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Abstract

Causally interpretable meta-analysis (CIMA) extends conventional meta-analysis by transporting treat-
ment effects from multiple randomized controlled trials to a prespecified target population. Existing
CIMA methods assume that all shifted effect modifiers required for transportability are adequately cap-
tured by observed covariates. In practice, however, important effect modifiers may be partially observed
or completely unobserved, limiting the applicability of these methods. In this thesis, we develop a prox-
imal extension of CIMA for settings with unmeasured shifted effect modifiers. Building on proximal
causal inference and proximal indirect comparison, we show that proximal indirect comparison can-
not be directly adapted to CIMA because pooling multiple randomized trials induces an unmeasured
treatment assignment mechanism in the source population. To address this challenge, we introduce
proximal bridge functions and derive identification formulas for treatment-specific mean potential out-
comes under a set of proximal assumptions. Based on these identification results, we propose outcome
regression, inverse probability weighting, and doubly robust estimators for the target potential outcome
means. Simulation studies demonstrate clear improvements over the original CIMA estimators in the
presence of unmeasured shifted effect modifiers, while maintaining good finite-sample performance
under a range of simulation settings.

Keywords: causally interpretable meta-analysis; proximal causal inference; transportability; proximal
indirect comparison; unmeasured shifted effect modifiers; confounding; combining information.
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1
Introduction

Causal questions lie at the heart of science because they are ultimately questions about action. We do
not only want to know whether two things are associated; we want to know whether changing one thing
would change another. That ambition has a long intellectual history, reaching from early philosophical
reflections on cause and effect to the development of controlled experimentation in the natural and
medical sciences, and later to the formal statistical frameworks that made these questions precise. In
modern research, causal reasoning remains essential in areas as diverse as medicine, economics, and
public policy, where decisions must often be made not on the basis of patterns alone, but on the basis
of what will happen if an intervention is carried out.

At the same time, the recent rise of machine learning and artificial intelligence (AI) has given causal
thinking new urgency. Predictive systems can be remarkably successful at detecting patterns in large
data sets, yet many of the most important challenges in contemporary AI concern questions that are
inherently causal: how systems behave when conditions change, how they generalize beyond the
environments on which they were trained, how they support reliable decision-making, and how they
can be made more robust, interpretable, and fair (Scholkopf et al., 2021). For these reasons, causal
inference has become increasingly relevant to the interaction between statistics, computer science,
and applied science.

Yet the appeal of causal inference should not obscure a basic difficulty. Methods in this area aim to
deliver conclusions that are more meaningful and more trustworthy than those based on association
alone, but they rarely do so for free. Their validity depends on assumptions about how data were gen-
erated, how studies were conducted, who entered those studies, and whether the relevant differences
between individuals or populations were adequately recorded. These assumptions are often difficult
to verify and may not hold in real-world applications. Important background characteristics may be
missing, study populations may differ in ways that are hard to measure, and evidence obtained in one
setting may not apply directly in another.

One response to this difficulty is to ask how causal conclusions can remain reliable in more realistic
settings: through sensitivity analysis, robustness arguments, better study design, and methods that
remain useful even when ideal conditions are only approximately satisfied. This broader concern with
reliability and trustworthiness is also closely connected to current debates in machine learning, where
researchers increasingly view causal structure as part of the answer to problems of instability, brittle-
ness, and misleading generalization (Scholkopf et al., 2021).

This thesis is written from that perspective. Its exposition follows a gradual movement from idealized
settings to more realistic ones. We begin with settings in which the effect of an intervention can be
identified in a direct and transparent way. We then proceed to settings in which this remains possible
after taking observed background information into account. Finally, we confront harder situations in
which some relevant information is unavailable, so that the classical route to causal identification is no
longer sufficient. This progression is guided by a central question: when reality no longer satisfies the
conditions under which existing methods were originally developed, what kind of conclusion can still
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be defended? In this thesis, this question leads from causal reasoning within a single study population
to the problem of transporting causal conclusions across populations, and ultimately to the problem of
combining evidence from multiple studies when information about the differences between populations
is incomplete.

The specific focus of this thesis is a recent framework known as Causally Interpretable Meta-analysis
(CIMA), which aims to combine evidence from multiple studies while retaining a clear causal meaning
for a prespecified population of interest. Like many causal methods, however, CIMA depends on the
availability of sufficient information to account for differences across study populations. In practice,
this requirement can be difficult to meet: studies are often conducted independently, record different
background information, or omit features that are relevant for connecting their results to the target
population.

Themain contribution of this thesis is to investigate whether ideas from proximal causal inference can be
used to address this difficulty. In particular, the thesis studies whether additional observed variables can
serve as indirect sources of information about otherwise unavailable features of the problem, leading
to a new identification strategy for CIMA under alternative data assumptions.

Because the thesis is addressed to mathematics students who may not already be familiar with causal
inference, it begins by introducing the basic language needed to formulate causal questions and to
distinguish causal reasoning from associational reasoning. It then turns to the problem of transporting
causal conclusions from one setting to another, since the CIMA framework is built on that idea. With this
background in place, the thesis develops its main methodological contribution in the chapter 4, where
the CIMA framework is introduced and subsequently extended. Then we present numerical simulation
results that illustrate the behavior of the proposed strategy and compare it with existing approaches.

Taken together, the thesis addresses a challenge in causal inference: how to draw reliable causal con-
clusions when the conditions required by existing methods are difficult to satisfy in practice. It studies
this question in the setting of causally interpretable meta-analysis by extending an identification strat-
egy that remains applicable under more realistic conditions and by evaluating its performance through
simulation studies. More broadly, the thesis illustrates how methodological developments can extend
existing causal frameworks to better accommodate the real world while preserving a clear interpretation
of the resulting conclusions.



2
Preliminaries on causal inference

The purpose of this chapter is to introduce the fundamental concepts and terminology underlying causal
inference. We first present the potential outcomes framework, which provides the conceptual and
mathematical foundation for defining causal effects and their identification. We then review the main
ideas of proximal causal inference, which extends the classical adjustment framework to settings with
unmeasured confounding by exploiting proxy variables. As this is a mathematics thesis, we introduce
the necessary mathematical formulation together with several key theoretical results. Nevertheless,
the exposition is kept as intuitive as possible.

2.1. A brief primer on causal inference
Before introducing the formal language of causal inference, it is worth considering a more fundamental
question: what do we mean by causality?

A natural starting point is the well-known statement that “correlation does not imply causation.” This
phrase highlights a distinction that lies at the heart of causal inference. Statistical and machine learning
methods have traditionally focused on describing associations between variables. For example, one
may observe that two variables tend to vary together, or that the value of one variable can be predicted
from the value of another. Such relationships are often referred to as correlations or associations.

However, causality imposes a much stronger requirement than association. A classical expression can
be found in the method of difference proposed by Mill (1843):

If an instance in which the phenomenon under investigation occurs, and an instance in
which it does not occur, have every circumstance save one in common, that one occurring
only in the former; the circumstance in which alone the two instances differ, is the effect, or
cause, or an indispensable part of the cause, of the phenomenon. (p. 455)

In modern causal terminology, the two instances may be understood as two treatment conditions, one
in which the treatment is present and one in which it is absent. Here the word ”treatment” is used
broadly and is not restricted to medical treatment. Mill’s method of difference suggests that, if the two
conditions are comparable in the sense that all other relevant circumstances are held fixed, then the
difference in outcomes can be attributed to the treatment. In this thesis, we use the term treatment
effects to refer to causal effects.

By contrast, an association does not require such a controlled comparison. It is sufficient to say a
treatment and an outcome are associated if individuals who receive the treatment tend to have different
outcomes from those who do not. Such a pattern can be detected directly from observational data,
without requiring all other relevant circumstances to be held fixed.

The challenge with observational data lies in the fact that treatment status is not assigned by the inves-
tigator, but arises from existing social, biological, clinical, or behavioral factors. As a result, the treated
and untreated groups may already be systematically different before the treatment is received. If these

3



2.1. A brief primer on causal inference 4

factors also influence the outcome, then the observed association between treatment and outcome
may not reflect the treatment effect. Factors which simultaneously influence treatment and outcome
are called confounders, and the resulting distortion is known as confounding. More broadly, such con-
cerns are described as threats to internal validity (Colnet et al., 2024), which refers to whether the
observed data support a valid causal conclusion within the study population.

Randomized controlled trials (RCTs) provide the clearest contrast. In an RCT, treatment status is as-
signed through an external random mechanism rather than by pre-treatment factors. As a result, the
source of confounding described above is removed. The treated and untreated groups are therefore
comparable, and then differences in outcomes observed after treatment can be attributed to the treat-
ment itself rather than to pre-existing differences between the groups. For this reason, RCTs are widely
regarded as the most reliable design for establishing treatment effects.

Although RCTs provide the most transparent setting for causal reasoning, they are often difficult to
conduct in practice. Randomized experiments may require substantial financial resources, extensive
coordination, and specialized experimental infrastructure. In addition, many interventions cannot be
assigned randomly for ethical reasons, particularly when human subjects are involved. Researchers
may instead rely on animal experiments, but conclusions drawn from such studies cannot always trans-
port directly to the target population. In practice, RCT data are often unavailable, leaving observational
data as the primary source of evidence.

To reason about causal effects in both experimental and observational settings, a general framework
is needed. Such a framework should provide a precise definition of a treatment effect and clarify under
what conditions causal conclusions can be drawn from the available data. One of the most influential
approaches is the potential outcomes approach, originally introduced by Neyman (1923) and later
formalized by Rubin (1974). An alternative framework is provided by structural causal models (Pearl,
2009).

The present thesis is developed primarily within potential outcomes framework. Nevertheless, many of
the concepts discussed throughout the thesis have counterparts in the structural causal model frame-
work, and substantial connections exist between the two perspectives.

2.1.1. Potential outcomes framework
Consider a population of units, where a unit may represent, for example, an individual patient, a house-
hold, or an experimental subject. Let A ∈ {0, 1} denote a binary treatment variable, where A = 1
represents receiving the treatment and A = 0 represents receiving the control. Let Y denote the out-
come of interest, measured after the treatment assignment. Let Y a denote the outcome that would
be observed if the treatment variable A were set to a. The variable Y a is called a potential outcome
because it represents one possible outcome for the same unit under a specified treatment level. In
the binary treatment setting, each unit is therefore associated with two potential outcomes, Y 1 and Y 0,
corresponding to treatment and control.

A fundamental difficulty is that these two potential outcomes cannot both be observed for the same unit.
If a unit receives treatment A = 1, then we observe Y 1 but not Y 0. Conversely, if a unit receives control
A = 0, then we observe Y 0 but not Y 1. The unobserved potential outcome is commonly referred to as
the counterfactual outcome. This gives rise to the fundamental problem of causal inference: individual
treatment effect is defined as the difference between two potential outcomes, while only one of them
can ever be observed for a given unit (Holland, 1986). Consequently, the average treatment effect

ATE = E(Y 1 − Y 0),

which is the central estimand of causal inference, cannot be directly identified from the data and requires
additional assumptions for identification.

At this point, it is useful to distinguish between a causal estimand and an associational estimand. One
of an associational estimand is called naive average treatment effect:

NATE = E(Y |A = 1)− E(Y |A = 0).

Unlike the ATE, the NATE is identifiable from observational data because it depends only on the ob-
served treatment assignments and observed outcomes. The following toy example illustrates this dif-
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ference.

Example 2.1.1. Consider a study with a binary treatment A ∈ {0, 1} and a binary outcome Y ∈ {0, 1}.
The observed data are shown in Table 2.1.

Table 2.1: Observed outcomes and potential outcomes for a binary treatment.

Unit A Y Y 1 Y 0 Y 1 − Y 0

1 0 0 ? 0 ?
2 1 1 1 ? ?
3 1 0 0 ? ?
4 0 0 ? 0 ?
5 0 1 ? 1 ?
6 1 1 1 ? ?

For each unit, only one of the two potential outcomes is observed, thus the individual treatment effect
Y 1 − Y 0 is never directly observed, and the ATE cannot be computed from the observed data alone.

By contrast, the NATE can be computed immediately from the observed columns A and Y . In the table,
the average observed outcome among the treated units is

E(Y |A = 1) =
1 + 0 + 1

3
=

2

3
,

while the average observed outcome among the untreated units is

E(Y |A = 0) =
0 + 0 + 1

3
=

1

3
.

Hence,
NATE =

2

3
− 1

3
=

1

3
.

This raises a natural question: under what conditions does the NATE coincide with the ATE?

Recall Mill’s method of difference. If the treated and untreated groups are comparable, then the ob-
served difference in outcomes can be interpreted as the treatment effect. In the potential outcomes
framework, such comparability can be formalized by requiring that treatment assignment be indepen-
dent of the potential outcomes. This condition is often called exchangeability or unconfoundedness.
Under exchangeability, the distribution of potential outcomes should be the same among treated and
untreated units. The following proposition formalizes this idea.

Proposition 2.1.1. Suppose the following three conditions hold:

(i) (Consistency) Y = Y A,
(ii) (Unconfoundedness) ∀a ∈ {0, 1}, Y a ⊥⊥ A,
(iii) (Positivity) ∀a ∈ {0, 1}, P (A = a) > 0,

then ∀a ∈ {0, 1}, P (Y a) = P (Y |A = a), so the ATE is identifiable by NATE.

Proof. ∀a ∈ {0, 1},

P (Y a ∈ B) = P (Y a ∈ B|A = a) (Unconfoundedness)
= P (Y A ∈ B|A = a)

= P (Y ∈ B|A = a) (Consistency).
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This proposition may be viewed as a modern mathematical expression of Mill’s method of difference
within the potential outcomes framework. The unconfoundedness condition formalizes the idea that the
treated and untreated groups are comparable in their potential outcomes. Together with consistency
and positivity, this condition allows the NATE to coincide with the ATE.

2.1.2. Adjusting for confounders
Proposition 2.1.1 describes the ideal case in which confounding is eliminated completely. In practice
this condition is often too strong. As discussed at the beginning of this section, treatment allocation in
observational studies often depends on pre-treatment characteristics of the subjects, and these char-
acteristics may also influence the outcome. Even in experimental studies, treatment assignment may
not be completely randomized in the whole population; for example, randomization may be performed
within strata defined by baseline covariates (Imbens & Rubin, 2015). In such settings, the unconfound-
edness condition in Proposition 2.1.1 may fail.

This subsection considers a more practical setting. We allow confounders to exist, but assume that
all relevant confounders are observed. Let X denote a collection of observed pre-treatment covari-
ates. Suppose that X captures all confounders. Then, within each level of X, treated and untreated
units have the same distribution of potential outcomes. This conditional exchangeability is commonly
referred to as the no unmeasured confounding assumption. The following theorem shows that, to-
gether with consistency and positivity, this assumption enables the identification of causal effects and
constitutes a key requirement for the internal validity of causal inference based on covariate adjustment.

Theorem 2.1.1 (Identification). Suppose the following three conditions hold:

(i) (Consistency) Y = Y A,
(ii) (No unmeasured confounding) ∀a ∈ {0, 1}, Y a ⊥⊥ A|X,
(iii) (Positivity) ∀a ∈ {0, 1}, the propensity score

ea(X) ≡ P (A = a|X) > 0.

Then for a given a ∈ {0, 1}, the mean potential outcome E(Y a) is identifiable from the observed data
functionals. In particular,

µ(a) ≡ EX

[
E(Y |A = a,X)

]
identifies E(Y a). This representation is known as the g-formula. Equivalently,

µ(a) = E
(
Y 1A=a

ea(X)

)
,

which is known as the inverse probability weighting (IPW) formula. Here 1A=a denotes the indicator
function, equal to 1 if A = a and 0 otherwise.

Proof. By conditional unconfoundedness and consistency, we have ∀a ∈ {0, 1}, P (Y a|X) = P (Y |A =
a,X). Therefore,

E(Y a) = EX [E(Y a | X)]

= EX [E(Y | A = a,X)]

= EX

(
E(Y 1A=a | X)

P (A = a | X)

)
= EX

[
E
(
Y 1A=a

ea(X)

∣∣∣∣X)]
= E

(
Y 1A=a

ea(X)

)
(Tower Property).

Here, all quantities are well-defined insured by the positivity condition.

The first g-formula identifies the mean potential outcome through the conditional outcome regression
function E(Y |A = a,X). The second IPW representation is closely related to propensity score methods
in causal inference (Rosenbaum & Rubin, 1983).
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2.1.3. Estimation of treatment effects
Theorem 2.1.1 expresses the causal meanE(Y a) in terms of functionals of the observable data function-
als. In practice, however, the distribution of (X,A, Y ) is unknown. We therefore estimate these function-
als from an independently and identically distributed (i.i.d.) sample Dn = {(Xi, Ai, Yi) : i = 1, . . . , n}.
We assume that the data generating process follows all the conditions in Theorem 2.1.1 hold.

For a given a ∈ {0, 1}, the g-formula motivates the outcome regression estimator for E(Y a):

µ̂OR(a) =
1

n

n∑
i=1

ĝa(Xi),

where ĝa(X) is an estimator for the conditional expected outcome ga(X) = E(Y |X,A = a). Similarly,
the IPW formula motivates the following estimator for E(Y a):

µ̂HT (a) =
1

n

n∑
i=1

1Ai=aYi
êa(Xi)

,

where êa(X) is an estimator for the propensity score ea(X) = P (A = a|X). This estimator is commonly
referred to as the Horvitz-Thompson estimator, following the work of Horvitz and Thompson (1952).

Both estimators rely on nuisance functions: the conditional expected outcome ga(X) for outcome re-
gression and the propensity score ea(X) for IPW. If the corresponding nuisance function is misspecified,
the resulting estimator may be inconsistent. Bang and Robins (2005) proposed an alternative estimator
known as the doubly robust estimator:

µ̂DR(a) =
1

n

n∑
i=1

{
1Ai=a

[
Yi − ĝa(Xi)

]
êa(Xi)

+ ĝa(Xi)

}
.

It is called doubly robust because, under suitable regularity conditions, it remains consistent if either
the outcome regression model ĝa or the propensity score model êa is consistently estimated. For a
binary treatment A ∈ {0, 1}, the target ATE can then be estimated by taking the difference

ÂTE = µ̂(1)− µ̂(0),

where µ̂(a) may be chosen as the outcome regression, Horvitz-Thompson, or doubly robust estimator
above.

Theorem 2.1.1 and the estimators discussed above together illustrate one of the fundamental paradigms
in causal inference: identification through adjustment for observed confounders, followed by estimation
via outcome regression, IPW, or doubly robust procedures. Many identification strategies introduced
later in this thesis can be viewed as extensions or reformulations of the principle underlying this frame-
work.

2.2. Proximal causal inference
In the previous section, we introduced the basic potential outcomes framework and identification strate-
gies of causal effects. Under the no unmeasured confounding assumption, together with consistency
and positivity, causal effects are identifiable through covariate adjustment strategy. However, in many
observational studies, important confounders are not fully observed. For instance, stress, health con-
sciousness, disease severity or market sentiment may influence both treatment assignment and the
outcome, while being difficult to measure directly. In such cases, causal conclusions obtained by ad-
justing for the observed confounders may be unreliable.

Several lines of research seek to relax the requirement that all confounders must be directly observed.
One important approach uses proxy variables, which are observed variables that carry information
about latent confounders. An early and influential contribution in this direction is the effect restoration
approach of Kuroki and Pearl (2014). This approach treats a proxy variable as an imperfect measure-
ment of the latent confounder and exploits this relationship to recover the causal effect. However, this
strategy relies on knowledge of the measurement error mechanism, that is, the conditional distribution
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of the proxy given the confounder. In observational studies, this distribution is often difficult to estimate
reliably because the confounder itself is not observed.

Kuroki and Pearl (2014) also considered settings with an additional proxy variable in order to avoid
relying on external knowledge of the measurement error mechanism. While their strategy yields non-
parametric identification in certain settings, causal effects can only be identified through linear structural
equation models for the most general settings.

Building on this line of research, Miao et al. (2018) developed a more general identification strategy for
causal effects with two proxy variables. By introducing suitable rank and completeness conditions, they
established nonparametric identification in settings that were previously inaccessible to the approach
of Kuroki and Pearl (2014). The original formulation was developed within structural causal model
framework and subsequently reformulated in the potential outcomes framework (Miao et al., 2024).
This line of work is now commonly referred to as proximal causal inference (Tchetgen Tchetgen et al.,
2024).

The remainder of this section introduces the key ideas underlying proximal causal inference. Since the
present thesis is developed primarily within the potential outcomes framework, we adopt that formula-
tion throughout.

2.2.1. Adjustment with latent confounders
We formalize the remaining unmeasured sources of confounding by introducing a latent variable U . If
U were observed, then it could be treated as part of the covariate set. In that case, the identification
strategies from Theorem 2.1.1 would apply after replacingX by the enlarged covariate set (X,U). This
gives the following immediate consequence of Theorem 2.1.1.

Assumption 2.2.1. The following three conditions hold:

(i) (Consistency) Y = Y A,
(ii) (Conditional exchangeability) ∀a ∈ {0, 1}, Y a ⊥⊥ A|(X,U),
(iii) (Positivity) for all a ∈ {0, 1}, P (A = a|X,U) > 0.

Corollary 2.2.1 (Latent identification). Suppose that Assumption 2.2.1 holds. Then for a given a ∈
{0, 1}, the mean potential outcome E(Y a) is identifiable from the outcome g-formula and IPW formula.
In particular,

E(Y a) = EX,U

[
E(Y |A = a,X,U)

]
.

Equivalently,

E(Y a) = E
(

Y 1A=a

P (A = a|X,U)

)
.

However, when the confounder U is unobserved, neither the conditional outcome mean E(Y |A =

a,X,U) nor the inverse propensity score 1

P (A = a|X,U)
can be directly evaluated from the observed

data. Consequently, the identification formulas in Corollary 2.2.1 are no longer applicable. The chal-
lenge is therefore to replace these latent-confounder-dependent functions by functions of observable
variables.

2.2.2. Introducing proxy variables
Proximal causal inference addresses this challenge by introducing two observable proxy variables for
the latent confounder. The idea is similar to that of negative controls: a proxy variable is chosen so
that it is informative about the latent confounder, while remaining causally separated from the mech-
anism it is intended to emulate. Unlike Kuroki and Pearl (2014) which require explicit knowledge of
the measurement error mechanism, proximal causal inference only relies on suitable completeness
assumptions, together with conditions that rule out certain direct causal relationships.

To account for the unmeasured confounder U , proximal causal inference introduces two additional
observed variables, denoted by Z andW . Z is called a treatment proxy, or negative control exposure,
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because it is related to the treatment assignment mechanism, but is not expected to directly affect
the outcome. W is called an outcome proxy, or negative control outcome, because is related to the
outcome mechanism, but is not expected to directly influence treatment assignment. As illustrated in
Figure 2.1, Z and W provide two different views of the same latent source of confounding: one view
from the treatment side, and one view from the outcome side.

For example, consider the causal effect of airline ticket price on ticket sales. Let A denote the ticket
price and Y denote the number of tickets sold. A major source of unmeasured confounding is the
underlying demand for travel, since higher demand may lead the airline to increase prices and may
also directly increase ticket sales. In this setting, fuel prices may be viewed as treatment-side proxies:
they are related to the pricing mechanism, because higher operating costs can influence ticket prices,
but they are not expected to directly affect ticket sales. On the other hand, website views may be
viewed as outcome-side proxies, since they reflect consumer interest and are therefore related to the
sales mechanism, but, in a setting where prices are not directly adjusted based on website traffic, they
are not expected to directly influence ticket pricing.

The requirements of treatment and outcome proxies are formalized through the following conditional
independence assumptions.

Assumption 2.2.2 (Negative control proxy restrictions). The following conditions hold:

(i) Z has no direct effect on Y : Z ⊥⊥ Y | A,X,U ,
(ii) W has no direct effect on A and Z: W ⊥⊥ (A,Z) | X,U .

Figure 2.1 shows a representation of conditional independence conditions in Assumptions 2.2.1 and
2.2.2. Throughout this thesis, an arrow from one variable to another represents a direct causal effect.
The absence of arrows from Z to Y , and from W to A and Z, reflects the exclusion restrictions stated
above.

A

XZ

Y

U

W

Figure 2.1: A directed acyclic graph (DAG) representing the conditional independence assumptions in proximal causal
inference.

These conditions specify the causal roles of the proxy variables. The treatment proxy Z serves as
a proxy for the component of treatment assignment that is driven by the latent confounder, while the
outcome proxy W serves as a proxy for the component of the outcome that is driven by the latent
confounder.

The key idea of proximal causal inference is to use these proxies to construct observable substitutes for
the latent-confounder-dependent functions appearing in Corollary 2.2.1. SinceW contains information
about the pathway from U to the outcome, it may be possible to represent the conditional outcome
mean E(Y | A,X,U) through a suitable function of W . Likewise, since Z contains information about
the pathway from U to treatment assignment, it may be possible to represent the inverse propensity
score 1

P (A = a|X,U)
through a suitable function of Z.

The first of these ideas dates back to Miao et al. (2018), while the second was further developed by Cui
et al. (2024). These two bridge representations form the foundation of proximal causal identification.
We now introduce them in turn.
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Lemma 2.2.1. Suppose that Assumption 2.2.1 holds. For an outcome proxy variable W satisfying
W ⊥⊥ (A,Z)|X,U , if for a given a ∈ {0, 1}, there exists a function hua such that

E(Y |A = a,X,U) = E(hua(W,X)|A = a,X,U), (2.1)

then the mean potential outcome is identifiable from a new outcome g-formula:

E(Y a) = E
[
hua(W,X)

]
.

We call hua an outcome U-bridge function, and define Hu
a as the collection of all outcome U -bridge

functions for a ∈ {0, 1}.

