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In this study, flexural behaviors of the pultruded composite laminate were evaluated through experiments and theoretical
analysis. +ree-point flexural tests were performed for pultruded specimens. +e typical failure mode for the longitudinal
flexural specimens was local crush on the top surface accompanied with local cracks on the bottom surface at midspan. For the
transverse tests, the specimens presented a failure pattern with local cracks initiated and propagated at both the top and bottom
sides at the midspan. +eoretical analysis, based on micromechanics and macromechanics, was performed to predict flexural
deformation and stress distribution of the pultruded laminate beam. Based on the continuum damage model proposed by the
authors, this paper mainly investigates the flexural behavior and failure pattern of pultruded lamination. +e theoretical and
finite element results agreed well with the test results. +e results can provide a reference for the design of the structural
pultruded modular systems.

1. Introduction

With high strength, lightweight, good durability behavior
and continuous producing features, pultruded fiber rein-
forced polymer (PFRP) composites are becoming the pre-
ferred materials in both the new structures and in the repair
and rehabilitation of the existing structures [1, 2]. Pultruded
glass fiber reinforced polymer (GFRP) composites have been
applied in pedestrian bridges as well as in the bridge deck
replacement primarily due to their economic benefits [3–16].

Careful attention should be paid to the mechanical
properties of the GFRP laminates when designing the GFRP
structures since GFRP laminates are orthotropic, and the
shear modulus is independent of the elastic modulus and
Poisson’s ratio. Besides, pultruded GFRP laminates with

different stacking-sequence show different mechanical be-
haviors. +us, the GFRP laminates should be designed with
multiscale strategy in the practice [17, 18]. Considering no
specification provides mechanical properties for the GFRP
laminates, we conducted this study aiming to obtain a deeper
understanding of the flexural behavior of the GFRP
laminates.

In this study, the longitudinal and transverse flexural
strength and moduli are evaluated through experiments.
+eoretical analysis are performed for predicting de-
formation and stress distribution of the pultruded laminate
specimens based on both micromechanics and macro-
mechanics. +eoretical analysis was performed to predict
flexural deformation and stress distribution of the pultruded
laminate beam. Based on the continuum damage model
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proposed by the authors, this paper investigates the flexural
behavior and failure pattern of pultruded lamination. +e
study in this paper can be a reference for the design of
structural pultruded modular systems.

2. Experimental Programs

2.1. Materials and Specimens. +e properties of fibers and
resin are listed in Tables 1 and 2 based on [4, 19, 20]. Figure 1
presents the laminate layup of specimens [19]. Two different
types of specimens are tested in the study.+e specimens cut
parallel to the roving direction are denoted as Longitudinal
specimens, while the specimens cut perpendicular to the
roving direction are denoted as Transverse specimens. +e
dimensions of all specimens are 200.0mm× 15.0mm×

10.0mm (length×width× thickness).

2.2. Test Procedures. As shown in Figure 2, three-point
bending tests were used to investigate both the longitu-
dinal and transverse flexural behaviors of pultruded GFRP
laminates. Five identical specimens were fabricated for
each loading type with a clear span of 160.0 mm and a
length-to-thickness ratio of 16 : 1. +e detailed procedures
could be referred to the GB/T 1449-2005 standard pro-
cedures [21], and the ultimate flexural capacity, σf, and
the flexural stiffness, Ef, were obtained using equations (1)
and (2):

σf �
3Pl

2bh2,
(1)

Ef �
l3

4bh3
ΔP
ΔS

. (2)

2.3. Experimental Results

2.3.1. Flexural Strength and Modulus. +e flexural strength
when the initial failure of the first lamina occur is denoted as
“First ply failure strength.” +e flexural test results of the
pultruded lamination are listed in Table 3 with the first ply
failure strength denoted as FS, the flexural strength denoted
as S, and the flexural modulus denoted as E. +e subscript
“av” denotes the average value, the subscript “95” denotes
the value with 95% guaranteed rate, and SD denotes the
standard deviation. As shown in Table 3, the value of the
transverse FSav is 65.22MPa, while the transverse value FS95
is 60.31MPa. +e longitudinal average strength Sav is
759.49MPa and the longitudinal S95 is 728.73MPa. +e
transverse Sav is 175.96MPa, and the transverse value of
S95 is 155.57MPa.+e longitudinal average modulus value
of Eav is 33.36 GPa, while the longitudinal E95 modulus
value is 31.25 GPa. Also, the transverse Eav and E95 moduli
values are 14.35 GPa and 13.40 GPa, respectively. It is
noted that no first ply failure occurs for longitudinal
loading.

