger B744 is set to lead the formation, the trajectories only join for 5 seconds (due to the
constraint) and then part again. This shows that it is undesired for the faster and heavier B744 to slow
down to the (due to formation even lower) speed of the MD-11. The other way around however, when
the MD-11 is set to lead the formation, the trajectories do join for a longer period. From these results it
can be concluded that the effect of the sequence of which type of aircraft is set to fly at what position
in the formation has a big impact on the resulting trajectories and fuel consumption. In this study three
aircraft types are investigated with very different performance characteristics. It would be interesting
to further investigate these effects by adding more different aircraft types to the developed tool.

Experiment 6, with one empty and one fully loaded B744 joining in formation, shows that the se-
quence in which the aircraft fly makes a difference as well. Formation 2 (with the lighter aircraft leading)
seems to be the better option, while in Formation 1 (where the heavier aircraft is leading), the reduction
on induced drag for the trailing aircraft was higher. This experiment shows that for identical aircraft
types, the couple of percent extra on induced drag reduction does not outweigh the higher fuel con-
sumption of the heavier aircraft. It also shows that for Formation 1, even though there is a higher
reduced drag, the formation duration is much shorter than for Formation 2. The formation duration
is 11753 seconds for Formation 1 and 15056 seconds for Formation 2. The speed of the fully loaded
aircraft is much higher than the empty aircraft, which is in line with the experiment with different aircraft
types. This could be the reason why in Formation 1 the heavier aircraft doesn’t like to join in formation
as the leading aircraft.

Delay
The results of Experiment 7, where the effects of delay are investigated, are very interesting. As in
previous research the optimal trajectories of the aircraft have not been really investigated, many different
assumptions were made. Some researchers assumed that when one aircraft is delayed, the other aircraft
would have to wait at the predefined rendezvous point. Others assumed that the rendezvous point
would shift in the direction of the destination, but purely over the predefined optimal path. Others again
assumed that when one aircraft is delayed, the formation should be cancelled and both aircraft should
continue solo. This study, however, shows something different. From Experiment 7, it is clear that
the rendezvous point location shifts and not only over the predefined optimal route. In Figure 8.6 the
resulting rendezvous points of several formations with one delayed aircraft are presented. This figure
shows the movement of the rendezvous point location when aircraft A and B are delayed by 10, 15 and
30 minutes.

Next to this shift in the rendezvous point location, also the velocities of the aircraft change compared
with the optimal flight. The airspeed for the delayed aircraft increases and that of the on-time aircraft
decreases until the aircraft meet. This leads to an even further increase in flight time for the on-time
aircraft, but the flight time of the delayed aircraft decreases. The resulting fuel consumption in this
particular delayed case is still approximately 2% lower than the fuel consumption for the corresponding
solo flights. It should be kept in mind, however, that these results are based on the assumption that
the magnitude of the delay is known beforehand. This is not often the case (e.g. sometimes a couple
of minutes delay for an aircraft lead to the loss of its take-off slot, which leads to more delay) and could
lead to non-optimal trajectories.

Wind
Wind always has an impact on aircraft trajectories. In Experiment 8, the effect of wind on formation
flight is investigated. This experiment showed that it is possible to implement wind in the developed
tool and to assess its influence on the results. The results show that the eastbound flights have a much
lower and the westbound flights have a much higher fuel consumption and flight time, compared to
the no-wind case. This is due to the tail- and head winds. The optimal flight paths look for the most
beneficial route in terms of wind and therefore deviate from the optimal no-wind paths. Also, it should be
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Figure 8.6: Shift of rendezvous point when aircraft A or B is delayed

noted that the formation segment for the westbound flight is much longer than for the eastbound flight.
At first sight, the results of this experiment do no show that the effect of wind on a formation is different
from the effect of wind on solo flights. Aircraft flying solo also experience a decrease in fuel burn and
flight time when flying eastbound and an increase when flying westbound and the optimal solo wind
trajectories also deviate from their optimal corresponding no-wind trajectories (the optimal trajectories
of the solo flights are presented in Appendix F). However, when comparing the tailwind (eastbound),
no-wind and headwind (westbound) formation flights with the corresponding solo flights (Table 8.1),
the results show that the relative reduction in fuel burn increases with more unfavorable wind. These
results imply that formation flight becomes relatively more beneficial with increased headwinds.