Proof. By Lemma A.2.2 we have W ⊥⊥ (A,Z)|X,U =⇒ W ⊥⊥ A|X,U . Hence, the g-formula from
Corollary 2.2.1 is equivalent to

E(Y a) = EX,U

[
E(Y |A = a,X,U)

]
= EX,U

[
E(hua(W,X)|A = a,X,U)

]
= EX,U

[
E(hua(W,X)|X,U)

]
(W ⊥⊥ A|X,U)

= E
[
hua(W,X)

]
.

Lemma2.2.2. Suppose that Assumption 2.2.1 holds. For a treatment proxy Z satisfying Y ⊥⊥ Z|A,X,U ,
if for a given a ∈ {0, 1}, there exists a function qua such that

1

P (A = a|X,U)
= E(qua (Z,X)|A = a,X,U), (2.2)

then the mean potential outcome is identifiable from a new IPW formula:

E(Y a) = E
[
qua (Z,X)Y 1A=a

]
.

We call qua an treatment U-bridge function, and define Qu
a as the collection of all treatment U -bridge

functions for a ∈ {0, 1}.

Proof. The IPW formula from Corollary 2.2.1 is equivalent to

E(Y a) = E
(

Y 1A=a

P (A = a|X,U)

)
= E

[
Y 1A=aE(qua (Z,X)|A = a,X,U)

]
= E

[
E(Y 1A=a|X,U)E(qua (Z,X)|A = a,X,U)

]
= E

[
E(Y |A = a,X,U)P (A = a|X,U)E(qua (Z,X)|A = a,X,U)

]
= E

[
E(Y qua (Z,X)|A = a,X,U)P (A = a|X,U)

]
(Y ⊥⊥ Z|A,X,U)

= E
[
E(Y qua (Z,X)1A=a|X,U)

]
= E

[
Y qua (Z,X)1A=a

]
.

2.2.3. From U-bridge to observed data bridge functions
The identification formulas in Lemmas 2.2.1 and 2.2.2 are not directly implementable with the observed
data, since the corresponding bridge functions hua and qua are defined as solutions to Equations (2.1)
and (2.2), which involve the unmeasured confounder U .

To overcome this challenge, we seek alternative bridge functions ha and qa that depend only on ob-
servable variables to replace hua and qua . Specifically, we construct the outcome bridge function ha by
replacing U with the treatment proxy Z in Equation (2.1), and the treatment bridge function qa by re-
placing U with the outcome proxyW in Equation (2.2).
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Definition 2.2.1. For a given a ∈ {0, 1}, we say ha is an outcome bridge function if

E(Y |A = a,X,Z) = E(ha(W,X)|A = a,X,Z). (2.3)

Also, we say qa is a treatment bridge function if

1

P (A = a|X,W )
= E(qa(Z,X)|A = a,X,W ). (2.4)

Define Ha to be the set of all outcome bridge functions, and Qa to be the set of all treatment bridge
functions.

To justify the use of the observed data bridge functions ha and qa as replacements for their latent
counterparts hua and qua , it is necessary to characterize the relationship between the corresponding
solution spaces. In particular, we study the inclusion relationships between the sets of observed data
bridge functions, Ha and Qa, and the sets of U -bridge functions, Hu

a and Qu
a . Our key requirement is

that any observed data bridge function yields a valid U -bridge representation. It suffices to establish
that

Ha ⊆ Hu
a and Qa ⊆ Qu

a , a ∈ {0, 1},

so that each observed data bridge function corresponds to a legitimate U -bridge function. Under these
inclusion conditions, the observed data bridge functions ha and qa can be substituted for hua and qua
in the identification formulas, thereby preserving identification while eliminating dependence on the
unmeasured confounder U .

To establish the inclusion relationships above, additional completeness assumptions are required. These
assumptions ensure that the observable proxy variablesW and Z are sufficiently informative about the
variable U . We first introduce the notion of completeness.

Definition 2.2.2 (Completeness). A set of conditional distributions {L(U |X = x) : x ∈ X} is U |X-
complete if for any square-integrable function g and for any x ∈ X :

E(g(U)|X = x) = 0 =⇒ g(U) = 0 almost surely.

Intuitively, U | X-completeness requires that the variable X exhibits sufficient variability to fully reflect
variation in the unmeasured confounder U (Tchetgen Tchetgen et al., 2024). In other words, con-
ditioning on X preserves enough information about U to rule out nontrivial functions of U that are
mean-independent of X.

Under several completeness conditions, we show that the observed data bridge function classes are
subsets of their latent counterparts, thereby justifying the substitution of ha and qa for hua and qua .

Lemma 2.2.3. For a given a ∈ {0, 1}, suppose the Assumption 2.2.2 holds, then under U |Z,X,A = a-
completeness, Ha ⊆ Hu

a .

Proof. ∀ha ∈ Ha, substitude it into outcome U -bridge integral equations (2.1), and set as function

ga,x(U) = E(Y − ha(W,x)|A = a, U,X = x)

= E(Y − ha(W,x)|A = a, U,X = x, Z)

by the conditions Z ⊥⊥ Y |(A,X,U) and Z ⊥⊥ W |(A,X,U). Next, we prove ga,x = 0, which implies
ha ∈ Hu

a . By the Equation (2.3), the function ha satistifies the following properties

E(Y − ha(W,x)|A = a, Z,X = x) = 0.

Then we apply the Tower Property,

E(ga,x(U)|A = a, Z,X = x) = E(Y − ha(W,x)|A = a, Z,X = x) = 0.

Therefore, ga,x(U) = 0 almost surely under U |Z,X,A = a-completeness.

Now we have proved that for any ha ∈ Ha, ha is also in Hu
a , which implies Ha ⊆ Hu

a .
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Lemma 2.2.4. For a given a ∈ {0, 1}, suppose the condition W ⊥⊥ (A,Z)|X,U holds, then under
U |W,X-completeness, Qa ⊆ Qu

a .

Proof. ∀qa ∈ Qa, we firstly have E
[
qa(Z, x)1A=a

∣∣X = x,W
]
= 1. Substitude it into treatment U -bridge

integral equations (4.7), and set as function

ga,x(U) = E
[
qa(Z, x)1A=a

∣∣X = x, U
]
− 1

= E
[
qa(Z, x)1A=a

∣∣X = x, U,W
]
− 1 (W ⊥⊥ (A,Z)|X,U)

Next, we prove ga,x = 0, which implies qa ∈ Qu
a . To apply the Tower Property, we take the conditional

expectation

E
[
ga,x(U)

∣∣W,X = x
]
= E

[
E
(
qa(Z, x)1A=a|X = x, U,W

)
− 1

∣∣X = x,W
]

= E
[
qa(Z, x)1A=a

∣∣X = x,W
]
− 1

= 0.

Then under U |W,X-completeness, ga,x(U) = 0 almost surely. Now we have proved for any qa ∈ Qa,
qa is also in Qu

a , which means Qa ⊆ Qu
a .

The reverse inclusionsHu
a ⊆ Ha andQu

a ⊆ Qa can also be established under the negative control proxy
restrictions, without invoking completeness. Hence, the observed-data and latent bridge equations
characterize the same bridge solution spaces. We omit the proof of these reverse inclusions, since
they are not needed for the operational identification step. For identification, it is enough to know that
any bridge function solving the observed-data equation is also a valid U -bridge function.

2.2.4. Proximal identification formulas
The preceding bridge results explain how proxy variables can be used to replace the latent-confounder-
dependent functions appearing in Corollary 2.2.1. In particular, the inclusions

Ha ⊆ Hu
a and Qa ⊆ Qu

a

show that any solution to the observed data bridge equations is also a valid solution to the correspond-
ing latent U -bridge equations. Therefore, once an observed data bridge function exists and the relevant
completeness condition holds, it can be substituted into the identification formulas in Lemma 2.2.1 or
Lemma 2.2.2. We formalize the above conclusions in the form of assumptions and theorems below.

Assumption 2.2.3 (Existence of outcome bridge function). For a given a ∈ {0, 1}, there exists a func-
tion ha that solves the Equation (2.3),

E(Y |A = a,X,Z) = E
(
ha(W,X)|A = a,X,Z

)
.

Assumption 2.2.4 (Existence of treatment bridge function). For a given a ∈ {0, 1}, there exists a
function qa that solves the Equation (2.4),

1

P (A = a|X,W )
= E(qa(Z,X)|A = a,X,W ).

The observed data bridge equations are integral equations. For example, the outcome bridge equation
can be written as

E(Y | A = a,X,Z) =

∫
ha(w,X) dP (w | A = a,X,Z),

and the treatment bridge equation can be written analogously with integration over the treatment proxy
Z. These are Fredholm integral equations of the first kind. The existence of a solution is characterized
by Picard’s conditions in the theory of linear integral equations (Kress, 2014). Since our goal here is to
introduce the identification framework of proximal causal inference, we do not pursue these functional-
analytic aspects further and simply treat the existence of bridge functions as an assumption.

We now present the resulting identification formulas for the mean potential outcome.
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Assumption 2.2.5 (U |Z,X,A-Completeness). For a given a ∈ {0, 1}, for any square-integrable func-
tion g, and for any x ∈ X ,

E(g(U) | Z,A = a,X = x) = 0 =⇒ g(U) = 0 almost surely.

Assumption 2.2.6 (U |W,X-Completeness). For any square-integrable function g and for any x ∈ X ,

E(g(U)|W,X = x) = 0 =⇒ g(U) = 0 almost surely.

Theorem 2.2.1 (Proximal g-formula). For a given a ∈ {0, 1}, suppose that Assumptions 2.2.1, 2.2.2,
2.2.3 and 2.2.5 hold. Let ha denote a solution to Equation (2.3), then the target potential outcome mean
is identifiable via the g-formula

E(Y a) = E
[
ha(W,X)

]
.

Theorem 2.2.2 (Proximal IPW formula). For a given a ∈ {0, 1}, suppose that Assumptions 2.2.1, 2.2.2,
2.2.4 and 2.2.6 hold. Let qa denote a solution to Equation (2.4), then the target potential outcome mean
is identifiable via the IPW formula

E(Y a) = E
[
qa(Z,X)Y 1A=a

]
.

The proximal g-formula replaces the latent outcome regression in Lemma 2.2.1 by an outcome bridge
function of the outcome proxy W . The proximal IPW formula replaces the latent inverse propensity
score in Lemma 2.2.2 by a treatment bridge function of the treatment proxy Z. Both formulas therefore
express E(Y a) in terms of the observed variables (Y,A,X,Z,W ).

2.2.5. Estimation based on proximal bridges
The identification formulas above naturally lead to plug-in estimators of the causal mean E(Y a) once the
bridge functions have been estimated. Suppose we observe an i.i.d. sampleDn = {(Xi, Ai, Yi, Zi,Wi) :
i = 1, . . . , n} from the observed data distribution. The data-generating mechanism is constructed to
satisfy all the Assumptions 2.2.1-2.2.6. Let ĥa and q̂a denote estimators of the outcome and treatment
bridge functions, respectively. For a fixed treatment level a, the proximal outcome regression estimator
for E(Y a) is

ψ̂POR(a) =
1

n

n∑
i=1

ĥa(Wi, Xi),

and the proximal IPW estimator for E(Y a) is

ψ̂PIPW (a) =
1

n

n∑
i=1

Yiq̂a(Zi, Xi)1Ai=a.

The proximal outcome regression and IPW estimators are each sensitive to misspecification of their
respective bridge models. Cui et al. (2024) proposed a doubly robust proximal estimator, which re-
mains consistent as long as either the outcome bridge model or the treatment bridge model is correctly
specified.

ψ̂PDR(a) =
1

n

n∑
i=1

[
ĥa(Wi, Xi) + 1Ai=aq̂a(Zi, Xi){Yi − ĥa(Wi, Xi)}

]
.

For a binary treatment A ∈ {0, 1}, an estimator of the ATE is obtained by taking the difference

ÂTE = ψ̂(1)− ψ̂(0),

where ψ̂(a)may be chosen as the proximal outcome regression, IPW, or doubly robust estimator above.

The main challenge is the estimation of the bridge functions. Parametric approaches specify finite-
dimensional models, such as

h(W,X; ba) = ba,0 + ba,wW + bTa,xX
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or
h(W,X; ba) = exp(ba,0 + ba,wW + bTa,xX),

and estimate the parameters ba using the generalized method of moments (Miao et al., 2024). More
flexible approaches estimate bridge functions through nonparametric methods, including kernel-based
methods (Bozkurt et al., 2025; Mastouri et al., 2021; Singh, 2023), minimax formulations (Ghassami
et al., 2022; Kallus et al., 2022), Bayesian nonparametric methods (Hu et al., 2024), and deep learning
methods (Bozkurt et al., 2026; Kompa et al., 2022; Xu et al., 2021). Such regularized methods are
useful because estimating bridge functions amounts to solving inverse problems that are often ill-posed
in practice.

This completes the preliminary discussion of the causal frameworks used in this thesis. Section 2.1
introduced the potential outcomes framework, which provides the classical identification strategy based
on adjustment for observed confounders, where causal effects are expressed as functionals of the ob-
served data distribution and estimated using outcome regression, IPW, or doubly robust procedures.
Proximal causal inference extends this framework to settings with unmeasured confounding by intro-
ducing proxy variables and bridge functions, thereby recovering analogous identification formulas and
estimation strategies. These ideas provide the methodological foundation for the developments in the
subsequent chapters.



3
Transportability of causal effects

This chapter introduces transportability as an alternative approach to causal identification. In Chapter 2,
we considered causal inference within a single population, where the objective is to identify causal
effects from data collected on that population. By contrast, this chapter considers how internally valid
causal information obtained in one population can be transported to another population.

In particular, recall the problem discussed in Section 2.2. In many empirical studies, randomized ex-
periments in the target population are unavailable, so causal questions must be addressed using ob-
servational data. In such cases, simply adjusting for the observed covariates is generally insufficient to
identify causal effects, because some relevant confounders may be unmeasured, unknown, or imper-
fectly recorded. Besides introducing proxy variables, another approach is to exploit experimental data
from another population. Examples include using controlled animal experiments to draw conclusions
about humans, or using trial data from one clinical center to learn about treatment effects in a broader
population.

However, the use of experimental data from another population raises a new challenge. To ensure
patient safety and preserve internal validity, eligibility criteria for RCTs are often restrictive. For example,
a trial may only enrol patients within a particular age range, without severe comorbidities, with a single
disease, and with normal liver and kidney function. As a result, the source trial population may differ
systematically from the target population with respect to baseline characteristics. If some of these
characteristics also modify the causal effect, then causal conclusions learned from the RCT cannot
be directly generalized to the target population. Such variables are often referred to as shifted effect
modifiers: their distributions differ across populations, and their presence changes the causal effect of
interest (Colnet et al., 2024).

The question of when and how causal conclusions obtained in one population can be generalized or
transported to another is commonly referred to as transportability (Pearl & Bareinboim, 2011), exter-
nal validity (Campbell et al., 1963), or data fusion (Bareinboim & Pearl, 2016). This line of research
originates from early work in the program evaluation and econometrics literature on external validity
and policy extrapolation (Meyer, 1995). An influential early contribution was provided by Joseph Hotz
et al. (2005), who formulated the external validity problem within potential outcomes framework. They
showed that treatment effects in a target population can be identified by combining experimental evi-
dence from a source population with the covariate distribution of the target population under suitable
assumptions. Stuart et al. (2011) then proposed an identification strategy based on IPW to adjust for
differences between trial participants and a target population.

Within the structural causal model framework, Bareinboim and Pearl (2012, 2013) and Pearl and Barein-
boim (2011) formalized transportability as a graphical causal identification problem by introducing se-
lection variables and selection diagrams to represent mechanisms by which populations differ, and
proposed graphical criteria for determining whether causal effects are transportable. In the statistics
and epidemiology literature, Dahabreh et al. (2019, 2020) further developed the potential outcomes ap-
proach by providing a modern trial-to-target-population framework. Their work explicitly distinguished

15



3.1. Basic transportability 16

between different types of experimental designs, defined target causal estimands and identification
assumptions, and unified estimation strategies based on outcome regression, IPW, and doubly robust
methods.

In the remainder of this chapter, we adopt the potential outcomes framework of Dahabreh et al. (2020)
as the transportability framework used throughout this thesis. The presentation is organized in parallel
with Chapter 2: we first consider the case where all shifted effect modifiers are observed, and then
extend the framework to settings in which some shifted effect modifiers are unmeasured.

3.1. Basic transportability
Dahabreh and Hernán (2019) distinguish between two types of study designs for extending inferences
from RCTs to a target population: nested and non-nested trial designs.

In a nested trial design, a sample is first drawn from a broader population. A subset of individuals then
enters an RCT, while the remaining individuals do not participate in the trial. Because trial participants
and nonparticipants arise from a common sampling frame, the relationship between the trial sample
and the entire population is explicitly defined, allowing inference about the entire population under
suitable assumptions. In this case, the broader population that contains both trial participants and
nonparticipants is not explicitly defined by the study design. Consequently, inference is usually directed
toward the target population from which the nonparticipant sample was drawn, rather than toward an
entire population containing both samples.

The identification framework introduced below applies to both nested and non-nested trial designs.
Since causal effects in the entire population are generally not identifiable in non-nested designs, we
define the target causal estimand with respect to the population represented by the sampled nonpartic-
ipants. We assume access to two sources of data. First, experimental data are available from a RCT
conducted in a source population. Second, the data from target domain need only provide information
on individuals’ pre-treatment covariates. Therefore, the proposed transportability framework places
minimal restrictions on the target-domain study design, making it applicable to a wide range of settings,
including indirect comparisons between RCTs (Su et al., 2026).

3.1.1. Problem setting
We formalize this setting by introducing a selection variable, or trial participation indicator S ∈ {0, 1},
where {S = 1} denotes membership in the source domain with RCT data, and {S = 0} denotes
membership in the target domain.

Source domain Target domain
Selection variable S = 1 S = 0

Available data RCT Target-domain sample

Table 3.1: Data Structure for the Basic Transportability Setting

For individuals in the source domain, we observe the treatment assignment A ∈ {0, 1}, pre-treatment
covariates X ∈ X ⊆ Rd, and outcome Y ∈ Y ⊆ R. These observations are assumed to be i.i.d.
according to the conditional distribution (X,A, Y ) ∼ P (X,A, Y |S = 1). For individuals in the target
domain, only the shared pre-treatment covariatesX are required, and these observations are assumed
to be i.i.d. according to X ∼ P (X|S = 0). As a notational convention, we set A = 0 and Y = 0 for
individuals with S = 0, so that each observed unit can be represented by

Oi = (Xi, Si, Si ·Ai, Si · Yi), i = 1, . . . , n.

Our target causal estimand is the mean potential outcome in the target population,

θ(a) ≡ E(Y a|S = 0), a ∈ {0, 1}.

We also denote θ as the ATE in the target population

θ ≡ E(Y 1 − Y 0|S = 0).
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3.1.2. Adjusting for shifted effect modifiers
We first require that there are no unmeasured confounders in the source domain. This condition is
commonly referred to as the internal validity of the source trial (Colnet et al., 2024).

Assumption 3.1.1 (Internal validity of the source trial). The following conditions hold,

(i) (Consistency) Y = Y A,
(ii) (Randomization of the source trial) ∀a ∈ {0, 1}, Y a ⊥⊥ A|X,S = 1,
(iii) (Positivity) ∀x ∈ X with density p(x, S = 1) ̸= 0 and ∀a ∈ {0, 1}, the propensity score in the

source domain
ea(x) ≡ P (A = a|X = x, S = 1) > 0.

The preceding assumption concerns the internal validity of the RCT in the source domain: under these
conditions, causal effects are identifiable within the source population. To transport such causal infor-
mation to the target population, however, additional conditions are required.

The simplest setting is one in which the source and target populations are directly comparable, so that
the distribution of the potential outcomes is the same in both populations. In the potential outcomes
notation, this corresponds to the marginal transportability condition

Y a ⊥⊥ S, a ∈ {0, 1},

under which the mean potential outcome and ATE estimated in the source population is identical to that
in the target population. However, as discussed earlier, eligibility criteria for RCTs are often restrictive,
making shifted effect modifiers common in practice. In such settings, the marginal transportability
condition above is no longer plausible.

Most transportability methods rely on the following key requirement: after conditioning on a collection
of observed pre-treatment covariates X, units from the source and target populations have the same
distribution of potential outcomes (Dahabreh et al., 2022; Joseph Hotz et al., 2005; Stuart et al., 2011).
This condition allows shifted effect modifiers to exist, provided that they are all captured by the observed
covariates X. This requirement is formalized below.

Assumption 3.1.2 (External validity). The following conditions hold:

(i) (Transportability): ∀a ∈ {0, 1}, Y a ⊥⊥ S|X,
(ii) (Population overlap): ∀x ∈ X with density p(x) ̸= 0 and ∀s ∈ {0, 1}, P (S = s|X = x) > 0.

The transportability condition stated above is stronger than necessary for identifying the target mean
potential outcome. It is sufficient to assume the weaker mean exchangeability condition

E(Y a|X,S = 1) = E(Y a|X,S = 0), a ∈ {0, 1},

as formulated in Dahabreh et al. (2020). We nevertheless state the condition Y a ⊥⊥ S|X, which implies
the mean exchangeability condition above, to parallel the no unmeasured confounding condition Y a ⊥
⊥ A|X introduced in Section 2.1.2.

The population overlap condition requires that any covariate pattern x that occurs with positive density
in the target domain also has positive probability of appearing in the source trial. Intuitively, the source
trial must contain information about all covariate strata that are represented in the target population;
otherwise, the conditional causal effect learned from the source trial cannot be transported to those
parts of the target domain.

Under Assumptions 3.1.1 and 3.1.2, the target mean potential outcome is identifiable from the observed
data, as shown in the following theorem.

Theorem 3.1.1 (Identification under transportability). Suppose Assumptions 3.1.1 and 3.1.2 hold. Then
for a given a ∈ {0, 1}, the potential outcome mean in the target population θ(a) = E(Y a|S = 0) is
identifiable by the g-formula

θ(a) = E
[
E(Y |X,A = a, S = 1)|S = 0)

]
,
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and IPW formula
θ(a) =

1

P (S = 0)
E
(

Y 1S=1,A=a

P (A = a|X,S = 1)
· P (S = 0|X)

P (S = 1|X)

)
.

Proof. By Lemma 2.1.1, under Assumption 3.1.1,

P (Y a|X,S = 1) = P (Y |A = a,X, S = 1), ∀a ∈ {0, 1}.

Hence,

E(Y a|S = 0) = E
[
E(Y a|X,S = 0)|S = 0

]
(Tower Property)

= E
[
E(Y a|X,S = 1)|S = 0

]
(Y a ⊥⊥ S|X)

= E
[
E(Y |A = a,X, S = 1)|S = 0

]
.

The IPW representation follows by rewriting the above expression as

E
[
E(Y |A = a, S = 1, X)|S = 0)

]
= E

[
E(Y 1S=1,A=a|X)

P (A = a, S = 1|X)

∣∣∣∣∣S = 0

]

= E

[
E
(

Y 1S=1,A=a

P (S = 1|X)P (A = a|S = 1, X)

∣∣∣X) ∣∣∣∣∣S = 0

]

=
1

P (S = 0)
E

[
E
(

Y 1S=1,A=a

P (S = 1|X)P (A = a|S = 1, X)

∣∣∣X)
1S=0

]

=
1

P (S = 0)
E

[
E
(
E
(

Y 1S=1,A=a

P (S = 1|X)P (A = a|S = 1, X)

∣∣∣X)
1S=0

∣∣∣X)]

=
1

P (S = 0)
E

[
E
(

Y 1S=1,A=a

P (S = 1|X)P (A = a|S = 1, X)

∣∣∣X)
P (S = 0|X)

]

=
1

P (S = 0)
E

[
E
(

Y 1S=1,A=aP (S = 0|X)

P (S = 1|X)P (A = a|S = 1, X)

∣∣∣X)]

=
1

P (S = 0)
E
(

Y 1S=1,A=aP (S = 0|X)

P (S = 1|X)P (A = a|S = 1, X)

)
.

Here, all quantities are well-defined insured by the positivity and population overlap conditions.

Compared with the IPW formula in Theorem 2.1.1, the weighting function in Theorem 3.1.1 has two
notable differences. First, besides the inverse propensity score for treatment assignment, it contains
an additional inverse odds factor

P (S = 0|X)

P (S = 1|X)
,

which reweights the source trial to represent the target population. Thus, the IPW formula here is
also referred as inverse odds weighting (IOW) formula. Second, the indicator function is modified from
1A=a to 1S=1,A=a, reflecting that the identification uses outcome information only from individuals in
the source trial.

3.1.3. Estimation under transportability
Theorem 3.1.1 establishes that the target mean potential outcome E(Y a|S = 0) is identifiable from the
observed data through an outcome-regression representation and an IPW representation. These iden-
tification formulas naturally motivate estimators obtained by replacing the unknown nuisance functions
with estimates. Following Dahabreh et al. (2020), we consider three commonly used estimators for
θ(a) = E(Y a|S = 0).

For a given a ∈ {0, 1}, let

ga(X) ≡ E(Y |X,A = a, S = 1), ea(X) ≡ P (A = a|X,S = 1), p(X) ≡ P (S = 0|X).
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The outcome regression estimator is obtained by estimating the conditional outcome mean ga(X) in
the source trial and averaging the fitted values over individuals in the target domain:

θ̂OR(a) =

{ n∑
i=1

(1− Si)

}−1 n∑
i=1

(1− Si)ĝa(Xi).

The IOW estimator is

θ̂IOW (a) =

{ n∑
i=1

(1− Si)

}−1 n∑
i=1

ŵa(Xi, Si, Ai)Yi,

where
ŵa(Xi, Si, Ai) =

1Si=1,Ai=a

êa(Xi)
· p̂(Xi)

1− p̂(Xi)
.

Finally, the doubly robust estimator combines the outcome-regression and weighting components:

θ̂DR(a) =

{ n∑
i=1

(1− Si)

}−1 n∑
i=1

{
ŵa(Xi, Si, Ai)[Yi − ĝa(Xi)] + (1− Si)ĝa(Xi)

}
.

