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Abstract

We consider the stochastic thin-film equation with colored Gaussian Stratonovich noise in one space
dimension and establish the existence of nonnegative weak (martingale) solutions. The construction is
based on a Trotter—Kato-type decomposition into a deterministic and a stochastic evolution, which yields
an easy to implement numerical algorithm. Compared to previous work, no interface potential has to
be included, the initial data and the solution can have de-wetted regions of positive measure, and the
Trotter—Kato scheme allows for a simpler proof of existence than in case of Itd noise.
© 2020 Elsevier B.V. Allrights reserved.
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1. Introduction

1.1. Setting

Consider the stochastic thin-film equation with quadratic mobility
du = —9, (u*0u)dt + 0, wodW) for (t,x)€[0,T) x Ty, (1.1)

where T, L € (0, 00) and T, denotes the torus of the interval [0, L]. We will always assume
periodic boundary conditions

d/u(-,0)=d/u(-, L) for je{0,1,2,3}

without further mentioning it. Moreover, suppose that periodic nonnegative initial data
up: Trp — [0, 00) are given, satisfying certain regularity properties that we will specify below.
Eq. (1.1) describes the evolution of the height u of a two-dimensional viscous thin film as a
function of time ¢ and lateral position x influenced by thermal noise W and assuming Navier
slip at the substrate. The noise W is assumed to be colored Gaussian and the symbol u o dW
denotes Stratonovich noise. Eq. (1.1) can be regarded as an approximate model to the full
stochastic thin-film equation

du = —, ((e® + u®) B3u) dt + 3, (\/esbﬂ o dW) for (t,x) €[0,T) x Ty,
1.2)
where the constant £, > 0 denotes the slip length. Hence, (1.1) is an approximation of (1.2)
for film heights u that are much smaller than the slip length ¢.

In this paper we prove the existence of nonnegative martingale solutions to (1.1)
(cf. Theorem 1.2 and Remark 1.3) for initial data ug € H'(T.) such that uy > 0. The
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construction is based on the following Trotter—Kato scheme

doy = —d (vydlvy) for (t,x)e[(j— DS, j8) x Ty (1.3a)
and

dwy =9y (wy odW) for (¢,x) e [(j — 1), jé) x Ty, (1.3b)

where § := NLH, jef{l,...,N+1},and N € Ny, glueing together according to vy (0, -) := uy,
wy((j — 18, ) = lim; qjsun(t, ) for j € {1,..., N}, and vy(jé, ) = lim, »;5 wy(t, ) for
j €{l,..., N}, and taking the limit as N — oo. Before giving mathematical details, we will
next discuss the choice of Stratonovich instead of It6 noise in (1.1), (1.2), and (1.3b).

1.2. It6 versus Stratonovich formulation

Two versions of the stochastic thin-film equation have been proposed independently. The
first due to Davidovitch, Moro, and Stone [17] is in line with the formulation (1.1) and has
been applied to describe the enhanced spreading of droplets. The other ground-laying work
by Griin, Mecke, and Rauscher [33] additionally takes an interface potential between fluid and
substrate into account that prevents u from becoming nonpositive. The study in [33] focuses
on coarsening and de-wetting phenomena.

The first rigorous construction of positive martingale solutions to the stochastic thin-film
equation with Itd noise and additional interface potential, as derived in [33], has been recently
given by Fischer and Griin in [19]. A generalization to more general mobilities at the expense
of introducing suitable nonlocal source terms has subsequently been introduced by Cornalba
in [13]. The inclusion of an additional interface potential is crucially used in these works in
order to obtain suitable a-priori estimates.

The starting point of the (informal) derivation of the stochastic thin-film equation in [33] is
the transport equation (see [33, p. 1265, Eq. (6)])

du = vy — v, Dyut, (1.4)

where v, and v, denote the horizontal and vertical components of the fluid velocity, re-
spectively. Since the fluid velocity is modeled as a solution to the stochastic incompressible
Navier—Stokes equation, it should be understood as a stochastic process. Therefore, the product
in (1.4) needs to be understood in the sense of a stochastic integral. We next recall the
(informal) derivation of (1.4) in order to justify the choice of stochastic integration (It6 versus
Stratonovich). Eq. (1.4) can be derived by considering the movement of fluid particles at the
liquid—air interface with trajectories parametrized by (x(¢), u (¢, x(¢))), where x(¢) denotes the
lateral position as a function of time 7. The change of the height of the fluid is given by the
vertical component v,, of the fluid velocity, that is,

d
au(t, x(1)) = vy(x(1), u(t, x(1))). (1.5)

The lateral position of a fluid particle changes according to the horizontal component v, of the
fluid velocity

X(1) = vy (x (@), u(t, x(1))),
which again should be understood as a stochastic equation. Informally, It6’s formula dictates
d
E”(t’ x(1)) = (Qu)(t, x(1)) + (du)(t, x(1)) o x(7)
= (Bpu)(t, x(1)) + (xu)(, x(1)) 0 v (x(2), u(t, x(1))), (1.6)
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which together with (1.5) yields (1.4). If we were to use the Itd interpretation in (1.6), an
appropriate It6 correction term would appear. This indicates that the derivation of the stochastic
thin-film equation in [33] relies on Stratonovich calculus and that the resulting model, as well
as the one of [17], is naturally formulated with Stratonovich noise. In [33, Appendix C] it
was then claimed that the specific choice of the stochastic calculus (It6 versus Stratonovich) is
immaterial, at least in the case of space—time white noise.

In the present work we choose to consider the Stratonovich formulation of the thin-film
equation due to two points: First, we prove that in Stratonovich formulation the construction of
nonnegative martingale solutions is possible without an additional interface potential and allows
for touch down of solutions, thus relaxing the assumptions of [13,19]. Second, we show that
the Stratonovich formulation allows for a simpler construction of solutions via a Trotter—Kato
scheme. Notably, this scheme requires Stratonovich noise as only then the transport equation
(1.3b) is well-posed.

1.3. Weak formulation and main result

Let
Wt x) =Y @) (), (1.7)

keZ

where (A)rez are real and nonnegative, define the family (i )iz through

3 cos (%x) for k>0 and x €][0, L],

L for k=0 and x €0, L]

. 2 - 4 ﬁ ) )

L<1+(2L—k) +(¥)> sin(Zkx) for k<0 and x € [0, L],
(1.8)

Yr(x) =

being an orthonormal basis of H?(T;) of eigenfunctions of the periodic Laplacian, and let
(B%)rez be a family of mutually independent standard real-valued (F;)-Wiener processes on a
complete filtered probability space ((2, F (Fepor) » ]P’), with a complete and right-continuous
filtration (F;),¢jo.7)- From (1.8) it follows in particular

2wk

oYy = Tl//_k for k€ Z, (1.9a)

so that
4r2k? 8m3k? 16m4k*
0= -~V Re=——f3 Yk = ——¥ for kel
(1.9b)

We will further assume the decay condition

>t < oo (1.10)

keZ

This ensures that W takes values in H?(T). Condition (1.10) is the same as in [19, p. 417,
condition (H4)], taking into account that Fischer and Griin choose an orthonormal basis of
L*(Ty).
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Eq. (1.1) with noise W as in (1.7) may be rewritten using It6 calculus as (see [16, §3] for
an analogous case)

1
du = 9, (— (u*d3u) + 3 > A ax(wku)> dt + 0, (Z Py d,B") (1.11)

keZ keZ
and its weak formulation is given by

1
d(u, 9), = ( /{ o w2@Fu) D) dx — 2 3 AL (W (Y)) 3x90)2) dt

keZ

=) (Y, D), dBE, (1.12)
keZ
P-almost surely, for any ¢ € C*®(T.), where (v, w), = fo v(x)w(x)dx for v, w € L*(Ty)
denotes the inner product in L?(T,). Note that in the weak formulation, we only require the
third derivative aiu to exist on the positivity set {# > 0} (cf. Definition 1.1).
We use the following notion of solutions, where H“l,(T 1) is the space H I(T,) endowed with

the weak topology induced by |||, , with [w]l; , := \/fOL (w? + (3w)?) dx for w € H'(T,):

Definition 1.1. Let uy € H'Y(T.) be nonnegative. A triple, consisting of a filtered
probability space (f), F, (ﬁ)re[o, . If”) , where <ﬁ>ze[0 - is a complete and right-continuous
filtration, an (f,)-adapted bounded continuous HVIV(TL)-Valued process & on [0, T') such that
the distributional derivative 8212 is (F))- -adapted with 83ﬁ e L*({ii > r}) for any r > 0 and

2(83u) e L*{a > 0)), P-almost surely, as well as mutually independent standard real-valued
(F;)-Wiener processes B, is called a martingale solution of the stochastic thin-film equation
(1.1) if its weak formulation

@(t, ), 9)o = (uo, ¢)r = / / i@ (371) (3cp) dx dr’
{a, )>o}

keZ
~3 ke / (Wii(t', ), deg), B0
keZ
is satisfied for every ¢ € C*°(T.) and ¢t € [0, T), P-almost surely.

The main result of this work is

Theorem 1.2 (Martingale Solutions to the Stochastic Thin-Film Equation). Suppose that ug €
H'(T.) such that ug > 0. Then, in the sense of Definition 1.1, there exists a martingale solution

([o 0F(F), o P), i, and (Bk)keZ

to the stochastic thin-film equation (1.1) for which u > 0, P-almost surely, and for which the
a-priori estimate

Eess-sup [|a(z, )l , < C lluollf,
tel0,T) '

is satisfied for any p € [2, 00), where C < 00 is independent of u and u.
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The proof of the above result is given in Section 5.

We emphasize once more that compared to the previous works [13,19] we do not require
an interface potential and that the occurrence of de-wetted regions with positive measure
]f”|{ﬁ(t, ) =0} > 0 is included. This is due to the fact that the arguments of the present
work only rely on controlling the energy % fOL(axﬂ(t, x))? dx and not on controlling the entropy
Ji iz, )l dx as in [13,19],

Remark 1.3. Note that Theorem 1.2 easily translates to the case of random initial data u
satisfying

ug € L (2, Fo,P; H'(T,)) with ug >0, P-almost surely,

where g > p is sufficiently large.

1.4. Decomposition of the dynamics

The idea of the construction is to split the dynamics of (1.12) into a deterministic evolution
and a stochastic evolution; a Trotter—Kato-type decomposition that has been utilized in many
other solution approaches for SPDEs, too. See for instance the works of Bensoussan, Glowin-
sky, and Ragcanu [3] and Gyongy and Krylov [34] on the Zakai equation or Govindan [30] for
a mild-solution approach to semilinear stochastic evolution equations.

To begin with, we split the time interval [0, 7') into pieces of length § =
N € Ny. Then we define

T
AR where

(D) Deterministic dynamics: On [(j — 1)§, jd) the function vy satisfies the evolution

t

(v, ) @)y — oy (= 18, ), @)y = / vy (3vw) (3cp) dx df’
(j—Ds J{vy(,)>0}

(1.13a)
for t € [(j — 1)3, j§), P-almost surely, where j =1,..., N+ 1 and ¢ € C* (T)).
(S) Stochastic dynamics: On [(j — 1)§, j§) the function wy satisfies the evolution

t

1
(Wn (1), )2 = (wy (= 1D8.) 9 = =3 D4 / (Weds (w1, ). dy), dr

keZ, (Jj=1é

—Zkk/

keZ -1

t

. (Yewn (@', ), d5), dB(t")

(1.13b)

for t € [(j — 1)6, jb), P-almost surely, where j =1,..., N+ 1 and ¢ € C*® (Ty).
(DS) Connecting deterministic and stochastic dynamics: We use

UN(O» ) = Uy, UN (]81 ) = tl}'rﬂs WN (t» ) 9 and wy ((] - 1)87 ) = l‘l}'% UN (tv ) 9
(1.13¢)

P-almost surely, where j € {1,..., N}.
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Notice that (1.13a) is the weak formulation of (1.3a), while (1.13b) is the weak formulation of
(1.3b), i.e., with noise W as in (1.7),

1
dwy = 5 gzszax (Yrds (Yrwn)) dr + gzjxkax(mwmwk for te[(j—1)8,j8)

(1.14)

and j € {1,..., N+1}. Since (1.3a) and (1.14) are in divergence form, they both automatically
conserve mass fOL vy (t, x)dx or fOL wy(t, x) dx, respectively.