Table 8.1: Resulting fuel consumption for the experiment on which the influence of wind is taken into account (Experiment 8)
compared with corresponding solo flights

Fuel consumption [kg] Solo Formation
Tailwind (eastbound) 138600 136400 (-1.59%)
No wind 145500 142800 (-1.86%)
Headwind (westbound) 151500 148000 (-2.31%)

8.3. Methodology
Now that the results are discussed, it is time to evaluate the methodology used in this research. The
developed optimization tool seems to work well, but some parts could be improved or further investi-
gated.
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8.3.1. Jumps in the Results
When looking at the results of certain experiments, one of the first things that could be noticed is that
sometimes there are ”jumps” in the course of the altitude and the velocity variables. These jumps can
be due to several reasons. In Figures 8.7a and 8.7b, the results for the experiment in which delay was
examined are presented once more (Experiment 7). In these two graphs, the jumps in altitude and
velocity are clearly visible.

(a) Jumps in altitude (b) Jumps in velocity

Figure 8.7: Examples of jumps in the results

Two reasons are distinguished for the jumps in this research. Jumps occurring during the solo phases,
which are indicated by the green circles in Figures 8.7a and 8.7b, and jumps occurring at the transition
point between the solo and formation phases, which are indicated by the red circles. The jumps that
occur during the solo phases (green circles) are caused by a ”bang-bang” solution of the optimal engine
thrust setting 𝜂. A bang-bang solution implies that the optimal control switches from one extreme to
the other. Due to the optimal engine thrust setting control that fluctuates at the nodes and the large
time steps in this problem, the resulting velocity oscillates. These oscillations, however, hardly affect the
results and are therefore not further considered. The jumps that occur at the transition points between
the phases (red circles) are due to the fact that at the transition from one dynamic aircraft performance
model to the other, the specific energy of the phases is set to be equal, while this is not possible for
the altitude and velocity of the phases. During the energy-state model, the altitude and velocity are no
longer state variables and can therefore not be linked with the intermediate point-mass model.

8.3.2. Cost Function
The initial idea of this study was to develop an optimal control formulation of formation flight with the aim
to minimize the overall fuel consumption or Direct Operating Cost (DOC). The developed optimization
tool is able to optimize both minimum fuel consumption and minimum DOC, however, as the DOC are not
easy to formulate, the results of the tool are not in cost, but in fuel consumption and flight time. When
the cost components for fuel and flight time are specified, the results of the tool can be expressed in DOC.
As these cost components were not further investigated in this research, most conducted experiments
were optimized for minimum fuel consumption. In other words, this research is mainly focused on
the fuel consumption of formation flight and not on the DOC. The benefits in DOC could be further
investigated ans as the DOC is different for all airlines, it would be interesting to do this with reference
to a specific airline.

8.3.3. Aircraft Dynamic Performance Models
In the model two different aircraft dynamic performance models are combined: the intermediate point-
mass model and the energy-state model. This is done because during the formation phase it was
assumed that the altitude would not vary much (as this happens during cruise) and the energy-state
model would therefore suffice. This leads to difficulties when linking the different models implemented
in the different phases. As mentioned before, when switching from the intermediate point-mass model
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to the energy-state model, the state variables altitude 𝑧 and Velocity 𝑉 combine into the specific energy
𝐸. This did not cause many problems, but the trajectory altitudes and velocities would sometimes
make a jump at the transition point between the phases, which is not realistic. This could be solved by
implementing a pseudo state variable during the energy-state phase that defines the altitude or velocity
or by implementing the intermediate point-mass model for all phases. However, the latter has been
attempted during the research and it resulted in much larger computational time. For this reason, the
energy-state model was retained in this study.

