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Sunnnary 

The perf'ormance of' a satellite reaction jet attitude control system 
cau be severely degraded by structural f'lexibility. Using a computer-modelled 
spacecraf't wi th a pseudo-rate controller, a quantif'ication of' the perf'ormance 
loss is presented. Flexibility has been introduced into the simulation i n a 
very general way by reducing elastic inter act ion to a series of' modal f'requency 
and gain parameters. The modelled system has been f'ound to remain stable under 
all conditions studied, although perf'ormance may suf'f'er various degrees of 
degradation. 
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1. INTRODUCTION 

The study of structural flexibility and its effect on control system 
performance has become of crucial importance in the design of modern space 
vehicles. This was poignantly brought to light in Explorer I, as previously 
unknown effects of whip antenna motion led to dynamic instability. A few years 
later, the success of 000 111 was seriously hampered by excessive oscillations 
created by control system interactions with flexible booms. There are many 
other examples of space missions being hampered by these problems. The inter
ested reader is directed to Ref. 1 for an outline. Reference 8 also provides 
an informative overview of flexibility effects on control systems. 

structural flexibility has been, and will probably continue to be, 
an important area of study. With spacecraft power consumption and sophistica
tion on the increase, antennae and solar arrays tend towards greater prominence. 
If costly weight penalties are to be avoided, this isbound to result in less 
appendage rigidity. There are limits to the degree of flexibility which can be 
tolerated. Excessive appendage motion can feed back into the body of the 
satellite, and hamper pointing accuracy. Furthermore, the added accelerations 
created by appendage oscillations are bound to increase the stress and fatigue 
levels on the spacecraft. 

Particular problems can be created for those vehicles wi th an acti ve 
control 'system, such as the previously mentioned 000 111. Acti ve systems 
incorporate sensors to check satellite attitude and a controller to supply 
terques to maintain some desired attitude. Excessi ve motions of the vehicle, 
as a result of flexibility-induced oscillations, will tend te trigger the 
attitude control system more often than for a rigid satellite. The control 
torques applied can produce an added fuel consumption, a degraded control 
response, and even instability. 

Investigating flexibility interactions through ground testing is 
both costiy and dynamically awkward. structures designed for the weightless 
state do not lenÇi themselves well to a one-g field. structural engineers 
thereforè ,try .ta design appendages stiff enough so that interaction problems 
are unlike.ly t ·o occur. This generally entails arranging for the natural 
vibratión frequencies of the structure to be much higher than the passband 
of the att:i.;~ude controller. This results in a trade-off between costly stiff
ness, and design confidence. 

It becomes imperative to estimate the amount of performance lost 
for a given loss in rigidity. An attempt is made in this Note to contribute 
towards thi s e stimate • Wi th the aid of a computer model, a simple satelli te 
with a nonlinear attitude control system is simulated. The analysis is 
arranged so that the ratio of 'flexible' inertia to tbtal inertia can be 
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varied. In this way, dynamic effects are modelled from a fully rigid to a 
fully flexible satellite. The structural model, in conjunction with the 
attitude control system model, thus allows an investigation into the inter
actions of structural flexi bili ty, control performance, and stability. 

2. THE GENERAL MODEL 

In order to help isolate the effects of flexibility on attit ude 
control, it is desirable to investigate a reasonably simple satellite model. 

1 



Though this entails a loss of accuracy for individual spacecraft, results can 
be of a more general nature. 

A diagram demonstrating the vehicle studied is shown in Fig. 1. The 
model is assumed to possess a synnnetric structure , wi th a central rigid body. 
All flexibility is contained in two diametrically opposed appendages affixed 
to the central body. Furthermore, the appendages are considered to behave as 
rod-like members, such as booms or antennae. 

Attitude perturbations from a desired reference position are coun ter
acted by control jets supplying a pure torque, Tc, about the satellite centre. 
Tc can assume a positive or negative value, depending on the sense of the 
satellite' s attitude angle. It is not necessary to consider any addi tional 
torques or forces for our purposes. Internal torques, due to fuel sloshing, 
friction, etc., are also considered beyond the scope of this analysis (Refs. 
2 and 3 give an indication of the magnitudes of these additional torques.) 
Attitude information for the rigid main body is limited to one rotational 
degree of freedom, measured by 8. The lack of translational motion for the 
centre of mass innnediately implies that synnnetric modes of appendage flexure 
are being ignored. This results in no loss of generality for our purposes, 
since the symmetric modes do not affect 8. 

