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ABSTRACT Affine formation control (AFC) is a subset of formation control methods that enables co-
ordinated multiagent movement while preserving affine relationships, and has recently gained increasing
popularity due to its utility across diverse applications. AFC is inherently distributed, where each agent’s
local controller relies on the relative displacements of neighboring agents. The unavailability of these
measurements in practice, due to node or communication failures, leads to a change in the underlying graph
topology and subsequently causes instability or sub-optimal performance. In this work, each edge in the
graph is modeled using a state-space framework, allowing the corresponding edge-states to be estimated
with or without up-to-date measurements. We then propose a Kalman-based estimation framework where we
fuse both temporal information from agents’ dynamics and spatial information, which is derived from the
geometry of the affine formations. We give convergence guarantees and optimality analysis on the proposed
algorithm, and numerical validations show the enhanced robustness of AFC against these topology changes
in several practical scenarios.

INDEX TERMS Formation control, Kalman filter, affine localization, decentralized control.

I. INTRODUCTION
Multiagent systems have been widely researched for their
broad applications in various fields such as artificial intelli-
gence [2], swarm robotics [3], social networks [4], and space
applications [5], [6]. Distributed formation control is a funda-
mental task in a swarm where agents collectively preserve a
geometric pattern, i.e., a formation, with application to col-
lective object transport [7], space-based interferometry [8],
or various sensing missions [9]. It relies on measurements of
relative information among agents to achieve different forma-
tions. For instance, distance measurements are used to achieve
rigid formations that allow translations and rotations [10],
[11], bearing measurements allow formations with scaling of
the geometry [12], [13], and displacements can be employed
to realize affine formations [14].

Affine formation control (AFC) is a subset of displacement-
based formation control, where the configurations of agents
are allowed up to affine transformations over time, which
include rotation, translation, shearing, or their combinations.

This flexibility is favored in complex and cluttered envi-
ronments where the swarm must avoid certain obstacles.
The agents can maintain a static formation [14] or track a
time-varying target configuration with continuously changing
affine transformations [15]. This maneuverability of affine
formations is typically achieved by setting a small subset
of agents as leaders, which can access global and absolute
information. However, rigidity conditions are imposed on the
underlying graph to ensure stability, which requires careful
topology design. AFC is also a case of a networked control
system [16], where information needs to be communicated
over a network in which the communication pattern is defined
by edges in a graph. Disruptions in sensing or communica-
tion, or an agent’s malfunctioning in practice, will effectively
change the underlying graph, which may cause stability and
optimality issues. For a resilient deployment in harsh environ-
ments, strategies for topology changes are necessary.

Solutions to topology changes in networked control sys-
tems are abundant in the literature, from physical layers to
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controller designs. The predominant strategy is to model a
switched system with time-varying graphs [17], [18], [19],
where the stability is shown for every allowed switch pat-
tern. These works are suitable for various scenarios, including
time-varying edge sets [17], [18] where there are no missing
agents, and the time-varying vertex sets [19] where the uncon-
trolled or uncooperative nodes are considered in the switching
pattern. However, AFC has a stringent graph rigidity condi-
tion to guarantee stability [14], which can be compromised
by any missing edge or node in the predefined graph. This
makes it difficult to design stabilizing patterns, especially for
large-scale networks. Random and rapid changes in the graph
pose additional challenges in the switched system.

Another line of work uses local predictors to estimate
missing information originating from topology changes, such
as packet dropouts [20], [21]. The philosophy is to design
only one controller for a predefined graph and develop an
additional observer or predictor for the control feedback. Ex-
amples of predictor design include Kalman filtering based on
dynamic models [22], neural network-based prediction [23],
etc. However, these solutions are not sensitive to the graph
stability conditions and instead often rely on the availability
of measurements to prevent error accumulation. For instance,
permanent information loss, such as a departing or uncoop-
erative node, is not tolerated. In the context of AFC, to the
best of our knowledge, there is limited research to address the
topological changes due to the above challenges.

In this paper, we develop a distributed estimation frame-
work for topology changes due to missing information for
the affine formation maneuver control of multiagent systems.
We adopt a similar philosophy to [24] where each edge in
the graph, representing the displacements used for local con-
trollers, is modeled by a state-space tracking system. Due to
the linearity of the model, a Kalman-based approach naturally
suits this application, which offers computational advantages
as compared to less interpretable and complex neural-based
methods. In contrast to the conventional distributed Kalman
filter, which breaks down in the presence of permanent mea-
surement loss, we employ estimators that exploit the geometry
information implicit in affine formations. We thus enable
a unifying approach for several adverse scenarios challeng-
ing conventional methods in the context of AFC. This work
expands on our preliminary results [1], where the general esti-
mation framework is proposed with numerical verifications,
but without detailed discussions on the guarantees and the
performance of the algorithm. In this context, our additional
contributions in this work include: 1) we enhance the feasibil-
ity in low observability conditions using a dynamic consensus
filter; 2) we mathematically show the convergence properties
for the adaptive convergence indicator, which indicate the
quality of the geometric estimates; 3) the convergence and
optimality of the proposed algorithm is shown; 4) additional
simulations are added to verify the claimed properties, and to
test the limits of our algorithms in larger networks.

Layout: Section II provides the preliminaries of the affine
formation control, followed by the proposed adaptive edge

tracking modeling in Section III. In Section IV, we introduce
the geometric estimators, which are then adaptively com-
bined with direct edge measurements and dynamic predictions
in our proposed geometry-aware relative Kalman filtering
(GA-RKF) framework. The convergence and optimality of
GA-RKF are discussed in Section V, and numerical vali-
dations of the proposed concepts and practical scenarios in
Section VI. Finally, we conclude our work and give directions
for future work in Section VII.

Notations: Vectors and matrices are represented by lower-
case and uppercase boldface letters, respectively, such as a
and A. The elements of matrix A are expressed using [A]ij
where i and j denote the index of rows and columns, re-
spectively. Sets and graphs are represented using calligraphic
letters, e.g., A. The relative complement of two sets is denoted
by \. Vectors of length N of all ones and zeros are denoted by
1N and 0N , respectively. An identity matrix of size N is de-
noted by IN . The Kronecker product is ⊗ and a vectorization
of a matrix is denoted by vec(·) by stacking all the columns
vertically. The trace operator is denoted by tr(·). We also use
subscripts k on vectors and matrices to indicate a time-varying
variable.

II. PRELIMINARIES
A. GRAPH THEORY
We consider N mobile agents in a D-dimensional space with
D typically being 2 or 3. The prescribed interactions among
the agents are described by an undirected nominal graph
G = (V,E) where the set of vertices is V = {1, . . ., N} and
the set of edges is E ⊆ V× V. As an undirected graph is
equivalent to a bidirectional graph, i.e., (i, j) ∈ E ⇔ (j, i) ∈
E, we assume there are M directed edges (or M/2 undirected
edges) in total. The set of neighbors of a node i ∈ V is defined
as Ni = {j ∈ V : (i, j) ∈ E}. In operation, the time-varying
connectivity of the system is modeled by a functional graph
Gk = (Vk,Ek) where k is the discrete-time index. The func-
tional graph is a subgraph of the nominal graph for all time
instances, i.e., Vk ⊆ V and Ek ⊆ E for all k. Correspondingly,
the agents have a subset of neighbors Ni,k = {j ∈ V : (i, j) ∈
Ek}, whose cardinality is denoted using a shorthand notation
Ni,k = |Ni,k|. The difference between functional and nominal
graphs represents the failure of nodes and edges.

