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Abstract

In this paper, we study the dynamics of a small rigid body in a viscous incompressible
fluid in dimension two and three. More precisely we investigate the trajectory of the
rigid body in the limit when its mass and its size tend to zero. We show that the velocity
of the center of mass of the rigid body coincides with the background fluid velocity
in the limit. We are able to consider the limit when the volume of the rigid bodies
converges to zero while their densities are a fixed constant.

Keywords PDE:s - Fluid-structure interaction - Asymptotic limit - Navier-Stokes -
Rigid body

Mathematics Subject Classification 35Q30 - 35Q70 - 70E15

1 Introduction

In this paper, we study the interaction of a “small light” rigid body with an incom-
pressible viscous fluid in dimension two and three. The system fluid plus rigid body
occupies the domain R? for d = 2, 3. The unknowns of the problem are the position
of the rigid body S(¢), an open, bounded, connected, simply connected subset of R¥
with smooth boundary, and the velocity of the fluid # = which is defined on the fluid
domain F(t) = RY \m with values in R . Moreover, the equations that u r satisfies
are the incompressible Navier—Stokes equations
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ur +diviur @ur) —vAur —Vpr =0 forx € F(1),
div(ur) =0 for x € F (1),
UF =US for x € 3S(1),

lur| — 0 as |x| — 400, (1)

where ug is the velocity of the rigid body and v > 0 is the viscosity coefficient. We
assume that the rigid body has constant density ps € R with ps > 0 and it occupies
the volume S™ at initial time. S’ is an open, bounded, connected, simply connected
subset of R? with smooth boundary.

The motion of the rigid body is completely determined by the dynamics of the
center of mass and of the angular rotation. Recall that the mass and the center of mass
of the rigid body are defined, respectively, by

: 1
m= / psdx and K" = — psx dx.
Sin m JSin

We denote by £ (¢) the position of the center of mass at time # and by Q(¢) the special
orthogonal matrix that characterizes the rotation around the center of mass from the
initial configuration. Then, the volume occupied by the rigid body at time ¢ is

S@t) = {y such that QT (1) (y — h(1)) € Sin} .

In dimension d = 3, its velocity is

d
us = a(h(f) + Q(t)X)‘x:QT([)(y_h(t)) — h/(l‘) + Q/(I)QT(I)(y _ h(t))

=U1) + o) x (y — h()) (2)
where we denote £(r) = h'(t). Moreover, from the fact that Q(t) is a rotation matrix,

Q' (1) QT (1) is skew symmetric and it can be identified with a vector w (¢) € R3 through
the relation

0' (0T (Hx = () x x

where x € R3. The evolution of £ and o follows Newton’s laws that read
mt'(1) = 75 S(uz, prinds
aS (1)

T (1) =T (1) x o(t) — %‘;3( )(x —h() x X(ur, pFnds.  (3)
t

In the above equations, X is the stress tensor

Vu+ (Vu)T

Y(u,p)=2vDw) — pl where D(u)= >
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and J is the inertia momentum, which is given through the formula
J@0) = /5( e [l = HOPT= (c = h0) & (x = h(1))] dx = 0T O Q7 (1),
t

Finally the initial conditions are
up(0) =u?, £0)=¢" andw(0) =™, “4)
such that they satisfy the compatibility conditions
div@®) =0in F” and u’f =0"+ 0" x (x —h™) ndS".  (5)

Moreover, without loss of generality we have 7(0) = 0 and Q(0) = 1.
In the case of dimension d = 2, Eqs. (2) and (3) simplify, in fact Q'(t) Q7 (¢) is
skew symmetric and it can be identify with a scalar quantity w (¢) through the relation

Q'1)Q" (x = w(t)x™
where x = (x1, x2) € R2 and x* = (—x2, x)T. In particular, (2) becomes
us = L(t) + o) (x — h(t)™*.

Newton’s laws read
mt'(t) = —7€ S(ur, prinds
S (1)
Jo' (1) = — 7§ (x —h()" - S(ug, prinds
S (1)

and J is time independent.

System (1)—(3)—(4) has been widely studied. The first works on the existence of
Hopf-Leray-type weak solutions are Judakov (1974) and Serre (1987) where the fluid
plus rigid body occupies R?; in other words, F(r) U S(r) = R3. These results were
then extended in Gunzburger et al. (2000), Conca et al. (1999), Desjardins and Esteban
(1999), Feireisl (2002, 2003). Uniqueness was shown in Glass and Sueur (2015)
in dimension two and in Muha et al. (2021) in dimension three under Prodi—Serrin
conditions. Regularity was studied in dimension three under Prodi—Serrin conditions
in Muha et al. (2022). Well-posedness of strong solutions in Hilbert space setting was
proved in Grandmont and Maday (2000), Takahashi (2003), Takahashi and Tucsnak
(2004) and in the Banach space setting in Geissert et al. (2013), Maity and Tucsnak
(2018). Notice that similar results hold in the case the Navier slip boundary conditions
are prescribed on dS, and see Planas and Sueur (2014), Gérard-Varet and Hillairet
(2014), Bravin (2019), Al Baba et al. (2021), Chemetov et al. (2019).

Let us now introduce a small parameter ¢ > 0, and for x € R, let Sé" C B¢(x)
be a sequence of initial configurations of the rigid bodies. In this paper, we study
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the dynamics of the rigid body when & converges to zero. Let us recall that it has
already been shown that the fluid is not influenced by the presence of a “small” rigid
body. In fact, in Lacave and Takahashi (2017), He and Iftimie (2019), He and Iftimie
(2021) and Feireisl et al. (2022), the authors showed that given a sequence of solutions
(UF.e, Le, we) to system (1)-(3)—(4), then there exists a subsequence of fluid velocity
ur . that converges, in some appropriate weak norms, to u that satisfies the Navier—
Stokes system

oru+diviu®u) —vAu —Vp =0 forx € RY,
div(u) =0 forx € RY,

lu| — 0 as |x| — +o0. (6)

These results hold under some mild assumptions on m,, Sé” and on the convergence
of the initial data.