A general control loop may be drawn for the system, as shown in 
Fig. 2. Attitude error, SE, is sensed bya controller which, in turn, applies 
a correcting torque to the satellite. The resulting motion of the body, which 
may pe written as a superposition of rigid and flexible components, provides 
input to an attitude sensor feedback loop. In this study, it is assumed that 
the sensor processes the angle 8 instantaneously, and with perfect accuracy. 
It is recognized th at this latter assumption is quite idealistic and likely 
eliminates important instability possibilities; it is planned to remove this 
assumption in a subsequent study. 

3. THE CONTROLLER 

Though a simple controller model would be mathematically desirable, 
some sophistïcation is required in the simulation, Tt would be unrealistic, 
for example, to employ a basic relay-type controller. Such a system would 
provide a torque to counteract only the sense of SE. The jets, being non
throttling, would be constantly firing and expending fuel and thus an undesir
able limit cycle would also be exhibited, as shown in Fig. 3(a), for a rigid 
system. Some improvement would be possible by providing a deadband region in 
the controller. No jet thrust would be applied while the attitude error was 
wi thin certain bounds. However, fuel consumption would still be almos·t as 
high, and the limit cycle would also remain, see Fig. 3(b). 

In order to achieve realistic performance in the simulation, it 
was decided to employ the slightly more complicated pseudo-rate (PSR) con
troller. A view of Fig. 3(c) illustrates typical PSR performance on a 
phase-plane plot. Velocities are quickly reduced, avoiiding limit cycle 
instability. 

2 



.. 

3.1 Pseudo-Rate Control 

The main feature of this nonlinear system is torque c ontrol through 
a form of pulse modulation. The spacecraft attitude control jets fire for 
brd.:ef intervals , reducing on-time, a..n.d therefore fue1 requirements 0 Reference 
4 provides the reader with more PSR in:formation . Additional descriptions of 
ON-OFF controllers can be found in Ref.5. Thè width and frequency of the 
control pulses are determined by the attitude error angle, ~E, arrd an artifi
cially produced estimate of éE • 

Figure 4 shows a schematic for the PSR controller. E::r.. is a funC'tion 
of the angle 9E. The output, R (either -1, 0, or +1) act s as a switch for the 
torque jets. Some expla..n.ation of E:s is required. If the satellite were 
l'erfect1y rigid, and had no i nitial angular velocity , then ê wou1d be calculabIe 
from the satelli te' s torque history. 

é ~ f T dt 
c 

If we further assume the presence of ideal control jets, R will be related to 
Tc by a constant. E:s, therefore, roughly approximates the time integral of 
R by virtue of the PSR feedback lag system. Tt is apparant that Es can never 
be identically equal to velocity , due to the saturating effect of the lag 
network. 

The feedback time constant, T f' of ten assumed two values, depending 
on whether the jets are on or off. This gives the control-system designer 
extra freedom for performance optimization. For our purposes, however, it 
wil1 suffice to fix T f at one value only. 

The limits of attitude error are defined by the bounds of the 
controller's deadband region. When 9E exceedsthis region, correcting torques 
may be applied. At either end of the de adband, a small area of hysteresis is 
found. These are particularly useful i n reducing fuel consumption during limit 
cyc1e operation. This can occur, for example, under the i nfluence of an 
external disturbance torque. 

3.2 Controller CharaC'teristic Frequency 

It is possible to define a convenient Ucharacteristic frequEncylt 
for the pseudo-rate control system. This derivation follows closely that 
shown in Ref. 4, and provides a useful reference base with which to reduce 
later data. 

For sma1l angular velocities about one axis, a linearized rigid 
equation of motion may be written: 

I 9 = Teff 

where I and Teff are the tota1 inertia and effective control torque, respect
ively. 
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The e:f:fective torque wi11 be a :funct,ion o:f reaction jet torque, and 
the :fraction o:f thruster on-time (duty cyc1e): 

Thus: 

I e = T r c 

Consider again Fig. 4. Let us assume , :for the moment, that ~ is 
a constant. This will be valid i:f the sate11ite dynamics respond slow1y 
compared to thruster on-time. We may then write: 

where E20 is the initial va1ue o:f E2. The switch turns ,on when Es = 1, and 
turns o:f:f when Es = 1 - H. Substituting (3.3) into Es = E1 - E2, we have: 

After rearranging: 

During steady state operation, E2 = El - 1, at the time o:f pu1se turn on. 
o 

Thus in the steady state: 

( 
K:f + 1 - El ) 

ton = -r:f,en K:f + 1 - H ... El 

When the switch turns o:f:f, 

The :feedback circuit wi11 decay according to the equation: 

whereE2 = El. - (1 - H). o 

4 
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The switch will turn on again when: 

Af ter some rearranging: 

E;s = 1 = E,. - Ez o 

If we now allow E~ to change slowly, we have 

E.l. (t + 6t) = El. ( t) +.6;t ~i ( t) + ••• 

Substitute into (3.5) 

. 
Since H and E~ are small, and provided that Ej, > 1 , the logarithm may be 
expanded to gi ve : 

If we take t off« 1" f' then 

1"fH 
t off = --.:----.