For a binary treatment A ∈ {0, 1}, the target ATE can then be estimated by taking the difference

θ̂ = θ̂(1)− θ̂(0),

where θ̂(a) may be chosen as the outcome regression, IPW, or doubly robust estimator above.

3.1.4. Alternative identification strategy
The identification formulas and estimators above identify the target mean potential outcomes θ(1) and
θ(0) separately, and then obtain the target ATE by taking their difference. For later use, it is helpful to
introduce an alternative formulation that identifies the target ATE directly. Moreover, this formulation
requires only a weaker transportability condition than Y a ⊥⊥ S|X, or even the corresponding conditional
mean exchangeability condition. It only requires that the conditional average treatment effect (CATE),
E(Y 1 − Y 0|X) be transportable across populations. This requirement is formalized by the following
assumption.

Assumption 3.1.3 (External validity under CATE transportability). The following conditions hold:

(i) (CATE Transportability): E(Y 1 − Y 0|X,S = 0) = E(Y 1 − Y 0|X,S = 1),
(ii) (Population overlap): ∀x ∈ X with density p(x) ̸= 0 and ∀s ∈ {0, 1}, P (S = s|X = x) > 0.

This formulation is based on a transformed outcome constructed from the randomized trial in the source
population

Ỹ =

(
A

e1(X)
− 1−A

1− e1(X)

)
Y,

where e1(X) = P (A = 1|X,S = 1) is the propensity score in the source domain. Under the CATE
transportability assumption, together with the internal validity of the source trial (Assumption 3.1.1), the
target ATE can be identified directly through the transformed outcome Ỹ .

Corollary 3.1.1 (Identification through transformed outcome). Suppose Assumptions 3.1.1 and 3.1.3
hold. Then the target ATE θ = E(Y 1 − Y 0|S = 0) is identifiable from the observed data distribution. In
particular,

θ = E
[
E(Ỹ |X,S = 1)

∣∣S = 0
]
.

Equivalently,

θ =
1

P (S = 0)
E
(
S
P (S = 0|X)

P (S = 1|X)
Ỹ

)
.
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Proof. Firstly the ATE from target domain is

θ = E(Y 1 − Y 0|S = 0)

= E(E(Y 1 − Y 0|X,S = 0)|S = 0) (Tower Property)
= E(E(Y 1 − Y 0|X,S = 1)|S = 0) (CATE Transportability)
= E(E(Y |A = 1, X, S = 1)− E(Y |A = 0, X, S = 1)|S = 0)

by applying the result of Theorem 3.1.1. Then we solve the inner term

E(Y |A = 1, X, S = 1)− E(Y |A = 0, X, S = 1) =
E(Y 1A=1|X,S = 1)

P (A = 1|X,S = 1)
− E(Y 1A=0|X,S = 1)

P (A = 0|X,S = 1)

= E
[
AY

e1(X)
− (1−A)Y

1− e1(X)

∣∣∣∣X,S = 1

]
= E

(
Ỹ
∣∣X,S = 1

)
.

Substituting the inner term into θ yields the first formula. Following arguments similar to those used in
the proof of Theorem 3.1.1, the first formula can be equivalently expressed as

E
[
E(Ỹ |X,S = 1)

∣∣S = 0
]
=

1

P (S = 0)
E
(
Ỹ 1S=1

P (S = 0|X)

P (S = 1|X)

)
=

1

P (S = 0)
E
(
Ỹ
P (S = 0|X)

P (S = 1|X)
S

)
.

As in Section 3.1.3, the two identification formulas above naturally give rise to outcome regression,
IPW, and doubly robust estimators for the target ATE. Since their derivations follow exactly the same
principles as those discussed previously, we do not present them here.

The transformed outcome formulation will play a central role in the remainder of this chapter. In par-
ticular, the proximal indirect comparison framework introduced in the next section is built upon this
formulation.

3.2. Proximal indirect comparison
The preceding section introduced the basic transportability framework under the assumption that all
shifted effect modifiers are observed. However, this assumption may fail: after conditioning only on
the observed baseline covariates X, units from the source and target populations may still differ in
ways that affect the potential outcomes. In this case, transportability cannot be established merely by
adjusting for the observed covariates.

This situation is plausible in practice. Data from different domains are rarely collected jointly, and
therefore often contain different sets of baseline covariates (Colnet et al., 2024). Even when the same
covariates are measured in both domains, some relevant effect modifiers may remain unobserved, un-
known, or imperfectly recorded. Thus, just as unmeasured confounding challenges causal identifica-
tion within a single population, unmeasured shifted effect modifiers challenge standard transportability
across populations.

A growing literature has used sensitivity analysis to address violations of transportability assumptions
caused by unmeasured shifted effect modifiers. Rather than point-identifying the target causal es-
timand, they develop sensitivity or benchmarking tools frameworks for assessing the magnitude of
external-validity bias (Andrews & Oster, 2019; Dahabreh, Robins, et al., 2023; Huang, 2022), or give
the partial identification of the target estimand (Lanners et al., 2025).

A different approach was recently proposed by Su et al. (2026), who developed an identification frame-
work by introducing proxy variables that carry information about unmeasured shifted effect modifiers.
Their approach is called proximal indirect comparison, which combines the identification strategies of
proximal causal inference and transportability of causal effects into a unified framework. Although they
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developed this framework in the setting of anchored indirect comparison between RCTs, their proposed
identification strategy is based on Corollary 3.1.1, which identifies the ATE in the target domain and
is not restricted to settings where the target domain consists of RCT data. Throughout this thesis, we
therefore view proximal indirect comparison as a general proximal transportability method.

The central theme of this thesis is the intersection between proximal causal inference and transporta-
bility of causal effects. Proximal indirect comparison provides a synthesis of these two identification
strategies and serves as the primary focus of our subsequent discussion. The remainder of this section
introduces its assumptions, identification results, and estimation strategy in turn.

3.2.1. Adjustment with unmeasured shifted effect modifiers
Following Section 2.2.1, we let A ∈ {0, 1} denote a binary treatment, Y ∈ Y ⊆ R the outcome, Y a the
potential outcome under treatment level a, and X ∈ X ⊆ Rd the observed pre-treatment covariates.
We formalize the remaining unmeasured shifted effect modifiers by introducing a latent variable U .

It is important to distinguish the role of U here from its role in proximal causal inference. In Section 2.2.1,
the latent variable U represented an unmeasured confounder, which threatens the internal validity of
causal identification within a single population. In the present transportability setting, U represents
unmeasured sources of effect modification across populations. It may prevent transportability after
conditioning only on X, but it does not by itself invalidate the randomization of treatment within the
source trial. In particular, because treatment is randomized in the source trial, treatment assignment
A is assumed to be independent of both the potential outcomes Y a and the latent effect modifiers U
after conditioning on the observed randomization covariates X. The internal validity assumption be-
low is a reformulation of Assumption 3.1.1 that explicitly incorporates the latent shifted effect modifier U .

Assumption 3.2.1 (Internal validity of the source trial with latent effect modifiers). The following con-
ditions hold:

(i) (Consistency) Y = Y A,
(ii) (Randomization in the source trial) ∀a ∈ {0, 1}, A ⊥⊥ (Y a, U)|X,S = 1,
(iii) (Positivity) ∀a ∈ {0, 1}, ea(X) = P (A = a|X,S = 1) > 0.

We next turn to the external validity condition in the presence of latent shifted effect modifiers. When
such variables are present, the standard transportability condition Y a ⊥⊥ S|X may be violated, because
conditioning only on the observed covariates X may no longer be sufficient to make the source and
target populations comparable, and U may modify the causal effect. In direct analogy with proximal
causal inference, the corresponding ideal external validity condition is obtained by replacingX with the
enlarged covariate set (X,U).

The proximal indirect comparison framework is based on the alternative identification strategy intro-
duced in the Section 3.1.4. Therefore, the relevant external validity condition is transportability of the
CATE. With latent shifted effect modifiers, this condition is formulated by replacingX in the CATE trans-
portability assumption with the enlarged covariate set (X,U).

Assumption 3.2.2 (External validity with latent effect modifiers). The following conditions hold,

(i) (CATE transportability) E(Y 1 − Y 0|X,U, S = 0) = E(Y 1 − Y 0|X,U, S = 1),
(ii) (Population overlap) ∀s ∈ {0, 1}, P (S = s|X,U) > 0.

Under the internal and external validity assumptions above, the target ATE is identified by treating the
latent shifted effect modifier U as an additional pre-treatment covariate. Consequently, the identifica-
tion results of Corollary 3.1.1 extend directly, with every occurrence of X replaced by the enlarged
covariate set (X,U). We summarize the resulting identification formula below.

Corollary 3.2.1 (Latent identification under transportability). Suppose Assumptions 3.2.1 and 3.2.2
hold. Then the target ATE θ = E(Y 1 − Y 0|S = 0) is identifiable from the observed data distribution. In
particular,

θ = E
[
E(Ỹ |X,U, S = 1)

∣∣S = 0
]
,
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where Ỹ =

(
A

e1(X)
− 1−A

1− e1(X)

)
Y with e1(X) = P (A = 1|X,S = 1) is the transformed outcome.

Equivalently,

θ =
1

P (S = 0)
E
(
S
P (S = 0|X,U)

P (S = 1|X,U)
Ỹ

)
.

Proof. This result is obtained by applying Corollary 3.1.1 to the enlarged covariate set (X,U). To
do so, we verify that the assumptions required by Corollary 3.1.1 hold when conditioning on (X,U).
Specifically, we need

• (Consistency): Y = Y A,
• (Randomization of the source trial): ∀a ∈ {0, 1}, Y a ⊥⊥ A | X,U, S = 1,
• (Positivity): ∀a ∈ {0, 1}, the propensity source in the source domain

e′1(X) ≡ P (A = a | X,U, S = 1) > 0,

• (CATE transportability) E(Y 1 − Y 0|X,U, S = 0) = E(Y 1 − Y 0|X,U, S = 1),
• (Population overlap): ∀s ∈ {0, 1}, P (S = 1 | X = x, U) > 0.

We have assumed the consistency, CATE transportability and population overlap conditions. It there-
fore remains to verify the randomization and positivity assumptions. Since we have

A ⊥⊥ (Y a, U) | X,S = 1, a ∈ {0, 1}.

Using Lemma A.2.2, this implies the randomization

A ⊥⊥ Y a | X,U, S = 1, a ∈ {0, 1}.

Moreover, the same assumption also gives

A ⊥⊥ U | X,S = 1.

Hence,

e′a(X) = P (A = a | X,U, S = 1) = P (A = a | X,S = 1) = ea(X) > 0, a ∈ {0, 1}.

Thus, all the assumptions of Corollary 3.1.1 hold with (X,U) regarded as the covariate set. The desired
result follows immediately.

It remains to check that the transformed outcome does not change when the covariate set is enlarged
from X to (X,U). If Theorem 3.1.1 is applied with covariates (X,U), the transformed outcome would
be defined using e′1(X) = P (A = a|X,U, S = 1) rather than e1(X). However, we have already proved
e′a(X) = ea(X) above, which relies on the condition A ⊥⊥ U | X,S = 1. Hence the transformed
outcome based on the enlarged covariate set (X,U) coincides with Ỹ .

As in proximal causal inference, once the shifted effect modifiers U is unobserved, neither the condi-

tional transformed outcome mean E(Ỹ |X,U, S = 1) nor the inverse odd P (S = 0|X,U)

P (S = 1|X,U)
can be directly

evaluated from the observed data. Consequently, the identification formulas in Corollary 3.2.1 are no
longer applicable. To overcome this difficulty, we again introduce proxy variables that carry informa-
tion about the latent variable U , allowing the unobservable quantities above to be represented through
bridge functions of the proxy variables.

3.2.2. Proxy variables
In proximal indirect comparison, the proxies are not used to repair confounding within an RCT, since
treatment is randomized. Instead, they are used to repair lack of transportability caused by unobserved
effect modifiers whose distributions differ between the source and target trial populations. Nevertheless,
the construction of these proxies follows the same underlying principle as in proximal causal inference.
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Proxy variables are selected to carry information about them while not directly affecting the part of the
causal system that it is intended to represent.

The variable Z is called a reweighting proxy. It carries information about latent effect modifiers U that
is relevant to differences between the source and target domains, but is not expected to directly affect
the outcome. We still viewW as an outcome proxy, which is related to the outcome mechanism, but is
not expected to membership in the source or target domain. Intuitively, the reweighting proxy Z helps
reweight source trial data to match the composition of the target population, whereas the outcome proxy
W helps capture how the latent effect modifiers modify the treatment effect.

For example, consider the indirect comparison of the weight loss effects of liraglutide and semaglutide
in adults with type-2 diabetes. Since the two trials were conducted several years apart and recruited
different study populations, unobserved social determinants of health may differ between the trial pop-
ulations and modify the treatment effect. The goal is therefore to transport the weight-loss effect of
liraglutide from one clinical trial population to another target population for which semaglutide trial data
are available. Proxy variables are introduced to capture information about the social determinants of
health that are not directly observed in either trial. Baseline lipid measurements, such as lipoprotein
cholesterol and triglycerides, may be viewed as reweighting proxies, since they can reflect differences in
health-system factors across populations. By contrast, baseline glycemic measurements, such as fast-
ing plasma glucose and fasting insulin, may be viewed as outcome proxies, since they reflect glycemic
control and metabolic status related to subsequent weight change.

We restate the observed variables under the extended proxy setup. We observe (X,A, Y,W,Z) in
the source trial and (X,W ) in the target population, so the observed variables can be represented by
(X,S, S · A,S · Z,W,S · Y ). W must be observed in both source trial and target domain because the
alternative g-formula may take the form θ(a) = E(h(W,X)|S = 0). In contrast, the reweighting proxy
Z only needs to be observed in the source trial because it is only involved in the participation bridge
equation which is formulated entirely within the source trial, and in the IPW formula it appears only
through the term Sq(Z,X).

The proposed proxy variables are assumed to satisfy the following conditional independence assump-
tions:

Z ⊥⊥ Y |A,X,U, S = 1, (3.1)
W ⊥⊥ (A,Z)|X,U, S = 1, (3.2)
W ⊥⊥ S|X,U. (3.3)

The conditions (3.1) and (3.2) are inherited from the proximal causal inference (Assumption 2.2.2) and
are imposed within the source domain {S = 1}. They require the reweighting proxy Z and the outcome
proxyW to be related to the latent shifted effect modifiers U only through appropriate negative-control-
type relationships, rather than through direct causal links with the outcome or the treatment assignment.
The condition (3.3) implies that any difference inW across domains is fully explained byX and U , thus
preventing it from being shifted effect modifiers.

Importantly, introducing proxy variables does not alter the randomized treatment assignment in the
source trial. Although the latent effect modifiers are not directly observed, treatment remains randomly
assigned conditional on the observed covariates X within the source domain. Su et al. (2026) reformu-
late the proximal assumptions as follows.

Assumption 3.2.3. The following conditions hold:

(i) (Randomization) (Z,W,U) ⊥⊥ A|(X,S = 1)

(ii) (W has no direct effect on Z) Z ⊥⊥W |(X,U, S = 1),
(iii) (Z has no direct effect on Y) Z ⊥⊥ Y |(A,X,U, S = 1),
(iv) (W has no direct effect on S)W ⊥⊥ S|(X,U).

The third and fourth conditions coincide with the conditional independence assumptions (3.1) and (3.3).
We need to verify that the first two conditions together imply assumption (3.2). By Lemma A.2.2, the



3.2. Proximal indirect comparison 24

randomization condition implies W ⊥⊥ A|(Z,X,U, S = 1). Then combining this condition with the
Assumption 3.2.3 (ii), Lemma A.2.2 yields{

W ⊥⊥ A|Z,X,U, S = 1

W ⊥⊥ Z|X,U, S = 1

}
⇐⇒W ⊥⊥ (A,Z)|X,U, S = 1.

The following DAG provides a graphical illustration of the proximal conditions above. As in Figure 2.1,
directed arrows between variables represent direct causal effects. In addition, the DAG contains the
domain indicator S, which should be interpreted in the sense of a selection diagram: an arrow from
S to a variable indicates that the distribution of that variable may differ between the source and target
domains (Pearl & Bareinboim, 2014).

S

X

U

Y

Z W

A

Figure 3.1: A DAG representing proximal assumptions in the source domain S = 1

Since treatment assignment is randomized within the source domain, no direct edge from the latent
effect modifiers U to the treatment A is included. The edge from X to A, however, is retained because
we do not assume complete randomization. In practice, treatment assignment may be randomized
through stratified or blocked randomization, so the assignment mechanism is allowed to depend on X
but not on the unmeasured effect modifiers U .

3.2.3. Identification when introducing proxy variables
Similar to proximal causal inference, proximal transportability uses proxy variables to construct ob-
servable substitutes for the latent-effect-modifier-dependent functions appearing in the identification
formulas. Since the outcome proxy W carries information about how the latent effect modifiers are
related to the outcome mechanism, it may be possible to represent E(Ỹ |X,U, S = 1) through a bridge
function of (W,X). Likewise, since the reweighting proxy Z carries information about how the latent
effect modifiers differ between the source and target domains, it may be possible to represent the par-

ticipation odds P (S = 0|X,U)

P (S = 1|X,U)
through a bridge function of (Z,X).

Lemma 3.2.1. Suppose that Assumptions 3.2.1 and 3.2.2 hold. For an outcome proxy variable W
satisfying Assumption 3.2.3 (iv), if there exist a function hu such that

E(Ỹ |U,X, S = 1) = E(hu(W,X)|U,X, S = 1), (3.4)

then the target ATE E(Y 1 − Y 0|S = 0) is identifiable by

θ = E
[
hu(W,X)|S = 0

]
.

We call hu an outcome U-bridge function, and define Hu as the collection of all outcome U -bridge
functions.

Proof. By Corollary 3.2.1, under Assumptions 3.2.1 and 3.2.2,

θ = E
[
E(Ỹ |X,U, S = 1)

∣∣S = 0
]

= E
[
E(hu(W,X)|X,U, S = 1)|S = 0

]
= E

[
E(hu(W,X)|X,U, S = 0)|S = 0

]
(W ⊥⊥ S|(X,U))

= E
[
hu(W,X)|S = 0

]
.
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Lemma 3.2.2. Suppose that Assumptions 3.2.1 and 3.2.2 hold. For an reweighting proxy variable Z
satisfying Assumption 3.2.3 (i) and (iii), if there exists a function qu such that

E(qu(Z,X)|U,X, S = 1) =
P (S = 0|X,U)

P (S = 1|X,U)
, (3.5)

then the target ATE θ = E(Y 1 − Y 0|S = 0) is identifiable by

θ =
1

P (S = 0)
E(Squ(Z,X)Ỹ ).

We call qu an participation U-bridge function, and defineQu as the collection of all participation U -bridge
functions.

Proof. From the randomization assumption, we have the conditional independenceA ⊥⊥ (Z,U)|X,S =
1, which implies

A ⊥⊥ Z|U,X, S = 1 (3.6)
by applying Lemma A.2.2. Combining 3.6 with with Z ⊥⊥ Y |(A,X,U, S = 1), and again using Lemma
A.2.2, we have

Z ⊥⊥ (A, Y )|X,U, S = 1.

We know that the transformed outcome Ỹ =

(
A

e1(X)
− 1−A

1− e1(X)

)
Y , where

e1(X) = P (A = 1|X,S = 1) = P (A = 1|X,U, S = 1).

By Corollary 3.2.1, under Assumptions 3.2.1 and 3.2.2,

θ =
1

P (S = 0)
E
(
S
P (S = 0|X,U)

P (S = 1|X,U)
Ỹ

)
=

1

P (S = 0)
E
[
Ỹ 1S=1E(qu(Z,X)|U,X, S = 1)

]
=

1

P (S = 0)
E
[
E(Ỹ 1S=1|X,U)E(qu(Z,X)|U,X, S = 1)

]
=

1

P (S = 0)
E
[
E(Ỹ |X,U, S = 1)P (S = 1|X,U)E(qu(Z,X)|U,X, S = 1)

]
=

1

P (S = 0)
E
[
E(Ỹ qu(Z,X)|U,X, S = 1)P (S = 1|X,U)

]
(Z ⊥⊥ (A, Y )|X,U, S = 1)

=
1

P (S = 0)
E
[
E(Ỹ qu(Z,X)1S=1|U,X)

]
=

1

P (S = 0)
E
[
Squ(Z,X)Ỹ

]
.

The identification formulas in Lemmas 3.2.1 and 3.2.2 are not directly implementable with the observed
data, since the corresponding bridge functions hu and qu are defined through Equations (3.4) and (3.5),
which involve the unmeasured shifted effect modifiers U . Following the same strategy as in proximal
causal inference, we seek alternative bridge functions h and q, depending only on observable variables,
that can serve as substitutes for hu and qu.

Definition 3.2.1. We say h is an outcome bridge function if

E(Ỹ |Z,X, S = 1) = E(h(W,X)|Z,X, S = 1). (3.7)

Also, we say q is a participation bridge function if

E(q(Z,X)|W,X, S = 1) =
P (S = 0|X,W )

P (S = 1|X,W )
.

Define H to be the set of all outcome bridge functions, and Q to be the set of all participation bridge
functions.
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As in proximal causal inference, under all the internal validity, external validity and proximal assump-
tions together with the corresponding completeness assumptions, it can be shown that the inclusion
relationships

H ⊆ Hu, Q ⊆ Qu

hold. In such cases, any observed-data bridge function is also a valid U -bridge function. Consequently,
if an outcome bridge function h ∈ H exists, then the target ATE is identifiable by

θ = E[h(W,X)|S = 0].

Similarly, if a participation bridge function q ∈ Q exists, then the target ATE is identifiable by

θ =
1

P (S = 0)
E[Sq(Z,X)Ỹ ].

Since the argument is analogous to the completeness-based bridge argument used in proximal causal
inference, we omit the proof.

This completes the discussion of transportability of causal effects. The structure of this chapter parallels
the causal identification hierarchy developed in Chapter 2. In Chapter 2, the progression was from
unconditional exchangeability (Y a ⊥⊥ A), to conditional exchangeability given observed covariates
(Y a ⊥⊥ A | X), and finally to proximal causal inference, where exchangeability is restored only after
conditioning on both observed covariates and latent confounders (Y a ⊥⊥ A | X,U ). This chapter follows
the analogous path for transportability. We began with the ideal case in which potential outcomes
are directly comparable across domains (Y a ⊥⊥ S), then introduced conditional transportability given
observed shifted effect modifiers(Y a ⊥⊥ S | X), and finally considered proximal transportability, where
transportability is recovered only after conditioning on observed covariates and unmeasured shifted
effect modifiers (Y a ⊥⊥ S | X,U ).

The conceptual distinction is that Chapter 2 concerns internal validity: whether the treatment effect is
identifiable within a study population in the presence of confounding. The key obstacle there is un-
measured confounding, and proximal causal inference addresses it by using treatment and outcome
proxies for latent confounders. By contrast, the present chapter concerns external validity: whether a
treatment effect learned in a source domain can be transported to a target domain. The key obstacle
is not confounding within the target domain, but shifted effect modification across domains. Proximal
transportability therefore uses reweighting and outcome proxies to recover information about unmea-
sured shifted effect modifiers, leading to bridge-based identification formulas analogous to those in
proximal causal inference.



4
Causally interpretable meta-analysis

and its proximal extension

Traditional meta-analysis aims to combine the results of multiple trials or studies to obtain an overall
effect estimate, usually by modeling the distribution of effect sizes or by calculating a weighted av-
erage (Higgins et al., 2009; Rice et al., 2018). While this approach is useful for evidence synthesis,
the resulting estimand is generally not defined for a well-defined target population, making its causal
interpretation beyond the trial participants unclear. CIMA, introduced by Dahabreh, Robertson, et al.
(2023), addresses this issue by defining the estimand as a potential-outcome causal effect in a pre-
specified target population. In this framework, causal information from multiple RCTs is synthesized
and transported to a prespecified target population in which experimental data may be unavailable.

Viewed from the perspective of Chapter 3, CIMA can be understood as a natural extension of the
transportability of causal effect framework. The standard transportability problem asks when causal
information from a single RCT can be transported to a target population. CIMA extends this setting by
allowing information to be drawn from multiple RCTs conducted in different environments and under
different randomization mechanisms, before transporting the synthesized causal information to the
target population. Thus, the central question is no longer only whether one trial is externally valid for
the target population, but how several internally valid trials can be combined in a way that preserves a
causal interpretation for the target-population estimand.

However, combining information from multiple RCTs is not merely a larger version of the single-trial
transportability problem. It also introduces additional practical difficulties. As discussed in Section 3.2,
studies from different domains are typically conducted independently, and therefore do not necessar-
ily collect the same baseline covariates. When the number of source trials increases, this problem
becomes even more pronounced: different trials may measure different covariates, use different mea-
surement protocols, or omit variables that are available in other studies or in the target population.
As a result, some variables that are needed to explain differences in treatment effects between the
trials and the target population may be unavailable or only imperfectly measured. In the terminology
of this thesis, such variables can be viewed as unmeasured shifted effect modifiers. This limitation
has also been acknowledged in the original CIMA framework. Specifically, Dahabreh, Robertson, et al.
(2023) identified differential covariate measurement across trials and systematically missing covariates
as important directions for future research.

The main contribution of this thesis is to address this limitation. We extend the CIMA framework to
settings in which some shifted effect modifiers are unmeasured, and develop identification strategies
for target-population causal effects under this weaker form of external validity. The key idea is to build
on the proximal transportability methods of Su et al. (2026) and introduce proxy variables that carry
information about the unmeasured shifted effect modifiers. We refer to the resulting framework as
proximal causally interpretable meta-analysis.

The organization of this chapter parallels the progression of Chapters 2 and 3. We first present Da-

27
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habreh, Robertson, et al. (2023)’s CIMA framework, and then extend their identification strategy to
scenarios with unmeasured shifted effect modifiers. Finally, we introduce proxy variables and derive
proximal identification formulas that recover causal interpretation under suitable bridge and complete-
ness conditions.