Similar results are available also for compressible fluid see Bravin and Necasova
(2023), Feireisl et al. (2022) and Section 6 of Feireisl et al. (2022). Moreover, we
proved in Bravin and Necasova (2022) that under some lower bounds on the masses

me &'/

—> 4ooford=3 and m,>C >0ford=2
the “small” rigid body will move with constant initial velocity. In this paper, we show
that under the assumptions

me/|SIMY3 — 0 and |S"|/e%? — 400 ifd=3,

(N

me /ISP — 0 and |S™)®/e® —> +o0 for some § > 0and 0 < § < 1ifd=2

and appropriate convergence of the initial data, the “small” rigid body follows the fluid
flow. The assumptions (7) are used jn a crucial way in (24) and (27).
Using the fact that m, = pg .|S."|, assumption (7) rewrites

05.6lSM?P — 0 and |S"/e”? — o0 ifd =3,

ps.elSM'™0 —> 0 and |S"|/ed —> +ooforsome s > 0and0 <8 <1 ifd =2.

The main result of this work shows a different behavior of the “small light” rigid
body respect to the case where the fluid is assumed to be inviscid, i.e., the viscosity
coefficient v = 0. In fact, a “small” rigid body is not accelerated by an inviscid
incompressible fluid, see Section 1.4 of Glass et al. (2014b). In a series of works, Glass
et al. (2014a,b, 2016, 2018, 2019), Glass and Sueur (2019), the authors studied the
interaction of a two-dimensional incompressible inviscid fluid modeled by the Euler
equations with a rigid body that shrinks to point particle. In particular, they showed
that the dynamics of the point particle is characterized either by a point vortex-type
equation if the mass of the rigid body converges to zero or by a second-order equation
involving the Kutta—Joukowski-type force if the mass of the rigid body converges to
a positive real number.

@ Springer
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In the above results, the authors prescribe a nonzero circulation y # 0 around the
rigid body at initial time. This assumption implies that the initial velocity field behaves
like a point vortex

(x _ hin)J_
Y orx — hin? ®)
closed to the point particle, where 4" is the initial position of the point particle. The
sequence of initial data that have been considered in Glass et al. (2014a,b, 2016, 2018,
2019), Glass and Sueur (2019), does not converge in L2, which is the classical energy
space for the initial data of the Navier—Stokes system.

To compare, Glass et al. (2014a,b, 2016, 2018, 2019), Glass and Sueur (2019),
with our result where the initial data converge in L2, we have to consider only the case
y = 0. In this case, the point particle is not influence by the fluid in the sense that it
move with constant velocity, see Section 1.4 of Glass et al. (2014b).

Let us recall that some works have been done to study well-posedness for the system
(1)-(3)—(4) where it is possible to consider initial fluid velocity of the form (8), see
Bravin (2020) and Ferriere and Hillairet (2023).

In contrast to the works (Glass et al. 2014a,b, 2016, 2018, 2019; Glass and Sueur
2019), we take advantage of the viscous term in an essential way to show our result.
This partially explains why it is expected that the point particle behaves differently in
the case the external fluid is viscous or inviscid. The key idea in our result is to notice
that the L2-norm of the velocity of the center of mass of a rigid body is bounded by

T
/0 /Rd |Vur|? dx, )

in the case the rigid body has constant density. See for more details (20). Moreover, the
quantity (9) appears naturally in the Leray-type energy estimate for the system (1)-
(3)—(4). We then compare the solutions of system (1)—(3)—(4) with a regular solution
of the Navier—Stokes system via a relative energy estimate. The result then follows if
we assume “well-prepared” initial data.

Let us notice that this result can be extended to the case of finitely many “small”
rigid bodies following the same strategy and using a restriction operator introduced
in Feireisl et al. (2022). In the case of infinite many “small” rigid bodies, the problem
is open and it is not clear how to extend the approach presented here. Finally, in the
case where the fluid has density not constant, not even the well-posedness issue for
the couple system fluid plus rigid body is studied in the literature.

To conclude, we present a short outlook of the remaining part of the paper. In
Sect. 2, we introduce the definition of weak solution for system (1)—(3)—(4) and the
main result. In Sect. 3, we introduce a restriction operator, we state a relative energy
inequality and we use these tools to show the main result. In Sect.4, we present the
proof of the relative energy inequality. Finally we introduce appropriate Bogovskii
operators that follow the rigid bodies in “Appendix A” and we present an appropriate
extension of the Sobolev embedding to our setting in “Appendix B.”

@ Springer
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2 Definition of Weak Solutions and Main Result

In this section, we recall the concept of finite energy weak solutions for the system
(1)—(3)—(4). Then we state the main result of the paper.

We start with some notations. For an open subset O C R” with smooth boundary,
where n € N\{0}, for p € [1, +o0o] and for k € N\{0}, we denote by L?(O),
WKP(©O) the classical Lebesque and Sobolev spaces. In the special case of p = 2,
we use the notation H* () to denote WX-2(®). To short the notation in the estimates,
we use L2, WEP LP, W5P instead of LP(R?), Wk-P(R9), LP(0, T), WKP(0, T),
respectively, where 7 > 0 is a fixed time. The symbols L? (L), L?(Wf "7y denote
the Bochner spaces L9 (0, T, LP(R%)), L1(0, T, Wk-P(R?)) for ¢ € [1, 00] and p €
[1, 400), while for ¢ = 400 we use the notations ||.||L;1(L§Q), ”.”L;](Wic.oc) to denote
the corresponding norms. Following (He and Iftimie 2021), let us denote by

P = XF@) T PSXS()

the extension by 1 of the density of the rigid body. Here, foraset A ¢ R?, we denote by
x4 the indicator function of A, more precisely x4 (x) = 1 for x € A and 0 elsewhere.
Similarly we define the global velocity

U=Ur)r@e +USXS@) = UXF@r) + 1) + o X (x = h())) xS@)-

Notice that if u" € L2(F(0)), then the compatibility conditions (5) on the initial data
imply that div (1) = 0 in an appropriate weak sense.