Note that the dynamics in (D) are purely deterministic, while the dynamics in (S) are purely
stochastic, with (DS) connecting them. In this work we show that solutions to (D) and (S) exist
and that as N — oo, the scheme (D)-(S)—(DS) converges to a martingale solution to (1.1).

Note that the deterministic dynamics (D) are determined by the deterministic thin-film
equation (1.3a), for which an existence theory of weak solutions due to Bernis and Friedman [6]
is available. This theory has been subsequently upgraded to entropy-weak solutions by Beretta,
Bertsch, and Dal Passo in [4] and Bertozzi and Pugh in [8] and to higher dimensions by Dal
Passo, Garcke, and Griin in [14] and by Griin in [32]. The stochastic dynamics (S), on the other
hand, are determined by a transport equation, to which we will apply a viscous regularization
and the variational approach in order to construct solutions. While the existence of variational
solutions is well-known (e.g. Krylov, Rozovskii [46] and Gerencsér, Gyongy, Krylov [21]), we
recall some details on the proof in order to keep track on the dependency of the constants
on the time step, as needed for the proof of convergence of the Trotter—Kato scheme. By
construction, the scheme will preserve nonnegativity of solutions as long as we start with
nonnegative and sufficiently regular initial data u(, since this is known to be true for weak
solutions to the deterministic thin-film equation (1.3a) (cf. [6, Theorem 4.1]), while (1.14)
is a transport equation for which this assertion is not difficult to prove (cf. Proposition 3.3).
Note, however, that the additional drift term in (1.13b) is crucial in order to allow for the
construction of solutions and that the dynamics (S) without this additional drift term are in
fact not well-defined.

1.5. Outline

In Sections 2-4 we prove that nonnegative solutions to the splitting scheme (D)—(S)-
(DS) exist such that certain bounds and regularity properties are satisfied. More precisely, in
Section 2 we derive that solutions to the deterministic thin-film dynamics (D) (cf. Theorem 2.1
and [4,6,8]) satisfy suitable bounds on the surface energy fOL(ava)zdx (cf. Corollary 2.2).
In Section 3 and Appendix A we move on to the stochastic dynamics (S) and prove
that solutions exist by the vanishing viscosity method employing the variational approach
(cf. Propositions A.2 and 3.2). The solution satisfies a bound on the expected surface energy
E fOL(ax wy)? dx with suitable constants and we further prove that wy is, P-almost surely,
nonnegative (cf. Proposition 3.3). In Section 4 we summarize the results for the concatenated
solution u y fulfilling (D)—(S)—(DS) (cf. Proposition 4.1) and prove additional regularity in time
by cross interpolation (cf. Proposition 4.2 and Appendix B).

In Section 5 we construct solutions to the original equation (1.1). The compactness argument
in Section 5.1 is based on a generalization of Skorokhod’s representation theorem due to
Jakubowski (cf. Theorem 5.1 and [38, Theorem 2]) by proving tightness in suitable spaces
(cf. Proposition 5.2). The rest of Section 5.1 is devoted to the identification of the limits of the
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convergent subsequences (cf. Propositions 5.2, 5.3, and 5.5). In Section 5.2 we subsequently

recover the stochastic thin-film equation (1.1) in the sense of Definition 1.1, leading to the main

result, formulated in Theorem 1.2, in which nonnegative martingale solutions are obtained.
The paper is completed in Section 6 with concluding remarks on possible future directions.

1.6. Notation and conventions

Sets

We write N := {1, 2, 3, ...} for positive integers and Ny := NU {0}. The set T, denotes the
torus of the interval [0, L], where L > 0. For sets X and K we write K € X if K is a subset
of X (K € X) and K is compact. We write 14 for the indicator function of a set A C X.

Lebesgue spaces

We denote by LP(§2, A, u; X) the Lebesgue spaces with p € [1, oo] of functions 2 — X,
where (2 is a set, A is a o-algebra on {2, u: A — [0, 00] is a measure, and X denotes a
Banach space. In case that .4 denotes the Borel-o-algebra and p is the Lebesgue measure, we
simply write LP({2; X), and if X = R, we write LP({2). We write (u, v), = fOL uvdx and
lull, == «/(u, u); for the inner product and norm, where u, v € L>(T;).

Hoélder spaces and spaces of bounded continuous functions

For 2 C R? with 32 € C*, the space CHte(: X) is the space of k-times differentiable
functions 2 — X, where k € Ny, whose k-th derivatives are Holder continuous with exponent
a € (0, 1) on compact subsets of 2. For k € N we write CK=(£2; X) for the space of (k — 1)-
times differentiable functions 2 — X whose (k — 1)-th derivatives are Lipschitz continuous.
We write BCY(£2; X) for the space of bounded continuous functions 2 — X.

Sobolev(-Slobodeckij) spaces
Suppose that 2 C R? with 82 € C™®, 5 € [0, 00), p € [1,00], and let X be a Banach
space. For a locally integrable function u: {2 — X we define
1

p

e llys.peex) = > l8%ulls dx for pefl,co) and s e N,
weNd 0<la|<s
and [lullws.po;x) = llullwisl.r2.x) + [Ulws.po;x) for s € (0, 00) \ N, where
1
10%u(x) — 3*u(y
[lws.pe:x) = Z / / S dx dy for p e[l 00),
aeNd ja|=Ls]

with the usual modifications for p = co. Then, the Sobolev—Slobodeckij space W*?(2; X)
is the space of all locally integrable u: {2 — X such that [lullysp.x) < 00. If X = R,
we simply write W*?({2). The space W‘”’(Q' X) is defined as the closure of C*° fZ' X

WS P(Q X). The space W*P(§2; X) for s < 0 and 1 < p < oo is defined as the dual of

= £2; X, Where 1 pi =1 and X is reflexive.
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Besov spaces

Assuming that 2 € RY with 82 € C®, s € R\ Z, and p,q € [1, 0), we introduce the
Besov space By (12; X) = (Wll-r(2; X), wil-r(12; X))K.q, where k = s — |s] and (-, ) q
denotes the real interpolation functor. For s € Z we define the Besov space By"(2; X) =
(W‘ Lr(2; X), Wsthr($2: X )) . For an introduction to complex and real interpolation of
operators, we refer to [5, §3, §4] or [58, §1], while Besov spaces with values in a Banach
space are discussed for instance in [1] and [2, Chapter VII, §2].

Periodic Bessel-potential spaces
For s € [0,00) and p € (1,00) we define H*”(T,) as the space of locally integrable
u: Ty — R such that [lu||; , < oo, where for p # 2 we use

1
) P L .
Il = <Z<1+k2>°z” |ﬁ<k>|”) . where ﬁ(k):% | e uwas

keZ

and for p = 2 we write H*(T,) :== H**(T,) and define the inner products and norms by

s L
(1, V)50 == Z/ (3/u) (d/v)dx for s e Ny,
. 0

u.v)s0 = Z(l + k2 (k) d(k) for s € (0,00)\ N,
keZ

i(k) lfL L u(x) dx
uk) = — e u(x ,
VL Jo

and lull;, = /(u,u)s2, where u,v € H*(Tp). We write HY(T,) for the homogeneous
Sobolev space of all locally integrable u: {2 — R with norm ||d,ul|, < oo, where we identify
u,v € HI(TL) if u —v is a constant. The space H *7(T,) is defined as the dual of H* p,(']I‘L)
where — + pi = 1. We write (-,-) or {,-) for the dual pairing of H~!(T;) with H'(T;)

in L? (']I‘L) or L*(T;) with H*(T,) in H'(T}), respectively. We write H! w(Tr) for the space
H'(T;) endowed with the weak topology induced by |- ll1.2-

Periodic Besov spaces

Fors €e R\ Z, p € (1,00), and g € [1,00), we define periodic Besov spaces by real
interpolation as By”(T.) := (HY!7(Ty), HM*P("]I‘L))M, where ¥ :== s — |s]. For s € Z we
set By (Ty) .= (H*"P(Ty), Hs_l’p(TL))%’q. Periodic Besov spaces are investigated in detail
in [54, §3].

Hilbert—Schmidt operators
We denote by L,(U; H) the space of Hilbert—Schmidt operators U — H, where U and H
are separable Hilbert spaces, i.e., the space of bounded linear operators B: U — H with finite

norm || Bl p,w:my = D keN ||Bek||i,, where (e;)reny denotes any orthonormal basis of U.

Probability spaces
We write E or E for the expectation with respect to a probability space ({2, F,P)

T (f) F, ]F’), respectively. The symbol {-), denotes the quadratic variation process. For
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probability spaces ({2, F, P) and (f), F, I@), and a topological space (X, 7)), suppose we are

given random variables X: {2 — X and X k !:2 — X. Then we write X ~ X and say that the
laws of X and X coincide if P{X e U} = P{X e U} forevery U € T.

Constants
In what follows, ¢, C, c¢;, and C; will denote generic positive and finite constants and if
deemed necessary, their (in-)dependence on parameters or functions is specified.

2. Deterministic dynamics
Consider the deterministic thin-film dynamics (1.3a), i.e.,
dv=—9, (v?d)v) on [0,9). 2.1)

We use the existence and regularity results on solutions to (2.1) developed in [4,8] as the
proof of non-negativity therein does not require the use of the entropy as in [6]. Note that
Beretta, Bertsch, and Dal Passo in [6] consider solutions to (2.1) on the interval [0, L] but
with homogeneous (Neumann) data

3,v(-,0) = (-, L)=0 and ("3v)(-,0) = ("3 v)(-, L) =0,

though the construction of solutions on the torus T; works in the same manner. The
following statements form a summary of those in [4, Proposition 1.1] and [8, Theorem 2.1,
Proposition 4.6, Proposition 4.8].

Theorem 2.1 (Beretta, Bertsch, Dal Passo [4], Bertozzi and Pugh [8]). Assume that vy €
H'(T.) with vy > 0. Then, there exists a function v: [0,8) x T, — [0, 00) with the following
properties:

(a) v € Ccs2 ([0, 8] x Ty) (mixed Holder continuity with exponent % in time and % in
space).

(b) Initial value: v(0, -) = vg in the sense that |[v(t,-) — voll; 2 = 0 as t \ 0.

(c) ve L™ ([0,8); H'(T.)).

(d) v?33v € L? ({v > 0}).

(e) Mass conservation: fOL vdx = fOL vo dx on the time interval [0, §).

(f) The function v satisfies

k) L )
/ / v(a,¢)dxdt+/ / v (320) (3,¢)dx dt = 0 (2.2)
0o Jo 0 J{u(r,)>0}
forall ¢ € C ((0, §); C=(TL)).