El. - 1 + 1" f E;l. 

Frem (3.4), the on-time may be similarly approximated: 

(3.6) 

provided that El. < Kf + (1 - H), that i 's, less tha.ll t he saturation level. 

The duty cycle was defined as: 

t 
r = -:---.:o;.:n~_ 

t + t .p.p on O.l..l. 
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In a we11 designed controller, t on ~ t off" Thus, 

Substituting (3.6) and (3.7): 

t _ on 
r--

toff 

. 
€J,. - 1 + '-f el. 

r = ~---~---~------
Kf + 1 - H - €l. 

Let us assume that the input is much greater than the de adband, and 
we11 be10w the saturation level. (This approximation would be inva1id for 
limit cyc1e operation.) 

1 « el. « Kf + (1 - H) 

The H may be rem::>ved if the deadband is very sma11, Le., H «1. The fo11owing 
simp1ifications resu1t: 

(i) 

(ii) 

Substituting into the duty cyc1e equation, we find, 

We may now back substitute into (3.2): 

T 
I ë· - I C {6l. + 1" ~) ( 3 .8) 

- Kf f 

el. is re1ated to S through an ~ amp1ifier of gain KS' Th~s: 

Substitute into (3.8), and rearrange: 

s = 0 
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The undamped natural frequency of the satellite system thus becomes: 

W = 
c 

The characteristic frequency above allows us to define also a characteristic 
periodof the form: 

MKf 
t* = 27T T K 

c e 

Test of W and t* c---
The natural frequency and period, Wc andt*, form basic measuring 

tools with which . later data are reduced. It is, therefore, imperative to 
discover just how universal these characteristic values really are. A munber 
of computer simulations were undertaken of the control system in Fig. 4. All 
parameters in the system were individually varied, and a plot was made of 
response vs. t/t* (Le., multiples of the characteristic period). For t* to 
truly be a natural period, all plots should have similar period with respect 
to t/t*. 

Sample plots are shown in Fig. 5, for a variation in the feedback 
time constant, Tf. It is seen that the first quarter periods cluster about 
t/t* ::; 0.25, as desired, although subsequent period fractions tend to deviate 
from their predicted values. Plots investigating other control loop para
meters showed very similar patterns. The consistency of these results, though 
only for the first quarter period, demonstrates th at our definition of t* (and 
therefore wc) does indeed produce a characteristic parameter. 

4. THE DYNAMICS BLOCK 

The vehicle dynamics portion of the control loop describes the 
structural response of the satellite model. The transfer functions therein 
al,low for rigid and flexible contributions to the total motion. (Ref. 9 
provides an informative overview.) The flexible motionsare initially con
fined to linear and nondissipative elastic effects • Linearity is mathe
matically preserved by restricting motions to small scale deflections. This 
rel;rtriction is not considered serious, since modern satellite control systems 
are designed for small attitude excursions. The assumption of linearity in 
the structural response considerably simplifies the mathematical formulation 
of the model since the problem is then amenable to a convenient IOOdal analysis. 

4.1 Modes 

The equations of motion for our satellite model may be derived either 
through classical continuum mechanics theory (e.g., Ref. 7), or more modern 
methods (e.g., finite elements). In the former case, partial differential 
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equations may initially be written in space and time variables. Separation of 
variables is then employed to isolate the (sinusoidal) time-dependent portion 
from the space-dependent (modal) portion. Results resolve into an eigenvalue 
problem, with the eigenvalues and eigensolutions indicating individual modal 
frequencies and shapes. The solution is typically of the form: 

where 5 (x) 
n 

~(t) 

00 

Y(x,t) = I 5n(x)~(t) 
n:::l 

is the n th normalized mode of the complete system, and 

is the time dependent generalized displacement coordinate associated 
with the nth mode. 

For a general discussion of these matters, the reader is referred to Ref. 6. 