In this work, a frequently used graph characterization is the
incidence matrix, and its definition for the functional graph
Bk ∈ R

N×Mk where Mk =
∑
i∈Vk

Ni,k is defined as

[Bk]im =

⎧⎪⎨
⎪⎩
1 if edge em = (i, j) ∈ Ek leaves node i

−1 if edge em = (i, j) ∈ Ek enters node i

0 otherwise

,

(1)
which admits the structure Bk = [B1,k,B2,k, . . .,BN,k]
where the matrix Bi,k ∈ R

N×Ni,k , ∀i ∈ V, groups the
columns per agent. Note that 1�

NBi,k = 0�
Ni,k

. Fig. 1 shows
an example of Bk for a functional graph derived from a
4-node complete nominal graph.
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FIGURE 1. An example of the incidence matrix Bk , which implies 10
(directed) edges. Note that this graph has fewer edges compared to its
fully connected nominal counterpart.

FIGURE 2. An illustration of a few basic affine transformations.

B. GEOMETRIC TRANSFORMATIONS
We define zi,k ∈ R

D as the time-varying position of agent i
at time instant k, and collect all the positions of the agents in
a configuration matrix Zk = [z1,k, z2,k, . . .,zN,k] ∈ R

D×N .
Similarly, a target configuration that collects the expected po-
sitions of agents is defined as Z∗

k = [z∗
1,k, z

∗
2,k, . . .,z

∗
N,k] ∈

R
D×N in which z∗

i,k ∈ R
D is the individual target position

for each agent i ∈ V. For the nominal graph G, we introduce a
nominal configuration P = [p1,p2, . . .,pN ] ∈ R

D×N where
pi ∈ R

D is the nominal position for agent i. The nominal
configuration represents a general geometric pattern that the
agents are expected to achieve, and the time-varying target
configuration is a time-varying mapping from the nominal
configuration through geometric transformations.

In the context of the affine formation control (AFC), the
transformation is limited to affine transformations, which pose
the following constraint

Z∗
k = Θ∗

kP + t∗k1
�
N , (2)

where Θ∗
k ∈ R

D×D characterizes a shape transformation
such as scaling, rotation, shearing, etc., and t∗k ∈ R

D indi-
cates a collective translation. Some illustrations of the affine
shape transformation are shown in Fig. 2, and note that they
pose constraints on the structure of the Θ∗

k matrix with a
reduced degree of freedom. In summary, the continuous tar-
get positions, which form several trajectories, are generated
by designing Θ∗

k and t∗k, given the nominal positions of the
agents. The goal for the formation maneuver control is to steer
the agents such that their positions Zk converge to and track
the target Z∗

k with minimum error.

C. LEADER-FOLLOWER MANEUVER CONTROL
AFC is a consensus-based control that aims to steer the agents
into their desired positions using relative information, i.e.,
displacements. Typically, a small subset of agents is set as

TABLE 1. Discrete-time control laws for AFC [15], [25].

leaders that globally track the target positions while still inter-
acting with the remaining majority, i.e., the set of followers.
In this scheme, target configurations Z∗

k are achieved but not
informed to the followers if they maintain the formation. In
other words, the geometry patterns for the maneuvers are
described by the leaders. To achieve AFC, the number of lead-
ers required is D + 1 with some geometrical conditions and
typicallyN � D + 1 [15]. Hence, we limit our discussions to
the followers in terms of control laws, edge and node failures,
and the prospective estimator designs in this work.

In this work, we model the agents’ motion using single-
integrator dynamics in discrete time, which is a common and
effective kinematic model for multiagent systems wherein the
agent’s velocity can be directly controlled. The dynamics for
each agent i ∈ Vf are then given by

zi,k+1 = zi,k +Δtui,k, (3)

where Δt is a small time interval and ui,k is the velocity
input. The control laws for various scenarios are shown in
Table 1 [15], [25]. Here, we use a shorthand notation for the
displacements i.e., zij,k = zi,k − zj,k and the edge weights
lij , ∀(i, j) ∈ E are associated with a nominal graph. The rigid-
ity of the nominal graph guarantees the existence of stabilizing
weights [14], which can be calculated through convex pro-
grams [14], [26] or mixed-integer programs [27] given the
graph design. We initially assume the nominal graph satisfies
the rigidity constraints, ensuring the stability of the control
laws in Table 1, and later focus on realistic scenarios where
such rigidity conditions may not hold.

Definition 1. (Sufficient formation convergence): We claim
that the agents have sufficiently converged to their target po-
sitions at a given time instance k if

δk =
1

N
‖Zk −Z∗

k‖2F ≤ ε, (4)

with an arbitrarily small ε.
In AFC frameworks [15], [27], [28], [29], the tracking error

δk is a common performance metric, which globally indicates
the convergence of the algorithm. Sufficient convergence is
asymptotically satisfied for controllers in Table 1 with no or
bounded measurement noise, but can be violated at formation
initialization or under large environmental disturbances before
re-stabilization.
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FIGURE 3. Some practical scenarios modeled by functional graphs, which are subgraphs of a nominal graph. The colored nodes and solid edges
represent true agents and connections; orange nodes are candidates for leaders; gray nodes and dashed edges are unavailable agents and connections in
the functional graph. The edges with arrows are directed edges representing one-way flow of information.

III. PROBLEM FORMULATION
A. MOTIVATION FOR EDGE-STATE ESTIMATION
In the previous section, we introduced formation controllers
associated with a time-invariant nominal graph with certain
rigidity conditions. In reality, these conditions are often not
satisfied due to various practical challenges, e.g., imperfect
communication channels that lead to one-way communication
links, or limited sensing range that results in the loss of edges
that violate the stabilizing rigidity conditions. This can also
be due to hardware failures that require agents to leave the
formation temporarily. These scenarios are illustrated in Fig. 3
and described below.

(S1) One-way communication links: During operation,
there could be instances when information flows
only in one direction, resulting in a directed func-
tional graph, as shown in Fig. 3(b). Several existing
controllers have been designed for directed topolo-
gies [28], but these solutions are generally incapable
of randomly and potentially rapidly changing topolo-
gies.

(S2) Violation of stabilizing conditions: A realization of
the functional graph might not satisfy the required
rigidity conditions for the existence of stabilizing
controllers. See an example scenario in Fig. 3(c), in
which the graph can lose rigidity after removing one
or more edges.

(S3) Departing and rejoining agents: In practice, it is com-
mon for agents to depart from the swarm due to failure
or battery life, as shown in Fig. 3(d). In this case, the
rest of the agents are still expected to maintain the
formation in the absence of missing agents. In such
situations, the controllers designed for the original
topology are no longer effective.

To overcome these adverse scenarios, we design a state-
space model for each edge, whose availability over time is
modeled as intermittent observations. Furthermore, we ex-
plore the geometry of the formation that contains additional
edge information to improve the estimator. Given this model,
we could apply filtering and prediction techniques without
having to redesign controllers or introduce switching systems.