In addition to mass conservation, we also need a quantitative energy estimate, which essentially
follows from the construction of [4,6,8]:

Corollary 2.2 (Quantitative Estimate). In the situation of Theorem 2.1 there exists a solution
v: [0,8) x T, — [0, 00) satisfying the properties (a)—(f) and further

oot 42 [ o 2 [ e op@ue o ardr’ < ol 23)
0 0

{v(t’,)>0}

for t €10, 6), where p € [2, 00) is arbitrary.
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Proof of Corollary 2.2. Denote by v® unique classical solutions to the approximating problems

v+, (fr ) 3v) =0 in [0,8) x Ty,

with f.(s) = = and initial data vj € C®(T;) such that v; > 0 and v — v§],, — 0 as
& \4 O (cf. [4, §1] for details). From [4, Eq. (1.8)] we infer that ’

t
19, v° (2, I3 +2 / / F@O@) dxdr’ = 8,05 forall £ e0,8) (2.4)
0 J{ve(',)>0}

holds true. Since as ¢ N\ 0 a subsequence of v® uniformly converges to v of Theorem 2.1
(cf. [4, (1.13)]), for any r > O and ¢ > O sufficiently small such that sup; .o 5T,

[v(t, x) — v(t, x)| < 5, we have

) 1 §
@)Y dxdr < / / fe(*)(07v°) dx di
/.5 /{u(,,.)>r} £:0/2) Jo Jowysn "

24) 8¢ + 2r?
S [ —
e

2
l[9xvoll3 -

A diagonal sequence argument implies that, up to taking another subsequence, we have for
some ¢ € L*(Ty)

) §
/ / naivgdxdte/ / ncdxdt as e\ 0
0 {v(t,")>r} 0 {v(t,")>r}

for any r > 0 and any n € C° ({v > r}). On the other hand, through integration by parts and
bounded convergence

s 8
/ f n(@v*)dxdr = —/ / (@2n) v dx dt
0 {v(t,)>r} 0 {v(t,))>r}

§
_>_// @mvdedr as e\ 0,
0 J{@,)>r}

ie., ¢ = 8)?1). From (2.4) we deduce that, up to taking another subsequence, also estimate
(2.3) is valid for p = 2 by weak lower-semicontinuity using a;us — va in L2 ({v > 0}) and
SUP(; v)ef0,8)xT, V5 (7, x) — v(7, x)| — 0 as & ( 0. Estimate (2.3) for p € [2, 00) follows from
the one for p = 2 by noting that

t
/ 72 ! ! 2 !
laxv(t, )5 + / loxv’, |5 f (', )’ (@3u(r', x))” dx dr
0 {v@’,)>0}

t
< sup [d.v(, ->||§‘2<||axv<r, I3 + f / (v(ﬂ,x))z(aiva/,x))zdxdﬂ)
0 J{@,)>0}

t'€[0,t]
t
< 19cvoll22 (uaxv(r, B+ / / (', )P0, ) dx dt’)
0 J{v@',)>0}

< [13:voll; . M

3. Stochastic dynamics

Denote by (Q, Fo (Fiero.s1 » IP’) a complete filtered probability space such that the filtration
(Fieto,1 is complete and right-continuous. Further denote by (8Y),_, mutually indepen-
dent standard real-valued (F;)-Wiener processes. Our aim is to construct weak solutions
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to Eq. (1.14), i.e.,

1
dw = = 37230, (Pad(Prw)) di + Y- 2y (Yew) dB* o [0,8), a1

keZ keZ

satisfying suitable bounds. The material leading to Proposition 3.2 is standard (see for
instance [21,46]) and given in Appendix A. There, we present some additional details in order
to track the dependency of the occurring constants on the time step, which will be needed
below.

We introduce the operator

1
A% HY(T) — BT, w e o3 330, (ide(rw)) (32)
keZ
and the diagonal Hilbert—Schmidt-valued operator

BY: H'(T1) — Lo (HX(Tp); LX(Tp)), w > (v > ) A (v, Y2 (ax(wkw») :

keZ
3.3)

Eq. (3.1) now attains the abstract form

dw = A%w + (B"w) dWyop, ). where Wy, =Y B vy (3.4)
keZ
Note that Wyap, ) is a cylindrical (F;)-Wiener process in H*(T;,) with (Bow)dWHz(TL) =
9, (w o dW) for any w € H'(T,), where W is as in (1.7). We introduce the concept of weak
solutions to (3.4):

Definition 3.1. A weak solution to (3.4) is a continuous (F;)-adapted L?(T})-valued process
w such that its dr ® dP-equivalence class W meets

W e L? ([0, 8) x 2,dr ® dP; H'(T,))

and P-almost surely
t t
w(t, ) = wo + / A%D(', ) di’ + / (B*0(r', ) AWy, (&', ) for 1 €10,8), (3.5)
0 0

where w denotes any H'(T;)-valued progressively measurable df ® dP-version of .

With help of Proposition A.2 we can show:
Proposition 3.2. Suppose that p € [2, 00) and let (1.10) hold true. Then, for any
wo € L? (2, Fo, Py H'(Ty))
there exists a solution w of (3.1) with initial data wy satisfying the a-priori estimates

Eess-sup |w(t, )}, < C/ E w5 (3.62)

t€[0,8)
P
) , (3.6b)

where Cy, Co, C3 < 00 are independent of 8, w, and wy. Furthermore, the mass is conserved,
ie., fOL w(t, - )dx = fOL wo dx holds true for t € [0, §), P-almost surely.

L
limsupE |3, w(t, )|} < 2 (E [, woll) + C38E ’/ wo dx
t/8 0
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Proof of Proposition 3.2. Suppose that w® is the unique variational solution to the regularized
equation (A.1), i.e.,

dw’ = <% D Rt (Wids (w)) + e 8wa) dr + ) d(pw’)dgt o [0, ),

keZ keZ
given by Proposition A.2. Since the bound (A.8a) of Proposition A.2 is satisfied uniformly
in &, by weak-* sequential compactness of L (£2,F,P; L™ ([0,8); H'(T.))), we may
take a subsequence, again denoted by w?, that weak-%-converges to a limit function w €
L? (22, F,IP; L™ ([0, 8); H'(T}))). Testing (A.6) of Definition A.1 with ¢ € C*(T}) gives
(W (t, ), )2

= (wo. ¢) — —ZAZ /0 Vied (e (1, ) , xp), A’

keZ
t
— 8/ (8 wi(t’, ), 8X<p)2 dr’

_Z)‘k/ (vew® (', ), 8x<p)2d,3k(t’) for te[0,8), [P-almost surely.
keZ

Now, we argue as in [49, Proof of Theorem 4.2.4], i.e., we test the equation against a function
n e L® (2, F,P; L™ ([0, 4))) and pass to the limit as & N\ 0, so that

S S
E /0 (w(t, ), @)p (1) dr = E / (wo. @)2 () dt

__ZAZIE// Yide (Viw(t', 2)) , deg), di’ n(r) dt

keZ

~ > ME / f Yb(t', ), ), dB Y @0y dr. (37)

keZ

Since the limiting equation (3.7) holds true for all test functions n € L*> (£2, F, P; L* ([0, §))),
it is true almost everywhere in (w, 1) € 2 x [0, §). Next, as in [49, Proof of Theorem 4.2.4],
we re-define w by the right-hand side of the limiting equation (3.7), so that

it ), )2 = 0,902~ 3 Y4 / Y (Ve (r', ) . ), dF

keZ
= Yon [ (i 0. 000), 0850 torr € 10.5) (338)
keZ
P-almost surely. Hence, (3.5) is indeed satisfied and the initial value w|;—9 = wy holds
true in H~'(T.), P-almost surely. Taking ¢ = 1 in (3.8) implies conservation of mass,

ie., fOL w(t, )dx = fOL wo dx holds true for ¢ € [0, §), P-almost surely. Furthermore, uniformity
of estimates (A.8) in ¢ together with weak lower-semicontinuity of the norms and mass
conservation imply that estimates (3.6) hold true. Finally, it is immediate to notice that from
(A.6) of Definition A.1 it follows

wo € L* (2, F,P; LX(Ty)),
(t = A%(t, ) € L* ([0, 8) x £2,dt ® dP; H(T,)) .
(t = B(t,)) € L* ([0, 8) x 2,dt ® dP; L, (H*(T1); L*(T1))),
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W e L?([0,8) x 2,dt @ dP; H'(Ty)),
so that w is a continuous (F;)-adapted L?(T;)-valued process by [49, Theorem 4.2.5]. W

We can furthermore show nonnegativity of weak solutions to (3.1):

Proposition 3.3 (Nonnegativity). In the situation of Proposition 3.2 assume wy > 0, P-almost
surely. Then, we have w > 0, P-almost surely.

Proof of Proposition 3.3. We first introduce suitable regular functionals. Therefore, we take
ne(s) == n(s/e) for s € R and ¢ > 0, where n € C*(R) with 0 <5 < 1, nl_x 2 = 1, and
n'R\[*l,OO) = 0. We define

I.(s) == —sn.(s), where ¢>0 and s eR,

and consider the functional

L
L*(T,) - R, ¢+—>/ T(p(x))dx.
0

Applying It6’s lemma in form of [44, Theorem 3.1], one may verify conditions [44, §3 (i)-(iv)],
which is done in [44, §4]. As a result, we obtain

L L t L
[ roenar = [ nmar+ Yo [ [ 6nm 6 ax apt

keZ

1 t L
— 52 4 fo fo (07 ) (w) (B w) Y (3, (Yrw)) doc e’

keZ

1 t L
+5 Z )*1%/ / (33Fg)(w) (0, (Yrw))*dx d’, P-almost surely.
2 keZ 0 Jo

We further simplify the second line and obtain
L
/0 (320 )(w) (B, w) Y (Bx(Yew)) dx
L L
= f (32 1:)(w) (Bx (Yew))* dx — / (B2 (w) w (B i) (B (Prew)) dx
0 0
L L
_ / (02 T)(w) (3 (Yw)) dx — / @2 T (wyw? (3, ) dx
0 0
1 L 2 2
-5 /O (32T (w) w (Byw) (3, ¥) dx
L L
= f (B2T)(w) (3x (Yrw))* dx — / (s202T)(w) (3, ¥ )* dx
0 0

1 [
+ 1 f Tuw) (0297) dx,
2 Jo
P-almost surely, where we have defined

0
£ = [ Garnn.
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This implies

L L t L
| rwinar= [ rana You [ [ @row s ares
0 0 0 JO

keZ

¢ pL
+ % Z A / / (292 e )(w) (3, ¥x)* dx dt’
o Jo

keZ
1 t L _
-3 ZA%/ / To(w) @2y dxdt’,  P-almost surely.
keZ 0 Jo
Next, we recognize that

§202Tu(s) = —25(s83me)(s) — s(s*2n:)(s) < & (2 sup |s9;7(s)| + sup |s233n(s)}) ,
eR

seR s

_ 0
|Ie(s)| = / (205956 )(s1) + (5797 )(s1)) dsy

<e (2 sup |sdsn(s)| + € sup |s2852n(s)|) ,
cR

seR s

where we have used supp(s?32n.) C supp(sd;n.) € [—2e, —e]. This implies together with
(1.8), (1.9), (1.10), and after taking the expectation,

L L
ess-sup]E/ T(w(t, ))dx < ]E/ I:(wp) dx + Ceé,
1€[0,5) 0 0

where C < oo is independent of ¢, 6, w, and wy. Since I, (s) < I, (s) for & > & > 0 and
s € R, we may take the limit as ¢ N\ 0 and get by monotone convergence,

L
ess-sup (—IE/ w(t,x)dx) = ess—supE/ To(w(z, x))dx
1€[0,6) {w=<0} 1€[0,8) 0

L
< IE/ To(wp)dx = —]E/ wodx = 0.
0 {wo <0}

This implies w > 0, P-almost surely. [ |

4. Regularity in time and uniform bounds of approximate solutions

We use the notations and conventions of Section 1.3. For uy € H'(T.) such that uy > 0,
we define for every N € N solutions vy: 2 x [0,7T) x T, — [0,00) and wy: 2 X
[0,T) x Ty, — [0, co) according to the splitting scheme (D)—(S)—-(DS) through Theorem 2.1,
Corollary 2.2, and Proposition 3.2. Note that indeed by Theorem 2.1(a) and Definition 3.1
the limits wy((j — 1)8, ) = lim; ~;5 vn(z, ) and vy (jd, ) = lim; ;5 wy(t, -) are, P-almost
surely, attained in C%(’]I‘L) and L*(T,), respectively, and because of (2.3) of Corollary 2.2,
(3.6) of Proposition 3.2, and weak lower-semicontinuity of the appearing norms, we have
Eld,wn((j — 1S, )5 < oo and |0, vy ()8, )5 < oo, where j € {1,..., N + 1}. We further
define the concatenated approximate solution uy: 2 x [0, T) x T;, — [0, 00) by

— T . . '_l
MN(L.):{UN(% (j—18,) for te[(j—13 (—3)).

wy (2t — 8, ) for € [(j— 13, j8). @D
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where j € {1,..., N 4+ 1} and where we recall the notation § = NLH By Theorem 2.1,
Proposition 3.2, and Proposition 3.3 we have fOL uydx = fOL uogdx in [0, T), P-almost surely,

and uy > 0, P-almost surely, for every ¢t € [0, T). Furthermore, we can prove:

Proposition 4.1. For any p € [2, 00), there exists a constant C < oo such that for all N € N
we have

v, wy € LP (2, F,P; L™ ([0, T); H'(T1)))
with
E ess-sup lun(t, )IIf , + Eess-sup oy (t, )], + Eess-sup [wy(r, )T,
t€[0,T) tel0,7T)

t€[0,T)
4.2)

T
+ E/ low(r. ~>||{’;2/ (on o) dx df < C flugll?,
0 foy(t,-)>0}

Proof of Proposition 4.1. As already noted, by Theorem 2.1(e), Proposition 3.2, and the fact

that due to (1.13c) of property (DS) there are no jumps of uy at times ¢t € {%, ...,2N + 1)%},
we have
L L L L
/ upgdx = / uydx = / vy dx = f wydx forall rel0,T7), (4.3a)
0 0 0 0

P-almost surely, i.e., the mass is conserved. Since surface energy for the deterministic dynamics
(D) is dissipated due to (2.3) of Corollary 2.2 and the growth of the initial value for the
stochastic dynamics (S) is controlled due to (3.6b) of Proposition 3.2, we obtain

L p
E |3,un(j8, )5 < e/ (naxuong + C5j8 ( f uo dx) ) : (4.3b)
0

L p
E|8,wn(js, ) < e/ (||3xuo||g+C3j5 ( / uodx> ) (4.3c)
0

for j € {0,..., N}, where C, and Cj are as in (3.6). The combination of (4.3a) with (4.3b)
and (4.3c) utilizing Poincaré’s inequalities

L
cllell = llocell, + ‘/- pdx| = Cllell
0

for fixed 0 <c<C <ooandall p € H (T, implies that there exists C < oo such that
Eluy(is, M, < Cluollf, and  Ellwy(js, )}, < C lluollf, (4.3d)

for j € {0,...,N}. Now combining (4.3) with (2.3) of Corollary 2.2 and (3.6a) of
Proposition 3.2 and making use of Poincaré’s inequalities once more, we obtain (4.2) upon
enlarging C. W

Proposition 4.2 (Regularity in Time). For any p € [2,00), ¢ > 0, k € (2¢,2p~") N (2e, 1],

and q € (ﬁ oo), there exists C < 0o such that for all N € N we have

K _ 1_
uy € L? (Q,F, P; B2 ([o, T); B} 2“"’(?&)))
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with

Ellunll”, 1 < Clluollf , (14 lluollth) - (4.4)
B2 " (IO.,T):BqZ "’(h))

In order to prove Proposition 4.2, we first prove regularity in time for vy and wy separately:

Lemma 4.3. For any p € [2,00), ¢ > 0 and q € [p, o0), there exists a constant C < 00
such that forall N € N, je{l,...,N+ 1}, and k € (0, 2p‘l) we have

K_g 1 o
vy € L (Q, F,PyB; ([(j — 1)8, j8); By ? ’q(TL)>>
with

N+1

Ef> ol
j=1 Bj (

1+
< Cllul{3°7. 45)
[(j—1)8.j8): B} mm)

Proof of Lemma 4.3. For (j —1)§ <t <1, < j§ we have from (2.2) of Theorem 2.1 and a
localization argument of the appearing test function in time

5]
(o2, ) — v (11, ), 9)s = / / W () (Beg)drdr,  P-almost surely,
5] {vn(t,-)>0}

where ¢ € C*°(T.). Applying the Cauchy—Schwarz inequality leads to

1
) 2
lov(t2, -) — on(tr, Ilg-1r,) < / (/ vy (@2oy)? dx) df, P-almost surely.
{on(t,)>0}

I
Hence, we obtain, after using the Sobolev embedding theorem and the Cauchy—Schwarz
inequality once more,

1
n 2
oGz, ) = ow(t M, §C< / low, 2 ( f v} (aivN)zdx) dr)
151 {un(7,)>0}

%)
<C(th—1t) / lon(t, ‘)||%,2/ v} (3)31)1\1)2 dx dr,
31 {uy(t,)>0}

2

P-almost surely, so that with help of (4.2) of Proposition 4.1

v < Cuol?,, 4.6
I N”L2<Q,]-',]P’;C%([(j—l)&,jé);H*l(TL))) < Clluolly (4.6)

where C < oo only depends on L. Setting p := —2(21::;’7 and

Xy =L>([(j — 8, j8); H'(Ty)),
Xy = W2 ([(j — 1)8, j8); H™\(T1)) < €7 (10, T); H\(Ty)),
we infer by interpolation

lonller (o7 p00 %0, = ||UN||(Lﬁ(n,f,P;xl),L%Q,f,]?;xz))w

1—« K
Clovll 5o 7 p.x,) O8N I200 753y

IA
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(4.2), (4.6) 1
< Cluol%", 4.7

where C < oo only depends on « and p, and we have applied [47, Chapitre VII, §1,
1.1, Théoreme (1.1)] or equivalently [58, Theorem 1.18.4] in the first line and the standard
interpolation inequality in the second line.

Now, we may use [5, Theorem 3.4.1 (b)] or [58, §1.3.3, Theorem (d)] and the Sobolev
embedding theorem to deduce

(X1, X2, p = (Y1, Y2) g »

provided p < g, where

1 1 _3
Y) = B, " ([(j —1)8, jo); qu’q(TL)> . Yh=B}" ([(j — 1)8, jo): B, M(TL)) :

and
1

||UN||(Y1,Y2)W <Cds ||UN||(X1,X2)K'1,

for C < oo independent of § and j € {1,..., N + 1}. From Lemma B.l we infer
5—e, . . Lok,

(X1, X2), = By - ([(] —1)8, jé); Bf q(TL)) ,

with
1
lowll «_, 1o < C37 |lunll ;
7 ([(.f—l)a,m:qu ’ ’%m) M

where C < oo is independent of § and j € {l,..., N 4+ 1}. In conjunction with (4.7) this
implies (4.5) after raising to the power ¢ and summation over j € {l,...,N+1}. N

Lemma 4.4. For any p € [2,00), € > 0, and q € [p, 00), there exists C < 0o such that for
al NeN, je{l,...,N+ 1}, and y € (0, 1) we have

S—eq (. . 1-2r.q
wy € L7 2, F,P; B; [(j — D4, jd); By (TL)
with

N+1
Z ||wN||

o - <C Iluollf,z- (4.8)
([(1 1)8.j8); 32 <TL>>

Proof of Lemma 4.4. We derive higher regularity in time ¢ for wy. From (3.2), (3.3), (3.4),
and (3.5) of Definition 3.1, we infer

wy(t, ) = wy((j — DS, ~)+f Z)‘k (Y0 (Yrewn (7', ) dr’

-1 2 =

O

f( S kb (@, DB for 1€ [ — DB, jB),

J=18 ez

2
::wgv)(z,-)
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P-almost surely. We conclude that for (j — 1)6 <, <t < j§ and ¢ € C*(T.) we have

V4
5]
1) ) HP (1.8), (1.9) )
wy ' (t, 1) — wy (t, - < C A wy(t, - dr
ORI LCID! SNl D BE- A TNOP I

keZ f
(1.10) p
< C|ti —12]” ess-sup [[wn(t, )} 5
t€[0,T)

P-almost surely, so that with help of (4.2) of Proposition 4.1

(1)
it < Clluolly 2.-

LP(02,FP;C1=(1G-18,j81; H-I(T))) —
From [20, Lemma 2.1] we may further deduce for the stochastic integral
q

-
Lp (Q,J—',]P’; w2 (- l)é,jé);Lz(TL))>

N

q

jo :
< CIE/(‘ (Zli ll0x (Yrwn (, '))||§) dr

J=18 \rez

(1.8), (1.9), (1.10) p
< C3E ess-sup [lwn (@, )},

1€[(j=1)8,j9)

“2) ‘ 1
< Céllulli, for a< 7

where Proposition 4.1 has been used again and C < oo is independent of § and j €
{1,..., N + 1}. This implies by interpolation with (4.2) using [47, Chapitre VII, §1, 1.1,
Théoreme (1.1)] or [58, Theorem 1.18.4], and scaling in time,
1
”wN”LP(Q’]:’P;(XI’XZ)%/?) < C37 fluolly 2

where
Xy = L4 ([ — 13, jo) H'(T1)) < B, ([(j — 18, jo); B}’qmm) ,
Xa = WO (G — 198, j8); H'(T0) + W4 (G — 15, j8); L3(T1)
< By ([(j —1)8, j8): By 3"’(111)) ,

with y € [0, 1] and where C < oo is independent of §6 and j € {1,..., N 4 1}. Using
[5, Theorem 3.4.1 (b)] or [58, §1.3.3, Theorem (d)] and Lemma B.1, we infer

Y-, . . 3-2
(X1, X2), , <= B " <[(] — )3, j8); By M(TL)> ;

uniformly in § and j € {1,..., N 4+ 1}, which leads to (4.8) as in the proof of Lemma 4.3.
[ |

Proposition 4.2 follows by applying Lemmata 4.3 and 4.4:

Proof of Proposition 4.2. We may choose «k = y in (4.5) and (4.8) of Lemmata 4.3 and 4.4
and note that by construction the function uy does not jump at times ¢ € {%, ..., (2N + 1)% }



B. Gess and M.V. Gnann / Stochastic Processes and their Applications 130 (2020) 7260-7302 7279

K _

Since by assumption 3

8—$>0,Wehave

1
uy € LP ((2 F.P: BC® ([0, T), B ’%TQ)) ,

so that Lemma B.2 is applicable, giving the bound (4.4). W

5. Convergence of the splitting scheme

In this section, we pass to the limit as N — oo (implying 6 = NLH — 0) for the scheme
(D)—(S)—(DS). We use the notations and conventions introduced in Sections 1.3 and 4. Note
that the present reasoning is quite similar to the one in [19, §5], except for those parts that
are specific to the Trotter—Kato scheme (D)—(S)—(DS) and the lack of an interface potential
(cf. Proposition 5.6). We also refer to [15, Proposition 5.4] and to [20, Theorem 3.1] for other
examples in which analogous arguments have been applied.

5.1. Tightness and convergence of a subsequence

We make use of the following abstract result, which is a generalization of a theorem due to
Skorokhod (cf. [57]):

Theorem 5.1 (Jakubowski [38]). Suppose that (X, T) is a topological space such that there
exists a countable family (fn: X — [—1, 1) yey of T -continuous functions separating points
of X. Further assume that (X y) yey IS a sequence of X-valued random variables and that for
all M € N there exists Ky € X such that for all N € N we have P{Xy € Ky} > 1 — ﬁ
(tightness). Then, there exists a subsequence of (Xy)yen, denoted by (Xy)yen again, and
random variables X, XN: [0,1] - X, where N € N and [0, 1] is equipped with the Borel
o-algebra, such that Xy ~ )~(N and limpy_, 5 )}N(w) = )?(a)) for all w € [0, 1], where the limit
is attained in the topology T.