It is apparent that the deflection Y(x, t) can be related to the 
attitude angle e of the rigid core. It can also be seen that e will be composed 
of contributions due to the various modes. We may write: 

00 

e :::e+Ien~(t) 
n:::l 

where e is the main body angle due to rigid motions; 

th e n ~ is the attitude angle contribution from the n . mode. 

The modal deflections are typically of the form shown in Fig. 6. In 
theory, there are an infinite number of shapes, corresponding to the infinite 
number of eigenfunctions. Half of these will be symmetric motions, involving 
no angular displacement of the central body. These, as mentioned previously, 
are of no direct interest in the present context. 

Of the remaining infini te number of antisynnnetric modes, only the 
first few would be of apy importance. It is unlikely that the higher frequency 
modes would be excited by disturbances th at a real spacecraft would encounter. 
Furthermore, higher order Iflotions would tend to be transparent to the control 
circuit, due to the filtering effect of the attitude sensor. 

4.2 Flexibility Parameters (k and w) 

Each characteristic motion will contribute its own dynamic effects 
to the control loop. For the purposes of a mathematical simulation, it is 
advantageous to describe these effects in terms of two basic parameters. The 
first, 'w, is the previously mentioned modal frequency. The second may be termed 
the modal gain, k. Loosely speaking, the gains will indicate the fraction ef 
attitude acceleration attributable to individual modes. 
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Each flex ible mode, as represented by W and k, contributes to the 
transfer function acting upon a satellite's ideal rigid metion . The larger the 
valuè of k for any individual mode, the larger will be the i nfluen ce of that 
oode. Reference 7 develops a number of formulae to est imate va1ues for W and 
k. However, before i ntroducing t hese results, some further background is 
necessary. 

4.3 Constrained and Unconstrained Parameters 

Spacecraft designers have the option of defining satellite modes 
from two vantage points (Ref. 10). For satelli tes wi th a rigid main body anG!. 
flexible appendages, i t is possible to consider motion s of the elastic members 
separately. This is equivalen t to assuming a f ixed cen tral body. Actual main 
body motion may subsequently be modelled as driving forces to the appendages. 
Modes of this form are termed "constrained" , and give rise to constrained 
frequencies and gains, n and K. Conversely, mode shapes of the complete satel
lite may be considered, with the main body free to rotate. These modes result 
in "unconstrained" frequen cies and gains, W and k. 

The relationship between the two systems can be further appreciated 
through Figs. 7 and 8, where block diagrams are shown of constrained and un
constrained vehicle dynamics. The former involves a feedback mechanism to alter 
the rigid response, whi1e the latter has a feed forward summation of moda1 
contributions. Both formulations provide similar solution s provided that the 
number of modes considered is made sufficient1y large. 

According to Ref. 7, constrained frequencies for 'rod-like' f1exible 
members follow the approximation: 

(p = 1, 2, 3 ••. ) (4.1) 

where prepresents the mode number. It is apparent that an equality can be 
made if any mode' s natural frequen cy is known. 

Once the np are found, the constrained gain s for the rod-1ike append
ages are approximated by: 

~ 
nE 

p 

~ = 2.084 (4.2) 

where ~ = If/I is the rati.o of flex ible i nertia tothe satellite' s tota1 inertia. 
The parameter ~ is a measure of the degree of flexibility i n the vehic1e. It is 
apparent that 0 ~ ~ :::. 1. 

To relate the constrained parameters to their unconstrained counter
parts, we may make use of the f0110wing identities: 

(Xl 

I )? 1 (4.3) =-
WE _ nE WE 

Jjl=l q P q 
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:-I 1 (4.4) 
P=l 

Vehicle dynamics computed using constrained parameters are found to 
have lesser accuracy neat resonance than those calculated using an equal number 
of unconstrained modes. However, experience has shown that accuracies near 
resonance will be comparable if the number of constrained modes is made suffi
ciently larger than the number required in the uncorl3 trained format. 

5. THE F INA!, C OMPurER MODEL 

The full simulation block diagram, complete with controller and 
structural dynamics sections, is shown in Fig. 9. .An unconstrained format was 
adopted for the body dynamics block, with modal parameters derived from a 
constrained system. This allowed greater accuracy tban would have been possible 
with the constrained method, given a similar number of modes. 

Only one flexible unconstrained mode was included with the rigid mode, 
in the interests of computational economy. It was not felt that this simp")..ifica
tion would alter the basic character ofthe results. 

5.1 Values of Controller Parameters 

The choice of values for PSR parameters req uires a detailed analysis 
by the satelli'te designer. The system must be optimized for performance, fuel 
economy, cost, etc. 