4.1. Original causally interpretable meta-analysis framework
The CIMA framework can be understood intuitively as a two-step procedure. First, the source RCTs
are combined into a single pooled dataset. Second, the causal information from this pooled source
dataset is transported to the target population, where experimental data may be unavailable.

This pooling step, however, is not automatically justified. The transportability framework introduced
in Chapter 3 assumes that the source domain provides RCT data. In CIMA, however, the source
domain is no longer an individual source trial, but a pooled dataset constructed from multiple RCTs.
Therefore, before applying transportability, we must first determine whether this pooled source dataset
still preserves the randomization property required for causal identification.

Unfortunately, this is not automatically guaranteed. Although each source trial is internally valid on its
own, CIMA allows different trials to adopt different randomization ratios. For example, one trial may as-
sign treatment and control with equal probability, while another trial may use an unequal randomization
ratio. After pooling the trials, individuals from some trials may therefore be more likely to appear in the
treated group, whereas individuals from other trials may be more likely to appear in the control group. If
individuals from different trials have different potential outcomes, then the treated and untreated groups
in the pooled source data may no longer be comparable. In such cases, the relevant randomization
property needed for causal identification is lost after pooling.

A key insight of the CIMA framework is that preserving randomization after pooling multiple RCTs re-
quires more than the internal validity of each trial. It also requires an external validity assumption stating
that participants from different source trials are comparable with respect to their potential outcomes. Un-
der these assumptions, pooling preserves the randomization property needed for identification, allowing
the pooled source data to be used as the source randomized dataset in the transportability framework.
We now formalize this setting.

4.1.1. Problem Setting
Consider a data structure arising from a collection of RCTs conducted inm distinct environments and a
separate, non-randomized dataset in the target domain. The overall sample size is n. Each individual
i, for i = 1, · · · , n, is from one ofm+1 locations and indicated by Si ∈ {0, 1, · · · ,m}. The label {S = 0}
denotes the target domain, and S = {1, · · · ,m} denotes the collection of source trials. The number of
observations from environment {S = s} is denoted by ns, hence n =

∑m
s=0 ns. We also introduce a

trial participation indicator

R = 1S∈S =

{
1 if S ∈ S,
0 if S = 0,

which indicates whether an individual is enrolled in one of the RCTs.

For each individual i = 1, . . . , n, baseline covariates Xi ∈ X ⊆ Rd are observed for all units. Binary
treatment Ai ∈ {0, 1} ⊆ R and outcome Yi ∈ Y ⊆ R may be observed only for individuals in the source
trials. The data from the RCTs in environments {S = s}, for s ∈ S, are assumed to be i.i.d. according
to distributions (X,A, Y ) ∼ P (X,A, Y |S = s), which may differ across environments s ∈ 1, · · ·m. The
data from the target population consist only of baseline covariates and assumed to be i.i.d. according
to X ∼ P (X|S = 0). As a notational convention, we set Ai = 0 and Yi = 0 for individuals with
Ri = 0, noting that these values do not correspond to actual treatments or outcomes but serve solely
as placeholders for missing data. Each observation is therefore represented by the tuple

Oi = (Xi, Ri, Si, Ri ·Ai, Ri · Yi), i = 1, · · · , n.

Let Y a denote the potential outcome under an intervention assigning treatment level a ∈ {0, 1}. Our
primary causal estimand is the mean potential outcome in the target population,

ϕ(a) ≡ E(Y a | S = 0), a ∈ {0, 1}.
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We also denote ϕ the ATE in the target population

ϕ ≡ E(Y 1 − Y 0 | S = 0).

4.1.2. Assumptions and pooled randomization
Recall that CIMA first pools information from multiple source trials into a single source dataset and then
transports the synthesized causal information to the target population. The key challenge, as discussed
above, is to establish conditions under which the pooled source data preserve the randomization prop-
erty required for transportability. This section introduces the corresponding assumptions that make this
procedure possible. We begin by introducing the internal validity of each source trial.

Assumption 4.1.1 (Internal validity of RCTs). The following conditions hold:

(i) (Consistency): Y = Y A,
(ii) (Trial-specific randomization): ∀s ∈ S, ∀a ∈ {0, 1}, Y a ⊥⊥ A|X,S = s,
(iii) (Treatment positivity): ∀s ∈ S, ∀a ∈ {0, 1}, the propensity score in each source trial

ea(X) ≡ P (A = a|X,S = s) > 0.

Since {R = 1} indicates membership in the collection of source trials, the pooled source dataset is
represented by conditioning on {R = 1} and marginalizing over the domain label S. In order to use this
pooled dataset as the randomized source dataset in the transportability framework, we would like the
following pooled randomization condition to hold:

Y a ⊥⊥ A | X,R = 1, a ∈ {0, 1}.

However, this condition does not follow from trial-specific randomization alone. Assumption 4.1.1 only
implies

∀s ∈ S, Y a ⊥⊥ A|X,S = s⇐⇒ Y a ⊥⊥ A|X,S,R = 1, a ∈ {0, 1}.

Conditional independence of this form is not generally preserved after marginalizing over the domain
label S. A simple sufficient condition under which the marginalization is valid is that all source trials
share the same treatment assignment mechanism, namely

A ⊥⊥ S | X,R = 1.

Combining this condition with the trial-specific randomization assumption, Lemma A.2.2 yields{
A ⊥⊥ Y a|S,X,R = 1

A ⊥⊥ S|X,R = 1

}
⇐⇒ A ⊥⊥ (Y a, S)|X,R = 1 =⇒ A ⊥⊥ Y a|X,R = 1, a ∈ {0, 1}.

Although this condition guarantees that pooling preserves randomization, the CIMA framework avoids
this restriction, allowing source RCTs to have different randomization ratios. In particular, Assump-
tion 4.1.1 does not impose

P (A = 1 | X,S = s) = P (A = 1 | X,S = s′), s, s′ ∈ S and s ̸= s′,

so it does not enforce A ⊥⊥ S | X,R = 1.

The desired pooled randomization property can still be established through a different set of assump-
tions. Specifically, CIMA adopts the external validity assumption introduced in Section 3.1.

Assumption 4.1.2 (External Validity). The following conditions hold:

(i) (Transportability across source trials and target population): ∀a ∈ {0, 1}, Y a ⊥⊥ S|X,
(ii) (Population overlap): ∀s ∈ S, if f(x, S = 0) ̸= 0, P (S = s|X = x) > 0.
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Intuitively, this assumption states that, after conditioning on the observed covariates, units from different
environments have the same distribution of potential outcomes. As shown below, together with the trial-
specific randomization assumption, this condition is sufficient to establish the pooled randomization
property.

We first show that the external validity assumption implies causal effects can be transported across
source trials. By Lemma A.2.1,

Y a ⊥⊥ S | X =⇒ Y a ⊥⊥ S|X,1S∈S =⇒ Y a ⊥⊥ S | X,R = 1, a ∈ {0, 1}.

This result can now be combinedwith the trial-specific randomization assumption. Applying LemmaA.2.2
yields{

Y a ⊥⊥ A | S,X,R = 1

Y a ⊥⊥ S | X,R = 1

}
⇐⇒ Y a ⊥⊥ (A,S) | X,R = 1 =⇒ Y a ⊥⊥ A | X,R = 1, a ∈ {0, 1}.

After establishing the pooled randomization property, we can apply the basic transportability methods
introduced in Section 3.1 to transport the synthesized causal information from the pooled source dataset
to the target population.

4.1.3. Identification formulas
Corollary 4.1.1 (Identification under CIMA). Suppose Assumptions 4.1.1 and 4.1.2 hold, then for a
given a ∈ {0, 1}, ϕ(a) = E(Y a|R = 0) is identifiable by the g-formula

ϕ(a) ≡ E
[
E(Y |X,A = a,R = 1)

∣∣R = 0
]
,

and IOW formula
ϕ(a) =

1

P (R = 0)
E
(

Y 1R=1,A=a

P (A = a|X,R = 1)
· P (R = 0|X)

P (R = 1|X)

)
.

Proof. The result follows immediately from the transportability identification results established in The-
orem 3.1.1. Specifically, we need

• (Consistency): Y = Y A,
• (Randomization of the pooled source dataset): ∀a ∈ {0, 1}, Y a ⊥⊥ A | X,R = 1,
• (Positivity): ∀a ∈ {0, 1}, the propensity score in the pooled source dataset

ẽa(X) ≡ P (A = a | X,R = 1) > 0,

• (Transportability): ∀a ∈ {0, 1}, Y a ⊥⊥ R | X,
• (Population overlap): ∀x with f(x,R = 0) ̸= 0, we have P (R = 1 | X = x) > 0.

As shown in the previous subsection, Assumptions 4.1.1 and 4.1.2 imply the consistency and random-
ization conditions. We now verify the transportability assumption. SinceR = 1{S∈S} which is a function
of S, Lemma A.2.1 yields Y a ⊥⊥ S | X =⇒ Y a ⊥⊥ R | X.

To prove the remaining two conditions, firstly, ∀x with density f(x,R = 0) ̸= 0, P (R = 1|X = x) =
P (S ∈ S|X = x) > 0 by the population overlap condition in Assumption 4.1.2. Secondly,

ẽa(X) = P (A = a|X,R = 1)

=
∑
s

P (A = a|X,R = 1, S = s)P (S = s|X,R = 1)

=
∑
s∈S

P (A = a|X,S = s)
P (S = s|X)

P (R = 1|X)
> 0

by the Assumption 4.1.1 (iii) and population overlap condition.
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The corresponding outcome regression, IOW, and doubly robust estimators are obtained directly by
applying the estimation procedures developed in Section 3.1.3. We will describe an M-estimation pro-
cedure of the CIMA estimators in Section 5.2.2.

The preceding corollary identifies the target-population mean potential outcome separately for each
treatment level. Taking the difference between the two identified quantities yields the target ATE. As
discussed in Section 3.1.4, an alternative identification strategy based on a transformed outcome is
also available. It played an important role in the development of proximal transportability, so we also
record the corresponding transformed-outcome identification formula in the CIMA setting.

Corollary 4.1.2 (Identification through transformed outcome). Suppose Assumptions 4.1.1 and 4.1.2
hold. Then the target ATE ϕ = E(Y 1 − Y 0|R = 0) is identifiable from the observed data distribution. In
particular,

ϕ = E
[
E(Ỹ |X,R = 1)

∣∣R = 0
]
,

where Ỹ =
AY

ẽ1(X)
− (1−A)Y

1− ẽ1(X)
is the transformed outcome. Equivalently,

ϕ =
1

P (R = 0)
E
(
R
P (R = 0|X)

P (R = 1|X)
Ỹ

)
.

It is worth noting that, the transformed outcome here is constructed using the propensity score in the
pooled source dataset ẽa(X) = P (A = a|X,R = 1), rather than the propensity score from an individual
source trial ea(X) = P (A = a|X,S = s). This distinction reflects the fundamental difference between
transportability from a single source trial and causally interpretable meta-analysis, which will become
important when extending the CIMA framework to settings with unmeasured shifted effect modifiers.

4.2. Proximal causally interpretable meta-analysis
The preceding section showed that CIMA can identify target-population causal effects when the covari-
ates needed to account for effect heterogeneity across trials and the target population are observed.
As mentioned earlier, this requirement may fail in practice. Source trials are often designed and con-
ducted independently, and therefore may not record the same baseline information. As the number of
source trials increases, discrepancies in covariate measurement become more likely: some trials may
measure certain variables using different protocols, while others may omit them entirely. Consequently,
some characteristics that explain how treatment effects differ between the source trials and the target
population may be unavailable or only imperfectly measured.

Such variables are precisely what we refer to as unmeasured shifted effect modifiers. Their presence
does not necessarily threaten the internal validity of the individual source trials, but threaten both the
randomization assumption of the pooled source dataset and differences between the pooled source
populations and target populations. In this case, the original CIMA identification strategy is no longer
sufficient.

Several recent works have extended the CIMA framework in directions related to these practical limita-
tions. Steingrimsson et al. (2024) considered settings in which some baseline covariates are systemat-
ically missing from some source trials, and developed identification and estimation strategies based on
the covariates observed within each missingness pattern. Clark et al. (2026) considered the possibility
that the trial setting itself may affect potential outcomes, for example through differences in treatment
versions, trial conduct, or outcome measurement. Their framework therefore introduces causal esti-
mands that explicitly depend on the trial setting and combines them using a random-effects structure.
Schnitzler and Kaizar (2025) took a different route: rather than pooling all source trials at the outset,
they first transport each trial separately to the target population and then combine the resulting study-
specific target-population effect estimates in a second stage. Relatedly, Shi et al. (2026) proposed a
low-rank framework for capturing cross-study heterogeneity using study-level information.

Unlike these approaches, the present thesis considers a latent-variable setting in which conditioning on
the observed covariates is not sufficient. Rather than assuming that the observed pattern-specific co-
variates restore exchangeability, we introduce proxy variables and bridge functions to address unmea-
sured shifted effect modifiers. The resulting framework, which we call proximal causally interpretable
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meta-analysis, is built on the proximal indirect comparison introduced in Section 3.2, but is not a direct
application of that framework. Because CIMA pools multiple source trials that may use different ran-
domization mechanisms, the identification strategy must be adapted to preserve a causal interpretation
after pooling.

The remainder of this section develops the required assumptions, explains why the proximal indirect
comparison cannot be directly adapted to this setting, and derives proximal identification formulas for
the target-population mean potential outcomes.

4.2.1. Assumptions with unmeasured shifted effect modifiers
We adapt the problem setting introduced in Section 4.1.1 by allowing some shifted effect modifiers
to remain unobserved. Specifically, we formalize the remaining unmeasured shifted effect modifiers
through a latent variable U , following the formulation in Section 3.2.1.

Although some shifted effect modifiers are now allowed to be unmeasured, this does not alter the inter-
nal validity of the individual source trials. Treatment assignment within each trial is still generated by
the trial-specific randomization mechanism, independently of the latent shifted effect modifier. There-
fore, the internal validity assumption remains conceptually unchanged. The only modification is that the
latent variable U is explicitly incorporated into the randomization assumption, leading to the following
reformulation of Assumption 4.1.1.

Assumption 4.2.1 (Internal validity of the source trial with latent effect modifiers). The following con-
ditions hold: ∀a ∈ {0, 1},

(i) (Consistency): Y = Y A,
(ii) (Randomization of each trial): ∀s ∈ S, A ⊥⊥ (Y a, U)|X,S = s,
(iii) (Treatment positivity): ∀s ∈ S, ea(X) = P (A = a|X,S = s) > 0.

We next formulate the external validity condition in the presence of latent shifted effect modifiers. As
in Section 3.2.1, the condition is obtained by enlarging the covariate set from X to (X,U). There is a
small difference from the formulation used in proximal indirect comparison. In Section 3.2.1, the exter-
nal validity condition was stated in terms of CATE transportability. In the present CIMA setting, since
the external validity condition must also support the pooled randomization condition after the individual
source trials are combined, we use the direct analogue of Assumption 4.1.2, replacing X by the en-
larged covariate set (X,U).

Assumption 4.2.2 (External validity with latent shifted effect modifiers). The following conditions hold:

(i) (Transportability across source trials and target population) ∀a ∈ {0, 1}, Y a ⊥⊥ S|X,U ,
(ii) (Population overlap) ∀s ∈ S, if f(x, u, S = 0) ̸= 0, then P (S = s|X = x, U = u) > 0.

The original external validity condition is used not only to transport causal information from the pooled
source population to the target population, but also to justify the pooled randomization condition after
the individual source trials are combined. In particular, when all shifted effect modifiers are observed,
Assumptions 4.1.1 and 4.1.2 imply

Y a ⊥⊥ A | X,R = 1.

When some shifted effect modifiers are unmeasured, the original pooled randomization condition would
not hold. Nevertheless, under the new assumptions, we can a obtain a modified pooled randomization
condition

Y a ⊥⊥ A | X,U,R = 1

by enlarging the covariate set from X to (X,U). Intuitively, it states that once the latent shifted effect
modifier U is taken into account together with the observed covariatesX, the pooled source population
again satisfies the randomization property required for transportability framework. This condition serves
as the foundation for the subsequent identification strategy in the latent-variable setting.

The following lemma establishes several conditional independence properties, from which the modified
pooled randomization condition follows immediately.
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Lemma 4.2.1. Assumptions 4.2.1 and 4.2.2 imply the following properties: ∀a ∈ {0, 1},

(i) Y a ⊥⊥ A|X,U, S,R = 1.
(ii) (Transportability between domains) Y a ⊥⊥ R|X,U ,
(iii) (Transportability between trials) Y a ⊥⊥ S|X,U,R = 1,
(iv) Y a ⊥⊥ (A,S)|X,U,R = 1,
(v) Y ⊥⊥ S|A,X,U,R = 1.

Proof. We first follow the trial-specific randomization condition in the original CIMA and obtain

∀s ∈ S, A ⊥⊥ (Y a, U)|X,S = s⇐⇒ A ⊥⊥ (Y a, U)|X,S,R = 1, a ∈ {0, 1}.

By Lemma A.2.2, we have

A ⊥⊥ (Y a, U)|X,S,R = 1 =⇒ A ⊥⊥ Y a|X,S, U,R = 1, a ∈ {0, 1}.

Applying Lemma A.2.1, the transportability condition Y a ⊥⊥ S|X,U implies Y a ⊥⊥ R|X,U and

Y a ⊥⊥ S|X,U =⇒ Y a ⊥⊥ S|X,U,1S∈S =⇒ Y a ⊥⊥ S|X,U,R = 1.

Then apply Lemma A.2.2,{
Y a ⊥⊥ S|(X,U,R = 1)

Y a ⊥⊥ A|(S,X,U,R = 1)

}
⇐⇒ Y a ⊥⊥ (A,S)|X,U,R = 1 =⇒ Y a ⊥⊥ S|A,X,U,R = 1,

so for any a ∈ {0, 1},

P (Y ∈ B|A = a,X,U, S,R = 1) = P (Y a ∈ B|A = a,X,U, S,R = 1) (Consistency)
= P (Y a ∈ B|A = a,X,U,R = 1) (Y a ⊥⊥ S|A,X,U,R = 1)

= P (Y ∈ B|A = a,X,U,R = 1) (Consistency),

which implies Y ⊥⊥ S|A,X,U,R = 1.

The fourth property of the above lemma is of particular importance. It immediately yields the modified
pooled randomization condition

Y a ⊥⊥ (A,S)|X,U,R = 1 =⇒ Y a ⊥⊥ A|X,U,R = 1, a ∈ {0, 1}.

4.2.2. Identification strategy with unmeasured shifted effect modifiers
Before developing a new identification strategy, it is natural to ask whether the proximal indirect com-
parison framework can be directly adapted to CIMA.

Since the identificationmethod of proximal indirect comparison is fundamentally based on the transformed-
outcome representation introduced in Section 3.1.4, our starting point is to investigate whether the same
representation remains valid in the present setting with unmeasured shifted effect modifiers. The cor-
responding transformed-outcome identification formula takes the following form.

Corollary 4.2.1 (Identification through transformed outcome). Suppose Assumptions 4.2.1 and 4.2.2
hold. Then the target ATE E(Y 1 − Y 0|R = 0) is identifiable from the observed data

ϕ = E
[
E(Ỹ |X,U,R = 1)

∣∣R = 0
]
,

where Ỹ =
AY

ẽ1(X,U)
− (1−A)Y

1− ẽ1(X,U)
is the transformed outcome, and ẽ1(X,U) = P (A = 1|X,U,R = 1)

is the propensity score in the pooled source domain. Equivalently,

ϕ =
1

P (R = 0)
E
(
R
P (R = 0|X,U)

P (R = 1|X,U)
Ỹ

)
.
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Proof. This result is obtained by applying Corollary 4.1.2 to the enlarged covariate set (X,U). To
do so, we verify that the assumptions required by Corollary 4.1.2 hold when conditioning on (X,U).
Specifically, Lemma 4.2.1(i) is precisely the trial-specific randomization condition with the covariate set
enlarged from X to (X,U). Since A ⊥⊥ (Y a, U)|X,S = s implies A ⊥⊥ U |X,S = s, we have

P (A = a|X,U, S = s) = P (A = a|X,S = s) > 0, a ∈ {0, 1}.

All the other assumptions required by Corollary 4.1.2 also hold.

Comparing Corollary 4.2.1 with Corollary 3.2.1 reveals the key technical obstruction to directly applying
proximal indirect comparison. In Corollary 3.2.1, enlarging the covariate set from X to (X,U) does not
change the transformed outcome Ỹ . However, in Corollary 4.2.1, the transformed outcome involves the
propensity score in the pooled source domain ẽ1(X,U) = P (A = 1|X,U,R = 1). When unmeasured
shifted effect modifiers are present, this quantity cannot in general be reduced to a function of X alone.
Such a reduction would require

A ⊥⊥ U | X,R = 1,

but this may fail in the presence of unmeasured shifted effect modifiers. Consequently, the Ỹ in Corol-
lary 4.2.1 depends on the latent variable U through ẽ1(X,U) and is therefore an unobservable variable.

This distinction is crucial for proximal identification. Proximal indirect comparison constructs bridge
functions using the transformed outcome as the observed outcome-like variable. In particular, the
outcome bridge equation in Equation 3.7 is formulated with conditional expectations of Ỹ . This con-
struction is meaningful in proximal indirect comparison because Ỹ is observable. In the present CIMA
setting, however, the analogous Ỹ contains the unobserved U , making the outcome bridge function
in Equation 3.7 could not be obtained from the observed data. This is the technical reason why the
proximal indirect comparison identification strategy cannot be directly adapted to Proximal CIMA.

The argument above identifies the technical point at which the proximal indirect comparison strategy
breaks down. Throughout this thesis, however, we aim to accompany formal arguments with intuitive
explanations whenever possible. We have shown above that, once some shifted effect modifiers be-
come unmeasured, the original pooled randomization condition Y a ⊥⊥ A|X,R = 1 no longer holds.
Consequently, after the source trials are combined, treatment assignment in the pooled source pop-
ulation is no longer independent of the latent shifted effect modifier. In other words, although U was
introduced to represent an unmeasured shifted effect modifier, it also behaves as an unmeasured con-
founder in the pooled source population.

From the perspective of proximal causal inference introduced in Section 2.2, since the treatment as-
signment mechanism in the pooled source population depends on an unmeasured confounder, infor-
mation about the pooled treatment assignment mechanism should be recovered through treatment
proxy variables Z. In particular, the information contained in the latent pooled propensity score P (A =
a|X,U,R = 1) should be represented through treatment proxy variables Z, analogously to the treat-
ment bridge construction in Equation 2.2.

This is different from proximal indirect comparison. Unlike CIMA, proximal indirect comparison al-
ways considers a single RCT as the source domain. Even when unmeasured shifted effect modi-
fiers are present, they do not affect the randomization mechanism within the source domain. The
treatment assignment mechanism thus remains fully observed. For computational convenience, the
observed source-domain propensity score can be incorporated into the transformed outcome, which
subsequently serves as the outcome-like variable in the outcome bridge equation (Equation 3.7). In
proximal indirect comparison, Z serves as a reweighting proxy, carrying information about how the la-
tent shifted effect modifiers differ between the source and target domains. In Proximal CIMA, besides
acting as a reweighting proxy, Z must also act as a treatment proxy, carrying information about the
pooled treatment assignment mechanism.

The additional role of the treatment proxy fundamentally changes the starting point of the identifica-
tion argument. The transformed-outcome representation is no longer an appropriate starting point.
Instead, following proximal causal inference, we begin with identification formulas for the treatment-
specific mean potential outcomes. These formulas provide a suitable foundation for the subsequent
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proximal bridge construction.

Corollary 4.2.2 (Identification under CIMA). Suppose Assumptions 4.2.1 and 4.2.2 hold, then for a
given a ∈ {0, 1}, E(Y a|R = 0) is identifiable by the g-formula

ϕ(a) ≡ E
[
E(Y |X,U,A = a,R = 1)

∣∣R = 0
]
, (4.1)

and IPW formula

ϕ(a) =
1

P (R = 0)
E
(

Y 1R=1,A=a

P (A = a|X,U,R = 1)
· P (R = 0|X,U)

P (R = 1|X,U)

)
. (4.2)

However, when the variable U is unobserved, neither the conditional outcome mean E(Y |X,U,A =

a,R = 1) nor the inverse pooled propensity score 1

P (A = a|X,U,R = 1)
nor the participation inverse

odds P (R = 0|X,U)

P (R = 1|X,U)
can be directly evaluated from the observed data. Consequently, the identification

formulas in Corollary 4.2.2 are no longer applicable.

The key idea is therefore to replace these latent quantities by bridge functions of the observed proxy
variables. Specifically, the conditional outcome mean is represented through an outcome bridge func-
tion of the outcome proxy W , while the inverse pooled propensity score and the inverse participation
odds are represented through treatment bridge functions of the treatment proxy Z.

4.2.3. Proxy variables
Although the previous section showed that the identification strategy of proximal indirect comparison
cannot be directly adapted to CIMA, the proposed framework should nevertheless be viewed as an
extension of that framework. In particular, we retain the same proximal assumptions and formulate
them with respect to the pooled source population and the target population. This leads to the following
assumptions:

Z ⊥⊥ Y |A,X,U,R = 1, (4.3)
W ⊥⊥ (A,Z)|X,U,R = 1, (4.4)
W ⊥⊥ S|X,U. (4.5)

The conditions (4.3) and (4.4) are inherited from proximal causal inference (Assumption 2.2.2) and are
imposed within the source domain. Consequently, within the source domain, the reweighting proxy Z
continues to satisfy the role played by the treatment proxy in proximal causal inference, whileW retains
its interpretation as an outcome proxy.

However, imposing conditions (4.3) and (4.4) only after pooling all source trials is generally difficult to
justify. Such a formulation also does not preserves the trial-specific randomization assumption. In-
stead, it is more natural to formulate the proximal assumptions separately within each source trial. We
therefore extend Assumption 3.2.3 to the trial-specific setting, leading to the following assumptions.