We now apply Theorem 5.1 in order to derive point-wise convergence of in law identical
subsequences:

Proposition 5.2 (Point-Wise Convergence). We define the spaces

X, = BC°(0,T)x T.), (5.1a)
X;:=L>(0,T)x T.) endowed with the weak topology, (5.1b)
Xy = BC° ([0, T); H*(Ty)). (5.1c)

Then, there exist random variables u,uy: [0,1] — X, fN, J: [0,1] — X, and WI’V, W
[0, 1] = Xy with

(iins s Wi ) ~ G, I W) where Ty i= Ly 03 (3 0), (5.2)

as well as iiy(w) — () in X,, Jy(@) — J(w) in X;, and W,’V(w) —~ W(w) in Xy as
N — oo, for every w € [0, 1], up to taking a subsequence.
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Proof of Proposition 5.2. By Markov’s inequality, we have for R > 0 and using
Proposition 4.2 with ¢ € (0, %), p=2,q€[2,),and k € [O, %],

1
P llunll « 1 >Rt < —Euyl?
o~ 12, = 2 - 120,
Bq 8q<IO,T);Bq2 q(h)) R B2 g'q<[0,T);Bq2 2“(1&))

@4 C?
< 3 luollf (14 luolF5) — 0

as R — oo, uniformly in N € N. Hence,

Pallunll «, - <R} —>1 as R — oo,
< ’(h))

5 —2K.q
.p2
[0.7); B,

uniformly in N € N. Now, for ¥ < } and ¢ > max {—%_, 12}, by using the compactness

result [1 Theorem 4.4] and the embedding [54, §3.5.5 Corollary (i)], we infer that

B2 (T,) < BC” (Tn

is compact because 5 — 2k — — > 0. Once more using [1, Theorem 4.4] and the embeddings
[1, (3.3) & (3.8)], we conclude that

B ([o, T); B;‘ZK"’(TJ) < X, = BC([0.T) x Ty)

is compact because % —&— é > (. Therefore, the set

lull «_ 1 <R
BZ S'q<[0,T):,Bq2 2“"’(&))

is a compact subset of X, for all R > 0, so that we obtain tightness of uy in &,.
For tightness of Jy, observe that, again by Markov’s inequality and Proposition 4.1,

/ / vy (3}vy)? dx dt

< —E/ o, >||12/ 3 (30y)? d dr
0 0
(. ) C
)
uniformly in N € N, and that {||J||Lz([0,T)XTL) < R} is weakly compact in L2([0, T) x Tp).
For tightness of W in X} observe that the law of W, uw(A) = P{W € A}, where

A € B(Xy), is a Radon measure by [40, Theorem 3.16], since Xy is a Polish space. This
implies regularity from the interior, i.e.,

1 = uw(Xw) = sup {uw(K): K € Xw},

which is a reformulation of tightness.
Now the claim follows by application of Theorem 5.1. W

IA

IP’{||11\/||L2([0,T)x1rL) > R}

||uo||12 —0 as R — oo,

In what follows, we assume that the assumptions of Proposition 5.2 are satisfied and we
use the notation introduced there. It is convenient to make use of the rescaled and periodically
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stopped noises

o= [T LR

O i o
where j € {1,..., N 4+ 1}. We further define the real-valued processes

Br(D) = A (W (e, ), Yo s (5.42)

B0 =2 (Watewn) . (5.4)

BE@) =2, (W(t, ), t/fk)m : (5.4¢)
so that

Wy =D htnBl. Wy=) myuBh. and W= xiyp.

kez kez kez

Furthermore, we define (f",) as the augmented filtration of

tel0,T)

7= (i), Ja, Wi 0 < <),

Proposition 5.3.  The processes (B*)
(]?t)-Wiener processes.

vz, ar€ mutually independent standard real-valued

Proof of Proposition 5.3. We note that W and W as well as Wy and WN have the same law
and that W and Wy take values in Xy, P-almost surely. Hence, also W and Wy take values
in Xy, P-almost surely. By definitions (5.3b), (5.4b), and (5.4c) this implies that

Wy — W in Xy and g5 — g5 in BCY[0,T)) as N — oo, (5.5)

P-almost surely, where k € Z. By definition (5.4b), the Bk are real-valued and (ﬁ,)-
adapted. Furthermore, sinci: the j~0int laws of ('Bk>kez and (/3")](GZ or (ﬁf\‘,)kez and (ﬁf‘v)kez,
respectively, coincide, the ¥ or ,B]’i,, respectively, are mutually independent. Then it suffices to
show that the B* are in fact (F,)-Wiener processes. This is analogous to [15, Proposition 5.4]
or [19, Lemma 5.7], so we only sketch the arguments here.

The first step is to show that

E [(Bk(t) — Bk(/)> ~] =0, where &= (u|[0 ] J‘[Ol] ‘[0,:’])

and & € C° (X101 X Xyl X Xwliow s [0, 11), so that ¥ is an (F])-martingale, where
again }N'/ =0 (a@t”), J(t"), W(t"): 0 <t” < ). This follows from the convergence stated in
Proposition 5.2 and (5.5) as well as Vitali’s convergence theorem. In the same way, we may

conclude that also (,Bk(t)) —tis an (]—") martingale.
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We denote by (]:',”) the filtration for which all IP-zero sets are added to (]?t’) .
[0.7) 1€[0.7)

Since Fyr = Ny ]:"t’,’,, continuity in time of A% implies with Vitali’s convergence theorem
B[(F0- ) é] =0

for all ﬁ,/—measurable and bounded q~> 2 [0,1] — R, so that ,5" is an (f',)—martingale. The

same argument shows that also (Bk(t)) —tis an (f",)—martingale. By Lévy’s characterization

theorem (cf. [56, Theorem 3.16]), we infer that the Bk are (.7:',)—Wiener processes. W

It is in fact also possible to extract point-wise convergent subsequences of vy and wy (the
latter are defined through (4.1), where uy, vy, and wy are replaced by iy, vy, and Wy,
respectively) and to identify their limits.

Corollary 5.4. Assume that iy, Uy, Wy, and u are given as in Proposition 5.2. Then

lliy — ﬁ”BCO([O,T)x'I[‘L) — 0, (5.6a)
oy — 12||L°°([0,T)><'J1‘L) — 0, (5.6b)
lwy — il oo, 7)) = 0 (5.6¢)

as N — oo, P-almost surely.

Proof of Corollary 5.4. Since X, = BC° ([0, T) x T.), the limit (5.6a) is a reformulation of
Proposition 5.2. In view of (4.1) this implies (5.6b) and (5.6c). W

Proposition 5.5 (Weak Convergence, Identification of Limits, A-Priori Estimate). Let uy and
u be as in Proposition 5.2. Then, there exist subsequences of iy, Uy and Wy, again denoted
by uy, Uy, and Wy, such that for any p € [2, 00),

iy i, Oy—i, wy-—~@ in LP([0,1];L>([0,T); H'(T,))) as N — oo.

5.7
Furthermore,
Eess-sup [li(t, )|, < C lluoll?, (5.8)
tel0,7T)

for a constant C < oo independent of u and uy. Hence, u is a bounded continuous
H)(Tp)-valued process.

Proof of Proposition 5.5. The existence of subsequences meeting (5.7) follows by compact-
ness, employing the bound (4.2) of Proposition 4.1, uniqueness of the limit due to (5.6) of
Corollary 5.4, and a diagonal-sequence argument to obtain convergence for all p € [2, 00).
Because of weak lower-semicontinuity of the norm, estimate (4.2) of Proposition 4.1 translates
into (5.8).

Since & € L™ ([0, T); H'(T})), P-almost surely, any sequence (t;) € [0, T) with 7; —
t €[0,T) as j — oo has a subsequence (#});, such that i(t}, -) weak-*-converges in H LTy,
P-almost surely. Since i € BC? ([0, T) x T,), P-almost surely, the limit is uniquely given
by i(t, -) and thus also i (7}, ) X G, ) in H'(T}), P-almost surely, proving the continuity
statement. W
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We can also identify the flux density:

Proposition 5.6. Ler uy, iu, fN, and J be as in Proposition 5.~2. Then the distributional
derivative 33ii meets d3i € L*({it > r}) for any r > 0 and further Jy = 1{5N>0}17,2\,(8317N) and
J = Lz it*(d01), P-almost surely.

Proof of Proposition 5.6. Since by (5.2) of Proposition 5.2 the joint laws coincide, we have
for any ¢ € C=([0, T] x Ty)

T L T L
/ f Jy ¢ dxdt — / / Loy =0 V% (32vw) ¢ dx de
0 0 0 0

T L 5 T L
/ / Jy ¢ dxdr — / / Loy (ty=0) 0 (320w) ¢ dx dt
0 0 0 0

so that indeed fN = 1{,;N>0}1312V(836N).
Because of the a-priori estimate (4.2) of Proposition 4.1, we have

T
~ - ~ N2
E/ / i (030x) dxdr < C Jugll?, .
0 J{oy(r,)>0}
where C < oo only depends on 7. Hence, for fixed » > 0 we obtain

T L
- 3. 2
E'/(; /(; (ava) 1{”ﬁN—ﬁHLOC([O'T)XTL)<%}ﬁ{ﬂ>r}dx dr

4 . (T . . 4C
<SEf B 35w P dr dr < o gl
r 0 J{inw)>5} r

0=E

=K

’

so that upon taking a subsequence we have by compactness
(83 5N) 1{\

as N — oo. Taking the limit as » \ 0, a diagonal-sequence argument implies that, up to taking
another subsequence, (§.9) holds true for any r > 0. Now, for ¢ € L2 ([0, 1]; C*=([0, T] x T.))
with supp, v)cj0. 7)1, ¢ € {# > r} for all w € [0, 1], we have

T T L
E iCdedr < E Bon) 1y, o Cdxde
/(;/{ﬁ(t,~)>r}n{ X /0/0(XUN) [HvauuLOO([O,T)XTL)ﬁ}m{u>r}f
~ T L 3~
=-E oyl . _
/0 /0 UN {llUN—”HLOO([o.T)xTL)<% }ﬁ{u>r} (@:¢)dx dt

T
— —IE/ f it (937)dx dr
0 {a(t,)>r}

as N — oo for any r > 0 by using Vitali’s convergence theorem in the last line. Application
of the latter relies on (5.6b) of Corollary 5.4 and

N T L 3 % N T L % - T L 5 %
E/ / |on |2 dxdr < (IE/ / |17N|6dxdt> <E/ / (agg)zdxdz)
0 0 0 0 0 0

| * 42 3

L - 3 . 4 3

< CT# |Eess-sup [on(, )}, ] = Clluoll,,
tel0,7T)

y = nlg=, in L*([0,1] x [0, T) x Ty) 5.9

\ﬁNle”Loo(lOvT)XTL)<%}ﬂ{il>r

0;¢
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where C < oo is independent of N and Holder’s inequality and Proposition 4.1 have been used.
Hence, we obtain 1 = 83& distributionally on {ii > 0}. For ¢ € L® ([0, 1] x [0, T] x T.) and
N sufficiently large, we may split up according to

T
JE/ / 3% (8} 0y) ¢ dx dr
0 {on(1,-)>0}
~ T L 5 3 5
E/(; fo Uy (axUN)l|||5N—17HLOC([0'T)XTL)<%}ﬂ{ﬁ>r}¢dxdt

T
+E D200 (. 1 ddxde. 5.10
/0 /{ﬁN(z,-)>0} n(0;UN) {HvN—ullLOO([o,nxan)ii}U{ufr}¢ (5.10)

Since by Proposition 4.1 and Sobolev embedding

T L
E/ / (Iy —@)°dxdr < C |Eess-sup oy, ), + Eess-sup [la(z, )|,
o Jo t€[0,T) ’ +€[0,T) ’

(4.2) 6
< C ||u0”1,2

and [|[Uy — il oo, 1r)xT,) — 0 as N — oo, P-almost surely, by (5.6b) of Corollary 5.4, it
follows by Vitali’s convergence theorem that

T L
E/ / (oy —i)*dxdt - 0 as N — oco. (5.11)
o Jo
Hence, we obtain
o pT pL - B
E vy (0Zon) Ly . Pl dx dr
A \/0 UN( va) {HUN_”||L°°([O,T)><'J1‘L)<§}ﬂ{“>’}¢ X
T
N E/ / @2 (i) pdxdr as N — oo (5.12)
0 {a(t,)>r}
because of (5.9) and (5.11). Furthermore,

T
E 72 @30 L. o ddxdr
‘ /o /{5N<r,-)>0} N {””N‘””Lw<[0vT>XTL>37}U{”S”¢

=c |9

Lo°([0,11x[0,T)xT)

T 3
x (IE / / % (ajﬁN)zdxdr)
0 JHa,)=rinfon(r,)>0}

T
x [E )Ll 1 dxdr
( /o /{17N(t,‘)>0}( ») [””N’””LC"’([QTWUET]U{”S’} )

lluollr 2

D=

(4.2) H H
- ¢ L2°([0,1]x[0,T)xT})

1
2

T
" ~ N2
X (]E/O /{5N<z,.>>0}(vN) 1{aN—ﬁum([O,mXTLp;]u{a<r>dx‘”) ’ (5.13)
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where C < oo is independent of N and Proposition 4.1 has been applied. Now, we note that
by Sobolev embedding