After all this preliminary, we introduce the definitions of regular solution to the
Navier—Stokes system (6) and of Hopf-Leray-type weak solution for system (1)—(3)-

.

Theorgm 1 Let k > d/2 + 1 be an odd number and let '™ € H*(R?) be such that
div (u'*) = 0. Then, for some T > 0, there exists a unique regular solution (u, p) to
the Navier—Stokes system (6) in the sense that

k+1

2
ue ﬂ HY (0, T; H*'72(®RY)) N L>®(0, T; HXR?)),
=0
k—1

2
p € Li, (RY) such that Vp € (| H (0, T: H*' 72 (R%)),
=0

and (u, p) satisfies (6) pointwise. Moreover, in dimension two T can be chosen arbi-
trarily big. In dimension three, T can be chosen arbitrarily big if the initial datum u'"
is sufficiently small in the norm H*(R%).

The proof of the above result is classical and it is a consequence of the parabolic
structure of the Stokes system plus the fact that the nonlinearity is a small perturbation
for short times. We move to the definition of weak solutions for system (1)—(3)—(4).
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Definition 1 Let S’ and pgl be the initial position and density of the rigid body, let
(ui}’i, 0" ') satisfying the hypothesis (5) and such that u’” € L*(R%). Then a triple
(ur, £, w) is a Hopf—Leray weak solution for the system(1)—(3)—(4) associated with
the initial data S™, p2', u'f, € and ™, if

e the functions u r, £ and w satisfy

e LR RY, we L®RY;R*3)
up e L°RY; LX(F 1)) N L, (RY: HY(F®))), and ueC,®R': L*RY));

e the vector field u is divergence free in R? with D(u) = 0 in S(¢);
e the vector field u satisfies the equation in the following sense:

—/ / pu.(a,<p+(u.V)¢)—2uD(u):D(go)dxdtZ/ pMu™ - (0, ) dx,
R+ JR4 R4
(10)

for any test function ¢ € C° (R x R?) such that div (¢) = 0 and D(¢) = 0 in
S(1).
e The following energy inequality holds

t
/p(t,.)|u(t,.)|2dx+4vf/ |D(u)|2dxdt§f plu"?dx, (11)
R4 0 JRY R4

for almost any time t € R™.

The existence of weak solutions for the system (1)—(3)—(4) is now classical and can
be found, for example, in Feireisl (2002).

Theorem 2 For initial data S™, pgl, ui]’g, 0" and o™ satisfying the hypothesis (5)
and such that u'" € L*>(RY), there exist a Hopf-Leray weak solution (u r, £, ») of the
system (1)-(3)—(4).

Now let us introduce a small parameter £ > 0 that “controls” the size of the rigid
body in the sense that S* C B.(0). We study the dynamics of the rigid body as &
goes to zero for solutions of the system (1)—(3)—(4) under some assumptions on the
initial data ps ., ui}’i’a, Efs" and wé”. In particular, we show that the “small” rigid body
follows the fluid flow in the limit. This result can be resumed as follows.

Theorem 3 Let (ur,, L., w.) be a sequence of Hopf-Leray weak solutions in the sense
of Definition 1, corresponding to the initial data 8", pg',, 'z ,, €', o satisfying
the hypothesis (5) and such that u?—i,g e L>(F™). Let (u, p) be a regular solution,
in the sense of Theorem 1, to the Navier—Stokes equations in [0, T'] x R? with initial
data u™ € H*(RY) for an odd k > d/2 + 1. If we assume that

o the rigid body Sé” C B:(0);

o mg and 8" satisfy (7);

@ Springer
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o ford =3, uf —u 3, 5, /ISIVP — 0. me| € —u (he (0) /IS —>
0 and a)"’g” . j;"wi"/|8£”|l/3 — 0, . ‘ '

o ford =2 |u —'u’”||iz(}.€)/|8é"|3 —> 0, me |6 — u™ (he (0))[*/|S"® — 0
and J" |l |2/|Sé" |9 — 0 where § > 0 is the same of condition (7),

then up to subsequence
he =~ h in HYO,T) and €. —> u(t, h(t)) in L20,T),

where hg is the center of mass of the rigid body S;. Moreover,

t
h(r) =h(0)+f u(t, h(7))dr.
0

Let us notice that in dimension two the time of existence of regular solutions is
arbitrarily big. In this case, the convergence of /1, and £, holds in any compact interval.
In dimension three, the existence of global regular solutions is an open problem but
there exist local in time solutions and they are global in time for small initial data.

3 Proof of the Main Result

The proof of Theorem 3 is based on a relative energy inequality that is stated in Lemma
2. We present the proof of Lemma 2 in a separate section because it is technical. The
plan for this section is to recall the definition of the restriction operator R;, to state
Lemma 2 and to prove Theorem 3. In the remaining part of the paper, we set v = 1 to
simplify the notation.

3.1 The Restriction Operator
Let us introduce a restriction operator introduced in Feireisl et al. (2022). Consider a

cutoff n € C®(R?) such that 0 <5 < 1,7 = 0in B;(0) and n = 1 in R? \ B»(0),
moreover we introduce 7, (x) = n(x/e). The restriction operator is defined as

Relol(t, x) =ne(x — he(1))p(1, x) + (1 — ne(x — he () @(2, he (1))
+ Beldiv (ne (x — he(1))@(t, x) + (1 = ne(x — he (1)) @(t, he(1)))],
where B[ f1(x) = eBi[f(ey)](x/¢e) and By is a Bogovskii operator in B, (0)\ B1(0).
See “Appendix A” for more details.