8.3.4. Initial Guess
A drawback of the developed tool is that it requires an initial guess that is close to the optimal solution in
order to converge to the optimal results. When, for example, new route points are introduced and there
are no initial guesses that are close to the optimal result, the tool might encounter numerical difficulties
solving the problem and fail to converge. During this research, the initial guesses used were the results
of earlier performed optimizations for slightly different problems and therefore could be solved rather
fast. When a new experiment was performed and the initial guess led to problems, the transition from
the previous experiment to the new experiment was done in small steps. This means that, to get from
one experimental set-up to another, many experiments were often performed in between and this way
the new experiment was performed step-by-step.

8.3.5. Aircraft Types
Different aircraft types were considered in this research and an experiment was conducted to investigate
the effect of different aircraft types on formation flight. This experiment gave a good impression of the
significant effect of different aircraft types aircraft have on the formation, as well as the large impact
of the sequence in which the aircraft fly. It would be interesting to investigate this further with more
aircraft types.

8.3.6. Wind
In this study a wind-field is used which does not change with altitude. The wind components, in north-
south and east-west direction, are represented by two polynomials. These polynomials, however, don’t
give a perfect representation of the real wind. The vertical wind component has been disregarded as
well. However, the experiment proved that the model is able to optimize a set of flights when a wind-field
is added and this was the main purpose of the experiment. A more realistic wind-field and atmospheric
data from other days can be implemented to investigate the influences of wind further.
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9
Conclusions & Recommendations

The aviation industry is growing rapidly and airlines, to stay lucrative, are compelled to keep costs as low
as possible. A significant contributor to the airline costs are the Direct Operating Costs (DOC). Reducing
the fuel consumption of the aircraft can cut these costs significantly and at the same time it will also
lead to fewer emissions. This is why airlines are looking into ways of reducing their fuel consumption,
and introducing formation flight could be a solution. Much research has been done into formation flight,
but not into the optimal trajectories of the aircraft that will join in the formation. This research focuses
on developing a tool that optimizes the multiple-phase trajectories of commercial aircraft that will join in
formation. In this final chapter, the research will be concluded and recommendations on future research
are given.

9.1. Conclusions
Firstly, some background information on formation flight has been treated and the pros and cons of
formation flight have been reviewed. From previous research and performed flight tests it was clear
that formation flight can lead to significant reductions in fuel burn. Investigating the current state-of-the-
art research on the topic of formation flight and the optimization of the trajectories the aircraft follow,
revealed that there is a gap in the body of knowledge and that actually no research has been done in the
topic of trajectory optimization for formation flight. This led to the research question: ”is it possible to
develop a tool that optimizes the multiple-phase trajectories for two or three commercial aircraft flying
in formation weighing the reduced fuel consumption, due to induced drag reduction, versus economic
factors using a dynamic optimization technique?”

This led to the main goal of this research to develop an optimal control formulation optimizes the
trajectories of multiple commercial aircraft joining in formation for minimum fuel consumption or DOC.
The tool developed in this study finds the trajectories of all aircraft that will join the formation and the
resulting cost of the flights.

The optimization structure can be split up into of three main parts: the optimization framework, the
input and the output. For the optimization framework a cost functional needs to be defined. The tool
should be able to minimize the total fuel burn or DOC of the formation. Furthermore, the problem that
needs to be solved contains multiple aircraft that first fly solo from their starting point to the rendezvous
point, then fly in formation to the split-up point and from there continue their missions solo to their
end points. All these segments are considered as separate phases. This means that for a two-aircraft
formation, five phases are distinguished. The optimization software that is used to optimize this problem
is GPOPS, which is a MatLab based software that solves multiple-phase optimal control problems using
pseudospectral methods. The developed tool combines two dynamic aircraft performance models to
define the aircraft: the intermediate point-mass model and the energy-state model. The intermediate
point-mass model, which is a simplification of the full point-mass model, is applied to all solo phases
and the energy-state model, which in its turn is a simplification of the intermediate point-mass model, is
applied to the phases where multiple aircraft are joined in formation. At the transition point between the
phases, the state variables of the phases are linked to each other. During this research three different
aircraft types are considered: the short-range Boeing 737-300, the long-range Boeing 747-400 and the
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medium- to long range McDonnell Douglas MD-11. When the aircraft fly in formation, a reduction in
induced drag is applied on the trailing aircraft. A reduction in induced drag of 25% is assumed for the
trailing aircraft of a two-aircraft formation. Other required inputs for the tool are the atmospheric data
(which is a function of altitude only), several constraints and a well estimated initial guess. When the
tool finds an optimal solution, the output yields the state and control variables for all points in time
and the final cost of the problem is obtained. The trajectories for all phases can be replicated with the
resulting state and control variables. Furthermore, the fuel burn, flight time and distance flown per
aircraft per phase can be derived and these can be aggregated to find the total of all aircraft that join
in the formation.