2.3.2. Load-Displacement Relationship. +e typical load-
displacement curves are shown in Figure 3. +e load resisted
by the longitudinal specimen increased linearly prior to the
sharp decrease that occurred at the ultimate load.+e load of
the transverse specimen increased linearly from 0.0N to
456.2N and later was increased nonlinearly with reduced
curve slope until failure. +e nonlinearity is because the
failure of the transverse specimen lamina occurred pro-
gressively ply by ply that resulted in a gradual degradation of
effective stiffness of the specimen.

2.3.3. Failure Modes. +e failure pattern of flexural speci-
mens is illustrated in Figure 4. Failure mode of the longi-
tudinal flexural specimen was local crush on the top surface
accompanied with the propagation of local cracks on the
bottom surface at the midspan of the specimen. For the
transverse flexural specimen, the failure was because of the
occurrence of local cracks that propagated on the bottom
surface at the midspan.

3. Theoretical Analysis

3.1. Mechanical Properties of Lamina. +e predicted thick-
ness of the lamina and associated fiber volume fraction, the
engineering constants of lamina, and the ultimate strengths
of the lamina are reported in the authors’ previous work
[14–16, 19]. In this analysis, the fabric layers strength was
assumed as the strength for unidirectional roving layer with
special angles. Future research on the ultimate strength of
fabric layer is expected.

3.2. Laminate Flexural Analysis

3.2.1. Classical Laminate1eory (CLT). For a small sectional
rotation, the displacement along the X direction, u, the
displacement along Y direction, v, and the displacement
along the Z direction, w, are expressed as follows [22, 23]:

u � u0 − z
zw

zx
,

v � v0 − z
zw

zy
,

w � w(x, y),

(3)

where u0 and v0 are the displacements at the neutral plane.
+e laminate strains are given by the following equations:

εx �
zu

zx
�

zu0

zx
− z

z2w

zx2 ,

εy �
zv

zy
�

zv0

zy
− z

z2w

zy2 ,

cxy �
zu

zy
+

zv

zx
�

zu0

zy
+

zv0
zx
− 2z

z2w

zxzy
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)
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+us

ε{ } � ε0  + z k{ } �

ε0x
ε0y

c0
xy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

+ z

kx

ky

kxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

, (5)

where

ε0x �
zu0

zx
,

ε0y �
zv0

zy
,

c
0
xy �

zu0

zy
+

zv0
zx

,

kx � −
z2w

zx2 ,

ky � −
z2w

zy2 ,

kxy � −2
z2w

zxzy
.

(6)

Based on Hooke’s law, the stress-strain relationship of
each lamina is given as

σ{ }
(k)

� Q
k
ε{ }

(k)
� Q

k
ε0  + Q

k
κ{ }z, (7)

where the effective stiffness matrix Q is calculated by the
following equations:

Table 1: Mechanical properties of E-glass fibers [19].

Longitudinal
modulus (Ef1)

Transverse
modulus (Ef2)

Poisson’s
ratio (vf )

Shear modulus
(Gf )

Tensile strength
(Xft)

Compressive strength
(Xfc)

Density (ρ)

74.0GPa 74.0GPa 0.20 30.80GPa 2,150MPa 1,450MPa 2,560 kg/m3

Table 2: Mechanical properties of epoxy resin [19].

Modulus
(Em)

Poisson’s
ratio (vm)

Shear modulus
(Gm)

Tensile strength
(Xmt)

Compressive strength
(Xmc)

Shear strength
(Sm)

Density
(ρ)

3.35GPa 0.35 1.24GPa 80MPa 120MPa 75MPa 1,160 kg/m3

Axial compound fabric (90°) 360g/m2

Axial compound fabric (90°) 360g/m2

Axial compound fabric (90°) 360g/m2

Biaxial compound fabric (±45°) 680g/m2

25x roving (0°) 9600 Tex

25x roving (0°) 9600 Tex

Biaxial compound fabric (±45°) 680g/m2

Biaxial compound fabric (±45°) 680g/m2

Biaxial compound fabric (±45°) 680g/m2

25x roving (0°) 9600 Tex

25x roving (0°) 9600 Tex

25x roving (0°) 9600 Tex

25x roving (0°) 9600 Tex

Figure 1: Laminate layup.