To simplify the notation for any regular enough function ¢, we denote by ¢*(¢) =
@(t, he(t)). This allows us to rewrite the restriction operator in the more compact form

Re[@] =ne9 + (1 — no)@° + Be[div (nep + (1 — ne)@°)].

In the following lemma, we resume some properties of R.
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Lemma 1 The restriction operator R, satisfies the following properties. For any ¢ €
C%R?) such that div (¢) = 0,

div (Re[p]) =0 inRY, Relpl = o(t, he(1)) in Se(0).

Moreover, for p € [1, 400), it holds

IR:l@] — @l oty < CePll@ll pooay and ||Re[p) — @l oo ey < Cllgl oo ray-
(12)

Finally, if ¢ € W;’oo(Rd) such that div (¢) = 0 and if p € (1, +00),
IVR:L@] — Vol Lo @iy < Cpe?/P @llyi.ooma)- (13)
Proof Let us show estimates (12)—(13). We have
IRelo]l — @llp < IIRe[@] = ne@llr + Ine@ — @l r < | Re[@] — el p + Ce'P gl e
It is then enough to show
IRe[@] = negllp < Ce¥Pllg]l e (14)

Using the definition of R, and the fact that 1 — n, and B, are supported in a ball of
radius 2¢, we have

IRl = negll s = I(1 = 1)@ + Beldiv (e + (1 — 1)) .1
< Ce¥llgllige + CellBeldiv (e + (1 = 7)) ara-n
<CellpllLe + Celldiv (e + (1 = ne)@) 11

Using the fact that ¢ is divergence free, we rewrite
div (ne@ + (1 = 1)@%) = Ve - (9 — ¢°).

This allows us to deduce

IR:[] = nepllz1 < CelllgliLe + CellVne(p — )l
<CepliLe + Cell Vel gl Lo
<CellgllLe. (15)

Similarly

IR:[9] = ne@linge = 1(1 = 1e)@° + Beldiv (e + (1 — n) @)1l ge
=CllglliLe + CliBe[div (nep + (1 = 1)@l
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=Clelre + Clldiv(nep + (1 = 1))l g
=Cllelize + CliVnellLali@llze
=CllellLs. (16)

From (15)—(16) and interpolation inequality, we deduce (14).
To show estimate (13), it is enough to show

IVRe[@] = eVl < Cpe?/Pllgl| o0 (17)
Notice that

VR:[@] = neVo = Vel — ¢°) + VB [Vne (¢ — ¢°)]

and
. p() — ¢
IVne(p — @ )“Lf < |.—hg(t)|778(-)| “ e, r
. e Ly
< = he@ne ()l %
. g LY®

d
<CePlgll oo
The above computations and estimates allow us to deduce

IVRe[@] —neVollp <IVne(e — @)lpp + VB[ Ve (@ — @]l 1
<CpllVne(e — @)l

d
< CpeP gl 10
O

Remark 1 Let us notice that in the proof of the above lemma we show also inequality
(14) that reads

IR[9] — ne@ll Lo ey < Ce¥/PllgllLe (18)

forany ¢ € CO(R?) such that div (¢) = 0 and for p € [1, +oc] and estimate (17) that
reads

IVR:[@] = Vol Logay < CePligll 100 (19)

for any ¢ € W;’OO(R”Z) such that div (¢) = 0 and if p € (1, 4+00).

We will now present the relative energy inequality.
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3.2 Relative Energy Inequality

We will use the restriction operator introduced in the previous section to deduce a
relative energy inequality.

Lemma 2 Under the hypothesis of Theorem 3, we have

T
/ peltte(t, ) — Relut, )P dx + 4/ / D(us — Re[u]) dxd
R4 0 R4
. . . T
< / p" " — Re[u™])* dx + C/ / pelute — Re[u]| dxdr + Rest,,
R4 0 R4

where

|Reste| < C(mg +|Se| + 32 + 318|713, ford =3,
|Reste| < C(me +|Se| +&° + 'S0, ford =2,

with C independent of €.

The above lemma is the key estimate to deduce Theorem 3. We will prove Lemma
2 in Sect. 4.

3.3 Proof of Theorem 3

Let us show Theorem 3 with the help of Lemma 2.

Proof of Theorem 3 Let us show Theorem 3 in dimension three and explain at the end
how to adapt the proof in dimension two. First of all, let us notice that

/ lus (2, X) — Re[ul(t, x)[* dx = / 1€ (1) + we (1) x (x — he (1)) — ut, he (1)) [* dx
Se(1) Se(t)

0 (1) - Te(Owe (1) = |Sel e (1) — ut, he (1)I7,
(20)

=[S l1€:(t) — ut, he(1))1* +
PS.e

where we used in an essential manner the fact that pgs . is constant in S¢ in the second
equality and the fact that J; is semi-positive definite in the last inequality. This allows
us to estimate

S22 110s = ue, he @) 2 < lue = Relulll 21205, )
<181 llue = Relulll 2155, ()
<CISPID e — Relul)ll 212 @3-

We can rewrite the above inequality as

IS — e he )72 < CID (e = Relu 72,5 1)
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From Lemma 2,
S / pelue(t, ) = Relu(t, )P dx + CH[€e — ut, he ()3,
R t
SR / Pelue(t, ) = Relu(r, 1> dx + 415777
R
r 2
/ /3 |ID(ue — Relul)|” dxdt
0 R
<5 /RS Pl = Re[u™])* dx + C|S;" |1
T .
/ /3 pelite — Re[u]|* dxdr 4 |S™| 713 Rest,.
0 R
Gromwall’s inequality implies that

e = u(t, he@)Il7, < (|81;"|*1/3 /R pelu — Relu™]* dx + |s;ﬁ"|*1/3|Resrg|> e'c.
(22)