Assumption 4.2.3. The following conditions hold: ∀s ∈ S,

(i) (Randomization) (Z,W,U) ⊥⊥ A|(X,S = s),
(ii) (W has no direct effect of Z) Z ⊥⊥W |(X,U, S = s),
(iii) (Z has no direct effect of Y) Z ⊥⊥ Y |(A,X,U, S = s),
(iv) (W is invariant across environments)W ⊥⊥ S|(X,U).

The fourth condition coincides with the conditional independence assumption (4.5). We need to verify
that the first three conditions together imply assumptions (4.3) and (4.4).

Lemma 4.2.2. Suppose all the Assumptions 4.2.1, 4.2.2 and 4.2.3 (iii) hold, we have

Z ⊥⊥ Y |A,X,U,R = 1.
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Proof. First, note that ∀s ∈ S, Z ⊥⊥ Y |(A,X,U, S = s) ⇐⇒ Z ⊥⊥ Y |(A,X,U, S,R = 1). By LemmaA.2.2,
combining this condition with Y ⊥⊥ S|A,X,U,R = 1, which follows from Lemma 4.2.1 (v), we obtain{

Y ⊥⊥ Z|(S,A,X,U,R = 1)

Y ⊥⊥ S|A,X,U,R = 1

}
⇐⇒ Y ⊥⊥ (Z, S)|A,X,U,R = 1 =⇒ Y ⊥⊥ Z|A,X,U,R = 1.

Lemma 4.2.3. Suppose Assumptions 4.2.3 (i), (ii) and (iv) hold, we have

(i) Z ⊥⊥W |A,X,U,R = 1,
(ii) W ⊥⊥ (A,Z)|X,U,R = 1.

Proof. To prove Z ⊥⊥W |A,X,U,R = 1, we need the following two conditions: W ⊥⊥ Z|(S,A,X,U,R =
1) and W ⊥⊥ S|A,X,U,R = 1. To prove the first condition W ⊥⊥ Z|(S,A,X,U,R = 1), we need to
combine the Assumption 4.2.3 (ii):

∀s ∈ S, Z ⊥⊥W |(X,U, S = s) ⇐⇒ Z ⊥⊥W |(X,U, S,R = 1)

and Assumption 4.2.3 (i):

∀s ∈ S, (Z,W,U) ⊥⊥ A|(X,S = s) ⇐⇒ (Z,W,U) ⊥⊥ A|(X,S,R = 1) =⇒W ⊥⊥ A|(Z,X,U, S,R = 1)

and then apply Lemma A.2.2 to get the following result:{
W ⊥⊥ Z|(X,U, S,R = 1)

W ⊥⊥ A|Z,X,U, S,R = 1

}
⇐⇒W ⊥⊥ (A,Z)|X,U, S,R = 1 =⇒W ⊥⊥ Z|(S,A,X,U,R = 1).

To prove the second condition W ⊥⊥ S|A,X,U,R = 1, we need to obtain W ⊥⊥ S|(X,U,R = 1) from
the Assumption 4.2.3 (iv). Under Lemma A.2.1:

W ⊥⊥ S|(X,U) =⇒W ⊥⊥ S|(X,U,R = 1).

Combining it with the condition obtained from Assumption 4.2.3 (i):

(Z,W,U) ⊥⊥ A|(X,S,R = 1) =⇒ (W,U) ⊥⊥ A|(X,S,R = 1) =⇒W ⊥⊥ A|(X,U, S,R = 1),

we can apply Lemma A.2.2 to get the following result:{
W ⊥⊥ S|(X,U,R = 1)

W ⊥⊥ A|(S,X,U,R = 1)

}
⇐⇒W ⊥⊥ (A,S)|X,U,R = 1 =⇒W ⊥⊥ S|A,X,U,R = 1.

Now we have W ⊥⊥ Z|(S,A,X,U,R = 1) and W ⊥⊥ S|A,X,U,R = 1, and we can combine them to
prove the first condition of this lemma:{

W ⊥⊥ Z|(S,A,X,U,R = 1)

W ⊥⊥ S|A,X,U,R = 1

}
⇐⇒W ⊥⊥ (Z, S)|A,X,U,R = 1 =⇒ Z ⊥⊥W |(A,X,U,R = 1).

We can also get the following condtion from theW ⊥⊥ (A,S)|X,U,R = 1 we proved above:

W ⊥⊥ (A,S)|X,U,R = 1 =⇒W ⊥⊥ A|X,U,R = 1.

Combining it with the first condition of this lemma, we can obtain the second condition of this lemma.{
W ⊥⊥ A|(X,U,R = 1)

W ⊥⊥ Z|(A,X,U,R = 1)

}
⇐⇒W ⊥⊥ (A,Z)|X,U,R = 1.
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4.2.4. Identification when introducing proxy variables
Proximal CIMA uses proxy variables to construct observable substitutes for the latent-variable-dependent
quantities appearing in the identification formulas. Unlike proximal causal inference and proximal indi-
rect comparison, however, the treatment proxy Z plays two distinct roles. Since Z carries information
both about the latent treatment assignment mechanism in the pooled source population and about
population differences induced by the latent shifted effect modifier, it may be possible to represent the

inverse pooled propensity score 1

P (A = a|X,U,R = 1)
and participation inverse odds P (R = 0|X,U)

P (R = 1|X,U)
through a treatment bridge function of (Z,X). Likewise, since the outcome proxyW carries information
about how the latent shifted effect modifier is related to the outcome mechanism, it may be possible to
represent the conditional outcome mean E(Y |X,U,A = a,R = 1) through an outcome bridge function
of (W,X).

Lemma 4.2.4. Suppose all the Assumptions 4.2.1, 4.2.2 and 4.2.3 hold. If for a given a ∈ {0, 1}, there
exists a outcome U -bridge function hua such that

E(Y |A = a,X,U,R = 1) = E(hua(W,X)|A = a,X,U,R = 1), (4.6)

then E(Y a|R = 0) is identifiable by the proximal g-formula

ϕ(a) = E
[
hua(W,X)

∣∣R = 0
]
.

Define Hu
a as the collection of all outcome U -bridge functions for a ∈ {0, 1}.

Proof. By Lemma A.2.2 we have W ⊥⊥ (A,Z)|X,U,R = 1 =⇒ W ⊥⊥ A|X,U,R = 1. We can also
obtainW ⊥⊥ S|(X,U) =⇒W ⊥⊥ R|(X,U) by Lemma A.2.1. Hence, the g-formula from Corollary 4.2.2
is equivalent to

ϕ(a) = E
[
E(Y |X,U,A = a,R = 1)

∣∣R = 0
]

= E
[
E(hua(W,X)|A = a, U,X,R = 1)

∣∣R = 0
]

= E
[
E(hua(W,X)|U,X,R = 1)

∣∣R = 0
]
(W ⊥⊥ A|X,U,R = 1)

= E
[
E(hua(W,X)|U,X,R = 0)

∣∣R = 0
]
(W ⊥⊥ R|X,U)

= E
[
hua(W,X)

∣∣R = 0
]
.

Lemma 4.2.5. Suppose all the Assumptions 4.2.1, 4.2.2 and 4.2.3 hold. If for a given a ∈ {0, 1}, there
exists a treatment U -bridge function for qua such that

1

P (A = a|X,U,R = 1)
· P (R = 0|X,U)

P (R = 1|X,U)
= E(qua (Z,X)|A = a,X,U,R = 1). (4.7)

then E(Y a|R = 0) is identifiable by the proximal IPW formula

ϕ(a) =
1

P (R = 0)
E
[
qua (Z,X)Y 1R=1,A=a

]
.

Define Qu
a as the collection of all treatment U -bridge functions for a ∈ {0, 1}.



4.2. Proximal causally interpretable meta-analysis 38

Proof. The IPW formula from Corollary 4.2.2 is equivalent to

ϕ(a) =
1

P (R = 0)
E
(

Y 1R=1,A=a

P (A = a|X,U,R = 1)
· P (R = 0|X,U)

P (R = 1|X,U)

)
=

1

P (R = 0)
E
[
Y 1R=1,A=aE(qua (Z,X)|A = a,X,U,R = 1)

]
=

1

P (R = 0)
E
[
E(Y 1R=1,A=a|X,U)E(qua (Z,X)|A = a,X,U,R = 1)

]
=

1

P (R = 0)
E
[
E(Y |A = a,X,U,R = 1)P (A = a,R = 1|X,U)E(qua (Z,X)|A = a,X,U,R = 1)

]
=

1

P (R = 0)
E
[
E(Y qua (Z,X)|A = a,X,U,R = 1)P (A = a,R = 1|X,U)

]
(Y ⊥⊥ Z|A,X,U,R = 1)

=
1

P (R = 0)
E
[
E(Y qua (Z,X)1A=a,R=1|X,U)

]
=

1

P (R = 0)
E
[
Y qua (Z,X)1A=a,R=1

]
.

The identification formulas in Lemmas 4.2.4 and 4.2.5 are not directly implementable with the observed
data, since the corresponding bridge functions hua and qua are defined as solutions to Equations (4.6)
and (4.7), which involve the unmeasured shifted effect modifier U . Following the same strategy as in
proximal causal inference and proximal indirect comparison, we seek alternative bridge functions ha
and qa that depend only on observable variables to replace hua and qua .

Definition 4.2.1. For a given a ∈ {0, 1}, we say ha is an outcome bridge function if

E(Y |A = a,X,Z,R = 1) = E(ha(W,X)|A = a,X,Z,R = 1). (4.8)

Also, we say qa is an treatment bridge function if

1

P (A = a|X,W,R = 1)
· P (R = 0|X,W )

P (R = 1|X,W )
= E(qa(Z,X)|A = a,X,W,R = 1). (4.9)

Define Ha to be the set of all outcome bridge functions, and Qa to be the set of all treatment bridge
functions.

The next step is to relate the observed-data bridge functions to their latent counterparts. Specifically,
we establish the inclusion relationships

Ha ⊆ Hu
a and Qa ⊆ Qu

a , a ∈ {0, 1}.

under the proposed assumptions together with the completeness conditions. These inclusions imply
that every bridge function of observables is also a valid U -bridge function. Consequently, whenever an
observed-data outcome bridge or treatment bridge function exists, the target potential outcome mean
is identifiable.

Lemma 4.2.6. For a given a ∈ {0, 1}, Suppose all the Assumptions 4.2.1, 4.2.2 and 4.2.3 hold, then
under U |Z,X,A = a,R = 1-completeness, Ha ⊆ Hu

a .

Proof. ∀ha ∈ Ha, substitude it into outcome U -bridge integral equations (4.6), and set as function

ga,x(U) = E(Y − ha(W,x)|A = a, U,X = x,R = 1).

From Lemmas 4.2.2 and 4.2.3 we have Z ⊥⊥ Y |(A,X,U,R = 1) and Z ⊥⊥ W |(A,X,U,R = 1). Under
these two conditions, we have

ga,x(U) = E(Y − ha(W,x)|A = a, U,X = x,R = 1, Z).
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Next, we prove ga,x = 0, which implies ha ∈ Hu
a . By the Equation (4.8), the function ha satistifies the

following properties
E(Y − ha(W,x)|A = a, Z,X = x,R = 1) = 0.

Then we apply the Tower Property,

E(ga,x(U)|A = a, Z,X = x,R = 1) = E(Y − ha(W,x)|A = a, Z,X = x,R = 1) = 0.

Therefore, ga,x(U) = 0 almost surely under U |Z,X,A = a,R = 1-completeness.

Now we have proved that for any ha ∈ Ha, ha is also in Hu
a , which implies Ha ⊆ Hu

a .

Lemma 4.2.7. For a given a ∈ {0, 1}, suppose the Assumptions 4.2.3 (i), (ii) and (iv) hold, then under
U |W,X,R = 1-completeness, Qa ⊆ Qu

a .

Proof. First, the treatment U -bridge integral equation (Equation (4.7)) is equivalent to

P (R = 0|X,U)

P (R = 1|X,U)
= E(qa(Z,X)1A=a|X,U,R = 1).

∀qa ∈ Qa, substitude it into Equation (4.7), and set as function

ga,x(U) = E(qa(Z, x)1A=a|X = x, U,R = 1)− P (R = 0|X = x, U)

P (R = 1|X = x, U)
.

Next, we prove ga,x = 0, which implies qa ∈ Qu
a . To apply the Tower Property, we first take the

conditional expectation

E(ga,x(U)|W,X = x,R = 1)

= E
[
E(qa(Z, x)1A=a|X = x, U,R = 1)− P (R = 0|X = x, U)

P (R = 1|X = x, U)

∣∣∣∣W,X = x,R = 1

]
.

We first focus on the term E
[
E(qa(Z, x)1A=a|X = x, U,R = 1)

∣∣W,X = x,R = 1
]
. From Lemma 4.2.3

we haveW ⊥⊥ (A,Z)|(X,U,R = 1). Under this condition, we have the first term

E
[
E(qa(Z, x)1A=a|X = x, U,R = 1)

∣∣W,X = x,R = 1
]

= E
[
E(qa(Z, x)1A=a|W,X = x, U,R = 1)

∣∣W,X = x,R = 1
]

= E(qa(Z, x)1A=a|W,X = x,R = 1).

Then we focus on the second term E
[
P (R = 0|X = x, U)

P (R = 1|X = x, U)

∣∣∣∣W,X = x,R = 1

]
. Under Lemma A.2.1 we

have the Assumption 4.2.3 (iv) W ⊥⊥ S|(X,U) =⇒ W ⊥⊥ R|(X,U). Using this condition, the second
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term is equivalent to

E
[
P (R = 0|X = x, U)

P (R = 1|X = x, U)

∣∣∣∣W,X = x,R = 1

]
=

∫
P (R = 0|X = x, U = u)

P (R = 1|X = x, U = u)
p(u|W,X = x,R = 1)du

(
p(u|W,X = x,R = 1) is the density

)
=

∫
p(u|R = 0, X = x)P (R = 0|X = x)

p(u|R = 1, X = x)P (R = 1|X = x)
· p(W |u,X = x,R = 1)p(u|X = x,R = 1)

p(W |X = x,R = 1)
du (Bayes Formula)

=
P (R = 0|X = x)

P (R = 1|X = x)
· 1

p(W |X = x,R = 1)

∫
p(u|R = 0, X = x)

p(u|R = 1, X = x)
· p(W |u,X = x,R = 1)p(u|X = x,R = 1)du

=
P (R = 0|X = x)

P (R = 1|X = x)
· 1

p(W |X = x,R = 1)

∫
p(u|R = 0, X = x)p(W |u,X = x,R = 1)du

=
P (R = 0|X = x)

P (R = 1|X = x)
· 1

p(W |X = x,R = 1)

∫
p(u|R = 0, X = x)p(W |u,X = x,R = 0)du (W ⊥⊥ R|X,U)

=
P (R = 0|X = x)

P (R = 1|X = x)
· p(W |X = x,R = 0)

p(W |X = x,R = 1)

=
P (R = 0,W |X = x)

P (R = 1,W |X = x)

=
P (R = 0|W,X = x)

P (R = 1|W,X = x)
.

By the Equation (4.9), the function qa satistifies the following properties
P (R = 0|X = x,W )

P (R = 1|X = x,W )
= E(qa(Z, x)1A=a|X = x,W,R = 1),

so we have the second term

E
[
P (R = 0|X = x, U)

P (R = 1|X = x, U)

∣∣∣∣W,X = x,R = 1

]
= E(qa(Z, x)1A=a|W,X = x,R = 1).

Note that E(ga,x(U) | W,X = x,R = 1) can be written as the difference of the above two terms, each
of which equals E(qa(Z, x)1A=a|W,X = x,R = 1). Therefore,

E(ga,x(U) |W,X = x,R = 1) = 0.

Then under U |W,X,R = 1-completeness, ga,x(U) = 0 almost surely.

Now we have proved for any qa ∈ Qa, qa is also in Qu
a , which means Qa ⊆ Qu

a .

The previous subsections established identification through two complementary bridge constructions.
We summarize the resulting identification theorems below.

Theorem 4.2.1 (Proximal g-formula). For a given a ∈ {0, 1}, suppose that Assumptions 4.2.1, 4.2.2,
and 4.2.3 hold. Let ha denote a solution to Equation (4.8),

E(Y |A = a,X,Z,R = 1) = E
(
ha(W,X)|A = a,X,Z,R = 1

)
.

Then under U |Z,X,A = a,R = 1-completeness, the target potential outcome mean E(Y a|R = 0) is
identifiable via the g-formula

ϕ(a) = E
[
ha(W,X)

∣∣R = 0
]
.

Theorem 4.2.2 (Proximal IPW formula). For a given a ∈ {0, 1}, suppose that Assumptions 4.2.1, 4.2.2,
and 4.2.3 hold. Let qa denote a solution to Equation (4.9), which is equivalent to

P (R = 0|X,W )

P (R = 1|X,W )
= E(qa(Z,X)1A=a|X,W,R = 1).

Then under U |W,X,R = 1-completeness, the target potential outcome mean E(Y a|R = 0) is identifi-
able via the IPW formula

ϕ(a) =
1

P (R = 0)
E
[
qa(Z,X)Y 1R=1,A=a

]
.
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4.2.5. Estimation under proximal CIMA
We next consider estimation of the target potential outcome mean ϕ(a) = E(Y a | R = 0), following the
same strategy as proximal causal inference. Throughout this subsection, suppose that an independent
and identically distributed sample

Dn = {(Xi, Ri, Si,Wi, Ri ·Ai, Ri · Zi, Ri · Yi) | i = 1, . . . , n}

is observed, where the data-generating process satisfies all the requirements in Theorems 4.2.1 and
4.2.2. As discussed in Section 3.2.2, the outcome proxy W is observed in both the pooled source
population and the target population, whereas the treatment proxy Z is only required to be observed in
the pooled source population.

The identification results established in the previous subsection naturally motivate three estimators of
ϕ(a). Let ĥa and q̂a denote estimators of the outcome and treatment bridge functions, respectively. For
a fixed treatment level a, the proximal outcome regression estimator is

ϕ̂POR(a) ≡
{ n∑

i=1

(1−Ri)

}−1 n∑
i=1

(1−Ri)ĥa(Wi, Xi),

while the proximal IPW formula motivates the proximal IPW estimator

ϕ̂PIPW (a) ≡
{ n∑

i=1

(1−Ri)

}−1 n∑
i=1

q̂a(Zi, Xi)1Ri=1,Ai=aYi.

Both the POR and PIPW estimators rely on only one of the two bridge functions and are therefore not
doubly robust. Following Section 2.2.5 and 3.1.3, we construct a proximal doubly robust estimator that
combines both outcome and treatment bridges:

ϕ̂PDR(a) ≡
{ n∑

i=1

(1−Ri)

}−1 n∑
i=1

{
q̂a(Zi, Xi)1Ri=1,Ai=a

[
Yi − ĥa(Wi, Xi)

]
+ (1−Ri)ĥa(Wi, Xi)

}
.

We now turn to the estimation of the outcome and treatment bridge functions. Among the estimation
strategies reviewed in Section 2.2.5, one may estimate the bridge functions using parametric, semi-
parametric, or nonparametric approaches. In this thesis, we focus on parametric bridge estimation in
the simulation study, while treating the choice of specific working models as an implementation decision
rather than as part of the general identification strategy.

For the outcome bridge, we consider either the linear specification

h(W,X; ba) = ba,0 + ba,wW + bTa,xX,

or the log-linear specification

h(W,X; ba) = exp(ba,0 + ba,wW + bTa,xX).

For the treatment bridge, we use a log-linear working model,

qa(Z,X; ta) = exp(ta,0 + ta,zZ + tTa,xX),

which guarantees positivity and is natural for bridge functions representing inverse-weight-type quan-
tities. The corresponding finite-dimensional parameters can be estimated by replacing the population
bridge equations with empirical moment equations and solving the resulting M-estimating equations.
The practical implementation of these estimating equations, including the specific working models used
in the simulation study, is described in Section 5.2.1.

We emphasize that the linear and log-linear bridge models adopted here should be regarded as para-
metric working specifications, rather than as assumptions that the true bridge functions necessarily
belong to these parametric classes. The development of nonparametric bridge function estimators for
proximal CIMA is beyond the scope of the present thesis and is left for future work.



5
Simulation studies

In this chapter, we conduct a series of simulation studies to evaluate the finite-sample performance
of the three extended proximal estimators introduced in Section 4.2.5 and to compare them with the
corresponding estimators under the original CIMA framework, under data-generating mechanisms that
include a latent shifted effect modifier U together with proxy variables W and Z. We also investigate
how the performance of both the proposed and the original CIMA estimators changes as the strength
of U and the informativeness of proxy variables vary.

5.1. Data-generation mechanism
In our simulation study, we consider a data structure arising from 3 RCTs conducted in distinct source
environments and a dataset from the target domain. We generate (X,U,A, Y,W,Z) in the source
RCTs and (X,U,W ) in the target population. Accordingly, the observed data can be represented as
(X,U,R, S,R ·A,R ·Z,W,R ·Y ). For convinence, the treatment A to is binary. In addition, we introduce
tuning parameters η and ξ to control the strength of unmeasured confounding and the informativeness
of the proxy variables, respectively.

The generation of (X,U,R, S) follows the mechanism proposed in Dahabreh, Robertson, et al. (2023).
The only difference is that we treat the third covariateX(3) as the unmeasured shifted effect modifier U .
Specifically, we first generate n ∈ {10000, 100000} observations by drawing an augmented covariate
vector X̃ = (X(1), X(2), U) from a multivariate normal distribution X̃ ∼ N

(
(0, 0, 0)T ,Σxu

)
, where the

covariance matrix is

Σxu =

 1 0.5 0.5
0.5 1 0.5
0.5 0.5 1

 .

We therefore treat the baseline covariates as a two-dimensional random vector X = (X(1), X(2)).

Second, we select observations for participation in any trial using a logistic-linearmodelR ∼ Bernoulli[P (R =
1|X̃)], with

P (R = 1|X̃) = expit(br + βT
rxX̃),

where βrx = (ln(2), ln(2), ln(2)), and br is an intercept that approximately fix the aggregate source trial
sample size at

∑3
s=1 ns ∈ {1000, 2000, 5000}. Individuals not selected into any trial (R = 0) constitute

the target population.

Third, we allocate all trial participants to specific trials using amodel S|(X̃, R = 1) ∼ Multinomial(p1, p2, p3;
∑3

s=1 ns),
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with

p1 = P (S = 1|X̃, R = 1) = 1− p2 − p3,

p2 = P (S = 2|X̃, R = 1) =
exp(bs2 + βT

sx2X̃)

1 + exp(bs2 + βT
sx2X̃) + exp(bs3 + βT

sx3X̃)
,

p3 = P (S = 3|X̃, R = 1) =
exp(bs3 + βT

sx3X̃)

1 + exp(bs2 + βT
sx2X̃) + exp(bs3 + βT

sx3X̃)
,

where βsx2 = (ln(1.5), ln(1.5), ln(1.5)), and βsx3 = (ln(0.75), ln(0.75), ln(0.75)). bs2 and bs3 are inter-
cepts to control the relative sample size proportions of 3 RCTs to be roughly 4:2:1.

For the selection of intercepts br, bs2 and bs3, we adopt the values calculated by Dahabreh, Robertson,
et al. (2023). These values approximately fix the aggregate source trial sample size at

∑3
s=1 ns ∈

{1000, 2000, 5000}, even as the overall sample size n varies, while maintaining relative sample size
proportions of roughly 4:2:1 across the three source trials. For the same reason, we do not introduce an
additional parameter η to control the strength of the latent variable in the trial participation mechanism,
since doing so would change the sampling probabilities. Preserving the desired source trial sample
sizes and their relative proportions would then require recalibrating the intercepts br, bs2 and bs3.

After sample selection and trial assignment, treatment is randomized within each trial according to trial-
specific randomization schemes and is therefore independent of the unmeasured shifted effect modifier
U . Specifically, for individuals enrolled in trial s ∈ {1, 2, 3}, treatment assignment is generated as

A | (X,S = 1) ∼ Bernoulli

(
1

2

)
,

A | (X,S = 2) ∼ Bernoulli

(
1

3

)
,

A | (X,S = 3) ∼ Bernoulli

(
2

3

)
.

Given treatment assignment, we generate the proxy variables W and Z according to the following
mechanisms. To satisfy the environment-invariance assumption, the outcome proxy W is generated
independently of the environment variable S conditional on (X,U). Specifically,

W | X̃ ∼ N (X(1) +X(2) + ξU, 0.25),

where ξ is a tuning parameter that controls the informativeness of the proxy variable W about the
unmeasured shifted effect modifier U .

The treatment proxy Z is generated only for trial participants and follows trial-specific distributions.
Specifically, for individuals in trial s ∈ {1, 2, 3},

Z | (X̃, S = 1) ∼ N (X(1) +X(2) + U, 0.25),

Z | (X̃, S = 2) ∼ N (0.2 + 0.9X(1) + 1.1X(2) + U, 0.25),

Z | (X̃, S = 3) ∼ N (−0.1 + 1.1X(1) + 0.8X(2) + U, 0.25).

This specification ensures that the conditional distribution of Z does not depend onW .

Finally, we generate the outcome Y . To satisfy the external validity assumption, the outcome distri-
bution is specified so that it does not directly depend on the environment variable S. To satisfy the
proximal restriction assumption, the outcome variable is also not directly dependent on the treatment
proxy Z. Consequently, we adopt the conditional outcome model proposed by Su et al. (2026) on the
pooled source domain R = 1 and introduce the parameter η to control the strength of outcome-side
unmeasured confounding through U :

Y |(A,X,U,W,R = 1) ∼ N (0.5−A+ ηU +AηU +X(1) +X(2) +W +AW, 0.52).