To make the developed tool more versatile and more realistic, delay and wind can also be taken
into account. To account for delay, first, the optimal departure times should be found and then the
initial time per aircraft can be altered to mimic a delayed flight. As for the wind, atmospheric data
is found which contains the wind components in north-south and east-west direction for a worldwide
grid. This data is interpolated using polynomial functions to obtain a continuous wind speed surface.
The wind components are added to the atmospheric data and are a function of latitude and longitude.
The differential-algebraic equations are also modified to incorporate the effects of wind in the dynamic
aircraft performance models.

The developed multiple-phase optimization tool is validated by comparing the results of the developed
tool for the intermediate point-mass model and energy-state model in combination with all three aircraft
types, to the performance manuals of the corresponding aircraft and an online flight planner. This
validation showed that the tool gives accurate results for solo flights. To validate that the tool gives
reliable results for formation flight as well, an optimization is ran replicating the FedEx case study
performed by Bower et al. in their research. In this case study, Bower et al. demonstrate a total fuel
saving for a two-aircraft formation between 1.17% to 7.85% and the results from the developed tool
from this study show a reduction in fuel burn between 1.09% and 7.68% (these percentages depend
on the amount of reduction on induced drag assumed for formation flight).

During this study several experiments are conducted. From these experiments, it can be concluded
that formation flight could lead to significant fuel savings without too much delay. When two or more
aircraft have similar flight missions (similar flight directions, aircraft and fly more or less around the same
time), it would be beneficial for aircraft to rendezvous and continue a part of their flight together. For two
identical aircraft that perform similar transatlantic flights and join in formation a total fuel burn reduction
of around 1.5% can be obtained, while not increasing the flight distance and time significantly (both
increase with 1-2%). Looking at the individual aircraft, it should be noted that the leading aircraft has an
increased fuel consumption, but the trailing aircraft has a higher reduction resulting in a lower total fuel
consumption for both flights compared to the total fuel consumption of the corresponding solo flights.
Two real-life scenarios are replicated: a set of flights operated by KLM and a set of flights operated by
SkyTeam members. The results of these experiments showed that the airlines can yearly save millions
of dollars when applying formation flight. Other experiments showed that combining different aircraft
types or combining aircraft of the same type but with different weights have a significant effect on the
results. And the sequence in which the aircraft fly in formation influences the results as well. From
these experiments it can be concluded that it is more beneficial when the heavy aircraft is the trailing
aircraft in the formation. As departure delay often occurs in reality, also the effects of departure delay on
formations were examined. This showed, that for the formation on which a delay was assigned, apart
from the increase in fuel consumption compared with the non-delay formation, the rendezvous point
location shifted. Unlike what prior research stated, the rendezvous point location will not just shift over
the predefined optimal route, but it will actually also deviate from this optimal predefined path to the
side of the delayed aircraft to relatively shorten that route compared to the on-time aircraft. Another
finding is that the on-time aircraft slows down and the delayed aircraft speeds up in order to rendezvous
quickly, resulting in an increase and decrease in the flight times of the on-time and delayed aircraft,
respectively. In the presence of wind, the optimal trajectories of the aircraft that join in formation deviate
from their optimal corresponding no-wind trajectories and the eastbound formation consume less fuel
than the westbound formation, which is also the case for aircraft that fly solo. However, it is found that
the relative reduction in fuel burn increases when a formation flies in western direction in comparison
with a formation that flies in eastern direction. From this it can be concluded, that flying in formation
becomes relatively more beneficial, in terms of fuel consumption, when the formation encounters more
headwinds. An experiment containing three aircraft that join in formation has been conducted as well.
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The results of this experiment are not elaborated upon further, however, this experiment proves that
the developed tool can be expanded to implement more aircraft.