Notice that

/ Mﬂ—&wmmdxgji m?—wﬂ%u+2/ ul™ - (" — Ro[u™]) dx
Fet) Felt) Felt)
- / (U™ = Re[u™]) - Re[u'"]dx
Fe(t)
_ / uin . (uin _ Rg[uin]) dx
Fe()

< / |uin _uin|2dx+C83/2’
Fe()

where we used some Holder inequalities and (12) ford =3, p = 2 and ¢ = u'".
The above inequality implies

1 in| in iny,2 1 in in2
W/R}Pe lug" — Re[u™]|”dx < W/f@lug —u""dx
me
|S£”|1/3
1 83/2

in in, in
+Ww€ ‘75 W, +Cw—>o,

16" — U™ (he (0))1

(23)
as ¢ —> 0, where we used the assumptions
in

= w13 IS — 0, mel€l —u'™ (he OD /1S — 0
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and " - J"o" /1S3 — 0.
Lemma 2 ensures that
ST | Reste| < ST ICme + |Se| + &2 + 1S — 0, (24)
as ¢ —> 0, from hypothesis

me |Sén|
|Sin (173 >0 and 55

—> +00.

The estimate (22), together with (23) and (24), ensures that
lecll2 < C,
which implies that /. is uniformly bounded in W,l’z. Up to subsequence
he — hin W2,
in particular, it converges strongly in C ? . To show the convergence of €., we rewrite

Ce(t) —ult, (1)) = ue(t, he()) —u(t, he(1)) +ult, he(r)) — u(t, h(1)).

Inequality (22), together with (23), implies that

Ce —u(t, he(r)) = 0 in L2, (25)
Using thatu € L*°(0, T; WXI’OO) and h, — h in C?, we have
lut, he (1)) —u(t, h(t)| < IVullL=©,1;5)|he () — h(1)] —> 0, (26)
for almost any ¢ € [0, T]. The convergence (25) and (26) imply
Ce —> u(t, h(r)) inL2.

Finally we pass to the limit in the equation
t

he(t) = he(0) —l—/ Le(T)dT
0

to deduce

t

h(t) :h(0)+/ u(t, h(r))dr.
0
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Let us now move to the case of dimension two. First of all, let us notice that

S22 0 =t he @) 2 < Nue = Relulll 21205, 1)
< IS4 u, — Relulll 205,00
<CplSi"

l/q(”“e - Re[u]”L?(LZ(]-‘S([))) + 1V (ue — Re[u])”L%(LZ(RZ)))
< Cpl S lue — Relulll 2127, 1yy) + V2N D e = ReluDl 222y

where 1/p + 1/q = 1/2. We used Lemma 4 in the third inequality, and in the last
one, we apply the Korn’s identity

f|w|2dx=2/ |Dv|* dx,
R2 R2

which holds for any v € H'! (R?) such that div(v) = 0. The Korn’s equality can be
verified using the density of C2° (R?) functions in H'!(R?). We deduce that

|$£n|1/p”£s —u(t, hs(t))”LIZ = Cp(”ue - Re[u]”LTZ(LZ(]-‘g(t)))

+ V2D (e = ReluDl 212 m2))-

for any p < oo.
Choose now 1/p = §. Using Lemma 2, we deduce that

. 2
|S£n|_6/ Pelue(t,.) — Relu(t, )]|2 dx + —||€e — u(t, he(l))”L2
R2 Cp !
T
<|Si"~° /2 Pelue(t, ) — Relu(r, )]|> dx +4|$;”|‘5/ fz |D(ue — Re[u])|* dxdt
R 0 R

T
+ 2/ / lug — Re[u]|* dxdr
0o JFEm

T
<Is"™ /R P " = Relu™ 117 dx +(C +2) |8;"|*5f0 fR pelute — Relu]|? dxdr

+ |S£"|_5Rest,s.

Gromwall’s inequality implies that

[[€e — u(t, hg(t))||i[2 <C (|3§n|fs /Rz pé”l”i" _ Rg[uin]|2 dx + |8§’1|’5|Res15|> T(C+2)
(27)

Using the assumptions (7) and following the same strategy as in the case of dimension
three, we prove the theorem. O
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4 Proof of Lemma 2

Let us now show Lemma 2.

Proof of Lemma 2 By Definition 1, any solution (ur ., £, ®,) satisfies the energy
inequality (11) that reads

t
me|le () |* + we (1) - Te(Dwe (1) + f lue|? dx + 4v / f |D(ue)|? dxdz
0 JR4

e (1)
<me e + " - Tl +/ CuitPdx < C.
’ (28)

Moreover, the right-hand side of the above inequality is bounded uniformly in ¢ due
to the assumptions on the initial data stated on points two and three in Theorem 3. In
the same spirit as estimate (21), we deduce in dimension three that

IS0l 2 < CUD W)l 223y < C- (29)

By the hypothesis of Theorem 3 that ' € H* for k > d/2 + 1, there exist a

unique local solution in dimension three and a global solution in dimension two of the
Navier—Stokes equations such that

ue L®0, T;: H*®RY) N L*>©, T; H*'(RY)).