This completes the specification of the data-generating process. We next verify that the proposed
mechanism satisfies the identification assumptions and model requirements.
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5.1.1. Validity of the data-generating mechanism
The data-generating mechanism introduced above was constructed to reflect the internal validity in-
ternal validity (Assumption 4.2.1), external validity (Assumption 4.2.2) and the proximal assumptions
(Assumption 4.2.3). In addition, the simulation study adopts the following working models for the bridge
functions:

ha(W,X) = h(W,X; ba) = ba,0 + ba,wW + bTa,xX,

qa(Z,X) = q(Z,X; ta) = exp(ta,0 + ta,zZ + tTa,xX).

It therefore remains to examine whether the completeness assumptions hold, and whether bridge func-
tions exist within the adopted working model classes.

Because (X,U) are generated from a jointly Gaussian distribution, U | X = x is normally distributed.
Moreover, the outcome proxyW is generated as a linear function of U and X plus independent Gaus-
sian noise. When ξ ̸= 0, W therefore induces a normal location family for U , with fixed variance and
a conditional mean that varies with w. Conditioning further on R = 1 only reweights this family by the
sampling probability P (R = 1 | X,U), which is strictly positive under the data-generating mechanism
and does not depend onW . Since positive reweighting of a complete normal location family preserves
completeness, the U |W,X,R = 1-completeness condition is supported by the simulation design.

Similarly, in the pooled source domain, the treatment proxy Z is generated as a linear function of U and
X plus independent Gaussian noise. Hence, when the coefficient of U in the proxy model is nonzero, Z
also induces a normal location family for U , with a mean that varies with z. Conditioning on A = a and
R = 1 introduces only a strictly positive reweighting through the sampling and treatment assignment
mechanisms. Therefore, the same completeness argument supports the U | Z,X,A = a,R = 1-
completeness condition for the treatment proxy.

We next investigate the existence of bridge functions within the adopted working model classes. For
the outcome bridge, a linear bridge function can be derived under the proposed data-generating mech-
anism, and the proof is given in Appendix B. For the treatment bridge, however, we are unable to show
that it belongs to the adopted log-linear working model class. Its existence within this working model
therefore remains an open question for the present simulation design.

5.2. Estimator implementation
To evaluate the proposed methods, each simulated dataset was analyzed using both the estimators
under the original CIMA framework and the corresponding Proximal CIMA estimators developed in
Section 4.2.5. This section describes how these estimators were implemented in the simulation study.
We use M-estimation to get the whole estimation results.

5.2.1. Proximal CIMA estimators
For the proximal outcome regression estimator

ϕ̂POR(a) ≡
{ n∑

i=1

(1−Ri)

}−1 n∑
i=1

(1−Ri)h(Wi, Xi; b̂a),

where h(W,X; b̂a) = b̂a,0 + b̂a,wW + b̂Ta,xX is an estimator for the true bridge function ha(W,X). We
need to determine the nuisance parameter estimator b̂a. Since ha satisfies the Equation (4.8), that is

E(Y − ha(W,X)|A = a,X,Z,R = 1) = 0,

it follows that for any integrable function m(Z,X),

E
{
[Y − ha(W,X)]m(Z,X)1R=1,A=a

}
= E

(
E{[Y − ha(W,X)]m(Z,X)1R=1,A=a|Z,A = a,X,R = 1}

)
= E

[
m(Z,X)1R=1,A=aE(Y − ha(W,X)|Z,A = a,X,R = 1)

]
= E

[
m(Z,X)1R=1,A=a · 0

]
= 0.
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Replacing the above unconditional expectation with its empirical average leads to the following M-
estimation system:

n∑
i=1


1Ri=1,Ai=1m(Zi, Xi)

{
Yi − h(Wi, Xi; b1)

}
1Ri=1,Ai=0m(Zi, Xi)

{
Yi − h(Wi, Xi; b0)

}
(1−Ri)

{
h(Wi, Xi; b1)− ϕ(1)

}
(1−Ri)

{
h(Wi, Xi; b0)− ϕ(0)

}

 = 0,

where the unknown parameter vector is (b1, b0, ϕ(1), ϕ(0)), and the instrument vector is taken to be
m(Zi, Xi) = (1, Zi, Xi)

T .

For the proximal IPW estimator

ϕ̂PIPW (a) ≡
{ n∑

i=1

(1−Ri)

}−1 n∑
i=1

q(Zi, Xi; t̂a)1Ri=1,Ai=aYi,

where q(Z,X; t̂a) = exp(t̂a,0 + t̂a,wZ + t̂Ta,xX) is an estimator for the true bridge function qa(Z,X) with
a nuisance parameter estimator t̂a. Since qa satisfies Equation (4.9), which is equivalent to

E{qa(Z,X)1R=1,A=a − 1R=0 | X,W} = 0.

Analogously, by the law of iterated expectations, this implies the unconditional moment restriction

E
{
n(W,X)

[
qa(Z,X)1R=1,A=a − 1R=0

]}
= 0

for any integrable function n(W,X). Replacing the above moment conditions by their empirical coun-
terparts yields the following M-estimating equations:

n∑
i=1


n(Wi, Xi)

{
q(Zi, Xi; t1)1Ri=1,Ai=1 − (1−Ri)

}
n(Wi, Xi)

{
q(Zi, Xi; t0)1Ri=1,Ai=0 − (1−Ri)

}
q(Zi, Xi; t1)1Ri=1,Ai=1Yi − (1−Ri)ϕ(1)

q(Zi, Xi; t0)1Ri=1,Ai=0Yi − (1−Ri)ϕ(0)

 = 0,

where the unknown parameter vector is (t1, t0, ϕ(1), ϕ(0)), and we take n(Wi, Xi) = (1,Wi, Xi)
T .

Finally, for the doubly robust Estimator

ϕ̂PDR(a) ≡
{ n∑

i=1

(1−Ri)

}−1 n∑
i=1

{
q(Zi, Xi; t̂a)1Ri=1,Ai=a

[
Yi−h(Wi, Xi; b̂a)

]
+(1−Ri)h(Wi, Xi; b̂a)

}
,

we combine the M-estimation systems from outcome bridge and IPW and get

n∑
i=1



1Ri=1,Ai=1m(Zi, Xi){Yi − h(Wi, Xi; b1)}

1Ri=1,Ai=0m(Zi, Xi){Yi − h(Wi, Xi; b0)}

n(Wi, Xi)
{
q(Zi, Xi; t1)1Ri=1,Ai=1 − (1−Ri)

}
n(Wi, Xi)

{
q(Zi, Xi; t0)1Ri=1,Ai=0 − (1−Ri)

}
q(Zi, Xi; t1)1Ri=1,Ai=1{Yi − h(Wi, Xi; b1)}+ (1−Ri){h(Wi, Xi; b1)− ϕ(1)}

q(Zi, Xi; t0)1Ri=1,Ai=0{Yi − h(Wi, Xi; b0)}+ (1−Ri){h(Wi, Xi; b0)− ϕ(0)}


= 0,

where the unknown parameter vector is (b1, b0, t1, t0, ϕ(1), ϕ(0)).

The resulting M-estimating equations were solved using the Python package Delicatessen (Zivich et
al., 2022), which provides a general framework for M-estimation and sandwich variance estimation.
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5.2.2. Original CIMA estimators
The estimators under the original CIMA framework are implemented following the estimation proce-
dures described in Section 3.1.3, with the pooled source domain treated as the source population. We
summarize the implementation of the three estimators below.

For the Outcome Regression Estimator

ϕ̂OR(a) =

{ n∑
i=1

(1−Ri)

}−1 n∑
i=1

(1−Ri)g(Xi; β̂a),

where g(Xi; β̂a) is a parametric estimator for g(X) = E(Y |X,A = a,R = 1). We estimate g(Xi; β̂a)
by the linear regression. Then there are 4 part of parameters for the M-estimation: (β1, ϕ(1), β0, ϕ(0)).
The M-estimation system can be written as

n∑
i=1


1Ri=1,Ai=1Xi

{
Yi − g(Xi;β1)

}
(1−Ri)

{
g(Xi;β1)− ϕ(1)

}
1Ri=1,Ai=0Xi

{
Yi − g(Xi;β0)

}
(1−Ri)

{
g(Xi;β0)− ϕ(0)

}

 = 0.

The first and third estimating equations are the normal equations from least-squares fitting of the out-
come regression model in the treated and control groups of the pooled source domain, respectively.

For the IPW Estimator

ϕ̂IPW (a) =

{ n∑
i=1

(1−Ri)

}−1 n∑
i=1

ŵa(Xi, Ri, Ai)Yi,

with the estimated weights ŵa(Xi, Ri, Ai) defined as

ŵa(Xi, Ri, Ai) =
1Ri=1,Ai=a

e(Xi; α̂a)
· p(Xi; γ̂0)

1− p(Xi; γ̂0)
,

where e(X; α̂a) is an estimator for ea(X) = P (A = a|X,R = 1), and p(X; γ̂0) is an estimator for
p(X) = P (R = 0|X) based on logistic regression model with finite-dimensional parameter α̂a and γ̂0.
The M-estimation system can be written as

n∑
i=1



1Ri=1Xi

{
Ai − e(Xi;α1)

}
Xi

{
1Ri=0 − p(Xi; γ0)

}
1Ri=1,Ai=1

p(Xi; γ0)

e(Xi;α1){1− p(Xi; γ0)}
Yi − (1−Ri)ϕ(1)

1Ri=1,Ai=0
p(Xi; γ0)

{1− e(Xi;α1)}{1− p(Xi; γ0)}
Yi − (1−Ri)ϕ(0)


= 0,

where the unknown parameter vector is (α1, γ0, ϕ(1), ϕ(0)). The first two estimating equations are the
score equations for the logistic regression models used to estimate the treatment propensity score and
the sampling score, respectively.

For the Doubly Robust Estimator

ϕ̂DR(a) =

{ n∑
i=1

(1−Ri)

}−1 n∑
i=1

{
ŵa(Xi, Ri, Ai)

[
Yi − ga(Xi; β̂a)

]
+ (1−Ri)ga(Xi; β̂a)

}
,
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The M-estimation system can be written as

n∑
i=1



1Ri=1,Ai=1Xi

{
Yi − g(Xi;β1)

}
1Ri=1,Ai=0Xi

{
Yi − g(Xi;β0)

}
1Ri=1Xi

{
Ai − e(Xi;α1)

}
Xi

{
1Ri=0 − p(Xi; γ0)

}
1Ri=1,Ai=1

p(Xi; γ0)

e(Xi;α1){1− p(Xi; γ0)}
[
Yi − g(Xi;β1)

]
+ (1−Ri)

{
g(Xi;β1)− ϕ(1)

}
1Ri=1,Ai=0

p(Xi; γ0)

{1− e(Xi;α1)}{1− p(Xi; γ0)}
[
Yi − g(Xi;β0)

]
+ (1−Ri)

{
g(Xi;β0)− ϕ(0)

}


= 0,

where the unknown parameter vector is (β1, β0, α1, γ0, ϕ(1), ϕ(0)).

5.2.3. Simulation performance measures
For each simulation setting, we evaluate the finite-sample performance of the six estimators

ϕ̂OR(a), ϕ̂IPW (a), ϕ̂DR(a), ϕ̂POR(a), ϕ̂PIPW (a), ϕ̂PDR(a),

for a ∈ {0, 1}. The performance measures are computed from Monte Carlo replications. In each
replication, after generating the data, we first compute the true target potential outcome mean implied
by the data-generatingmechanism. SinceU is generated in the simulation, it can be used for evaluation,
although it is not used by the estimators.

Under the Equation (B.1), the true potential outcome means in the target population are

ϕ(1) = E
[
E(Y | X,U,A = 1, R = 1)

∣∣R = 0
]

= E
[
−0.5 + 3X(1) + 3X(2) + 2(ξ + η)U

∣∣∣R = 0
]
,

and

ϕ(0) = E
[
E(Y | X,U,A = 0, R = 1)

∣∣R = 0
]

= E
[
0.5 + 2X(1) + 2X(2) + (ξ + η)U

∣∣∣R = 0
]
.

In the simulation study, these expectations are evaluated using the realized target sample in each
Monte Carlo replication. Specifically, if

X̄
(j)
0 =

∑n
i=1(1−Ri)X

(j)
i∑n

i=1(1−Ri)
, Ū0 =

∑n
i=1(1−Ri)Ui∑n
i=1(1−Ri)

,

then the true values used for evaluation are

ϕ(1) = −0.5 + 3X̄
(1)
0 + 3X̄

(2)
0 + 2(ξ + η)Ū0,

and
ϕ(0) = 0.5 + 2X̄

(1)
0 + 2X̄

(2)
0 + (ξ + η)Ū0.

Let ϕ̂k,r(a) denote the estimate of ϕ(a) obtained by estimator k in Monte Carlo replication r, where

k ∈ {OR, IPW,DR,POR,PIPW,PDR}.

For each estimator and treatment level, we store the estimation error

ek,r(a) = ϕ̂k,r(a)− ϕr(a),

where ϕr(a) denotes the true value computed from the realized target sample in replication r. Based
on B Monte Carlo replications, the empirical bias is computed as

B̂iask(a) =
1

B

B∑
r=1

ek,r(a).
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The empirical variance of the errors is computed as

V̂ark(a) =
1

B − 1

B∑
r=1

{
ek,r(a)− B̂iask(a)

}2

,

and the root mean squared error is computed as

R̂MSEk(a) =

{
1

B

B∑
r=1

ek,r(a)
2

}1/2

.

We also compute the empirical coverage probability of the associated 95% confidence intervals. Let[
L̂k,r(a), Ûk,r(a)

]
denote the confidence interval for ϕ(a) obtained by estimator k in replication r. The empirical coverage
probability is

Ĉovk(a) =
1

B

B∑
r=1

1

{
L̂k,r(a) ≤ ϕr(a) ≤ Ûk,r(a)

}
.

In addition to these numerical summaries, we use boxplots of the Monte Carlo errors ek,r(a) to visualize
the sampling distributions of the estimators.

5.3. Finite-sample performance under latent shifted effect modifi-
cation

We evaluate and compare the original and proximal estimators under varying overall sample sizes n ∈
{10000, 100000}, aggregate source trial sample sizes

∑3
s=1 ns ∈ {1000, 2000, 5000}, as well as different

confounding settings η ∈ {0, 0.3, 0.5} and proxy-strength settings ξ ∈ {0.1, 0.3, 0.6}. For n = 10, 000,
we perform 1000 Monte Carlo replications for each configuration, whereas for n = 100, 000, we perform
100 replications. We report bias, RMSE, and coverage probabilities, and use boxplots to visualize the
sampling distributions.

5.3.1. Overall comparison between original and proximal CIMA estimators
We begin by comparing the finite-sample performance of the original CIMA estimators with their proxi-
mal counterparts across all simulation settings. Appendix C provides a visual summary of the estimation
errors, while the corresponding numerical results are reported in Appendix D–F.

Across almost all configurations, the original outcome regression (OR), inverse probability weighting
(IPW), and doubly robust (DR) estimators exhibit substantial positive bias. This pattern becomes par-
ticularly pronounced when the latent shifted effect modifier has a stronger influence on the outcome
(larger η) or when the proxy-strength parameter ξ is large. In the boxplots, the sampling distributions
of the original estimators are consistently shifted above zero, indicating systematic bias rather than
sampling variability. By contrast, the proximal outcome regression (POR), proximal IPW (PIPW), and
proximal doubly robust (PDR) estimators are generally centered much closer to zero for both ϕ(0) and
ϕ(1), demonstrating that the proposed bridge-function approach substantially reduces the bias intro-
duced by the unmeasured shifted effect modifier.
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Figure 5.1: Boxplots of estimation errors for ϕ(0) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.
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Figure 5.2: Boxplots of estimation errors for ϕ(1) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.

The numerical results support the same conclusion. Table 5.1 provides a direct comparison under the
representative setting n = 10,000,

∑3
s=1 ns = 1000, η = 0.5, and ξ = 0.6. For ϕ(0), the empirical biases

of the original CIMA estimators range from 0.5224 to 0.5646, whereas those of the proximal estimators
range from −0.0066 to −0.0013. The contrast is even more pronounced for ϕ(1): the biases of the
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original estimators range from 0.9415 to 1.1259, while the corresponding proximal biases range from
−0.0115 to −0.0053.

Table 5.1: Empirical bias of the original and proximal CIMA estimators in a representative setting with n = 10,000,∑3
s=1 ns = 1000, η = 0.5, and ξ = 0.6.

Estimand Framework OR-type estimator IPW-type estimator DR-type estimator

ϕ(0)
Original CIMA 0.5646 0.5567 0.5224
Proximal CIMA −0.0013 −0.0064 −0.0066

ϕ(1)
Original CIMA 1.0216 1.1259 0.9415
Proximal CIMA −0.0053 −0.0113 −0.0115

Taken together, these results provide strong empirical support for the main motivation of Proximal
CIMA. Once the observed-covariate assumptions underlying the original CIMA framework are violated
by latent shifted effect modifiers, the original estimators become systematically biased. Introducing
proxy variables and bridge functions substantially reduces this structural bias across a wide range of
simulation settings.

5.3.2. Effects of the latent-variable and proxy parameters
We first examine how estimator performance changes with the parameter η, which controls the direct
outcome-side contribution of the latent shifted effect modifier U . For the original CIMA estimators, both
empirical bias and RMSE generally increase as η increases. For example, when estimating ϕ(0) with
n = 10,000,

∑3
s=1 ns = 1000, and ξ = 0.6, the empirical bias of the original OR estimator increases from

0.3062 at η = 0 to 0.4612 at η = 0.3 and 0.5646 at η = 0.5. Under the same setting, the bias of the original
DR estimator increases from 0.2848 to 0.4273 and then to 0.5224. This pattern is expected because the
original CIMA estimators do not account for U . As the direct effect of U on the outcome becomes
stronger, the consequences of failing to adjust for the latent variable become more pronounced.

Table 5.2: Empirical bias and RMSE for estimating ϕ(0) as the direct outcome-side contribution of U varies, with n = 10,000,∑3
s=1 ns = 1000, and ξ = 0.6. Each entry reports empirical bias, with RMSE in parentheses.

Framework Estimator η = 0 η = 0.3 η = 0.5

Original CIMA
ϕ̂OR(0) 0.3062 (0.3138) 0.4612 (0.4683) 0.5646 (0.5718)

ϕ̂IPW (0) 0.3190 (1.0475) 0.4616 (1.1354) 0.5567 (1.2012)

ϕ̂DR(0) 0.2848 (0.3073) 0.4273 (0.4499) 0.5224 (0.5464)

Proximal CIMA
ϕ̂POR(0) −0.0019 (0.0445) −0.0015 (0.0492) −0.0013 (0.0568)

ϕ̂PIPW (0) −0.0007 (0.0767) −0.0041 (0.0863) −0.0064 (0.1008)

ϕ̂PDR(0) −0.0006 (0.0767) −0.0042 (0.0865) −0.0066 (0.1012)

The proximal estimators behave differently. When the outcome proxy is sufficiently informative, in-
creasing η has little effect on their empirical bias. For example, under the same setting with ξ = 0.6,
the biases of the POR, PIPW, and PDR estimators remain close to zero across all three values of η.
For the POR estimator, the bias changes only from −0.0019 at η = 0 to −0.0015 at η = 0.3 and −0.0013
at η = 0.5. The corresponding biases of the PDR estimator are −0.0006, −0.0042, and −0.0066. Thus,
although the outcome-side role of the latent variable becomes stronger, the proxy-based adjustment
continues to remove most of the resulting systematic bias.

The RMSE of the proximal estimators increases only moderately as η becomes larger. Under ξ = 0.6,
the RMSE of the POR estimator increases from 0.0445 to 0.0492 and 0.0568, while that of the PDR
estimator increases from 0.0767 to 0.0865 and 0.1012. Even at η = 0.5, their RMSEs remain substantially
smaller than those of the corresponding original CIMA estimators. These results suggest that the
proximal estimators are relatively robust to increases in the direct outcome-side contribution of the
latent variable, although some additional finite-sample variability remains.
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Wenext examine how estimator performance changes with the parameter ξ. Table 5.3 shows that larger
values of ξ are generally associated with better finite-sample performance of the proximal estimators.
When ξ increases from 0.1 to 0.3 and 0.6, the RMSE of the POR estimator decreases from 0.2808
to 0.0849 and 0.0568, respectively. The corresponding RMSEs of the PIPW estimator decrease from
0.3006 to 0.1577 and 0.1008, while those of the PDR estimator decrease from 0.3493 to 0.1659 and
0.1012.

A similar pattern is observed for empirical bias. Under ξ = 0.3 and ξ = 0.6, all three proximal estimators
have biases close to zero. By contrast, when ξ = 0.1, the PIPW and PDR estimators have biases of
0.1002 and 0.0523, respectively, and all three estimators exhibit substantially larger RMSEs. These
results indicate that proximal estimation becomes considerably less stable when the signal about the
latent variable contained in the proxy system is weak.

Table 5.3: Empirical bias and RMSE for estimating ϕ(0) as the parameter ξ varies, with n = 10,000,
∑3

s=1 ns = 1000, and
η = 0.5. Each entry reports empirical bias, with RMSE in parentheses.

Framework Estimator ξ = 0.1 ξ = 0.3 ξ = 0.6

Original CIMA
ϕ̂OR(0) 0.3056 (0.3132) 0.4095 (0.4166) 0.5646 (0.5718)

ϕ̂IPW (0) 0.3102 (1.0551) 0.4129 (1.1048) 0.5567 (1.2012)

ϕ̂DR(0) 0.2836 (0.3061) 0.3797 (0.4019) 0.5224 (0.5464)

Proximal CIMA
ϕ̂POR(0) −0.0273 (0.2808) −0.0019 (0.0849) −0.0013 (0.0568)

ϕ̂PIPW (0) 0.1002 (0.3006) −0.0164 (0.1577) −0.0064 (0.1008)

ϕ̂PDR(0) 0.0523 (0.3493) −0.0217 (0.1659) −0.0066 (0.1012)

The original CIMA estimators exhibit the opposite pattern. Their empirical bias increases steadily with
ξ. For example, the bias of the original OR estimator increases from 0.3056 under ξ = 0.1 to 0.4095
under ξ = 0.3 and 0.5646 under ξ = 0.6. The original DR estimator follows a similar pattern, with bias
increasing from 0.2836 to 0.3797 and 0.5224. Their RMSEs also increase as ξ becomes larger.

The effect of ξ therefore requires a cautious interpretation. In the present data-generating mechanism,
ξ determines how strongly U is reflected in the outcome proxy W , but W also enters the outcome
model. Consequently, varying ξ changes not only the amount of proxy information available about U ,
but also the extent to which the U -related component ofW contributes to the outcome. The increasing
bias of the original CIMA estimators should therefore not be interpreted as an adverse effect of more
informative proxies. Rather, a larger value of ξ simultaneously provides more information for proximal
adjustment and strengthens an outcome-side pathway that is omitted by the original CIMA estimators.

Overall, the proximal estimators benefit substantially from larger values of ξ, whereas the original CIMA
estimators become increasingly biased. However, because ξ affects both proxy informativeness and
the outcome-generating mechanism, the simulation does not fully separate these two effects.

5.3.3. Effects of source and overall sample sizes
We next examine how the finite-sample performance of the proximal estimators changes with the
amount of source trial data. Holding the overall sample size fixed at n = 10,000, the RMSEs of all
three proximal estimators increase as the aggregate source trial sample size decreases. This pattern
is particularly pronounced under the challenging setting with η = 0.5 and ξ = 0.1. When

∑3
s=1 ns de-

creases from 5000 to 2000 and then to 1000, the RMSE of the POR estimator increases from 0.1081 to
0.1696 and 0.2808. The corresponding RMSEs of the PIPW estimator increase from 0.1609 to 0.2340
and 0.3006, while those of the PDR estimator increase from 0.1860 to 0.2678 and 0.3493.
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Table 5.4: Empirical bias and RMSE for the proximal CIMA estimators of ϕ(0) as the aggregate source trial sample size varies,
with n = 10,000, η = 0.5, and ξ = 0.1. Each entry reports empirical bias, with RMSE in parentheses.

Framework Estimator
∑3

s=1 ns = 5000
∑3

s=1 ns = 2000
∑3

s=1 ns = 1000

Proximal CIMA
ϕ̂POR(0) −0.0037 (0.1081) −0.0074 (0.1696) −0.0273 (0.2808)

ϕ̂PIPW (0) −0.0103 (0.1609) 0.0316 (0.2340) 0.1002 (0.3006)

ϕ̂PDR(0) −0.0273 (0.1860) −0.0042 (0.2678) 0.0523 (0.3493)

The boxplots show the same qualitative pattern. With
∑3

s=1 ns = 5000, the estimation errors of the
proximal estimators are relatively concentrated around zero. As the aggregate source trial sample
size decreases, their distributions become more dispersed. Under

∑3
s=1 ns = 1000, particularly when

η = 0.5 and ξ = 0.1, the boxes become noticeably wider and more extreme observations appear. The
increase in dispersion is especially visible for the PIPW and PDR estimators, and the same general
pattern appears when estimating both ϕ(0) and ϕ(1).

∑3
s=1 ns = 5000

∑3
s=1 ns = 2000

∑3
s=1 ns = 1000

ϕ
(0
)

ϕ
(1
)

Figure 5.3: Boxplots of estimation errors for ϕ(0) and ϕ(1) under different aggregate source trial sample sizes, with overall
sample size n = 10,000, η = 0.5, and ξ = 0.1. As the aggregate source trial sample size decreases, the distributions of the

proximal estimators become more dispersed, with the increase in variability especially visible for the PIPW and PDR estimators.

Increasing the overall sample size from 10,000 to 100,000 while holding the aggregate source trial sam-
ple size fixed at 1000 does not produce a corresponding improvement in the proximal estimators. In
several settings, the RMSEs remain similar or increase slightly. This result reinforces the importance
of distinguishing the overall sample size from the amount of source trial information. A larger target
sample provides a more precise empirical distribution of (W,X) in the target population, but it does not
increase the number of source observations available for estimating the bridge functions.
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Table 5.5: RMSE of the proximal CIMA estimators for ϕ(0) under different overall sample sizes, with aggregate source trial
sample size

∑3
s=1 ns = 1000 and η = 0.5.