Figure 2: Flexural test setup.

Table 3: Summary of test results.

Item Longitudinal Transverse
First ply failure strength
FSav (MPa) — 65.22
FS95 (MPa) — 60.31
SD — 3.96
Flexural strength
Sav (MPa) 759.49 175.96
S95 (MPa) 728.73 155.57
SD 24.77 16.41
Flexural modulus
Eav (MPa) 33.36 14.35
E95 (MPa) 31.25 13.40
SD 1.70 0.77
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Q � [T]
−1

[Q][T]
−T

,

[T] �

cos2 θ sin2 θ 2 cos θ sin θ

sin2 θ cos2 θ −2 cos θ sin θ

−cos θ sin θ cos θ sin θ cos2 θ− sin2 θ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

[Q] �

E1

1− v12v21

v12E2

1− v12v21
0

v12E2

1− v12v21

E2

1− v12v21
0

0 0 G12

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(8)

By introducing the axial force andmoment of a unit length,
the force-stress and moment-stress relationships are expressed
by the following equations based on definition in [18, 20]:

N{ } �

Nx

Ny

Nxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� 
h/2

−h/2

σx

σy

τxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

dz � 
n

k�1


zk

zk−1

σx

σy

τxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

dz,

M{ } �

Mx

My

Mxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

� 
h/2

−h/2

σx

σy

τxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

z dz

� 
n

k�1


zk

zk−1

σx

σy

τxy

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

⎫⎪⎪⎪⎬

⎪⎪⎪⎭

z dz,

(9)

which could be expressed as

N

M
  �

A B

B D
 

ε0

κ
 , (10)

Lo
ad

 (N
)

8000

120 2 4 6 8 10

Experimental results
�eoretical results

Displacement (mm)

6000

4000

2000

0

(a)

0 2 4 6 8
Displacement (mm)

Lo
ad

 (N
)

1400

1200

1000

800

600

400

200

0

Experimental results
�eoretical results

First ply failure

(b)

Figure 3: Load-displacement curve. (a) Longitudinal. (b) Transverse.

(a) (b)

Figure 4: Failure modes. (a) Longitudinal. (b) Transverse.
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where [22, 23]

Aij � 
h/2

−h/2
Qijdz � 

n

k�1
Qij 

k
zk − zk−1( ,

Bij � 
h/2

−h/2
Qijz dz �

1
2



n

k�1
Qij 

k
z
2
k − z

2
k−1 ,

Cij � 
h/2

−h/2
Qijz

2
dz �

1
3



n

k�1
Qij 

k
z
3
k − z

3
k−1 .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(11)

3.2.2. Flexural Analysis. In this analysis, the following
assumptions are made: (i) the displacement, v, along the Y-
direction is assumed to be zero and (ii) the displacement,
w, along the Z direction is assumed to be uniform along the
width. Based on these assumptions, the force and moment
in terms of displacement are expressed by the following
expressions:

Nx � A11
zu0

zx
−B11

z2w

zx2 ,

Mx � B11
zu0

zx
−D11

z2w

zx2 .

(12)

As shown in Figure 5(a), the moment, shear force, and
axial force are expressed as

Mx �

Px

2b
, 0≤x<

l

2
,

P(l− x)

2b
,

l

2
≤x≤ l,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(13)

Fx �

P

2b
, 0≤x<

l

2
,

−
P

2b
,

l

2
≤x≤ l,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(14)

Nx � 0. (15)

Since the axial force is zero, the moment is expressed
as

Mx �
B2
11

A11
−D11 

z2w

zx2 . (16)

+e boundary conditions of the three-point bending
loading protocol are

w � 0, when x � 0 orx � l, (17)

w′ � 0, whenx � 0 orx � l. (18)

Combining equations (14), (16), and (17) yields

w �

1
12C

Px
3 −

1
16C

Pl
2
x, 0≤x<

l

2
,

−
1

12C
Px

3
+

1
4C

Plx
2 −

3
16C

Pl
2
x +

1
48C

Pl
3
,

l

2
≤x≤ l,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(19)

where

Cx �
B2
11

A11
−D11 ,

Cy �
B2
22

A22
−D22 .