This solution satisfies the energy equality

t 2
f |u|2dx+v/ |Vu|2dxdt:/ u™| dx. (30)
R4 0 R4
With this choice of k, we have also the bounds
||at“||Lt2(L;<J) + ”u”L,OC(W;‘OO) + ”VP”LTZ(LgO) <C. (31)

The above bound will be implicitly used in many of the estimates to prove this lemma.
To deduce the relative energy inequality, let us start by computing

fpemg(t, .)—Rs[u(z,»uzdx:/ p8|ue<z,.)|2dx—2/ pete(t, ) - Rel(u(t, )] dx
R4 R4 R4

+/ pel Relu(t, )11* dx
R4

5/]1;{ pé" ’"| dx — 4 / / |Du,|* dxdr — / / peltg(t,.) - 0 Re[u] dxdr

— 2/ / Ue Q@ ug : VR [u]dxdr +4/ Du, : DR.[u]dxdt
(1) 0 JRd
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T
—2[ pé"u’g”.Rg[u’"]dx—i—/ pé”|R£[u’”]|2dx—4/ / |DR,[u]|* dxds
R4 R4 0 R4

+/ pg|Rg[u<r,.)]|2dx—/ |u(z,.>|2dx+f |u""|2dx—/ P Re[u™ ] dx
R4 R4 R4 R4

T
+4/ f |DR5[u]|2dxdt—4/ |Dul|? dx,
0 R4 R4

where in the inequality we use (28), (10) and (30) that are, respectively, the energy
inequality for u,, the weak formulation satisfied by u, and the energy equality satisfied
by u. After bringing on the left-hand side some terms involving Du, and D R,[u], we
deduce

T
/ pelus(t, ) — Relu(t, )]|* dx +4/ / |D(ue — Re[u])|* dxdt
R4 0 Jrd

< /d p£”|ué” — R [u"])? dx +§Zs_§
R
where
- T T
Rest, = —2/ / Pelte(t,.) - 0y Re[u]dxdt — 2/ f Ue @ ue : VRe[u]dxdr
0 Jrd o Jr®
T
—4f / Dug:DRE[u]dxdt+/ 0| Relult, .)]|2dx—/ lu(t, )| dx
0 R4 R4 R4

T
+/ |u’”|2dx—/ p;"|R€[ul"]|2dx+4/ / DR, [u]|* dxdt
R4 R4 0 R4

- 4/ |Dul|? dx.
Rd

It remains to estimate |Rest.|. To do that, we decompose the remainder Rest, =
Rest! + Rest? where

Resr3=[ pg|Rg[u(r,.>]|2dx—/ lut, .)|2dx+/ |u""|2dx—f P | Re[u™ ]| dx
R4 R4 R4 R4

T
+4/ / |DRg[u]|2dxdz—4/ |Du/? dx.
0 R4 R4

We start by estimating the terms

< (me + 18" Dllulf e

V p€|Rg[u(r,.>]|2dx—/ (. )2 d
Rd Rd

+V |Rs[u(r,.)]|2dx—f lu(t, )|* dx
& (1) Fe(t)
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To tackle the last term on the right-hand side, we notice that R [u(¢,.)] — u(z,.) is
supported in By, (he(?)) and that

[Re[ulllLe < Cllullrge

from (12).
The two above observations allow us to estimate

’[ |Rg[u(r,.)1|2dx—/ lu(z, )|* dx
fs([) Fe(t)

< ’/ Relu(t, )I(Relu(t, )] —u(t,.))dx
Felt)

J’_

/ (Relu(t, )] — u(t, Nu(r,.)dx
Fe(t)

d 2
<Ce¢ ”””Lgo

We deduce that

‘f pE|R8[u(r,.D|2dx—/ lu(t, )|* dx
R4 R4

We estimate the third and fourth terms of Restf analogously, and we deduce

'/R ' |* dxx — /R P | Re[u']|* dx

We are left with the estimate of

T T
V / |DR[u]]? dxdt —/ / | Du|? dxdt
0 JRrd 0 JRrd

< C(me + 18"+, (32

< C(mg + S+ &%). (33)

T
< ‘/ / DR.[u] : D(R:[u] — u) dxdr
0 R4

T
/ / D(R;[u] —u) : Dudxdt
0 R4

J’_

From (13), we have
IDRe[u] = D)l 1212y < Cllul 2106,
which also implies
IDRe 202y = € (Il 2y + el 2 ) ) -
We deduce that

T T
/ / |DR[u]|? dxdr — / / |Du|? dxdt
0 R4 0 R4

< (IDR[ull 22 + 1 Dull 212 D Relut] =)l 22))  (34)
< Cedl, (35)
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Collecting (32)—(33)—(35), we have
|Rest?| < C(mg + &%/ +1Si")). (36)

We now consider the more difficult term Rests1 , which reads
T T
Restsl = - 2/ / Pellg(t,.) - 0 Re[u]dxdr — 2/ / Uy @ ug : VRe[u]dxdt
0 JR4 0 JRrd

T
— 4/ / Du, : DR.[u]dxdz.
0 R4

To tackle this term, we compute the time derivative of R [u] as follows

0 Re[u] = — € - Vneu +ne0ru + £ - Vﬁsﬁs + (1 —no)du’® + (1 —ne)ls - Vit
— e - VBe[Vne(u — u®)] 4 Be[Vne (dju — 8;0° + Le - Vu — £, - Vi®))],

where we used equations (6) satisfied by u. Let us notice that in the above expression
there is no time derivative of 1, inside B, because B, follows the rigid body as 7.. Let
us rewrite

5
O Relul =Y I,
i=1

where

It = nedu, Ih=—le-Vneu+Le - Vnei®, =1 —n)du° + (1 —ne)l - Vie®,
Iy =~ - VB [Vn:(u —i®)], and Is = B:[Vne(0u — 0’ + £; - Vu — €, - Vii®))].

To tackle the term /1, we use the equation satisfied by u. So, let us start by estimating
the other terms. From now on, the estimates depend on the dimension so let us focus
on the case of dimension three. In the last part of the proof, we explain how to adapted
the estimates in the case the dimension is two. To tackle the term involving I, we
notice that the support of Vi, is included in B¢ (h.(¢)). A direct application of the
Holder inequality implies that

T
/ f Pellg - Ip dxdrt
0 R4

T —
f / g - (ea (i = ho ()| Vi) M) (T hé“(’))) drds
0 JBo(h:(1) |x — he (7))l

= ||14£||L[2(L§)||Zs”L[2 llx — hel Ve ”Li’O ”u”L,o"(WX"OO) ||1||L6/5(B2€(h€(t)))
<Ce S0, 37)

T
/ / ue - (—Lg - Vneu + £ - Vit®) dxdt
0 e (1)
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In the last inequality, we used that [Ju, || L2(L8) is uniformly bounded due to (28). We
used (29) to estimate ||€8||Lz The term |||x — he|VnellLee < C by scaling argument.