In order to present arealistic system, it was deemed best to employ 
values designed for a practical spacecraft. In this regard, we were fortunate 
to have available an early design study (Ref. 4) of the back-up pitch controller 
for Canada f s CTS satelli te. The following 'parameter s, originating in that 
report, were used in our model. 

Parameter Value 

13.3 

0.0188 

8.8 sec. 

0.12 ft-lb 

68 slug-ft2 

The system was designed for a deadband angle (DB) of 0.35 degrees. 
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In the simulation, a time integral was taken of the PSR relay output. 
Termed ton' the value provided a measure of thruster on-time, and therefore an 
indication of fuel consumption. 

5.2 Values of Flexibility Parameters 

The modal frequency and gain for the unconstrained flexibility block 
were derived from an equivalent system of three constrained modes. A value of 
~ and n). would be set for the first constrained mode. Equations (4.1) and (4.2) 
would then be employed to estimate the values of n and K for the first three 
constrained modes. These, in conjunction wi th the transform equations (4.3) and 
(4.4) then provided w). and kJ. for the first unconstrained flexible mode. Thus, 
the two parameters ~ and n). could be thought of as defining a 'condition of 
flexibility' for the unconstrained dynamics block. 

In this study, interest centres on appendage frequencies close to 
the satelli te' s control loop natural frequency. A parameter was defined to 
measure this feature. Expressed in terms of constrained or unconstrained 
frequencies it becomes, respectively, 

or 

cp = w). 
w 

c 

Values of n). were restricted so that <I> would not exceed the range 
0.1 to 10. Figure 10 shows the relationship of cp to <I> over the entire range 
of fij. It is seen that cp approaches <I> as the value of ~ diminishes. 

The presence of a damping parameter, ~, in the flexibility bleck, 
requires some explanation. It is a standard, though mathematically non
rigorous, practice to include this energy dissipative term in dynamic simula
tions. This parameter has a small value, in practice. For our model, a value 
of 0.001 was chosen. 

5.3 Nondimensionalization of Variables 

Simulation variables which would be of later interest were made 
dimensionless, and denoted -by the symbol (h). , The following chart lists the 
nondimensionalizing factors: 

Nondimensional 
Variables Factor 

time: t, t on (l/t*) 

angles: 8, 8~<u (l/DB) . 0 

(t*/DB) angle rate: 8, 8).g,. 

DB and t* refer te the deadband angle and characteristic time, respectively. 
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5.4 Initial Conditions 

A number of initial conditions nrust be set for the integrating blocks. 
Conditions were made cOlJ!latible wi th a step change from a motionless attitude. 
That is, q, q, éo ' were zero, while 8

0 
was given an arbitrary rotation of 

10 DB. 

6. ,GOMPUTATION PROCEDURE 

An IBM-packaged cOlJ!luter language named GSMP (Gontinuous System 
Modelling Program) was available to numerically solve the control loop equations. 
CSM!? has the great advantage of being a digi tal dynamic simulation program, while 
offer ing many advantages of analog computation. In use, the programmer is simply 
requi:rrd to list system transfer functions, and set the various numerical con
stants and initial conditions. 

The GSM!? user nrust pay the price, however, for the programming ease. 
Since the program is supplied as a prepackaged language, the programmer must 
arrange his problem to suit the program, and not vice-versa. Input and output 
formats are limited, as are the variables available as output. Another dis
advantage is the largeamount of cOlJ!liling time required to process a GSMP 
simulation. 

The particular program written to solve the system of Fig. 9 is found 
in Appendix A. Most of the statements are self-explanatory. Two subprograms 
are added; one simulates the PSR relay with deadband and hysteresis, while the 
other provides punched cards of requir ed output varia1:iL es • 

6.1 Integration Method 

A GSMP-supplied fifth-order Milne method was selected for integration. 
step size was allowed to vary, being decreased until prescribed error criteria 
we re met. 

Predictor and corrector calculations were applied by GSMP, using the 
following formulae: 

Predictor : 

Corrector: 

?(t + t.t) :::: y(t - t.t) + (t.t/3)[8X(t) -5X(t - t.t) 

+ 4x(t - 26t) - X(t - 3t.t)] 

yC (t + L:.t) = ~ [y (t ) Pi> 7Y (t - L:.t)] + ~~2 [65X (t + t.t) 

(6.1) 

+ 243X(t) + 51X(t - t.t) + X(t - 2t.t)J (6.2) 
" 

The integration interval was then adjusted, such that one of the following 
equations would be satisfied: 

12 
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or 

where A is the allowable error. 