B. RELATIVE STATE SPACE MODEL
In this section, we introduce the edge-state tracking model
and later develop estimators based on this model. For each
edge (i, j) ∈ E in the nominal graph, we assign a state vec-
tor γij,k = [z�

ij,k, ż
�
ij,k, z̈

�
ij,k]

� ∈ R
3D which includes the

displacement zij,k and the corresponding higher-order kine-
matics such as (relative) velocities and accelerations. We then
propose a linear state-space model as follows

γij,k+1 = Fγij,k +wij,k, (5a)

ỹij,k = Gγij,k + ṽij,k, (5b)

where F ∈ R
3D×3D is the state transition matrix in the dy-

namical model, and G = [1 0 0]⊗ ID ∈ R
D×3D is an

observation matrix that selects only the observation of the
displacement i.e., ỹij,k ∈ R

D. The noises wij,k ∼ N(0,Qij)

and ṽij,k ∼ N(0, R̃ij,k) are assumed to be zero-mean Gaus-
sian. Since this state-space model is based on relative kine-
matics (upto a translation), we also refer to (5) as the relative
state-space model.

The edge estimation model operates as an independent
observer within the architecture, and thus decouples it from
the specific control dynamics (e.g., single-integrator). This
independence allows users to select a more descriptive relative
state-space model for enhanced performance. We therefore
adopt a constant acceleration model among several common
choices [30], without loss of generality. The matrices in this
model are in standard form

F =

⎡
⎢⎣1 Δt 1

2Δt
2

0 1 Δt

0 0 1

⎤
⎥⎦⊗ ID, (6)

Qij = σ2
w

⎡
⎢⎣

Δt4

4
Δt3

2
Δt2

2
Δt3

2 Δt2 Δt
Δt2

2 Δt 1

⎤
⎥⎦⊗ ID, (7)

where the variance σ2
w can be tuned.

For the observation model (5b), the state vector measure-
ments should be incorporated, if available. However, these
measurements may be unavailable due to various practical
challenges discussed in the earlier section. In this case, we
propose geometric estimators exploiting the affine formation
properties of the network. Therefore, the observation model
should choose either the available measurements or the geo-
metric solution. The composite observation ỹij,k is then

ỹij,k =

{
yij,k, if (i, j) ∈ Ek

ẑ
geo
ij,k, if (i, j) ∈ E \ Ek

, (8)
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FIGURE 4. A general architecture of the formation control with our
proposed geometry-aware estimator.

where

yij,k = zij,k + vij,k, (9)

is the observation available to agent i with noise vij,k ∼
N(0,Rij) under nominal conditions. The vector ẑgeo

ij,k denotes
the geometric estimation of the edge state for (i, j) ∈ E \ Ek,
i.e., when the measurement is missing at time instance k. The
covariance R̃ij,k for the equivalent noise ṽij,k corresponds to
the observation model (8)

R̃ij,k =

{
Rij , if (i, j) ∈ Ek

R
geo
ij,k + ψi,kID, if (i, j) ∈ E \ Ek

, (10)

where Rij is the noise covariance related to the direct mea-
surement (9), and R

geo
ij,k is the covariance for the geometric

estimator, which is then adaptively penalized by ψi,kID based
on the confidence of the geometric estimation. Here, the adap-
tive coefficient ψi,k approximates the state of convergence,
which introduces a large penalty when the nodes are in ran-
dom configuration, e.g., during initialization, and is negligible
when the target configuration is reached.

Given the relative state-space model (5), we aim to propose
adaptive filters to estimate the edge state from noisy and
incomplete measurements. The estimated state could be sub-
sequently used by the local controllers for position updates. In
the following section, we present the details of the geometric
estimators and discuss their performances. A general system
architecture is shown in Fig. 4, where the differences com-
pared with an ideal system are highlighted, i.e., estimators are
deployed for unobservable neighbors.

IV. GEOMETRY-AWARE ESTIMATORS
In this section, we propose a geometric estimator and discuss
the theoretical limitations and extensions. We later fuse it into
a Kalman filter framework as our proposed geometric solution
for ẑgeo

ij,k introduced in (8).

A. RELATIVE AFFINE LOCALIZATION
Observe that the configuration space is determined by a
lower-dimensional parameter space defined by the geomet-
ric parameters Θ∗

k and t∗k, as evident from equation (2). As

such, missing configurations can be estimated by first recon-
structing this parameter space. This is a geometrical way of
localizing (relative) positions, which we refer to as Relative
Affine Localization (RAL). This technique assumes sufficient
formation convergence as in Definition 1 such that zi,k is
sufficiently close to z∗

i,k for i ∈ V.
The local form of the geometry constraint (2) is z∗

i,k =
Θ∗
kpi + t∗k, ∀i ∈ V and observe that

z∗
ij,k = z∗

i,k − z∗
j,k = Θ∗

kpi + t∗k − (Θ∗
kpj + t∗k) = Θ∗

kpij ,
(11)

for i ∈ V, j ∈ Ni, where pij � pi − pj comes from the
known nominal configuration. Thus zij,k is linear w.r.t. Θ∗

k,
and the observations (9) can be extend to yij,k = zij,k +
vij,k = Θ∗

kpij + vij,k under the assumption of sufficient for-
mation convergence. If for each node i ∈ Vk, we collect all
the observations yij,k, ∀j ∈ Ni,k column-wise in a matrix
Y i,k ∈ R

D×Ni,k , we have a local aggregated set of equations

Y i,k = Θ∗
kHi,k + V i,k, (12)

where Hi,k = PBi,k ∈ R
D×Ni,k , Bi,k is the incidence

block of agent i from the functional graph defined in (1),
and V i,k ∈ R

D×Ni,k collects the corresponding noise vij,k in
columns. The geometry parameters Θ∗

k can then be estimated
through a least-square formulation

Θ̂
ral
i,k = arg min

Θ∗
k

‖Θ∗
kHi,k − Y i,k‖2F = Y i,kH

†
i,k, (13)

where H†
i,k = H�

i,k(Hi,kH
�
i,k)

−1. The reconstruction of the

unobservable edge ẑral
ij,k, ∀j ∈ Ni \Ni,k can be subsequently

obtained by

ẑral
ij,k = Θ̂

ral
i,kpij = Y i,kH

†
i,kpij , (14)

with a covariance structure

Rral
ij,k =

(
p�
ijH

†�
i,k ⊗ ID

)(
INi,k

⊗Rij

)(
p�
ijH

†�
i,k ⊗ ID

)�
.

(15)
This is the RAL solution and the derivation of (15) is shown
in Appendix A, and a unique solution using (14) is guaranteed
if Hi,k is of full row rank, which translates to some geometric
conditions which we refer to as geometric feasibility, and
define as follows.

Definition 2. (Geometric feasibility of RAL): Relative
affine localization is geometrically feasible if the estimator
(14) has a unique solution for agent i, when Ni,k ≥ D, i.e.,
Y i,k contains observations of at least D neighboring agents
that are not collinear in R

2 or coplanar in R
3 in the nominal

configuration, to ensure a full-rank Hi,k. A few examples in
R

2 are illustrated in Fig. 5 .
Although RAL applies in most cases, we are still interested

in providing viable solutions in more extreme cases, i.e., for
some time instance k, geometric feasibility is not satisfied.
Since the leaders in the formation determine the maneuvering
pattern, the formation can present special cases of affine trans-
formation, such as scaling and rotation, etc., in a controlled
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FIGURE 5. A few examples to explain geometric feasibility of RAL in R2,
where the colored nodes represent the agents of interest. (a) infeasible
due to Ni,k < D locally. (b) infeasible due to collinear neighbors such
that Hi,k is not full-rank. (c) feasible.

manner. In these cases, Θ∗
k is structured, which we can use

as constraints for estimation (14) for a further reduction of the
required number of observations. We give a broad overview of
this approach in Appendix B. Another more general solution,
which we provide in the following, is to allow agents to share
their estimates of the geometry parameters using a consensus
filter.