All experiments are optimized for fuel burn and not for DOC, therefore a final experiment is performed
shifting the optimization from optimal for minimum fuel burn to minimum flight time. This experiment
concluded that, compared to the corresponding solo flights, formation flight can lead to a significant
reduction in fuel consumption, while maintaining the same flight time. The results change per set
of flights (origin and destination locations, aircraft types, departure time, etc.), however, for a set of
eligible flights, this conclusion generally remains. Finally, a sensitivity analysis is conducted to check
the robustness of the optimization tool. The impact of a changing reduction in induced drag due to
formation flight is analyzed. From this analysis it can be concluded that the output of the optimization,
in terms of fuel burn and trajectory, changes for different amount of drag reductions. However, these
changes are within the lines of expectation and do not demonstrate any abnormal results. The results
of this sensitivity analysis can, just as the DOC optimization before, vary per case, but this conclusion
in general remains true as well.

9.2. Recommendations
In this study, a tool is developed to optimize the multiple phases of commercial aircraft that join in
formation. Not much research on this subject is yet performed and as such there is much to further in-
vestigate. In this section some recommendations are made on the methodology and on future research.

First of all, the optimization in this research mainly focused on minimizing the total fuel burn. For
airlines this is interesting, but what also is important is to find the optimal trajectories for the minimal
DOC. As the DOC might be different for different situations (flights, aircraft, airlines, etc.), it might be
interesting to investigate what the effect of formation flight would be on the DOC for a specific airline.

During the research, two different dynamic aircraft performance models are implemented. The
energy-state model is used during the formation phases in order to keep the computational time within
limits. In some experiments, the link between the intermediate point-mass model and the energy-
state model resulted in a jump in altitude and velocity. In future research, the method could contain
only the intermediate point-mass model in order to avoid these disruptions. This will result in a higher
computational time, but, as during this research the computational time was not very high, this could
remain within limits.

Experiment 5, in which different aircraft types joined in formation, gave good results in the sense
that different aircraft types do have a large impact on the results. However, only three aircraft types are
included in this research and these three have very different performance characteristics. The effects
of different aircraft types could be explored further by adding more aircraft types to the model.

Two real-life scenarios were replicated and optimized and the results showed that there is much
to gain for airlines or alliances. The experiments only optimized two flights joining in formation. As
many airlines use a ”wave” system (patterns for arriving and departing aircraft from a hub), there are
probably many more flights per airline that are eligible to join in formation. Future research could look
into applying formation flight to an entire daily schedule of an airline to see what kinds of savings are
available on a large scale. It would even be conceivable to investigate how these savings can be further
increased by slightly changing the schedule of the airlines to gain more flights that are eligible to join in
formation.

As formation flight can lead to a significant reduction in fuel burn, it would be a waste to only fly in
formation with aircraft from the same airline. There are probably more and better options when aircraft
of all airlines join in formation together. When two aircraft from different airlines (and even different
alliances) join in formation there is much to gain, but only for one of the two aircraft. As only the trailing
aircraft benefits from formation flight, it should be interesting to see how formation flight can be applied
from an operational point of view. It would be interesting to investigate how different airlines can split
the savings fairly.

In this research also the effects of wind are taken into account. This is done in order to see what
effect wind has on formation flight. However, the replicated wind-field is not very realistic. The wind is
assumed to be constant over time and altitude and also the vertical wind component is disregarded. Next
to this, the wind data, which is distributed over a large grid, is interpolated with polynomial functions.
These polynomials function don’t give a very accurate representation of the real wind. And finally, the
wind for only one day is investigated. To get a more realistic view of the effects of wind on formation or
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even to check if formation flight is beneficial or not at certain days, it is important to replicate the wind
more accurately in the tool.