Inequality (31) ensures that ”u”L?O(le'”) is finite. Finally || 1]l 6/5 g, (n, 1)) = C¢ 32,
The term I3 is the only one which is not zero in S;. We have

pgug - I3 dxdt

mg/ le - ,u® dt + £ - Vi® +/ / ug - (1 —ng)(0ru® + £ - Vie®) dxdt| .
0 Fe(t)
(38)

To tackle the right-hand side, we notice that

T
‘mg/ Ly - 0, dr
0

1 T
<§A ~/]R’ Pelite — RE[M“Z dxdr + me”atu”LTZ(LEO)(Hatu”LrZ(Lf) + Hu”L,z(Lff))’
(39)

T T
< ‘mg/ (e —u®) - 0u®dr + mg/ u® - 9,u® dr
0 0

and similarly,

T
mg/ e - Vit dt
0

Moreover,

1 T
<5 [ [ e = RetadP axar +m 9l + ) (40)
0 JR *

ue - (1 —ne)(0,04° + £ - Vie®) dxdr
e (1)

< el 2sy (Nl 2y + Nl 2 IValmaz ) €2 @D

Equality (38) and estimates (39)—(40)—(41) imply that

T
5/ / Pelute — Re[u]|* dxdt
0 JRre

+C (ms 4652 4 85/2|5§”|—1/6) . (42)

Pellg - I3 dxdt

For the term 14, we proceed as follows.

g - Le - VB [Vne(u — i?)] dxdr
e (1)

= ||’45||Lt2(Lg)”££”LtZ”VBs[V’?s(u - ’/_‘8)]”

) Pelte - 14 dxdt| =
R

LOO(L()/S)

—g
= C”“s”L?(Lg)“Ze”L?||V7)€(u —u )||L,°°(L§/5)
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< Clluell 201 €ell 21100 = he) Vel e lull o .00, 8>

<Ce¥?|8im 1S, (43)

Let us tackle I5 as follows

T
/ / el - I5 dxdt
0 R4

T
/ / e - Be[Vne Bt — 3t + e - Vi — €, - Viit))] dxdt
0 e (1)

= C”“E”LIZ(LE)”Ba[v’]s(atu — 0’ + L - Vu — £, - Vﬁs))]”LIZ(L%)S

< Clluel26) IV Brw — 8, + L - Vi = L - Vo) 5 o5,

L3
= Cluell 2z 196 g (100l 2 ey + el 21Vl ey )/
<CE? 4218710, (44)

We will now consider /7. Recall that u is a regular solution, we rewrite

NeOrt = —neut - Vu + n: Au +1:Vp,

T T
/ / pelte - 11 dxdr = / / PeNelle - 0pu dxdt
0 R4 0 R4

T
= —/ / Nee - (U - VU — neltg - At 4 neue - Vpdxdet
0 R4

T
—/ / Nete @ u : Vu + 20, Dug : Du dxdt
0 R4
T
_/ /d(ua®Vns+Vﬁg®ug):Du—ua-Vns(p—ﬁg)dxdt
0 R

where p® = p(t, he(t)). We can now rewrite the remainder using the above compu-
tations and deduce

5 T T
Restgl = - ZZ/ / pelte - I; dxdt — Zf / Ug @ ug : VRe[u]dxdt
i /0 JRd 0 &(0)
T
— 4/ / Du, : DR;[u]dxdt
0 JRrd
5 T T
=—2Z/ / pgug-lidxdt—Zf f sty - Ij dxdt
i—p /0 JRI 0 JRI

T T
— 2/ f Ue @ ug : VR [u]dxdr — 4/ / Du, : DR;[u] dxdt
0 R4 0 R4

5
= —2ZJj (45)
j=1
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where

5 T
Ji = ;-/(; /Rd pelte - I; dxdt,
i=
T
b = / / Ue @ug @ VR [u] — neute @ u : Vu dxdr,
0 e (1)
T
J3 :/ /d(us®Vn5+Vng®u8) : Dudxdt,
0 R
T T
Ja = 2/ / Dug : DR.[u] — neDu, : Dudxdt and J5 = —/ / ug - Vne p dxdr.
0 R4 0 R4

Inequalities (37)—(42)—(43)—(44) imply that

T
[J1] < C/O /Rd pelite — Re[u]|* dxdr 4 C(m, + %/|S"|71/9). (46)

To tackled J,, we start by rewriting it as

T
JZ:/ / g @ g : VRe[u] — nette ® u : Vudxdr
0 JFe(r)
T T
= / / ue @ ue : (VRe[u] — neVu) dxdt +/ f Nete @ (g — ) : Vu dxdt
0 (1) 0 Feot)
T
= / f e @ ug 1 (VRe[u] — neVu) dxdt
0 e (1)
T
+/ / Ne(e —u) @ (e — u) : Vudxdrt
0 e (1)
1 T
+ */ / Ve - u® (g —u) : Vudxdr. 47
2Jo JFrm

Before estimating the right-hand side of the above equality, let us recall from (18) and
(19) the following bounds hold

IRe[u] = neull 2 < Ce¥2llullLe (14 1Vnell ),

IV Re[u] = 0 Vull 32 < Ce?luly 1.0,

and

/e (e = 0132 7 ) < MasllFo 2 ) = 2 ff e Reluldx - IRe

- 2/ ug - (et — Re[u]) dx +/ u- (eu — Relu]) dx
Fe(t) Felt)

112
L2(F: (1))

+/ Re[u] - (neu — Re[u]) dx
NG
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< llue = Relull 32z, ) + Clluellzz + el g + | Relulll ) || Relue] = neull 2
< llue = Relull 72 g, ) + Ce™2.