B. CONSENSUS FILTERING
In scenarios where geometric feasibility is not met, agents
can estimate Θ∗

k using a consensus that exploits neighbor-
hood communication. Due to the time-varying nature of the
parameter of interest, i.e., Θ∗

k, we propose the use of the fol-
lowing dynamic consensus filter [31], which has the following
updates

ΔΘ̂i,k =
∑
j∈Ni,k

(
Θ̂j,k − Θ̂i,k

)
+

∑
j∈Ji,k

(
Θ̂

ral
j,k − Θ̂i,k

)
,

(16a)

Θ̂i,k+1 = Θ̂i,k + εΔΘ̂i,k, (16b)

where Θ̂i,k are the parameters of interest for agent i, RAL

estimates Θ̂
ral
j,k from (13) can be considered as external inputs

that contains the information of the underlying time-varying
signal, and ε is a small constant multiplied by the increment
ΔΘ̂i,k. The set Ji,k contains both the neighbors and the
agent i, i.e., Ji,k = Ni,k ∪ {i}. The time-varying set of neigh-
bors Ni,k implies an intermittent communication pattern, and
the convergence analysis of such behavior can be found in
e.g., [32].

Given this filtered estimate Θ̂i,k, the final geometric esti-
mation is ẑ

geo
ij,k = Θ̂i,kpij , which has a reduced covariance

compared with using Θ̂
ral
i,k without the consensus filter. The

covariance of this estimate is also reduced by approximately a
factor of N from (15)

R
geo
ij,k = Rral

ij,k/N. (17)

A more detailed derivation can be found in Appendix A.

C. LOCAL CONVERGENCE INDICATOR
Recall from Section IV that the RAL estimator assumes suffi-
cient formation convergence. When this is not satisfied, ẑgeo

ij,k

in observation model (8) is subject to large biases that can be
destructive to the algorithm. This is the reason we introduce

the adaptive covariance matrix R
geo
ij,k + ψi,kI in (10) with a

positive local convergence indicator (CI) ψi,k. An ideal indi-
cator function would be the tracking error (4), which directly
compares the difference between the agents’ real and target
positions. However, this is a global function that is locally
intractable since the target configuration Z∗

k is not known to
the follower agents. Therefore, we propose the following CI

ψi,k =
1

Ni,k

∑
j∈Ni,k

∥∥∥Θ̂ral
i,k − Θ̂

ral
j,k

∥∥∥2
F
, (18)

where Θ̂
ral
i,k is the local estimate of the geometry parameters,

and Θ̂
ral
j,k is accessible through neighborhood communication.

In contrast to (4), our proposed CI (18) requires no global
information but exhibits a similar trend as the tracking error
δk, which is suitable as the adaptive penalty of the covari-
ance. An intuitive graphical explanation of this CI is shown in
Fig. 6, and we give some formal mathematical guarantees in
the following sections.

D. GEOMETRY-AWARE RELATIVE KALMAN FILTER
We now reexamine the edge state-space model (5) and pro-
pose our edge-state tracking algorithm. Disregarding the
geometric estimator ẑgeo

ij,k in (8), a Kalman filter with intermit-
tent observations can be derived from the tracking model (5),
where the predictions based on the dynamical model are run
for all time steps but the correction steps are executed only
when direct edge observations yij,k are available. We name
this modified Kalman filter as Relative Kalman Filter (RKF)
([1] Section III-B), as we focus on the edges that denote the
relative state space. If the geometric estimator ẑgeo

ij,k in (8) is
provided, we use it as an alternative source of observations to
extend the RKF framework with extra correction steps, which
is coined Geometry-Aware Relative Kalman Filter (GA-RKF),
which is outlined in Algorithm 1.

V. CONVERGENCE AND OPTIMALITY
In this section, we give insights into the conditions of con-
vergence and optimality of the proposed GA-RKF algorithm.
We also discuss the applicability and guarantees in practical
scenarios. As is known, the convergence of a Kalman filter
depends on the properties of the dynamic and observation
matrices in the state-space model and the noise covariance. In
our edge tracking case, the baseline framework is a constant
acceleration model with intermittent observations (the RKF),
which is well understood in the literature. We start our analy-
sis with the adaptive coefficient ψi,k in (10), i.e., convergence
indicator (18).

A. CONVERGENCE INDICATOR
Recollect that our primary objective in introducing the conver-
gence indicator (CI) ψi,k in (18) is to penalize the covariance
if sufficient formation convergence in Definition 1 is not satis-
fied. We show that ψi,k qualifies as it converges the same way
as the tracking error δk (4).

112 VOLUME 5, 2026



IEEE Open Journal of

Control Systems

FIGURE 6. An illustration of the convergence indicator at discrete time intervals of 0, 1, 10 and 30 seconds. While the system has not sufficiently

converged, e.g., at 1s, large discrepancies between Θ̂
ral
i,k and Θ̂

ral
j,k lead to different locally perceived formations, i.e., the inferred configurations Θ̂

ral
i,kP

and Θ̂
ral
j,kP . As the system converges to the target configuration, these discrepancies decrease until the agents reach a consensus on the perceived

formation e.g., at 30s in this illustration. This implies that the global convergence can be approximated by gauging the difference between local and

neighborhood estimations of Θ̂ral
i,k , i.e., CI (18).

Algorithm 1: GA-RKF, for Agent i ∈ Vk at Time Instant
k.
1: Input: Dimensions D, Number of neighbors Ni,k and

Measurements Y i,k ∈ R
D×Ni,k (12)

2: Output: Estimates ẑij,k for edge (i, j) ∈ E

3: Construct Hi,k corresponding to Y i,k

4: if Ni,k ≥ D and Hi,k is full rank then

5: Compute Θ̂
ral
i,k from (13)

6: else
7: Set Θ̂

ral
i,k = 0

8: end if
9: Exchange Θ̂i,k−1 and Θ̂

ral
i,k with neighbors j ∈ Ni,k

10: Compute convergence indicator ψi,k from (18)
11: Compute Θ̂i,k from (16) � Consensus filtering
12: for j ∈ Ni do � Edge-state tracking
13: if (i, j) /∈ Ek then
14: Compute ẑ

geo
ij,k = Θ̂i,kpij

15: Compute R
geo
ij,k + ψi,kID from (15) and (17)

16: end if
17: Kij,k = Λij,k−1G

�(R̃ij,k +GΛij,k−1G
�)−1

18: γ̂ij,k = γ̂ij,k−1 +Kij,k(ỹij,k −Gγ̂ij,k−1)
19: Λij,k = (I −Kij,kG)Λij,k−1 �Kalman iterations
20: ẑij,k = Gγ̂ij,k
21: end for

Lemma 1: (Upper bound of CI): In the noiseless case, i.e.,
vij,k = 0 ∀(i, j) ∈ Ek, the local convergence indicator ψi,k
(18) is upper bounded by the tracking error δk (4) as ψi,k ≤
ci,kδk, where ci,k ≥ 0 is a time-varying scalar given by

ci,k =
N

Ni,k

∑
j∈Ni,k

∥∥∥Bi,kH
†
i,k −Bj,kH

†
j,k

∥∥∥2
F
, (19)

with known Bi,k and H†
i,k from RAL solutions (14).