Based on the origins and destination, the aircraft types and the weights of the aircraft, the tool
developed in this study can investigate whether it is beneficial for aircraft to join in a formation or not.
It does so by finding the optimal trajectories of the flights and comparing the resulting fuel consump-
tion with the fuel consumption of the corresponding original solo flights. This process, however, is
time-consuming and especially when entire flight schedules are to be analyzed. Future research can
be conducted, to investigate the possibilities of generalizing flights for which formation flight can be
beneficial. A generalization that indicates if aircraft should join in formation or not, based on the routes
and aircraft types, would allow for a quick evaluation of entire flight schedules and would therefore be
very interesting for airlines.

Finally, in this research a three-aircraft formation experiment (Experiment 9) showed that the devel-
oped tool is able to handle more aircraft than two. By increasing the number of aircraft joining, also the
number of phases increases and this leads to significantly higher computational times. When more than
two aircraft join each other in a formation also the joining order, the formation configuration and the
aircraft sequence are of great importance for the outcome. In this research only one test was performed
to proof that the tool is capable of handling more than two aircraft, but in future research an entire study
can be conducted to larger formations and all related matters.
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A
Polynomial representation of the

wind field

The following polynomial is considered to replicate the wind field that is added in this research:

𝑤𝑖𝑛𝑑 = 𝑝00 + 𝑝10 ⋅ 𝜆 + 𝑝01 ⋅ 𝜙 + 𝑝20 ⋅ 𝜆ኼ + 𝑝11 ⋅ 𝜆 ⋅ 𝜙 + 𝑝02 ⋅ 𝜙ኼ
+ 𝑝30 ⋅ 𝜆ኽ + 𝑝21 ⋅ 𝜆ኼ ⋅ 𝜙 + 𝑝12 ⋅ 𝜆 ⋅ 𝜙ኼ + 𝑝03 ⋅ 𝜙ኽ + 𝑝40 ⋅ 𝜆ኾ
+ 𝑝31 ⋅ 𝜆ኽ ⋅ 𝜙 + 𝑝22 ⋅ 𝜆ኼ ⋅ 𝜙ኼ + 𝑝13 ⋅ 𝜆 ⋅ 𝜙ኽ + 𝑝04 ⋅ 𝜙ኾ,

(A.1)

which is only valid for the North Atlantic area, which implies:

30 ≤ 𝜙 ≤ 60 (A.2)

− 85 ≤ 𝜆 ≤ 50, (A.3)

where 𝜙 is the latitude, 𝜆 is the longitude and the constants of 𝑝 vary for north-south and east-west
wind. For the wind ”U” component that represents east-west wind (eastern direction positive), the con-
stants are:
p00 = -1919
p10 = -10.04
p01 = 150
p20 = 0.08874
p11 = 0.7957
p02 = -4.078
p30 = -0.0004509
p21 = -0.005785
p12 = -0.02144
p03 = 0.04516
p40 = 3.464e-06
p31 = 2.535e-05
p22 = 0.0001006
p13 = 0.0001955
p04 = -0.0001648

and for the wind ”V” component that represents the north-south wind (northern direction positive), the
constants are:
p00 = -234.2
p10 = 3.032
p01 = 19.89
p20 = 0.09329
p11 = -0.09254
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p02 = -0.6044
p30 = -7.36e-05
p21 = -0.003115
p12 = 0.001215
p03 = 0.007992
p40 = -1.308e-05
p31 = -4.396e-05
p22 = -2.373e-05
p13 = -2.672e-05
p04 = -4.015e-05

In Figure A.1 the wind field considered in this research is presented.

Figure A.1: Considered wind-field for this research (May ኼኾᑥᑙ 2016)
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B
Solo Flights for Benchmarking

In this appendix the results of four solo flights are presented. The four solo flights are the following:

1. Solo flight 1 (S1): A Boeing 737-300 that flies from London to Atlanta

2. Solo flight 2 (S2): A Boeing 737-300 that flies from Madrid to New York City

3. Solo flight 3 (S3): A Boeing 747-400 that flies from London to Atlanta

4. Solo flight 4 (S4): A Boeing 747-400 that flies from Madrid to New York City

As all four solo flights only consist of one phase (because they fly solo), they are all optimized twice:
once with the intermediate point-mass model and once with the energy-state model. The average
of these two results are used to benchmark during the research. In Tables B.1 - B.4 the results are
presented.