(20)

+e normal stress of each lamina is obtained by using
equation (7), which is expressed as

σ(k)
x �

1
Cx

B11

A11
− z Q

(k)

11 Mx, (21)

σ(k)
y �

1
Cy

B22

A22
− z Q

(k)

22 My. (22)

As shown in Figure 5(b), the equilibrium equation is
given as


h/2

zi

σxdz + τ(k)
xz dx − 

h/2

zi

σx + dσx( dz � 0. (23)

Also, the shear stress of each lamina is obtained based on
equation (22).

τ(k)
xz �

Fx

C

B11

A11


h/2

zi

Q
(k)
11 dz − 

h/2

zi

Q
(k)
11 z dz . (24)

+us

τ(k)
xz �

Fx

Cx

B11

A11


k

i�1
Q

(k)
11 zk − zk−1( −

1
2



k

i�1
Q

(k)
11 z

2
k − z

2
k−1 ⎡⎣ ⎤⎦.

(25)

Similar to the longitudinal shear stress, the transverse
shear stress is expressed as

τ(k)
yz �

Fy

Cy

B22

A22


k

i�1
Q

(k)
22 zk − zk−1( −

1
2



k

i�1
Q

(k)
22 z

2
k − z

2
k−1 ⎡⎣ ⎤⎦.

(26)

3.3. 1eoretical Results. Figure 3 shows a comparison be-
tween test and theoretical deformations. +e load-
displacement relationship for the longitudinal flexural
specimen or transverse flexural specimen obtained from
equation (19) agrees well with corresponding experimental
value prior to final failure (Figure 3(a)) or prior to the first
ply failure (Figure 3(b)). Before the failure load, the
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experimental deflection is larger than the corresponding
theoretical value because of the stiffness degradation.

+e stress distribution of each lamina along the thickness
is shown in Figure 6. +e maximum normal stress of the
longitudinal specimen was 1,010.0MPa that occurred in the
0°-lamina close to the top and bottom surfaces when the load
was increased to its maximum value. For the transverse
specimen, the maximum normal stress of was 214.0MPa and
occurred in the 90°-lamina close to both the top and bottom
surfaces when the first-ply failure occurred. +e maximum
shear stress for both the longitudinal and transverse spec-
imens in the 0°-lamina occurred near the top and bottom
surfaces of the laminate. +e maximum shear stress of
longitudinal specimen was 17.2MPa which occurred when
the load reached its maximum value. For the transverse
specimen, the maximum shear stress was 3.1MPa when the
first-ply failure occurred.

4. Numerical Simulation

4.1. Continuum Damage Model. To better predict the flex-
ural behavior of pultruded GFRP laminations, the contin-
uum damage material model and user-material subroutine,

UMAT, in ABAQUS/Standard [24] proposed in the author’s
previous publication [19] were employed. +e reader can
refer to [19] for the details of this damage model, including
damaged material response, initial failure criteria, damage
assessment, KKT loading/unloading conditions, and viscous
regularization. +e authors predict the tensile and in-plane
shear behavior with proposed damage model in the previous
work [19], and the flexural behaviors were evaluated in this
paper.

4.2.Numerical SimulationDescriptionandResults. As shown
in Figure 7, three-dimensional nonlinear models for the
three-point bending specimens were built using the
ABAQUS/Standard commercial finite element platform
[24]. +e lamina was simulated by the solid element C3D8R
with enhanced hourglass stiffness control strategy. As shown
in Figure 7, the translation “UZ” at the support point of the
bottom surface was constrained, and the “UX” and “UY”
translations at the middle span of the bottom surface were
constrained. In addition, surface-to-surface contact was
employed at the interfaces of the steel loading fixture. +e
normal property of the contact interaction was set as “hard,”

P

L

Mx

Fx

Fx

(a)

Mx + dMxMx

τxz

σx + dσx

Fx
τ′xz 

τ′xz

τxz

σx

Fx

dx

(b)

Figure 5: Loads and flexural stress distributions of three-point loading laminated beam. (a) Bending moment and shear force distribution.
(b) Stress distribution of infinitesimal section.
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Figure 6: Laminate stress distribution along thickness direction. (a) Normal stress. (b) Shear stress.
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Figure 7: Finite element model for three-point bending.
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Figure 8: A comparison between numerical and experimental load-displacement relationship. (a) Longitudinal. (b) Transverse.
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which forbids the penetration of different parts. +e fric-
tional coefficient was taken as 0.3 for the tangential behavior
of the contact interaction.