Proof: See Appendix C �
Lemma 1 proves that if the tracking error δk follows a

certain trend under standard control laws, i.e., asymptotically
and exponentially converges to zero, then the local indicator
ψi,k will also converge similarly up to a known scaling. In the
noisy case, it is intuitive that similar conclusions hold, which
is formalized in the following theorem.

Theorem 1. (Upper bound of CI under observation noises):
Under observation model (12), the expectation of the local
convergence indicator E[ψi,k] is upper bounded by the expec-
tation of the tracking error E[δk] up to a known scaling and an
offset, i.e, E[ψi,k] ≤ ci,kE[δk] + bi,k, where

ci,k =
N

Ni,k

∑
j∈Ni,k

∥∥∥Bi,kH
†
i,k −Bj,kH

†
j,k

∥∥∥2
F
, (20a)

bi,k =
tr(Rij)

Ni,k

∑
j∈Ni,k

(∥∥∥H†
i,k

∥∥∥2
F
+
∥∥∥H†

j,k

∥∥∥2
F

)
. (20b)

Proof: See Appendix C. �
In the presence of noise, a biased term related to the noise

covariance appears in the inequality. In this case, we claim that
if the noise energy is finite and the tracking error converges to
zero with a small margin of error, CI also converges to a finite
value.

Remark 1: (Sufficiency for CI convergence): The conver-
gence of the tracking error (4) is a sufficient but not a
necessary condition for the convergence of the CI (18), i.e.,
if δk → 0, then ψi,k → 0 as k → ∞.

The sufficiency of CI convergence is obvious given the
upper bounds in Lemma 1 and Theorem 1, but the necessity
is generally not true. Note that the definition of CI (18) only
requires agreement of geometry parameters with the neigh-
boring agents, i.e., only shape convergence of the formation
is considered, but not the translations. For instance, if the
formation converges to the target configuration up to a large
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translation, indicators ψi,k for all i will be zero, but the track-
ing error will be large. In practice, the setting of leaders will
ensure convergence to the target configuration, and ψi,k can
be used to benchmark global convergence.

B. CONVERGENCE OF GA-RKF
In this section, we give insights into the convergence of Al-
gorithm 1. We begin by analyzing the baseline version of
the RKF algorithm, which is a standard Kalman filter with
intermittent observations [33] without a geometric estimator.
We model the availability of the edge observation as an i.i.d.
Bernoulli process with parameter 0 ≤ λij ≤ 1. Here, λij = 1
indicates that all observations are available at all time in-
stances k for edge (i, j) ∈ E, and λij = 0 refers to the absence
of any observations, i.e., the edge is permanently lost from the
graph. We emphasize the case of λij = 0, as this relates to the
node failures scenario (see Section III-A).

If the geometric estimation is not considered, the edge state-
space model (5) is simplified to

γij,k+1 = Fγij,k +wij,k, (21a)

yij,k = Gγij,k + vij,k, (21b)

with vij,k ∼ N(0,Rij) and wij,k ∼ N(0,Qij), and the ob-
servation availability is controlled by λij ∀(i, j) ∈ E. Matri-
ces F and G are the same as given for model (5). Lemma 2
states the convergence of RKF from model (21).

Lemma 2. (Convergence of RKF): If (F ,Q1/2
ij ) is control-

lable, (F ,G) is detectable, and λij > 0, then the estimation
error covariance for RKF is bounded.

Proof: Let λc be a known critical threshold, then we know
from [33] that if λij > λc, then the Kalman filter with inter-
mittent observations leads to a bounded error covariance. The
proof of controllability and detectability of (21) is straight-
forward and thus omitted. The critical value λc in general
is bounded by λ ≤ λc ≤ λ̄. However, the upper and lower
bounds meet in our case of a constant acceleration model at
λc = 1− 1/α2 where α is the largest absolute eigenvalue of
F (Sec IV, [33]). In this case, α = 1 for the F matrix, which
leads to λij > λc = 0 as needed for the convergence. �

Remark 2: (Applicability of RKF): The claim in Lemma
2 is intuitive since the matrix F for the constant acceler-
ation model represents a marginally stable system, which
indicates that estimation covariance will be bounded without
the supervision of many observations. For unstable systems
in which α > 1, the critical value λc will increase, indicating
that frequent observations are needed for the covariance to
be bounded. From an information-theoretic perspective, the
Mahler measure [34] can also be used to determine the mini-
mum data rates for stability, which yields the same threshold
as our analysis. However, RKF diverges once the edge is
completely lost, i.e., λij = 0, when certain nodes are missing
from the graph.

In GA-RKF, geometric estimations provide extra edge
observations, promoting the practical edge availability, espe-
cially when λij = 0. The key is to ensure a finite observation

covariance R
geo
ij,k + ψi,kID in model (10) for the geometric

estimator to qualify as an effective observation. Next, we
present a general claim of the convergence of GA-RKF with
an informal proof.

Proposition 1 (Convergence of GA-RKF): At time instance
k, GA-RKF on all edges (i, j) ∈ E admits a finite estimation
covariance for 0 ≤ λij ≤ 1, if geometric feasibility in Defi-
nition 2 is satisfied for agent i and the tracking error δk is
bounded.

Proof: If geometric feasibility is satisfied, then H†
i,k in

(15) is finite. According to Theorem 1, CI ψi,k is also bounded
if the tracking error δk is bounded. As such, the adaptive
covariance R

geo
ij,k + ψi,kID is also bounded across time to

qualify as extra observations. Subsequently, the equivalent
edge availability λ̄ij under GA-RKF is guaranteed to be
greater than the critical value shown in Lemma 2, i.e., λ̄ij >
λc = 0 for the GA-RKF to converge. �

Remark 3: (Applicability of GA-RKF): In the scenario that
geometric feasibility in Definition 2 is not satisfied for some
agents, GA-RKF can achieve convergence since we imple-
ment the consensus filtering (16) to ensure estimates from
immediate neighbors are available. Hence, GA-RKF can ad-
dress the λij = 0 case as compared to the RKF.

We have given insights into the convergence property of
the proposed GA-RKF algorithm, which is widely applicable
owing to the geometric estimator. On the other hand, these
extra observations can potentially contribute to an improved
estimation performance compared to RKF, which we elabo-
rate next by comparing the estimation bounds.

C. POSTERIOR CRAMÉR-RAO BOUNDS
For a linear Gaussian state-space model, the Kalman filter
is optimal, i.e., the posterior covariance is minimized and
reaches the posterior Cramér-Rao bound (PCRB) [35]. The
tracking model (21) is one such case, and thus the RKF al-
gorithm is optimal. In this section, we show that GA-RKF
outperforms RKF by showing that the PCRB of the state
estimate using GA-RKF is lower than that of the bound on
the state estimates obtained from RKF, due to the additional
geometric observations. The Fisher information matrix (FIM)
for RKF under model (21) at time instance k is

J rkf
ij,k+1 = βij,kG

�R−1
ij G+

(
Qij + FJ rkf

ij,k

−1
F�

)−1

,

(22)
where βij,k is a binary scalar indicating the observation avail-
ability, i.e, βij,k = 0 when no observations are available at
time k. Similarly, the FIM for GA-RKF for model (5) is

J
ga-rkf
ij,k+1 = βij,kG

�R−1
ij G+ (1− βij,k)G

�

(
R

geo
ij,k + ψi,kID

)−1

G+
(
Qij + FJ rkf

ij,k

−1
F�

)−1

,

(23)

where there is an additional term for the extra geometric
observations. Note that FIM is additive, since our geometric
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FIGURE 7. The nominal graphs and the target trajectories of the formation maneuver which are used for the simulation. The nodes in orange are selected
as leaders, which will not be considered in the simulation scenarios.

estimates are independent of the direct observations. We now
conclude the optimality in the following theorem.