<A-- , 

<A- ; 

(6.3) 

(6.4) 

Once these criteria were ' satisf'ied, the integration estimate became: 

6.2 Operating Procedure 

The CS:MP program was run to provide output f'rom t = 0.0 to t = 20.0. 
(This corresponds to t ~ 855 seconds of' real time.) Wi th each run, new values 
were set f'or the f'letibility parameters wJ. and kJ. corresponding to a predeter
mined <1> and~. ~ was varied f'rom 0.1 to 1.0 in steps of' 0.1. <1> took on :five 
values in the range 0.1 to 10.0. This resulted in a total of' 50 simulations 
with f'lexibility, in addition to one rigid ref'erence case. 

A number of' simulations were undertaken to determine a reasonable 
error criterion. Tt was f'ound that an error of' 5 x 10-6 was required at large 
~ and <1> to f'ind output approachi~~ a limit. At lower values of' ~ and <1>, the 
error could be relaxed to 1 x 10 ,allowing better computational economy. 
Computer CPU times on the University of' Toronto l s IBM 370 system were generally 
in the , range of' 0.25 to 0.70 minutes per simulation. 

7 ° DATA PRESENTATION AND ANALYSIS 

A A Punched card output f'rom the CSMP program provided val ue s of' t, ê, 
é, 8J., él., and ton at regular small intervals of' time. These provided the data 
base f'rom which simulations were analyzed. From here on, we write simply 81 f'or 
81qJ. • 

7.1 Simulation Plots 

To allow a qualitative overview of' perf'ormance trends, a number of' 
computer plots were drawn of' each simulation run. The attitude angle and rate, 
êAand ~ were plotted versus t, as was the measure of' f'uel consumption, € n0 
(ton was divided by the value of' ton f'or the rigid spacecra:ft tE> give a \1f'uel 
f'actor" 0) A steE-by-step calculation of' satellite :m=chanical energy was also 
plotted against t. (The f'ormula used is presented in Appendix B.) This display 
is particularly valuable, since it provides some insight into stability. The 
more rapidly the vehicle loses its mechanical energy, the more quickly it 
approaches its ideal ultimatestate of' zero é and zero 8. Clearly if' the 
energy were to steadily increase, the satellite conf'iguration could be labelled 
unstable. This would indicate that energy f'rom control jet pulses was being 
added to attitude oscillations, instead of' being subtracted, as required. 
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Figures 11 through 31 show some of the simulation plots. The first 
.-of the series, Fig. 11, presents the performance of the fully rigid spacecraf't 

(t3 = 0). Following are graphs at t3 = 0.1,0.4,0.7, and 1.0 for the full range 
of~. A number of trends are evident. 

" " 9 vs t 

All simulations show a rapid initial reduction of 9 to values hovering 
about the deadband. There are pattern changes, though, that relate to ranges of 
ep. At low ep, the attitude angle tends to ride the edge of the deadband. Tt 
appears that the control jets have the power to hold the main body in place, but 
must constantly fight the slowly but surely moving appendages. When ep is greater 
than 1.0 (above controller resonance), the response tends to follow the rigid 
simulation pattern. The flexible vibration of the booms seems to add only a 
high-frequency ripple to a steady motion, as shown for the case ~ = 0.1, ep = 3.16. 
Unlike the lower frequency examples, the response of the appendages does not 
dominate the pattern. 
" . 
9 vs t 

The oscillatory frequency is readily apparent in these plots. Like 
the displacement vs time series, the response pattern is more a func·tion of ep 
than it is of~. At low values of CP, the pattern follows the form of alternating 
spikes about a relatively low velocity. The steady low velocity corresponds to 
the intervals where 9 hugs the deadband edge. The large spikes show the effect 
of the appendages intermittently swinging the core to the opposite side of the 
deadband. Velocities will be high until the thruster fires repeatedly, again 
bringing the attitude angle t 0 the deadband edge. For the larger CP'!3, there is 
a ripple of varying magnitude about steady coasting velocities. 

t vs t 
-on~--

Fuel usage at larger values of cP follows clos~ly the figure for the 
rigid satellite. The thruster uses little power af ter t = 2.0. This contrasts 
sharply to the requirement of satellites with cP = 0.1. Af'ter the initial spurt 
of fuel,the usage figure slowly, but steadily, increases. The total flow at 
t = 20, however, remains somewhat lower. The largest figures for fuel usage 
are found when the satellite' s natural frequency is approached, and especially 
for large t3. Similar to the low frequency case, a large portion is spent af'ter 
the initial j~. 