ξ Estimator n = 10,000 n = 100,000

0.6
ϕ̂POR(0) 0.0568 0.0658

ϕ̂PIPW (0) 0.1008 0.1322

ϕ̂PDR(0) 0.1012 0.1327

0.3
ϕ̂POR(0) 0.0849 0.0942

ϕ̂PIPW (0) 0.1577 0.1842

ϕ̂PDR(0) 0.1659 0.2093

0.1
ϕ̂POR(0) 0.2808 0.3226

ϕ̂PIPW (0) 0.3006 0.3209

ϕ̂PDR(0) 0.3493 0.3741

This pattern is expected because both the original and proximal CIMA estimators rely on the pooled
source trials to estimate their nuisance functions. As the aggregate source trial sample size decreases,
these functions are estimated less precisely, leading to greater finite-sample variability. In particular, the
proximal estimators require estimation of the outcome and treatment bridge functions from the source
data. Uncertainty in these estimated bridges is therefore propagated to the POR, PIPW, and PDR
estimators, with PIPW and PDR also being affected by variability in the weights constructed from the
estimated treatment bridge.

5.3.4. Differences across estimators and treatment levels
Two additional patterns emerge from the simulation results. First, the POR estimator generally ex-
hibits the most favorable finite-sample performance among the three proximal estimators. Across most
settings, it has the smallest RMSE and its empirical bias remains close to zero. The PIPW and PDR
estimators typically display larger variability, particularly when the proxy signal is weak or the aggregate
source trial sample size is small. This pattern is not universal: in a small number of challenging set-
tings, the PIPW estimator has a smaller RMSE than the POR estimator. The results should therefore
be interpreted as showing an overall advantage of POR rather than uniform dominance.

One possible explanation concerns the specification of the bridge-function working models. Under the
proposed data-generating mechanism, an outcome bridge of the adopted linear form can be derived
analytically. The working model used by the POR estimator is therefore compatible with the structure
of the true outcome bridge. By contrast, although the treatment bridge is modeled using a log-linear
working model, we have not established that the true treatment bridge generated by the simulation
belongs to this model class. Possible treatment-bridge misspecification, together with the finite-sample
variability induced by weighting, may therefore contribute to the less stable performance of the PIPW
estimator. Because the PDR estimator incorporates both estimated bridge functions, it may also inherit
variability from the estimated treatment bridge even when the outcome bridge is well specified.

This interpretation remains tentative, however, because the simulation was not designed to isolate the
effects of treatment-bridge misspecification from those of weighting variability. A dedicated misspecifi-
cation experiment would be needed to distinguish these mechanisms.

Second, estimation of ϕ(1) is generally more difficult than estimation of ϕ(0). Both the original and
proximal estimators tend to have larger bias, RMSE, or dispersion when targeting ϕ(1). This pattern is
consistent with the outcome-generating mechanism. The outcome model contains both the interaction
termAηU and the termAW . When a = 0, these two treatment-dependent components vanish, whereas
when a = 1, the contributions of both the latent variable U and the outcome proxy W are amplified.
Consequently, the conditional mean outcome under treatment is more sensitive to the latent shifted
effect modifier and to errors in bridge estimation than the conditional mean outcome under control.
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5.4. Double robustness under bridge-model misspecification
Finally, we evaluate the double-robustness property of the proposed proximal doubly robust estimator.
Throughout this subsection, we fix the overall sample size at n = 10,000, with η = 0.5 and ξ = 0.6. We
consider four different scenarios according to whether the outcome bridge function h and the treatment
bridge function q are correctly specified.

Scenario 1. Both bridge functions h and q are correctly specified.
Scenario 2. The outcome bridge function h is misspecified, while q remains correctly specified. Specif-

ically, when estimating h, we replaceW by the transformed variable

W ∗ = |W | 12 + 3.

Scenario 3. The treatment bridge function q is misspecified, while h remains correctly specified. Specif-
ically, when estimating q, we replace Z by the transformed variable

Z∗ = |Z| 12 + 3.

Scenario 4. Both bridge functions are misspecified. Specifically, when estimating h and q, we replace
W and Z by

W ∗ = |W | 12 + 1 and Z∗ = |Z| 12 + 1,

respectively.

We examine these four scenarios under varying aggregate source trial sample sizes,

3∑
s=1

ns ∈ {1000, 2000, 5000}.

The results for the target potential outcome means ϕ(1) and ϕ(0) are reported in the following Tables.
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Table 5.6: Simulation results of scenarios 1–4 for estimating ϕ(0).

∑3
s=1 ns Scenario Estimator Bias RMSE Coverage

5000

1 ϕ̂POR(0) -0.0004 0.0268 1.000
ϕ̂PIPW (0) -0.0005 0.0403 0.997
ϕ̂PDR(0) -0.0005 0.0403 0.997

2 ϕ̂POR(0) 4.2484 4.2654 0.000
ϕ̂PIPW (0) -0.0005 0.0403 0.997
ϕ̂PDR(0) 0.0440 0.1536 0.919

3 ϕ̂POR(0) -0.0024 0.0272 1.000
ϕ̂PIPW (0) 0.0701 0.1889 0.905
ϕ̂PDR(0) 0.0266 0.1835 0.905

4 ϕ̂POR(0) 4.2482 4.2652 0.000
ϕ̂PIPW (0) 0.0739 0.1812 0.899
ϕ̂PDR(0) -5.5610 6.1547 0.606

2000

1 ϕ̂POR(0) 0.0010 0.0396 0.993
ϕ̂PIPW (0) -0.0031 0.0661 0.962
ϕ̂PDR(0) -0.0031 0.0661 0.962

2 ϕ̂POR(0) 2.9326 2.9440 0.000
ϕ̂PIPW (0) -0.0031 0.0661 0.962
ϕ̂PDR(0) 0.1594 0.3989 0.808

3 ϕ̂POR(0) 0.0010 0.0395 0.993
ϕ̂PIPW (0) 0.0945 0.2001 0.872
ϕ̂PDR(0) 0.0351 0.1849 0.872

4 ϕ̂POR(0) 2.9447 2.9560 0.000
ϕ̂PIPW (0) 0.0931 0.2081 0.846
ϕ̂PDR(0) -2.6503 3.9874 0.653

1000

1 ϕ̂POR(0) -0.0013 0.0568 0.983
ϕ̂PIPW (0) -0.0064 0.1008 0.915
ϕ̂PDR(0) -0.0066 0.1012 0.915

2 ϕ̂POR(0) 2.6252 2.6426 0.000
ϕ̂PIPW (0) -0.0056 0.1001 0.915
ϕ̂PDR(0) 0.2974 0.6731 0.746

3 ϕ̂POR(0) -0.0018 0.0568 0.985
ϕ̂PIPW (0) 0.1108 0.2177 0.850
ϕ̂PDR(0) 0.0569 0.2023 0.851

4 ϕ̂POR(0) 2.6339 2.6510 0.000
ϕ̂PIPW (0) 0.1105 0.2318 0.813
ϕ̂PDR(0) -0.8850 3.2707 0.624
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Table 5.7: Simulation results of scenarios 1–4 for estimating ϕ(1).

∑3
s=1 ns Scenario Estimator Bias RMSE Coverage

5000

1 ϕ̂POR(1) 0.0005 0.0433 1.000
ϕ̂PIPW (1) -0.0010 0.0558 0.999
ϕ̂PDR(1) -0.0010 0.0558 0.999

2 ϕ̂POR(1) 8.2946 8.3472 0.000
ϕ̂PIPW (1) -0.0010 0.0558 0.999
ϕ̂PDR(1) 0.1287 0.3218 0.895

3 ϕ̂POR(1) 0.0015 0.0443 1.000
ϕ̂PIPW (1) 0.2021 0.2897 0.910
ϕ̂PDR(1) 0.0538 0.2214 0.910

4 ϕ̂POR(1) 8.2861 8.3393 0.000
ϕ̂PIPW (1) 0.1949 0.2761 0.905
ϕ̂PDR(1) -11.3987 12.8401 0.655

2000

1 ϕ̂POR(1) 0.0008 0.0618 0.998
ϕ̂PIPW (1) -0.0035 0.0893 0.981
ϕ̂PDR(1) -0.0035 0.0893 0.981

2 ϕ̂POR(1) 5.6510 5.6808 0.000
ϕ̂PIPW (1) -0.0035 0.0893 0.981
ϕ̂PDR(1) 0.2706 0.7317 0.808

3 ϕ̂POR(1) 0.0024 0.0617 0.998
ϕ̂PIPW (1) 0.2738 0.3568 0.870
ϕ̂PDR(1) 0.0644 0.2364 0.870

4 ϕ̂POR(1) 5.6321 5.6597 0.000
ϕ̂PIPW (1) 0.2831 0.3581 0.877
ϕ̂PDR(1) -4.9310 7.5235 0.736

1000

1 ϕ̂POR(1) -0.0053 0.0852 0.985
ϕ̂PIPW (1) -0.0113 0.1380 0.951
ϕ̂PDR(1) -0.0115 0.1385 0.951

2 ϕ̂POR(1) 5.1041 5.1546 0.000
ϕ̂PIPW (1) -0.0106 0.1370 0.952
ϕ̂PDR(1) 0.5240 1.2178 0.752

3 ϕ̂POR(1) -0.0056 0.0858 0.984
ϕ̂PIPW (1) 0.2999 0.3791 0.810
ϕ̂PDR(1) 0.1155 0.2735 0.807

4 ϕ̂POR(1) 5.1352 5.1832 0.000
ϕ̂PIPW (1) 0.2996 0.3793 0.793
ϕ̂PDR(1) -1.9940 6.6578 0.661

The numerical results are broadly consistent with the expected double-robustness property. When both
bridge functions are correctly specified, all proximal estimators perform well, with small empirical bias
and improving precision as the aggregate source trial sample size increases. When only one of the two
bridge functions is misspecified, the estimator relying solely on that bridge becomes sensitive to model
misspecification, whereas the proximal doubly robust estimator remains substantially more stable by
leveraging the correctly specified nuisance bridge. Although its finite-sample performance may still be
somewhat inferior to that of the correctly specified single-bridge estimator, the doubly robust estimator
consistently mitigates the impact of misspecification and remains much closer to the truth than the
estimator based on the misspecified bridge alone.

Scenario 4 shows the limitation of this robustness property. When both bridge functions are misspec-
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ified, none of the bridge-based estimators is protected by correct specification of the other nuisance
component. In this case, the proximal doubly robust estimator can exhibit substantial bias and in-
creased RMSE. Thus, double robustness requires at least one of the two bridge functions to be correctly
specified.

Overall, these results support the theoretical motivation for the proximal doubly robust estimator. Com-
pared with estimators that rely on only one bridge function, the doubly robust estimator is less sensitive
to misspecification of a single nuisance bridge. However, its performance still depends on the quality
of the bridge working models, and simultaneous misspecification of both h and q can lead to severe de-
terioration. This highlights the practical importance of careful bridge-model specification in applications
of Proximal CIMA.



6
Conclusion

Modern causal inference increasingly asks how causal conclusions can remain reliable when classical
assumptions are difficult to satisfy in practice. This thesis studied that question in the setting of CIMA,
where evidence from multiple RCTs is combined in order to draw a causal conclusion for a prespecified
target population. Its central idea is to pool the source RCTs into a single source dataset and then
transport the causal information from that pooled source population to the target population by stan-
dardization or weighting over observed baseline covariates. The validity of this strategy depends on
a demanding condition: the relevant effect heterogeneity across trials and between the pooled source
population and the target population must be adequately captured. In the terminology of this thesis, it
requires all the shifted effect modifiers are observed and usable.

Themain contribution of this thesis was to extend that framework to a setting in which some shifted effect
modifiers are latent. The thesis drew directly on ideas from proximal causal inference introduced in
Section 2.2 and proximal indirect comparison introduced in Section 3.2, but it also showed that proximal
indirect comparison cannot simply be transplanted into CIMA. In proximal indirect comparison, the
source domain is a single RCT, so treatment assignment remains randomized even when relevant effect
modifiers are unmeasured. Consequently, the latent shifted effect modifiers do not act as confounders
for treatment assignment within the source domain. In CIMA, by contrast, the source domain is a
pooled collection of trials, and once trials with different randomization schemes are combined, the latent
shifted effect modifier becomes associated with treatment assignment in the pooled source population.
Although introduced to represent an unmeasured shifted effect modifier, it therefore also behaves as
an unmeasured confounder in the pooled source population. As a result, the pooled randomization
condition in the source domain no longer holds. It is precisely this additional identification challenge
that distinguishes CIMA from proximal indirect comparison and prevents the strategy developed for
proximal indirect comparison from being directly adapted to the CIMA setting.

To address that difficulty, the thesis developed a new proximal identification strategy for CIMA. In the
resulting framework, the outcome proxy plays a familiar proximal role by carrying information about
outcome-relevant latent structure, but the treatment proxy has a more demanding task than in earlier
proximal settings: it must carry information both about the latent treatment assignment mechanism in
the pooled source population and about source-target differences induced by the latent shifted effect
modifier. The thesis then formalized new bridge equations, established the corresponding identifica-
tion formulas under completeness assumptions, and proposed proximal outcome-regression, proxi-
mal weighting, and proximal doubly robust estimators based on parametric working models for those
bridges.

This makes the contribution of the thesis distinct from other recent extensions of CIMA. Existing exten-
sions have broadened the applicability of CIMA in several important directions, including settings with
systematically missing baseline covariates across trials. Nevertheless, these approaches continue to
rely on observed covariate information to support the exchangeability conditions required for transporta-
bility. Proximal CIMA instead addresses a broader setting in which the available observed covariates
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are not sufficient to account for the shifted effect modifiers needed for transportability. This situation
may arise because relevant effect modifiers are observed only in a subset of trials, because they are
not collected in any trial, or because they cannot be incorporated into a common adjustment set across
the available data sources. The key contribution of this thesis is to show that, when suitable proxy vari-
ables are available, these remaining sources of latent effect modification can still be accommodated
through proximal bridge functions, thereby establishing identification strategies that extend the scope
of causally interpretable meta-analysis beyond conventional observed-covariate adjustment.

The simulation study provided empirical support for that theoretical contribution. Using data-generating
mechanisms with a latent shifted effect modifier together with an outcome proxy and a treatment proxy,
the thesis compared the original CIMA estimators with their proximal counterparts across different over-
all sample sizes, aggregate source-trial sample sizes, levels of confounding strength, and levels of
proxy informativeness. Across most settings, the proximal estimators substantially reduced the bias
of the original CIMA estimators. The original estimators deteriorated because they relied entirely on
observed covariates to account for shifted effect modification and therefore could not adjust for the
latent effect modifier introduced in the data-generating mechanism. The advantage of the proximal
estimators was particularly pronounced when unmeasured effect modification was substantial and the
proxies were sufficiently informative.

At the same time, the simulations showed that performance deteriorated when the proxy signal weak-
ened and when the aggregate source-trial sample size became small. Both patterns are consistent
with the fact that proximal estimation relies on recovering latent-variable-dependent quantities from
proxy information. The additional scenario analysis on the proximal doubly robust estimator was also
broadly consistent with its intended role: the most severe failures appeared when both bridge models
were misspecified, whereas performance was appreciably better when at least one bridge model was
correctly specified, though finite-sample deterioration remained visible in more difficult settings.

Taken together, these results suggest that the thesis achieves two things. Theoretically, it shows that
causal identification in CIMA can be extended beyond the classical observed-covariate setting by com-
bining transportability with proximal bridge constructions. Empirically, it shows that this extension is not
merely formal: under simulation settings designed to reflect latent shifted effect modification, the pro-
posed proximal estimators can outperform the original CIMA procedures and remain practically useful
in a substantial range of finite-sample regimes.

From a practical perspective, Proximal CIMA should not be viewed as an automatic replacement for the
original CIMA framework. When the observed covariates are believed to adequately capture the shifted
effect modifiers required for transportability, the original CIMA estimators remain a simpler and more
transparent choice. The proximal approach becomes most valuable when this assumption is doubtful,
for example because relevant effect modifiers are unmeasured, only partially observed across trials, or
cannot be incorporated into a common adjustment set. In such settings, careful selection of outcome
and treatment proxies is crucial: practitioners should assess both the credibility of their negative-control
interpretations and their informativeness about the latent effect modifiers. Large differences between
the original and proximal estimates are most likely when latent shifted effect modification is substantial
and the proxies are informative; when the proxies are weak, the proximal estimates should be inter-
preted cautiously.

6.1. Limitations and future work
The first limitation concerns the selection of proxy variables. This difficulty has two aspects. First,
candidate proxies must have a credible negative-control interpretation: the treatment and outcome
proxies should satisfy the exclusion-type restrictions required by the proximal assumptions. Second,
even when these assumptions are plausible, the proxies must still be sufficiently informative about
the latent variables. As noted by Su et al. (2026), routinely collected safety measurements and vital
signs are often suboptimal proxy candidates because, after conditioning on baseline covariates, they
provide little information about latent health characteristics and population differences. To address this
challenge, Su et al. (2026) suggest linking RCT participants to health registry data, which may provide
more informative candidate proxies while also reducing reliance on self-reported medical history.

A second limitation is that the methods developed in this thesis assume that individual participant data
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(IPD) are available from all source trials. In practice, however, full IPD access is often unavailable
in evidence synthesis, and some source trials may be available only in the form of aggregate data.
This limits the applicability of the proposed methods in real-world settings. Recent work has begun to
address this challenge by extending causally interpretable meta-analysis beyond the full-IPD setting,
including approaches that combine aggregate and individual participant data through synthetic IPD
construction (Rott et al., 2025), as well as methods that incorporate aggregate information through
inverse-weighting-based integration strategies (Vo et al., 2026).

The third theoretical limitation is that the proximal normalization formulas shift the difficulty of identifi-
cation to the bridge functions themselves. Those bridge equations are Fredholm integral equations of
the first kind, the existence of which is governed by Picard-type conditions that characterize solvability
in inverse problems. This creates a practical obstacle because those conditions are difficult to verify
in practical applications. However, the simulation results in Chapter 5 provide an encouraging empiri-
cal observation. In the data-generating mechanisms used there, the existence of the treatment bridge
function qa is not easy to guarantee theoretically, yet the proposed proximal estimators still performed
well in many settings. This does not remove the formal identification burden, but it suggests that the
practical behavior of the estimators may be more stable than the strict existence theory alone would
imply. Future work should therefore investigate when exact or approximate bridge solutions are plau-
sible in realistic meta-analytic settings, and how sensitive Proximal CIMA estimators are to violations
of bridge-existence conditions.

A fourth limitation is methodological. The estimation strategy in this thesis relies on parametric working
models for the bridge functions and estimates their parameters by solving empirical moment equations.
An important next step is to develop nonparametric or semiparametric estimation strategies for the
Proximal CIMA identification formulas, building on the broader proximal literature on kernel, minimax,
Bayesian, or neural approaches to bridge estimation discussed in Section 2.2.5. Another possible
extension is to move beyond the binary treatment setting considered in this thesis. Developing identifi-
cation and estimation strategies for continuous treatments, as inWu et al. (2024), would further broaden
the applicability of Proximal CIMA.

A further practical limitation is that the proposed framework assumes a common set of covariates and
proxy variables across the source trials and the target sample. This simplifies the pooled-source for-
mulation, but it can be restrictive in real evidence-synthesis settings, where different trials often collect
different baseline covariates. Restricting the analysis to variables observed in all studies may discard
useful study-specific information, while allowing trial-specific covariate and proxy sets would require
new identification and estimation strategies. Future work could therefore combine the proximal bridge
approach developed in this thesis with other recent extensions of CIMA that exploit heterogeneous
information across trials, including approaches for systematically missing covariates (Steingrimsson et
al., 2024) and trial-specific transport strategies (Schnitzler & Kaizar, 2025), so that information collected
only in a subset of studies can still contribute to bridge estimation and source-target transport.

The simulation study itself also has several important limitations. First, the informativeness parameter
ξ was varied through the outcome proxy, and that proxy also entered the outcome-generating mecha-
nism. As a result, varying ξ does not isolate proxy informativeness from the outcome-side role of the
latent variable. Future simulation studies could vary the informativeness of the treatment proxy Z while
leaving the outcome-generating mechanism unchanged. It would also be particularly relevant in proxi-
mal CIMA because Z plays a dual role in recovering both the pooled treatment assignment mechanism
and the source-target reweighting mechanism.

Second, the simulation design closely followed the original CIMA data-generating mechanism for trial
participation and trial assignment in order to preserve fixed sample-size structures and trial proportions.
That choice made the study comparable to earlier work, but it also meant that the simulations varied
the latent-variable strength mainly on the outcome side and did not separately parameterize its role in
trial participation; more flexible designs could study a broader class of selection structures and much
smaller source-trial samples.

Third, the thesis evaluated the proposed estimators only in simulation and did not test them on a real
empirical meta-analysis. A real-data application would be the natural next step, not only to assess
finite-sample behavior under realistic irregularities, but also to confront the substantive challenge of
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choosing credible proxies in practice.

In summary, this thesis shows that proximal ideas can be brought into causally interpretable meta-
analysis in a principled way, yielding a new identification strategy for settings with unmeasured shifted
effect modifiers. More broadly, it illustrates that progress in causal inference often comes not from
removing assumptions, but from replacing restrictive assumptions with alternative ones that are more
plausible in practice. This additional flexibility, however, comes with important challenges, including
stronger demands on proxy quality, harder inverse problems, continued dependence on modeling
choices, and the practical difficulty of obtaining the right data. Rather than diminishing the contribution,
these challenges define the next research frontier: improving bridge estimation, extending proximal
CIMA beyond full IPD settings, designing more flexible simulations, and testing the framework in real
evidence-synthesis applications.
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A
Conditional independence

Conditional independence is the probabilistic language used throughout this thesis. Many of the as-
sumptions and intermediate arguments in causal inference are naturally expressed as statements of
the form

X ⊥⊥ Y | Z,

meaning that, once Z is known, the variable Y carries no further information about X. In causal in-
ference, such statements are not merely notational conveniences: they are used to formalise ideas
such as conditional exchangeability, exclusion restrictions, proxy-variable assumptions, and graphical
separation. They allow causal assumptions to be translated into probabilistic restrictions that can be
combined, simplified, and used in identification arguments.

This appendix is not intended to provide a rigorous measure-theoretic formulation of conditional inde-
pendence. Instead, following the exposition of Dawid (1979), we present the definition of conditional
independence in an accessible manner and provide a concise reference for the conditional indepen-
dence arguments used throughout the thesis.

A.1. Definition and notation
Let X ∈ X , Y ∈ Y, Z ∈ Z, and W ∈ W be random variables defined on a common probability space.
Throughout this appendix, we adopt the definition and notation of conditional independence introduced
by Dawid (1979).

Definition A.1.1. We say that X and Y are conditionally independent given Z, if they are independent
in their joint distribution given Z = z, for any z ∈ Z. We write X ⊥⊥ Y |Z.

The above definition admits several equivalent characterisations. The following lemma collects the
formulations that will be used throughout the thesis.

LemmaA.1.1. Suppose that (X,Y, Z) possesses a joint density p(x, y, z). We denote p(x) the marginal
density of X, and p(x|y) the conditional density of X given Y = y. The following statements are
equivalent.

(i) X ⊥⊥ Y |Z,
(ii) p(x, y|z) = p(x|z)p(y|z),
(iii) p(x|y, z) = p(x|z),
(iv) for everymeasurable setsA andB, P (X ∈ A, Y ∈ B|Z) = P (X ∈ A|Z)P (Y ∈ B|Z), almost surely,
(v) for every measurable set A, P (X ∈ A|Y, Z) = P (X ∈ A|Z), almost surely,
(vi) Y ⊥⊥ X|Z.
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The equivalent formulations in the above lemma provide several convenient ways of verifying con-
ditional independence. The following two lemmas are elementary consequences of the definition of
conditional independence and are also useful in the proofs throughout this thesis.

A.2. Elementary Rules of Conditional Independence
The following two lemmas are classical properties of conditional independence and appear in the “Ele-
mentary Properties” section of Dawid (1979). We include them here together with brief proofs, as they
are repeatedly used throughout the thesis.

Lemma A.2.1. If X ⊥⊥ Y |Z, then:

(i) X ⊥⊥ g(Y )|Z for every measurable function g of Y ,
(ii) X ⊥⊥ Y |Z, g(Y ) for every measurable function g of Y .

Proof. For every measurable set B and function g of Y ,

P (g(Y ) ∈ B|X,Z) = P (Y ∈ g−1(B)|X,Z)
= P (Y ∈ g−1(B)|Z) (Y ⊥⊥ X|Z)
= P (g(Y ) ∈ B|Z)

almost surely. It implies g(Y ) ⊥⊥ X|Z, which is equivalent to X ⊥⊥ g(Y )|Z.

For the second assertion, since g is a measurable function of Y , adding g(Y ) to the conditioning vari-
ables does not add any information beyond that already contained in Y . Equivalently, σ(Y, Z, g(Y )) =
σ(Y, Z). Then for every measurable set A,

P (X ∈ A|Z, g(Y )) = P (X ∈ A|Z) (X ⊥⊥ g(Y )|Z)
= P (X ∈ A|Y, Z) (X ⊥⊥ Y |Z)
= P (X ∈ A|Y, Z, g(Y ))

almost surely, which implies X ⊥⊥ Y |Z, g(Y ).

Lemma A.2.2. The following assertions are equivalent:

(i) X ⊥⊥ Y |Z and X ⊥⊥W |(Y, Z),
(ii) X ⊥⊥ (W,Y )|Z.

Proof. (i) =⇒ (ii). For every measurable set A,

P (X ∈ A|Z) = P (X ∈ A|Y, Z) (X ⊥⊥ Y |Z)
= P (X ∈ A|W,Y,Z) (X ⊥⊥W |(Y, Z)),

which implies X ⊥⊥ (W,Y )|Z.