Proposition 2 (Optimality of GA-RKF): The estima-
tion covariance of GA-RKF reaches the PCRB (23), i.e.,

cov(ẑij,k) � J
ga-rkf
ij,k

−1
with equality, which is more optimal

than PCRB for RKF (22), i.e., J rkf
ij,k

−1 � J
ga-rkf
ij,k

−1
.

Proof: It is straightforward to see that Jga-rkf
ij,k � J rkf

ij,k due
to the extra positive definite term. The equality holds when
βij,k = 1, i.e., all observations are direct observations and no

geometric estimates are engaged. Then J rkf
ij,k

−1 � J
ga-rkf
ij,k

−1

holds simply due to the Loewner ordering property [36]. �
To conclude the optimality of GA-RKF, the posterior co-

variance reaches the PCRB since it is still a linear Gaussian
system, and its PCRB is lower than that of RKF, indicating its
better optimality. The two PCRBs meet when all direct edge
observations are available.

VI. SIMULATIONS
In this section, we present numerical validations of our pro-
posed edge-state estimation algorithm and test it in several
practical scenarios to show the enhanced robustness. We first
introduce the simulation setup, where we give the nominal
graphs, describe the maneuvering pattern, and various other
system parameters. We then validate the optimality and con-
vergence of the GA-RKF algorithm that is disconnected from
the control loop. Finally, we show the performance of the
GA-RKF algorithm when introduced into an affine formation
control in some practical scenarios. The simulation code and
plots are available online.1

A. SIMULATION SETUP
We consider a nominal graph in R

2 for formation maneu-
vers [1], which is illustrated in Fig. 7(a), where there are N =
10 nodes with M/2 = 30 undirected edges. The maneuvering
pattern used in the simulation is shown in Fig. 7(b), where
we simulate for a duration of 60s with a discrete time step
Δt = 0.01 s. Equivalently, the control and communication of
the agents run at a frequency of 100Hz, which is feasible with
modern embedded architectures. Recall from (2) that target

1https://github.com/asil-lab/zli-garkf-afc

FIGURE 8. Estimations of Θ∗
k with RAL (upper row) and consensus

filtering (bottom row) over time under full and low observation settings.
The black dashed line is the true values of tr(Θ∗

k) across time, and the
colored dots are agents’ local estimates. λij characterize the Bernoulli
distribution chosen the same for all edges (i, j) ∈ E. If λij is small
(bottom), then a significant edge loss is present and geometric feasibility
is violated more frequently, in which case Θ̂

ral
i,k is set to zero.

trajectories Z∗
k at any time instance k ≤ 6000 are determined

by the underlying transformation parameters Θ∗
k and t∗k. The

noise covariance Rij,k for the observation model (9) is chosen

as a constant σ2
v

[
1 0.3
0.3 1

]
∀k, where we select σv = 0.1

which is a nominal value used in various experiments. For the
step size ε in the consensus filter (16), the estimation accuracy
can be compromised when it is tuned too large, and can lag
the parameter of interest if tuned too small. We choose a mild
ε = 0.08 for a decent performance.

B. GEOMETRY-AWARE ESTIMATORS
To validate the theoretical claims in Section V, we first show
the following results independent from the formation control,
i.e., the estimates ẑij,k from Algorithm 1 are not introduced
in the controller, which instead uses complete information.

As discussed in Section IV-A, the estimation of Θ∗
k is con-

ditioned on geometric feasibility, and the consensus filtering
in Section IV-B is proposed to relax the condition by allow-
ing the exchange of the estimates in the neighborhood. The
estimation covariance (17) is reduced at the same time. Fig. 8
shows the tracking performance of the geometric estimators,
where it is clearly shown that consistent estimates can be
provided even when there are significant edge losses using the
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FIGURE 9. The relationship between the tracking error δk and the
convergence indicator ψi,k . Only the first 30s is simulated and the mean
of 100 Monte Carlo experiments is presented.

FIGURE 10. The convergence of the posterior covariance of the Kalman
filters. One edge in the nominal graph is selected for the visualization.
λij = 1 and λij = 0.2 (middle and right) are set for all (i, j) ∈ E whereas
λij = 0 (left) is only set for the selected edge and the others remain
present.

consensus filter. In addition, accurate tracking is achieved with
reduced noise.

Recall that the local convergence indicator (18) is proposed
to penalize the RAL estimates, and its boundedness and re-
semblance of the global tracking error (4) are claimed in
Section V, which is visualized in Fig. 9. As can be seen, the
CI converges in a similar way to the tracking error, which
indicates the formation convergence. The boundedness can
be seen from the plot on the right, where the bias term in
Theorem 1 is subtracted from the CI.

We have mathematically shown the convergence and op-
timality of GA-RKF in previous sections, and its numerical
validation is provided in Fig. 10, where we compare the trace
of the posterior covariance, i.e., tr(Λij,k) in Algorithm 1
between GA-RKF and its root version RKF using different
settings of λij . Lemma 2 claims that RKF converges even
for a small number of edge observations, but λij > 0 is still
necessary to have a bounded covariance. In Fig. 10, RKF
diverges when λij = 0 and converges when λij = 0.2. On the
other hand, GA-RKF converges even when λij = 0 due to the
geometric estimates as observations. Moreover, Proposition 2
shows that GA-RKF is more optimal than RKF when λij < 1
and they are equivalent when λij = 1, which is also corrobo-
rated in Fig. 10.

C. PRACTICAL AFC SCENARIOS
Having validated the proposed theories, we now test the GA-
RKF in some practical scenarios. Note that we now put the
estimators in the control loop, i.e., ẑij,k in Algorithm 1 is
used for the local controllers in Table 1. We use the tracking

FIGURE 11. Tracking errors δk under random edge losses (left) with
λij = 0.4, and the tracking error δ̄ is averaged across time k (right).

error (4) as our main evaluation metric, and the performance
of convergence and optimality of AFC are focused on.

We first set up random edge losses, which cover scenarios
S1 and potentially S2 motivated in Section III-A. We simulate
the tracking error across a spectrum of λijs. Fig. 11 shows the
tracking error for the proposed algorithm, where both RKF
and GA-RKF have a significant improvement on the average
tracking error compared with the case where no estimators are
implemented, especially under low λij . In the particular case
where λij = 0.4 shown on the right in Fig. 11, we see that the
convergence speed is maintained compared with the λij = 1
case, where all edge observations are available, which is used
as a experimental bound on the tracking error.

Fig. 12 shows another scenario where some agents (fol-
lowers) are disconnected, which is motivated by S3 in
Section III-A, and we expect the rest to remain stable and
maintain their respective target positions. As can be seen, the
“No estimator” case and RKF diverge with node failure since
the underlying topology change requires a new stabilizing
controller, if it exists at all, due to graph rigidity requirements.
For the RKF, the predictions are outdated as soon as the rela-
tive dynamics change without any correction of observations.
On the other hand, since the geometry estimates are still accu-
rate as the node failures do not instantly corrupt the geometric
pattern. The remaining nodes estimate the edge as if the failed
nodes are keeping the formation, and thus could maintain their
target positions.