Table B.1: S1: Solo flight from London to Atlanta for the Boeing 737-300 with a payload of 3142kg

Results LHR-ATL: PM LHR-ATL: ES LHR-ATL: Average
Fuel consumption [kg] 16575 16571 16588
Flight time [s] 37521 37504 37489
Distance [km] 6778 6778 6778

Table B.2: S2: Solo flight from Madrid to New York City for the Boeing 737-300 with a payload of 3142kg

Results MAD-JFK: PM MAD-JFK: ES MAD-JFK: Average
Fuel consumption [kg] 13799 13796 13798
Flight time [s] 31897 31880 31889
Distance [km] 5776 5776 5776

Table B.3: S3: Solo flight from London to Atlanta for the Boeing 747-400 with a payload of 63916kg

Results LHR-ATL: PM LHR-ATL: ES LHR-ATL: Average
Fuel consumption [kg] 79183 79179 79181
Flight time [s] 28453 28462 28458
Distance [km] 6778 6778 6778

In Figures B.1a - B.1d and B.2a - B.2d, graphs containing the true airspeeds, vertical flight paths,
specific energies and aircraft weights of, respectively, solo flights 1 and 2 and solo flights 3 and 4 are
presented.
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Table B.4: S4: Solo flight from Madrid to New York City for the Boeing 747-400 with a payload of 63916kg

Results MAD-JFK: PM MAD-JFK: ES MAD-JFK: Average
Fuel consumption [kg] 66305 66357 66331
Flight time [s] 24392 24408 24400
Distance [km] 5776 5776 5776

(a) True airspeed (b) Vertical flight profile

(c) Specific energy (d) Aircraft weights

Figure B.1: Results for solo flights 1 and 2
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(a) True airspeed (b) Vertical flight profile

(c) Specific energy (d) Aircraft weights

Figure B.2: Results for solo flights 3 and 4
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C
Results for the KLM Scenario

(Experiment 3)

In this appendix the results for the KLM experiment (Experiment 3) are presented in more detail. In Table
C.1 the results for the individual aircraft and for the total formation of both formations are presented.

Table C.1: Results for the KLM experiment

Results Formation 1 Formation 2
AC A AC B Total AC A AC B Total

Fuel [kg] 68283 67740 136020 73364 62738 136100
Flight time [hr] 7.78 6.83 14.60 7.78 6.82 14.60
Distance [km] 6226 5864 12090 6226 5864 12090

More results are presented in Figures C.1a - C.1f and C.2a - C.2f for Formations 1 and 2, respectively.
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(a) Horizontal flight path (b) Horizontal flight path at origin

(c) Vertical flight profile (d) True airspeed

(e) Specific energy (f) Aircraft weighs

Figure C.1: Results for Formation 1 of the KLM experiment (Experiment 3)
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(a) Horizontal flight path (b) Horizontal flight path at origin

(c) Vertical flight profile (d) True airspeed

(e) Specific energy (f) Aircraft weight

Figure C.2: Results for Formation 2 of the KLM experiment (Experiment 3)
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D
Results for SkyTeam Scenario

(Experiment 4)

In this appendix the results for the SkyTeam experiment (Experiment 4) are presented in more detail.
In Table D.1 the results for the individual aircraft and for the total formation of both formations are
presented.