T
E O T - dxdr
/0 /{aN(z,~)>01 {1on ooy, 25 Juti=n)

i i PRCE) .
< CEGSS'SUP llon(t, ')”1,2 <C ”’40”12 s
tel0,T)

where C < oo is independent of N, so that by (5.6b) of Corollary 5.4 we have by Vitali’s
convergence theorem

T
E I AT 1 dxdr
/0 /{6N(t,~)>0}( n) {”UN_”HLDO([O.T)xTL)Zi}U{ufr}
T L
—>E/ / i’ Lgeydxdt = O (r*) as N — o0
0 0

and (5.13) implies

T
E/ / 02 @301y, v @dxdt = O0@F) as N — oo.
o Jivaeo v (37 0N) {||vauHLoc([0.T)XTL)Z§}U{usr]d) (r)

(5.14)
The limits (5.12) and (5.14) in (5.10) lead to
T
E/ / 3% (32 0y) ¢ dx dt
0 {On(2,)>0}
~ T ~
:IE/ f i (@la)pdxdr +0@r) as N — o0
0 {a(t,)>r}
~ T ~
— IE/ / i @laypdedr as r\O. (5.15)
0 {a(t,-)>0}

The last step follows by dominated convergence, where we have employed that the integrand
is absolutely integrable. The latter follows from

d
and the fact that by monotone convergence, the Sobolev embedding theorem, and due to the
first two lines of (5.15),

T
E/ / i* [0 dx dt
0 {u(t,)>0}
T ! 293
=limE/ / i @) (L3001 — Lpgaco ) x dr
N o Jiac.y=r x {0y u>0} {oyu<0}

T
= lim IE:/ / 72 (8361\,)(1 R )dxdt
N oo o U (.)>0) N \%x {0y u>0} {0y u<0}

. (T ) 2 “2)
< C lim (E/ | on(t, .)||12/ 9% (92 0y)* dx dt>
N—oo 0 " Ny >0y

2
< Clluolly
where C < oo and Proposition 4.1 was used in the last step.

i |9l

o| = [0}

L°([0,11x[0,T)xTy)
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From (5.15) it follows that
Iv = Ligy=0) 0% (33Ty) = Lg=oy > (32@) in L' ([0, 1] x [0, T) x T1) as N — oo,
which together with JN —~ Jin L2([0 T)xT;) as N — o0, P-almost surely, implies
J = syt (320). W
5.2. Recovering the SPDE

From the scheme (D)—(S)—(DS) we deduce for ¢ € [0, T) and recalling § = + +1
(UN(tv ')v (p)2 - (u()’ (p)2
L5
(W, ). 9)s + (— (o (8 ) @) + fim (wn(r',) wb)

(1.13¢)

+ <t’h/'H/16 (UN(I/’ ')’ (p)z - (wN((] - 1)8’ ')’ ¢)2> - (UN(O’ ')’ §0)2
)y @)y — ( (L%J 8, ) ’ §0)2
+ Z <t’h/'H]16 (UN(t/’ ')v (p)z - (UN((J - 1)8’ ')’ 90)2)

lim (wy(t', ), @), — (wy((j — D8, ), ‘P)z)
1 /jé

-

1.13a), (1.13b)

(i / [ e
0 Jo(.)>0) .

—_ = Z)\z/ wkax (‘WkwN(t,v )) ) ax(p)zdt/

keZ

L4)s k
~ S n f (Wrwn (', ). ), dBH (),

keZ

P-almost surely, where ¢ € C°°(T},) is a test function. Note that Eqgs. (1.13a) and (1.13b) follow
rigorously from (2.2) of Theorem 2.1 and (3.5) of Definition 3.1 tested against ¢. Changing
the stochastic basis to

([O’ 1.7 (]}’);e[o,T) ’ P) ’

we obtain for the in law equivalent convergent subsequences iy, vy, and wy for ¢ € [0, T)
by taking (1.7), (4.1), (5.3), and (5.4) into account,

t
(Bt ), 9 — (10, @) = / / 52 (335y) g dr i
{one, )>0}

-5 Z / (Vidx (Yrwn (', ) . 8cw), de’

keZ

~ S n / L @', 0u0), B0, (5.16)
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Passing to the limit as N — oo, we obtain the main result, Theorem 1.2, by applying
Propositions 5.2, 5.3, and 5.5, and showing that the different terms appearing in (5.16) converge
in the sense stated in the next lemma:

Lemma 5.7. Assume that iy, Uy, Wy, U, U, and W are given as in Propositions 5.2 and 5.5.
Then, for any ¢ € C*°(Ty) and t € [0, T), and up to taking subsequences, we have

(ﬁN(t’ ')’ (/))2 - (ﬁgta ')’ (/))2 ) (5173)

t
/ / iy (870y) (Bvp)dx dt’ — / / i (3]11) (dx) dx dt’,
0 J{on(,)>0} 0 J{a@,)>0}

(5.17b)
Zxk/ h (Vidy (Yatbn(t', ), dcg), dt’ — Zxkf Vo, (Yuii(', ) , 0.9), dt',
- - (5.17¢)
Zk"/ (v, @)y AN = D1 /0 Wit ), ), 4B (1)
- - (5.17d)

as N — oo, P-almost surely.

Proof of Lemma 5.7. We prove each limit separately:

Proof of (5.17a). Since by (5.6b) of Corollary 5.4 we have [y — il oq0,7)xT,) — O
as N — oo, P-almost surely, and vy is P-almost surely piece-wise continuous in time
(cf. Theorem 2.1(a)), we obtain by bounded convergence that (vy(t,-), ), — (U(t, ), ¢),
as N — oo for t € [0, T), P-almost surely, proving (5.17a).

Proof of (5.17b). The limit (5.17b) immediately follows from the weak convergence of the flux
density Jy stated in Proposition 5.2, i.e., Jy = Lisy=00 0% (33vy) — J in L? ([0, T) x Ty),
PP-almost surely, and the identification of the limit J = Lm0yt (83 ) given in Proposition 5.6.

Proof of (5.17c). We have by (1.8), (1.9), (1.10), (5.6c) of Corollary 5.4, and bounded

convergence,
r

Z)‘k/ 5 I/fka (lffkﬁ)zv(f/, '))$8X(p)2dt/

keZ

= — Z / wN(t/, '), wkax (Wk3x</7))2 dr

kel
- Z)‘Z/ u(t/, )> YOy (1/fk3x§0))2 dt’ as N — oo, P-almost surely
keZ
= Z)‘k-/ Yidy (Yaii(r', ), 9cp), dr’,
keZ

proving (5.17c¢).
Proof of (5.17d). For ¢ € C°°(’]TL) and r € [0, T), we define

My, = =3 i / U i, 0), 4B )

keZ
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(5.16)

(N (T, ), )2 — (1o, @)y — / f N Uy (05 0n) (3y¢) dx di’
{on(',)>0}

_Z)”k/ N (Vidx (Yrwn (@', ) , ), dt’. (5.18)

Note that &y and 35‘\, are adapted to ]:"N,t =0 (ﬁN(t’, D, Wy, ):0<1 < t) (We do not

need to include fN in view of Proposition 5.6.). In view of (4.1), (5.3), Proposition 5.2, and
(5.4b), we obtain for the quadratic variation process

<<MN"”>>f = Z)‘/%/Oms(lﬁklbzv(t ), d,p); i’
keZ

1

L5
< loell (sznwnmm) / i’ 3 dr

keZ
1

(18), (1.10) N
< cnal [ s fawe o ar.
0
so that
~ ~ q ~ B , 2
E (<<MN,¢>) ) < Ct93cplly ess-supE oy (', )],
! 1'€[0,7)
@y 2. 2
< Ct7)10plly" lluolly, for g =1, (5.19)

where C < oo is independent of N and Proposition 4.1 has been applied. Hence, M N 1S a
square-integrable martingale with respect to (Fy ;)refo,7)- We know from (5.17a)—(5.17c¢) that,
for all t € [0, T),

My (1) — M, (t) = (i(t, "), )5 — (uo, )2 — /0 /{ " % (9700) (9. ) dx dr’
i(t',-)>

TRk f Ve, (Wit ) . 0,g), A’ as N — oo, (5.20)

keZ

P-almost surely. Then, it suffices to show that, for all ¢ € [0, T),

0 ==Y / Y, ), 8:0), AP, (5.21)

keZ
Since MN,¢ is a square-integrable (Fy,)-martingale, we have for 0 <+ <t < T, and
$ecC’ (Xu|[0,t’] x Xwlo.n [0, 1])

as in (5.1a) and (5.1c) of Proposition 5.2 (Again, it is not necessary to include X; because of
Proposition 5.6.) the identities

]E [(MN,(p(t) - MN,(p(t,)) éN] = 07
(5.22a)

(5.22b)

/

1
keZ a

E [((MN"/’“))2 - (MN,w(t’)) - M /[
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/. o L 15 i
E [(ﬁkN(r)MN,¢<r> — BN (M (1) + ki /LJS (Yn (", ), 9r9), dr”) qﬁN} =0,
T

(5.22¢)
where
By = & (ﬁm[o,,,l, WN‘[o,f/]>' (5.22d)
We derive below that, in the limit as N — oo, we have for0 <t <t < T
B[ (W, - M,)) 8] =0, (5.23a)
. . 2 . 2 t ]
E [((Mm) = (M) =35 / (aiit”. ), 3,0). dz”) =0, (5.23b)
kez r i
. -
E [(Bk(z)m(t) — BAYM (1) + M / (yii(t”, ), 8x<p)2dt”> $| =0, (5.23¢)
t .
where
=0 <ﬁ|[0,,/] , W‘[OJ/]) . (5.23d)

With the same argumentation as in the proof of Proposition 5.3, we may then infer that M(p
is also an (]j'[)-martingale. Hence, (5.21) follows from (1.8), (1.10), and [35, Proposition A.1]
or [45].

In order to prove (5.23), we note that

‘ZPN‘ <1 and QSN - ¢ point-wise as N — oo, P-almost surely. (5.24)

Argument for (5.23a). From (5.18) and (5.22a) we deduce

0=F [((aN(z D — on(t, / /{ 5%(930n)(Dx ) dx dt”) i }
N, )>O

J5 .
[(ZAZ/, (Vidx (Yrwn (", ) . 0x9), df”) ¢N:| .

keZ L%
Then, we note that

Bl (@) = v, 0), By | > B[ (@6, ) a1, 9), 8] as N> o0 (529)

Indeed, from (5.6b) of Corollary 5.4 and piece-wise continuity in time by (4.1), we infer

5 ) - {)‘N(t/v ) - ﬁ(t’ ) + ﬁ(tlv ')”LOO('H‘L) - O as N — 00,
P-almost surely,

E[|(one, ) = i, 0), P (302] < desssupE e, ) ol
t"€[0,T)

(4.
S Clluoll} , llgll3 .

where C < oo is independent of N and Proposition 4.1 has been applied, so that with (5.24)
the claim (5.25) follows by Vitali’s convergence theorem.
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We argue again by Vitali’s convergence theorem to infer that

t
E / / 5% (33 0n) (8, 9) dx dr” Dy
" J{in@”,)>0}

—E [ / f @ (33i) (3, ) dx dt” iﬁ] (5.26)
" Ja@”,)>0}

as N — oo. Indeed, this follows from (5.17b), (5.24), and

i 2
E |: (EBN)Z:|

T
~ ~ 2 ~ ~
< C ool E/ lona”, -)||1,2/ 3% (330y)* dx dr”
0 oy (”.)>0}

52 (32 0w) (3,¢0) dx dt”

{in(",)>0}

(4.2) ) 4
< Clloxellz lluolly

where C < oo is independent of N and Proposition 4.1 has been applied.
Finally, using (1.8), (1.9b), (1.10), Proposition 4.1, (5.6¢) of Corollary 5.4, (5.24), and
Vitali’s convergence theorem, we have

[(ZV/, (Vds (Yribw (7', '))’8x<ﬂ)2dt”) @N]

keZ
t 3 N
[(Z 7 / (D', ), Y maxcp))zdr”) qﬁN}

keZ
|:<Z)‘k/ (@', ), Yudy (Yrde9)), dt”) 55:| as N — oo
keZ
|:<Z)‘k/ Vi (Vi (r', ), 8x<p)2dt”) Eli]
keZ

Altogether, we infer that taking the limit as N — oo in (5.22a), we may conclude that (5.23a)
holds true.