However, a slowed convergence using the GA-RKF can be
observed from Fig. 12 if we initiate the node failure at an
earlier stage of the formation control. This scenario is different
from the random edge loss case, in which the tracking error for
the GA-RKF converges at almost the same rate as the no-loss
case, even if the losses start at t = 0. This is primarily because
the weight of the geometric estimation is scaled down by the
convergence indicator, such that the inaccurate estimates do
not make a strong impact. In the event of node failures, these
estimates are the only source of observations, which provide
sufficient information for the formation to converge despite
not being completely accurate. In conclusion, the GA-RKF is
affected if the assumption of sufficient formation convergence
is not met, but still yields convergence in the given scenarios.
In practice, node failures in the early stages of operation,
e.g., battery recharge or repairs, can be rare, but can still be
addressed in general with our proposed approach.
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FIGURE 12. The convergence of the tracking error (left) using GA-RKF
when a node detaches from the formation at t0 = 0s, t0 = 1.5s, t0 = 3s,
and t0 = 10s. t0 = 0 implies a node fails when the formation is at random
initialization and has not yet converged. t = 10 implies that a node fails
when the formation has converged with a small error. The methods are
compared using the full pattern (right).

Finally, we perform another experiment to study the perfor-
mance of GA-RKF in larger networks with varying network
density. Fig. 13(a) shows a large network of 50 nodes in
random configuration, with two interaction graphs, i.e., a
sparse and a dense graph. Both these graphs are designed
using the same configuration using the algorithm in [26],
and both graphs yield formation convergence. Once conver-
gence is established for the formation, a random subset of
nodes is disconnected from the formation to study the perfor-
mance of GA-RKF given these graphs. We consider different
percentages of random node failures in the network, i.e.,
0%, 6%, 10%, 30%, 50%. For each of these cases, we imple-
ment the GA-RKF algorithm over 100 Monte Carlo runs, and
the runs that remain converged after disconnecting the agents
are counted and plotted in Fig. 13(b). The results show that
the success rates for both sparse and dense networks decrease
with increasing number of failed nodes. More specifically, in
the case of a dense graph 76% of the runs remain stable with
only 25 nodes (50%) missing, while for a sparse graph, only
6% of the runs remain stable for the same percentage of node
loss. This represents a much larger capacity and robustness
against failed nodes in a dense network than in a sparse net-
work, with the potential trade-off being higher communication
and computation load.

VII. CONCLUSION
In this work, we propose the GA-RKF algorithm to enhance
the robustness of AFC to topological changes induced by
observation losses. Our algorithm adaptively fuses temporal
and spatial (geometrical) information using a Kalman filtering
framework, resulting in convergence in extreme settings as

FIGURE 13. Simulations with a large network of 50 node in random
configuration. The average degree is 7.5 for the sparse graph and 47.8
(almost fully-connected) for the dense graph. (a) Illustration of the same
configuration with sparse and dense connections used in the simulation.
(b) The percentage of runs that remain stable after randomly
disconnecting a different number of nodes over 100 Monte Carlo runs.

demonstrated by both theoretical results and numerical ex-
periments. We have also shown the practical applicability of
GA-RKF in random edge loss and permanent node failure sce-
narios. As an engineering insight, the system is more robust
if the network is designed to have more connections among
the agents, allowed by the computation and communication
constraints. In our future work, we aim to strengthen several
aspects of our proposed framework further. First, the discus-
sions are limited to the edge availability and node departures
w.r.t. followers. Furthermore, we would like to generalize our
solutions to general directed graphs.

APPENDIX A DERIVATION OF THE COVARIANCES (15)
AND (17)
Given model (12) and estimator (14), we have

ẑral
ij,k = Y i,kH

†
i,kpij = (Θ∗

kHi,k + V i,k)H
†
i,kpij , (24)

where V i,k is the stochastic element. Applying the property
of vectorization and the Kronecker product (see (520) in [37]),
the covariance of the estimator is

cov(ẑral
ij,k) = cov

(
vec

(
ẑral
ij,k

))
(25a)

= cov(vec(V i,kH
†
i,kpij)) (25b)

= cov
((

p�
ijH

†�
i,k ⊗ ID

)
vec(V i,k)

)
(25c)

=
(
p�
ijH

†�
i,k ⊗ ID

)(
INi,k

⊗Rij

)
(
p�
ijH

†�
i,k ⊗ ID

)�
, (25d)

where we assume the noise vector vij across the edges are
i.i.d. with covariance Rij .
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TABLE 2. Solutions for (13) with additional constraints.

For the covariance of ẑ
geo
ij,k = Θ̂i,kpij , we first apply the

result in [31] that cov(θ̂i,k) = 1
N2

∑N
i=1 cov(θ̂

ral
i,k), where

θ̂i,k = vec
(
Θ̂i,k

)
and θ̂

ral
i,k = vec

(
Θ̂

ral
i,k

)
. We could then es-

tablish that

vec
(
ẑ

geo
ij,k

)
= vec(Θ̂i,kpij) =

(
p�
ij ⊗ ID

)
θ̂i,k, (26)

which leads to

cov
(

vec
(
ẑ

geo
ij,k

))
=

(
p�
ij ⊗ ID

)
cov

(
θ̂i,k

) (
p�
ij ⊗ ID

)�
(27a)

=
(
p�
ij ⊗ ID

) 1

N2

N∑
i=1

cov
(
θ̂

ral
i,k

) (
p�
ij ⊗ ID

)�
, (27b)

where cov(θ̂
ral
i,k) can be derived similar to (25) as

cov
(
θ̂

ral
i,k

)
= cov

(
vec

(
Θ̂

ral
i,k

))
(28a)

= cov
((

H†�
i,k ⊗ ID

)
vec (V i,k)

)
(28b)

=
(
H†�

i,k ⊗ ID

)(
INi,k

⊗Rij

)(
H†�

i,k ⊗ ID

)�
.

(28c)

With a straightforward substitution, we could obtain

cov
(
ẑ

geo
ij,k

)
=

(
p�
ijH

†�
i,k ⊗ ID

) 1

N2

N∑
i=1

(
INi,k

⊗Rij

)
(
p�
ijH

†�
i,k ⊗ ID

)�
, (29)

which, if considering identical local covariance for RAL esti-
mates across the nodes, supports the simple approximation in

(17), i.e., cov(ẑgeo
ij,k) = cov

(
ẑral
ij,k

)
/N .

APPENDIX B CONSTRAINED RAL
In this section, we give an overview of the solutions when the
formation is restricted to special cases of affine transforma-
tions. An overview of these constrained problems and their
solutions is shown in Table 2.

Translation only: Translation is dictated by the t∗k vector in
(2), and the shape of the geometry is not changed. As such,
the estimation of Θ∗

k can simply be set to Θ̂i,k = ID.

Scaling only: For cases where only scaling is involved, the
parameter matrix Θ∗

k degenerates to

Θ∗
k = diag

(
s1k, . . ., s

D
k

)
, (30)

where sdk ∈ R, for d = 1, . . ., D, scales each dimension. Since
the diagonality of Θ∗

k decouples the dimensions in (13), the
problem could be decomposed into D simple independent
least-squares problems.