Energy vs t 

There seem to be three patterns for the energy plots. At low CP, there 
is a tendency to drop rapidly to a high and steady value. This indicates that 
the attitude jets have li·ttle effect on the vibrations of the low frequency 
appendages, once those appendages have been set in motion • 

At the slightly larger frequency of cP = 0.316, the energy follows a 
slow steady decrease, showing some controller effectiveness in reducing vibration. 

For cP = 10.0 and for cP = 3.16 at high t3, there is a rapid decrease to 
a low energy value. Being co~arable to the rigid case, it provides an extra 
indication that little flexible vibration occurs at large CP. 
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7.2 Performance Quality Numbers 

The simulation data was subjected to a more quantitative analysis 
through a program called "SIGVALS". This program, found in Appendix A, isolated 
or calculated values from the simulations which were considered significant in 
terms of showing satellite performance. The items of interest were: 

(i) Total Fuel Expended 

The total thruster-on time for each flexible simulation was divided 
by the corresponding ton for the rigid satellite. This provided ~ fuel factor 
corresponding to the fuel used in a particular run, divided by the fuel usage 
for the reference rigid run. 

(ii) Time in Deadband 

The primary function of the control system is to maintain the attitude 
angle, e, within the deadband region. A measure of the system' s success in 
meeti~ this requirement is shown by the percent of time that it actually satis
fies Ie I < l.O. 

(iii) Initial OVershooting 

When the control loop is first excited, there is a tendency for state 
variables to overshoot. A satellite with less overshoot is better capable of 
coping with attitude perturbations. Program SIGYALS, therefore, was designed to 
find the maximum overshoot of the attitude angle and rate (ê and ê), along with 
the component of angle and rate due to flexibility (ê~ and ê~). 

(iv) Secondary Maximurns of Variables 

~ 

In the time span of t ::: 2.0 to the final t ::: 20.0, it can be assumed 
that initial overshooting hastapered away. The maximum magnitudes of the state 
variables now provide some indication of deviation over an extended period. 

(v) Energy 

Ultimately, the energy represented by the state variables should 
become zero. How closely a given simulation approaches this goal indicates 
system stability. By calculating the energy at € = 20.0, a powerful indicator 
of performance quality was measured. 

7.3 Plots of Performance Quality Regions 

The "significant numbers" found above for each simulation were 
assessed. Grades were assigned, ranging in value from "A" to "E", with an A 
identifying the best level. Generally , an "A" signified performance equal to, 
or better than, the performance of the rigid reference case. Each performance 
criteria of Section 7.2 received a quality grading for all flexible simulations. 
This allowed quality region plots to be drawn, as shown in Fig. 32 to 38. (The 
computer program which calculated the quality grading, and drew the plots is 
found in Appendix A.) Each criterion has a display of ~ vs t3. Quality gradings 
are entered in the position corresponding to each simulation's flexibility 
parameters. 
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Figure 32 shows plots for criterion 1 using both the constrained and 
unconstrained format (i. e. , <I> vs t3 and cp vs t3). Subsequently, only the uncon
strained type is displayed. The latter can easily be converted, using the 
transformation of Fig. 10. 

8. RESULTS FROM PERFORMANCE ANALYSIS 

Figures 32 through 38 show many interesting performance trends for the 
flexible satellite model. Each criterion of quality will be reviewed individually. 

Criterion 1. Fuel Expended 

There is a definite increase in fuel consumption as the appendage 
modal frequency approaches the satellite 's natural frequency (i.e., cp ~ 1.0) • 
In addition, extra fl,lel is required at l~ge (3. The excellent economy shown at 
low cp may be misleading, however, due to the finite interval of~our simulations. 
The fuel usage plots show little sign of easing consumption at t = 20.0, indicating 
th at larger long term figures can be expected. 

Criterion 2. Time in Deadband 

A definite trend is shown of decreasing deadband time as cp decreases, 
and as t3 increases. Only those frequencies above Wc show good results. 

~ 

Criterion 3. 9 Overshoot 

The 'attitude angle is shown to be less likely to overshoot at large t3 
and small cp. ThiS t3 trend is due, no doubt, to the decreased main body inertia 
which the attitude jets must control. The lower frequency of vibration allows 
plenty of time for the jets to assert authority. 