Argument for (5.23b). First, we note that

2
(Z )»2/ (Yrwn (", ), 3x§0)§ df”)

keZ
(ISE) (1.10) ~
< C||8x(/)||2 ess-sup E ||y (1", )H2 < C||3x<p||2||uoI|12,
1"€[0,T)
where C < oo is independent of N and Proposition 4.1 has been utilized. Additionally, by

(5.6¢) of Corollary 5.4 and bounded convergence

> a / (Vribn (", ), dep)s di” — Zxk/ V(" ), 9:9)2dt” as N — oo,
! t

keZ 6 keZ
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P-almost surely. Together with (5.24) this implies

6
[Zﬁfy (Ybn (', ), Bx(p) dr” @N} —>E|:Z)»2/ Wit (t”, ), 3x(p)§dt” @}

keZ keZ

as N — oo by Vitali’s convergence theorem. Now, by (5.20),
MNyw(t) — A7I(p(t) and MN#,(t’) — M(u(t’) as N — oo, P-almost surely,
and further applying the Burkholder—Davis—Gundy inequality (cf. [56, Theorem 3.28]) gives
- ~ 4 . 5] 524 2 (5.19) 2 4 4
Bl (Myo0) (27| = CE(Mx,) "= CR ol ol
where C < oo is independent of N, so that by Vitali’s convergence theorem
[/~ 2 . [/~ 2. [/~ 2 [/~ 2
E [(MM(;)) %] ) |:(Mq,(t)> 45] . E [(M,W(t’)) @N} ) |:(M¢(t/)> @]
as N — oo, where (5.24) has been used once more. Therefore, (5.23b) follows by taking the
limit as N — oo in (5.22b).

Argument for (5.23c). With the same reasoning as before, we have

[l 1 iy )
T Iy

as N — oo. Furthermore, with help of the Cauchy—Schwarz and the Burkholder—Davis—Gundy
inequality (cf. [56, Theorem 3.28])

E [0 Gty 7 (@y7] < \/ (ﬂN(t))\/ & (i 1))’

= c e (] B (]

(5.19)
< C20:0l5 luollf 5,

where C < oo is independent of N, which implies with B~ N = By as N — oo uniformly
in [0, T), P-almost surely, by Proposition 5.2 and (5.4b), (5.24), and My ,(t) — M,(t) as
N — oo, P-almost surely, by (5.20), the limits

B[540 My o) By | — B[540 M, 3],
BBy () My () &y | — B [5¢") () ]
as N — oo by Vitali’s convergence theorem. Hence, (5.23c) follows from (5.22¢). W

6. Concluding remarks

The Trotter—Kato splitting scheme (D)—(S)—(DS), utilized in the present work for the
construction of solutions to (1.1), can also be used for the design of a suitable numerical
scheme. Hence, an interesting direction for future research may be to further develop the
present analysis to prove the convergence of this or a similar numerical algorithm. A numerical
treatment of the stochastic thin-film equation with It6 noise and an additional interface potential
has been introduced by Griin, Mecke, and Rauscher in [33, §3.1]. Furthermore, it may be of
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interest to test whether employing Stratonovich noise leads to different findings in the droplet
formation simulations carried out in [33].
It appears to be challenging to investigate the stochastic thin-film equation

du = —0, (u"0u) dr + 0, (u? 0 dW), ©.1)

where n € [1, 3] and where the cubic mobility n = 3 (corresponding to no slip at the substrate)
is of particular interest. In this case, however, the noise is nonlinear and singular for n < 2, so
that for instance shocks in the stochastic dynamics may form. Hence, we expect the analysis
in this situation to be significantly more involved. For relevant analysis in the case of the
second-order SPDE

du:Aumdt+V-(uPodW)

we refer to the works [15,22,23].

It should also be noted that, besides the weak solution approach, an extensive theory of
classical solutions to the thin-film equation, based on maximal-regularity estimates of the
linearized evolution, has been developed, starting with the works of Bringmann, Giacomelli,
Kniipfer, and Otto [9,25,26] for linear mobility in one space dimension and with zero contact
angle and later on further developed to include nonlinear mobilities, nonzero contact angles,
and higher dimensions in [18,24,28,29,39,41-43]. On the other hand, there have been recent
developments in the theory of mild solutions and maximal regularity for stochastic partial
differential equations due to van Neerven, Veraar, and Weis [52,53] and Hornung [36]. It would
be a viable goal to combine these techniques in order to obtain a stronger control of the solution.

Finally, it would be an illuminating task to study the self-similar behavior of the stochastic
thin-film equation (6.1) analytically and thus to lift the numerical findings and dimensional
analysis of Davidovitch, Moro, and Stone in [17] to full mathematical rigor. Note that again
analytic results in the deterministic case have been obtained for the thin-film equation with
linear mobility, starting with the works of Bernoff and Witelski in [7] and Carrillo and Toscani
in [12] and later on upgraded in [10,11,27,50,51,55].

We believe that all questions detailed above are interesting future directions, but appear to
be analytically quite challenging to address.
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Appendix A. Viscous regularization of stochastic dynamics

Let (Q, Fo (Frero.s) » ]P’) be a complete filtered probability space with a complete and
right-continuous filtration (JF;),¢po,5)- Further write (8*), _, for mutually independent standard
real-valued (F;)-Wiener processes. Consider the viscous regularization

dw® = (% D A0 (Wde (Pew)) + ¢ a,%w‘f) df + ) dde(Pew)dpt on [0, )
keZ keZ
(A.1)
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of Eq. (3.1), where ¢ € (0, 1]. Our aim is to construct a variational solution to (A.1). Therefore,
we introduce the operators

1
A HA(Tp) — LA(TL), w > 3 D A0, (Wrde(Yrw)) + £ 92w (A2)
keZ
and the diagonal Hilbert—Schmidt-valued operator

B: H(Ty) — Ly (HX(Ty); H'(Ty)), w (v = Y (0 ) (ax(wkw») :

keZ.
(A.3)
Eq. (A.1) then attains the abstract form
dw® = A*w® dt + (Bw®) dWpa, ), (A4)
where
Whar,) = Z ﬁklﬁk (A.5)

keZ
is a cylindrical (F;)-Wiener process in H>(Ty). The underlying Gelfand triple is
(L*(Ty), H'(Ty), H*(Ty)).

We use the following notion of solutions (see [49, Definition 5.1.2]):

Definition A.1. A variational solution to (A.4) is a continuous (F;)-adapted H'(T;)-valued
process w® such that

W e L*([0,8) x 2,dr ® dP; HX(Ty)),

where w® denotes the dt ® dP-equivalence class of w®, and
t t
wi(t, ) = wo—i—/ Ao (t, -)dt’—i—/ (Bwé(t', ) dWHz(TL)(t’, ) for t€]0,6), (A.6)
0 0

P-almost surely. Here, w® denotes any H>(T})-valued progressively measurable (i.e., for any
t € [0, ) the process w®|jo,qxxT, is B([0, t]) ® F; ® B(T.)-measurable) dr ® dIP-version
of we.

Proposition A.2.  Assume that (1.10) holds true and that p € [2,00). Then, for any
wy € L? (Q, Fo, P; HI(TL)), Eq. (A.1) has a unique variational solution w® with initial value
wo satisfying

s
E ( sup [lw(, )Y, +/ lw®(z, -)||§,2 dt) < 0o0. (A7)
1€[0,5) 0
Furthermore, we have the a-priori estimates
E sup |w(t, )7, < CiEwoll{,, (A.8a)
1€[0,8)

L
lim B[}, w(z, )l < e <E 18, woll5 +C36E‘/ wo dx
4 0

14
) , (A.8b)

where Cy, Cy, C3 < 00 are independent of ¢, §, w®, and wy.
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A main ingredient for proving Proposition A.2 is the following lemma, for which the use
of Stratonovich calculus (see the discussion in Section 1.2) is essential:

Lemma A.3 (Monotonicity and Coercivity). Suppose (1.10) holds true. Then, for w € H*(Ty)
we have

2(Aw, w) + | Bw]|? < Clwl3 —2elwli, (A.9a)

Ly(HX(T):L*(Ty)) —

and

2 (0 A%w, dyw) + || Bw|)? < Cllwl}, —2¢ la,wlf} , (A.9b)

Ly(HX(Tp);HY(Tp) =
for some C < o0 independent of w and ¢, so that in particular

2 «A >> + ”Bw“Lz(HZ(TL) HI(TL)) = C ”w”] 2 28 ”w”iz . (A9C)

Proof of Lemma A.3. By definition, estimate (A.9c) follows by adding (A.9a) and (A.9b).
We prove (A.9a) and (A.9b) separately:

Proof of (A.9a). Observe that for w € H*(T,) we obtain through integration by parts

(Aw, w)
:__Z,\Z/ Y2, w) dx—s/ (aw)dx—-Zxkf (9:97) (8:w?) dx
keZ keZ
:__Z,\Z/ Y20, w)?dx + Zﬁ/ (92y2) w?dx — /(a w)2dx
keZ

and further

1BWIZ, (e wizcnnyy = D0 / (@t + Y(Bw)? dx

keZ
= Zﬁ/ Y2 (9,w)? dx — Zxk/ Vi (924 w? dx,
keZ keZ

so that the term Y, A? fOL V7 (3, w)* dx cancels and we get

2(A%w, w) + ||Bw||L2(H2(1rL) L%(Tp))

= _Zxk/ A7) — 4y (B v)) w? dx—28/ (8, w)* dx
keZ

(1.8), (1.9) 5 5 , (110) 5 5
< CY MlwlE=2¢e w3 < Cllwl3 - 26 [wl},
keZ
for some C < oo independent of e, where we have used ¢ < 1.

Proof of (A.9b). Again, for w € H*(T,) we integrate by parts several times and arrive at
(BxAsw o, w)
=— ZAZ f (0 (Y By (Yrw))) (37w) dx — f (87 w)” dx

keZ

=—z sz / (wkz(afw) - 5<axw,3>(axw) - E(a,%w,%dw) (07w) dx

keZ
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L
(82w)2dx
- __Zﬂ/ Y2(02w)? dx Zx @YD) (3:(Bxw)?) dx
keZ keZ
+- Z/\k/ (029 2)(0,w)? dx + Z/\k/ @YD) (@, w?) dx — / (02w)? dx
keZ keZ
=_—ZAZ/ YA w) dx + = Zﬂf (9297) (3, w)* dx
keZ keZ
—-Z,\2/ (v w dx—e/ (82w)* dx
keZ

and

IBwl; 2 (AT (TL)

=Y n f (20w + 20, Y) B w) + Y(d2w))” dx

keZ
= Zﬁ/ I/Ik(azw)zdx+42)\.2f CRVAHCE w)zdx+2kk/ (0290)*w? dx
keZ keZ keZ
+ Zﬂf @W?) (0:(Dcw)?) dx+2ﬂ/ (30, ¥2)?) (B,w?) dx
keZ kel
+2) 4 / V(0] Y)w(d]w) dx
kel

=> 1 / YE@TwY dx + Y 2 / (4@ vn)® = OF9) — 20 (879)) (3, w) dx

keZ keZ

+ > 4 / (@79 — 87B:¥)” + 32 (Y (3290))) w?

keZ

=> 1 / Y@Zw) dx + ) g / (200:¥0)* — 49 (3290)) (B, w)* dx

keZ keZ

+ ZAZ/ Y (8%) w? dx.

keZ
2 (L2082, \2 :
Hence, Zkez)“ fo Y (0;w)” dx cancels and we arrive at

2 (0, Aw, dw) + | Bwlly 2 (H2(T): B (Tp))

= _Z)‘k/ (30:¥w)® — Ya(@290)) (B, w)” dx

keZ
L
+ - Zﬂ/ —@3¥D) + 4y (3}Yn) w2dx—2£/ (8%w)* dx
keZ 0

(1.8), (1.9) ) 5 2 (1.10) 5 5
< CZ,\knwnm—ze 2w, < Cllwl}, —2elld,wl?,
keZ

for some C < oo independent of ¢, where we have used ¢ < 1. | |
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Proof of Proposition A.2. We verify sufficient conditions for variational solutions to (A.1) as
can be found for instance in [49, Theorem 4.2.4].