Rotation only: The parameter matrix Θ∗
k in this case is

an orthogonal rotation matrix with orthonormal columns, i.e.,
Θ∗�
k Θ∗

k = ID is constrained for (13). This formulation is
recognized as the orthogonal Procrustes problem with an-
alytical solutions available [38]. As presented in Table 2,
the solution is derived from a singular value decomposition
(SVD) Y i,kH

�
i,k = U i,kΣi,kΦ

�
i,k where U i,k and Φi,k con-

tain the singular vectors and Σi,k with singular values.
Similarity transform: Similarity transform is a combination

of rotation and scaling, where each dimension is uniformly
scaled by a non-negative sk. Hence, the constraints on Θ∗

k

can be relaxed with a scaling ambiguity, as shown in Table 2.
The rotation and scaling can be estimated independently, with
the rotation estimated as in the previous rotation-only case.
For the scaling, if Hi,k and Y i,k both have economy-sized
SVD with ΣH

i,k and ΣY
i,k as the respective diagonal ma-

trices with singular values, sk can be estimated by ŝi,k =
1
D tr(Σ

H
i,k

−1
ΣY
i,k).

APPENDIX C CONVERGENCE INDICATOR (CI)
A. PROOF OF LEMMA 1
Proof: In the noiseless case, model (12) becomes Y i,k =

ZkBi,k = Θ∗
kHi,k, and the solution to (13) becomes Θ̂

ral
i,k =

ZkBi,kH
†
i,k, where Bi,k is the incidence block for agent

i in the time-varying functional graph. Multiplying Bi,k on
both sides of definition (2) gives Z∗

kBi,k = Θ∗
kPBi,k =

Θ∗
kHi,k, which yields Θ∗

k = Z∗
kBi,kH

†
i,k. Then (18) can be

rewritten as follows

ψi,k =
1

Ni,k

∑
j∈Ni,k

∥∥∥(Θ̂ral
i,k −Θ∗

k

)
−
(
Θ̂

ral
j,k −Θ∗

k

)∥∥∥2
F

(31a)

=
1

Ni,k

∑
j∈Ni,k

∥∥∥(Zk −Z∗
k)

(
Bi,kH

†
i,k −Bj,kH

†
j,k

)∥∥∥2
F

(31b)
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≤ 1

Ni,k

∑
j∈Ni,k

∥∥∥Bi,kH
†
i,k −Bj,kH

†
j,k

∥∥∥2
F
‖Zk −Z∗

k‖2F

(31c)

≤ N

Ni,k

∑
j∈Ni,k

∥∥∥Bi,kH
†
i,k −Bj,kH

†
j,k

∥∥∥2
F
δk (31d)

≤ ci,kδk, (31e)

and hence proven. �

B. PROOF OF THEOREM 1
Recollect the definition of CI (18), we have

ψi,k =
1

Ni,k

∑
j∈Ni,k

∥∥∥(Θ̂ral
i,k −Θ∗

k

)
−
(
Θ̂

ral
j,k −Θ∗

k

)∥∥∥2
F

(32a)

=
1

Ni,k

∑
j∈Ni,k

∥∥ (Zk −Z∗
k)

(
Bi,kH

†
i,k −Bj,kH

†
j,k

)

+
(
V i,kH

†
i,k − V j,kH

†
j,k

)
‖2F (32b)

= ψ′
i,k + ψ′′

i,k + ψ′′′
i,k, (32c)

where the expressions for ψ′
i,k, ψ′′

i,k and ψ′′′
i,k are given by

ψ′
i,k =

1

Ni,k

∑
j∈Ni,k

∥∥∥(Zk −Z∗
k)

(
Bi,kH

†
i,k −Bj,kH

†
j,k

)∥∥∥2
F

(33a)

ψ′′
i,k =

1

Ni,k

∑
j∈Ni,k

∥∥∥V i,kH
†
i,k − V j,kH

†
j,k

∥∥∥2
F

(33b)

ψ′′′
i,k =

2

Ni,k

∑
j∈Ni,k

tr

((
Bi,kH

†
i,k −Bj,kH

†
j,k

)�

(Zk −Z∗
k)

�
(
V i,kH

†
i,k − V j,kH

†
j,k

))
. (33c)

We first define the expectation of the tracking error δk and
the expectation of CI as

E[δk] =
1

N
E

[
‖Zk −Z∗

k‖2F
]
, (34)

E[ψi,k] = E
[
ψ′
i,k

]
+ E

[
ψ′′
i,k

]
+ E

[
ψ′′′
i,k

]
, (35)

respectively, and we then analyze each term individually.
Since ψ′

i,k is the same as (31b), we have

E[ψ′
i,k] ≤ E

[
1

Ni,k

∑
j∈Ni,k

∥∥∥Bi,kH
†
i,k −Bj,kH

†
j,k

∥∥∥2
F

‖Zk −Z∗
k‖2F

]
(36a)

=
N

Ni,k

∑
j∈Ni,k

∥∥∥Bi,kH
†
i,k −Bj,kH

†
j,k

∥∥∥2
F
E[δk].

(36b)

For term E[ψ′′
i,k] in (35),

E[ψ′′
i,k] =

1

Ni,k

∑
j∈Ni,k

tr
(
H†�

i,kE[V
�
i,kV i,k]H

†
i,k

)

+ tr
(
H†�

j,kE[V
�
j,kV j,k]H

†
j,k

)
− 2tr

(
H†�

i,kE[V
�
i,kV j,k]H

†
j,k

)
(37a)

=
1

Ni,k

∑
j∈Ni,k

tr (Rij) tr
(
H†�

i,kH
†
i,k

)

+ tr(Rij)tr
(
H†�

j,kH
†
j,k

)
+ 0 (37b)

=
tr(Rij)

Ni,k

∑
j∈Ni,k

∥∥∥H†
i,k

∥∥∥2
F
+
∥∥∥H†

j,k

∥∥∥2
F
, (37c)

where we use Property 1 in Appendix C. Finally, for term
E[ψ′′′

i,k] in (35), we have

E[ψ′′′
i,k] = E

[
1

Ni,k

∑
j∈Ni,k

tr

((
Bi,kH

†
i,k −Bj,kH

†
j,k

)�

(Zk −Z∗
k)

�
(
V i,kH

†
i,k − V j,kH

†
j,k

))]
(38a)

=
1

Ni,k

∑
j∈Ni,k

tr

((
Bi,kH

†
i,k −Bj,kH

†
j,k

)�

E[Zk −Z∗
k]

�
(
E[V i,k]H

†
i,k − E[V j,k]H

†
j,k

))

= 0, (38b)

as the noises in matrices V i,k for all i and k are zero-mean and
uncorrelated with Zk −Z∗

k. Combing the expressions (36),
(37) and (38), we can conclude that

E[ψi,k] ≤ ci,kE[δk] + bi,k, (39)

where ci,k and bi,k are given by (20) in Theorem 1.

C. EXPECTATION OF NOISE MATRIX INNER PRODUCTS
Property 1: Given a matrix V = [v1,v2, . . .,vN ] ∈ R

D×N

where vi
i.i.d∼ N(0D,R) for i = 1, . . ., N , the following state-

ment holds true

E[V �V ] = tr(R)IN . (40)

Proof: If we use i and j to denote the matrix row and
column index, respectively, then elements in matrix E[V TV ]
are

[E[V �V ]]ij =

{
E[v�

i vj ], i = j
0, otherwise

, (41)

since vi and vj are independent for any i = 1, 2, . . . , N and
j �= i. In addition, the expectation of v�

i vi is the sum of the
variance of each element in the vector i.e., E[v�

i vi] = tr[R].
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Moreover, since the vectors are also identically distributed, we
have E[V �V ] = tr[R]IN , and hence proven. �
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