Table D.1: Results for the SkyTeam experiment

Results Formation 1 Formation 2
AC A AC B Total AC A AC B Total

Fuel [kg] 60787 67510 128300 67954 60365 128320
Flight time [hr] 7.05 6.97 14.03 7.06 6.98 14.05
Distance [km] 5863 5863 11727 5889 5863 11752

More results are presented in Figures D.1a - D.1f and D.2a - D.2f for Formations 1 and 2, respectively.
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(a) Horizontal flight path (b) Horizontal flight path at origin

(c) Vertical flight profile (d) True airspeed

(e) Specific energy (f) Aircraft weight

Figure D.1: Results for Formation 1 of the SkyTeam experiment (Experiment 4)
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(a) Horizontal flight path (b) Horizontal flight path at origin

(c) Vertical flight profile (d) True airspeed

(e) Specific energy (f) Aircraft weight

Figure D.2: Results for Formation 2 of the SkyTeam experiment (Experiment 4)
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E
Results for the experiment with

Different Aircraft Weights
(Experiment 6)

In this appendix the results for the experiment with similar aircraft, but with different weights (Exper-
iment 6) are presented in more detail. In Figure E.1, the horizontal flights paths for both formations
are shown, where Formation 1 has the heavy aircraft as leading aircraft and Formation 2 has the heavy
aircraft as trailing aircraft.

Figure E.1: Horizontal flight paths of Formation 1 (solid line) and Formation 2 (dashed line)

In Figures E.2a - E.2d, more results for this experiment are presented. In the graphs the solid lines
represents Formation 1 and Formation 2 is represented by the dashed lines. Formation 2 with the heavy
aircraft trailing the aircraft shows the highest reduction in total fuel consumption.
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(a) Specific energy (b) Vertical flight path

(c) True airspeed (d) Aircraft weight

Figure E.2: Results for the experiment with one empty (aircraft A) and one full (aircraft B) B744. Formation 1 has aircraft A as
trailing aircraft (solid line) and Formation 2 where aircraft B is the trailing aircraft (dashed line).
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F
Results for the experiment with wind

(Experiment 8)

In this appendix, the results for the eastbound and westbound flights, on which the effects of the
presence of wind is examined, are presented in more detail (Experiment 8). In Figures F.1 and F.2 the
horizontal flight paths for the sets of, respectively, eastbound and westbound flights are shown.

Figure F.1: Horizontal flight paths of the set of eastbound flights. The dashed lines represent the optimal trajectories of the
aircraft when flying solo and the solid green lines represent the optimal trajectories for the same flights that join in formation.
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Figure F.2: Horizontal flight paths of the set of westbound flights. The dashed lines represent the optimal trajectories of the
aircraft when flying solo and the solid green lines represent the optimal trajectories for the same flights that join in formation.
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G
Results for the Three-Aircraft

Formation (Experiment 9)

In this appendix the results for the three-aircraft formation (Experiment 9) are presented in more detail.
In Table G.1 the results for the individual aircraft and for the total formation of both formations are
presented. When comparing the results for the aircraft in formation to the corresponding solo flight,
it shows that larger formations can result into larger fuel reductions. The results for the aircraft in a
three-aircraft formation relative to their corresponding solo flights are presented in Table G.2.

Table G.1: Results for a three-aircraft formation flown by three B733 aircraft. Aircraft A from London to Atlanta, aircraft B from
Amsterdam to New York City and aircraft C from Madrid to Toronto (Experiment 9)

Results Solo Three-Aircraft Formation
AC A AC B AC C Total AC A AC B AC C Total

Fuel [kg] 16575 14035 14593 45203 15029 14265 13151 42445
Flight time [hr] 10.42 9.00 9.31 28.73 10.35 9.06 9.58 28.99
Distance [km] 6778 5863 6068 18709 6819 5953 6289 19061

Table G.2: Results for the aircraft in a three-aircraft formation relative to their corresponding solo flights (Experiment 9)

Aircraft A Aircraft B Aircraft C Total
Fuel -9.33% +1.64% -9.88% -6.08%
Flight time -0.67% +0.67% +2.90% +0.90%
Distance +0.60% +1.54% +3.64% +1.88%
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(a) Velocity profile of aircraft A (b) Velocity profile of aircraft B

(c) Velocity profile of aircraft C (d) Specific energies

(e) Vertical flight profiles (f) Aircraft weights

Figure G.1: Results for the three-aircraft formation experiment (Experiment 9)
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