Hemicontinuity. For u, v, w € Hz(']I‘L) and s € R we have

(A" (u + sv), w) = (A%u, w) + 5 (A%v, w),
which is for fixed u, v, and w a linear function in s and in particular hemicontinuous.
Weak monotonicity and coercivity. This follows from (A.9c) of Lemma A.3.

Boundedness. For w € H'(T;) and ¢ € C®(T;) we have

|<<A£w, ;,0»| L g
< 3 Zx,f /0 Yk (3x(1//kw))(8xg0)dx‘ +e /0 (wa)(axw)dx‘
keZ
1 ‘ L
+_Zki / (0 (Y (B (Pew)))) (92¢) dx| + & / (Bfw)(ﬁf@dx‘
2 keZ 0 0
<143>,§<1.9> c Z’\/% + 8) lwllzz el
keZ

(1.10) )
so that |[A*wll2¢r,) < Cllwll, since & < 1.

A-priori estimate (A.8a). From [49, Theorem 4.2.4] we infer that a unique variational solution
to (A.4) as in Definition A.1 exists and (A.7) is satisfied. While general p € [2, co) are treated
in [49, Theorem 5.1.3] or [48, Theorem 1.1], the noise there does not allow for a gradient
structure as in the present case. Nonetheless, the reasoning mainly follows the proof of [49,
Lemma 5.1.5].

Using It6’s lemma (cf. [44, Theorem 3.1] or [49, Theorem 4.2.5]) and Eq. (A.6) of
Definition A.1, we obtain for ¢ € [0, §)

llwe(t, ->||%,21— lwoll?
- 2 /0 (B, ) AW gage, (1), w' (2, ),
t
+ /0 (2 [Aswi(', ), wi (', ) + | Bw' (', .)H;(Hz(qu);HI(TL))) dr’

3 (4 22“/0 (0 (Yaw'@', ), wi(r', ), , dB ()

keZ
t
’ ’ ’ 2 ’
+ /(; (2 (Asws(t 5 ')a wg(t 9 )» + ||Bw8(t 5 ')“Lz(HZ(TL);H](TL))) dt 9
P-almost surely. For p > 4 this implies again using It6’s lemma for R > y — | y|g

w2, I, = llwoll?

=pY /O Jwe @ 757 (3 (Vaws (@', ) wh ('), , dB*()

keZ

4 ' Ly -2 &, &4 oy oy 2 /
+ 5/0 Jw e’ 97, (2 (AT @, ), wh ', ) + [ Bur(, ')”Lz(HZ(TL):Hl(TL») ds
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2
p(p )ZKZ/ Jwf @ 7" (B (s, ) wi (', )], dr” (A.10)

keZ
P-almost surely. Next, we introduce for any R > 0 the stopping times
=inf{r €[0,8): |w(t,)ll;» > R} AS.
By Markov’s inequality and using (A.7) for p = 2
1
P sup [[w®(t, ;o> Rt < —E sup |lw®(z, )||12 -0 as R — oo,
1€00,5) R*0)

so that limg_.tg = &, P-almost surely. The Burkholder-Davis—Gundy inequality
(cf. [56, Theorem 3.28]) implies

E sup / Jwe @ 757 @eWrwt (", ), wi”, ), , dB (")

t'€[0,Tp AL)

TRAL
<3E\// lwe @', T @ (Prws (', ), we (e, )73, dr.

Now, we note that integration by parts gives
L L
(@ (Yrw" (', ), w' (@), = / (@ 91) (') dx + / Vi w® (B,w) dx
0 0

L 3 L
+ [ @vow @uaxr ] [ @@ o,
0 0
so that with (1.8) and (1.9) we have
}(Sx(wkws(t/, D), wé(t, ~))1 2) < C v, )Hf ,, [P-almost surely,

where C < oo only depends on L, and hence by Young’s inequality
t/

E sup f Jwe @ 157 (@eGrewt (@, ), wi @, ), , dBE)
0

t'e€[0,Tr AL)

TRNAE ) TRNAL
< CE / lwe ()P de < CE | sup  lwe(r', )7 / e, 17 5 dr
0 0

t'€[0,Tr AL)

Y p C " ey r /
<vE sup |w (t,-)||1,2+;]E/0 Jwc’, )}, de

t'el0,7g)

where v > 0 can be chosen arbitrarily small and C < oo is independent of R. Furthermore,
with the same computation also

/Hw I 0 (@, 0) wi ) 12df<C/ [wh el ar

P-almost surely, where C < oo only depends on L. Now, the combination with (1.10), (A.9¢c)
of Lemma A.3, and (A.10) gives for sufficiently small v

TRAL
E sup [w'( )le_ <E||w0||11”2+/0 E sup |w'@” )Hp dt”)

t'€[0, TR AL) t"€[0,Tpnt’)
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where C < oo only depends on L and p € {2} U [4, co). Gronwall’s inequality implies

E sup lw(z, ‘)le_CIE”wO”lzs

te[0,7R)

with C; < oo only depending on L and T, so that (A.8a) for p € {2} U [4, co) follows by
monotone convergence in the limit as R — oco. The case p € (2, 4) is obtained by complex
interpolation using the Banach-valued Riesz—Thorin theorem (cf. [37, Theorem 2.2.1] or more
generally [5, Theorem 5.1.2]).

A-priori estimate (A.8b). We precisely keep track on the constants appearing in order to derive
estimate (A.8b):

With help of It6’s lemma (cf. [44, Theorem 3.1] or [49, Theorem 4.2.5]) we obtain for
t € [0, 8) and utilizing Eq. (A.6) of Definition A.1

8, w®(z, )3 — lldxwoll3
<“’2Zx/ (@', ) L Bt (1, ) 4B ()

keZ
t
2
+ / (2(8XAsw8(;/, ), Bwt (', ) + || Bwi (', ,)||L2(H2(TL);H1(TL))) dr’,
0
P-almost surely. For p > 4, Itd6’s formula applied to R 5 y > | ylg gives

. w? (. Il — N0 wo||§
_pz)\k/ w272 (92 (bew® (1, ), Bew (', ), dB ()

keZ
+ 5/ [cwr @’ )15 (2 {0, A%w @', ), Bw' (@', )
0

+ || Bwi(, ')”iz(HZ(TL) Hl(Tw)) de’

2
P(P ) Z)“zf [EAZCR] (3)% (Vew® (@, ), dw (', )); dr’,

keZ

P-almost surely. Taking the expectation gives

E |0, w*(z, )5 — E |8, w*(0, )|I5
t
— SE/O |acwt e, 27 (2(8XA£w€(t’, 3, ()

+ ||Bw8 t dr’

2
)” Ly(H2(Tp); F'Il(’]I‘L)))
KDy RE /an @2 (wew () L Bewt (e’ ) dr.
kel

For the last line observe that through integration by parts as before

L 3 L
(07 (Yaw® (', ), Bew' (¢, 1)), = fo @Y dw” dx + fo (0@, w)” dx,

P-almost surely, that is,

2(18) (l))

(8? (l/fkwg(t’, -)) , 0, we(t, - ))2 ||8 wi(t, )Hi || wi(t, ~)||?72, P-almost surely.
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Further applying (A.9b) of Lemma A.3 gives
E 3w, )y — El3,w(0, )5

t L 2
=Cpp+ I)inlE/ [EXTRCS (Haxuﬁ(r’, Js + (/ w(t, ~)dx> )dt’
0 0

keZ
L
/ wi(t’, ) dx
0

L
ol = € (Tl + | [ o

P

(1.10)
dr’,

t t
< 02/ E [|o,w*(’, )|} dz’+c3u<:/
0 0

where we have applied Poincaré’s inequality

) ,  P-almost surely,

and Young’s inequality. Testing of (A.6) of Definition A.l against a non-trivial constant
gives fOL wé(t, )dx = fOL wodx for t € [0, T), P-almost surely. Now the claim (A.8) for
p € {2} U [4, oo) follows from Gronwall’s inequality and the general case p € [2, 00) by
complex interpolation using the Banach-valued Riesz—Thorin theorem (cf. [37, Theorem 2.2.1]
or more generally [5, Theorem 5.1.2]). N

Appendix B. Real interpolation of Besov spaces with mixed smoothness

The following result from interpolation theory is essential in proving regularity in time
(cf. Proposition 4.2).

Lemma B.1. Suppose § € (0, 00), 1,72, 51,5 € R with ry # r, and 51 # s3, q € [1, 00),
and « € [0, 1]. Then

(B2 ([0, 8); B 4(Ty)), B2 ([0, 8); B2(Ty))) = Br4 (10,8); BJ“(Ty)).  (B.1)

K,q
where r = (1 —k)ry + kry and s = (1 — k)s; + k2. The norms in (B.1) are equivalent, with
bounds that are independent of §.

Proof. By [I, Proposition 4.2] and scaling in the time variable, there exists a §-uniformly
bounded linear extension operator

E: ¥y =By (10,0 B () — 75 = B (Rs By(T))),

that is, setting R(-) := (-)|j0,5), we have REv = v for v € Y; and the operator norm of E is
independent of §. Now, we may apply [1, Theorem 3.1], [2, Theorem 2.7.2 (i)], or [31, (6.9)]
to deduce

(21, Z)q = B (R: (B (Tu). BP9(TL), ).

The interpolation of periodic Besov spaces is known (cf. [54, §3.6.1, Theorem 1 (i)]), that is,

(BS(TL), BP(Ty)) = BLY(Ty).

K.q
Altogether,
Y; = R(EY;) = RZ; = RB;" (R; B;/(T.)) = B;? ([0, 8); B}*(T.))

with §-uniformly equivalent norms, which yields (B.1). W
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Lemma B.2. Suppose that X is a Banach space, T € (0,00), N € N, § := % s €(0,1), and
q € (1,00]. If $ € BC®([0,T); X) and ¢ € By ([(j — D3, j3): X) for j € {1,...,2N},
then ¢ € By (10, T); X) with

2N q

. q
“¢”Bf1’q([0,T);X) < C JXZ; ”¢”B;’q([(j—l)%,j%);x) P (B-2)

where C < 0o only depends on q.

Proof. By mollification with a standard mollifier and using the interpolation property,
we see that we can approximate ¢ on any interval [( Jj— 1)%, J %) by a function ¢, €
Cc*([(G = D3, j3); X) with

19 = 8ellpeo([ymng gy = O and 18 = Felya (g i) 2 &N O
where j € {1,...,2N}. Adding to ¢, the polygonal chain through the points
(j3.¢(j3. ) —¢:(j2.))). where je{0,...,2N},

we may without loss of generality additionally assume ¢, € BC? ([0, T); X), so that in
particular ¢, € W*°([0, T); X), and

”¢ - ¢5”BC0([O,T);X) —0 as ¢ \ 0.
Since up to a g-dependent constant (denoted by ~,) we have for ¥ € W' ([0, T); X),

o0 dr
q ~ : —sq q (1-s)g q _
1 yaq0my0 ™ /o i (T ¥illzago.rn +7 ”‘/’2”W1#<[0,T>;x>) T’

we recognize that by Sobolev embedding y» € BC? ([0, T); X), so that any decomposition
Y = 1 + ¥ with ¥y € LI([0, T); X) and ¥, € W4 ([0, T); X) induces a decomposition
¥ = ¥+ ¥ with Yo € L9 ([(j — D3, j§); X) and ¥ € W' ([(j — D3, j5); X) for all
j €{1,...,2N}. Hence, we can conclude that

2N 00
W0 oo <€ [, int (r‘“f vl
v By(10,7):X) ]2:1: 0 V=1t v wa([-n3.5):x)
dr
A=5)4 [1 s 114
+7 =
||¢2||W1,q([(j1)§,j§);x)> T

2N
~ q
’ ; ¥ s (5-s.4)ev)

This implies [l¢: — @[l 534 qo.ry.x) = 0 as &, ¢ N\, 0, so that ¢ € By ([0, T); X) and (B.2)
holds true. M
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