A comparison between numerical and experimental
load-displacement curves is shown in Figure 8. A good

agreement could be observed except that the stiffness of the
numerical model is slightly higher than the experimental
one, which can be related to the boundary conditions. +e
support pins were numerically simulated by constraining the
out-of-plane displacements of the corresponding nodes.
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Figure 9: Failure modes of longitudinal specimens. (a) Top surface. (b) Bottom surface.
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However, the bending of the specimen results in a reduction
of the spacing span, and the nodes corresponding to the
support pins were allowed to move in the in-plane
directions.

Figures 9 and 10 present the different failure modes and
damage propagation of the flexural specimens. In the
analysis, the material is fully damaged when the damage
variable, d, increased to its maximum. As shown in Figure 9,

S = 4

Load df dm dd

S = 6

S = 8

S = 10

Final

+1.000e + 00
+9.000e – 01
+8.000e – 01
+7.000e – 01
+6.000e – 01
+5.000e – 01
+4.000e – 01
+3.000e – 01
+2.000e – 01
+1.000e – 01
+0.000e + 00

(a)

S = 4

Load df dm dd

S = 6

S = 8

S = 10

Final

+1.000e + 00
+9.000e – 01
+8.000e – 01
+7.000e – 01
+6.000e – 01
+5.000e – 01
+4.000e – 01
+3.000e – 01
+2.000e – 01
+1.000e – 01
+0.000e + 00

(b)

Figure 10: Failure modes of transverse specimens. (a) Top surface. (b) Bottom surface.
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the matrix damage in the transverse direction, dm, occurred
first when the displacement increased to 6.0mm (S� 6) on
both the top and bottom surfaces. +e matrix damage in
transverse direction, dm, propagated, and the matrix damage
through the thickness direction, dd, occurred on the top
surface around the midspan when the displacement in-
creased to 8.0mm (S� 8). +e matrix damage, dm and dd,
continued to propagate once the displacement increased
from 8.0mm to 10.0mm. +e ultimate failure occurred
when the fiber damage, df, at the top surface around the
midspan increased to its maximum. +is indicates that the
fiber damage controls the longitudinal flexural strength. As
shown in Figure 10, the matrix damage in transverse oc-
curred when the displacement increased to 4mm (S� 4) on
the bottom surface, while the matrix damage in the trans-
verse direction, dm, continued to propagate when the dis-
placement increased from 6.0mm to 10.0mm. Furthermore,
the fiber damage, df, occurred when the displacement in-
creased to (S� 10). Nomatrix damage in thickness direction,
dd, occurred until the ultimate failure. +e flexural load
reached its maximum when the displacement is around
8.0mm, indicating the transverse flexural strength is con-
trolled by the matrix damage in transverse direction dm.

5. Conclusions

+ree-point flexural tests and finite element analysis were
performed on pultruded laminate specimens for studying
the flexural stiffness and strength.+e following conclusions
can be drawn from the study:

(1) +e longitudinal and transverse flexural strengths of
the pultruded composite laminate are 759.49MPa
and 175.96MPa, respectively. +e longitudinal and
transverse flexural moduli are 33.36 and 14.35GPa,
respectively. +e failure mode of the longitudinal
flexural specimen was the local crush on the top
surface accompanied with local cracks on the bottom
surface at the midspan of the specimens. For the
transverse specimen in this study, failure was due to
the development and propagation of local cracks at
the bottom surface in the midspan.

(2) +e theoretical load-displacement relationship of
longitudinal and transverse flexural specimen agreed
well with corresponding experimental relationship
prior to the final failure or prior to the first-ply
failure. +e maximum normal stress of the longi-
tudinal specimen occurred in the 0°-lamina close to
the top and bottom surfaces as the load increased to
its maximum, while the maximum normal stress of
transverse specimen occurred in the 90°-lamina close
to the top and bottom surfaces once the first-ply
failure occurred. +e maximum shear stress of both
longitudinal and transverse specimens in the 0°-
lamina occurred close to the top and the bottom
surface of the pultruded laminate.

(3) Based on the continuum damage model proposed
by the authors, this paper investigates the flexural
behavior and failure pattern of the pultruded

lamination. +e theoretical and finite element results
agreed well with the test results.
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