(ii) =⇒ (i). Let f be the projection map defined by f(w, y) = y, then X ⊥⊥ (W,Y )|Z implies

X ⊥⊥ f(W,Y )|Z and X ⊥⊥ (W,Y )|Z, f(W,Y ),

follows by Lemma A.2.1. Thus, we haveX ⊥⊥ Y |Z andX ⊥⊥ (W,Y )|(Z, Y ). Now let h be the projection
map defined by h(w, y) = w. Applying Lemma A.2.1(i) again,

X ⊥⊥ (W,Y )|(Z, Y ) =⇒ X ⊥⊥ h(W,Y )|(Z, Y ),

whish is X ⊥⊥W |(Z, Y ).



B
Existence of the outcome bridge

function

In this appendix, we verify that, under the data-generating mechanism in Section 5.1, an outcome
bridge function exists within the linear working model class used in the simulation study.

For a fixed treatment level a ∈ {0, 1}, consider the outcome U -bridge equation

E(Y | A = a,X,U,R = 1) = E(ha(W,X) | A = a,X,U,R = 1) .

We look for a bridge function of the linear form

ha(W,X) = h(W,X; ba) = ba,0 + ba,wW + bTa,xX,

where X = (X(1), X(2))T , so that

ha(W,X) = ba,0 + ba,wW + ba,x(1)X(1) + ba,x(2)X(2).

We first compute the right-hand side of the bridge equation. The proposed data-generating mechanism
was constructed so that Conditions (4.4) and (4.5) hold.

By Lemma A.2.2, Condition (4.4) implies

W ⊥⊥ A | (X,U,R = 1).

Moreover, by Lemma A.2.1, Condition (4.5) implies

W ⊥⊥ R | (X,U).

Since
W | (X,U) ∼ N

(
X(1) +X(2) + ξU, 0.25

)
,

it follows that

E(W | A = a,X,U,R = 1) = E(W | X,U,R = 1) = E(W | X,U) = X(1) +X(2) + ξU.

Therefore,

E(ha(W,X) | A = a,X,U,R = 1)

= ba,0 + ba,x(1)X(1) + ba,x(2)X(2) + ba,wE(W | A = a,X,U,R = 1)

= ba,0 +
(
ba,x(1) + ba,w

)
X(1) +

(
ba,x(2) + ba,w

)
X(2) + ba,wξU.
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Next, we compute the left-hand side. Under the outcome model,

Y | A,X,U,W,R = 1 ∼ N
(
0.5−A+ ηU +AηU +X(1) +X(2) +W +AW, 0.52

)
,

we have

E(Y | A = a,X,U,R = 1) = E
[
E(Y | A = a,X,U,W,R = 1)

∣∣∣A = a,X,U,R = 1
]

= 0.5− a+ ηU + aηU +X(1) +X(2) + (1 + a)E(W | A = a,X,U,R = 1)

= 0.5− a+ ηU + aηU +X(1) +X(2) + (1 + a)
(
X(1) +X(2) + ξU

)
= 0.5− a+ (2 + a)X(1) + (2 + a)X(2) + (1 + a)(η + ξ)U. (B.1)

To make the two sides equal for all values of X and U , it is enough to choose the coefficients so that

ba,0 = 0.5− a,

ba,wξ = (1 + a)(η + ξ),

and
ba,x(1) + ba,w = 2 + a, ba,x(2) + ba,w = 2 + a.

When ξ ̸= 0, one valid choice is therefore

ba,w =
(1 + a)(η + ξ)

ξ
= (1 + a)

(
1 +

η

ξ

)
,

and
ba,x(1) = ba,x(2) = (2 + a)− (1 + a)

(
1 +

η

ξ

)
,

Together with
ba,0 = 0.5− a.

Therefore, for each a ∈ {0, 1}, a linear outcome U -bridge function exists within the adopted working
model class, provided that ξ ̸= 0.



C
Complete boxplots of the simulation

results

C.1. Result for estimating ϕ(0)
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Figure C.1: Boxplots of estimation errors for ϕ(0) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.
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Figure C.2: Boxplots of estimation errors for ϕ(0) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 2000.
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Figure C.3: Boxplots of estimation errors for ϕ(0) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.
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Figure C.4: Boxplots of estimation errors for ϕ(0) under different estimators and design parameters (η, ξ), with overall sample
size n = 100,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.

C.2. Result for estimating ϕ(1)
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Figure C.5: Boxplots of estimation errors for ϕ(1) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.
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Figure C.6: Boxplots of estimation errors for ϕ(1) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 2000.
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Figure C.7: Boxplots of estimation errors for ϕ(1) under different estimators and design parameters (η, ξ), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.
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Figure C.8: Boxplots of estimation errors for ϕ(1) under different estimators and design parameters (η, ξ), with overall sample
size n = 100,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.



D
Full results of empirical bias

D.1. Results for estimating ϕ(0)

Table D.1: Empirical bias for the proximal CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 -0.0004 -0.0005 -0.0005 -0.0005 -0.0002 -0.0002 -0.0007 0.0003 0.0003
0.3 -0.0004 -0.0040 -0.0040 -0.0005 -0.0023 -0.0023 -0.0007 0.0003 0.0003
0.1 -0.0037 -0.0103 -0.0273 -0.0024 -0.0061 -0.0159 -0.0006 0.0001 0.0011

Table D.2: Empirical bias of the 95% confidence intervals for the original CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.4951 0.5062 0.5100 0.4048 0.4136 0.4173 0.2695 0.2746 0.2783
0.3 0.3597 0.3672 0.3710 0.2695 0.2746 0.2783 0.1341 0.1356 0.1393
0.1 0.2695 0.2746 0.2783 0.1792 0.1819 0.1856 0.0438 0.0429 0.0466

Table D.3: Empirical bias for the proximal CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.0010 -0.0031 -0.0031 0.0006 -0.0023 -0.0023 0.0000 -0.0010 -0.0010
0.3 0.0011 -0.0119 -0.0128 0.0007 -0.0075 -0.0079 0.0000 -0.0008 -0.0006
0.1 -0.0074 0.0316 -0.0042 -0.0049 0.0192 -0.0032 0.0001 -0.0020 0.0006
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Table D.4: Empirical bias for the original CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.5472 0.5663 0.5212 0.4473 0.4708 0.4262 0.2976 0.3276 0.2838
0.3 0.3974 0.4231 0.3788 0.2976 0.3276 0.2838 0.1479 0.1844 0.1414
0.1 0.2977 0.3267 0.2838 0.1978 0.2313 0.1889 0.0481 0.0879 0.0465

Table D.5: Empirical bias for the proximal CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 -0.0013 -0.0064 -0.0066 -0.0015 -0.0041 -0.0042 -0.0019 -0.0007 -0.0006
0.3 -0.0019 -0.0164 -0.0217 -0.0020 -0.0104 -0.0129 -0.0019 -0.0013 -0.0001
0.1 -0.0273 0.1002 0.0523 -0.0179 0.0590 0.0319 -0.0023 -0.0021 0.0016

Table D.6: Empirical bias for the original CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.5646 0.5567 0.5224 0.4612 0.4616 0.4273 0.3062 0.3190 0.2848
0.3 0.4095 0.4129 0.3797 0.3061 0.3172 0.2846 0.1511 0.1747 0.1421
0.1 0.3056 0.3102 0.2836 0.2024 0.2164 0.1889 0.0476 0.0833 0.0466

Table D.7: Empirical bias for the proximal CIMA estimator of ϕ(0), with overall sample size n = 100,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 -0.0007 -0.0143 -0.0151 0.0020 -0.0047 -0.0051 0.0011 -0.0002 0.0001
0.3 -0.0071 -0.0134 -0.0268 -0.0037 -0.0088 -0.0160 0.0015 -0.0045 -0.0032
0.1 -0.0082 0.0841 0.0680 0.0005 0.0424 0.0337 0.0016 -0.0020 -0.0030

Table D.8: Empirical bias for the original CIMA estimator of ϕ(0), with overall sample size n = 100,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.5743 0.6348 0.5311 0.4699 0.5047 0.4323 0.3130 0.3901 0.2954
0.3 0.4193 0.4879 0.3851 0.3137 0.3914 0.2920 0.1569 0.2102 0.1482
0.1 0.3231 0.3916 0.2933 0.2144 0.2643 0.1932 0.0581 0.0989 0.0582
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D.2. Results for estimating ϕ(1)

Table D.9: Empirical bias for the proximal CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0005 -0.0010 -0.0010 0.0005 -0.0002 -0.0002 0.0004 0.0010 0.0010
0.3 0.0000 -0.0064 -0.0064 0.0002 -0.0034 -0.0034 0.0004 0.0011 0.0011
0.1 -0.0076 -0.0321 -0.0523 -0.0044 -0.0186 -0.0307 0.0004 0.0018 0.0017

Table D.10: Empirical bias of the 95% confidence intervals for the original CIMA estimator of ϕ(1), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.8936 0.9966 0.9099 0.7310 0.8292 0.7445 0.4871 0.5780 0.4964
0.3 0.6497 0.7454 0.6618 0.4871 0.5780 0.4964 0.2433 0.3268 0.2483
0.1 0.4871 0.5780 0.4964 0.3246 0.4105 0.3310 0.0807 0.1593 0.0829

Table D.11: Empirical bias for the proximal CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0008 -0.0035 -0.0035 0.0003 -0.0021 -0.0021 -0.0003 0.0001 0.0001
0.3 0.0003 -0.0204 -0.0213 0.0001 -0.0124 -0.0129 -0.0003 -0.0003 -0.0002
0.1 -0.0219 0.0339 -0.0290 -0.0130 0.0210 -0.0165 -0.0005 0.0006 0.0004

Table D.12: Empirical bias for the original CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.9803 1.1053 0.9257 0.8018 0.9338 0.7573 0.5341 0.6767 0.5046
0.3 0.7126 0.8481 0.6730 0.5341 0.6767 0.5046 0.2663 0.4195 0.2520
0.1 0.5338 0.6761 0.5044 0.3553 0.5040 0.3359 0.0877 0.2485 0.0835

Table D.13: Empirical bias for the proximal CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 -0.0053 -0.0113 -0.0115 -0.0039 -0.0070 -0.0071 -0.0017 -0.0004 -0.0004
0.3 -0.0123 -0.0321 -0.0418 -0.0080 -0.0186 -0.0244 -0.0018 0.0003 0.0001
0.1 -0.0881 0.1359 0.0391 -0.0538 0.0795 0.0229 -0.0016 -0.0023 -0.0023
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Table D.14: Empirical bias for the original CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 1.0216 1.1259 0.9415 0.8363 0.9526 0.7701 0.5584 0.6926 0.5129
0.3 0.7435 0.8646 0.6842 0.5583 0.6917 0.5127 0.2805 0.4318 0.2557
0.1 0.5572 0.6876 0.5105 0.3723 0.5148 0.3392 0.0953 0.2533 0.0839

Table D.15: Empirical bias for the proximal CIMA estimator of ϕ(1), with overall sample size n = 100,000 and aggregate
source trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0002 -0.0178 -0.0178 0.0004 -0.0109 -0.0109 -0.0020 -0.0048 -0.0048
0.3 0.0040 -0.0323 -0.0393 -0.0017 -0.0273 -0.0323 -0.0019 -0.0038 -0.0034
0.1 -0.1070 0.0066 -0.0224 -0.0737 0.0143 0.0015 -0.0042 -0.0127 -0.0061

Table D.16: Empirical bias for the original CIMA estimator of ϕ(1), with overall sample size n = 100,000 and aggregate source
trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 1.0452 1.3762 1.0034 0.8490 1.1529 0.8170 0.5531 0.8810 0.5407
0.3 0.7511 1.0406 0.7323 0.5581 0.8535 0.5458 0.2734 0.5278 0.2673
0.1 0.5550 0.7660 0.5524 0.3752 0.4892 0.3645 0.0818 0.3422 0.0800



E
Full results of RMSE

E.1. Results for estimating ϕ(0)

Table E.1: RMSE for the proximal CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.0268 0.0403 0.0403 0.0225 0.0345 0.0345 0.0188 0.0303 0.0303
0.3 0.0404 0.0635 0.0638 0.0293 0.0458 0.0460 0.0188 0.0309 0.0309
0.1 0.1081 0.1609 0.1860 0.0677 0.1008 0.1148 0.0190 0.0393 0.0394

Table E.2: RMSE of the 95% confidence intervals for the original CIMA estimator of ϕ(0), with overall sample size n = 10,000
and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.4966 0.6090 0.5130 0.4063 0.5293 0.4202 0.2710 0.4202 0.2813
0.3 0.3612 0.4912 0.3739 0.2710 0.4202 0.2813 0.1363 0.3349 0.1438
0.1 0.2710 0.4202 0.2813 0.1810 0.3596 0.1893 0.0496 0.3017 0.0577

Table E.3: RMSE for the proximal CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.0396 0.0661 0.0661 0.0341 0.0563 0.0563 0.0303 0.0497 0.0497
0.3 0.0591 0.1109 0.1127 0.0431 0.0799 0.0806 0.0303 0.0547 0.0548
0.1 0.1696 0.2340 0.2678 0.1064 0.1513 0.1694 0.0313 0.0661 0.0665

79



E.1. Results for estimating ϕ(0) 80

Table E.4: RMSE for the original CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.5507 0.8202 0.5304 0.4508 0.7465 0.4351 0.3014 0.6479 0.2931
0.3 0.4009 0.7118 0.3876 0.3014 0.6479 0.2931 0.1535 0.5701 0.1552
0.1 0.3014 0.6478 0.2931 0.2024 0.5933 0.2002 0.0620 0.5342 0.0772

Table E.5: RMSE for the proximal CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.0568 0.1008 0.1012 0.0492 0.0863 0.0865 0.0445 0.0767 0.0767
0.3 0.0849 0.1577 0.1659 0.0619 0.1168 0.1204 0.0445 0.0854 0.0852
0.1 0.2808 0.3006 0.3493 0.1733 0.1958 0.2236 0.0472 0.0928 0.0925

Table E.6: RMSE for the original CIMA estimator of ϕ(0), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.5718 1.2012 0.5464 0.4683 1.1354 0.4499 0.3138 1.0475 0.3073
0.3 0.4166 1.1048 0.4019 0.3137 1.0478 0.3070 0.1627 0.9760 0.1729
0.1 0.3132 1.0551 0.3061 0.2119 1.0032 0.2148 0.0749 0.9403 0.1047

Table E.7: RMSE for the proximal CIMA estimator of ϕ(0), with overall sample size n = 100,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.0658 0.1322 0.1327 0.0574 0.1024 0.1025 0.0507 0.0744 0.0746
0.3 0.0942 0.1842 0.2093 0.0695 0.1336 0.1466 0.0512 0.0839 0.0825
0.1 0.3226 0.3209 0.3741 0.1864 0.2018 0.2251 0.0583 0.0999 0.1019

Table E.8: RMSE for the original CIMA estimator of ϕ(0), with overall sample size n = 100,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.5824 0.9498 0.5534 0.4777 0.8734 0.4550 0.3214 0.7766 0.3175
0.3 0.4269 0.8354 0.4082 0.3222 0.7576 0.3151 0.1690 0.6906 0.1812
0.1 0.3308 0.7926 0.3166 0.2240 0.7274 0.2224 0.0816 0.6551 0.1180



E.2. Results for estimating ϕ(1) 81

E.2. Results for estimating ϕ(1)

Table E.9: RMSE for the proximal CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0433 0.0558 0.0558 0.0330 0.0417 0.0417 0.0223 0.0289 0.0289
0.3 0.0727 0.0996 0.0996 0.0491 0.0654 0.0654 0.0223 0.0293 0.0293
0.1 0.2057 0.2922 0.3231 0.1269 0.1776 0.1957 0.0226 0.0331 0.0332

Table E.10: RMSE of the 95% confidence intervals for the original CIMA estimator of ϕ(1), with overall sample size n = 10,000
and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.8964 1.0944 0.9144 0.7335 0.9378 0.7487 0.4895 0.7131 0.5004
0.3 0.6522 0.8611 0.6659 0.4895 0.7131 0.5004 0.2464 0.5150 0.2537
0.1 0.4895 0.7131 0.5004 0.3272 0.5763 0.3356 0.0884 0.4172 0.0958

Table E.11: RMSE for the proximal CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0618 0.0893 0.0893 0.0457 0.0654 0.0654 0.0311 0.0451 0.0451
0.3 0.1087 0.1862 0.1888 0.0711 0.1197 0.1212 0.0312 0.0482 0.0483
0.1 0.3502 0.4143 0.5083 0.2132 0.2536 0.3094 0.0324 0.0540 0.0554

Table E.12: RMSE for the original CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.9864 1.3391 0.9386 0.8075 1.1874 0.7693 0.5396 0.9740 0.5164
0.3 0.7181 1.1140 0.6848 0.5396 0.9740 0.5164 0.2739 0.7898 0.2679
0.1 0.5393 0.9735 0.5162 0.3616 0.8453 0.3494 0.1059 0.6953 0.1192

Table E.13: RMSE for the proximal CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0852 0.1380 0.1385 0.0619 0.0997 0.0999 0.0429 0.0674 0.0674
0.3 0.1549 0.2577 0.2749 0.0996 0.1646 0.1739 0.0432 0.0740 0.0742
0.1 0.6184 0.5225 0.6699 0.3731 0.3218 0.4057 0.0476 0.0792 0.0811
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Table E.14: RMSE for the original CIMA estimator of ϕ(1), with overall sample size n = 10,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 1.0351 1.7745 0.9759 0.8488 1.6361 0.8017 0.5704 1.4466 0.5427
0.3 0.7557 1.5704 0.7148 0.5703 1.4476 0.5425 0.2960 1.2883 0.2929
0.1 0.5690 1.4487 0.5401 0.3854 1.3381 0.3716 0.1289 1.2093 0.1555

Table E.15: RMSE for the proximal CIMA estimator of ϕ(1), with overall sample size n = 100,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.0830 0.1582 0.1582 0.0597 0.1117 0.1117 0.0423 0.0754 0.0754
0.3 0.1488 0.2709 0.2821 0.0959 0.1809 0.1899 0.0434 0.0809 0.0810
0.1 0.5337 0.6254 0.6826 0.3262 0.3721 0.4195 0.0497 0.1087 0.1107

Table E.16: RMSE for the original CIMA estimator of ϕ(1), with overall sample size n = 100,000 and aggregate source trials
sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 1.0594 1.7053 1.0263 0.8637 1.5203 0.8409 0.5659 1.3045 0.5644
0.3 0.7654 1.4289 0.7561 0.5710 1.2853 0.5695 0.2902 1.0739 0.2989
0.1 0.5685 1.2330 0.5759 0.3904 1.0730 0.3905 0.1169 0.9761 0.1476
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F.1. Results for estimating ϕ(0)

Table F.1: Coverage probabilities of 95% confidence intervals for the proximal CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 1.000 0.997 0.997 1.000 0.999 0.999 1.000 1.000 1.000
0.3 0.997 0.989 0.989 0.999 0.996 0.996 1.000 1.000 1.000
0.1 0.968 0.957 0.957 0.983 0.979 0.979 1.000 0.999 0.999

Table F.2: Coverage probabilities of 95% confidence intervals for the original CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.000 0.444 0.001 0.000 0.526 0.002 0.000 0.667 0.005
0.3 0.000 0.575 0.002 0.000 0.667 0.005 0.073 0.773 0.201
0.1 0.000 0.667 0.005 0.003 0.738 0.048 0.989 0.850 0.959

Table F.3: Coverage probabilities of 95% confidence intervals for the proximal CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.993 0.962 0.962 0.997 0.966 0.966 0.999 0.977 0.977
0.3 0.975 0.939 0.939 0.987 0.957 0.957 0.997 0.975 0.975
0.1 0.968 0.912 0.911 0.974 0.929 0.929 0.997 0.983 0.983
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Table F.4: Coverage probabilities of 95% confidence intervals for the original CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.000 0.481 0.021 0.000 0.523 0.033 0.000 0.598 0.066
0.3 0.000 0.545 0.035 0.000 0.598 0.066 0.155 0.690 0.422
0.1 0.000 0.599 0.066 0.017 0.664 0.219 0.906 0.768 0.937

Table F.5: Coverage probabilities of 95% confidence intervals for the proximal CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0) ϕ̂POR(0) ϕ̂PIPW (0) ϕ̂PDR(0)

ξ = 0.6 0.983 0.915 0.915 0.988 0.927 0.927 0.989 0.931 0.931
0.3 0.968 0.899 0.899 0.978 0.914 0.914 0.987 0.930 0.930
0.1 0.962 0.876 0.876 0.972 0.886 0.886 0.991 0.953 0.954

Table F.6: Coverage probabilities of 95% confidence intervals for the original CIMA estimator of ϕ(0), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0) ϕ̂OR(0) ϕ̂IPW (0) ϕ̂DR(0)

ξ = 0.6 0.000 0.500 0.078 0.000 0.534 0.095 0.016 0.586 0.207
0.3 0.000 0.555 0.110 0.016 0.588 0.208 0.388 0.657 0.619
0.1 0.016 0.591 0.209 0.163 0.633 0.422 0.918 0.719 0.920

F.2. Results for estimating ϕ(1)

Table F.7: Coverage probabilities of 95% confidence intervals for the proximal CIMA estimator of ϕ(1), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 1.000 0.999 0.999 1.000 1.000 1.000 1.000 1.000 1.000
0.3 0.990 0.983 0.983 0.999 0.996 0.996 1.000 1.000 1.000
0.1 0.967 0.954 0.954 0.978 0.967 0.967 1.000 1.000 1.000

Table F.8: Coverage probabilities of 95% confidence intervals for the original CIMA estimator of ϕ(1), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 5000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.000 0.285 0.001 0.000 0.348 0.001 0.000 0.498 0.002
0.3 0.000 0.393 0.001 0.000 0.498 0.002 0.008 0.701 0.050
0.1 0.000 0.498 0.002 0.000 0.634 0.007 0.949 0.822 0.932



F.2. Results for estimating ϕ(1) 85

Table F.9: Coverage probabilities of 95% confidence intervals for the proximal CIMA estimator of ϕ(1), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.998 0.981 0.981 1.000 0.989 0.989 1.000 0.995 0.995
0.3 0.977 0.953 0.953 0.992 0.978 0.978 1.000 0.993 0.993
0.1 0.957 0.932 0.932 0.966 0.933 0.933 1.000 0.996 0.996

Table F.10: Coverage probabilities of 95% confidence intervals for the original CIMA estimator of ϕ(1), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 2000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.000 0.401 0.011 0.000 0.456 0.016 0.000 0.549 0.035
0.3 0.000 0.486 0.018 0.000 0.549 0.035 0.069 0.682 0.267
0.1 0.000 0.550 0.035 0.004 0.644 0.116 0.876 0.756 0.892

Table F.11: Coverage probabilities of 95% confidence intervals for the proximal CIMA estimator of ϕ(1), with overall sample
size n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1) ϕ̂POR(1) ϕ̂PIPW (1) ϕ̂PDR(1)

ξ = 0.6 0.985 0.951 0.951 0.996 0.972 0.972 1.000 0.981 0.981
0.3 0.964 0.918 0.918 0.980 0.939 0.939 1.000 0.985 0.985
0.1 0.974 0.910 0.906 0.975 0.916 0.911 1.000 0.985 0.984

Table F.12: Coverage probabilities of 95% confidence intervals for the original CIMA estimator of ϕ(1), with overall sample size
n = 10,000 and aggregate source trials sample size

∑3
s=1 ns = 1000.

η = 0.5 0.3 0

ϕ̂ = ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1) ϕ̂OR(1) ϕ̂IPW (1) ϕ̂DR(1)

ξ = 0.6 0.000 0.463 0.053 0.000 0.497 0.060 0.006 0.556 0.120
0.3 0.001 0.513 0.073 0.006 0.557 0.120 0.238 0.644 0.499
0.1 0.005 0.559 0.120 0.071 0.620 0.329 0.889 0.713 0.902


	Acknowledgments
	Abstract
	Introduction
	Preliminaries on causal inference
	A brief primer on causal inference
	Potential outcomes framework
	Adjusting for confounders
	Estimation of treatment effects

	Proximal causal inference
	Adjustment with latent confounders
	Introducing proxy variables
	From U-bridge to observed data bridge functions
	Proximal identification formulas
	Estimation based on proximal bridges


	Transportability of causal effects
	Basic transportability
	Problem setting
	Adjusting for shifted effect modifiers
	Estimation under transportability
	Alternative identification strategy

	Proximal indirect comparison
	Adjustment with unmeasured shifted effect modifiers
	Proxy variables
	Identification when introducing proxy variables


	Causally interpretable meta-analysis and its proximal extension
	Original causally interpretable meta-analysis framework
	Problem Setting
	Assumptions and pooled randomization
	Identification formulas

	Proximal causally interpretable meta-analysis
	Assumptions with unmeasured shifted effect modifiers
	Identification strategy with unmeasured shifted effect modifiers
	Proxy variables
	Identification when introducing proxy variables
	Estimation under proximal CIMA


	Simulation studies
	Data-generation mechanism
	Validity of the data-generating mechanism

	Estimator implementation
	Proximal CIMA estimators
	Original CIMA estimators
	Simulation performance measures

	Finite-sample performance under latent shifted effect modification
	Overall comparison between original and proximal CIMA estimators
	Effects of the latent-variable and proxy parameters
	Effects of source and overall sample sizes
	Differences across estimators and treatment levels

	Double robustness under bridge-model misspecification

	Conclusion
	Limitations and future work

	References
	Conditional independence
	Definition and notation
	Elementary Rules of Conditional Independence

	Existence of the outcome bridge function
	Complete boxplots of the simulation results
	Result for estimating (0)
	Result for estimating (1)

	Full results of empirical bias
	Results for estimating (0)
	Results for estimating (1)

	Full results of RMSE
	Results for estimating (0)
	Results for estimating (1)

	Full results of coverage probabilities
	Results for estimating (0)
	Results for estimating (1)