Criterion 4. 
~ . 
9 Overshoot 

The area of highest vel 0 city overshoot is found at low cp and large t3. 
Most of the performance degradation is caused by the worsening contribution of 
é~ (se~ Criterion 6 below). 

Criterion 5. ê~ Overshoot 

The trend in this criterion is exactly opposite to that observed in 
'Criterion 3. The implication is apparent. The proportion of appendage inertia 
is largest when the rigid main body inerlia is least, rnaking the high t3, low CP, 
zone most subject to avershoot. 

~ 

Criterion 6. 81 Overshoot 
~ . 

The region of high 9~ overshoot is also the region of largest 91. 
The larger flexible displacements at given frequencies result in correspondingly 
larger modal velocities. 

Criterion 7. Secondary B 

The long-term attitude angle perturbations become considerably 
degraded around the resonance frequency. Good performance is found only at the 
high and ~ow modal frequencies. 
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• 

~ 

Criterion 8. Secondary 8 

The trends of the velocity excursions follow closely the pattern 
established above for the angular displacements. 

Criterion 9. Secondary 8;t, 

The simulation plots of Figs. 11 to 31 showed how the appendage motion 
became more violent at low cp and high t3. This is distinctly underlined bythe 
larger long term ê~ in this regime, as shown in the performance quali ty plo·t. 

A . 
Criterion 10. Secondary 8; 

~ 

A Areas of highest appendage velocity , 8~, coincide wi th the regions of 
maximum 8~. This is compatible 1with the results of Criterion 9. 

A 

Criterion 11. Energy at t = 20 

The quality pattern found for the energy criterion is not as clear 
as some others. However, one result is readily apparent. At cp above the 
resonant frequency, energy drops very well, with somewhat less improvement at 
smaller ~. 

The low frequency, high flexibility region (low CP, high t3) retains a 
large amount of residual energy. 

8.1 Concluding Remarks 

The plots of the preceding section show definite variations in satel
lite performance as a function of appendage flexibility. 

The ability of the pseudo-rate controller to operate well is very much 
a function of the natural frequency of vibration of the appendages. At higher 
frequencies, the elastic modes are not as likely to become excited by control 
inputs. At lower ranges, however, elastic oscillations can become a dominant 
motion, particularly when large boom inertias are present. In add.ition, these 
modes tend to persist much longer, as shown by the energy plots. 

It is of marked interest that energy levels for all simulations show 
a decreasing trend wi th time. This indicates that no unstable behaviour has 
been found for any flexible condition of our spacecraft model • 
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APPENDIX A 

This appendix contains a computer listing for the following 'programs: 

(i) CSMP simulation program 

(ii) Program "SIGVALS" 

(iii) Program to calculate and plot performance 
quality regions 
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APPENDIX B 

The total mechanical energy has kinetic and potentia1 parts. The 
kinetic contribution, can be wri'tten as t 

(B.l) 

where Ib is the inertia of the main body. A mass integral is taken over the 
flexible appendages, denoted by "a". 

Now, from the formulae and notation of Ref. 10, we can expand 8 and 
y as: 

with 

8 = El + ~ 8 0 (t) . n!l 

J 5 (x)5 (x)dm = I 8 8 ; 
a n m n m 

8 = - ! J x5 (x)dm 
n I n 

82 
n 

k =---
n f3 _ 82 

n 

(B.2) 

(B.3) 

nrm (B.4 ) 

(B.6) 

(B.7) 

Substitute (B.2) to (B.7) into ~B.1), assuming one flexible mode. 
Furtpernondimensionalization by 1/2 It wn results with: 

The potential energy is composed of two parts. The first is the 
potentialof elastic deflections. This can be wri tten as (Ref. 10): 

V_./1 =! ~ w?(I - I 82 )02 
~ 2 n f n !l 

B-l 

(B.8) 



or: 

=L 
after nondimensionalizing. 

A :further potential term can be estimated :for the satellite controller. 
It will exist :for attitude angles beyond the deadband angle. I:f we define 
8

EXT 
= 8 - DB, we may write: 

v = ! k 82 
cont 2 EXT 

where 

After substituting (B.n) into (B.10), we have: 

V cont 

! I w2 
2 c 

(B.10) 

(B.ll) 

(B.12) 

The tátal dynamic energy is -the sum o:f (B.S), (B.9) and (B.12) which, :for one 
mode, is given by: 

E =(~)2+ 
1:. I w2 C 
2 c 

(q2 +w2q2)82 
J. ~ ~ 1 

w~~ 

B-2 

+ 82 
EXT (B.13) 
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