Using equality (47) and the fact that V. has support contained in the ball
Boe(he (1)), we deduce

2 2
2] <0 1230 IV Reli] = 0Vl 32, + I/t = 01222 ) IV 020

F I L2 B (e o IV e 3 el Lo ey el 2oy + Nl 2 o)) VUl 2 o)
T
<Ce* + c/ / pelte — Re[u])? dxds + C&3/2. (48)
0 JR
After applying some Holder inequality, the J3 term is bounded as follows
2 2
131 < €2 lluell 216y 1Vl 3 1 Dt 2 g0y < CE™2 (49)

We now tackle Jy

T
|J4| < 2/ / Dug : DR.[u] — neDu, : Dudxdt
0 R4

= ||DM8||Lg(L%)||DRs[u] - naDM”LtZ(LE)
<Cce?, (50)
which follows from the estimate (19) that reads ||DR.[u] — n.Dul| 2 =

Ce32|ull .00
Finally we estimate the term Js as follows

T
/ / Ug - Ve p dxdt
0 R4

. ”“8||L,2(L§) I ||L2(32£(h8(z)))||V7ls||L§ ||P||L12(Lo<3)
<c, (51)

|J5] <

If we collect estimates (46)—(48)—(49)—(50)—(51) and equality (45), we deduce
T
|Rest!| < C/ /d pelute — Re[u]|> dxdt + C(m, + &2 + £7/2|5"|71/%),
0 JR .
Let us recall that
|Rests| < |Rest)| + |Rest?|.
This together with estimates (52) and (36) implies the lemma.
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Let us now explain how to reproduce the above bounds in dimension two. First of
all, let us recall that | B;(0)| < Ce? and ||V |lrr < Ce>~P)/2 in particular the L?
norm of Vn, is uniformly bounded in ¢ only for p € [1, 2]. Moreover, let us notice
that the a priori bound ””€”L?(LZ) < C, holds for any g € [2, 0c0) by the Sobolev
embedding in dimension two, see Lemma 4. Using this information, we can estimate,
for example,

[J3] < ”uSHLtz(Lz)”VnE”Lf”Du”Ltz(Lgc) = Ceé,

where we choose p =2/ + 1) and 1/p + 1/q = 1.
The bounds of all the other terms follow similarly. O
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A Bogovskii Operator
This appendix is dedicated to recall some facts about the Bogovskil operators. Let us
recall that a Bogovskii operator is a right inverse of the divergence on L? which is the

space of L? functions with integral zero. Due to the non-uniqueness of this operator,
we choose Bj to satisfy the following extra property.

Theorem 4 There exists a Bogovskii operator By such that
- 1.
By : LP(By(0) \ B1(0): R) —> W' (B»(0) \ B1(0): RY)
and it is linear and continuous for any 1 < p < +09,

div (Bi[f1) = f forany f € L¥(B2(0) \ B1(0))
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and |IBiLf 1l LBy 00\B1©0) = CISf 128,00\ B, 0))-

Moreover, for any vector field F € LP(B2(0)\B1(0)) suchthat F -n = 0 on dB2(0)U
dB1(0), it holds

1B1[div (F)l Lr By 0\ B1 0)) < CIFILP(By0)\B1(0))-
We refer to subsection 3.3.1.2 of Novotny and Straskraba (2004) for a proof of the
above theorem and for more details.

Let us recall that B[ f](x) = eBi[f(ey)](x/¢), in particular it satisfies the fol-
lowing uniform estimates.

Lemma3 Let 1 < p < +o0. The operator B, is a Bogovskii operator in By, (0) \
B:(0). Moreover, there exists a constant C independent of € such that

IBelf Mwtr B o810y = CILF L (B 0\B1 0
forany f € LP (B (0) \ B1(0)). And
| Be[div (F) | Lr (B 0)\B: 0)) < CIIF | LP (Bae (0)\Bc (0))s

for any vector field F € L? (B, (0)\B:(0)) such that F - n = 0 on d B;(0) U 3 B.(0).

The proof of the above result is consequence of the scaling.

B A Remark on Sobolev Embeddings

In this section, we show that Sobolev embeddlngs WL2@R2) c L? (Rz) for p € [2, 00)
holds when we replace W 2(R?) with H'(R%) N L2(F,(r)). Here H'(R?) denotes
the closure of C2° (R?) respect to the norm || || 71 = [V fll 2 (w2)-

Lemma4 Let u € H' (R?) and p € [2, o0), then we have

lullLr g2y = CUIVull2@2) + lull 27 @)

Proof The estimate is well known if in the right-hand side we replace | u|| L2(F.(r)) DY
llull 2 (r2)- Let us show that

lull 22y = CUIVull2@2) + Ul 27, 1) (53)

To see this, let us recall that S,(t) C Bg(h.(¢)). By translation invariance of the
norms, we can assume /. (¢) = 0. We introduce the space

1

X = {v € H'(B»(0)) such that b = ———————
[B2(0) \ B1(0)] JB,0)\B (0]

vdx=0}.
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The Poincaré inequality in X implies the existence of a constant Cx such that

”v”LZ(Bz(O)) =< CX||VU||L2(BZ(0))~
Foru € H! (B>(0)), let us use the notation

1
= - udx.
[B2(0) \ B1(0)| Jy5,(0)\B;(0)|

Notice that u — u € X. We estimate

||u||L2(32(0)) <llu- 12||L2(32(0)) + ||L_i||L2(Bz(o)) =< CX||VM||L2(BZ(0))

+ Cllull 228,00\ B1 (0))>

which implies (53). O
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